Laplace transform:


A powerful tool for solving linear differential equations.

f(t): a piecewise continuous function defined for t >= 0
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: Laplace transform pairs

EX1. f(t) = a
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EX2. f(t) = t
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EX3. f(t) = 
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Z-transform Theorems:

1. Shifting: if 
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2. Convolution: if 
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EX: using Z-transform, we can find the sum of integers from 0 to n and the sum of their squares.

(a) 
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since 
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(b) 
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since 
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· linearity of Z-transform

and 
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3. Conjugate sequences:
if 
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Note: if the sequence f(n) is real, then 
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if F(Z) converges in the ring 
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4. Unilateral Z-transform
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if f(n) is an arbitary sequence, then 
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However, for m > 0
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5. Initial value theorem
if f(n) is causal, then 
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Final value theorem
if f(n) is causal, then 
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Recursive Equations: (Digital Filters)
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(order m, m >= l)
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…(△)

if f(n)=0, for n < n0, then 

  g(n)=0 for n < n0. (Causality assumption)

g(n) is uniquely determined in terms of f(n)

The determination of g(n) is simpiled with the use of Z-transfroms
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=> (i) 
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   (ii) 
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EX: 
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(a) if 
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(b) if 
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hence, g(0) = 1 and g(1) = -1 
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Note. If Equ.(△) holds for n>=0 only, then unilateral Z-transform (one-sided Z-transform is used)

EX: 
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recall: if 
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Equ.(△)
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(by definition)

setting n=0,1,…,m, 
we obtain
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=> for n>m, h(n) satisifies the homogeneous equation 
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Finite Order Systems:

Realizable discrete system:

(i) Finite number of delay elements and multiples

(ii) A causal system with reational system function
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R.O.C of H(Z): the exterior of the circle 
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, if all poles Zi are simple
if H(Z) are multiple poles, h(n) contains terms of the form
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Remarks:

(i) If all poles Zi are inside the unit circle, then the system is stable.

(ii) The order m of H(Z) is the largest exponent of Z in any nonzero term of N(Z) or D(Z)

Realization of a Finite-order Causal system:

1. Constant Denominator (Nonrecursive)
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2. Constant Numerator (Recursive)
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when f(n) is the input and output g(n) is taken at the terminal To. Note that the z-transform of g(n-k) equals 
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Hence the following diagram also realize the system 
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 if the output is taken at the terminal Tk
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3. General: ARMA model

If we multiply each output g(n-k) of the system of 2 (AR) by bk (and assume that l=m) and add the products, we obtain a system with system function
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Thus, the following system is a realization of 
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Remarks:

i. 
[image: image80.wmf])

(

...

)

(

)

(

)

(

2

1

Z

H

Z

H

Z

H

Z

H

r

×

×

×

=

: cascade realization

ii. 
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: parallel realization
when Hi(Z): low-order or low complexity subsystems

iii. if complex multiplier is used, Hi(Z) can be of order 1. otherwise, the 2nd-order subsystems must be included to realize H(Z)

System stability:

S-domain consideration

System function (transfer function)
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zero: 
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(simple root assumption)
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[image: image88.wmf]r
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impulse response => natural response

A system is said to be stable if every finite input produces a finite output. (BIBO stable: bounded input bounded output)

Stability and Impulse response:

(a) Stable system: g(t) vanishes after a sufficiently long time.

(b) Unstable system: g(t) grows without bound after a long time.

(c) Marginally stable system:
g(t) approaches a constant nonzero value or a bounded oscillation after a sufficiently long time.

[image: image92.wmf] 


(1) Stable system: poles in left-hand half plane

(2) First order poles on the jw-axis: marginally stable
multiple-order poles on the jw-axis: unstable.

(3) A system is only as stable as its least stable term

(4) Zeros: no limitation, in general

Z-domain Consideration:
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……(1)

=> time-sampled signal

The Laplace transform of (1) is given by
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……(2)

=>
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consider the Z-transform of X(n)
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 : Relationship between Laplace transform and Z-transform
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