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Abstract
Severalexisting volume renderingalgorithmsoperateby factor-
ing theviewing transformationinto a 3D shearparallelto thedata
slices,a projectionto form an intermediatebut distortedimage,
and a 2D warp to form an undistortedfinal image. We extend
this classof algorithmsin threeways. First, we describea new
object-orderrenderingalgorithmbasedon the factorizationthat is
significantly faster than publishedalgorithmswith minimal loss
of imagequality. Shear-warpfactorizationshavethepropertythat
rowsof voxelsin thevolumearealignedwith rowsof pixelsin the
intermediateimage.Weusethis fact to constructascanline-based
algorithmthat traversesthevolumeandthe intermediateimagein
synchrony, taking advantageof the spatial coherencepresentin
both. We usespatialdatastructuresbasedon run-lengthencoding
for both the volumeandthe intermediateimage. Our implemen-
tationrunningon anSGI Indigo workstationrendersa 2563 voxel
medicaldataset in onesecond.Our secondextensionis a shear-
warp factorization for perspectiveviewing transformations,and
we showhow our renderingalgorithmcansupportthis extension.
Third, weintroduceadatastructurefor encodingspatialcoherence
in unclassified volumes(i.e. scalarfields with no precomputed
opacity). When combinedwith our shear-warp renderingalgo-
rithm this datastructureallows us to classify andrendera 2563

voxel volume in threeseconds. The methodextendsto support
mixedvolumesandgeometryandis parallelizable.

CR Categories: I.3.7 [ComputerGraphics]: Three-Dimensional
GraphicsandRealism;I.3.3 [ComputerGraphics]:Picture/Image
Generation—DisplayAlgorithms.

Additional Keywords: Volumerendering,Coherence,Scientific
visualization,Medical imaging.

1 Intr oduction
Volume renderingis a flexible techniquefor visualizing scalar
fields with widespreadapplicability in medicalimaging andsci-
entific visualization, but its use has beenlimited because it is
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computationallyexpensive.Interactiverenderingrateshavebeen
reportedusinglargeparallelprocessors[17] [19] andusingalgo-
rithms that tradeoff imagequality for speed[10] [8], but high-
quality imagestake tens of secondsor minutes to generateon
currentworkstations. In this paperwe presenta new algorithm
which achievesnear-interactiverenderingrateson a workstation
without significantlysacrificingquality.

Many researchershaveproposedmethodsthat reducerender-
ing costwithout affecting imagequality by exploiting coherence
in the dataset. Thesemethodsrely on spatialdatastructuresthat
encodethe presenceor absenceof high-opacityvoxels so that
computationcanbeomittedin transparentregionsof thevolume.
Thesedatastructuresarebuilt duringa preprocessingstepfrom a
classifiedvolume: a volumeto which anopacitytransferfunction
hasbeenapplied.Suchspatialdatastructuresincludeoctreesand
pyramids[13] [12] [8] [3], k-d trees[18] anddistancetransforms
[23]. Although this type of optimization is data-dependent, re-
searchershavereportedthat in typical classifiedvolumes70-95%
of the voxelsaretransparent[12] [18].

Algorithms thatusespatialdatastructurescanbedividedinto
two categoriesaccordingto theorderin which thedatastructures
are traversed: image-orderor object-order. Image-orderalgo-
rithms operateby castingrays from eachimage pixel and pro-
cessingthe voxelsalongeachray [9]. This processingorderhas
the disadvantage that the spatialdatastructuremustbe traversed
oncefor everyray, resultingin redundantcomputation(e.g.mul-
tiple descents of an octree). In contrast,object-orderalgorithms
operateby splattingvoxelsinto theimagewhile streamingthrough
thevolumedatain storageorder[20] [8]. However, this process-
ing ordermakesit difficult to implementearly ray termination,an
effectiveoptimizationin ray-castingalgorithms[12].

In this paperwe describea new algorithm which combines
the advantages of image-orderandobject-orderalgorithms. The
methodis basedona factorizationof theviewingmatrix into a 3D
shearparallelto theslicesof thevolumedata,a projectionto form
adistortedintermediateimage,anda2D warpto producethefinal
image. Shear-warp factorizationsare not new. They havebeen
usedto simplify datacommunicationpatternsin volumerendering
algorithmsfor SIMD parallelprocessors [1] [17] andto simplify
the generationof pathsthrougha volumein a serial image-order
algorithm[22]. Theadvantageof shear-warpfactorizationsis that
scanlinesof thevolumedataandscanlinesof theintermediateim-
agearealwaysaligned. In previousefforts this propertyhasbeen
usedto developSIMD volumerenderingalgorithms. We exploit
the property for a different reason: it allows efficient, synchro-
nized accessto datastructuresthat separatelyencodecoherence
in the volumeandthe image.

Thefactorizationalsomakesefficient,high-qualityresampling
possiblein an object-orderalgorithm. In our algorithm the re-
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Figure 1: A volume is transformedto shearedobject spacefor
a parallelprojectionby translatingeachslice. The projectionin
shearedobjectspaceis simpleandefficient.

samplingfilter footprint is not view dependent,so theresampling
complicationsof splattingalgorithms[20] are avoided. Several
other algorithmsalso usemultipassresampling[4] [7] [19], but
thesemethodsrequire three or more resamplingsteps. Our al-
gorithm requiresonly two resamplingstepsfor an arbitrary per-
spectiveviewing transformation,andthesecondresamplingis an
inexpensive2D warp. The3D volumeis traversedonly once.

Our implementationrunningonanSGI Indigoworkstationcan
rendera 2563 voxel medicaldatasetin onesecond,a factor of at
leastfive fasterthanpreviousalgorithmsrunningon comparable
hardware.Otherthana slight lossdueto thetwo-passresampling,
our algorithm doesnot trade off quality for speed. This is in
contrastto algorithmsthatsubsamplethedatasetandcantherefore
misssmall features[10] [3].

Section2 of this paper describesthe shear-warp factoriza-
tion andits importantmathematicalproperties.We alsodescribe
a new extensionof the factorizationfor perspectiveprojections.
Section3 describesthreevariantsof our volumerenderingalgo-
rithm. Thefirst algorithmrendersclassifiedvolumeswith a paral-
lel projectionusingour newcoherenceoptimizations.Thesecond
algorithmsupportsperspectiveprojections.Thethird algorithmis
a fastclassificationalgorithmfor renderingunclassified volumes.
Previousalgorithmsthatemployspatialdatastructuresrequirean
expensive preprocessingstepwhen the opacity transferfunction
changes. Our third algorithm usesa classification-independent
min-maxoctreedatastructureto avoid this step. Section4 con-
tainsour performanceresultsanda discussionof imagequality.
Finally we concludeanddiscusssomeextensionsto thealgorithm
in Section5.

2 The Shear-Warp Factorization
The arbitrary natureof the transformationfrom object spaceto
imagespacecomplicatesefficient, high-qualityfiltering andpro-
jectionin object-ordervolumerenderingalgorithms.Thisproblem
canbesolvedby transformingthe volumeto an intermediateco-
ordinatesystemfor which thereis averysimplemappingfrom the
objectcoordinatesystemandwhich allows efficient projection.

We call the intermediatecoordinatesystem“shearedobject
space” anddefineit asfollows:

Definition1: By construction,in shearedobjectspace
all viewing rays are parallel to the third coordinate
axis.

Figure1 illustratesthetransformationfrom objectspaceto sheared
objectspacefor a parallel projection. We assumethe volume is
sampledon a rectilineargrid. The horizontal lines in the figure
representslicesof thevolumedataviewedin cross-section.After
transformationthevolumedatahasbeenshearedparallelto theset
of slicesthat is most perpendicular to the viewing directionand
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Figure2: A volumeis transformedto shearedobjectspacefor a
perspectiveprojectionby translatingandscalingeachslice. The
projectionin shearedobjectspaceis againsimpleandefficient.

theviewing raysareperpendicularto theslices.For a perspective
transformationthedefinitionimpliesthateachslicemustbescaled
aswell asshearedasshownschematicallyin Figure2.

Definition 1 canbeformalizedasa setof equationsthattrans-
form object coordinatesinto shearedobject coordinates.These
equationscanbe written as a factorizationof the view transfor-
mationmatrix

�
view asfollows:�

view ��������� � warp

� is a permutationmatrix which transposesthecoordinatesystem
in order to makethe 	 -axis the principal viewing axis. � trans-
formsthevolumeinto shearedobjectspace,and

�
warp transforms

shearedobjectcoordinatesinto imagecoordinates.Cameronand
Undrill [1] andSchr̈oderandStoll [17] describethis factorization
for thecaseof rotationmatrices.For a generalparallelprojection� hasthe form of a shearperpendicularto the 	 -axis:

� par �

�
� 1 0 0 0

0 1 0 0
���
�� 1 0
0 0 0 1

���
�

where 
�� and 
�� canbe computedfrom the elementsof
�

view.
For perspectiveprojectionsthe transformationto shearedobject
spaceis of the form:

� persp �

�
� 1 0 0 0

0 1 0 0
��� 
��� 1 
���
0 0 0 1

� �
�

This matrix specifiesthat to transform a particular slice 	 0 of
voxel data from object spaceto shearedobject spacethe slice
mustbe translatedby ��	 0


����� 	 0

����� andthenscaleduniformly by

1� � 1 !"	 0

��� � . The final term of the factorization is a matrix

which warpsshearedobjectspaceinto imagespace:�
warp �#�%$ 1 ���&$ 1 � � view

A simplevolumerenderingalgorithmbasedon theshear-warp
factorizationoperatesasfollows (seeFigure3):

1. Transformthevolumedatato shearedobjectspaceby trans-
lating andresamplingeachslice accordingto � . For per-
spectivetransformations,alsoscaleeachslice. � specifies
which of the threepossibleslicing directionsto use.

2. Compositethe resampledslices togetherin front-to-back
order using the “over” operator[15]. This step projects
the volumeinto a 2D intermediateimagein shearedobject
space.
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Figure 3: The shear-warp algorithm includes three conceptual
steps: shearand resamplethe volume slices,project resampled
voxel scanlinesonto intermediateimagescanlines,andwarp the
intermediateimageinto the final image.

3. Transform the intermediateimageto imagespaceby warp-
ing it accordingto

�
warp. This secondresamplingstep

producesthe correctfinal image.

The parallel-projectionversion of this algorithm was first de-
scribedby CameronandUndrill [1]. Our new optimizationsare
describedin the next section.

The projectionin shearedobjectspacehasseveralgeometric
propertiesthat simplify the compositingstepof the algorithm:

Property1: Scanlinesof pixelsin theintermediate
imageareparallelto scanlinesof voxelsin thevolume
data.

Property2: All voxelsin a given voxel slice are
scaledby the samefactor.

Property3 (parallelprojectionsonly): Everyvoxel
slice has the samescalefactor, and this factor can
be chosenarbitrarily. In particular, we canchoosea
unity scalefactor so that for a given voxel scanline
there is a one-to-onemappingbetweenvoxels and
intermediate-imagepixels.

In thenext sectionwe makeuseof theseproperties.

3 Shear-Warp Algorithms
We havedevelopedthreevolumerenderingalgorithmsbasedon
the shear-warp factorization.The first algorithmis optimizedfor
parallelprojectionsandassumesthat theopacitytransferfunction
doesnot changebetweenrenderings,but the viewing andshad-
ing parameterscanbe modified. The secondalgorithm supports
perspective projections. The third algorithm allows the opacity
transferfunction to bemodifiedaswell asthe viewing andshad-
ing parameters,with a moderateperformancepenalty.

3.1 Parallel Projection Rendering Algorithm
Property1 of theprevioussectionstatesthatvoxelscanlinesin the
shearedvolumearealignedwith pixel scanlinesin theintermediate
image,whichmeansthatthevolumeandimagedatastructurescan
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Figure 4: Offsetsstoredwith opaquepixels in the intermediate
imageallow occludedvoxelsto be skippedefficiently.

bothbetraversedin scanlineorder. Scanline-basedcoherencedata
structuresarethereforeanaturalchoice.Thefirst datastructurewe
useis arun-lengthencodingof thevoxelscanlineswhichallowsus
to takeadvantageof coherencein thevolumeby skippingrunsof
transparentvoxels. Theencodedscanlinesconsistof two typesof
runs,transparentandnon-transparent,definedby a user-specified
opacity threshold. Next, to take advantageof coherencein the
image, we store with eachopaqueintermediateimage pixel an
offsetto thenextnon-opaquepixel in thesamescanline(Figure4).
An imagepixel is definedto be opaquewhenits opacityexceeds
a user-specified threshold,in which casethecorrespondingvoxels
in yet-to-be-processedslicesareoccluded.The offsetsassociated
with the image pixels are usedto skip runs of opaquepixels
without examiningevery pixel. The pixel array and the offsets
form a run-lengthencodingof the intermediateimagewhich is
computedon-the-flyduring rendering.

Thesetwo datastructuresandProperty1 leadto afastscanline-
basedrenderingalgorithm (Figure 5). By marchingthroughthe
volumeandtheimagesimultaneouslyin scanlineorderwe reduce
addressingarithmetic. By using the run-lengthencodingof the
voxeldatato skipvoxelswhich aretransparentandtherun-length
encodingof the imageto skip voxelswhich areoccluded,we per-
form work only for voxels which are both non-transparentand
visible.

For voxel runs that are not skippedwe use a tightly-coded
loop that performsshading,resamplingand compositing. Prop-
erties 2 and 3 allow us to simplify the resamplingstep in this
loop. Since the transformationapplied to eachslice of volume
databeforeprojectionconsistsonly of a translation(no scalingor
rotation), the resamplingweightsarethe samefor everyvoxel in
a slice (Figure 6). Algorithms which do not usethe shear-warp
factorizationmust recomputenew weightsfor every voxel. We
use a bilinear interpolationfilter and a gather-type convolution
(backwardprojection): two voxel scanlinesaretraversedsimulta-
neouslyto computeasingleintermediateimagescanlineata time.
Scatter-typeconvolution(forwardprojection)is alsopossible.We
usea lookup-tablebasedsystemfor shading[6]. We also usea
lookuptableto correctvoxelopacityfor thecurrentviewingangle

transparent voxel run

non-transparent voxel run

opaque image pixel run

non-opaque image pixel run

voxel scanline:

intermediate
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Figure5: Resamplingandcompositingareperformedby stream-
ing throughboththevoxelsandtheintermediateimagein scanline
order, skippingovervoxelswhicharetransparentandpixelswhich
areopaque.
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Figure6: Sinceeachsliceof thevolumeis only translated,every
voxel in the slice hasthe sameresamplingweights.

sincethe apparentthicknessof a slice of voxelsdependson the
viewing anglewith respectto the orientationof the slice.

The opaquepixel links achievethe sameeffect as early ray
terminationin ray-castingalgorithms[12]. However, the effec-
tivenessof this optimizationdependson coherenceof the opaque
regionsof the image. The runs of opaquepixels are typically
largeso that manypixelscanbeskippedat once,minimizing the
numberof pixels that are examined.The costof computingthe
pixel offsetsis low becausea pixel’s offset is updatedonly when
the pixel first becomesopaque.

After thevolumehasbeencompositedtheintermediateimage
mustbewarpedinto thefinal image.Sincethe2D imageis small
comparedto the sizeof the volumethis part of the computation
is relatively inexpensive.We usea general-purposeaffine image
warperwith a bilinear filter.

The renderingalgorithm describedin this sectionrequiresa
run-lengthencodedvolume which must be constructedin a pre-
processing step,but thedatastructureis view-independent so the
costto computeit canbeamortizedovermanyrenderings.Three
encodingsarecomputed,onefor eachpossibleprincipal viewing
direction,sothat transposingthevolumeis nevernecessary. Dur-
ing renderingoneof thethreeencodingsis chosendependingupon
thevalueof thepermutationmatrix � in theshear-warpfactoriza-
tion. Transparent voxels are not stored,so evenwith three-fold
redundancy the encodedvolume is typically much smaller than
the original volume (seeSection4.1). Fast computationof the
run-lengthencodeddatastructureis discussed further at the end
of Section3.3.

In this sectionwe haveshownhow the shear-warp factoriza-
tion allowsusto combineoptimizationsbasedonobjectcoherence
and imagecoherence with very low overheadandsimple, high-
qualityresampling.In thenextsectionweextendtheseadvantages
to a perspective volumerenderingalgorithm.

3.2 PerspectiveProjection Rendering Algorithm
Mostof thework in volumerenderinghasfocusedonparallelpro-
jections.However, perspectiveprojectionsprovideadditionalcues
for resolvingdepthambiguities[14] andareessentialto correctly
computeocclusionsin suchapplicationsas a beam’s eye view
for radiationtreatmentplanning. Perspectiveprojectionspresent
a problembecausethe viewing rays diverge so it is difficult to
samplethe volumeuniformly. Two typesof solutionshavebeen
proposed for perspectivevolumerenderingusingray-casters:as
the distancealonga ray increasesthe ray canbe split into multi-
ple rays[14], or eachsamplepoint cansamplea largerportionof
thevolumeusinga mip-map[11] [16]. Theobject-ordersplatting
algorithm can also handleperspective,but the resamplingfilter
footprint mustbe recomputedfor everyvoxel [20].

The shear-warp factorizationprovidesa simple and efficient
solutionto thesamplingproblemfor perspectiveprojections.Each
slice of the volume is transformedto shearedobject spaceby a
translationanda uniform scale,andthe slicesarethenresampled
and compositedtogether. Thesestepsare equivalentto a ray-
castingalgorithmin which raysarecastto uniformly samplethe
first slice of volumedata,andaseachray hits subsequent (more

distant)slicesa larger portion of the slice is sampled(Figure2).
Thekeypoint is thatwithin eachslicethesamplingrateis uniform
(Property2 of the factorization),sothereis no needto implement
a complicatedmultiratefilter.

The perspectivealgorithm is nearly identical to the parallel
projectionalgorithm. Theonly differenceis that eachvoxel must
be scaledas well as translatedduring resampling,so more than
two voxelscanlinesmaybetraversedsimultaneouslyto producea
givenintermediateimagescanlineandthevoxelscanlinesmaynot
be traversedat the samerateas the imagescanlines.We always
choosea factorizationof the viewing transformationin which the
slice closestto the viewer is scaledby a factor of oneso that no
slice is everenlarged. To resamplewe usea box reconstruction
filter and a box low-passfilter, an appropriatecombinationfor
both decimationand unity scaling. In the caseof unity scaling
the two filter widths are identical and their convolutionreduces
to the bilinear interpolationfilter usedin the parallel projection
algorithm.

Theperspectivealgorithmis moreexpensive thantheparallel
projection algorithm becauseextra time is requiredto compute
resamplingweightsand becausethe many-to-onemappingfrom
voxelsto pixelscomplicatestheflow of control. Nevertheless,the
algorithmis efficient becauseof the propertiesof the shear-warp
factorization: the volume and the intermediateimage are both
traversedscanlineby scanline,andresamplingis accomplishedvia
two simpleresamplingstepsdespitethe diverging ray problem.

3.3 Fast Classification Algorithm
The previoustwo algorithmsrequirea preprocessingstepto run-
lengthencodethe volumebasedon the opacitytransferfunction.
The preprocessingtime is insignificantif the userwishesto gen-
eratemanyimagesfrom a singleclassifiedvolume,but if theuser
wishesto experimentinteractivelywith the transferfunction then
the preprocessingstep is unacceptably slow. In this sectionwe
presenta third variation of the shear-warp algorithm that eval-
uatesthe opacity transferfunction during renderingand is only
moderatelyslowerthanthe previousalgorithms.

A run-lengthencodingof the volume basedupon opacity is
not an appropriatedatastructurewhenthe opacitytransferfunc-
tion is not fixed. Insteadwe apply the algorithmsdescribedin
Sections3.1–3.2to unencodedvoxel scanlines,but with a new
methodto determinewhich portions of eachscanlineare non-
transparent. We allow the opacity transfer function to be any
scalarfunction of a multi-dimensionalscalardomain:' ��( �*) �,+-�/.*.0. �
For example,the opacity might be a function of the scalarfield
andits gradientmagnitude[9]:' ��( ��1 �32 4 1 2 �
The function ( essentiallypartitionsa multi-dimensionalfeature
spaceinto transparentand non-transparentregions,andour goal
is to decidequickly which portionsof a given scanlinecontain
voxelsin the non-transparentregionsof the featurespace.

We solvethis problemwith the following recursivealgorithm
which takesadvantageof coherencein both the opacity transfer
function andthe volumedata:

Step1: For someblock of the volume that containsthe current
scanline,find the extremaof the parametersof the opac-
ity transfer function (min �*) �3� max�*) �3� min � +��5� max� +��3�/.*.0. ).
Theseextremabound a rectangularregion of the feature
space.

Step2: Determineif theregionis transparent,i.e. ( evaluatedfor
all parameterpoints in the region yields only transparent
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Figure 7: A min-max octree(a) is usedto determinethe range
of the parameters) �/+ of the opacity transferfunction ( �*) �,+�� in
a subcubeof the volume. A summedareatable (b) is usedto
integrate( over that rangeof ) �,+ . If the integral is zero(c) then
the subcubecontainsonly transparentvoxels.

opacities. If so, thendiscardthe scanlinesinceit must be
transparent.

Step3: Subdividethe scanlineand repeatthis algorithm recur-
sively. If thesizeof thecurrentscanlineportion is belowa
thresholdthenrenderit insteadof subdividing.

Thisalgorithmrelieson two datastructuresfor efficiency(Fig-
ure 7). First, Step1 usesa precomputedmin-max octree[21].
Eachoctreenodecontainsthe extremaof the parametervalues
for a subcubeof thevolume. Second,to implementStep2 of the
algorithmwe needto integratethe function ( over the regionof
the featurespacefound in Step1. If the integral is zerothenall
voxelsmust be transparent.6 This integrationcan be performed
in constant time usinga multi-dimensionalsummed-areatable[2]
[5]. Thevoxelsthemselvesarestoredin a third datastructure,a
simple3D array.

Theoverallalgorithmfor renderingunclassifieddatasetspro-
ceedsasfollows. Themin-maxoctreeis computedat thetime the
volumeis first loadedsincetheoctreeis independent of theopac-
ity transferfunctionandtheviewingparameters.Next, just before
renderingbeginsthe opacitytransferfunction is usedto compute
thesummedareatable. This computationis inexpensiveprovided
that the domainof the opacity transferfunction is not too large.
We thenuseeither the parallelprojectionor the perspectivepro-
jection renderingalgorithm to rendervoxels from an unencoded
3D voxel array. The array is traversedscanlineby scanline.For
eachscanlinewe usetheoctreeandthesummedareatableto de-
terminewhichportionsof thescanlinearenon-transparent.Voxels
in thenon-transparentportionsareindividually classifiedusinga
lookuptableandrenderedasin the previousalgorithms.Opaque
regionsof the imageareskippedjust asbefore.Note that voxels
that areeithertransparentor occludedareneverclassified,which
reducesthe amountof computation.

Theoctreetraversalandsummedareatablelookupsaddover-
headto the algorithm which were not presentin the previous
algorithms. In order to reducethis overheadwe saveas much
computeddataaspossiblefor later reuse:anoctreenodeis tested
for transparencyusing the summedareatable only the first time
it is visitedandthe result is savedfor subsequent traversals,and
if two adjacentscanlinesintersectthe sameset of octreenodes
thenwe recordthis fact andreuseinformationinsteadof making
multiple traversals.

Thisrenderingalgorithmplacestwo restrictionson theopacity
transferfunction: theparametersof thefunctionmustbeprecom-
putablefor eachvoxel so that the octreemay be precomputed,
andthe total numberof possibleargumenttuplesto the function
(the cardinality of the domain) must not be too large since the7

The user may choosea non-zeroopacity thresholdfor transparentvoxels, in
which casea thresholdedversionof 8 mustbe integrated:let 8:9<;=8 whenever8
exceedsthe threshold,and 8>9<; 0 otherwise.

summedareatable must containoneentry for eachpossibletu-
ple. Context-sensitivesegmentation(classificationbaseduponthe
positionandsurroundingsof a voxel) doesnot meetthesecriteria
unlessthe segmentationis entirely precomputed.

The fast-classificationalgorithm presentedhere also suffers
from a problemcommonto manyobject-orderalgorithms: if the
major viewing axis changesthen the volume data must be ac-
cessedagainstthestrideandperformancedegrades.Alternatively
the 3D array of voxels can be transposed,resulting in a delay
duringinteractiveviewing. Unlike thealgorithmsbasedon a run-
length encodedvolume, it is typically not practical to maintain
threecopiesof theunencoded volumesinceit is muchlargerthan
a run-lengthencoding.It is betterto usea small rangeof view-
points while modifying the classificationfunction, and then to
switch to oneof the previoustwo renderingmethodsfor render-
ing animationsequences. In fact, theoctreeandthesummed-area
tablecanbeusedto convertthe 3D voxel arrayinto a run-length
encodedvolumewithout accessingtransparentvoxels,leadingto
a significanttime savings(seethe “Switch Modes”arrow in Fig-
ure 12). Thus the threealgorithmsfit togetherwell to yield an
interactivetool for classifyingandviewing volumes.

4 Results

4.1 Speedand Memory
Our performanceresultsfor the threealgorithmsaresummarized
in Table1. The“FastClassification”timingsarefor thealgorithm
in Section3.3 with a parallelprojection. The timings weremea-
suredon an SGI Indigo R4000without hardwaregraphicsaccel-
erators.Renderingtimesincludeall stepsrequiredto renderfrom
a new viewpoint, including computationof the shadinglookup
table,compositingandwarping,but the preprocessingstepis not
included.The“Avg.” field in the tableis theaveragetime in sec-
ondsfor rendering360framesatonedegreeangleincrements,and
the “Min/Max” timesarefor the bestandworst caseangles.The
“Mem.” field gives the size in megabytesof all datastructures.
For the first two algorithmsthesizeincludesthe threerun-length
encodingsof thevolume,theimagedatastructuresandall lookup
tables. For the third algorithm the size includesthe unencoded
volume,the octree,the summed-areatable,the imagedatastruc-
tures,andthe lookuptables.The“brain” datasetis anMRI scan
of a humanhead(Figure8) andthe “head” dataset is a CT scan
of a humanhead(Figure 9). The “brainsmall” and “headsmall”
datasetsaredecimatedversionsof the larger volumes.

Thetimingsarenearlyindependent of imagesizebecausethis
factor affectsonly thefinal warp which is relatively insignificant.
Renderingtime is dependentonviewingangle(Figure11)because
theeffectivenessof thecoherenceoptimizationsvarieswith view-
point andbecausethe sizeof the intermediateimageincreasesas
the rotation angleapproaches45 degrees,so more compositing
operationsmust be performed. For the algorithmsdescribedin
Sections3.1–3.2thereis no jump in renderingtime whenthema-
jor viewing axis changes, providedthe threerun-lengthencoded
copiesof the volumefit into real memorysimultaneously. Each
copy containsfour bytesper non-transparentvoxel andonebyte
per run. For the 256x256x226voxel headdatasetthe threerun-
lengthencodingstotal only 9.8 Mbytes. All of the imageswere
renderedon a workstationwith 64 Mbytesof memory. To testthe
fastclassificationalgorithm(Section3.3)on the2563 datasetswe
useda workstationwith 96 Mbytesof memory.

Figure12givesabreakdownof thetime requiredto renderthe
braindatasetwith aparallelprojectionusingthefastclassification
algorithm(left branch)andtheparallelprojectionalgorithm(right
branch). The time requiredto warp the intermediateimageinto
the final image is typically 10-20% of the total renderingtime
for the parallelprojectionalgorithm. The“Switch Modes”arrow



Figure8: Volumerenderingwith a par-
allel projectionof anMRI scanof a hu-
man brain using the shear-warp algo-
rithm (1.1 sec.).

Figure9: Volumerenderingwith a par-
allel projectionof aCT scanof ahuman
headorientedat 45 degreesrelative to
the axesof the volume(1.2 sec.).

Figure 10: Volume rendering of the
samedata set as in Figure 9 using a
ray-caster[12] for quality comparison
(13.8 sec.).

Figure 13: Volume renderingwith a
parallel projection of the humanhead
datasetclassifiedwith semitransparent
skin (3.0 sec.).

Figure 14: Volume renderingwith a
parallel projection of an engineblock
with semitransparentand opaquesur-
faces(2.3 sec.).

Figure 15: Volume renderingwith a
parallel projection of a CT scanof a
humanabdomen(2.2 sec.). The blood
vesselscontaina radio-opaquedye.

Figure16: Volumerenderingwith a perspectiveprojectionof the
enginedataset(3.8 sec.).

(a) (b) (c)

Figure17: Comparisonof imagequalitywith bilinearandtrilinear
filters for a portion of the enginedataset. The imageshavebeen
enlarged. (a) Bilinear filter with binaryclassification.(b) Trilinear
filter with binary classification. (c) Bilinear filter with smooth
classification.



Dataset Size(voxels) Parallelprojection( ? 3.1) Perspectiveprojection( ? 3.2) Fastclassification( ? 3.3)
Avg. Min/Max Mem. Avg. Min/Max Mem. Avg. Min/Max Mem.

brainsmall 128x128x109 0.4 s. 0.37–0.48s. 4 Mb. 1.0 s. 0.84–1.13s. 4 Mb. 0.7 s. 0.61–0.84s. 8 Mb.
headsmall 128x128x113 0.4 0.35–0.43 2 0.9 0.82–1.00 2 0.8 0.72–0.87 8
brain 256x256x167 1.1 0.91–1.39 19 3.0 2.44–2.98 19 2.4 1.91–2.91 46
head 256x256x225 1.2 1.04–1.33 13 3.3 2.99–3.68 13 2.8 2.43–3.23 61

Table 1: Renderingtime and memory usageon an SGI Indigo workstation. Times are in secondsand include shading,resampling,
projectionandwarping. The fast classificationtimes includerenderingwith a parallelprojection. The “Mem.” field is the total sizeof
the datastructuresusedby eachalgorithm.
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Figure 11: Renderingtime for a parallel projectionof the head
datasetasthe viewing anglechanges.

showsthe time required for all three copiesof the run-length
encodedvolumeto becomputedfrom theunencodedvolumeand
themin-maxoctreeoncetheuserhassettledonanopacitytransfer
function.

The timings aboveare for grayscalerenderings. Color ren-
deringstake roughly twice as long for parallel projectionsand
1.3x longer for perspectivebecauseof the additionalresampling
requiredfor the two extra color channels.Figure 13 is a color
renderingof theheaddatasetclassifiedwith semitransparentskin
which took 3.0 sec. to render. Figure 14 is a renderingof a
256x256x110voxelengineblock,classifiedwith semi-transparent
andopaquesurfaces;it took 2.3sec.to render. Figure15 is a ren-
deringof a 256x256x159CT scanof a humanabdomen,rendered
in 2.2sec.Thebloodvesselsof thesubjectcontaina radio-opaque
dye,andthedatasetwasclassifiedto revealboththedyeandbone
surfaces.Figure16 is a perspectivecolor renderingof the engine
datasetwhich took 3.8 sec.to compute.

For comparisonpurposeswe renderedthe headdatasetwith
a ray-casterthat usesearly ray terminationanda pyramidto ex-
ploit object coherence[12]. Becauseof its lower computational
overhead the shear-warpalgorithmis more thanfive times faster
for the1283 datasetsandmorethanten timesfasterfor the 2563

datasets.Our algorithmrunningon a workstationis competitive
with algorithmsfor massivelyparallelprocessors([17], [19] and
others),althoughthe parallel implementationsdo not rely on co-
herenceoptimizationsandthereforetheir performanceresultsare
not datadependent asoursare.

Our experimentsshowthat the runningtime of thealgorithms
in Sections3.1–3.2is proportionalto thenumberof voxelswhich
are resampledandcomposited.This numberis small either if a
significant fraction of the voxels are transparentor if the aver-
agevoxel opacity is high. In the latter casethe imagequickly
becomes opaqueand the remainingvoxelsare skipped. For the
datasetsand classification functions we have tried roughly E 2

voxelsarebothnon-transparentandvisible, sowe observeFG��E 2 �
performanceas shownin Table 1: an eight-fold increasein the

volume

volume +
octree

intermediate
image

final
image
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image
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image

77 sec.

2280 msec.

120 msec.

8.5 sec.
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Switch
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Figure 12: Performanceresultsfor eachstageof renderingthe
brain dataset with a parallel projection. The left side usesthe
fast classificationalgorithm and the right side usesthe parallel
projectionalgorithm.

numberof voxels leadsto only a four-fold increasein time for
thecompositingstageandjust undera four-fold increasein over-
all renderingtime. For our renderingof the headdataset5% of
the voxelsarenon-transparent,andfor the brain dataset11% of
thevoxelsarenon-transparent.Degradedperformancecanbeex-
pectedif asubstantialfractionof theclassifiedvolumehaslow but
non-transparentopacity, but in our experiencesuchclassification
functionsarelessuseful.

4.2 Image Quality
Figure10is avolumerenderingof thesamedatasetasin Figure9,
butproducedby aray-casterusingtrilinear interpolation[12]. The
two imagesarevirtually identical.

Nevertheless,therearetwo potentialquality problemsassoci-
atedwith the shear-warpalgorithm. First, the algorithminvolves
two resamplingsteps: eachslice is resampledduring composit-
ing, andtheintermediateimageis resampledduringthefinal warp.
Multiple resamplingstepscanpotentiallycauseblurring andloss
of detail. Howeverevenin thehigh-detailregionsof Figure9 this
effect is not noticeable.

Thesecondpotentialproblemis that theshear-warpalgorithm
usesa 2D rather than a 3D reconstructionfilter to resamplethe
volumedata.Thebilinearfilter usedfor resamplingis afirst-order
filter in the planeof a voxel slice,but it is a zero-order(nearest-
neighbor)filter in the directionorthogonalto the slice. Artifacts
arelikely to appearif theopacityor color attributesof thevolume
containvery high frequencies(althoughif the frequenciesexceed
the Nyquist ratethenperfectreconstructionis impossible).



Figure 17 showsa casewherea trilinear interpolationfilter
outperformsH a bilinear filter. The left-most imageis a rendering
by the shear-warp algorithm of a portion of the enginedataset
which hasbeenclassifiedwith extremelysharprampsto produce
high frequenciesin the volume’s opacity. The viewing angleis
set to 45 degreesrelative to the slicesof the dataset—theworst
case—andaliasingis apparent.For comparison,themiddleimage
is a renderingproducedwith a ray-casterusing trilinear interpo-
lation andotherwiseidenticalrenderingparameters;herethereis
virtually noaliasing.However, by usingasmootheropacitytrans-
fer function thesereconstructionartifacts can be reduced. The
right-most image is a renderingusing the shear-warp algorithm
anda less-extremeopacitytransferfunction. Herethe aliasingis
barelynoticeablebecausethe high frequenciesin the scalarfield
haveeffectively beenlow-passfiltered by the transferfunction.
In practice,aslong astheopacitytransferfunctionis not a binary
classification the bilinear filter producesgoodresults.

5 Conclusion
The shear-warp factorizationallows us to implementcoherence
optimizationsfor both the volume dataand the imagewith low
computationaloverheadbecauseboth datastructurescanbe tra-
versedsimultaneouslyin scanlineorder. Thealgorithmis flexible
enough to accommodate a wide range of user-defined shading
modelsand can handleperspectiveprojections. We have also
presenteda variantof the algorithmthat doesnot assumea fixed
opacity transferfunction. The result is an algorithm which pro-
duceshigh-quality renderingsof a 2563 volume in roughly one
second on a workstationwith no specializedhardware.

Wearecurrentlyextendingour renderingalgorithmto support
datasetscontainingboth geometryand volume data. We have
alsofoundthat theshear-warpalgorithmsparallelizenaturallyfor
MIMD shared-memorymultiprocessors.We parallelizedthe re-
samplingand compositingstepsby distributing scanlinesof the
intermediateimage to the processors. On a 16 processorSGI
Challengemultiprocessorthe 256x256x223 voxel headdata set
canberenderedat a sustainedrateof 10 frames/sec.
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