Analysis of Binary Search Trees (BST) Algorithms

Goal: to derive
E(X,) := average # probes per
E(Y,) := average # probes per unsucc search

succ search in a random n-node BST

Sample Spaces:
y) ‘ (

O, = {@ron i) | S5 oy = (4 1)

S, = set of all permutations (relative order of keys) of {1,2,...,n}
Qy = {(1'1,1'2, ey y) | (21,2, T Y) € Sn+1}, by re-numbering

n

Random Variables:

{Xn((:cl,:cQ, ey T k:)) := # probes to  succ search zy in T'(x1,x9,...,Ty)

Yn((lL‘l,lL‘g, ey T y)) := # probes to unsucc search y in

T(x1,xo,...,2,) := BST formed by inserting keys x1, 2, ..., x, consecutively

T(6,3,2,1,5,4) =

X6((6,3,2,1,5,4;k)) =(1+2+3+4+3+4) =17=6+1(T(6,3,2,1,5,4))

[ 1<k<6
> Y((6,3,2,1,5,4;y) =(4+4+3+4+4+3+1) =23= E(T())
y=0.5,...,6.5
nr) := Z path length(z) = 11
z: int node of T'
E(T) := Y pathlength(y) =23=I(T)+2-6
y: ext node of T’

(1 +E(¥) + (1+EM)) + - + (1 +E(V2) + (1 +E(¥5)) |



n 112 3
E(X,)=2%1H, -3 |13 |
E(Y,)=2H,11—2 1|32 |2

n=2
(1,2) (2,1)
E(X2) = g5[(1+2)+(1+2)] oy
E(Ys) =gh[(1+2+2)+(@2+2+1)] =32

%%cf@w@%ﬁ?ﬁ

(1,2,3)

(T+2+3)+A+2+3)+1+2+2)+()+()+ ()]

E(X3) =
E(Y3)

1
33
1 +2+3+3)+ (1 +3+3+2)+(2+2+2+2)+ () + () + ()]



Lemma 1. An n-node binary tree 1" has
(1) 2n edges,
(2) n + 1 external nodes (leaves),
(3) E(T) = I(T) + 2n.

1
Lemma 2. E(X,) =1+ — > E(Yi)
1<k<n

Theorem 3.

E(X,) =22tlH, -3 ~2hn
E(Y,) =2H,11—2 =2lnn

Proof:
(E(X,) = Y. PwX,(w)= Y  =Xu(o1,...,20;k)
wex,, (21,0 )ESn
1<k<n
- ﬁ Z Xn(.’El, 7$n7k)
(z1,eey2n)ESH 1<k<n
= ﬁ ;(n + I(T))
:%[n—i—i!;I(T)} (1)
E(Y,) = ﬁ > > Yo(21,. o, T3 y)
(1.0 )ESH ¥=0.5,...,n.5
= Gy 22 B(T)
= (n+11)n! ET:(QTL +1(T))
- L [Qn +1I% I(T)} (2)
T
(1) +(2) = (n+ DHE(Y,) =nE(X,)+n

+ Lemma 2 =
(n+1)E(Y,) = ;k; E(Yi 1)+ 2n
) nE(Y,1)= h i E(Yj_1) +2(n — 1)
(n+1)E(Y,) = ;k:)lra(yn_l) +2

EY,) =EYa1)+ 35
E(Yn—l) - E(Yn—2> + %
=
E(Y;)  =E(V1)+3
EY1) =3
_ JE(Yn) =2Hp11 -2
E(X,) =™HE(Y,)-1=2"1H,-3 |



1
L 2. EX,)=1+— E(Y:._
emma (Xn) —i—n Z (Y1)

1<k<n
Proof:
1
E(Xn) = —— Yo D> Xa(@r,. k)
(@1,..n) 1<k<n
1
:m Z Z <1—{—Yn(x1,...,$k_1;ki)>
($17---7$n)esn 1<k<n
1
:1+m Z Z n‘-~(k:+l)Yk_l(xl,...,xk_l;xk)
1<k<n (z1,...,x%)ESk
1 1
St Y [E X Yetemen)]
1<k<n (z1,e-,xk ) ESk
1
=1+ - _
+ - > E(Yio) |
1<k<n
Remark:

{Dynamic model : n! trees;

Static " : (") trees, (BST T(6,3,2,1,5,4) = T(6,3,5,4,2,1))

n+1



