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Chapter 1

General Introduction

CGAL, theComputational Geometry Algorithms Library, is written in C++ and consists of several parts.

The first part is about the kernels, which consist of constant-size non-modifiable geometric primitive objects
and operations on these objects. The objects are represented both as stand-alone classes that are parameterized
by a representation class, which specifies the underlying number types used for calculations and as members of
the kernel classes, which allows for more flexibility and adaptability of the kernel. CGAL has several kernels,
for 2D and 3D, for arbitrary dimensional objects, and for 2D curved objects.

The following parts present a collection of basic geometric data structures and algorithms, which are parameter-
ized by traits classes that define the interface between the data structure or algorithm and the primitives they use.
In many cases, the kernel classes provided in CGAL can be used as traits classes for these data structures and
algorithms. The collection of basic geometric algorithms and data structures currently includes polygons, half-
edge data structures, polyhedral surfaces, arrangements of curves, triangulations in 2D and 3D, surface mesh
genrators, subdivision and parametrisation of suerface meshes, Voronoi diagrams of points, disks and segments,
Booelean operations on polygons and polyhedra, convex hulls, alpha shapes, optimisation algorithms, dynamic
point sets for geometric queries, range and segment trees, and kinetic data atructures.

The last part of the library consists of non-geometric support facilities, such as support for number types,
STL extensions for CGAL, handles, circulators, protected access to internal representations, geometric object
generators, timers, I/O stream operators and other stream support including PostScript, colors, windows, and
visualization tools Geomview and a Qt widget for 2D CGAL objects.

Additional documents accompanying the CGAL distribution are the ‘Installation Guide’ and ‘The Use of STL
and STL Extensions in CGAL ’, which gives a manual style introduction to STL constructs such as iterators
and containers, as well an extension, called circulator, used in many places in CGAL. We also recommend the
standard text book by Austern [Aus98] for the STL and its notion ofconceptsandmodels.

Other resources for CGAL are the tutorials athttp://www.cgal.org/Tutorials/ and the user support page
atwww.cgal.org.

1.1 License Issues

CGAL is Open Source software, and consists of different parts covered by different licenses. In this section we
explain the essence of the different licenses, as well as the rationale why we have chosen them.
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The fact that CGAL is Open Source software does not mean that users are free to do whatever they want with
the software. Using the software means to accept the license, which has the status of a contract between the user
and the owner of the CGAL software. A more detailed description of the license terms is available in the CGAL

software tarball.

1.1.1 QPL

The QPL is an Open Source license that obliges you to distribute your software based on QPLed CGAL data
structures. The rationale behind this is that we can claim access to your software. The license further obliges
you to put your software under an Open Source license as well. The rationale behind is that we can distribute
your software, even if this is not your intention. Finally, the QPL requires that, if you modify CGAL, you
distribute the modifications in the form of patches and you distribute the sources of your changes as well.

The exact license terms as well as an annotated version of the license can be found at the Troll-
tech web site:http://www.trolltech.com/products/qt/licenses/licensing/qpl and http://www.
trolltech.com/products/qt/licenses/licensing/qpl-annotated

1.1.2 LGPL

The LGPL is an Open Source license that obliges you to distribute modifications you make on CGAL software
accessible to the users. There is no obligation to make the source code of software you build on top of LGPLed
CGAL data structures available.

Currently the linear kernel, the support library, the halfedge data structure, the kinetic data structures, and the
mesh subdivision framework are distributed under the LGPL. The rationale behind is that we want to promote
them as defacto standards.

The exact license terms can be found at the Free Software Foundation web site:http://www.gnu.org/
copyleft/lesser.html.

1.1.3 Commercial Licenses

Users who cannot comply to the Open Source license terms can buy individual data structures under various
commercial licenses from GeometryFactory:http://www.geometryfactory.com.

1.1.4 License Compatibility

The General Public License (GPL) has a viral effect which makes it incompatible with the QPL. For more
information, please refer to the paragraph about the QPL on the licenses web page of the Free Software Foun-
dation (FSF): http://www.fsf.org/licensing/licenses/index_html. It is therefore not possible to build
a program including GPL code and some QPL parts of CGAL. In this case, if you are the copyright owner of the
GPL code, you can amend the license by adding an exception allowing the use of CGAL with it (see again the
FSF web page).
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1.2 Third Party Software

In this section we list the software

1.2.1 Standard Template Library

CGAL heavily uses the STL, and in particular adopted many of its design ideas. The STL comes with the
compiler, but it is possible to use the compiler together with an alternative STL implementation.

1.2.2 Boost

Boost is a collection of libraries. CGAL needs some of them, that is it is mandatory. If Boost is not already on
your system, e.g., on Windows, you can download it fromhttp://www.boost.org.

1.2.3 GMP

A library for multi precision integers and rational numbers. CGAL offers adapters for these number types. The
usage of the GMP library is optional. If it is not already on your system, e.g., on Windows, you can download it
from www.swox.com/gmp or from the Download section ofhttp://www.cgal.org.

1.2.4 MPFR

A library for multi precision floating point numbers. The usage of the MPFR library is optional, and you must
install it when you use GMP. You can download MPFR from http://www.mpfr.org or from the Download
section ofhttp://www.cgal.org.

1.2.5 Leda

A library of efficient data structures and algorithms. CGAL offers adapters to the LEDA number types. The
usage is optional. It is only available commercially fromhttp://www.algorithmic-solutions.com.

1.2.6 Taucs

A library of sparse linear solvers. It can be used by theSurfacemeshparameterizationpackage in order
to speed up the algorithm. You can download the official release fromhttp://www.tau.ac.il/˜stoledo/
taucs/ or download a version customized by CGAL team from the Download section ofhttp://www.cgal.
org.

1.2.7 OpenNL

OpenNL (Open Numerical Library) is a library to easily construct and solve sparse linear systems. It is the
default solver of theSurfacemeshparameterizationpackage.
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The author is Bruno Ĺevy. OpenNL main page ishttp://www.loria.fr/˜levy/software/.

CGAL includes a version of OpenNL in C++, made especially for CGAL by Bruno Ĺevy.

1.2.8 zlib

A data compression library. It is used in the examples of theSurfacemesherpackage. If it is not already on
your system, e.g., on Windows, you can download it fromhttp://www.gzip.org/zlib.

1.2.9 Qt

A GUI library. The usage of Qt is optional, but note that it is used for all 2D demos.

As Qt is the layer underneath KDE, Qt is installed on many Linux systems. Otherwise you can download it from
http://www.trolltech.com.

1.2.10 Coin

An implementation of Open Inventor. It is used in the demo of theKinetic data structurespackage. You can
download it fromhttp://www.sim.no.

1.3 Advanced

In this manual you will encounter sections marked as follows.

advanced

Some functionality is considered more advanced. Such functionality is described in sections such as this one
that are bounded by horizontal brackets.

advanced

1.4 Namespace CGAL

All names introduced by CGAL, especially those documented in these manuals, are in a namespace calledCGAL,
which is in global scope. A user can either qualify names from CGAL by addingCGAL::, e.g.,CGAL::Point
2< CGAL::Homogeneous< int> >, make a single name from CGAL visible in a scope via ausingstatement,
e.g.,using CGAL::Cartesian;, and then use this name unqualified in this scope, or even make all names from
namespaceCGALvisible in a scope withusing namespace CGAL;. The latter, however, is likely to give raise to
name conflicts and is therefore not recommended.
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1.5 Inclusion Order of Header Files

Not all compilers fully support standard header names. CGAL provides workarounds for these problems in
CGAL/basic.h. Consequently, as a golden rule, you should always includeCGAL/basic.hfirst in your programs
(or CGAL/Cartesian.h, or CGAL/Homogeneous.h, since they includeCGAL/basic.hfirst).

1.6 Compile-time Flags to Control Inlining

Making funcitons inlined can, at times, improve the efficiency of your code. However this is not always the case
and it can differ for a single function depending on the application in which it is used. Thus CGAL defines a set
of compile-time macros that can be used to control whether certain functions are designated as inlined functions
or not. The following table lists the macros and their default values, which are set in one of the CGAL include
files.

macro name default
CGAL KERNELINLINE inline
CGAL KERNELMEDIUM INLINE
CGAL KERNELLARGEINLINE
CGAL MEDIUM INLINE inline
CGAL LARGEINLINE
CGAL HUGE INLINE

If you wish to change the value of one or more of these macros, you can simply give it a new value when compil-
ing. For example, to make functions that use the macroCGAL KERNELMEDIUM INLINE inline functions,
you should set the value of this macro toinline instead of the default blank.

1.7 Checks

Much of the CGAL code contains checks. For example, all checks used in the kernel code are prefixed by
CGAL KERNEL. Other packages have their own prefixes, as documented in the corresponding chapters. Some
are there to check if the kernel behaves correctly, others are there to check if the user calls kernel routines in an
acceptable manner.

There are four types of checks. The first three are errors and lead to a halt of the program if they fail. The last
only leads to a warning.

Preconditions check if the caller of a routine has called it in a proper fashion. If such a check fails it is the
responsibility of the caller (usually the user of the library).

Postconditions check if a routine does what it promises to do. If such a check fails it is the fault of this routine,
so of the library.

Assertions are other checks that do not fit in the above two categories.

Warnings are checks for which it is not so severe if they fail.

By default, all of these checks are performed. It is however possible to turn them off through the use
of compile time switches. For example, for the checks in the kernel code, these switches are the follow-
ing: CGAL KERNELNO PRECONDITIONS, CGAL KERNELNO POSTCONDITIONS, CGAL KERNEL
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NO ASSERTIONSandCGAL KERNELNO WARNINGS. So, in order to compile the filefoo.C with the post-
condition checks off, you can do:
CC -DCGAL_KERNEL_NO_POSTCONDITIONS foo.C

This is also preferably done by modifying your makefile by adding-DCGAL KERNELNO
POSTCONDITIONSto theCXXFLAGSvariable.

The nameKERNELin the macro name can be replaced by a package specific name in order to control assertions
done in a given package. This name is given in the documentation of the corresponding package, in case it exists.

Note that global macros can also be used to control the behavior over the whole CGAL library:

• CGAL NO PRECONDITIONS,

• CGAL NO POSTCONDITIONS,

• CGAL NO ASSERTIONSand

• CGAL NO WARNINGS.

Moreover, the standard macroNDEBUG, which controls the behavior of thestd::assertfunction, also affects all
checks in CGAL. This way, adding-DNDEBUGto your compilation flags removes absolutely all checks, includ-
ing standard ones usingstd::assert. This is the default recommended setup for performing timing benchmarks
for example.

Not all checks are on by default. All four types of checks can be marked as expensive or exactness checks
(or both). These checks need to be turned on explicitly by supplying one or both of the compile time switches
CGAL KERNELCHECK EXPENSIVEandCGAL KERNELCHECK EXACTNESS.

Expensive checks are, as the word says, checks that take a considerable time to compute. Considerable is an
imprecise phrase. Checks that add less than 10 percent to the execution time of the routine they are in are
not expensive. Checks that can double the execution time are. Somewhere in between lies the border line.
Checks that increase the asymptotic running time of an algorithm are always considered expensive. Exactness
checks are checks that rely on exact arithmetic. For example, if the intersection of two lines is computed, the
postcondition of this routine may state that the intersection point lies on both lines. However, if the computation
is done with doubles as number type, this may not be the case, due to round off errors. So, exactness checks
should only be turned on if the computation is done with some exact number type.

1.7.1 Altering the Failure Behaviour

As stated above, if a postcondition, precondition or assertion is violated, the program will abort (stop and
produce a core dump). This behaviour can be changed by means of the following function.

#include<CGAL/assertions.h>

Failure behaviour seterror behaviour( Failurebehaviour eb)

The parameter should have one of the following values.

enum Failurebehaviour{ ABORT, EXIT, EXITWITH SUCCESS, CONTINUE};

The first value is the default. If theEXIT value is set, the program will stop and return a value indicating failure,
but not dump the core. The last value tells the checks to go on after diagnosing the error.
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advanced

If the EXIT WITH SUCCESSvalue is set, the program will stop and return a value corresponding to successful
execution and not dump the core.

advanced

The value that is returned byset error behaviouris the value that was in use before.

For warnings there is a separate routine, which works in the same way. The only difference is that for warnings
the default value isCONTINUE.

Failure behaviour setwarning behaviour( Failurebehaviour eb)

1.7.2 Control at a Finer Granularity

The compile time flags as described up to now all operate on the whole library. Sometimes you may want to
have a finer control. CGAL offers the possibility to turn checks on and off with a bit finer granularity, namely
the module in which the routines are defined. The name of the module is to be appended directly after the
CGAL prefix. So, the flagCGAL KERNELNO ASSERTIONSswitches off assertions in the kernel only, the
flag CGAL CH CHECK EXPENSIVEturns on expensive checks in the convex hull module. The name of a
particular module is documented with that module.

advanced

1.7.3 Customising how Errors are Reported

Normally, error messages are written to the standard error output. It is possible to do something different with
them. To that end you can register your own handler. This function should be declared as follows.

void my failure function(
const char *type,
const char *expression,
const char *file,
int line,
const char *explanation)

Your failure function will be called with the following parameters.typeis a string that contains one of the words
precondition, postcondition, assertion or warning. The parameterexpressioncontains the expression that was
violated. file and line contain the place where the check was made. Theexplanationparameter contains an
explanation of what was checked. It can beNULL, in which case theexpressionis thought to be descriptive
enough.

There are several things that you can do with your own handler. You can display a diagnostic message in a
different way, for instance in a pop up window or to a log file (or a combination). You can also implement
a different policy on what to do after an error. For instance, you can throw an exception or ask the user in a
dialogue whether to abort or to continue. If you do this, it is best to set the error behaviour toCONTINUE, so
that it does not interfere with your policy.

You can register two handlers, one for warnings and one for errors. Of course, you can use the same function
for both if you want. When you set a handler, the previous handler is returned, so you can restore it if you want.
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#include<CGAL/assertions.h>

Failure function seterror handler( Failure function handler)

Failure function setwarning handler( Failure function handler)

Example

#include <CGAL/assertions.h>

void my failure handler(

const char ∗type,
const char ∗expr,
const char∗ file,

int line,

const char∗ msg)

{

/∗ report the error in some way. ∗/
}

void foo()

{

CGAL::Failure function prev;

prev = CGAL::set error handler(my failure handler);

/∗ call some routines. ∗/
CGAL::set error handler(prev);

}

advanced
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Chapter 2

2D and 3D Kernel
Hervé Brönnimann, Andreas Fabri, Geert-Jan Giezeman, Susan Hert, Michael Hoffmann, Lutz Kettner, Sylvain
Pion, and Stefan Schirra

2.1 Introduction

CGAL, theComputational Geometry Algorithms Library, is written in C++ and consists of three major parts.
The first part is the kernel, which consists of constant-size non-modifiable geometric primitive objects and
operations on these objects. The objects are represented both as stand-alone classes that are parameterized by a
representation class, which specifies the underlying number types used for calculations and as members of the
kernel classes, which allows for more flexibility and adaptability of the kernel. The second part is a collection of
basic geometric data structures and algorithms, which are parameterized by traits classes that define the interface
between the data structure or algorithm and the primitives they use. In many cases, the kernel classes provided
in CGAL can be used as traits classes for these data structures and algorithms. The third part of the library
consists of non-geometric support facilities, such as circulators, random sources, I/O support for debugging and
for interfacing CGAL to various visualization tools.

This part of the reference manual covers the kernel. The kernel contains objects of constant size, such as point,
vector, direction, line, ray, segment, triangle, iso-oriented rectangle and tetrahedron. With each type comes a set
of functions which can be applied to an object of this type. You will typically find access functions (e.g. to the
coordinates of a point), tests of the position of a point relative to the object, a function returning the bounding
box, the length, or the area of an object, and so on. The CGAL kernel further contains basic operations such as
affine transformations, detection and computation of intersections, and distance computations.

2.1.1 Robustness

The correctness proof of nearly all geometric algorithms presented in theory papers assumes exact computation
with real numbers. This leads to a fundamental problem with the implementation of geometric algorithms.
Naively, often the exact real arithmetic is replaced by inexact floating-point arithmetic in the implementation.
This often leads to acceptable results for many input data. However, even for the implementation of the simplest
geometric algorithms this simplification occasionally does not work. Rounding errors introduced by an inac-
curate arithmetic may lead to inconsistent decisions, causing unexpected failures for some correct input data.
There are many approaches to this problem, one of them is to compute exactly (compute so accurate that all
decisions made by the algorithm are exact) which is possible in many cases but more expensive than standard
floating-point arithmetic. C. M. Hoffmann [Hof89a, Hof89b] illustrates some of the problems arising in the
implementation of geometric algorithms and discusses some approaches to solve them. A more recent overview
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is given in [Sch00]. The exact computation paradigm is discussed by Yap and Dubé [YD95] and Yap [Yap97].

In CGAL you can choose the underlying number types and arithmetic. You can use different types of arithmetic
simultaneously and the choice can be easily changed, e.g. for testing. So you can choose between implemen-
tations with fast but occasionally inexact arithmetic and implementations guaranteeing exact computation and
exact results. Of course you have to pay for the exactness in terms of execution time and storage space. See
the section on number types in the Support Library for more details on number types and their capabilities and
performance.

2.2 Kernel Representations

Our object of study is thed-dimensional affine Euclidean space. Here we are mainly concerned with cases
d = 2 andd = 3. Objects in that space are sets of points. A common way to represent the points is the use of
Cartesian coordinates, which assumes a reference frame (an origin andd orthogonal axes). In that framework, a
point is represented by ad-tuple(c0,c1, . . . ,cd−1), and so are vectors in the underlying linear space. Each point
is represented uniquely by such Cartesian coordinates. Another way to represent points is by homogeneous
coordinates. In that framework, a point is represented by a(d + 1)-tuple (h0,h1, . . . ,hd). Via the formulae
ci = hi/hd, the corresponding point with Cartesian coordinates(c0,c1, . . . ,cd−1) can be computed. Note that
homogeneous coordinates are not unique. Forλ 6= 0, the tuples(h0,h1, . . . ,hd) and (λ · h0,λ · h1, . . . ,λ · hd)
represent the same point. For a point with Cartesian coordinates(c0,c1, . . . ,cd−1) a possible homogeneous
representation is(c0,c1, . . . ,cd−1,1). Homogeneous coordinates in fact allow to represent objects in a more
general space, the projective space ¶d. In CGAL, we do not compute in projective geometry. Rather, we use
homogeneous coordinates to avoid division operations, since the additional coordinate can serve as a common
denominator.

2.2.1 Genericity through Parameterization

Almost all the kernel objects (and the corresponding functions) are templates with a parameter that allows the
user to choose the representation of the kernel objects. A type that is used as an argument for this parameter
must fulfill certain requirements on syntax and semantics. The list of requirements defines an abstract kernel
concept. For all kernel objects types, the typesCGAL::Type<Kernel> andKernel::Typeare identical.

CGAL offers four families of concrete models for the concept Kernel, two based on the Cartesian representation
of points and two based on the homogeneous representation of points. The interface of the kernel objects is
designed such that it works well with both Cartesian and homogeneous representation. For example, points
in 2D have a constructor with three arguments as well (the three homogeneous coordinates of the point). The
common interfaces parameterized with a kernel class allow one to develop code independent of the chosen
representation. We said “families” of models, because both families are parameterized too. A user can choose
the number type used to represent the coordinates.

For reasons that will become evident later, a kernel class provides two typenames for number types, namely
Kernel::FT and Kernel::RT.1 The typeKernel::FT must fulfill the requirements on what is called aField-
NumberTypein CGAL. This roughly means thatKernel::FT is a type for which operations+, −, ∗ and/ are
defined with semantics (approximately) corresponding to those of a field in a mathematical sense. Note that,
strictly speaking, the built-in typeint does not fullfil the requirements on a field type, sinceints correspond to
elements of a ring rather than a field, especially operation/ is not the inverse of∗. The requirements on the
type Kernel::RT are weaker. This type must fulfill the requirements on what is called aRingNumberTypein
CGAL. This roughly means thatKernel::RT is a type for which operations+, −, ∗ are defined with semantics
(approximately) corresponding to those of a ring in a mathematical sense.

1The double colon :: is the C++ scope operator.
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2.2.2 Cartesian Kernels

With Cartesian<FieldNumberType> you can choose a Cartesian representation of coordinates. When you
choose Cartesian representation you have to declare at the same time the type of the coordinates. A number
type used with theCartesianrepresentation class should be a FieldNumberType as described above. As men-
tioned above, the built-in typeint is not a FieldNumberType. However, for some computations with Cartesian
representation, no division operation is needed, i.e., a RingNumberType is sufficient in this case. WithCarte-
sian<FieldNumberType>, bothCartesian<FieldNumberType>::FT andCartesian<FieldNumberType>::RT are
mapped toFieldNumberType.

Cartesian<FieldNumberType> uses reference counting internally to save copying costs. CGAL also provides
Simplecartesian<FieldNumberType>, a kernel that uses Cartesian representation but no reference counting.
Debugging is easier withSimplecartesian<FieldNumberType>, since the coordinates are stored within the
class and hence direct access to the coordinates is possible. Depending on the algorithm, it can also be slightly
more or less efficient thanCartesian<FieldNumberType>. Again, inSimplecartesian<FieldNumberType> both
Simplecartesian<FieldNumberType>::FT andSimplecartesian<FieldNumberType>::RT are mapped toField-
NumberType.

2.2.3 Homogeneous Kernels

Homogeneous coordinates permit to avoid division operations in numerical computations, since the additional
coordinate can serve as a common denominator. Avoiding divisions can be useful for exact geometric computa-
tion. WithHomogeneous<RingNumberType> you can choose a homogeneous representation for the coordinates
of the kernel objects. As for the Cartesian representation, one has to declare the type used to store the co-
ordinates. Since the homogeneous representation does not use divisions, the number type associated with a
homogeneous representation class must be a model for the weaker concept RingNumberType only. However,
some operations provided by this kernel involve divisions, for example computing squared distances or Carte-
sian coordinates. To keep the requirements on the number type parameter ofHomogeneouslow, the number type
Quotient<RingNumberType> is used for operations that require divisions. This number type can be viewed as
an adaptor which turns a RingNumberType into a FieldNumberType. It maintains numbers as quotients, i.e., a
numerator and a denominator. WithHomogeneous<RingNumberType>, Homogeneous<RingNumberType>::FT
is equal toQuotient<RingNumberType>, whileHomogeneous<RingNumberType>::RT is equal toRingNumber-
Type.

Homogeneous<RingNumberType> uses reference counting internally to save copying costs. CGAL also pro-
vides Simplehomogeneous<RingNumberType>, a kernel that uses homogeneous representation but no ref-
erence counting. Debugging is easier withSimplehomogeneous<RingNumberType>, since the coordinates
are stored within the class and hence direct access to the coordinates is possible. Depending on the algo-
rithm, it can also be slightly more or less efficient thanHomogeneous<RingNumberType>. Again, inSimple
homogeneous<RingNumberType> the typeSimplehomogeneous<RingNumberType>::FT is equal toQuotient<
RingNumberType> while Simplehomogeneous<RingNumberType>::RT is equal toRingNumberType.

2.2.4 Naming conventions

The use of kernel classes not only avoids problems, it also makes all CGAL classes very uniform. Theyalways
consist of:

1. Thecapitalized base nameof the geometric object, such asPoint, Segment, or Triangle.

2. An underscorefollowed by thedimensionof the object, for example2, 3, or d.
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3. A kernel classas parameter, which itself is parameterized with a number type, such asCartesian<double>
or Homogeneous<leda integer>.

2.2.5 Kernel as a Traits Class

Algorithms and data structures in the basic library of CGAL are parameterized by a traits class that subsumes
the objects on which the algorithm or data structure operates as well as the operations to do so. For most of the
algorithms and data structures in the basic library you can use a kernel as a traits class. For some algorithms
you even do not have to specify the kernel; it is detected automatically using the types of the geometric objects
passed to the algorithm. In some other cases, the algorithms or data structures needs more than is provided by
the kernel concept. In these cases, a kernel can not be used as a traits class.

2.2.6 Choosing a Kernel and Predefined Kernels

If you start with integral Cartesian coordinates, many geometric computations will involve integral numerical
values only. Especially, this is true for geometric computations that evaluate only predicates, which are tanta-
mount to determinant computations. Examples are triangulation of point sets and convex hull computation. In
this case, the Cartesian representation is probably the first choice, even with a ring type. You might use limited
precision integer types likeint or long, usedoubleto present your integers (they have more bits in their mantissa
than anint and overflow nicely), or an arbitrary precision integer type like the wrapperGmpzfor the GMP
integers,leda integer, or MP Float. Note, that unless you use an arbitrary precision ring type, incorrect results
might arise due to overflow.

If new points are to be constructed, for example the intersection point of two lines, computation of Cartesian co-
ordinates usually involves divisions. Hence, one needs to use a FieldNumberType with Cartesian representation,
or alternatively, switch to homogeneous representation. The typedoubleis a – though imprecise – model for
FieldNumberType. You can also put any RingNumberType into theQuotientadaptor to get a field type which
then can be put intoCartesian. But using homogeneous representation on the RingNumberType is usually the
better option. Other valid FieldNumberTypes areleda rational andleda real.

If it is crucial for you that the computation is reliable, the right choice is probably a number type that guarantees
exact computation. TheFiltered kernel provides a way to apply filtering techniques [BBP01] to achieve a
kernel with exact and efficient predicates. Still other people will prefer the built-in typedouble, because they
need speed and can live with approximate results, or even algorithms that, from time to time, crash or compute
incorrect results due to accumulated rounding errors.

Predefined kernels. For the user’s convenience, CGAL provides 3 typedefs to generally useful kernels.

• They are all Cartesian kernels.

• They all support constructions of points fromdouble Cartesian coordinates.

• All these 3 kernels provide exact geometric predicates.

• They handle geometric constructions differently:

– Exact predicatesexactconstructionskernel: provides exact geometric constructions, in addition
to exact geometric predicates.
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– Exact predicatesexactconstructionskernel with sqrt: same as Exact predicatesexact
constructionskernel, but the number type it provides (Exact predicatesexactconstructions
kernel with sqrt::FT) supports the square root operation exactly2.

– Exact predicatesinexactconstructionskernel: provides exact geometric predicates, but geometric
constructions may be inexact due to roundoff errors. It is however enough for most CGAL al-
gorithms, and faster than bothExact predicatesexactconstructionskernelandExact predicates
exactconstructionskernel with sqrt.

2.3 Kernel Geometry

2.3.1 Points and Vectors

In CGAL, we strictly distinguish between points, vectors and directions. Apoint is a point in the Euclidean
spaceEd, a vector is the difference of two pointsp2, p1 and denotes the direction and the distance fromp1

to p2 in the vector spaceRd, and adirection is a vector where we forget about its length. They are different
mathematical concepts. For example, they behave different under affine transformations and an addition of two
points is meaningless in affine geometry. By putting them in different classes we not only get cleaner code,
but also type checking by the compiler which avoids ambiguous expressions. Hence, it pays twice to make this
distinction.

CGAL defines a symbolic constantORIGIN of typeOrigin which denotes the point at the origin. This constant
is used in the conversion between points and vectors. Subtracting it from a pointp results in the locus vector of
p.

Point 2< Cartesian<double> > p(1.0, 1.0), q;

Vector 2< Cartesian<double> > v;

v = p − ORIGIN;

q = ORIGIN + v;

assert( p == q );

In order to obtain the point corresponding to a vectorv you simply have to addv to ORIGIN. If you want to
determine the pointq in the middle between two pointsp1 andp2, you can write3

q = p 1 + (p 2 − p 1) / 2.0;

Note that these constructions do not involve any performance overhead for the conversion with the currently
available representation classes.

2.3.2 Kernel Objects

Besides points (Point 2<Kernel>, Point 3<Kernel>, Point d<Kernel>), vectors (Vector 2<Kernel>, Vector 3<
Kernel>), and directions (Direction 2<Kernel>, Direction 3<Kernel>), CGAL provides lines, rays, segments,
planes, triangles, tetrahedra, iso-rectangles, iso-cuboids, circles and spheres.

Lines (Line 2<Kernel>, Line 3<Kernel>) in CGAL are oriented. In two-dimensional space, they induce a parti-
tion of the plane into a positive side and a negative side. Any two points on a line induce an orientation of this

2Currently it requires having either LEDA or CORE installed
3you might callmidpoint(p1,p 2) instead
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line. A ray (Ray 2<Kernel>, Ray 3<Kernel>) is semi-infinite interval on a line, and this line is oriented from
the finite endpoint of this interval towards any other point in this interval. A segment (Segment2<Kernel>,
Segment3<Kernel>) is a bounded interval on a directed line, and the endpoints are ordered so that they induce
the same direction as that of the line.

Planes are affine subspaces of dimension two inE3, passing through three points, or a point and a line, ray, or
segment. CGAL provides a correspondence between any plane in the ambient spaceE3 and the embedding of
E2 in that space. Just like lines, planes are oriented and partition space into a positive side and a negative side.
In CGAL, there are no special classes for halfspaces. Halfspaces in 2D and 3D are supposed to be represented
by oriented lines and planes, respectively.

Concerning polygons and polyhedra, the kernel provides triangles, iso-oriented rectangles, iso-oriented cuboids
and tetrahedra. More complex polygons4 and polyhedra or polyhedral surfaces can be obtained from the basic
library (Polygon2, Polyhedron3), so they are not part of the kernel. As with any Jordan curves, triangles,
iso-oriented rectangles and circles separate the plane into two regions, one bounded and one unbounded.

2.3.3 Orientation and Relative Position

Geometric objects in CGAL have member functions that test the position of a point relative to the object. Full
dimensional objects and their boundaries are represented by the same type, e.g. halfspaces and hyperplanes are
not distinguished, neither are balls and spheres and discs and circles. Such objects split the ambient space into
two full-dimensional parts, a bounded part and an unbounded part (e.g. circles), or two unbounded parts (e.g.
hyperplanes). By default these objects are oriented, i.e., one of the resulting parts is called the positive side, the
other one is called the negative side. Both of these may be unbounded.

For these objects there is a functionorientedside()that determines whether a test point is on the positive side,
the negative side, or on the oriented boundary. These function returns a value of typeOrientedside.

Those objects that split the space in a bounded and an unbounded part, have a member functionboundedside()
with return typeBoundedside.

If an object is lower dimensional, e.g. a triangle in three-dimensional space or a segment in two-dimensional
space, there is only a test whether a point belongs to the object or not. This member function, which takes a
point as an argument and returns a boolean value, is calledhas on()

2.4 Predicates and Constructions

2.4.1 Predicates

Predicates are at the heart of a geometry kernel. They are basic units for the composition of geometric algorithms
and encapsulate decisisons. Hence their correctness is crucial for the control flow and hence for the correctness
of an implementation of a geometric algorithm. CGAL uses the term predicate in a generalized sense. Not only
components returning a Boolean value are called predicates but also components returning an enumeration type
like a Comparisonresultor anOrientation. We say components, because predicates are implemented both as
functions and function objects (provided by a kernel class).

CGAL provides predicates for the orientation of point sets (orientation, leftturn, rightturn, collinear, copla-
nar), for comparing points according to some given order, especially for comparing Cartesian coordinates

4Any sequence of points can be seen as a (not necessary simple) polygon or polyline. This view is used frequently in the basic library
as well.
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(e.g.lexicographicallyxy smaller), in-circle and in-sphere tests, and predicates to compare distances.

2.4.2 Constructions

Functions and function objects that generate objects that are neither of typeboolnor enum types are called con-
structions. Constructions involve computation of new numerical values and may be imprecise due to rounding
errors unless a kernel with an exact number type is used.

Affine transformations (Aff transformation2<Kernel>, Aff transformation3<Kernel>) allow to generate new
object instances under arbitrary affine transformations. These transformations include translations, rotations
(in 2D only) and scaling. Most of the geometric objects in a kernel have a member functiontransform(Aff
transformation t)which applies the transformation to the object instance.

CGAL also provides a set of functions that detect or compute the intersection between objects of the 2D kernel,
and many objects in the 3D kernel, and functions to calculate their squared distance. Moreover, some member
functions of kernel objects are constructions.

So there are routines that compute the square of the Euclidean distance, but no routines that compute the distance
itself. Why? First of all, the two values can be derived from each other quite easily (by taking the square root
or taking the square). So, supplying only the one and not the other is only a minor inconvenience for the user.
Second, often either value can be used. This is for example the case when (squared) distances are compared.
Third, the library wants to stimulate the use of the squared distance instead of the distance. The squared distance
can be computed in more cases and the computation is cheaper. We do this by not providing the perhaps more
natural routine, The problem of a distance routine is that it needs thesqrt operation. This has two drawbacks:

• The sqrt operation can be costly. Even if it is not very costly for a specific number type and platform,
avoiding it is always cheaper.

• There are number types on which nosqrt operation is defined, especially integer types and rationals.

2.4.3 Polymorphic Return Values

Some functions can return different types of objects. A typical C++ solution to this problem is to derive all
possible return types from a common base class, to return a pointer to this class and to perform a dynamic cast
on this pointer. The classObjectprovides an abstraction. An objectobj of the classObjectcan represent an
arbitrary class. The only operations it provides is to make copies and assignments, so that you can put them in
lists or arrays. Note thatObjectis NOT a common base class for the elementary classes. Therefore, there is no
automatic conversion from these classes toObject. Rather this is done with the global functionmakeobject().
This encapsulation mechanism requires the use ofassignor object castto access the encapsulated class.

Example

In the following example, the object class is used as return value for the intersection computation, as there are
possibly different return values.

{

typedef Cartesian<double> K;

typedef K::Point 2 Point 2;

typedef K::Segment 2 Segment 2;
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Point 2 point;

Segment 2 segment, segment 1, segment 2;

std::cin � segment 1 � segment 2;

Object obj = intersection(segment 1, segment 2);

if (assign(point, obj)) {

/∗ do something with point ∗/
} else if ((assign(segment, obj)) {

/∗ do something with segment∗/
}

/∗ there was no intersection ∗/
}

A more efficient way is to useobject cast:

{

typedef Cartesian<double> K;

typedef K::Point 2 Point 2;

typedef K::Segment 2 Segment 2;

Segment 2 segment 1, segment 2;

std::cin � segment 1 � segment 2;

Object obj = intersection(segment 1, segment 2);

if (const Point 2 ∗point = object cast<Point 2>(&obj)) {

/∗ do something with ∗point ∗/
} else if (const Segment 2 ∗segment = object cast<Segment 2>(&obj)) {

/∗ do something with ∗segment∗/
}

/∗ there was no intersection ∗/
}

The intersection routine itself looks roughly as follows:

template < class Kernel >

Object intersection(Segment 2<Kernel> s1, Segment 2<Kernel> s2)

{

if (/∗ intersection in a point ∗/ ) {

Point 2<Kernel> p = ... ;

return make object(p);
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} else if (/∗ intersection in a segment ∗/ ) {

Segment 2<Kernel> s = ... ;

return make object(s);

}

return Object();

}

2.4.4 Constructive Predicates

For testing where a pointp lies with respect to a plane defined by three pointsq, r ands, one may be tempted
to construct the planePlane 3<Kernel>(q,r,s)and use the methodorientedside(p). This may pay off if many
tests with respect to the plane are made. Nevertheless, unless the number type is exact, the constructed plane
is only approximated, and round-off errors may leadorientedside(p)to return an orientation which is different
from the orientation ofp, q, r, ands.

In CGAL, we provide predicates in which such geometric decisions are made directly with a reference to the
input pointsp, q, r, s, without an intermediary object like a plane. For the above test, the recommended way to
get the result is to useorientation(p,q,r,s). For exact number types, the situation is different. If several tests are
to be made with the same plane, it pays off to construct the plane and to useorientedside(p).

2.5 Extensible Kernel

This manual section describe how users can plug user defined geometric classes in existing CGAL kernels. This
is best illustrated by an example.

2.5.1 Introduction

CGAL defines the concept of a geometry kernel. Such a kernel provides types, construction objects and general-
ized predicates. Most implementations of Computational Geometry algorithms and data structures in the basic
library of CGAL were done in a way that classes or functions can be parametrized with a geometric traits class.

In most cases this geometric traits class must be a model of the CGAL geometry kernel concept (but there are
some exceptions).

2.5.2 An Extensive Example

Assume you have the following point class, where the coordinates are stored in an array ofdoubles, where we
have another data membercolor, which shows up in the constructor.

class MyPointC2 {

private:
double vec[2];
int col;
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public:

MyPointC2()
: col(0)

{
*vec = 0;
*(vec+1) = 0;

}

MyPointC2(const double x, const double y, int c)
: col(c)

{
*vec = x;
*(vec+1) = y;

}

const double& x() const { return *vec; }

const double& y() const { return *(vec+1); }

double & x() { return *vec; }

double& y() { return *(vec+1); }

int color() const { return col; }

int& color() { return col; }

bool operator==(const MyPointC2 &p) const
{

return ( *vec == *(p.vec) ) && ( *(vec+1) == *(p.vec + 1) && ( col == p.col) );
}

bool operator!=(const MyPointC2 &p) const
{

return !(*this == p);
}

};

As said earlier the class is pretty minimalistic, for example it has nobbox()method. One might assume that a
basic library algorithm which computes a bounding box (e.g, to compute the bounding box of a polygon), will
not compile. Luckily it will, because it does not use of member functions of geometric objects, but it makes use
of the functorKernel::Constructbbox 2.

To make the right thing happen withMyPointC2we have to provide the following functor.

template <class ConstructBbox_2>
class MyConstruct_bbox_2 : public ConstructBbox_2 {
public:
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CGAL::Bbox_2 operator()(const typename MyPointC2& p) const {
return CGAL::Bbox_2(p.x(), p.y(), p.x(), p.y());

}
};

Things are similar for random access to the Cartesian coordinates of a point. As the coordinates are stored in an
array ofdoubleswe can usedouble*as random access iterator.

class MyConstruct_coord_iterator {
public:

const double* operator()(const MyPointC2& p)
{

return &p.x();
}

const double* operator()(const MyPointC2& p, int)
{

const double* pyptr = &p.y();
pyptr++;
return pyptr;

}
};

The last functor we have to provide is the one which constructs points. That is you are not forced to add the
constructor with theOrigin as parameter to your class, nor the constructor with homogeneous coordinates. The
functor is a kind of glue layer between the CGAL algorithms and your class.

template <typename K>
class MyConstruct_point_2
{

typedef typename K::RT RT;
typedef typename K::Point_2 Point_2;

public:
typedef Point_2 result_type;
typedef CGAL::Arity_tag< 1 > Arity;

Point_2
operator()(CGAL::Origin o) const
{ return Point_2(0,0, 0); }

Point_2
operator()(const RT& x, const RT& y) const
{ return Point_2(x, y, 0); }

// We need this one, as such a functor is in the Filtered_kernel
Point_2
operator()(const RT& x, const RT& y, const RT& w) const
{
if(w != 1){

return Point_2(x/w, y/w, 0);
} else {
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return Point_2(x,y, 0);
}

}
};

Now we are ready to put the puzzle together. We won’t explain it in detail, but you see that there aretypedefsto
the new point class and the functors. All the other types are inherited.

#ifndef MYKERNEL_H
#define MYKERNEL_H

#include <CGAL/Cartesian.h>
#include "MyPointC2.h"
#include "MySegmentC2.h"

// K_ is the new kernel, and K_Base is the old kernel
template < typename K_, typename K_Base >
class MyCartesian_base

: public K_Base::template Base<K_>::Type
{

typedef typename K_Base::template Base<K_>::Type OldK;
public:

typedef K_ Kernel;
typedef MyPointC2 Point_2;
typedef MySegmentC2<Kernel> Segment_2;
typedef MyConstruct_point_2<Kernel, OldK> Construct_point_2;
typedef const double* Cartesian_const_iterator_2;
typedef MyConstruct_coord_iterator Construct_cartesian_const_iterator_2;
typedef MyConstruct_bbox_2<typename OldK::Construct_bbox_2>

Construct_bbox_2;

Construct_point_2
construct_point_2_object() const
{ return Construct_point_2(); }

template < typename Kernel2 >
struct Base { typedef MyCartesian_base<Kernel2, K_Base> Type; };

};

template < typename FT_ >
struct MyKernel

: public CGAL::Type_equality_wrapper<
MyCartesian_base<MyKernel<FT_>, CGAL::Cartesian<FT_> >,
MyKernel<FT_> >

{};

#endif // MYKERNEL_H

Finally, we give an example how this new kernel can be used. Predicates and constructions work with the new
point, they can be a used to construct segments and triangles with, and data structures from the Basic Library,
as the Delaunay triangulation work with them.
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The kernel itself can be made robust by plugging it in theFiltered kernel.

// file: examples/Kernel_23/MyKernel.C

#include <CGAL/basic.h>
#include <CGAL/Filtered_kernel.h>
#include <CGAL/Delaunay_triangulation_2.h>
#include <CGAL/squared_distance_2.h>
#include <cassert>
#include "MyKernel.h"

typedef MyKernel<double> MK;
typedef CGAL::Filtered_kernel_adaptor<MK> K;
typedef CGAL::Delaunay_triangulation_2<K> Delaunay_triangulation_2;

typedef K::Point_2 Point;
typedef K::Segment_2 Segment;
typedef K::Ray_2 Ray;
typedef K::Line_2 Line;
typedef K::Triangle_2 Triangle;
typedef K::Iso_rectangle_2 Iso_rectangle;

const int RED= 1;
const int BLACK=2;

int main()
{

Point a(0,0), b(1,0, BLACK), c(1,1), d(0,1);
a.color()=RED;
b.color()=BLACK;
d.color()=RED;

Delaunay_triangulation_2 dt;
dt.insert(a);

K::Orientation_2 orientation;
orientation(a,b,c);

Point p(1,2), q;
p.color() = RED;
q.color() = BLACK;
std::cout << p << std::endl;

K::Compute_squared_distance_2 squared_distance;

std::cout << "squared_distance(a, b) == "
<< squared_distance(a, b) << std::endl;

Segment s1(p,q), s2(a, c);

K::Construct_midpoint_2 construct_midpoint_2;
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Point mp = construct_midpoint_2(p,q);

assert(s1.source().color() == RED);

K::Intersect_2 intersection;

CGAL::Object o = intersection(s1, s2);

K::Construct_cartesian_const_iterator_2 construct_it;
K::Cartesian_const_iterator_2 cit = construct_it(a);
assert(*cit == a.x());

cit = construct_it(a,0);

cit--;
assert(*cit == a.y());

Line l1(a,b), l2(p, q);

intersection(l1, l2);

intersection(s1, l1);

Ray r1(d,b), r2(d,c);
intersection(r1, r2);

intersection(r1, l1);

squared_distance(r1, r2);
squared_distance(r1, l2);
squared_distance(r1, s2);

Triangle t1(a,b,c), t2(a,c,d);
intersection(t1, t2);
intersection(t1, l1);

intersection(t1, s1);

intersection(t1, r1);

Iso_rectangle i1(a,c), i2(d,p);
intersection(i1, i2);
intersection(i1, s1);

intersection(i1, r1);
intersection(i1, l1);

t1.orientation();

std::cout << s1.source() << std::endl;

std::cout << t1.bbox() << std::endl;
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std::cout << "done" << std::endl;
return 0;

}

2.5.3 Limitations

The point class must have member functionsx() andy() (andz() for the 3d point). We will probably introduce
function objects that take care of coordinate access.

As we enforce type equality betweenMyKernel::Point 2 and Point 2<MyKernel>, the constructor with the
color as third argument is not available.

2.6 Kernel Related Tools

2.6.1 Introduction

The following manual sections describe various tools that might be useful for various kinds of users of the
CGAL kernel. The kernel concept archetype describes a minimal model for the CGAL kernel that can be used
for testing CGAL kernel compatibility of geometrical algorithm implementations. It can be useful for all people
developing CGAL-style code that uses the CGAL kernel.

2.6.2 Kernel Concept Archetype

Introduction

CGAL defines the concept of a geometry kernel. Such a kernel provides types, construction objects and general-
ized predicates. Most implementations of CG algorithms and data structures in the basic library of CGAL were
done in a way that classes or functions can be parametrized with a geometric traits class.

In most cases this geometric traits class must be a model of the CGAL geometry kernel concept (but there are
some exceptions).

The CGAL distribution comes with a number of models (or geometry kernels), for instance the Cartesian kernel
(CGAL::Cartesian) or the homogeneous kernel (CGAL::Homogeneous), that can be used with the packages of
the basic library.

But does it mean that packages of the basic library are fully compatible with the CGAL kernel concept if they
can be used with these CGAL kernel models? Not neccesarily, because such a package might also use member
functions or global functions/operators, that are implemented for CGAL kernel types but not for other classes or
kernels.

That’s why it is important to verify whether the documented requirements of a package are really covered by the
implementation. Manual verification is error prone, so there should be something better available in a generic
library for this application.

That’s why the CGAL kernel concept archetypeCGAL::Kernel archetypewas developed. It provides all func-
tionality required by the CGAL kernel concept, but nothing more, so it can be seen as a minimal implementation
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of a model for the CGAL kernel concept. It can be used for testing successful compilation of packages of the
basic library with a minimal model. Deprecated kernel functionality is not supported. All geometrical types
(like the 2d/3d point or segment types) ofCGAL::Kernel archetypehave copy constructors, default constructors
and an assignment operator, and nothing else. Comparison operators are by default not supported, but can be
switched on by the flagCGAL CONCEPTARCHETYPEALLOW COMPARISONS.

The geometrical types of the concept archetype encapsulate no data members, so runtime checks with the
archetype are not very useful (CGAL::Kernel archetypeis only meant for compilation checks with a minimal
model in the testsuites of CGAL packages).

The header file for the concept archetype isCGAL/Kernelarchetype.h.

The package supports the two- and three-dimensional part of the CGAL kernel concept. The d-dimensional part
is not supported.

Restricting the Interface

Normally packages of the Basic Library or Extension packages use only a small subset of the functionality
offered by models of the CGAL kernel concept. In these cases testing with a model that offers only this (used
and) documented subset makes sense.CGAL::Kernel archetypenormally offers the full functionality (all types,
functors and constructions of a CGAL kernel model), but it is possible to restrict the interface.
If you want to do this, you have to define the macroCGAL CA LIMITED INTERFACE(before the inclusion of
CGAL/Kernelarchetype.h) for switching on the interface limitation. Now you have to tell the kernel archetype
what types have to be provided by it. For every type you have to define a macro. The name of the macro
is CGAL CA NAME OF KERNELTYPE, whereNAME OF KERNELTYPE is the name of the kernel type
(written in capitals) that has to be provided by the kernel archetype for a specific package. Lets have a look at a
small example. The kernel archetype has to provide in some test suite a limited interface. The interface has to
offer type definitions forPoint 3 andPlane 3 and the 3d orientation functor type definitionOrientation 3:

// limit interface of the Kernel_archetype
#define CGAL_CA_LIMITED_INTERFACE
#define CGAL_CA_POINT_3
#define CGAL_CA_PLANE_3
#define CGAL_CA_ORIENTATION_3

#include <CGAL/Kernel_archetype.h>

Now other kernel functionality is removed from the interface ofCGAL::Kernel archetype, so access to these
other kernel types will result in a compile-time error. Another option is to use an own archetype class that
encapsulates only the needed type definitions and the corresponding member functions. See the following code
snippet for a simple example.

#include <CGAL/Kernel_archetype.h>

// build an own archetype class ...

// get needed types from the kernel archetype ...
typedef CGAL::Kernel_archetype KA;
typedef KA::Point_3 KA_Point_3;
typedef KA::Plane_3 KA_Plane_3;
typedef KA::Construct_opposite_plane_3 KA_Construct_opposite_plane_3;
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// reuse the types from the kernel archetype in the own archetype class
struct My_archetype {

typedef KA_Point_3 Point_3;
typedef KA_Plane_3 Plane_3;
typedef KA_Construct_opposite_plane_3 Construct_opposite_plane_3;

Construct_opposite_plane_3
construct_opposite_plane_3_object()
{ return Construct_opposite_plane_3(); }

};

Example Program

The following example shows a program for checking the 2d convex hull algorithm of CGAL with the archetype.
You can see the usage of theCGAL::Kernel archetypethat replaces a CGAL kernel that is normally used.

test convexhull 2.C :

#include <CGAL/basic.h>
#include <CGAL/convex_hull_2.h>
#include <CGAL/Kernel_archetype.h>
#include <list>

typedef CGAL::Kernel_archetype K;
typedef K::Point_2 Point_2;

int main()
{

std::list<Point_2> input;

Point_2 act;
input.push_back(act);

std::list<Point_2> output;

K traits;

CGAL::convex_hull_2(input.begin(), input.end(),
std::back_inserter(output), traits);

return 0;
}
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2.7 Concepts
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Kernel

The concept of akernelis defined by a set of requirements on the provision of certain types and access member
functions to create objects of these types. The types are function object classes to be used within the algorithms
and data structures in the basic library of CGAL. This allows you to use any model of a kernel as a traits class
in the CGAL algorithms and data structures, unless they require types beyond those provided by a kernel.

A kernel provides types, construction objects, and generalized predicates. The former replace constructors of
the kernel classes and constructive procedures in the kernel. There are also function objects replacing operators,
especially for equality testing.

Has Models

CGAL::Cartesian<FieldNumberType> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page41
CGAL::Homogeneous<RingNumberType> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page48
CGAL::Simplecartesian<FieldNumberType> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page55
CGAL::Simplehomogeneous<RingNumberType> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page56

Types

Kernel:: FT a model of FieldNumberType
Kernel:: RT a model of RingNumberType

Two-dimensional Kernel

Coordinate Access

Kernel:: Cartesianconst iterator 2 a model of Kernel::CartesianConstIterator2

Geometric Objects

Kernel:: Point 2 a model of Kernel::Point2
Kernel:: Vector2 a model of Kernel::Vector2
Kernel:: Direction 2 a model of Kernel::Direction2
Kernel:: Line 2 a model of Kernel::Line2
Kernel:: Ray2 a model of Kernel::Ray2
Kernel:: Segment2 a model of Kernel::Segment2
Kernel:: Triangle 2 a model of Kernel::Triangle2
Kernel:: Iso rectangle2 a model of Kernel::IsoRectangle2
Kernel:: Circle 2 a model of Kernel::Circle2
Kernel:: Object2 a model of Kernel::Object2
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Constructions

Kernel:: Constructpoint 2 a model of Kernel::ConstructPoint2
Kernel:: Constructvector 2 a model of Kernel::ConstructVector2
Kernel:: Constructdirection 2 a model of Kernel::ConstructDirection2
Kernel:: Constructsegment2 a model of Kernel::ConstructSegment2
Kernel:: Constructline 2 a model of Kernel::ConstructLine2
Kernel:: Constructray 2 a model of Kernel::ConstructRay2
Kernel:: Constructcircle 2 a model of Kernel::ConstructCircle2
Kernel:: Constructtriangle 2 a model of Kernel::ConstructTriangle2
Kernel:: Constructiso rectangle2 a model of Kernel::ConstructIsoRectangle2
Kernel:: Constructobject 2 a model of Kernel::ConstructObject2
Kernel:: Constructscaledvector 2 a model of Kernel::ConstructScaledVector2
Kernel:: Constructtranslatedpoint 2 a model of Kernel::ConstructTranslatedPoint2
Kernel:: Constructpoint on 2 a model of Kernel::ConstructPointOn2
Kernel:: Constructprojectedpoint 2 a model of Kernel::ConstructProjectedPoint2
Kernel:: Constructprojectedxy point 2 a model of Kernel::ConstructProjectedXYPoint2
Kernel:: Constructcartesianconst iterator 2 a model of Kernel::ConstructCartesianConstIterator2
Kernel:: Constructvertex2 a model of Kernel::ConstructVertex2
Kernel:: Constructbbox 2 a model of Kernel::ConstructBbox2
Kernel:: Constructperpendicularvector 2 a model of Kernel::ConstructPerpendicularVector2
Kernel:: Constructperpendiculardirection 2 a model of Kernel::ConstructPerpendicularDirection2
Kernel:: Constructperpendicularline 2 a model of Kernel::ConstructPerpendicularLine2
Kernel:: Constructmax vertex2 a model of Kernel::ConstructMaxVertex2
Kernel:: Constructmidpoint 2 a model of Kernel::ConstructMidpoint2
Kernel:: Constructmin vertex2 a model of Kernel::ConstructMinVertex2
Kernel:: Constructcenter2 a model of Kernel::ConstructCenter2
Kernel:: Constructcentroid 2 a model of Kernel::ConstructCentroid2
Kernel:: Constructcircumcenter2 a model of Kernel::ConstructCircumcenter2
Kernel:: Constructbisector2 a model of Kernel::ConstructBisector2
Kernel:: Constructoppositedirection 2 a model of Kernel::ConstructOppositeDirection2
Kernel:: Constructoppositesegment2 a model of Kernel::ConstructOppositeSegment2
Kernel:: Constructoppositeray 2 a model of Kernel::ConstructOppositeRay2
Kernel:: Constructoppositeline 2 a model of Kernel::ConstructOppositeLine2
Kernel:: Constructoppositetriangle 2 a model of Kernel::ConstructOppositeTriangle2
Kernel:: Constructoppositecircle 2 a model of Kernel::ConstructOppositeCircle2
Kernel:: Constructoppositevector 2 a model of Kernel::ConstructOppositeVector2

If the result type is not determined, there is noConstruct prefix:

Kernel:: Intersect2 a model of Kernel::Intersect2
Kernel:: Assign2 a model of Kernel::Assign2

If the result type is a number type, the prefix isCompute:

Kernel:: Computesquareddistance2 a model of Kernel::ComputeSquaredDistance2
Kernel:: Computesquaredlength 2 a model of Kernel::ComputeSquaredLength2
Kernel:: Computesquaredradius 2 a model of Kernel::ComputeSquaredRadius2
Kernel:: Computearea 2 a model of Kernel::ComputeArea2

Generalized Predicates

Kernel:: Angle2 a model of Kernel::Angle2
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Kernel:: Equal 2 a model of Kernel::Equal2
Kernel:: Equal x 2 a model of Kernel::EqualX2
Kernel:: Equal y 2 a model of Kernel::EqualY2
Kernel:: Lessx 2 a model of Kernel::LessX2
Kernel:: Lessy 2 a model of Kernel::LessY2
Kernel:: Lessxy 2 a model of Kernel::LessXY2
Kernel:: Lessyx 2 a model of Kernel::LessYX2
Kernel:: Comparex 2 a model of Kernel::CompareX2
Kernel:: Comparex at y 2 a model of Kernel::CompareXAtY2
Kernel:: Comparey 2 a model of Kernel::CompareY2
Kernel:: Comparexy 2 a model of Kernel::CompareXY2
Kernel:: Comparey at x 2 a model of Kernel::CompareYAtX2
Kernel:: Comparedistance2 a model of Kernel::CompareDistance2
Kernel:: Compareangle with x axis 2 a model of Kernel::CompareAngleWithXAxis2
Kernel:: Compareslope2 a model of Kernel::CompareSlope2
Kernel:: Lessdistanceto point 2 a model of Kernel::LessDistanceToPoint2
Kernel:: Lesssigneddistanceto line 2 a model of Kernel::LessSignedDistanceToLine2
Kernel:: Lessrotate ccw 2 a model of Kernel::LessRotateCCW2
Kernel:: Left turn 2 a model of Kernel::LeftTurn2
Kernel:: Collinear 2 a model of Kernel::Collinear2
Kernel:: Orientation2 a model of Kernel::Orientation2
Kernel:: Sideof orientedcircle 2 a model of Kernel::SideOfOrientedCircle2
Kernel:: Sideof boundedcircle 2 a model of Kernel::SideOfBoundedCircle2
Kernel:: Is horizontal 2 a model of Kernel::IsHorizontal2
Kernel:: Is vertical 2 a model of Kernel::IsVertical2
Kernel:: Is degenerate2 a model of Kernel::IsDegenerate2
Kernel:: Has on 2 a model of Kernel::HasOn2
Kernel:: Collinear has on 2 a model of Kernel::CollinearHasOn2
Kernel:: Has on boundedside 2 a model of Kernel::HasOnBoundedSide2
Kernel:: Has on unboundedside 2 a model of Kernel::HasOnUnboundedSide2
Kernel:: Has on boundary2 a model of Kernel::HasOnBoundary2
Kernel:: Has on positiveside 2 a model of Kernel::HasOnPositiveSide2
Kernel:: Has on negativeside 2 a model of Kernel::HasOnNegativeSide2
Kernel:: Orientedside 2 a model of Kernel::OrientedSide2
Kernel:: Boundedside 2 a model of Kernel::BoundedSide2
Kernel:: Are parallel 2 a model of Kernel::AreParallel2
Kernel:: Are orderedalong line 2 a model of Kernel::AreOrderedAlongLine2
Kernel:: Are strictly orderedalong line 2 a model of Kernel::AreStrictlyOrderedAlongLine2
Kernel:: Collinear are orderedalong line 2 a model of Kernel::CollinearAreOrderedAlongLine2
Kernel:: Collinear are strictly orderedalong line 2

a model of Kernel::CollinearAreStrictlyOrderedAlongLine2

Kernel:: Counterclockwisein between2 a model of Kernel::CounterclockwiseInBetween2
Kernel:: Do intersect2 a model of Kernel::DoIntersect2

Three-dimensional Kernel

Coordinate Access

Kernel:: Cartesianconst iterator 3 a model of Kernel::CartesianConstIterator3

37



Geometric Objects

Kernel:: Point 3 a model of Kernel::Point3
Kernel:: Vector3 a model of Kernel::Vector3
Kernel:: Direction 3 a model of Kernel::Direction3
Kernel:: Iso cuboid 3 a model of Kernel::IsoCuboid3
Kernel:: Line 3 a model of Kernel::Line3
Kernel:: Ray3 a model of Kernel::Ray3
Kernel:: Sphere3 a model of Kernel::Sphere3
Kernel:: Segment3 a model of Kernel::Segment3
Kernel:: Plane3 a model of Kernel::Plane3
Kernel:: Triangle 3 a model of Kernel::Triangle3
Kernel:: Tetrahedron3 a model of Kernel::Tetrahedron3
Kernel:: Object3 a model of Kernel::Object3

Constructions

Kernel:: Constructpoint 3 a model of Kernel::ConstructPoint3
Kernel:: Constructvector 3 a model of Kernel::ConstructVector3
Kernel:: Constructdirection 3 a model of Kernel::ConstructDirection3
Kernel:: Constructplane 3 a model of Kernel::ConstructPlane3
Kernel:: Constructiso cuboid 3 a model of Kernel::ConstructIsoCuboid3
Kernel:: Constructline 3 a model of Kernel::ConstructLine3
Kernel:: Constructray 3 a model of Kernel::ConstructRay3
Kernel:: Constructsphere3 a model of Kernel::ConstructSphere3
Kernel:: Constructsegment3 a model of Kernel::ConstructSegment3
Kernel:: Constructtriangle 3 a model of Kernel::ConstructTriangle3
Kernel:: Constructtetrahedron3 a model of Kernel::ConstructTetrahedron3
Kernel:: Constructobject 3 a model of Kernel::ConstructObject3
Kernel:: Constructscaledvector 3 a model of Kernel::ConstructScaledVector3
Kernel:: Constructtranslatedpoint 3 a model of Kernel::ConstructTranslatedPoint3
Kernel:: Constructpoint on 3 a model of Kernel::ConstructPointOn3
Kernel:: Constructprojectedpoint 3 a model of Kernel::ConstructProjectedPoint3
Kernel:: Constructlifted point 3 a model of Kernel::ConstructLiftedPoint3
Kernel:: Constructcartesianconst iterator 3 a model of Kernel::ConstructCartesianConstIterator3
Kernel:: Constructvertex3 a model of Kernel::ConstructVertex3
Kernel:: Constructbbox 3 a model of Kernel::ConstructBbox3
Kernel:: Constructsupportingplane 3 a model of Kernel::ConstructSupportingPlane3
Kernel:: Constructorthogonalvector 3 a model of Kernel::ConstructOrthogonalVector3
Kernel:: Constructbasevector 3 a model of Kernel::ConstructBaseVector3
Kernel:: Constructperpendicularplane 3 a model of Kernel::ConstructPerpendicularPlane3
Kernel:: Constructperpendicularline 3 a model of Kernel::ConstructPerpendicularLine3
Kernel:: Constructmidpoint 3 a model of Kernel::ConstructMidpoint3
Kernel:: Constructcenter3 a model of Kernel::ConstructCenter3
Kernel:: Constructcentroid 3 a model of Kernel::ConstructCentroid3
Kernel:: Constructcircumcenter3 a model of Kernel::ConstructCircumcenter3
Kernel:: Constructbisector3 a model of Kernel::ConstructBisector3
Kernel:: Constructcrossproduct vector 3 a model of Kernel::ConstructCrossProductVector3
Kernel:: Constructoppositedirection 3 a model of Kernel::ConstructOppositeDirection3
Kernel:: Constructoppositesegment3 a model of Kernel::ConstructOppositeSegment3
Kernel:: Constructoppositeray 3 a model of Kernel::ConstructOppositeRay3
Kernel:: Constructoppositeline 3 a model of Kernel::ConstructOppositeLine3
Kernel:: Constructoppositeplane 3 a model of Kernel::ConstructOppositePlane3
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Kernel:: Constructoppositesphere3 a model of Kernel::ConstructOppositeSphere3
Kernel:: Constructoppositevector 3 a model of Kernel::ConstructOppositeVector3

If the result type is not determined, there is noConstruct prefix:

Kernel:: Intersect3 a model of Kernel::Intersect3
Kernel:: Assign3 a model of Kernel::Assign3

If the result type is a number type, the prefix isCompute:

Kernel:: Computearea 3 a model of Kernel::ComputeArea3
Kernel:: Computesquaredarea 3 a model of Kernel::ComputeSquaredArea3
Kernel:: Computesquareddistance3 a model of Kernel::ComputeSquaredDistance3
Kernel:: Computesquaredlength 3 a model of Kernel::ComputeSquaredLength3
Kernel:: Computesquaredradius 3 a model of Kernel::ComputeSquaredRadius3
Kernel:: Computevolume3 a model of Kernel::ComputeVolume3

Generalized Predicates

Kernel:: Angle3 a model of Kernel::Angle3
Kernel:: Equal 3 a model of Kernel::Equal3
Kernel:: Equal x 3 a model of Kernel::EqualX3
Kernel:: Equal y 3 a model of Kernel::EqualY3
Kernel:: Equal z 3 a model of Kernel::EqualZ3
Kernel:: Equal xy 3 a model of Kernel::EqualXY3
Kernel:: Lessx 3 a model of Kernel::LessX3
Kernel:: Lessy 3 a model of Kernel::LessY3
Kernel:: Lessz 3 a model of Kernel::LessZ3
Kernel:: Lessxy 3 a model of Kernel::LessXY3
Kernel:: Lessxyz 3 a model of Kernel::LessXYZ3
Kernel:: Comparex 3 a model of Kernel::CompareX3
Kernel:: Comparey 3 a model of Kernel::CompareY3
Kernel:: Comparez 3 a model of Kernel::CompareZ3
Kernel:: Comparexy 3 a model of Kernel::CompareXY3
Kernel:: Comparexyz 3 a model of Kernel::CompareXYZ3
Kernel:: Lesssigneddistanceto plane 3 a model of Kernel::LessSignedDistanceToPlane3
Kernel:: Lessdistanceto point 3 a model of Kernel::LessDistanceToPoint3
Kernel:: Comparedistance3 a model of Kernel::CompareDistance3
Kernel:: Collinear 3 a model of Kernel::Collinear3
Kernel:: Coplanar3 a model of Kernel::Coplanar3
Kernel:: Orientation3 a model of Kernel::Orientation3
Kernel:: Coplanarorientation 3 a model of Kernel::CoplanarOrientation3
Kernel:: Coplanarside of boundedcircle 3 a model of Kernel::CoplanarSideOfBoundedCircle3
Kernel:: Sideof orientedsphere3 a model of Kernel::SideOfOrientedSphere3
Kernel:: Sideof boundedsphere3 a model of Kernel::SideOfBoundedSphere3
Kernel:: Is degenerate3 a model of Kernel::IsDegenerate3
Kernel:: Has on 3 a model of Kernel::HasOn3
Kernel:: Has on boundedside 3 a model of Kernel::HasOnBoundedSide3
Kernel:: Has on unboundedside 3 a model of Kernel::HasOnUnboundedSide3
Kernel:: Has on boundary3 a model of Kernel::HasOnBoundary3
Kernel:: Has on positiveside 3 a model of Kernel::HasOnPositiveSide3
Kernel:: Has on negativeside 3 a model of Kernel::HasOnNegativeSide3
Kernel:: Orientedside 3 a model of Kernel::OrientedSide3
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Kernel:: Boundedside 3 a model of Kernel::BoundedSide3
Kernel:: Are parallel 3 a model of Kernel::AreParallel3
Kernel:: Are orderedalong line 3 a model of Kernel::AreOrderedAlongLine3
Kernel:: Are strictly orderedalong line 3 a model of Kernel::AreStrictlyOrderedAlongLine3
Kernel:: Collinear are orderedalong line 3 a model of Kernel::CollinearAreOrderedAlongLine3
Kernel:: Collinear are strictly orderedalong line 3

a model of Kernel::CollinearAreStrictlyOrderedAlongLine3

Kernel:: Do intersect3 a model of Kernel::DoIntersect3

d-dimensional Kernel

Coordinate Access

Kernel:: Cartesianconst iterator d a model of Kernel::CartesianConstIteratord

Geometric Objects

Kernel:: Point d a model of Kernel::Pointd

Constructions

Kernel:: ConstructPoint d a model of Kernel::ConstructPointd

Operations

For each of the function objects above, there must exist a member function that requires no arguments and
returns an instance of that function object. The name of the member function is the uncapitalized name of the
type returned with the suffixobjectappended. For example, for the function objectKernel::Constructvector 2
the following member function must exist:

Kernel::Constructvector 2 kernel.constructvector 2 object()

See Also
Kernel d
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2.8 Kernel Classes and Operations
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CGAL::Cartesian <FieldNumberType>

#include<CGAL/Cartesian.h>

Definition

A model forKernel that uses Cartesian coordinates to represent the geometric objects. In order forCartesian<
FieldNumberType> to model Euclidean geometry inE2 and/orE3, for some mathematical fieldE (e.g., the
rationalsQ or the realsR), the template parameter FieldNumberType must model the mathematical fieldE.
That is, the field operations on this number type must copute the mathematically correct results. If the number
type provided as a model for FieldNumberType is only an approximation of a field (such as the built-in type
double), then the geometry provided by the kernel is only an approximation of Euclidean geometry.

Is Model for the Concepts

Kernel . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page35

Types

typedef FieldNumberType FT;
typedef FieldNumberType RT;

Implementation

All geometric objects inCartesian<FieldNumberType> are reference counted.

See Also

CGAL::Simplecartesian<FieldNumberType> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page55
CGAL::Homogeneous<RingNumberType> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page48
CGAL::Simplehomogeneous<RingNumberType> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page56
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CGAL::Cartesian converter<K1, K2, NTConverter>

Definition

Cartesianconverter<K1, K2, NTConverter>converts objects from the kernel traitsK1 to the kernel traitsK2
usingConverterto do the conversion. Those traits must be of the formCartesian<FT1> andCartesian<FT2>
(or the equivalent withSimplecartesian). It then provides the following operators to convert objects fromK1
to K2.

The third template parameterNTConverteris a function object that must provideK2::FT operator()(K1::FT n)
that convertsn to anK2::FT which has the same value.

The default value of this parameter isCGAL::NT converter<K1::FT, K2::FT>.

#include<CGAL/Cartesianconverter.h>

Creation

Cartesianconverter<K1, K2, NTConverter> conv;

Default constructor.

Operations

K2::Point 2 conv.operator()( K1::Point2 p)

returns aK2::Point 2 which coordinates are those ofp,
converted byNTConverter.

Similar operators are defined for the other kernel traits typesPoint 3, Vector 2...

See Also

CGAL::Cartesian<FieldNumberType> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page41
CGAL::Simplecartesian<FieldNumberType> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page55
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CGAL::cartesian to homogeneous

#include<CGAL/cartesianhomogeneousconversion.h>

Point 2< Homogeneous<RT> > cartesianto homogeneous( Point2< Cartesian<RT> > cp)

converts 2d pointcp with Cartesian representation into a 2d
point with homogeneous representation with the same num-
ber type.

Point 3< Homogeneous<RT> > cartesianto homogeneous( Point3< Cartesian<RT> > cp)

converts 3d pointcp with Cartesian representation into a 3d
point with homogeneous representation with the same num-
ber type.

See Also

CGAL::Cartesian<FieldNumberType> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page41
CGAL::Cartesianconverter<K1, K2, NTConverter> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page42
CGAL::Homogeneous<RingNumberType> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page48
CGAL::Homogeneousconverter<K1, K2, RTConverter, FTConverter> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page49
CGAL::homogeneousto cartesian. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page50
CGAL::homogeneousto quotientcartesian. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page51
CGAL::quotientcartesianto homogeneous. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page194
CGAL::Simplecartesian<FieldNumberType> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page55
CGAL::Simplehomogeneous<RingNumberType> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page56

43



C
la

ss

CGAL::Filtered kernel<CK>

Definition

Filtered kernel<CK>is a kernel that uses the filtering technique [BBP01] to achieve a kernel with exact and
efficient predicates. The geometric constructions are exactly those of the kernelCK, which means that they are
not necessarily exact.

Is Model for the Concepts

Kernel

#include<CGAL/Filteredkernel.h>

Example

The following example shows how to produce a kernel whose geometric objects and constructions are those of
Simplecartesian<double> but the predicates are exact.

#include <CGAL/Simple_cartesian.h>
#include <CGAL/Filtered_kernel.h>

typedef CGAL::Simple_cartesian<double> CK;
typedef CGAL::Filtered_kernel<CK> K;

Implementation

The implementation usesCGAL::Filtered predicate<EP, FP, C2E, C2F> over each predicate of the kernel traits
interface. Additionally, faster static filters are used for a few selected critical predicates. The static filters can be
disabled by compiling with-DCGAL NO STATICFILTERS.
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CGAL::Filtered kernel adaptor<CK>

Definition

Filtered kernel adaptor<CK>is a kernel that uses the filtering technique [BBP01] to obtain a kernel with exact
and efficient predicate functors. The geometric constructions are exactly those of the kernelCK, which means
that they are not necessarily exact.

In contrast toFiltered kernel, the global functions are those ofCK.

Is Model for the Concepts

Kernel

#include<CGAL/Filteredkernel.h>

Example

The following example shows how to produce a kernel whose geometric objects and constructions are those of
Simplecartesian<double> The predicate functors of the kernel are exact, the global functions are not.

#include <CGAL/Simple_cartesian.h>
#include <CGAL/Filtered_kernel.h>

typedef CGAL::Simple_cartesian<double> CK;
typedef CGAL::Filtered_kernel_adaptor<CK> K;

typedef K::Point_2 p(0,0), q(1,1), r(1,5);

CGAL::orientation(p,q,r); // not exact

typedef K::Orientation_2 orientation;
orientation(p,q,r); // exact
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CGAL::Filtered predicate<EP, FP, C2E, C2F>

Definition

Filtered predicate<EP, FP, C2E, C2F>is an adaptor for predicate function objects that allows one to produce
efficient and exact predicates. It is used to buildCGAL::Filtered kernel<CK, EK, FK, C2E, C2F> and can be
used for other predicates too.

EP is the exact but supposedly slow predicate that is able to evaluate the predicate correctly. It will be called
only when the filtering predicate,FP, cannot compute the correct result. This failure ofFP must be done by
throwing an exception.

To convert the geometric objects that are the arguments of the predicate, we use the function objectsC2E and
C2F, which must be of the formCartesianconverteror Homogeneousconverter.

#include<CGAL/Filteredpredicate.h>

Types

typedef FP::resulttype resulttype; The return type of the function operators. It must also be
the same type asEP::result type.

Creation

Filtered predicate<EP, FP, C2E, C2F> fo; Default constructor.

Operations

template<class A1>
result type fo.operator()( A1 a1) The unary function operator for unary predicates.

template<class A1, class A2>
result type fo.operator()( A1 a1, A2 a2)

The binary function operator for binary predicates.

Similar function operators are defined for up to 7 arguments.

Example

The following example defines an efficient and exact version of the orientation predicate over three points
using the Cartesian representation with double coordinates and without reference counting (Simplecartesian<
double>::Point 2). Of course, the orientation predicate can already be found in the kernel, but you can follow
this example to filter your own predicates. It uses the fast but inexact predicate based on interval arithmetic for
filtering and the slow but exact predicate based on multi-precision floats when the filtering predicate fails.
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#include <CGAL/Simple_cartesian.h>
#include <CGAL/Filtered_predicate.h>
#include <CGAL/MP_Float.h>
#include <CGAL/Cartesian_converter.h>

typedef CGAL::Simple_cartesian<double> K;
typedef CGAL::Simple_cartesian<CGAL::Interval_nt_advanced> FK;
typedef CGAL::Simple_cartesian<CGAL::MP_Float> EK;
typedef CGAL::Cartesian_converter<K, EK> C2E;
typedef CGAL::Cartesian_converter<K, FK> C2F;

// Define my predicate, parameterized by a kernel.
template < typename K >
struct My_orientation_2
{

typedef typename K::RT RT;
typedef typename K::Point_2 Point_2;

CGAL::Orientation
operator()(const Point_2 &p, const Point_2 &q, const Point_2 &r) const
{

RT prx = p.x() - r.x();
RT pry = p.y() - r.y();
RT qrx = q.x() - r.x();
RT qry = q.y() - r.y();
return static_cast<CGAL::Orientation> ( CGAL::sign( prx*qry - qrx*pqy ) );

}
};

typedef CGAL::Filtered_predicate<My_orientation_2<EK>,
My_orientation_2<FK>, C2E, C2F> Orientation_2;

int main()
{

K::Point_2 p(1,2), q(2,3), r(3,4);
Orientation_2 orientation;
orientation(p, q, r);
return 0;

}
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CGAL::Homogeneous<RingNumberType>

#include<CGAL/Homogeneous.h>

Definition

A model for aKernelusing homogeneous coordinates to represent the geometric objects. In order forHomoge-
neous<RingNumberType> to model Euclidean geometry inE2 and/orE3, for some mathematical ringE (e.g.,
the integersZ or the rationalsQ), the template parameter RingNumberType must model the mathematical ring
E. That is, the ring operations on this number type must compute the mathematically correct results. If the
number type provided as a model for RingNumberType is only an approximation of a ring (such as the built-in
typedouble), then the geometry provided by the kernel is only an approximation of Euclidean geometry.

Is Model for the Concepts

Kernel . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page35

Types

typedef Quotient<RingNumberType> FT;
typedef RingNumberType RT;

Implementation

This model of a kernel uses reference counting.

See Also

CGAL::Cartesian<FieldNumberType> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page41
CGAL::Simplecartesian<FieldNumberType> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page55
CGAL::Simplehomogeneous<RingNumberType> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page56

48



C
la

ss

CGAL::Homogeneous converter<K1, K2, RTConverter, FTConverter>

Definition

Homogeneousconverter<K1, K2, RTConverter, FTConverter>converts objects from the kernel traitsK1 to the
kernel traitsK2. Those traits must be of the formHomogeneous<RT1> andHomogeneous<RT2> (or the equiv-
alent withSimplehomogeneous). It then provides the following operators to convert objects fromK1 to K2.

The third template parameterRT Converteris a function object that must provideK2::RT operator()(const
K1::RT&n); that convertsn to anK2::RT that has the same value.

The default value of this parameter isCGAL::NT converter<K1::RT, K2::RT>, which uses the conversion op-
erator fromK1::RT to K2::RT.

Similarly, the fourth template parameter must provideK2::FT operator()(const K1::FT&n); that convertsn to
anK2::FT that has the same value. Its default value isCGAL::NT converter<K1::FT, K2::FT>.

#include<CGAL/Homogeneousconverter.h>

Creation

Homogeneousconverter<K1, K2, RTConverter, FTConverter> conv;

Default constructor.

Operations

K2::Point 2 conv.operator()( K1::Point2 p)

returns aK2::Point 2 which coordinates are those ofp,
converted byRTConverter.

Similar operators are defined for the other kernel traits geometric typesPoint 3, Vector 2...

See Also

CGAL::Homogeneous<RingNumberType> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page48
CGAL::Simplehomogeneous<RingNumberType> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page56
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CGAL::homogeneous to cartesian

#include<CGAL/cartesianhomogeneousconversion.h>

Point 2< Cartesian<FT> > homogeneousto cartesian( Point2< Homogeneous<FT> > hp)

converts 2d pointhpwith homogeneous representation into a
2d point with Cartesian representation with the same number
type.

Point 3< Cartesian<FT> > homogeneousto cartesian( Point3< Homogeneous<FT> > hp)

converts 3d pointhpwith homogeneous representation into a
3d point with Cartesian representation with the same number
type.

See Also

See Also

CGAL::Cartesian<FieldNumberType> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page41
CGAL::Cartesianconverter<K1, K2, NTConverter> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page42
CGAL::cartesianto homogeneous. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page43
CGAL::Homogeneous<RingNumberType> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page48
CGAL::Homogeneousconverter<K1, K2, RTConverter, FTConverter> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page49
CGAL::homogeneousto quotientcartesian. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page51
CGAL::quotientcartesianto homogeneous. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page194
CGAL::Simplecartesian<FieldNumberType> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page55
CGAL::Simplehomogeneous<RingNumberType> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page56
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CGAL::homogeneous to quotient cartesian

#include<CGAL/cartesianhomogeneousconversion.h>

Point 2< Cartesian<Quotient<RT> > >

homogeneousto quotientcartesian( Point2<Homogeneous<RT> > hp)

converts the 2d pointhp with homogeneous representa-
tion with number typeRT into a 2d point with Cartesian
representation with number typeQuotient<RT>.

Point 3< Cartesian<Quotient<RT> > >

homogeneousto quotientcartesian( Point3<Homogeneous<RT> > hp)

converts the 3d pointhp with homogeneous representa-
tion with number typeRT into a 3d point with Cartesian
representation with number typeQuotient<RT>.

See Also

CGAL::Cartesian<FieldNumberType> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page41
CGAL::Cartesianconverter<K1, K2, NTConverter> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page42
CGAL::cartesianto homogeneous. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page43
CGAL::Homogeneous<RingNumberType> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page48
CGAL::Homogeneousconverter<K1, K2, RTConverter, FTConverter> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page49
CGAL::homogeneousto cartesian. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page50
CGAL::quotientcartesianto homogeneous. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page194
CGAL::Simplecartesian<FieldNumberType> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page55
CGAL::Simplehomogeneous<RingNumberType> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page56
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CGAL::Kernel archetype

Definition

CGAL::Kernel archetypeis a concept archetype (minimal model) for the CGAL kernel concept. It provides
all functionality required by the CGAL kernel concept, but nothing more. It can be used for testing successful
compilation of packages of the basic library with a minimal model. Deprecated kernel functionality is not
supported. All geometrical types (like the 2d/3d point or segment types) ofCGAL::Kernel archetypehave copy
constructors, default constructors and an assignment operator, and nothing else. Comparison operators are by
default not supported, but can be switched on by defining the macroCGAL CONCEPTARCHETYPEALLOW
COMPARISONS.

The geometrical types of the concept archetype encapsulate no data members, so runtime checks with the
archetype are not very useful (CGAL::Kernel archetypeis only meant for compilation checks with a minimal
model in the testsuites of CGAL packages).

The package supports the two- and three-dimensional part of the CGAL kernel concept. The d-dimensional part
is not supported.

CGAL::Kernel archetypenormally offers the full functionality (all types, functors and constructions of a CGAL
kernel model), but it is possible to restrict the interface. This can be useful for testing packages that require only
a very small subset of the functionality offered by CGAL kernel models. If you want to do this, you have
to define the macroCGAL CA LIMITED INTERFACE(before the inclusion ofCGAL/Kernelarchetype.h) to
switch on the interface limitation. Now you have to tell the kernel archetype the types it has to provide for the
specific package.

For every type you have to define a macro. The name of the macro isCGAL CA NAME OF KERNELTYPE,
whereNAME OF KERNELTYPEis the name of the kernel type (written in capitals) that has to be provided by
the kernel archetype for a specific package. If, for example, a package only needs type definitions forPoint 2
andOrientation 2, you would defineCGAL CA LIMITED INTERFACE, CGAL CA POINT 2andCGAL CA
ORIENTATION2 .

Is Model for the Concepts

Kernel . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page35

#include<CGAL/Kernelarchetype.h>

Creation

Kernel archetype ka; Default constructor.

Types

We provide all type definitions that must be provided by a CGAL kernel model. See the CGAL kernel concept
manual pages for details. Deprecated functionality is not supported. You can restrict the interface by defining
macros (see the definition for details).
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Operations

For each of the function objects of the kernel archetype, there is a member function that requires no arguments
and returns an instance of that function object. The name of the member function is the uncapitalized name of
the type returned with the suffixobjectappended.

See Also

CGAL::Cartesian<FieldNumberType> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page41
CGAL::Homogeneous<RingNumberType> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page48
CGAL::Simplecartesian<FieldNumberType> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page55
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CGAL::Kernel traits<T>

Definition

The classKernel traits<T> provides access to the kernel model to which the argument typeT belongs. (Provided
T belongs to some kernel model.) The default implementation assumes there is a local typeT::Kernel referring
to the kernel model ofT. If this type does not exist, a specialization ofKernel traits<T> can be used to provide
the desired information.

This class is, for example, useful in the following context. Assume you want to write a generic function that
accepts two pointsp andq as argument and constructs the line segment betweenp andq. In order to specify
the return type of this function, you need to know what is the segment type corresponding to the Point type
representingp andq. UsingKernel traits<T>, this can be done as follows.

template < class Point >
typename Kernel_traits<Point>::Kernel::Segment
construct_segment(Point p, Point q)
{ ... }

Types

typedef T::R Kernel; If T is a typeK::Point 2of some kernel modelK, thenKernel
is equal toK.
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CGAL::Simple cartesian<FieldNumberType>

#include<CGAL/Simplecartesian.h>

Definition

A model for aKernel using Cartesian coordinates to represent the geometric objects. In order forSimple
cartesian<FieldNumberType> to model Euclidean geometry inE2 and/orE3, for some mathematical fieldE
(e.g., the rationalsQ or the realsR), the template parameter FieldNumberType must model the mathematical
field E. That is, the field operations on this number type must compute the mathematically correct results. If the
number type provided as a model for FieldNumberType is only an approximation of a field (such as the built-in
typedouble), then the geometry provided by the kernel is only an approximation of Euclidean geometry.

Is Model for the Concepts

Kernel . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page35

Types

typedef FieldNumberType

FT;
typedef FieldNumberType

RT;

Implementation

In contrast toCartesian, no reference counting is used internally. This eases debugging, but may slow down
algorithms that copy objects intensively.

See Also

CGAL::Cartesian<FieldNumberType> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page41
CGAL::Homogeneous<RingNumberType> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page48
CGAL::Simplehomogeneous<RingNumberType> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page56
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CGAL::Simple homogeneous<RingNumberType>

#include<CGAL/Simplehomogeneous.h>

Definition

A model for aKernelusing homogeneous coordinates to represent the geometric objects. In order forSimple
homogeneous<RingNumberType> to model Euclidean geometry inE2 and/orE3, for some mathematical ringE
(e.g., the integersZ or the rationalsQ), the template parameter RingNumberType must model the mathematical
ring E. That is, the ring operations on this number type must compute the mathematically correct results. If the
number type provided as a model for RingNumberType is only an approximation of a ring (such as the built-in
typedouble), then the geometry provided by the kernel is only an approximation of Euclidean geometry.

Is Model for the Concepts

Kernel . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page35

Types

typedef Quotient<RingNumberType> FT;
typedef RingNumberType RT;

Implementation

In contrast toHomogeneous, no reference counting is used internally. This eases debugging, but may slow down
algorithms that copy objects intensively, or slightly speed up others.

See Also

CGAL::Cartesian<FieldNumberType> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page41
CGAL::Homogeneous<RingNumberType> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page48
CGAL::Simplecartesian<FieldNumberType> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page55
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2.9 Predefined Kernels
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CGAL::Exact predicates exact constructions kernel

Definition

A typedef to a kernel which has the following properties:

• It uses Cartesian representation.

• It supports constructions of points fromdouble Cartesian coordinates.

• It provides both exact geometric predicates and exact geometric constructions.

#include<CGAL/Exactpredicatesexactconstructionskernel.h>

Is Model for the Concepts

Kernel

See Also

CGAL::Exactpredicatesexactconstructionskernel with sqrt
CGAL::Exactpredicatesinexactconstructionskernel
CGAL::Cartesian

57



C
la

ss

CGAL::Exact predicates exact constructions kernel with sqrt

Definition

A typedef to a kernel which has the following properties:

• It uses Cartesian representation.

• It supports constructions of points fromdouble Cartesian coordinates.

• It provides both exact geometric predicates and exact geometric constructions.

• Its FT nested type supports the square root operationsqrt().

Note that it requires CORE or LEDA installed.

#include<CGAL/Exactpredicatesexactconstructionskernel with sqrt.h>

Is Model for the Concepts

Kernel

See Also

CGAL::Exactpredicatesexactconstructionskernel
CGAL::Exactpredicatesinexactconstructionskernel
CGAL::Cartesian
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CGAL::Exact predicates inexact constructions kernel

Definition

A typedef to a kernel which has the following properties:

• It uses Cartesian representation.

• It supports constructions of points fromdouble Cartesian coordinates.

• It provides exact geometric predicates, but inexact geometric constructions.

#include<CGAL/Exactpredicatesinexactconstructionskernel.h>

Is Model for the Concepts

Kernel

See Also

CGAL::Exactpredicatesexactconstructionskernel
CGAL::Exactpredicatesexactconstructionskernel with sqrt
CGAL::Cartesian
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2.10 Kernel Objects

2.10.1 Two-dimensional Objects
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CGAL::Aff transformation 2<Kernel>

Definition

The classAff transformation2<Kernel> represents two-dimensioanl affine transformations. The general form
of an affine transformation is based on a homogeneous representation of points. Thereby all transformations
can be realized by matrix multiplications.

Multiplying the transformation matrix by a scalar does not change the represented transformation. Therefore,
any transformation represented by a matrix with rational entries can be represented by a transformation matrix
with integer entries as well. (Multiply the matrix with the common denominator of the rational entries.) Hence,
it is sufficient to use the number typeKernel::RT to represent the entries of the transformation matrix.

CGAL offers several specialized affine transformations. Different constructors are provided to create them. They
are parameterized with a symbolic name to denote the transformation type, followed by additional parameters.
The symbolic name tags solve ambiguities in the function overloading and they make the code more readable,
i.e., what type of transformation is created.

Since two-dimensional points have three homogeneous coordinates, we have a 3×3 matrix(mi j )i, j=0...2.

If the homogeneous representations are normalized (the homogenizing coordinate is 1), then the upper left 2×2
matrix realizes linear transformations. In the matrix form of a translation, the translation vector(v0, v1, 1)
appears in the last column of the matrix. The entriesm20 andm21 are always zero and therefore do not appear
in the constructors.

Creation

Aff transformation2<Kernel> t( Identity transformation);

introduces an identity transformation.

Aff transformation2<Kernel> t( const Translation, Vector2<Kernel> v);

introduces a translation by a vectorv.

Aff transformation2<Kernel> t( const Rotation,
Direction 2<Kernel> d,
Kernel::RT num,
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Kernel::RT den = RT(1))

approximates the rotation over the angle indicated by di-
rectiond, such that the differences between the sines and
cosines of the rotation given by d and the approximating
rotation are at mostnum/deneach.
Precondition: num/den> 0.

Aff transformation2<Kernel> t( const Rotation,
Kernel::RT sinerho,
Kernel::RT cosinerho,
Kernel::RT hw = RT(1))

introduces a rotation by the anglerho.
Precondition: sine rho2 +cosinerho2 == hw2.

Aff transformation2<Kernel> t( const Scaling, Kernel::RT s, Kernel::RT hw = RT(1));

introduces a scaling by a scale factors/hw.

Aff transformation2<Kernel> t( Kernel::RT m00,
Kernel::RT m01,
Kernel::RT m02,
Kernel::RT m10,
Kernel::RT m11,
Kernel::RT m12,
Kernel::RT hw = RT(1))

introduces a general affine transformation in the 3×

3 matrix form

 m00 m01 m02
m10 m11 m12
0 0 hw

. The sub-matrix

1
hw

(
m00 m01
m10 m11

)
contains the scaling and rotation infor-

mation, the vector1hw

(
m02
m12

)
contains the translational

part of the transformation.

Aff transformation2<Kernel> t( Kernel::RT m00,
Kernel::RT m01,
Kernel::RT m10,
Kernel::RT m11,
Kernel::RT hw = RT(1))

introduces a general linear transformation m00 m01 0
m10 m11 0
0 0 hw

, i.e. there is no translational

part.
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Operations

The main thing to do with transformations is to apply them on geometric objects. Each classClass2<Kernel>
representing a geometric object has a member function:

Class2<Kernel> transform(Afftransformation2<Kernel> t).

The transformation classes provide a member functiontransform()for points, vectors, directions, and lines:

Point 2<Kernel> t.transform( Point2<Kernel> p)
Vector 2<Kernel> t.transform( Vector2<Kernel> p)
Direction 2<Kernel> t.transform( Direction2<Kernel> p)
Line 2<Kernel> t.transform( Line2<Kernel> p)

CGAL provides function operators for these member functions:

Point 2<Kernel> t.operator()( Point2<Kernel> p)
Vector 2<Kernel> t.operator()( Vector2<Kernel> p)
Direction 2<Kernel> t.operator()( Direction2<Kernel> p)
Line 2<Kernel> t.operator()( Line2<Kernel> p)

Miscellaneous

Aff transformation2<Kernel>

t.operator*( s) composes two affine transformations.

Aff transformation2<Kernel>

t.inverse() gives the inverse transformation.

bool t.is even() returnstrue, if the transformation is not reflecting, i.e. the
determinant of the involved linear transformation is non-
negative.

bool t.is odd() returnstrue, if the transformation is reflecting.

The matrix entries of a matrix representation of aAff transformation2<Kernel> can be accessed trough the
following member functions:

Kernel::FT t.cartesian( int i, int j)
Kernel::FT t.m( int i, int j) returns entrymi j in a matrix representation in whichm22

is 1.

Kernel::RT t.homogeneous( int i, int j)
Kernel::RT t.hm( int i, int j) returns entrymi j in some fixed matrix representation.

For affine transformations no I/O operators are defined.
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See Also

Identity transformation, Rotation, Scaling, Translation
rational rotation approximation

Example

typedef Cartesian<double> K;

typedef Aff transformation 2<K> Transformation;

typedef Point 2<K> Point;

typedef Vector 2<K> Vector;

typedef Direction 2<K> Direction;

Transformation rotate(ROTATION, sin(pi), cos(pi));

Transformation rational rotate(ROTATION,Direction(1,1), 1, 100);

Transformation translate(TRANSLATION, Vector(−2, 0));

Transformation scale(SCALING, 3);

Point q(0, 1);

q = rational rotate(q);

Point p(1, 1);

p = rotate(p);

p = translate(p);

p = scale(p);

The same would have been achieved with

Transformation transform = scale ∗ (translate ∗ rotate);

p = transform(Point(1.0, 1.0));

See Also

CGAL::Aff transformation3<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page89
CGAL::Identity transformation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page132
CGAL::Reflection. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page132
CGAL::Rotation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page133
CGAL::Scaling. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page133
CGAL::Translation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page134
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CGAL::Bbox 2

#include<CGAL/Bbox2.h>

Definition

An objectb of the classBbox 2 is a bounding box in the two-dimensional Euclidean planeE2. This class is not
templated.

Creation

Bbox 2 b( double xmin, double ymin, double xmax, double ymax);

introduces a bounding boxb with lower left corner at
(xmin, ymin)and with upper right corner at(xmax, ymax).

Operations

double b.xmin()
double b.ymin()
double b.xmax()
double b.ymax()

Bbox 2 b.operator+( c) returns a bounding box ofb andc.

See Also

CGAL::Bbox3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page88
CGAL::do overlap. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page166
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CGAL::Circle 2<Kernel>

Definition

An object of typeCircle 2<Kernel> is a circle in the two-dimensional Euclidean planeE2. The circle is oriented,
i.e. its boundary has clockwise or counterclockwise orientation. The boundary splitsE2 into a positive and a
negative side, where the positive side is to the left of the boundary. The boundary also splitsE2 into a bounded
and an unbounded side. Note that the circle can be degenerated, i.e. the squared radius may be zero.

Creation

Circle 2<Kernel> c( Point 2<Kernel> center,
Kernel::FT squaredradius,
Orientation ori = COUNTERCLOCKWISE)

introduces a variablec of type Circle 2<Kernel>. It is
initialized to the circle with centercenter, squared radius
squaredradiusand orientationori.
Precondition: ori 6= COLLINEAR, and further,squared
radius≥ 0.

Circle 2<Kernel> c( Point 2<Kernel> p, Point 2<Kernel> q, Point 2<Kernel> r);

introduces a variablec of type Circle 2<Kernel>. It is
initialized to the unique circle which passes through the
pointsp, q andr. The orientation of the circle is the ori-
entation of the point triplep, q, r.
Precondition: p, q, andr are not collinear.

Circle 2<Kernel> c( Point 2<Kernel> p, Point 2<Kernel> q, Orientation ori = COUNTERCLOCKWISE);

introduces a variablec of type Circle 2<Kernel>. It is
initialized to the circle with diameterpq and orientation
ori.
Precondition: ori 6= COLLINEAR.

Circle 2<Kernel> c( Point 2<Kernel> center, Orientation ori = COUNTERCLOCKWISE);

introduces a variablec of type Circle 2<Kernel>. It is
initialized to the circle with centercenter, squared radius
zero and orientationori.
Precondition: ori 6= COLLINEAR.
Postcondition: c.is degenerate()= true.

Access Functions

Point 2<Kernel> c.center() returns the center ofc.
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Kernel::FT c.squaredradius() returns the squared radius ofc.
Orientation c.orientation() returns the orientation ofc.

bool operator c.==( circle2) returnstrue, iff c andcircle2 are equal, i.e. if they have
the same center, same squared radius and same orienta-
tion.

bool operator c.!=( circle2) returnstrue, iff c andcircle2are not equal.

Predicates

bool c.is degenerate() returnstrue, iff c is degenerate, i.e. ifc has squared radius
zero.

Orientedside c.orientedside( Point2<Kernel> p)

returns either the constant ON ORIENTED
BOUNDARY, ON POSITIVESIDE, or ON
NEGATIVESIDE, iff p lies on the boundary, properly
on the positive side, or properly on the negative side ofc,
resp.

Boundedside c.boundedside( Point2<Kernel> p)

returns ON BOUNDED SIDE, ON BOUNDARY, or
ON UNBOUNDEDSIDE iff p lies properly inside, on
the boundary, or properly outside ofc, resp.

bool c.hason positiveside( Point2<Kernel> p)
bool c.hason negativeside( Point2<Kernel> p)
bool c.hason boundary( Point2<Kernel> p)
bool c.hason boundedside( Point2<Kernel> p)
bool c.hason unboundedside( Point2<Kernel> p)

Miscellaneous

Circle 2<Kernel> c.opposite() returns the circle with the same center and squared radius
asc but with opposite orientation.

Circle 2<Kernel> c.orthogonaltransform( Afftransformation2<Kernel> at)

returns the circle obtained by applyingat onc.
Precondition: at is an orthogonal transformation.

Bbox 2 c.bbox() returns a bounding box containingc.

See Also

Kernel::Circle2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page220
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CGAL::Direction 2<Kernel>

Definition

An object of the classDirection 2<Kernel> is a vector in the two-dimensional vector spaceR2 where we forget
about its length. They can be viewed as unit vectors, although there is no normalization internally, since this is
error prone. Directions are used whenever the length of a vector does not matter. They also characterize a set of
parallel oriented lines that have the same orientations. For example, you can ask for the direction orthogonal to
an oriented plane, or the direction of an oriented line. Further, they can be used to indicate angles. The slope of
a direction isdy()/dx().

Creation

Direction 2<Kernel> d( Vector2<Kernel> v); introduces the directiond of vectorv.

Direction 2<Kernel> d( Line 2<Kernel> l); introduces the directiond of line l .

Direction 2<Kernel> d( Ray2<Kernel> r); introduces the directiond of ray r.

Direction 2<Kernel> d( Segment2<Kernel> s); introduces the directiond of segments.

Direction 2<Kernel> d( Kernel::RT x, Kernel::RT y);

introduces a directiond passing through the origin and
the point with Cartesian coordinates(x,y).

Operations

Kernel::RT d.delta( int i) returns values, such thatd== Direction 2<Kernel>
(delta(0),delta(1)).
Precondition: : 0≤ i ≤ 1.

Kernel::RT d.dx() returnsdelta(0).

Kernel::RT d.dy() returnsdelta(1).

There is a total order on directions. We compare the angles between the positivex-axis and the directions in
counterclockwise order.

bool d.operator==( e)
bool d.operator!=( e)
bool d.operator<( e)
bool d.operator>( e)
bool d.operator<=( e)
bool d.operator>=( e)
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Furthermore, we have

bool d.counterclockwisein between( d1, d2)

returns true, iffd is not equal tod1, and while rotating
counterclockwise starting atd1, d is reached strictly be-
fore d2 is reached. Note that true is returned ifd1 ==
d2, unless alsod == d1.

Direction 2<Kernel> d.operator-() The direction opposite tod.

Miscellaneous

Vector 2<Kernel> d.vector() returns a vector that has the same direction asd.

Direction 2<Kernel> d.transform( Afftransformation2<Kernel> t)

returns the direction obtained by applyingt ond.

See Also

Kernel::Direction2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page351

68



C
la

ss

CGAL::Iso rectangle 2<Kernel>

Definition

An objectsof the data typeIso rectangle2<Kernel> is a rectangle in the Euclidean planeE2 with sides parallel
to thex andy axis of the coordinate system.

Although they are represented in a canonical form by only two vertices, namely the lower left and the up-
per right vertex, we provide functions for “accessing” the other vertices as well. The vertices are returned in
counterclockwise order.

Iso-oriented rectangles and bounding boxes are quite similar. The difference however is that bounding boxes
have always double coordinates, whereas the coordinate type of an iso-oriented rectangle is chosen by the user.

Creation

Iso rectangle2<Kernel> r( Point 2<Kernel> p, Point 2<Kernel> q);

introduces an iso-oriented rectangler with diagonal op-
posite verticesp andq. Note that the object is brought in
the canonical form.

Iso rectangle2<Kernel> r( Point 2<Kernel> left,
Point 2<Kernel> right,
Point 2<Kernel> bottom,
Point 2<Kernel> top)

introduces an iso-oriented rectangler whose minimalx
coordinate is the one ofleft, the maximalx coordinate is
the one ofright, the minimaly coordinate is the one of
bottom, the maximaly coordinate is the one oftop.

Iso rectangle2<Kernel> r( Kernel::RT minhx,
Kernel::RT minhy,
Kernel::RT maxhx,
Kernel::RT maxhy,
Kernel::RT hw = RT(1))

introduces an iso-oriented rectangler with diagonal op-
posite vertices (min hx/hw, min hy/hw) and (max hx/hw,
max hy/hw).
Precondition: hw 6= 0.

Operations

bool r.operator==( r2) Test for equality: two iso-oriented rectangles are equal,
iff their lower left and their upper right vertices are equal.
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bool r.operator!=( r2) Test for inequality.

Point 2<Kernel> r.vertex( int i) returns the i’th vertex modulo 4 ofr in counterclockwise
order, starting with the lower left vertex.

Point 2<Kernel> r.operator[]( int i) returnsvertex(i).

Point 2<Kernel> r.min() returns the lower left vertex ofr (= vertex(0)).

Point 2<Kernel> r.max() returns the upper right vertex ofr (= vertex(2)).

Kernel::FT r.xmin() returns thex coordinate of lower left vertex ofr.
Kernel::FT r.ymin() returns they coordinate of lower left vertex ofr.
Kernel::FT r.xmax() returns thex coordinate of upper right vertex ofr.
Kernel::FT r.ymax() returns they coordinate of upper right vertex ofr.

Kernel::FT r.min coord( int i) returns thei’th Cartesian coordinate of the lower left ver-
tex of r.
Precondition: 0≤ i ≤ 1.

Kernel::FT r.maxcoord( int i) returns thei’th Cartesian coordinate of the upper right
vertex ofr.
Precondition: 0≤ i ≤ 1.

Predicates

bool r.is degenerate() ris degenerate, if all vertices are collinear.

Boundedside r.boundedside( Point2<Kernel> p)

returns either ON UNBOUNDEDSIDE, ON
BOUNDED SIDE, or the constantON BOUNDARY,
depending on where pointp is.

bool r.hason boundary( Point2<Kernel> p)
bool r.hason boundedside( Point2<Kernel> p)
bool r.hason unboundedside( Point2<Kernel> p)

Miscellaneous

Kernel::FT r.area() returns the area ofr.

Bbox r.bbox() returns a bounding box containingr.
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Iso rectangle2<Kernel>

r.transform( Aff transformation2<Kernel> t)

returns the iso-oriented rectangle obtained by applyingt
on the lower left and the upper right corner ofr.
Precondition: The angle at a rotation must be a multiple
of π/2, otherwise the resulting rectangle does not have
the same side length. Note that rotating about an arbi-
trary angle can even result in a degenerate iso-oriented
rectangle.

See Also

Kernel::IsoRectangle2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page382
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CGAL::Line 2<Kernel>

Definition

An objectl of the data typeLine 2<Kernel> is a directed straight line in the two-dimensional Euclidean plane
E2. It is defined by the set of points with Cartesian coordinates(x,y) that satisfy the equation

l : ax+by+c = 0.

The line splitsE2 in a positiveand anegativeside. A pointp with Cartesian coordinates(px, py) is on the
positive side ofl, iff a px+b py+c > 0, it is on the negative side ofl, iff a px+b py+c < 0. The positive side
is to the left ofl.

Creation

Line 2<Kernel> l( Kernel::RT a, Kernel::RT b, Kernel::RT c);

introduces a linel with the line equation in Cartesian co-
ordinatesax+by+c = 0.

Line 2<Kernel> l( Point 2<Kernel> p, Point 2<Kernel> q);

introduces a linel passing through the pointsp and q.
Line l is directed fromp to q.

Line 2<Kernel> l( Point 2<Kernel> p, Direction 2<Kernel> d);

introduces a linel passing through pointp with direction
d.

Line 2<Kernel> l( Point 2<Kernel> p, Vector2<Kernel> v);

introduces a linel passing through pointp and oriented
by v.

Line 2<Kernel> l( Segment2<Kernel> s); introduces a linel supporting the segments, oriented
from source to target.

Line 2<Kernel> l( Ray 2<Kernel> r); introduces a linel supporting the rayr, with same orien-
tation.

Operations

bool l.operator==( h) Test for equality: two lines are equal, iff they have a
non empty intersection and the same direction.
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bool l.operator!=( h) Test for inequality.

Kernel::RT l.a() returns the first coefficient ofl .
Kernel::RT l.b() returns the second coefficient ofl .
Kernel::RT l.c() returns the third coefficient ofl .

Point 2<Kernel> l.point( int i) returns an arbitrary point onl. It holdspoint(i) ==
point(j), iff i==j . Furthermore,l is directed from
point(i) to point(j), for all i < j.

Point 2<Kernel> l.projection( Point2<Kernel> p)

returns the orthogonal projection ofp onto l.

Kernel::FT l.x at y( Kernel::FT y) returns thex-coordinate of the point atl with given
y-coordinate.
Precondition: l is not horizontal.

Kernel::FT l.y at x( Kernel::FT x) returns they-coordinate of the point atl with given
x-coordinate.
Precondition: l is not vertical.

Predicates

bool l.is degenerate() line l is degenerate, if the coefficientsa andb of the
line equation are zero.

bool l.is horizontal()
bool l.is vertical()

Orientedside l.orientedside( Point2<Kernel> p)

returns ON ORIENTEDBOUNDARY, ON
NEGATIVESIDE, or the constantON POSITIVE
SIDE, depending on the position ofp relative to the
oriented linel.

For convenience we provide the following boolean functions:

bool l.hason( Point 2<Kernel> p)
bool l.hason positiveside( Point2<Kernel> p)
bool l.hason negativeside( Point2<Kernel> p)

Miscellaneous

Vector 2<Kernel> l.to vector() returns a vector having the direction ofl.

Direction 2<Kernel> l.direction() returns the direction ofl.
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Line 2<Kernel> l.opposite() returns the line with opposite direction.

Line 2<Kernel> l.perpendicular( Point2<Kernel> p)

returns the line perpendicular tol and passing
through p, where the direction is the direction ofl
rotated counterclockwise by 90 degrees.

Line 2<Kernel> l.transform( Aff transformation2<Kernel> t)

returns the line obtained by applyingt on a point on
l and the direction ofl.

Example

Let us first define two Cartesian two-dimensional points in the Euclidean planeE2. Their dimension and the
fact that they are Cartesian is expressed by the suffix2 and the representation typeCartesian.

Point 2< Cartesian<double> > p(1.0,1.0), q(4.0,7.0);

To define a linel we write:

Line 2< Cartesian<double> > l(p,q);

See Also

Kernel::Line 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page399
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CGAL::Point 2<Kernel>

Definition

An object of the classPoint 2<Kernel> is a point in the two-dimensional Euclidean planeE2.

Remember thatKernel::RTandKernel::FT denote a RingNumberType and a FieldNumberType, respectively.
For the kernel modelCartesian<T>, the two types are the same. For the kernel modelHomogeneous<T>,
Kernel::RT is equal toT, andKernel::FT is equal toQuotient<T>.

Types

Point 2<Kernel>:: Cartesian const iterator

An iterator for enumerating the Cartesian coordinates of a point.

Creation

Point 2<Kernel> p( Origin ORIGIN);

introduces a variablep with Cartesian coordinates(0,0).

Point 2<Kernel> p( Kernel::RT hx, Kernel::RT hy, Kernel::RT hw = RT(1));

introduces a pointp initialized to(hx/hw,hy/hw).
Precondition: hw 6= Kernel::RT(0)

Operations

bool p.operator==( q)

Test for equality. Two points are equal, iff theirx andy coordinates are
equal. The point can be compared withORIGIN.

bool p.operator!=( q)

Test for inequality. The point can be compared withORIGIN.

There are two sets of coordinate access functions, namely to the homogeneous and to the Cartesian coordinates.
They can be used independently from the chosen kernel model.

Kernel::RT p.hx()

returns the homogeneousx coordinate.
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Kernel::RT p.hy()

returns the homogeneousy coordinate.

Kernel::RT p.hw()

returns the homogenizing coordinate.

Note that you do not loose information with the homogeneous representation, because the FieldNumberType is
a quotient.

Kernel::FT p.x() returns the Cartesianx coordinate, that ishx/hw.
Kernel::FT p.y() returns the Cartesiany coordinate, that ishy/hw.

The following operations are for convenience and for compatibility with higher dimensional points. Again they
come in a Cartesian and in a homogeneous flavor.

Kernel::RT p.homogeneous( int i)

returns the i’th homogeneous coordinate ofp, starting with 0.
Precondition: 0≤ i ≤ 2.

Kernel::FT p.cartesian( int i)

returns the i’th Cartesian coordinate ofp, starting with 0.
Precondition: 0≤ i ≤ 1.

Kernel::FT p.operator[]( int i)

returnscartesian(i).
Precondition: 0≤ i ≤ 1.

Cartesianconst iterator p.cartesianbegin()

returns an iterator to the Cartesian coordinates ofp, starting with the 0th
coordinate.

Cartesianconst iterator p.cartesianend()

returns an off the end iterator to the Cartesian coordinates ofp.

int p.dimension()

returns the dimension (the constant 2).

Bbox 2 p.bbox()

returns a bounding box containingp. Note that bounding boxes are not
parameterized with whatsoever.
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Point 2<Kernel> p.transform( Afftransformation2<Kernel> t)

returns the point obtained by applyingt onp.

Operators

The following operations can be applied on points:

bool operator<( p, q)

returns true iffp is lexicographically smaller thanq, i.e. either ifp.x() <
q.x()or if p.x() == q.x() andp.y()< q.y().

bool operator>( p, q)

returns true iffp is lexicographically greater thanq.

bool operator<=( p, q)

returns true iffp is lexicographically smaller or equal toq.

bool operator>=( p, q)

returns true iffp is lexicographically greater or equal toq.

Vector 2<Kernel> operator-( p, q)

returns the difference vector betweenq andp. You can substituteORIGIN
for eitherp or q, but not for both.

Point 2<Kernel> operator+( p, Vector2<Kernel> v)

returns the point obtained by translatingp by the vectorv.

Point 2<Kernel> operator-( p, Vector2<Kernel> v)

returns the point obtained by translatingp by the vector -v.

Example

The following declaration creates two points with Cartesian double coordinates.

Point 2< Cartesian<double> > p, q(1.0, 2.0);
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The variablep is uninitialized and should first be used on the left hand side of an assignment.

p = q;

std::cout � p.x() � " " � p.y() � std::endl;

See Also

Kernel::Point2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page408

78



C
la

ss

CGAL::Ray 2<Kernel>

Definition

An objectr of the data typeRay 2<Kernel> is a directed straight ray in the two-dimensional Euclidean plane
E2. It starts in a point called thesourceof r and goes to infinity.

Creation

Ray 2<Kernel> r( Point 2<Kernel> p, Point 2<Kernel> q);

introduces a rayr with sourcep and passing through
pointq.

Ray 2<Kernel> r( Point 2<Kernel> p, Direction 2<Kernel> d);

introduces a rayr starting at sourcep with directiond.

Ray 2<Kernel> r( Point 2<Kernel> p, Vector2<Kernel> v);

introduces a rayr starting at sourcep with the direction
of v.

Ray 2<Kernel> r( Point 2<Kernel> p, Line 2<Kernel> l);

introduces a rayr starting at sourcep with the same di-
rection asl .

Operations

bool r.operator==( h) Test for equality: two rays are equal, iff they have the
same source and the same direction.

bool r.operator!=( h) Test for inequality.

Point 2<Kernel> r.source() returns the source ofr.

Point 2<Kernel> r.point( int i) returns a point onr. point(0) is the source,point(i), with
i > 0, is different from the source.
Precondition: i ≥ 0.

Direction 2<Kernel> r.direction() returns the direction ofr.

Vector 2<Kernel> r.to vector() returns a vector giving the direction ofr.
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Line 2<Kernel> r.supportingline() returns the line supportingr which has the same direction.

Ray 2<Kernel> r.opposite() returns the ray with the same source and the opposite di-
rection.

Predicates

bool r.is degenerate() ray r is degenerate, if the source and the second defining
point fall together (that is if the direction is degenerate).

bool r.is horizontal()
bool r.is vertical()

bool r.hason( Point 2<Kernel> p)

A point is onr, iff it is equal to the source ofr, or if it is
in the interior ofr.

bool r.collinear has on( Point 2<Kernel> p)

checks if pointp is onr. This function is faster than func-
tion has on() if the precondition checking is disabled.
Precondition: p is on the supporting line ofr.

Miscellaneous

Ray 2<Kernel> r.transform( Aff transformation2<Kernel> t)

returns the ray obtained by applyingt on the source and
on the direction ofr.

See Also

Kernel::Ray2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page412
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CGAL::Segment 2<Kernel>

Definition

An objects of the data typeSegment2<Kernel> is a directed straight line segment in the two-dimensional Eu-
clidean planeE2, i.e. a straight line segment[p,q] connecting two pointsp,q∈R2. The segment is topologically
closed, i.e. the end points belong to it. Pointp is called thesourceandq is called thetargetof s. The length
of s is the Euclidean distance betweenp andq. Note that there is only a function to compute the square of the
length, because otherwise we had to perform a square root operation which is not defined for all number types,
which is expensive, and may not be exact.

Creation

Segment2<Kernel> s( Point 2<Kernel> p, Point 2<Kernel> q);

introduces a segments with sourcep and targetq. The
segment is directed from the source towards the target.

Operations

bool s.operator==( q) Test for equality: Two segments are equal, iff their
sources and targets are equal.

bool s.operator!=( q) Test for inequality.

Point 2<Kernel> s.source() returns the source ofs.

Point 2<Kernel> s.target() returns the target ofs.
Point 2<Kernel> s.min() returns the point ofs with lexicographically smallest

coordinate.

Point 2<Kernel> s.max() returns the point ofs with lexicographically largest
coordinate.

Point 2<Kernel> s.vertex( int i) returns source or target ofs: vertex(0) returns the
source ofs, vertex(1)returns the target ofs. The pa-
rameteri is taken modulo 2, which gives easy access
to the other vertex.

Point 2<Kernel> s.point( int i) returnsvertex(i).

Point 2<Kernel> s.operator[]( int i) returnsvertex(i).

Kernel::FT s.squaredlength() returns the squared length ofs.

Direction 2<Kernel> s.direction() returns the direction from source to target ofs.
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Vector 2<Kernel> s.to vector() returns the vectors.target()- s.source().

Segment2<Kernel> s.opposite() returns a segment with source and target point inter-
changed.

Line 2<Kernel> s.supportingline() returns the linel passing throughs. Line l has the
same orientation as segments.

Predicates

bool s.isdegenerate() segments is degenerate, if source and target are equal.

bool s.ishorizontal()
bool s.isvertical()

bool s.hason( Point 2<Kernel> p)

A point is ons, iff it is equal to the source or target of
s, or if it is in the interior ofs.

bool s.collinearhas on( Point 2<Kernel> p)

checks if pointp is on segments. This function is
faster than functionhas on().
Precondition: p is on the supporting line ofs.

Miscellaneous

Bbox 2 s.bbox() returns a bounding box containings.

Segment2<Kernel> s.transform( Afftransformation2<Kernel> t)

returns the segment obtained by applyingt on the
source and the target ofs.

See Also

Kernel::Segment2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page414
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CGAL::Triangle 2<Kernel>

Definition

An objectt of the classTriangle 2<Kernel> is a triangle in the two-dimensional Euclidean planeE2. Trianglet
is oriented, i.e., its boundary has clockwise or counterclockwise orientation. We call the side to the left of the
boundary the positive side and the side to the right of the boundary the negative side.

The boundary of a triangle splits the plane in two open regions, a bounded one and an unbounded one.

Creation

Triangle 2<Kernel> t( Point 2<Kernel> p, Point 2<Kernel> q, Point 2<Kernel> r);

introduces a trianglet with verticesp, q andr.

Operations

bool t.operator==( t2) Test for equality: two triangles are equal, iff there exists
a cyclic permutation of the vertices oft2, such that they
are equal to the vertices oft.

bool t.operator!=( t2) Test for inequality.

Point 2<Kernel> t.vertex( int i) returns the i’th vertex modulo 3 oft.

Point 2<Kernel> t.operator[]( int i) returnsvertex(i).

Predicates

bool t.is degenerate() trianglet is degenerate, if the vertices are collinear.

Orientation t.orientation() returns the orientation oft.

Orientedside t.orientedside( Point2<Kernel> p)

returns ON ORIENTEDBOUNDARY, or POSITIVE
SIDE, or the constantON NEGATIVESIDE, determined
by the position of pointp.
Precondition: t is not degenerate.

Boundedside t.boundedside( Point2<Kernel> p)

returns the constantON BOUNDARY, ON BOUNDED
SIDE, or elseON UNBOUNDEDSIDE, depending on
where pointp is.
Precondition: t is not degenerate.
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For convenience we provide the following boolean functions:

bool t.hason positiveside( Point2<Kernel> p)
bool t.hason negativeside( Point2<Kernel> p)
bool t.hason boundary( Point2<Kernel> p)
bool t.hason boundedside( Point2<Kernel> p)
bool t.hason unboundedside( Point2<Kernel> p)

Precondition: t is not degenerate.

Miscellaneous

Triangle 2<Kernel> t.opposite() returns a triangle where the boundary is oriented the other
way round (this flips the positive and the negative side,
but not the bounded and unbounded side).

Kernel::FT t.area() returns the signed area oft.

Bbox 2 t.bbox() returns a bounding box containingt.

Triangle 2<Kernel> t.transform( Afftransformation2<Kernel> at)

returns the triangle obtained by applyingat on the three
vertices oft.

See Also

Kernel::Triangle2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page422
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CGAL::Vector 2<Kernel>

Definition

An object of the classVector 2<Kernel> is a vector in the two-dimensional vector spaceR2. Geometrically
spoken, a vector is the difference of two pointsp2, p1 and denotes the direction and the distance fromp1 to p2.

CGAL defines a symbolic constantNULL VECTOR. We will explicitly state where you can pass this constant
as an argument instead of a vector initialized with zeros.

Creation

Vector 2<Kernel> v( Point 2<Kernel> a, Point 2<Kernel> b);

introduces the vectorb−a.

Vector 2<Kernel> v( Segment2<Kernel> s); introduces the vectors.target()−s.source().

Vector 2<Kernel> v( Ray2<Kernel> r); introduces the vector having the same direction asr.

Vector 2<Kernel> v( Line 2<Kernel> l); introduces the vector having the same direction asl .

Vector 2<Kernel> v( Null vector NULLVECTOR);

introduces a null vectorv.

Vector 2<Kernel> v( Kernel::RT hx, Kernel::RT hy, Kernel::RT hw = RT(1));

introduces a vectorv initialized to(hx/hw,hy/hw).
Precondition: hw 6= 0

Operations

bool v.operator==( w) Test for equality: two vectors are equal, iff theirx andy
coordinates are equal. You can compare a vector with the
NULL VECTOR.

bool v.operator!=( w) Test for inequality. You can compare a vector with the
NULL VECTOR.

There are two sets of coordinate access functions, namely to the homogeneous and to the Cartesian coordinates.
They can be used independently from the chosen kernel model.

Kernel::RT v.hx() returns the homogeneousx coordinate.
Kernel::RT v.hy() returns the homogeneousy coordinate.
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Kernel::RT v.hw() returns the homogenizing coordinate.

Note that you do not loose information with the homogeneous representation, because the FieldNumberType is
a quotient.

Kernel::FT v.x() returns thex-coordinate ofv, that ishx/hw.
Kernel::FT v.y() returns they-coordinate ofv, that ishy/hw.

The following operations are for convenience and for compatibility with higher dimensional vectors. Again
they come in a Cartesian and homogeneous flavor.

Kernel::RT v.homogeneous( int i) returns the i’th homogeneous coordinate ofv, starting
with 0.
Precondition: 0≤ i ≤ 2.

Kernel::FT v.cartesian( int i) returns the i’th Cartesian coordinate ofv, starting at 0.
Precondition: 0≤ i ≤ 1.

Kernel::FT v.operator[]( int i) returnscartesian(i).
Precondition: 0≤ i ≤ 1.

int v.dimension() returns the dimension (the constant 2).

Direction 2<Kernel> v.direction() returns the direction which passes throughv.

Vector 2<Kernel> v.transform( Afftransformation2<Kernel> t)

returns the vector obtained by applyingt onv.

Vector 2<Kernel> v.perpendicular( Orientation o)

returns the vector perpendicular tov in clockwise or
counterclockwise orientation.

Operators

The following operations can be applied to vectors:

Vector 2<Kernel> v.operator+( w) Addition.

Vector 2<Kernel> v.operator-( w) Subtraction.

Vector 2<Kernel> v.operator-() returns the opposite vector.

Kernel::FT v.operator*( w) returns the scalar product (= inner product) of the two
vectors.

Vector 2<Kernel> operator*( v, Kernel::RT s)

Multiplication with a scalar from the right.
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Vector 2<Kernel> operator*( v, Kernel::FT s)

Multiplication with a scalar from the right.

Vector 2<Kernel> operator*( Kernel::RT s, v)

Multiplication with a scalar from the left.

Vector 2<Kernel> operator*( Kernel::FT s, v)

Multiplication with a scalar from the left.

Vector 2<Kernel> v.operator/( Kernel::RT s)

Division by a scalar.

See Also

Kernel::Vector2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page424
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CGAL::Bbox 3

#include<CGAL/Bbox3.h>

Definition

An objectb of the classBbox 3 is a bounding box in the three-dimensional Euclidean spaceE3.

Creation

Bbox 3 b( double xmin, double ymin, double zmin, double xmax, double ymax, double zmax);

introduces a bounding boxb with lexicographically
smallest corner point at(xmin, ymin, zmin)lexicographi-
cally largest corner point at(xmax, ymax, zmax).

Operations

double b.xmin()
double b.ymin()
double b.zmin()
double b.xmax()
double b.ymax()
double b.zmax()

Bbox 3 b.operator+( c) returns a bounding box ofb andc.

See Also

CGAL::Bbox2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page64
CGAL::do overlap. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page166
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CGAL::Aff transformation 3<Kernel>

Definition

The classAff transformation3<Kernel> represents three-dimensioanl affine transformations. The general form
of an affine transformation is based on a homogeneous representation of points. Thereby all transformations
can be realized by matrix multiplication.

Multiplying the transformation matrix by a scalar does not change the represented transformation. Therefore,
any transformation represented by a matrix with rational entries can be represented by a transformation matrix
with integer entries as well. (Multiply the matrix with the common denominator of the rational entries.) Hence,
it is sufficient to use the number typeKernel::RT to represent the entries of the transformation matrix.

CGAL offers several specialized affine transformations. Different constructors are provided to create them. They
are parameterized with a symbolic name to denote the transformation type, followed by additional parameters.
The symbolic name tags solve ambiguities in the function overloading and they make the code more readable,
i.e., what type of transformation is created.

In three-dimensional space we have a 4×4 matrix(mi j )i, j=0...3. Entriesm30, m31, andm32 are always zero and
therefore do not appear in the constructors.

Creation

Aff transformation3<Kernel> t( Identity transformation);

introduces an identity transformation.

Aff transformation3<Kernel> t( const Translation, Vector3<Kernel> v);

introduces a translation by a vectorv.

Aff transformation3<Kernel> t( const Scaling, Kernel::RT s, Kernel::RT hw = RT(1));

introduces a scaling by a scale factors/hw.

Aff transformation3<Kernel> t( Kernel::RT m00,
Kernel::RT m01,
Kernel::RT m02,
Kernel::RT m03,
Kernel::RT m10,
Kernel::RT m11,
Kernel::RT m12,
Kernel::RT m13,
Kernel::RT m20,
Kernel::RT m21,
Kernel::RT m22,
Kernel::RT m23,
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Kernel::RT hw = RT(1))

introduces a general affine transformation of the ma-

trix form


m00 m01 m02 m03
m10 m11 m12 m13
m20 m21 m22 m23
0 0 0 hw

. The part 1
hw

 m00 m01 m02
m10 m11 m12
m20 m21 m22

 defines the scaling and rotational

part of the transformation, while the vector1
hw

 m03
m13
m23


contains the translational part.

Aff transformation3<Kernel> t( Kernel::RT m00,
Kernel::RT m01,
Kernel::RT m02,
Kernel::RT m10,
Kernel::RT m11,
Kernel::RT m12,
Kernel::RT m20,
Kernel::RT m21,
Kernel::RT m22,
Kernel::RT hw = RT(1))

introduces a general linear transformation of the matrix

form


m00 m01 m02 0
m10 m11 m12 0
m20 m21 m22 0
0 0 0 hw

, i.e. an affine transfor-

mation without translational part.

Operations

Each classClass3<Kernel> representing a geometric object in 3D has a member function:

Class3<Kernel> transform(Afftransformation3<Kernel> t).

The transformation classes provide a member functiontransform()for points, vectors, directions, and planes:

Point 3<Kernel> t.transform( Point3<Kernel> p)
Vector 3<Kernel> t.transform( Vector3<Kernel> p)
Direction 3<Kernel> t.transform( Direction3<Kernel> p)
Plane 3<Kernel> t.transform( Plane3<Kernel> p)

CGAL provides four function operators for these member functions:

Point 3<Kernel> t.operator()( Point3<Kernel> p)
Vector 3<Kernel> t.operator()( Vector3<Kernel> p)
Direction 3<Kernel> t.operator()( Direction3<Kernel> p)
Plane 3<Kernel> t.operator()( Plane3<Kernel> p)

90



Aff transformation3<Kernel>

t.operator*( s) composes two affine transformations.

Aff transformation3<Kernel>

t.inverse() gives the inverse transformation.

bool t.is even() returnstrue, if the transformation is not reflecting, i.e. the
determinant of the involved linear transformation is non-
negative.

bool t.is odd() returnstrue, if the transformation is reflecting.

The matrix entries of a matrix representation of aAff transformation3<Kernel> can be accessed trough the
following member functions:

Kernel::FT t.cartesian( int i, int j)
Kernel::FT t.m( int i, int j) returns entrymi j in a matrix representation in whichm33

is 1.

Kernel::RT t.homogeneous( int i, int j)
Kernel::RT t.hm( int i, int j) returns entrymi j in some fixed matrix representation.

For affine transformations no I/O operators are defined.

See Also

CGAL::Aff transformation2<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page60
CGAL::Identity transformation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page132
CGAL::Reflection. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page132
CGAL::Rotation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page133
CGAL::Scaling. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page133
CGAL::Translation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page134
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CGAL::Direction 3<Kernel>

Definition

An object of the classDirection 3<Kernel> is a vector in the three-dimensional vector spaceR3 where we forget
about their length. They can be viewed as unit vectors, although there is no normalization internally, since this
is error prone. Directions are used whenever the length of a vector does not matter. They also characterize a
set of parallel lines that have the same orientation or the direction normal to parallel planes that have the same
orientation. For example, you can ask for the direction orthogonal to an oriented plane, or the direction of an
oriented line.

Creation

Direction 3<Kernel> d( Vector3<Kernel> v); introduces a directiond initialised with the direction of
vectorv.

Direction 3<Kernel> d( Line 3<Kernel> l); introduces the directiond of line l .

Direction 3<Kernel> d( Ray3<Kernel> r); introduces the directiond of ray r.

Direction 3<Kernel> d( Segment3<Kernel> s); introduces the directiond of segments.

Direction 3<Kernel> d( Kernel::RT x, Kernel::RT y, Kernel::RT z);

introduces a directiond initialised with the direction from
the origin to the point with Cartesian coordinates(x,y,z).

Operations

Kernel::RT d.delta( int i) returns values, such thatd== Direction 3<Kernel>
(delta(0),delta(1),delta(2)).
Precondition: : 0≤ i ≤ 2.

Kernel::RT d.dx() returnsdelta(0).
Kernel::RT d.dy() returnsdelta(1).
Kernel::RT d.dz() returnsdelta(2).

bool d.operator==( e) Test for equality.
bool d.operator!=( e) Test for inequality.

Direction 3<Kernel> d.operator-() The direction opposite tod.

Vector 3<Kernel> d.vector() returns a vector that has the same direction asd.

Direction 3<Kernel> d.transform( Afftransformation3<Kernel> t)

returns the direction obtained by applyingt ond.
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See Also

Kernel::Direction3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page352
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CGAL::Iso cuboid 3<Kernel>

Definition

An objects of the data typeIso cuboid 3<Kernel> is a cuboid in the Euclidean spaceE3 with edges parallel to
thex, y andz axis of the coordinate system.

Although they are represented in a canonical form by only two vertices, namely the lexicographically smallest
and largest vertex with respect to Cartesianxyzcoordinates, we provide functions for “accessing” the other
vertices as well.

Iso-oriented cuboids and bounding boxes are quite similar. The difference however is that bounding boxes have
always double coordinates, whereas the coordinate type of an iso-oriented cuboid is chosen by the user.

Creation

Iso cuboid 3<Kernel> c( Point 3<Kernel> p, Point 3<Kernel> q);

introduces an iso-oriented cuboidc with diagonal oppo-
site verticesp andq. Note that the object is brought in
the canonical form.

Iso cuboid 3<Kernel> c( Point 3<Kernel> left,
Point 3<Kernel> right,
Point 3<Kernel> bottom,
Point 3<Kernel> top,
Point 3<Kernel> far,
Point 3<Kernel> close)

introduces an iso-oriented cuboidc whose minimalx co-
ordinate is the one ofleft, the maximalx coordinate is
the one ofright, the minimaly coordinate is the one of
bottom, the maximaly coordinate is the one oftop, the
minimal z coordinate is the one offar, the maximalz co-
ordinate is the one ofclose.

Iso cuboid 3<Kernel> c( Kernel::RT minhx,
Kernel::RT minhy,
Kernel::RT minhz,
Kernel::RT maxhx,
Kernel::RT maxhy,
Kernel::RT maxhz,
Kernel::RT hw = RT(1))

introduces an iso-oriented cuboidc with diagonal op-
posite vertices (min hx/hw, min hy/hw, min hz/hw) and
(max hx/hw, max hy/hw, max hz/hw).
Precondition: hw 6= 0.
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Operations

bool c.operator==( c2) Test for equality: two iso-oriented cuboid are equal, iff
their lower left and their upper right vertices are equal.

bool c.operator!=( c2) Test for inequality.

Point 3<Kernel> c.vertex( int i) returns the i’th vertex modulo 8 ofc. starting with the
lower left vertex.

Point 3<Kernel> c.operator[]( int i) returns vertex(i), as indicated in the figure below:

6
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4 7

2
y

x

z

Point 3<Kernel> c.min() returns the smallest vertex ofc (= vertex(0)).

Point 3<Kernel> c.max() returns the largest vertex ofc (= vertex(7)).

Kernel::FT c.xmin() returns smallest Cartesianx-coordinate inc.
Kernel::FT c.ymin() returns smallest Cartesiany-coordinate inc.
Kernel::FT c.zmin() returns smallest Cartesianz-coordinate inc.
Kernel::FT c.xmax() returns largest Cartesianx-coordinate inc.
Kernel::FT c.ymax() returns largest Cartesiany-coordinate inc.
Kernel::FT c.zmax() returns largest Cartesianz-coordinate inc.

Kernel::FT c.mincoord( int i) returnsi-th Cartesian coordinate of the smallest vertex of
c.
Precondition: 0≤ i ≤ 2.

Kernel::FT c.maxcoord( int i) returnsi-th Cartesian coordinate of the largest vertex of
c.
Precondition: 0≤ i ≤ 2.

Predicates

bool c.is degenerate() cis degenerate, if all vertices are collinear.

Boundedside c.boundedside( Point3<Kernel> p)

returns either ON UNBOUNDEDSIDE, ON
BOUNDED SIDE, or the constantON BOUNDARY,
depending on where pointp is.

bool c.hason boundary( Point3<Kernel> p)
bool c.hason boundedside( Point3<Kernel> p)
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bool c.hason unboundedside( Point3<Kernel> p)

Miscellaneous

Kernel::FT c.volume() returns the volume ofc.

Bbox c.bbox() returns a bounding box containingc.

Iso cuboid 3<Kernel> c.transform( Afftransformation3<Kernel> t)

returns the iso-oriented cuboid obtained by applyingt on
the smallest and the largest ofc.
Precondition: The angle at a rotation must be a multiple
of π/2, otherwise the resulting cuboid does not have the
same size. Note that rotating about an arbitrary angle can
even result in a degenerate iso-oriented cuboid.

See Also

Kernel::IsoCuboid3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page381
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CGAL::Line 3<Kernel>

Definition

An objectl of the data typeLine 3<Kernel> is a directed straight line in the three-dimensional Euclidean space
E3.

Creation

Line 3<Kernel> l( Point 3<Kernel> p, Point 3<Kernel> q);

introduces a linel passing through the pointsp and q.
Line l is directed fromp to q.

Line 3<Kernel> l( Point 3<Kernel> p, Direction 3<Kernel> d);

introduces a linel passing through pointp with direction
d.

Line 3<Kernel> l( Point 3<Kernel> p, Vector3<Kernel> v);

introduces a linel passing through pointp and oriented
by v.

Line 3<Kernel> l( Segment3<Kernel> s); returns the line supporting the segments, oriented from
source to target.

Line 3<Kernel> l( Ray 3<Kernel> r); returns the line supporting the rayr, with the same orien-
tation.

Operations

bool l.operator==( h) Test for equality: two lines are equal, iff they have a non
empty intersection and the same direction.

bool l.operator!=( h) Test for inequality.

Point 3<Kernel> l.projection( Point3<Kernel> p)

returns the orthogonal projection ofp on l.

Point 3<Kernel> l.point( int i) returns an arbitrary point onl. It holdspoint(i) = point(j), iff
i=j .
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Predicates

bool l.is degenerate() returnstrue iff line l is degenerated to a point.

bool l.hason( Point 3<Kernel> p)

returnstrue iff p lies onl.

Miscellaneous

Plane 3<Kernel> l.perpendicularplane( Point3<Kernel> p)

returns the plane perpendicular tol passing throughp.

Line 3<Kernel> l.opposite() returns the line with opposite direction.

Vector 3<Kernel> l.to vector() returns a vector having the same direction asl.

Direction 3<Kernel> l.direction() returns the direction ofl.

Line 3<Kernel> l.transform( Aff transformation3<Kernel> t)

returns the line obtained by applyingt on a point onl and the
direction ofl.

See Also

Kernel::Line 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page400
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CGAL::Plane 3<Kernel>

Definition

An objecth of the data typePlane 3<Kernel> is an oriented plane in the three-dimensional Euclidean spaceE3.
It is defined by the set of points with Cartesian coordinates(x,y,z) that satisfy the plane equation

h : ax+by+cz+d = 0.

The plane splitsE3 in a positiveand anegative side. A point p with Cartesian coordinates(px, py, pz) is on the
positive side ofh, iff a px+b py+c pz+d > 0. It is on the negative side, iffa px+b py+c pz+d < 0.

Creation

Plane 3<Kernel> h( Kernel::RT a, Kernel::RT b, Kernel::RT c, Kernel::RT d);

creates a planeh defined by the equationa px+ b py+
c pz+d = 0. Notice thath is degenerate ifa = b = c.

Plane 3<Kernel> h( Point 3<Kernel> p, Point 3<Kernel> q, Point 3<Kernel> r);

creates a planeh passing through the pointsp, q and r.
The plane is oriented such thatp, q andr are oriented in a
positive sense (that is counterclockwise) when seen from
the positive side ofh. Notice thath is degenerate if the
points are collinear.

Plane 3<Kernel> h( Point 3<Kernel> p, Vector3<Kernel> v);

introduces a planeh that passes through pointp and that
is orthogonal tov.

Plane 3<Kernel> h( Point 3<Kernel> p, Direction 3<Kernel> d);

introduces a planeh that passes through pointp and that
has as an orthogonal direction equal tod.

Plane 3<Kernel> h( Line 3<Kernel> l, Point 3<Kernel> p);

introduces a planeh that is defined through the three
pointsl.point(0), l.point(1)andp.

Plane 3<Kernel> h( Ray3<Kernel> r, Point 3<Kernel> p);

introduces a planeh that is defined through the three
pointsr.point(0), r.point(1)andp.
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Plane 3<Kernel> h( Segment3<Kernel> s, Point 3<Kernel> p);

introduces a planeh that is defined through the three
pointss.source(), s.target()andp.

Operations

bool h.operator==( h2) Test for equality: two planes are equal, iff they have a
non empty intersection and the same orientation.

bool h.operator!=( h2) Test for inequality.

Kernel::RT h.a() returns the first coefficient ofh.
Kernel::RT h.b() returns the second coefficient ofh.
Kernel::RT h.c() returns the third coefficient ofh.
Kernel::RT h.d() returns the fourth coefficient ofh.

Line 3<Kernel> h.perpendicularline( Point 3<Kernel> p)

returns the line that is perpendicular toh and that passes
through pointp. The line is oriented from the negative to
the positive side ofh.

Point 3<Kernel> h.projection( Point3<Kernel> p)

returns the orthogonal projection ofp onh.

Plane 3<Kernel> h.opposite() returns the plane with opposite orientation.

Point 3<Kernel> h.point() returns an arbitrary point onh.

Vector 3<Kernel> h.orthogonalvector()

returns a vector that is orthogonal toh and that is directed
to the positive side ofh.

Direction 3<Kernel> h.orthogonaldirection()

returns the direction that is orthogonal toh and that is
directed to the positive side ofh.

Vector 3<Kernel> h.base1() returns a vector orthogonal toorthogonalvector().

Vector 3<Kernel> h.base2() returns a vector that is both orthogonal tobase1(), and to
orthogonalvector(), and such that the result oforienta-
tion( point(), point() + base1(), point()+base2(), point()
+ orthogonal vector() )is positive.
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2D Conversion

The following functions provide conversion between a plane and CGAL ’s two-dimensional space. The transfor-
mation is affine, but not necessarily an isometry. This means, the transformation preserves combinatorics, but
not distances.

Point 2<Kernel> h.to 2d( Point 3<Kernel> p)

returns the image point of the projection ofp under an
affine transformation, which mapsh onto thexy-plane,
with thez-coordinate removed.

Point 3<Kernel> h.to 3d( Point 2<Kernel> p)

returns a pointq, such thatto 2d( to 3d( p )) is equal to
p.

Predicates

Orientedside h.orientedside( Point3<Kernel> p)

returns either ON ORIENTEDBOUNDARY, or the
constant ON POSITIVESIDE, or the constantON
NEGATIVESIDE, determined by the position ofp rel-
ative to the oriented planeh.

For convenience we provide the following boolean functions:

bool h.hason( Point 3<Kernel> p)
bool h.hason positiveside( Point3<Kernel> p)
bool h.hason negativeside( Point3<Kernel> p)

bool h.hason( Line 3<Kernel> l)

bool h.is degenerate() Planeh is degenerate, if the coefficientsa, b, andc of the
plane equation are zero.

Miscellaneous

Plane 3<Kernel> h.transform( Afftransformation3<Kernel> t)

returns the plane obtained by applyingt on a point ofh
and the orthogonal direction ofh.

See Also

Kernel::Plane3. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page407

101



C
la

ss

CGAL::Point 3<Kernel>

Definition

An object of the classPoint 3<Kernel> is a point in the three-dimensional Euclidean spaceE3.

Remember thatKernel::RTandKernel::FT denote a RingNumberType and a FieldNumberType, respectively.
For the kernel modelCartesian<T>, the two types are the same. For the kernel modelHomogeneous<T>,
Kernel::RT is equal toT, andKernel::FT is equal toQuotient<T>.

Types

Point 3<Kernel>:: Cartesian const iterator

An iterator for enumerating the Cartesian coordinates of a point.

Creation

Point 3<Kernel> p( Origin ORIGIN);

introduces a point with Cartesian coordinates(0,0,0).

Point 3<Kernel> p( Kernel::RT hx, Kernel::RT hy, Kernel::RT hz, Kernel::RT hw = RT(1));

introduces a pointp initialized to(hx/hw,hy/hw,hz/hw).
Precondition: hw 6= 0.

Operations

bool p.operator==( q)

Test for equality: Two points are equal, iff theirx, y andz coordinates are
equal.

bool p.operator!=( q)

Test for inequality.

There are two sets of coordinate access functions, namely to the homogeneous and to the Cartesian coordinates.
They can be used independently from the chosen kernel model.

Kernel::RT p.hx()

returns the homogeneousx coordinate.
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Kernel::RT p.hy()

returns the homogeneousy coordinate.

Kernel::RT p.hz()

returns the homogeneousz coordinate.

Kernel::RT p.hw()

returns the homogenizing coordinate.

Note that you do not loose information with the homogeneous representation, because the FieldNumberType is
a quotient.

Kernel::FT p.x() returns the Cartesianx coordinate, that ishx/hw.
Kernel::FT p.y() returns the Cartesiany coordinate, that ishy/hw.
Kernel::FT p.z() returns the Cartesianz coordinate, that ishz/hw.

The following operations are for convenience and for compatibility with code for higher dimensional points.
Again they come in a Cartesian and in a homogeneous flavor.

Kernel::RT p.homogeneous( int i)

returns the i’th homogeneous coordinate ofp, starting with 0.
Precondition: 0≤ i ≤ 3.

Kernel::FT p.cartesian( int i)

returns the i’th Cartesian coordinate ofp, starting with 0.
Precondition: 0≤ i ≤ 2.

Kernel::FT p.operator[]( int i)

returnscartesian(i).
Precondition: 0≤ i ≤ 2.

Cartesianconst iterator p.cartesianbegin()

returns an iterator to the Cartesian coordinates ofp, starting with the 0th
coordinate.

Cartesianconst iterator p.cartesianend()

returns an off the end iterator to the Cartesian coordinates ofp.

int p.dimension()

returns the dimension (the constant 3).
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Bbox 3 p.bbox()

returns a bounding box containingp.

Point 3<Kernel> p.transform( Afftransformation3<Kernel> t)

returns the point obtained by applyingt onp.

Operators

The following operations can be applied on points:

bool operator<( p, q)

returns true iffp is lexicographically smaller thanq (the lexicographical
order being defined on the Cartesian coordinates).

bool operator>( p, q)

returns true iffp is lexicographically greater thanq.

bool operator<=( p, q)

returns true iffp is lexicographically smaller or equal toq.

bool operator>=( p, q)

returns true iffp is lexicographically greater or equal toq.

Vector 3<Kernel> operator-( p, q)

returns the difference vector betweenq andp. You can substituteORIGIN
for eitherp or q, but not for both.

Point 3<Kernel> operator+( p, Vector3<Kernel> v)

returns the point obtained by translatingp by the vectorv.

Point 3<Kernel> operator-( p, Vector3<Kernel> v)

returns the point obtained by translatingp by the vector -v.

See Also

Kernel::Point3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page410
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CGAL::Ray 3<Kernel>

Definition

An objectr of the data typeRay 3<Kernel> is a directed straight ray in the three-dimensional Euclidean space
E3. It starts in a point called thesourceof r and it goes to infinity.

Creation

Ray 3<Kernel> r( Point 3<Kernel> p, Point 3<Kernel> q);

introduces a rayr with sourcep and passing through
pointq.

Ray 3<Kernel> r( Point 3<Kernel> p, Direction 3<Kernel> d);

introduces a rayr with sourcep and with directiond.

Ray 3<Kernel> r( Point 3<Kernel> p, Vector3<Kernel> v);

introduces a rayr with sourcepand with a direction given
by v.

Ray 3<Kernel> r( Point 3<Kernel> p, Line 3<Kernel> l);

introduces a rayr starting at sourcep with the same di-
rection asl .

Operations

bool r.operator==( h) Test for equality: two rays are equal, iff they have the
same source and the same direction.

bool r.operator!=( h) Test for inequality.

Point 3<Kernel> r.source() returns the source ofr

Point 3<Kernel> r.point( int i) returns a point onr. point(0) is the source.point(i), with
i > 0, is different from the source.
Precondition: i ≥ 0.

Direction 3<Kernel> r.direction() returns the direction ofr.

Vector 3<Kernel> r.to vector() returns a vector giving the direction ofr.
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Line 3<Kernel> r.supportingline() returns the line supportingr which has the same direction.

Ray 3<Kernel> r.opposite() returns the ray with the same source and the opposite di-
rection.

bool r.is degenerate() ray r is degenerate, if the source and the second defining
point fall together (that is if the direction is degenerate).

bool r.hason( Point 3<Kernel> p)

A point is onr, iff it is equal to the source ofr, or if it is
in the interior ofr.

Ray 3<Kernel> r.transform( Aff transformation3<Kernel> t)

returns the ray obtained by applyingt on the source and
on the direction ofr.

See Also

Kernel::Ray3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page413
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CGAL::Segment 3<Kernel>

Definition

An objects of the data typeSegment3<Kernel> is a directed straight line segment in the three-dimensional
Euclidean spaceE3, i.e. a straight line segment[p,q] connecting two pointsp,q∈ R3. The segment is topolog-
ically closed, i.e. the end points belong to it. Pointp is called thesourceandq is called thetarget of s. The
length ofs is the Euclidean distance betweenp andq. Note that there is only a function to compute the square
of the length, because otherwise we had to perform a square root operation which is not defined for all number
types, which is expensive, and may not be exact.

Creation

Segment3<Kernel> s( Point 3<Kernel> p, Point 3<Kernel> q);

introduces a segments with sourcep and targetq. It is
directed from the source towards the target.

Operations

bool s.operator==( q) Test for equality: Two segments are equal, iff their
sources and targets are equal.

bool s.operator!=( q) Test for inequality.

Point 3<Kernel> s.source() returns the source ofs.
Point 3<Kernel> s.target() returns the target ofs.

Point 3<Kernel> s.min() returns the point ofs with smallest coordinate (lexico-
graphically).

Point 3<Kernel> s.max() returns the point ofs with largest coordinate (lexico-
graphically).

Point 3<Kernel> s.vertex( int i) returns source or target ofs: vertex(0)returns the source,
vertex(1)returns the target. The parameteri is taken mod-
ulo 2, which gives easy access to the other vertex.

Point 3<Kernel> s.point( int i) returnsvertex(i).
Point 3<Kernel> s.operator[]( int i) returnsvertex(i).

Kernel::FT s.squaredlength() returns the squared length ofs.

Vector 3<Kernel> s.to vector() returns the vectors.target()- s.source().

Direction 3<Kernel> s.direction() returns the direction from source to target.
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Segment3<Kernel> s.opposite() returns a segment with source and target interchanged.

Line 3<Kernel> s.supportingline() returns the linel passing throughs. Line l has the same
orientation as segments, that is from the source to the
target ofs.

bool s.isdegenerate() segments is degenerate, if source and target fall together.

bool s.hason( Point 3<Kernel> p)

A point is ons, iff it is equal to the source or target ofs,
or if it is in the interior ofs.

Bbox 3 s.bbox() returns a bounding box containings.

Segment3<Kernel> s.transform( Afftransformation3<Kernel> t)

returns the segment obtained by applyingt on the source
and the target ofs.

See Also

Kernel::Segment3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page415
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CGAL::Sphere 3<Kernel>

Definition

An object of typeSphere3<Kernel> is a sphere in the three-dimensional Euclidean spaceE3. The sphere is
oriented, i.e. its boundary has clockwise or counterclockwise orientation. The boundary splitsE3 into a positive
and a negative side, where the positive side is to the left of the boundary. The boundary also splitsE3 into a
bounded and an unbounded side. Note that the sphere can be degenerated, i.e. the squared radius may be zero.

Creation

Sphere3<Kernel> c( Point 3<Kernel> center,
Kernel::FT squaredradius,
Orientation orientation = COUNTERCLOCKWISE)

introduces a variablec of type Sphere3<Kernel>. It is
initialized to the sphere with centercenter, squared radius
squaredradiusand orientationorientation.
Precondition: orientation 6= COPLANAR, and further-
more,squaredradius≥ 0.

Sphere3<Kernel> c( Point 3<Kernel> p, Point 3<Kernel> q, Point 3<Kernel> r, Point 3<Kernel> s);

introduces a variablec of type Sphere3<Kernel>. It is
initialized to the unique sphere which passes through the
pointsp, q, r ands. The orientation of the sphere is the
orientation of the point quadruplep, q, r, s.
Precondition: p, q, r, ands are not collinear.

Sphere3<Kernel> c( Point 3<Kernel> p,
Point 3<Kernel> q,
Point 3<Kernel> r,
Orientation o = COUNTERCLOCKWISE)

introduces a variablec of type Sphere3<Kernel>. It is
initialized to the smallest sphere which passes through
the pointsp, q, andr. The orientation of the sphere iso.
Precondition: o is notCOPLANAR.

Sphere3<Kernel> c( Point 3<Kernel> p, Point 3<Kernel> q, Orientation o = COUNTERCLOCKWISE);

introduces a variablec of type Sphere3<Kernel>. It is
initialized to the smallest sphere which passes through
the pointsp andq. The orientation of the sphere iso.
Precondition: o is notCOPLANAR.
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Sphere3<Kernel> c( Point 3<Kernel> center, Orientation orientation = COUNTERCLOCKWISE);

introduces a variablec of type Sphere3<Kernel>. It is
initialized to the sphere with centercenter, squared radius
zero and orientationorientation.
Precondition: orientation 6= COPLANAR.
Postcondition: c.is degenerate()= true.

Access Functions

Point 3<Kernel> c.center() returns the center ofc.
Kernel::FT c.squaredradius() returns the squared radius ofc.
orientation c.orientation() returns the orientation ofc.

bool operator c.==( sphere2) returnstrue, iff c andsphere2are equal, i.e. if they have
the same center, same squared radius and same orienta-
tion.

bool operator c.!=( sphere2) returnstrue, iff c andsphere2are not equal.

Predicates

bool c.is degenerate() returnstrue, iff c is degenerate, i.e. ifc has squared radius
zero.

Orientedside c.orientedside( Point3<Kernel> p)

returns either the constant ON ORIENTED
BOUNDARY, ON POSITIVESIDE, or ON
NEGATIVESIDE, iff p lies on the boundary, properly
on the positive side, or properly on the negative side ofc,
resp.

Boundedside c.boundedside( Point3<Kernel> p)

returns ON BOUNDED SIDE, ON BOUNDARY, or
ON UNBOUNDEDSIDE iff p lies properly inside, on
the boundary, or properly outside ofc, resp.

bool c.hason positiveside( Point3<Kernel> p)
bool c.hason negativeside( Point3<Kernel> p)
bool c.hason boundary( Point3<Kernel> p)
bool c.hason boundedside( Point3<Kernel> p)
bool c.hason unboundedside( Point3<Kernel> p)

Miscellaneous

Sphere3<Kernel> c.opposite() returns the sphere with the same center and squared ra-
dius asc but with opposite orientation.
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Sphere3<Kernel> c.orthogonaltransform( Afftransformation3<Kernel> at)

returns the sphere obtained by applyingat onc.
Precondition: at is an orthogonal transformation.

Bbox 3 c.bbox() returns a bounding box containingc.

See Also

Kernel::Sphere3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page420

111



C
la

ss

CGAL::Tetrahedron 3<Kernel>

Definition

An objectt of the classTetrahedron3<Kernel> is an oriented tetrahedron in the three-dimensional Euclidean
spaceE3.

It is defined by four verticesp0, p1, p2 and p3. The orientation of a tetrahedron is the orientation of its four
vertices. That means it is positive whenp3 is on the positive side of the plane defined byp0, p1 andp2.

The tetrahedron itself splits the spaceE3 in apositiveand anegativeside.

The boundary of a tetrahedron splits the space in two open regions, a bounded one and an unbounded one.

Creation

Tetrahedron3<Kernel> t( Point 3<Kernel> p0,
Point 3<Kernel> p1,
Point 3<Kernel> p2,
Point 3<Kernel> p3)

introduces a tetrahedront with verticesp0, p1, p2 andp3.

Operations

bool t.operator==( t2) Test for equality: two tetrahedrat and t2 are equal, ifft
and t2 have the same orientation and their sets (not se-
quences) of vertices are equal.

bool t.operator!=( t2) Test for inequality.

Point 3<Kernel> t.vertex( int i) returns the i’th vertex modulo 4 oft.

Point 3<Kernel> t.operator[]( int i) returnsvertex(int i).

Predicates

bool t.is degenerate() Tetrahedront is degenerate, if the vertices are coplanar.

Orientation t.orientation()

Orientedside t.orientedside( Point3<Kernel> p)

Precondition: : t is not degenerate.
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Boundedside t.boundedside( Point3<Kernel> p)

Precondition: : t is not degenerate.

For convenience we provide the following boolean functions:

bool t.hason positiveside( Point3<Kernel> p)
bool t.hason negativeside( Point3<Kernel> p)
bool t.hason boundary( Point3<Kernel> p)
bool t.hason boundedside( Point3<Kernel> p)
bool t.hason unboundedside( Point3<Kernel> p)

Miscellaneous

Kernel::FT t.volume() returns the signed volume oft.

Bbox 3 t.bbox() returns a bounding box containingt.

Tetrahedron3<Kernel> t.transform( Afftransformation3<Kernel> at)

returns the tetrahedron obtained by applyingat on the
three vertices oft.

See Also

Kernel::Tetrahedron3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page421
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CGAL::Triangle 3<Kernel>

Definition

An objectt of the classTriangle 3<Kernel> is a triangle in the three-dimensional Euclidean spaceE3. As the
triangle is not a full-dimensional object there is only a test whether a point lies on the triangle or not.

Creation

Triangle 3<Kernel> t( Point 3<Kernel> p, Point 3<Kernel> q, Point 3<Kernel> r);

introduces a trianglet with verticesp, q andr.

Operations

bool t.operator==( t2) Test for equality: two triangles t andt2 are equal, iff there
exists a cyclic permutation of the vertices oft2, such that
they are equal to the vertices oft.

bool t.operator!=( t2) Test for inequality.

Point 3<Kernel> t.vertex( int i) returns the i’th vertex modulo 3 oft.

Point 3<Kernel> t.operator[]( int i) returnsvertex(int i).

Plane 3<Kernel> t.supportingplane() returns the supporting plane oft, with same orientation.

Predicates

bool t.is degenerate() tis degenerate if its vertices are collinear.

bool t.hason( Point 3<Kernel> p)

A point is ont, if it is on a vertex, an edge or the face of
t.

Miscellaneous

Kernel::FT t.squaredarea() returns a square of the area oft.

Bbox 3 t.bbox() returns a bounding box containingt.
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Triangle 3<Kernel> t.transform( Afftransformation3<Kernel> at)

returns the triangle obtained by applyingat on the three
vertices oft.

See Also

Kernel::Triangle3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page423
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CGAL::Vector 3<Kernel>

Definition

An object of the classVector 3<Kernel> is a vector in the three-dimensional vector spaceR3. Geometrically
spoken a vector is the difference of two pointsp2, p1 and denotes the direction and the distance fromp1 to p2.

CGAL defines a symbolic constantNULL VECTOR. We will explicitly state where you can pass this constant
as an argument instead of a vector initialized with zeros.

Creation

Vector 3<Kernel> v( Point 3<Kernel> a, Point 3<Kernel> b);

introduces the vectorb−a.

Vector 3<Kernel> v( Segment3<Kernel> s); introduces the vectors.target()−s.source().

Vector 3<Kernel> v( Ray3<Kernel> r); introduces a vector having the same direction asr.

Vector 3<Kernel> v( Line 3<Kernel> l); introduces a vector having the same direction asl .

Vector 3<Kernel> v( Null vector NULLVECTOR);

introduces a null vectorv.

Vector 3<Kernel> v( Kernel::RT hx, Kernel::RT hy, Kernel::FT hz, Kernel::RT hw = RT(1));

introduces a vector v initialized to
(hx/hw,hy/hw,hz/hw).

Operations

bool v.operator==( w) Test for equality: two vectors are equal, iff theirx, y and
z coordinates are equal. You can compare a vector with
theNULL VECTOR.

bool v.operator!=( w) Test for inequality. You can compare a vector with the
NULL VECTOR.

There are two sets of coordinate access functions, namely to the homogeneous and to the Cartesian coordinates.
They can be used independently from the chosen kernel model.

Kernel::RT v.hx() returns the homogeneousx coordinate.
Kernel::RT v.hy() returns the homogeneousy coordinate.
Kernel::RT v.hz() returns the homogeneousz coordinate.
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Kernel::RT v.hw() returns the homogenizing coordinate.

Note that you do not loose information with the homogeneous representation, because the FieldNumberType is
a quotient.

Kernel::FT v.x() returns thex-coordinate ofv, that ishx/hw.
Kernel::FT v.y() returns they-coordinate ofv, that ishy/hw.
Kernel::FT v.z() returns thez coordinate ofv, that ishz/hw.

The following operations are for convenience and for compatibility with higher dimensional vectors. Again
they come in a Cartesian and homogeneous flavor.

Kernel::RT v.homogeneous( int i) returns the i’th homogeneous coordinate ofv, starting
with 0.
Precondition: 0≤ i ≤ 3.

Kernel::FT v.cartesian( int i) returns the i’th Cartesian coordinate ofv, starting at 0.
Precondition: 0≤ i ≤ 2.

Kernel::FT v.operator[]( int i) returnscartesian(i).
Precondition: 0≤ i ≤ 2.

int v.dimension() returns the dimension (the constant 3).

Vector 3<Kernel> v.transform( Afftransformation3<Kernel> t)

returns the vector obtained by applyingt onv.

Direction 3<Kernel> v.direction() returns the direction ofv.

Operators

The following operations can be applied on vectors:

Vector 3<Kernel> v.operator+( w) Addition.

Vector 3<Kernel> v.operator-( w) Subtraction.

Vector 3<Kernel> v.operator-() Returns the opposite vector.

Kernel::FT v.operator*( w) returns the scalar product (= inner product) of the two
vectors.

Vector 3<Kernel> operator*( v, Kernel::RT s)

Multiplication with a scalar from the right.

Vector 3<Kernel> operator*( v, Kernel::FT s)

Multiplication with a scalar from the right.
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Vector 3<Kernel> operator*( Kernel::RT s, v)

Multiplication with a scalar from the left.

Vector 3<Kernel> operator*( Kernel::FT s, v)

Multiplication with a scalar from the left.

Vector 3<Kernel> v.operator/( Kernel::RT s)

Division by a scalar.

See Also

Kernel::Vector3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page425
CGAL::crossproduct. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page164
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2.10.3 Polymorphic Objects
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CGAL::Object

#include<CGAL/Object.h>

Definition

Some functions can return different types of objects. A typical C++ solution to this problem is to derive all
possible return types from a common base class, to return a pointer to this class and to perform a dynamic cast
on this pointer. The classObjectprovides an abstraction. An objectobj of the classObjectcan represent an
arbitrary class. The only operations it provides is to make copies and assignments, so that you can put them
in lists or arrays. Note thatObject is NOT a common base class for the elementary classes. Therefore, there
is no automatic conversion from these classes toObject. Rather this is done with the global functionmake
object. This encapsulation mechanism requires the use ofassignor object cast to use the functionality of the
encapsulated class.

Creation

Object obj; introduces an empty object.

Object obj( o); Copy constructor.

Objects of typeObjectare normally created using the global functionmakeobject.

Operations

Object& obj.operator=( o) Assignment.

bool obj.is empty() returns true, ifobj does not contain an object.

std::type info obj.type() returns the type information of the contained type, or
typeid(void)if empty.

Construction of anObjectstoring an object of typeT can be performed using themakeobjectglobal function :

template<class T>
Object makeobject( T t) Creates an object that containst.

Assignment of an object of typeObjectto an object of typeT can be done usingassign:

template<class T>
bool assign( T& c, o) assignso to c if o was constructed from an object of type

T. Returnstrue, if the assignment was possible.

Another possibility to access the encapsulated object is to useobject cast, which avoids the default constructor
and assignment required byassign:

template<class T>
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const T* objectcast( const * o)

Returns a pointer to the object of typeT stored byo, if
any, otherwise returnsNULL.

template<class T>
T objectcast( o) Returns a copy of the object of typeT stored byo, if any,

otherwise throws an exception of typeBad object cast.

Example

In the following example, the object class is used as return value for the intersection computation, as there are
possibly different return values.

{

typedef Cartesian<double> K;

typedef K::Point 2 Point 2;

typedef K::Segment 2 Segment 2;

Point 2 point;

Segment 2 segment, segment 1, segment 2;

std::cin � segment 1 � segment 2;

Object obj = intersection(segment 1, segment 2);

if (assign(point, obj)) {

/∗ do something with point ∗/
} else if (assign(segment, obj)) {

/∗ do something with segment∗/
}

/∗ there was no intersection ∗/
}

Another way to access the object is to useobject cast, which allows to skip a default construction and assign-
ment :

{

typedef Cartesian<double> K;

typedef K::Point 2 Point 2;

typedef K::Segment 2 Segment 2;

Segment 2 segment 1, segment 2;

std::cin � segment 1 � segment 2;

Object obj = intersection(segment 1, segment 2);

if (const Point 2 ∗ point = object cast<Point 2>(&obj)) {

/∗ do something with ∗point ∗/
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} else if (const Segment 2 ∗ segment = object cast<Segment 2>(&obj)) {

/∗ do something with ∗segment∗/
}

/∗ there was no intersection ∗/
}

The intersection routine itself looks roughly as follows:

template < class Kernel >

Object intersection(Segment 2<Kernel> s1, Segment 2<Kernel> s2)

{

if (/∗ intersection is a point ∗/ ) {

Point 2<Kernel> p = ... ;

return make object(p);

} else if (/∗ intersection is a segment ∗/ ) {

Segment 2<Kernel> s = ... ;

return make object(s);

}

/∗ empty intersection ∗/
return Object();

}

See Also

Kernel::Object2. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page401
Kernel::Object3. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page402

122



2.11 Constants and Enumerations
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CGAL::Angle

#include<CGAL/enum.h>

enum Angle{ OBTUSE, RIGHT, ACUTE};

See Also

CGAL::angle. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page135
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CGAL::Bounded side

#include<CGAL/enum.h>

enum Boundedside{ ON UNBOUNDEDSIDE, ONBOUNDARY, ONBOUNDED SIDE};
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CGAL::Comparison result

#include<CGAL/enum.h>

enum Comparisonresult{ SMALLER, EQUAL, LARGER};

E
nu
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CGAL::Sign

#include<CGAL/enum.h>

enum Sign{ NEGATIVE, ZERO, POSITIVE};

See Also

CGAL::Orientation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page125
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CGAL::Orientation

#include<CGAL/enum.h>

typedef Sign Orientation;

See Also

CGAL::LEFT TURN. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page127
CGAL::RIGHT TURN . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page127
CGAL::COLLINEAR. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page127
CGAL::CLOCKWISE. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page126
CGAL::COUNTERCLOCKWISE. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page126
CGAL::COPLANAR. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page128

E
nu

m

CGAL::Oriented side

#include<CGAL/enum.h>

enum Orientedside{ ON NEGATIVESIDE, ONORIENTEDBOUNDARY, ONPOSITIVESIDE};
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CGAL::CLOCKWISE

const Orientation CLOCKWISE = NEGATIVE;

See Also

CGAL::COUNTERCLOCKWISE. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page126
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CGAL::COUNTERCLOCKWISE

const Orientation COUNTERCLOCKWISE = POSITIVE;

See Also

CGAL::CLOCKWISE. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page126
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CGAL::COLLINEAR

const Orientation COLLINEAR = ZERO;

See Also

CGAL::LEFT TURN. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page127
CGAL::RIGHT TURN . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page127
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CGAL::LEFT TURN

const Orientation LEFTTURN = POSITIVE;

See Also

CGAL::COLLINEAR. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page127
CGAL::RIGHT TURN . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page127
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CGAL::RIGHT TURN

const Orientation RIGHTTURN = NEGATIVE;

See Also

CGAL::COLLINEAR. . . . . . . . . . . . . . . . . . . . . page127CGAL::LEFT TURN. . . . . . . . . . . . . . . . . . . . . page127
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CGAL::COPLANAR

const Orientation COPLANAR = ZERO;

C
on
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t

CGAL::DEGENERATE

const Orientation DEGENERATE = ZERO;
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CGAL::Null vector

#include<CGAL/Origin.h>

Definition

CGAL defines a symbolic constantNULL VECTORto construct zero length vectors.Null vectoris the type of
this constant.

See Also

CGAL::Vector2<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page85
CGAL::Vector3<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page116
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CGAL::NULL VECTOR

const Null vector NULLVECTOR;

Definition

A symbolic constant used to construct zero length vectors.

See Also

CGAL::Vector2<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page85
CGAL::Vector3<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page116
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CGAL::Origin

#include<CGAL/Origin.h>

Definition

CGAL defines a symbolic constantORIGIN which denotes the point at the origin.Origin is the type of this
constant. It is used in the conversion between points and vectors.

See Also

CGAL::Point 2<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page75
CGAL::Point 3<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page102
CGAL::Vector2<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page85
CGAL::Vector3<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page116
CGAL::operator+. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page187
CGAL::operator-. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page188
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CGAL::ORIGIN

const Origin ORIGIN;

Definition

A symbolic constant which denotes the point at the origin. This constant is used in the conversion between
points and vectors.

Example

Point 2< Cartesian<Exact NT> > p(1.0, 1.0), q;

Vector2< Cartesian<Exact NT> > v;

v = p − ORIGIN;

q = ORIGIN + v;

assert( p == q );
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See Also

CGAL::Point 2<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page75
CGAL::Point 3<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page102
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CGAL::Identity transformation

#include<CGAL/aff transformationtags.h>

Definition

Tag class for affine transformations.

See Also

CGAL::Aff transformation2<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page60
CGAL::Aff transformation3<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page89
CGAL::Reflection. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page132
CGAL::Rotation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page133
CGAL::Scaling. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page133
CGAL::Translation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page134

C
la

ss

CGAL::Reflection

#include<CGAL/aff transformationtags.h>

Definition

Tag class for affine transformations.

See Also

CGAL::Aff transformation2<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page60
CGAL::Aff transformation3<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page89
CGAL::Identity transformation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page132
CGAL::Rotation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page133
CGAL::Scaling. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page133
CGAL::Translation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page134
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CGAL::Rotation

#include<CGAL/aff transformationtags.h>

Definition

Tag class for affine transformations.

See Also

CGAL::Aff transformation2<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page60
CGAL::Aff transformation3<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page89
CGAL::Identity transformation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page132
CGAL::Rotation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page133
CGAL::Scaling. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page133
CGAL::Translation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page134
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CGAL::Scaling

#include<CGAL/aff transformationtags.h>

Definition

Tag class for affine transformations.

See Also

CGAL::Aff transformation2<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page60
CGAL::Aff transformation3<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page89
CGAL::Identity transformation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page132
CGAL::Reflection. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page132
CGAL::Rotation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page133
CGAL::Translation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page134
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CGAL::Translation

#include<CGAL/aff transformationtags.h>

Definition

Tag class for affine transformations.

See Also

CGAL::Aff transformation2<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page60
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CGAL::angle

Angle angle( Point2<Kernel> p, Point 2<Kernel> q, Point 2<Kernel> r)

returnsOBTUSE, RIGHT or ACUTE depending on the
angle formed by the three pointsp, q, r (qbeing the vertex
of the angle).

Angle angle( Point3<Kernel> p, Point 3<Kernel> q, Point 3<Kernel> r)

returnsOBTUSE, RIGHT or ACUTE depending on the
angle formed by the three pointsp, q, r (qbeing the vertex
of the angle).
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CGAL::are ordered along line

bool are orderedalong line( Point 2<Kernel> p,
Point 2<Kernel> q,
Point 2<Kernel> r)

returnstrue, iff the three points are collinear andq lies
betweenp andr. Note thattrue is returned, ifq==p or
q==r .

bool are orderedalong line( Point 3<Kernel> p,
Point 3<Kernel> q,
Point 3<Kernel> r)

returnstrue, iff the three points are collinear andq lies
betweenp andr. Note thattrue is returned, ifq==p or
q==r .

See Also

CGAL::are strictly orderedalong line . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page137
CGAL::collinear are orderedalong line . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page143
CGAL::collinear are strictly orderedalong line . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page144
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CGAL::are strictly ordered along line

bool are strictly orderedalong line( Point 2<Kernel> p,
Point 2<Kernel> q,
Point 2<Kernel> r)

returnstrue, iff the three points are collinear andq lies
strictly betweenp and r. Note thatfalse is returned, if
q==p or q==r .

bool are strictly orderedalong line( Point 3<Kernel> p,
Point 3<Kernel> q,
Point 3<Kernel> r)

returnstrue, iff the three points are collinear andq lies
strictly betweenp and r. Note thatfalse is returned, if
q==p or q==r .

See Also

CGAL::are orderedalong line . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page136
CGAL::collinear are orderedalong line . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page143
CGAL::collinear are strictly orderedalong line . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page144
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CGAL::area

Kernel::FT area( Point2<Kernel> p, Point 2<Kernel> q, Point 2<Kernel> r)

returns the signed area of the triangle defined by the
pointsp, q andr.
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CGAL::bisector

Line 2<Kernel> bisector( Point2<Kernel> p, Point 2<Kernel> q)

constructs the bisector line of the two pointsp andq. The
bisector is oriented in such a way thatp lies on its positive
side.
Precondition: p andq are not equal.

Line 2<Kernel> bisector( Line2<Kernel> l1, Line 2<Kernel> l2)

constructs the bisector of the two linesl1 andl2. In the
general case, the bisector has the direction of the vector
which is the sum of the normalized directions of the two
lines, and which passes through the intersection ofl1 and
l2. If l1 andl2 are parallel, then the bisector is defined as
the line which has the same direction asl1, and which is at
the same distance froml1 andl2. This function requires
thatKernel::RTsupports thesqrt()operation.

Plane 3<Kernel> bisector( Point3<Kernel> p, Point 3<Kernel> q)

constructs the bisector plane of the two pointsp andq.
The bisector is oriented in such a way thatp lies on its
positive side.
Precondition: p andq are not equal.

Plane 3<Kernel> bisector( Plane3<Kernel> h1, Plane3<Kernel> h2)

constructs the bisector of the two planesh1 andh2. In the
general case, the bisector has a normal vector which has
the same direction as the sum of the normalized normal
vectors of the two planes, and passes through the intersec-
tion of h1 andh2. If h1 andh2 are parallel, then the bi-
sector is defined as the plane which has the same oriented
normal vector asl1, and which is at the same distance
from h1 andh2. This function requires thatKernel::RT
supports thesqrt()operation.

139



F
un

ct
io

n

CGAL::centroid

Point 2<Kernel> centroid( Point2<Kernel> p, Point 2<Kernel> q, Point 2<Kernel> r)

compute the centroid of the pointsp, q, andr.

Point 2<Kernel> centroid( Point2<Kernel> p,
Point 2<Kernel> q,
Point 2<Kernel> r,
Point 2<Kernel> s)

compute the centroid of the pointsp, q, r, ands.

Point 2<Kernel> centroid( Triangle2<Kernel> t)

compute the centroid of the trianglet.

Point 3<Kernel> centroid( Point3<Kernel> p, Point 3<Kernel> q, Point 3<Kernel> r)

compute the centroid of the pointsp, q, andr.

Point 3<Kernel> centroid( Point3<Kernel> p,
Point 3<Kernel> q,
Point 3<Kernel> r,
Point 3<Kernel> s)

compute the centroid of the pointsp, q, r, ands.

Point 3<Kernel> centroid( Triangle3<Kernel> t)

compute the centroid of the trianglet.

Point 3<Kernel> centroid( Tetrahedron3<Kernel> t)

compute the centroid of the tetrahedront.
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CGAL::circumcenter

Point 2<Kernel> circumcenter( Point2<Kernel> p, Point 2<Kernel> q, Point 2<Kernel> r)

compute the center of the circle passing through the
pointsp, q, andr.
Precondition: p, q, andr are not collinear.

Point 2<Kernel> circumcenter( Triangle2<Kernel> t)

compute the center of the circle passing through the ver-
tices oft.
Precondition: t is not degenerate.

Point 3<Kernel> circumcenter( Point3<Kernel> p, Point 3<Kernel> q, Point 3<Kernel> r)

compute the center of the circle passing through the
pointsp, q, andr.
Precondition: p, q, andr are not collinear.

Point 3<Kernel> circumcenter( Triangle3<Kernel> t)

compute the center of the circle passing through the ver-
tices oft.
Precondition: t is not degenerate.

Point 3<Kernel> circumcenter( Point3<Kernel> p,
Point 3<Kernel> q,
Point 3<Kernel> r,
Point 3<Kernel> s)

compute the center of the sphere passing through the
pointsp, q, r, ands.
Precondition: p, q, r, ands are not coplanar.

Point 3<Kernel> circumcenter( Tetrahedron3<Kernel> t)

compute the center of the sphere passing through the ver-
tices oft.
Precondition: t is not degenerate.
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CGAL::collinear

bool collinear( Point2<Kernel> p, Point 2<Kernel> q, Point 2<Kernel> r)

returnstrue, iff p, q, andr are collinear.

bool collinear( Point3<Kernel> p, Point 3<Kernel> q, Point 3<Kernel> r)

returnstrue, iff p, q, andr are collinear.

See Also

CGAL::left turn . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page177
CGAL::orientation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page494
CGAL::right turn. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page196
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CGAL::collinear are ordered along line

bool collinear are orderedalong line( Point 2<Kernel> p,
Point 2<Kernel> q,
Point 2<Kernel> r)

returnstrue, iff q lies betweenp andr.
Precondition: p, qandr are collinear.

bool collinear are orderedalong line( Point 3<Kernel> p,
Point 3<Kernel> q,
Point 3<Kernel> r)

returnstrue, iff q lies betweenp andr.
Precondition: p, qandr are collinear.

See Also

CGAL::are orderedalong line . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page136
CGAL::are strictly orderedalong line . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page137
CGAL::collinear are strictly orderedalong line . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page144
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CGAL::collinear are strictly ordered along line

bool collinear are strictly orderedalong line( Point 2<Kernel> p,
Point 2<Kernel> q,
Point 2<Kernel> r)

returnstrue, iff q lies strictly betweenp andr.
Precondition: p, qandr are collinear.

bool collinear are strictly orderedalong line( Point 3<Kernel> p,
Point 3<Kernel> q,
Point 3<Kernel> r)

returnstrue, iff q lies strictly betweenp andr.
Precondition: p, qandr are collinear.

See Also

CGAL::are orderedalong line . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page136
CGAL::are strictly orderedalong line . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page137
CGAL::collinear are orderedalong line . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page143
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CGAL::compare distance to point

Comparisonresult comparedistanceto point( Point 2<Kernel> p,
Point 2<Kernel> q,
Point 2<Kernel> r)

compares the distances of pointsq andr to point p. re-
turnsSMALLER, iff q is closer top thanr, LARGER, iff r
is closer top thanq, andEQUALotherwise.

Comparisonresult comparedistanceto point( Point 3<Kernel> p,
Point 3<Kernel> q,
Point 3<Kernel> r)

compares the distances of pointsq andr to point p. re-
turnsSMALLER, iff q is closer top thanr, LARGER, iff r
is closer top thanq, andEQUALotherwise.

See Also

CGAL::comparesigneddistanceto line . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page146
CGAL::comparesigneddistanceto plane. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page147
CGAL::has larger distanceto point . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page168
CGAL::has larger signeddistanceto line. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page169
CGAL::has larger signeddistanceto plane. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page170
CGAL::hassmaller distanceto point . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page171
CGAL::hassmaller signeddistanceto line . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page172
CGAL::hassmaller signeddistanceto plane. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page173
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CGAL::compare signed distance to line

Comparisonresult comparesigneddistanceto line( Line 2<Kernel> l,
Point 2<Kernel> p,
Point 2<Kernel> q)

returnsLARGERiff the signed distance ofp andl is larger
than the signed distance ofq and l, SMALLER, iff it is
smaller, andEQUAL iff both are equal.

Comparisonresult comparesigneddistanceto line( Point 2<Kernel> p,
Point 2<Kernel> q,
Point 2<Kernel> r,
Point 2<Kernel> s)

returnsLARGERiff the signed distance ofr andl is larger
than the signed distance ofs and l, SMALLER, iff it is
smaller, andEQUAL iff both are equal, wherel is the
directed line throughp andq.

See Also

CGAL::comparedistanceto point . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page145
CGAL::comparesigneddistanceto plane. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page147
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CGAL::has larger signeddistanceto line. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page169
CGAL::has larger signeddistanceto plane. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page170
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CGAL::compare signed distance to plane

Comparisonresult comparesigneddistanceto plane( Plane3<Kernel> h,
Point 3<Kernel> p,
Point 3<Kernel> q)

returnsLARGERiff the signed distance ofp and h is
larger than the signed distance ofq and h, SMALLER,
iff it is smaller, andEQUAL iff both are equal.

Comparisonresult comparesigneddistanceto plane( Point3<Kernel> p,
Point 3<Kernel> q,
Point 3<Kernel> r,
Point 3<Kernel> s,
Point 3<Kernel> t)

returnsLARGERiff the signed distance ofs and h is
larger than the signed distance oft andh, SMALLER, iff
it is smaller, andEQUAL iff both are equal, whereh is
the oriented plane throughp, q andr.

See Also

CGAL::comparedistanceto point . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page145
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CGAL::compare slopes

Comparisonresult compareslopes( Line2<Kernel> l1, Line 2<Kernel> l2)

compares the slopes of the linesl1 andl2

Comparisonresult compareslopes( Segment2<Kernel> s1, Segment2<Kernel> s2)

compares the slopes of the segmentss1ands2
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CGAL::compare x

Comparisonresult comparex( Point 2<Kernel> p, Point 2<Kernel> q)

compares thex-coordinates ofp andq.

Comparisonresult comparex( Point 3<Kernel> p, Point 3<Kernel> q)

compares thex-coordinates ofp andq.

l1

l2

p

l

h1
h2 l1

l2

h1

h2

(a) (b) (c)

Figure 2.1: Comparison of thex or y-coordinates of the (implicitly given) points in the boxes.

Comparisonresult comparex( Point 2<Kernel> p, Line 2<Kernel> l1, Line 2<Kernel> l2)

compares thex-coordinates ofp and the intersection of
lines l1 andl2 (Figure2.1(a)).

Comparisonresult comparex( Line 2<Kernel> l, Line 2<Kernel> h1, Line 2<Kernel> h2)

compares thex-coordinates of the intersection of linel
with line h1 and with lineh2 (Figure2.1(b)).

Comparisonresult comparex( Line 2<Kernel> l1,
Line 2<Kernel> l2,
Line 2<Kernel> h1,
Line 2<Kernel> h2)

compares thex-coordinates of the intersection of linesl1
andl2 and the intersection of linesh1 andh2 (Figure2.1
(c)).

See Also

CGAL::comparexy. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page151
CGAL::comparexyz. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page152
CGAL::comparex at y . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page153
CGAL::comparey . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page155
CGAL::compareyx. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page159
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CGAL::comparey at x . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page157
CGAL::comparez . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page160
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CGAL::compare xy

Comparisonresult comparexy( Point 2<Kernel> p, Point 2<Kernel> q)

Compares the Cartesian coordinates of pointsp andq lex-
icographically inxy order: firstx-coordinates are com-
pared, if they are equal,y-coordinates are compared.

Comparisonresult comparexy( Point 3<Kernel> p, Point 3<Kernel> q)

Compares the Cartesian coordinates of pointsp andq lex-
icographically inxy order: firstx-coordinates are com-
pared, if they are equal,y-coordinates are compared.

See Also

CGAL::comparexyz. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page152
CGAL::comparex . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page149
CGAL::comparex at y . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page153
CGAL::comparey . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page155
CGAL::compareyx. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page159
CGAL::comparey at x . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page157
CGAL::comparez . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page160

151



F
un

ct
io

n

CGAL::compare xyz

Comparisonresult comparexyz( Point3<Kernel> p, Point 3<Kernel> q)

Compares the Cartesian coordinates of pointsp andq lex-
icographically inxyzorder: firstx-coordinates are com-
pared, if they are equal,y-coordinates are compared, and
if both x- andy- coordinate are equal,z-coordinates are
compared.

See Also
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CGAL::compare x at y

Comparisonresult comparex at y( Point 2<Kernel> p, Line 2<Kernel> h)

compares thex-coordinates ofp and the horizontal pro-
jection ofp onh (Figure2.2(a)).
Precondition: h is not horizontal.
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Figure 2.2: Comparison of thex-coordinates of the (implicitly given) points in the boxes, at ay-coordinate. The
y-coordinate is either given explicitly (disc) or implicitly (circle).

Comparisonresult comparex at y( Point 2<Kernel> p, Line 2<Kernel> h1, Line 2<Kernel> h2)

This function compares thex-coordinates of the horizon-
tal projection ofp onh1and onh2 (Figure2.2(b)).
Precondition: h1andh2are not horizontal.

Comparisonresult comparex at y( Line 2<Kernel> l1, Line 2<Kernel> l2, Line 2<Kernel> h)

Let p be the intersection of linesl1 andl2. This func-
tion compares thex-coordinates ofp and the horizontal
projection ofp onh (Figure2.2(c)).
Precondition: l1 andl2 intersect and are not horizontal;h
is not horizontal.

Comparisonresult comparex at y( Line 2<Kernel> l1,
Line 2<Kernel> l2,
Line 2<Kernel> h1,
Line 2<Kernel> h2)

Let p be the intersection of linesl1 andl2. This function
compares thex-coordinates of the horizontal projection
of p onh1and onh2 (Figure2.2(d)).
Precondition: l1 and l2 intersect and are not horizontal;
h1andh2are not horizontal.
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CGAL::compare y

Comparisonresult comparey( Point 2<Kernel> p, Point 2<Kernel> q)

compares Cartesiany-coordinates ofp andq.

Comparisonresult comparey( Point 3<Kernel> p, Point 3<Kernel> q)

compares Cartesiany-coordinates ofp andq.
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Figure 2.3: Comparison of thex or y-coordinates of the (implicitly given) points in the boxes.

Comparisonresult comparey( Point 2<Kernel> p, Line 2<Kernel> l1, Line 2<Kernel> l2)

compares they-coordinates ofp and the intersection of
lines l1 andl2 (Figure2.3(a)).

Comparisonresult comparey( Line 2<Kernel> l, Line 2<Kernel> h1, Line 2<Kernel> h2)

compares they-coordinates of the intersection of linel
with line h1 and with lineh2 (Figure2.3(b)).

Comparisonresult comparey( Line 2<Kernel> l1,
Line 2<Kernel> l2,
Line 2<Kernel> h1,
Line 2<Kernel> h2)

compares they-coordinates of the intersection of linesl1
andl2 and the intersection of linesh1 andh2 (Figure2.3
(c)).
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CGAL::compare y at x

Comparisonresult comparey at x( Point 2<Kernel> p, Line 2<Kernel> h)

compares they-coordinates ofp and the vertical projec-
tion of p onh (Figure2.4(d)).
Precondition: h is not vertical.
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Figure 2.4: Comparison of they-coordinates of the (implicitly given) points in the boxes, at anx-coordinate.
Thex-coordinate is either given explicitly (disc) or implicitly (circle).

Comparisonresult comparey at x( Point 2<Kernel> p, Line 2<Kernel> h1, Line 2<Kernel> h2)

compares they-coordinates of the vertical projection ofp
onh1and onh2 (Figure2.4(e)).
Precondition: h1andh2are not vertical.

Comparisonresult comparey at x( Line 2<Kernel> l1, Line 2<Kernel> l2, Line 2<Kernel> h)

Let p be the intersection of linesl1 andl2. This function
compares they-coordinates ofp and the vertical projec-
tion of p onh (Figure2.4(f)).
Precondition: l1, l2 intersect andh is not vertical.

Comparisonresult comparey at x( Line 2<Kernel> l1,
Line 2<Kernel> l2,
Line 2<Kernel> h1,
Line 2<Kernel> h2)

Let p be the intersection of linesl1 andl2. This function
compares they-coordinates of the vertical projection ofp
onh1and onh2 (Figure2.4(g)).
Precondition: l1 andl2 intersect;h1andh2are not verti-
cal.
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Comparisonresult comparey at x( Point 2<Kernel> p, Segment2<Kernel> s)

compares they-coordinates ofp and the vertical projec-
tion of p on s. If s is vertical, then returnEQUALwhen
p lies ons, SMALLERwhenp lies under s, andLARGER
otherwise.
Precondition: p is within the x range ofs.

Comparisonresult comparey at x( Point 2<Kernel> p,
Segment2<Kernel> s1,
Segment2<Kernel> s2)

compares they-coordinates of the vertical projection of
p on s1 and ons2. If s1 or s2 is vertical, then return
EQUAL if they intersect, otherwise returnSMALLERif
s1 lies belows2, and returnLARGERotherwise.
Precondition: p is within the x range ofs1ands2.
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CGAL::compare yx

Comparisonresult compareyx( Point 2<Kernel> p, Point 2<Kernel> q)

Compares the Cartesian coordinates of pointsp andq lex-
icographically inyx order: firsty-coordinates are com-
pared, if they are equal,x-coordinates are compared.

See Also
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CGAL::compare z

Comparisonresult comparez( Point 3<Kernel> p, Point 3<Kernel> q)

compares thez-coordinates ofp andq.

See Also
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CGAL::coplanar

bool coplanar( Point3<Kernel> p,
Point 3<Kernel> q,
Point 3<Kernel> r,
Point 3<Kernel> s)

returnstrue, if p, q, r, ands are coplanar.

See Also

CGAL::coplanarorientation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page162
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CGAL::coplanar orientation

Orientation coplanarorientation( Point3<Kernel> p,
Point 3<Kernel> q,
Point 3<Kernel> r,
Point 3<Kernel> s)

Let P be the plane defined by the pointsp, q, andr. Note
that the order defines the orientation ofP. The function
computes the orientation of pointsp, q, ands in P: Iff
p, q, s are collinear,COLLINEARis returned. IffP and
the plane defined byp, q, andshave the same orientation,
POSITIVEis returned; otherwiseNEGATIVEis returned.
Precondition: p, q, r, ands are coplanar andp, q, andr
are not collinear.

Orientation coplanarorientation( Point3<Kernel> p,
Point 3<Kernel> q,
Point 3<Kernel> r)

If p,q,r are collinear, thenCOLLINEARis returned. If
not, thenp,q,r define a planeP. The return value in
this case is eitherPOSITIVEor NEGATIVE, but we don’t
specify it explicitely. However, we guarantee that all calls
to this predicate over 3 points inP will return a coherent
orientation if considered a 2D orientation inP.

See Also

CGAL::coplanar. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page161
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CGAL::coplanar side of bounded circle

Boundedside coplanarside of boundedcircle( Point 3<Kernel> p,
Point 3<Kernel> q,
Point 3<Kernel> r,
Point 3<Kernel> s)

returns the bounded side of the circle defined byp, q, and
r on whichs lies.
Precondition: p, q, r, ands are coplanar andp, q, andr
are not collinear.

See Also

CGAL::coplanarorientation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page162
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CGAL::cross product

Vector 3<Kernel> crossproduct( Vector3<Kernel> u, Vector3<Kernel> v)

returns the cross product ofu andv.
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CGAL::do intersect

#include<CGAL/intersections.h>

bool do intersect( Type1<Kernel> obj1, Type2<Kernel> obj2)

checks whetherobj1andobj2 intersect. Two objectsobj1
andobj2 intersect if there is a pointp that is part of both
obj1 andobj2. The intersection region of those two ob-
jects is defined as the set of all pointsp that are part of
both obj1 andobj2. Note that for objects like triangles
and polygons that enclose a bounded region, this region
is part of the object.

The typesType1andType2can be any of the following:

• Point 2<Kernel>
• Line 2<Kernel>
• Ray 2<Kernel>
• Segment2<Kernel>
• Triangle 2<Kernel>
• Iso rectangle2<Kernel>

Also, in three-dimensional spaceType1can bePlane 3<Kernel> or Triangle 3<Kernel> andType2any of

• Plane 3<Kernel>
• Line 3<Kernel>
• Ray 3<Kernel>
• Segment3<Kernel>
• Triangle 3<Kernel>

Finally, Type1can be of typeTriangle 3<Kernel> andType2of typeTetrahedron3<Kernel>.

See Also

CGAL::intersection. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page945
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CGAL::do overlap

#include<CGAL/Bbox2.h>

bool do overlap( Bbox2 bb1, Bbox2 bb2)

returnstrue iff bb1 andbb2 overlap, i.e., iff their inter-
section is non-empty.

#include<CGAL/Bbox3.h>

bool do overlap( Bbox3 bb1, Bbox3 bb2)

returnstrue iff bb1 andbb2 overlap, i.e., iff their inter-
section is non-empty.
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CGAL::enum cast

#include<CGAL/functionson enums.h>

template< typename T, typename U>
T enumcast( U u) converts between the various enums provided by the

CGAL kernel. The conversion preserves the order of the
values.

See Also
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CGAL::has larger distance to point

bool haslarger distanceto point( Point 2<Kernel> p,
Point 2<Kernel> q,
Point 2<Kernel> r)

returnstrue iff the distance betweenq andp is larger than
the distance betweenr andp.

bool haslarger distanceto point( Point 3<Kernel> p,
Point 3<Kernel> q,
Point 3<Kernel> r)

returnstrue iff the distance betweenq andp is larger than
the distance betweenr andp.

See Also
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CGAL::has larger signed distance to line

bool haslarger signeddistanceto line( Line 2<Kernel> l,
Point 2<Kernel> p,
Point 2<Kernel> q)

returnstrue iff the signed distance ofp andl is larger than
the signed distance ofq andl.

bool haslarger signeddistanceto line( Point 2<Kernel> p,
Point 2<Kernel> q,
Point 2<Kernel> r,
Point 2<Kernel> s)

returnstrue iff the signed distance ofr andl is larger than
the signed distance ofs andl, wherel is the directed line
through pointsp andq.

See Also
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CGAL::has larger signed distance to plane

bool haslarger signeddistanceto plane( Plane3<Kernel> h,
Point 3<Kernel> p,
Point 3<Kernel> q)

returnstrue iff the signed distance ofp and h is larger
than the signed distance ofq andh.

bool haslarger signeddistanceto plane( Point3<Kernel> p,
Point 3<Kernel> q,
Point 3<Kernel> r,
Point 3<Kernel> s,
Point 3<Kernel> t)

returnstrue iff the signed distance ofs and h is larger
than the signed distance oft andh, whereh is the oriented
plane throughp, q andr.

See Also

CGAL::comparedistanceto point . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page145
CGAL::comparesigneddistanceto line . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page146
CGAL::comparesigneddistanceto plane. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page147
CGAL::has larger distanceto point . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page168
CGAL::has larger signeddistanceto line. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page169
CGAL::hassmaller distanceto point . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page171
CGAL::hassmaller signeddistanceto line . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page172
CGAL::hassmaller signeddistanceto plane. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page173

170



F
un

ct
io

n

CGAL::has smaller distance to point

bool hassmaller distanceto point( Point 2<Kernel> p,
Point 2<Kernel> q,
Point 2<Kernel> r)

returnstrue iff the distance betweenq andp is smaller
than the distance betweenr andp.

bool hassmaller distanceto point( Point 3<Kernel> p,
Point 3<Kernel> q,
Point 3<Kernel> r)

returnstrue iff the distance betweenq andp is smaller
than the distance betweenr andp.

See Also
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CGAL::has smaller signed distance to line

bool hassmaller signeddistanceto line( Line 2<Kernel> l,
Point 2<Kernel> p,
Point 2<Kernel> q)

returnstrue iff the signed distance ofp and l is smaller
than the signed distance ofq andl.

bool hassmaller signeddistanceto line( Point 2<Kernel> p,
Point 2<Kernel> q,
Point 2<Kernel> r,
Point 2<Kernel> s)

returnstrue iff the signed distance ofr and l is smaller
than the signed distance ofsandl, wherel is the oriented
line throughp andq.

See Also
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CGAL::has smaller signed distance to plane

bool hassmaller signeddistanceto plane( Plane3<Kernel> h,
Point 3<Kernel> p,
Point 3<Kernel> q)

returnstrue iff the signed distance ofp andh is smaller
than the signed distance ofq andh.

bool hassmaller signeddistanceto plane( Point3<Kernel> p,
Point 3<Kernel> q,
Point 3<Kernel> r,
Point 3<Kernel> s,
Point 3<Kernel> t)

returnstrue iff the signed distance ofp andh is smaller
than the signed distance ofqandh, whereh is the oriented
plane throughp, q andr.

See Also
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CGAL::intersection

#include<CGAL/intersections.h>

Object intersection( Type1<Kernel> obj1, Type2<Kernel> obj2)

Two objectsobj1 andobj2 intersect if there is a pointp
that is part of bothobj1 andobj2. The intersection re-
gion of those two objects is defined as the set of all points
p that are part of bothobj1 andobj2. Note that for ob-
jects like triangles and polygons that enclose a bounded
region, this region is considered part of the object. If a
segment lies completely inside a triangle, then those two
objects intersect and the intersection region is the com-
plete segment.

The possible value for typesType1andType2and the possible return values wrapped inObjectare the following:

type A type B return type

Line 2 Line 2 Point 2
Line 2

Segment2 Line 2
Point 2
Segment2

Segment2 Segment2
Point 2
Segment2

Ray 2 Line 2
Point 2
Ray 2

Ray 2 Segment2
Point 2
Segment2

Ray 2 Ray 2
Point 2
Segment2
Ray 2

Triangle 2 Line 2
Point 2
Segment2

Triangle 2 Segment2
Point 2
Segment2

Triangle 2 Ray 2
Point 2
Segment2

Triangle 2 Triangle 2

Point 2
Segment2
Triangle 2
std::vector<Point 2>

Iso rectangle2 Line 2
Point 2
Segment2

Iso rectangle2 Segment2
Point 2
Segment2

Iso rectangle2 Ray 2
Point 2
Segment2
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continued
Iso rectangle2 Iso rectangle2 Iso rectangle2

Plane 3 Line 3 Point 3
Line 3

Plane 3 Ray 3
Point 3
Ray 3

Plane 3 Segment3
Point 3
Segment3

Plane 3 Plane 3 Line 3
Plane 3

There is also an intersection function between 3 planes.

Object intersection( Plane3<Kernel> pl1, Plane3<Kernel> pl2, Plane3<Kernel> pl3)

returns the intersection of 3 planes, which can be either a
point, a line, a plane, or empty.

Example

The following example demonstrates the most common use ofintersectionroutines.

#include <CGAL/intersections.h>

void foo(CGAL::Segment_2<Kernel> seg, CGAL::Line_2<Kernel> line)
{

CGAL::Object result;
CGAL::Point_2<Kernel> ipoint;
CGAL::Segment_2<Kernel> iseg;

result = CGAL::intersection(seg, line);
if (CGAL::assign(ipoint, result)) {

// handle the point intersection case.

} else
if (CGAL::assign(iseg, result)) {

// handle the segment intersection case.

} else {

// handle the no intersection case.
}

}
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See Also

CGAL::assign. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page??
CGAL::do intersect. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page943
CGAL::Object. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page120
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CGAL::left turn

bool left turn( Point 2<Kernel> p, Point 2<Kernel> q, Point 2<Kernel> r)

returnstrue iff p, q, andr form a left turn.

See Also

CGAL::collinear. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page142
CGAL::orientation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page494
CGAL::right turn. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page196
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CGAL::lexicographically xyz smaller

bool lexicographicallyxyz smaller( Point3<Kernel> p, Point 3<Kernel> q)

returnstrue iff p is lexicographically smaller thanq with
respect toxyzorder.

See Also

CGAL::comparexyz. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page152
CGAL::lexicographicallyxyz smaller or equal. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page179
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CGAL::lexicographically xyz smaller or equal

bool lexicographicallyxyz smaller or equal( Point3<Kernel> p, Point 3<Kernel> q)

returnstrue iff p is lexicographically not larger thanq
with respect toxyzorder.

See Also

CGAL::comparexyz. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page152
CGAL::lexicographicallyxyz smaller. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page178
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CGAL::lexicographically xy larger

bool lexicographicallyxy larger( Point 2<Kernel> p, Point 2<Kernel> q)

returnstrue iff p is lexicographically larger thanq with
respect toxyorder.

See Also

CGAL::comparexy. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page151
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CGAL::lexicographicallyxy smaller. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page182
CGAL::lexicographicallyxy smaller or equal. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page183
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CGAL::lexicographically xy larger or equal

bool lexicographicallyxy larger or equal( Point2<Kernel> p, Point 2<Kernel> q)

returnstrue iff p is lexicographically not smaller thanq
with respect toxyorder.

See Also

CGAL::comparexy. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page151
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CGAL::lexicographically xy smaller

bool lexicographicallyxy smaller( Point2<Kernel> p, Point 2<Kernel> q)

returnstrue iff p is lexicographically smaller thanq with
respect toxyorder.

See Also

CGAL::comparexy. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page151
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CGAL::lexicographically xy smaller or equal

bool lexicographicallyxy smaller or equal( Point2<Kernel> p, Point 2<Kernel> q)

returnstrue iff p is lexicographically not larger thanq
with respect toxyorder.

See Also

CGAL::comparexy. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page151
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CGAL::max vertex

Point 2<Kernel> max vertex( Isobox 2<Kernel> ir)

computes the vertex with the lexicographically largest co-
ordinates of the iso rectangleir .

Point 3<Kernel> max vertex( Isocuboid 3<Kernel> ic)

computes the vertex with the lexicographically largest co-
ordinates of the iso cuboidic.
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CGAL::midpoint

Point 2<Kernel> midpoint( Point2<Kernel> p, Point 2<Kernel> q)

computes the midpoint of the segmentpq.

Point 3<Kernel> midpoint( Point3<Kernel> p, Point 3<Kernel> q)

computes the midpoint of the segmentpq.
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CGAL::min vertex

Point 2<Kernel> min vertex( Isobox 2<Kernel> ir)

computes the vertex with the lexicographically smallest
coordinates of the iso rectangleir .

Point 3<Kernel> min vertex( Isocuboid 3<Kernel> ic)

computes the vertex with the lexicographically smallest
coordinates of the iso cuboidic.
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CGAL::operator+

Point 2<Kernel> operator+( Point 2<Kernel> p, Vector2<Kernel> v)

returns the point obtained by translatingp by vectorv.

Point 3<Kernel> operator+( Point 3<Kernel> p, Vector3<Kernel> v)

returns a point obtained by translatingp by vectorv.

See Also

CGAL::operator-. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page188
CGAL::operator*. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page189
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CGAL::operator-

Vector 2<Kernel> operator-( Point2<Kernel> p, Point 2<Kernel> q)

returns the difference vector betweenq andp. You can
substituteORIGIN for eitherp or q ,but not for both.

Point 2<Kernel> operator-( Point2<Kernel> p, Vector2<Kernel> v)

returns the point obtained by translatingp by the vector
-v.

Vector 3<Kernel> operator-( Point3<Kernel> p, Point 3<Kernel> q)

returns the difference vector betweenq andp. You can
substituteORIGIN for eitherp or q, but not both.

Point 3<Kernel> operator-( Point3<Kernel> p, Vector3<Kernel> v)

returns a point obtained by translatingp by the vector−v.

See Also

CGAL::operator+. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page187
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CGAL::operator*

Vector 2<Kernel> operator*( Kernel::RT s, Vector2<Kernel> w)

Multiplication with a scalar from the left.

Vector 3<Kernel> operator*( Kernel::RT s, Vector3<Kernel> w)

Multiplication with a scalar from the left.

See Also

CGAL::operator+. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page187
CGAL::operator-. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page188
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CGAL::opposite

#include<CGAL/functionson enums.h>

Orientedside opposite( Orientedside o)

returns the opposite side (for exampleON POSITIVE
SIDE if o==ON NEGATIVESIDE), or ON
ORIENTEDBOUNDARY if o==ON ORIENTED
BOUNDARY.

Boundedside opposite( Boundedside o)

returns the opposite side (for exampleBOUNDED
SIDE if o==UNBOUNDED SIDE), or returns ON
BOUNDARYif o==ON BOUNDARY.

190



F
un

ct
io

n

CGAL::orthogonal vector

Vector 3<Kernel> orthogonalvector( Plane3<Kernel> p)

computes an orthogonal vector of the planep, which is
directed to the positive side of this plane.

Vector 3<Kernel> orthogonalvector( Point3<Kernel> p, Point 3<Kernel> q, Point 3<Kernel> r)

computes an orthogonal vector of the plane defined byp,
q andr, which is directed to the positive side of this plane.
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CGAL::orientation

Orientation orientation( Point2<Kernel> p, Point 2<Kernel> q, Point 2<Kernel> r)

returnsLEFT TURN, if r lies to the left of the oriented
line l defined byp andq, returnsRIGHT TURN if r lies
to the right ofl , and returnsCOLLINEARif r lies onl .

Orientation orientation( Point3<Kernel> p,
Point 3<Kernel> q,
Point 3<Kernel> r,
Point 3<Kernel> s)

returnsPOSITIVE, if s lies on the positive side of the ori-
ented planeh defined byp, q, andr, returnsNEGATIVE
if s lies on the negative side ofh, and returnsCOPLANAR
if s lies onh.

See Also

CGAL::collinear. . . . . . . . . page142CGAL::left turn . . . . . . . . . page177CGAL::right turn . . . . . . . . . page196
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CGAL::parallel

bool parallel( Line2<Kernel> l1, Line 2<Kernel> l2)

returnstrue, if l1 andl2 are parallel or if one of those (or
both) is degenerate.

bool parallel( Ray2<Kernel> r1, Ray 2<Kernel> r2)

returnstrue, if r1 andr2 are parallel or if one of those (or
both) is degenerate.

bool parallel( Segment2<Kernel> s1, Segment2<Kernel> s2)

returnstrue, if s1ands2are parallel or if one of those (or
both) is degenerate.

bool parallel( Line3<Kernel> l1, Line 3<Kernel> l2)

returnstrue, if l1 andl2 are parallel or if one of those (or
both) is degenerate.

bool parallel( Plane3<Kernel> h1, Plane3<Kernel> h2)

returnstrue, if h1andh2are parallel or if one of those (or
both) is degenerate.

bool parallel( Ray3<Kernel> r1, Ray 3<Kernel> r2)

returnstrue, if r1 andr2 are parallel or if one of those (or
both) is degenerate.

bool parallel( Segment3<Kernel> s1, Segment3<Kernel> s2)

returnstrue, if s1ands2are parallel or if one of those (or
both) is degenerate.
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CGAL::quotient cartesian to homogeneous

#include<CGAL/cartesianhomogeneousconversion.h>

Point 2< Homogeneous<RT> >

quotientcartesianto homogeneous( Point2< Cartesian< Quotient<RT> > > cp)

converts 2d pointcp with Cartesian representation with
number typeQuotient<RT> into a 2d point with homoge-
neous representation with number typeRT.

Point 3< Homogeneous<RT> >

quotientcartesianto homogeneous( Point3< Cartesian< Quotient<RT> > > cp)

converts 3d pointcp with Cartesian representation with
number typeQuotient<RT> into a 3d point with homoge-
neous representation with number typeRT.

See Also

CGAL::Cartesian<FieldNumberType> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page41
CGAL::Cartesianconverter<K1, K2, NTConverter> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page42
CGAL::cartesianto homogeneous. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page43
CGAL::Homogeneous<RingNumberType> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page48
CGAL::Homogeneousconverter<K1, K2, RTConverter, FTConverter> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page49
CGAL::homogeneousto cartesian. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page50
CGAL::homogeneousto quotientcartesian. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page51
CGAL::Simplecartesian<FieldNumberType> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page55
CGAL::Simplehomogeneous<RingNumberType> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page56
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CGAL::rational rotation approximation

#include<CGAL/rational rotation.h>

template<RingNumberType>
void rational rotation approximation( RingNumberType dirx,

RingNumberType diry,
RingNumberType& sin num,
RingNumberType& cos num,
RingNumberType& denom,
RingNumberType epsnum,
RingNumberType epsden)

computes integerssin num, cos num and denom, such
that sin num/denomapproximates the sine of direction
(dirx,diry). The difference between the sine and the ap-
proximating rational is bounded byepsnum/epsden.
Precondition: epsnum 6= 0.

Implementation

The approximation is based on Farey sequences as described in the rational rotation method presented by Canny
and Ressler at the 8th SoCG 1992. We use a slower version which needs no division operation in the approxi-
mation.

See Also

CGAL::Aff transformation2<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page60
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CGAL::right turn

bool right turn( Point 2<Kernel> p, Point 2<Kernel> q, Point 2<Kernel> r)

returnstrue iff p, q, andr form a right turn.

See Also

CGAL::collinear. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page142
CGAL::left turn . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page177
CGAL::orientation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page494
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CGAL::side of bounded circle

Boundedside sideof boundedcircle( Point 2<Kernel> p,
Point 2<Kernel> q,
Point 2<Kernel> r,
Point 2<Kernel> t)

returns the relative position of pointt to the circle defined
by p, q andr. The order of the pointsp, q andr does not
matter.
Precondition: p, qandr are not collinear.

Boundedside sideof boundedcircle( Point 2<Kernel> p,
Point 2<Kernel> q,
Point 2<Kernel> t)

returns the position of the pointt relative to the circle that
haspqas its diameter.

See Also

CGAL::coplanarside of boundedcircle . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page163
CGAL::sideof orientedcircle . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page199
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CGAL::side of bounded sphere

Boundedside sideof boundedsphere( Point3<Kernel> p,
Point 3<Kernel> q,
Point 3<Kernel> r,
Point 3<Kernel> s,
Point 3<Kernel> t)

returns the relative position of pointt to the sphere de-
fined byp, q, r, ands. The order of the pointsp, q, r, and
s does not matter.
Precondition: p, q, r ands are not coplanar.

Boundedside sideof boundedsphere( Point3<Kernel> p,
Point 3<Kernel> q,
Point 3<Kernel> r,
Point 3<Kernel> t)

returns the position of the pointt relative to the sphere
passing throughp, q, and r and whose center is in the
plane defined by these three points.

Boundedside sideof boundedsphere( Point3<Kernel> p,
Point 3<Kernel> q,
Point 3<Kernel> t)

returns the position of the pointt relative to the sphere
that haspqas its diameter.

See Also

CGAL::sideof orientedsphere. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page497
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CGAL::side of oriented circle

Orientedside sideof orientedcircle( Point 2<Kernel> p,
Point 2<Kernel> q,
Point 2<Kernel> r,
Point 2<Kernel> test)

returns the relative position of pointtest to the oriented
circle defined byp, q andr. The order of the pointsp, q
andr is important, since it determines the orientation of
the implicitly constructed circle.
Precondition: p, qandr are not collinear.

See Also

CGAL::sideof boundedcircle. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page197
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CGAL::side of oriented sphere

Orientedside sideof orientedsphere( Point3<Kernel> p,
Point 3<Kernel> q,
Point 3<Kernel> r,
Point 3<Kernel> s,
Point 3<Kernel> test)

returns the relative position of pointtest to the oriented
sphere defined byp, q, r ands. The order of the pointsp,
q, r, ands is important, since it determines the orientation
of the implicitly constructed sphere. If the pointsp, q, r
ands are positive oriented, positive side is the bounded
interior of the sphere.
Precondition: p, q, r ands are not coplanar.

See Also

CGAL::sideof boundedsphere. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page496
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CGAL::squared distance

#include<CGAL/squareddistance2.h>
#include<CGAL/squareddistance3.h>

Kernel::FT squareddistance( Type1<Kernel> obj1, Type2<Kernel> obj2)

computes the square of the Euclidean distance between
two geometric objects. For arbitrary geometric objects
obj1andobj2 the squared distance is defined as the mini-
malsquareddistance(p1, p2), wherep1 is a point ofobj1
andp2 is a point ofobj2. Note that for objects that have
an inside (a bounded region), this inside is part of the ob-
ject. So, the squared distance from a point inside is zero,
not the squared distance to the closest point on the bound-
ary.

In 2D, the typesType1andType2can be any of the following:

• Point 2
• Line 2
• Ray 2
• Segment2
• Triangle 2

In 3D, the typesType1andType2can be any of the following:

• Point 3
• Line 3
• Ray 3
• Segment3
• Plane 3

See Also

CGAL::comparedistanceto point . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page145
CGAL::comparesigneddistanceto line . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page146
CGAL::comparesigneddistanceto plane. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page147
CGAL::has larger distanceto point . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page168
CGAL::has larger signeddistanceto line. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page169
CGAL::has larger signeddistanceto plane. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page170
CGAL::hassmaller distanceto point . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page171
CGAL::hassmaller signeddistanceto line . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page172
CGAL::hassmaller signeddistanceto plane. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page173
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CGAL::squared radius

FT squaredradius( Point2<Kernel> p, Point 2<Kernel> q, Point 2<Kernel> r)

compute the squared radius of the circle passing through
the pointsp, q, andr.
Precondition: p, q, andr are not collinear.

FT squaredradius( Point2<Kernel> p, Point 2<Kernel> q)

compute the squared radius of the smallest circle passing
throughp, andq, i.e. one fourth of the squared distance
betweenp andq.

FT squaredradius( Point3<Kernel> p,
Point 3<Kernel> q,
Point 3<Kernel> r,
Point 3<Kernel> s)

compute the squared radius of the sphere passing through
the pointsp, q, r ands.
Precondition: p, q, r ands are not coplanar.

FT squaredradius( Point3<Kernel> p, Point 3<Kernel> q, Point 3<Kernel> r)

compute the squared radius of the sphere passing through
the pointsp, q, and r and whose center is in the same
plane as those three points.

FT squaredradius( Point3<Kernel> p, Point 3<Kernel> q)

compute the squared radius of the smallest circle passing
throughp, andq, i.e. one fourth of the squared distance
betweenp andq.

See Also

CGAL::Circle 2<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page65
CGAL::Sphere3<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page109
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CGAL::volume

Kernel::FT volume( Point3<Kernel> p0,
Point 3<Kernel> p1,
Point 3<Kernel> p2,
Point 3<Kernel> p3)

Computes the signed volume of the tetrahedron defined
by the four pointsp0, p1, p2andp3.

See Also

CGAL::Tetrahedron3<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page112
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CGAL::x equal

bool x equal( Point2<Kernel> p, Point 2<Kernel> q)

returnstrue, iff p andq have the samex-coordinate.

bool x equal( Point3<Kernel> p, Point 3<Kernel> q)

returnstrue, iff p andq have the samex-coordinate.

See Also

CGAL::comparex . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page149
CGAL::y equal. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page205
CGAL::z equal. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page206
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CGAL::y equal

bool y equal( Point2<Kernel> p, Point 2<Kernel> q)

returnstrue, iff p andq have the samey-coordinate.

bool y equal( Point3<Kernel> p, Point 3<Kernel> q)

returnstrue, iff p andq have the samey-coordinate.

See Also

CGAL::comparey . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page155
CGAL::x equal. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page204
CGAL::z equal. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page206
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CGAL::z equal

bool z equal( Point3<Kernel> p, Point 3<Kernel> q)

returnstrue, iff p andq have the samez-coordinate.

See Also

CGAL::comparez . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page160
CGAL::x equal. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page204
CGAL::y equal. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page205
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Kernel::Angle 2

A model for this must provide:

Angle fo.operator()( Kernel::Point2 p, Kernel::Point2 q, Kernel::Point2 r)

returnsOBTUSE, RIGHT or ACUTE depending on the
angle formed by the three pointsp, q, r (qbeing the vertex
of the angle).

Refines

AdaptableFunctor (with three arguments)

See Also

CGAL::angle. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page135
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Kernel::Angle 3

A model for this must provide:

Angle fo.operator()( Kernel::Point3 p, Kernel::Point3 q, Kernel::Point3 r)

returnsOBTUSE, RIGHT or ACUTE depending on the
angle formed by the three pointsp, q, r (qbeing the vertex
of the angle).

Refines

AdaptableFunctor (with three arguments)

See Also

CGAL::angle. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page135
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Kernel::AreOrderedAlongLine 2

A model for this must provide:

bool fo.operator()( Kernel::Point2 p, Kernel::Point2 q, Kernel::Point2 r)

returnstrue, iff the three points are collinear andq lies
betweenp andr. Note thattrue is returned, ifq==p or
q==r .

Refines

AdaptableFunctor (with three arguments)

See Also

CGAL::are orderedalong line . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page136
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Kernel::AreOrderedAlongLine 3

A model for this must provide:

bool fo.operator()( Kernel::Point3 p, Kernel::Point3 q, Kernel::Point3 r)

returnstrue, iff the three points are collinear andq lies
betweenp andr. Note thattrue is returned, ifq==p or
q==r .

Refines

AdaptableFunctor (with three arguments)

See Also

CGAL::are orderedalong line . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page136

211



C
on

ce
pt

F
un

ct
or

Kernel::AreParallel 2

A model for this must provide:

bool fo.operator()( Kernel::Line2 l1, Kernel::Line 2 l2)

returnstrue, if l1 andl2 are parallel or if one of those (or
both) is degenerate.

bool fo.operator()( Kernel::Ray2 r1, Kernel::Ray2 r2)

returnstrue, if r1 andr2 are parallel or if one of those (or
both) is degenerate.

bool fo.operator()( Kernel::Segment2 s1, Kernel::Segment2 s2)

returnstrue, if s1ands2are parallel or if one of those (or
both) is degenerate.

Refines

AdaptableFunctor (with two arguments)

See Also

CGAL::parallel. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page193
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Kernel::AreParallel 3

A model for this must provide:

bool fo.operator()( Kernel::Line3 l1, Kernel::Line 3 l2)

returnstrue, if l1 andl2 are parallel or if one of those (or
both) is degenerate.

bool fo.operator()( Kernel::Plane3 h1, Kernel::Plane3 h2)

returnstrue, if h1andh2are parallel or if one of those (or
both) is degenerate.

bool fo.operator()( Kernel::Ray3 r1, Kernel::Ray3 r2)

returnstrue, if r1 andr2 are parallel or if one of those (or
both) is degenerate.

bool fo.operator()( Kernel::Segment3 s1, Kernel::Segment3 s2)

returnstrue, if s1ands2are parallel or if one of those (or
both) is degenerate.

Refines

AdaptableFunctor (with two arguments)

See Also

CGAL::parallel. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page193
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Kernel::AreStrictlyOrderedAlongLine 2

A model for this must provide:

bool fo.operator()( Kernel::Point2 p, Kernel::Point2 q, Kernel::Point2 r)

returnstrue, iff the three points are collinear andq lies
strictly betweenp and r. Note thatfalse is returned, if
q==p or q==r .

Refines

AdaptableFunctor (with three arguments)

See Also

CGAL::are strictly orderedalong line . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page137
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Kernel::AreStrictlyOrderedAlongLine 3

A model for this must provide:

bool fo.operator()( Kernel::Point3 p, Kernel::Point3 q, Kernel::Point3 r)

returnstrue, iff the three points are collinear andq lies
strictly betweenp and r. Note thatfalse is returned, if
q==p or q==r .

Refines

AdaptableFunctor (with three arguments)

See Also

CGAL::are strictly orderedalong line . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page137
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Kernel::Assign 2

A model for this must provide:

template<class T>
bool fo.operator()( T& t, Kernel::Object2 o)

assignso to t if o was constructed from an object of type
T. Returnstrue, if the assignment was possible.

Refines

AdaptableFunctor (with two arguments)

See Also

CGAL::assign. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page??
CGAL::Object. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page120
Kernel::Object2. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page401
Kernel::Intersect2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page375
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Kernel::Assign 3

A model for this must provide:

template<class T>
bool fo.operator()( T& t, Kernel::Object3 o)

assignso to t if o was constructed from an object of type
T. Returnstrue, if the assignment was possible.

Refines

AdaptableFunctor (with two arguments)

See Also

CGAL::assign. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page??
CGAL::Object. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page120
Kernel::Object3. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page402
Kernel::Intersect3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page376
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Kernel::BoundedSide 2

A model for this must provide:

Boundedside fo.operator()( Kernel::Circle2 c, Kernel::Point2 p)

returns either ON UNBOUNDEDSIDE, ON
BOUNDED SIDE, or the constantON BOUNDARY,
depending on where pointp is relative to circlec.

Boundedside fo.operator()( Kernel::Triangle2 t, Kernel::Point 2 p)

returns either ON UNBOUNDEDSIDE, ON
BOUNDED SIDE, or the constantON BOUNDARY,
depending on where pointp is relative to trianglet.

Boundedside fo.operator()( Kernel::Isorectangle2 r, Kernel::Point 2 p)

returns either ON UNBOUNDEDSIDE, ON
BOUNDED SIDE, or the constantON BOUNDARY,
depending on where pointp is relative to rectangler.

Refines

AdaptableFunctor (with two arguments)

See Also

CGAL::Circle 2<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page65
CGAL::Triangle 2<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page83
CGAL::Iso rectangle2<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page69
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Kernel::BoundedSide 3

A model for this must provide:

Boundedside fo.operator()( Kernel::Sphere3 s, Kernel::Point3 p)

returns either ON UNBOUNDEDSIDE, ON
BOUNDED SIDE, or the constantON BOUNDARY,
depending on where pointp is with respect to spheres.

Boundedside fo.operator()( Kernel::Tetrahedron3 t, Kernel::Point 3 p)

returns either ON UNBOUNDEDSIDE, ON
BOUNDED SIDE, or the constantON BOUNDARY,
depending on where pointp is with respect to tetrahedron
t.

Boundedside fo.operator()( Kernel::Isocuboid 3 c, Kernel::Point3 p)

returns either ON UNBOUNDEDSIDE, ON
BOUNDED SIDE, or the constantON BOUNDARY,
depending on where pointp is with respect to iso-cuboid
c.

Refines

AdaptableFunctor (with two arguments)

See Also

CGAL::Iso cuboid 3<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page94
CGAL::Sphere3<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page109
CGAL::Tetrahedron3<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page112
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Kernel::Circle 2

A type representing circles in two dimensions.

Refines

CopyConstructible, Assignable, DefaultConstructible

See Also

CGAL::Circle 2<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page65
Kernel::BoundedSide2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page218
Kernel::ComputeSquaredRadius2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page256
Kernel::ConstructCenter2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page273
Kernel::ConstructCircle2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page277
Kernel::ConstructOppositeCircle2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page297
Kernel::Equal2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page361
Kernel::HasOnBoundary2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page363
Kernel::HasOnBoundedSide2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page365
Kernel::HasOnNegativeSide2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page367
Kernel::HasOnPositiveSide2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page369
Kernel::HasOnUnboundedSide2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page371
Kernel::IsDegenerate2. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page377
Kernel::OrientedSide2. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page405

220



C
on

ce
pt

F
un

ct
or

Kernel::CollinearAreOrderedAlongLine 2

A model for this must provide:

bool fo.operator()( Kernel::Point2 p, Kernel::Point2 q, Kernel::Point2 r)

returnstrue, iff q lies betweenp andr.
Precondition: p, qandr are collinear.

Refines

AdaptableFunctor (with three arguments)

See Also

CGAL::collinear are orderedalong line . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page143
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Kernel::CollinearAreOrderedAlongLine 3

A model for this must provide:

bool fo.operator()( Kernel::Point3 p, Kernel::Point3 q, Kernel::Point3 r)

returnstrue, iff q lies betweenp andr.
Precondition: p, qandr are collinear.

Refines

AdaptableFunctor (with three arguments)

See Also

CGAL::collinear are orderedalong line . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page143
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Kernel::CollinearAreStrictlyOrderedAlongLine 2

A model for this must provide:

bool fo.operator()( Kernel::Point2 p, Kernel::Point2 q, Kernel::Point2 r)

returnstrue, iff q lies strictly betweenp andr.
Precondition: p, qandr are collinear.

Refines

AdaptableFunctor (with three arguments)

See Also

CGAL::collinear are strictly orderedalong line . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page144

223



C
on

ce
pt

F
un

ct
or

Kernel::CollinearAreStrictlyOrderedAlongLine 3

A model for this must provide:

bool fo.operator()( Kernel::Point3 p, Kernel::Point3 q, Kernel::Point3 r)

returnstrue, iff q lies strictly betweenp andr.
Precondition: p, qandr are collinear.

Refines

AdaptableFunctor (with three arguments)

See Also

CGAL::collinear are strictly orderedalong line . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page144
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Kernel::CollinearHasOn 2

A model for this must provide:

bool fo.operator()( Kernel::Ray2 r, Kernel::Point 2 p)

checks if pointp is onr.
Precondition: p is on the supporting line ofr.

bool fo.operator()( Kernel::Segment2 s, Kernel::Point2 p)

checks if pointp is ons.
Precondition: p is on the supporting line ofs.

Refines

AdaptableFunctor (with two arguments)

See Also

CGAL::Ray2<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page79
CGAL::Segment2<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page81
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Kernel::Collinear 2

A model for this must provide:

bool fo.operator()( Kernel::Point2 p, Kernel::Point2 q, Kernel::Point2 r)

returnstrue, if p, q, andr are collinear.

Refines

AdaptableFunctor (with three arguments)

See Also

CGAL::collinear. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page142
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Kernel::Collinear 3

A model for this must provide:

bool fo.operator()( Kernel::Point3 p, Kernel::Point3 q, Kernel::Point3 r)

returnstrue, if p, q, andr are collinear.

Refines

AdaptableFunctor (with three arguments)

See Also

CGAL::collinear. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page142
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Kernel::CompareAngleWithXAxis 2

A model for this must provide:

Comparisonresult fo.operator()( Kernel::Direction2 d, Kernel::Direction2 e)

compares the angles between the positivex-axis and the
directions in counterclockwise order.

Refines

AdaptableFunctor (with two arguments)
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Kernel::CompareDistance 2

A model for this must provide:

Comparisonresult fo.operator()( Kernel::Point2 p, Kernel::Point2 q, Kernel::Point2 r)

compares the distances of pointsq andr to pointp

Refines

AdaptableFunctor (with three arguments)

See Also

CGAL::comparedistanceto point . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page145
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Kernel::CompareDistance 3

A model for this must provide:

Comparisonresult fo.operator()( Kernel::Point3 p, Kernel::Point3 q, Kernel::Point3 r)

compares the distances of pointsq andr to pointp

Refines

AdaptableFunctor (with three arguments)

See Also

CGAL::comparedistanceto point . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page145
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Kernel::CompareSlope 2

A model for this must provide:

Comparisonresult fo.operator()( Kernel::Line2 l1, Kernel::Line 2 l2)

compares the slopes of the linesl1 andl2

Comparisonresult fo.operator()( Kernel::Segment2 s1, Kernel::Segment2 s2)

compares the slopes of the segmentss1ands2

Refines

AdaptableFunctor (with two arguments)

See Also

CGAL::compareslopes. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page148
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Kernel::CompareXAtY 2

A model for this must provide:

Comparisonresult fo.operator()( Kernel::Point2 p, Kernel::Line2 h)

compares thex-coordinates ofp and the horizontal pro-
jection ofp onh (Figure2.5(a)).

(a) (b) (c) (d)

h

p

h1

p

h2

l1

l2

p

h

l1

l2

p

h2

h1

Figure 2.5: Comparison of thex-coordinates of the (implicitly given) points in the boxes, at ay-coordinate. The
y-coordinate is either given explicitly (disc) or implicitly (circle).

Comparisonresult fo.operator()( Kernel::Point2 p, Kernel::Line2 h1, Kernel::Line2 h2)

compares thex-coordinates of the horizontal projection
of p onh1and onh2 (Figure2.5(b)).

Comparisonresult fo.operator()( Kernel::Line2 l1, Kernel::Line 2 l2, Kernel::Line 2 h)

Let p be the intersection of linesl1 andl2. This func-
tion compares thex-coordinates ofp and the horizontal
projection ofp onh (Figure2.5(c)).

Comparisonresult fo.operator()( Kernel::Line2 l1,
Kernel::Line 2 l2,
Kernel::Line 2 h1,
Kernel::Line 2 h2)

Let p be the intersection of linesl1 andl2. This function
compares thex-coordinates of the horizontal projection
of p onh1and onh2 (Figure2.5(d)).

Refines

AdaptableFunctor (with three arguments)
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See Also

CGAL::comparex at y . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page153
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Kernel::CompareXYZ 3

A model for this must provide:

Comparisonresult fo.operator()( Kernel::Point3 p, Kernel::Point3 q)

Compares the Cartesian coordinates of pointsp andq lex-
icographically inxy order: firstx-coordinates are com-
pared, if they are equal,y-coordinates are compared. If
they are equal,z-coordinates are compared.

Refines

AdaptableFunctor (with two arguments)

See Also

CGAL::comparexyz. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page152
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Kernel::CompareXY 2

A model for this must provide:

Comparisonresult fo.operator()( Kernel::Point2 p, Kernel::Point2 q)

Compares the Cartesian coordinates of pointsp andq lex-
icographically inxy order: firstx-coordinates are com-
pared, if they are equal,y-coordinates are compared.

Refines

AdaptableFunctor (with two arguments)

See Also

CGAL::comparexy. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page151
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Kernel::CompareXY 3

A model for this must provide:

Comparisonresult fo.operator()( Kernel::Point3 p, Kernel::Point3 q)

Compares the Cartesian coordinates of pointsp andq lex-
icographically inxy order: firstx-coordinates are com-
pared, if they are equal,y-coordinates are compared.

Refines

AdaptableFunctor (with two arguments)

See Also

CGAL::comparexy. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page151
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Kernel::CompareX 2

A model for this must provide:

Comparisonresult fo.operator()( Kernel::Point2 p, Kernel::Point2 q)

compares the Cartesianx-coordinates of pointsp andq

l1

l2

p

l

h1
h2 l1

l2

h1

h2

(a) (b) (c)

Figure 2.6: Comparison of thex or y-coordinates of the (implicitly given) points in the boxes.

Comparisonresult fo.operator()( Kernel::Point2 p, Kernel::Line2 l1, Kernel::Line 2 l2)

compares thex-coordinates ofp and the intersection of
lines l1 andl2 (Figure2.6(a)).

Comparisonresult fo.operator()( Kernel::Line2 l, Kernel::Line 2 h1, Kernel::Line2 h2)

compares thex-coordinates of the intersection of linel
with line h1 and with lineh2 (Figure2.6(b)).

Comparisonresult fo.operator()( Kernel::Line2 l1,
Kernel::Line 2 l2,
Kernel::Line 2 h1,
Kernel::Line 2 h2)

compares thex-coordinates of the intersection of linesl1
andl2 and the intersection of linesh1 andh2 (Figure2.6
(c)).

Refines

AdaptableFunctor (with two arguments)

See Also

CGAL::comparex . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page149
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Kernel::CompareX 3

A model for this must provide:

Comparisonresult fo.operator()( Kernel::Point3 p, Kernel::Point3 q)

Compares the Cartesianx-coordinates of pointsp andq

Refines

AdaptableFunctor (with two arguments)

See Also

CGAL::comparex . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page149
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Kernel::CompareYAtX 2

A model for this must provide:

Comparisonresult fo.operator()( Kernel::Point2 p, Kernel::Line2 h)

compares they-coordinates ofp and the vertical projec-
tion of p onh (Figure2.7(d)).
Precondition: h is not vertical.

l1

l2

h1

h2

h

p

p

h1

h2

l1

l2

h

(d) (e) (f) (g)

Figure 2.7: Comparison of they-coordinates of the (implicitly given) points in the boxes, at anx-coordinate.
Thex-coordinate is either given explicitly (disc) or implicitly (circle).

Comparisonresult fo.operator()( Kernel::Point2 p, Kernel::Line2 h1, Kernel::Line2 h2)

This function compares they-coordinates of the vertical
projection ofp onh1and onh2 (Figure2.4(e)).
Precondition: h1andh2are not vertical.

Comparisonresult fo.operator()( Kernel::Line2 l1, Kernel::Line 2 l2, Kernel::Line 2 h)

Let p be the intersection of linesl1 andl2. This function
compares they-coordinates ofp and the vertical projec-
tion of p onh (Figure2.4(f)).
Precondition: l1, l2 intersect andh is not vertical.

Comparisonresult fo.operator()( Kernel::Line2 l1,
Kernel::Line 2 l2,
Kernel::Line 2 h1,
Kernel::Line 2 h2)

Let p be the intersection of linesl1 andl2. This function
compares they-coordinates of the vertical projection ofp
onh1and onh2 (Figure2.4(g)).
Precondition: l1 andl2 intersect;h1andh2are not verti-
cal.
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Comparisonresult fo.operator()( Kernel::Point2 p, Kernel::Segment2 s)

compares they-coordinates ofp and the vertical projec-
tion of p on s. If s is vertical, then returnEQUALwhen
p lies ons, SMALLERwhenp lies under s, andLARGER
otherwise.
Precondition: p is within the x range ofs.

Comparisonresult fo.operator()( Kernel::Point2 p, Kernel::Segment2 s1, Kernel::Segment2 s2)

This function compares they-coordinates of the vertical
projection ofp on s1 and ons2. If s1 or s2 is verti-
cal, then returnEQUAL if they intersect, otherwise re-
turn SMALLERif s1 lies belows2, and returnLARGER
otherwise.
Precondition: p is within the x range ofs1ands2.

Refines

AdaptableFunctor (with three arguments)

See Also

CGAL::comparey at x . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page157

240



C
on

ce
pt

F
un

ct
or

Kernel::CompareY 2

A model for this must provide:

Comparisonresult fo.operator()( Kernel::Point2 p, Kernel::Point2 q)

Compares the Cartesiany-coordinates of pointsp andq

l1

l2

p

l

h1
h2 l1

l2

h1

h2

(a) (b) (c)

Figure 2.8: Comparison of thex or y-coordinates of the (implicitly given) points in the boxes.

Comparisonresult fo.operator()( Kernel::Point2 p, Kernel::Line2 l1, Kernel::Line 2 l2)

compares they-coordinates ofp and the intersection of
lines l1 andl2 (Figure2.8(a)).

Comparisonresult fo.operator()( Kernel::Line2 l, Kernel::Line 2 h1, Kernel::Line2 h2)

compares they-coordinates of the intersection of linel
with line h1 and with lineh2 (Figure2.8(b)).

Comparisonresult fo.operator()( Kernel::Line2 l1,
Kernel::Line 2 l2,
Kernel::Line 2 h1,
Kernel::Line 2 h2)

compares they-coordinates of the intersection of linesl1
andl2 and the intersection of linesh1 andh2 (Figure2.8
(c)).

Refines

AdaptableFunctor (with two arguments)

See Also

CGAL::comparey . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page155
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Kernel::CompareY 3

A model for this must provide:

Comparisonresult fo.operator()( Kernel::Point3 p, Kernel::Point3 q)

Compares the Cartesiany-coordinates of pointsp andq

Refines

AdaptableFunctor (with two arguments)

See Also

CGAL::comparey . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page155
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Kernel::CompareZ 3

A model for this must provide:

Comparisonresult fo.operator()( Kernel::Point3 p, Kernel::Point3 q)

Compares the Cartesianz-coordinates of pointsp andq

Refines

AdaptableFunctor (with two arguments)

See Also

CGAL::comparez . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page160
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Kernel::ComputeA 2

A model for this must provide:

Kernel::FT fo.operator()( Kernel::Line2 l)

returns the coefficienta of the line with equationax +by
+ c = 0.

Refines

AdaptableFunctor
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Kernel::ComputeB 2

A model for this must provide:

Kernel::FT fo.operator()( Kernel::Line2 l)

returns the coefficientb of the line with equationax +by
+ c = 0.

Refines

AdaptableFunctor
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Kernel::ComputeC 2

A model for this must provide:

Kernel::FT fo.operator()( Kernel::Line2 l)

returns the coefficientc of the line with equationax +by
+ c = 0.

Refines

AdaptableFunctor
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Kernel::ComputeArea 2

A model for this must provide:

Kernel::FT fo.operator()( Kernel::Point2 p, Kernel::Point2 q, Kernel::Point2 r)

returns the signed area of the triangle defined by the
pointsp, q andr.

Kernel::FT fo.operator()( Kernel::Isorectangle2 r)

returns the area ofr.

Kernel::FT fo.operator()( Kernel::Triangle2 t)

returns the signed area oft.

Refines

AdaptableFunctor (with one argument)

See Also

CGAL::Iso rectangle2<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page69
CGAL::Triangle 2<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page83
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Kernel::ComputeArea 3

A model for this must provide:

Kernel::FT fo.operator()( Kernel::Triangle3 t)

returns the area oft.

Kernel::FT fo.operator()( Kernel::Point3 p, Kernel::Point3 q, Kernel::Point3 r)

returns the area of the trianglep, q, r.

Refines

AdaptableFunctor (with one argument)

See Also

CGAL::Triangle 3<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page114

248



C
on

ce
pt

F
un

ct
or

Kernel::ComputeScalarProduct 2

A model for this must provide:

Kernel::FT fo.operator()( Kernel::Vector2 v, Kernel::Vector2 w)

returns the scalar (inner) product of the two vectorsv and
w.

Refines

AdaptableFunctor (with two arguments)

See Also

CGAL::Vector2<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page85
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Kernel::ComputeScalarProduct 3

A model for this must provide:

Kernel::FT fo.operator()( Kernel::Vector3 v, Kernel::Vector3 w)

returns the scalar (inner) product of the two vectorsv and
w.

Refines

AdaptableFunctor (with two arguments)

See Also

CGAL::Vector3<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page116
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Kernel::ComputeSquaredArea 3

A model for this must provide:

Kernel::FT fo.operator()( Kernel::Triangle3 t)

returns the square of the area oft.

Kernel::FT fo.operator()( Kernel::Point3 p, Kernel::Point3 q, Kernel::Point3 r)

returns the square of the area of the trianglep, q, r.

Refines

AdaptableFunctor (with one argument)

See Also

CGAL::Triangle 3<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page114
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Kernel::ComputeSquaredDistance2

A model for this must provide:

Kernel::FT fo.operator()( Type1 obj1, Type2 obj2)

returns the squared distance between two geometrical ob-
jects of typeType1andType2

for all pairsType1andType2, where the typesType1andType2can be any of the following:

• Kernel::Point 2
• Kernel::Line 2
• Kernel::Ray2
• Kernel::Segment2
• Kernel::Triangle 2

Refines

AdaptableFunctor (with two arguments)

See Also

CGAL::squareddistance. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page498
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Kernel::ComputeSquaredDistance3

A model for this must provide:

Kernel::FT fo.operator()( Type1 obj1, Type2 obj2)

returns the squared distance between two geometrical ob-
jects of typeType1andType2

for all pairsType1andType2, where the typesType1andType2can be any of the following:

• Kernel::Point 3
• Kernel::Line 3
• Kernel::Ray3
• Kernel::Segment3
• Kernel::Plane3

Refines

AdaptableFunctor (with two arguments)

See Also

CGAL::squareddistance. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page498
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Kernel::ComputeSquaredLength 2

A model for this must provide:

Kernel::FT fo.operator()( Kernel::Vector2 v)

returns the squared length ofv.

Kernel::FT fo.operator()( Kernel::Segment2 s)

returns the squared length ofs.

Refines

AdaptableFunctor (with one argument)

See Also

CGAL::Vector2<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page85
CGAL::Segment2<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page81
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Kernel::ComputeSquaredLength 3

A model for this must provide:

Kernel::FT fo.operator()( Kernel::Vector3 v)

returns the squared length ofv.

Kernel::FT fo.operator()( Kernel::Segment3 s)

returns the squared length ofs.

Refines

AdaptableFunctor (with one argument)

See Also

CGAL::Vector3<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page116
CGAL::Segment3<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page107
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Kernel::ComputeSquaredRadius 2

A model for this must provide:

Kernel::FT fo.operator()( Kernel::Circle2 c)

returns the squared radius ofc.

Kernel::FT fo.operator()( Kernel::Point2 p, Kernel::Point2 q, Kernel::Point2 r)

returns the squared radius of the circle passing throughp,
q andr.
Precondition: p, qandr are not collinear.

Kernel::FT fo.operator()( Kernel::Point2 p, Kernel::Point2 q)

returns the squared radius of the smallest circle passing
throughp, andq, i.e. one fourth of the squared distance
betweenp andq.

Refines

AdaptableFunctor (with one argument)

See Also

CGAL::Circle 2<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page65
CGAL::squaredradius. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page202
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Kernel::ComputeSquaredRadius 3

A model for this must provide:

Kernel::FT fo.operator()( Kernel::Sphere3 s)

returns the squared radius ofs.

Kernel::FT fo.operator()( Kernel::Point3 p,
Kernel::Point 3 q,
Kernel::Point 3 r,
Kernel::Point 3 s)

returns the squared radius of the sphere passing through
p, q, r ands.
Precondition: p, q, r ands are not coplanar.

Kernel::FT fo.operator()( Kernel::Point3 p, Kernel::Point3 q, Kernel::Point3 r)

returns the squared radius of the sphere passing through
p, q and r, and whose center is in the plane defined by
these three points.

Kernel::FT fo.operator()( Kernel::Point3 p, Kernel::Point3 q)

returns the squared radius of the smallest circle passing
throughp, andq, i.e. one fourth of the squared distance
betweenp andq.

Refines

AdaptableFunctor (with one argument)

See Also

CGAL::Sphere3<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page109
CGAL::squaredradius. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page202
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Kernel::ComputeVolume 3

A model for this must provide:

Kernel::FT fo.operator()( Kernel::Isocuboid 3 c)

returns the volume ofc.

Kernel::FT fo.operator()( Kernel::Tetrahedron3 t)

returns the signed volume oft.

Kernel::FT fo.operator()( Kernel::Point3 p0,
Kernel::Point 3 p1,
Kernel::Point 3 p2,
Kernel::Point 3 p3)

returns the signed volume of the tetrahedron defined by
the four pointsp0, p1, p2, p3.

Refines

AdaptableFunctor (with one argument)

See Also

CGAL::Iso cuboid 3<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page94
CGAL::Tetrahedron3<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page112
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Kernel::ComputeX 2

A model for this must provide:

Kernel::FT fo.operator()( Kernel::Point2 p)

returns thex-coordinate of the point.

Kernel::FT fo.operator()( Kernel::Vector2 v)

returns thex-coordinate of the vector.

Refines

AdaptableFunctor
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Kernel::ComputeY 2

A model for this must provide:

Kernel::FT fo.operator()( Kernel::Point2 p)

returns they-coordinate of the point.

Kernel::FT fo.operator()( Kernel::Vector2 v)

returns they-coordinate of the vector.

Refines

AdaptableFunctor
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Kernel::ComputeXmin 2

A model for this must provide:

Kernel::FT fo.operator()( Kernel::Isorectangle2 r)

returns the smallestx-coordinate of the isorectangle.

Refines

AdaptableFunctor

261



C
on

ce
pt

F
un

ct
or

Kernel::ComputeYmin 2

A model for this must provide:

Kernel::FT fo.operator()( Kernel::Isorectangle2 r)

returns the smallesty-coordinate of the isorectangle.

Refines

AdaptableFunctor
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Kernel::ComputeXmax 2

A model for this must provide:

Kernel::FT fo.operator()( Kernel::Isorectangle2 r)

returns the largestx-coordinate of the isorectangle.

Refines

AdaptableFunctor
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Kernel::ComputeYmax 2

A model for this must provide:

Kernel::FT fo.operator()( Kernel::Isorectangle2 r)

returns the largesty-coordinate of the isorectangle.

Refines

AdaptableFunctor
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Kernel::ComputeYAtX 2

A model for this must provide:

Kernel::FT fo.operator()( Kernel::Line2 l, Kernel::FT x)

returns they-coordinate of the point atl with given x-
coordinate.
Precondition: l is not vertical.

Refines

AdaptableFunctor

See Also

CGAL::comparey at x . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page157
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Kernel::ConstructBaseVector 3

A model for this must provide:

Kernel::Vector3 fo.operator()( Kernel::Plane3 h, int index)

whenindex== 1, returns a vectorb1 that is orthogonal to
the normaln to planeh; whenindex== 2, retrns a vector
b2 that is orthogonal ton and b1 and such that for an
arbitrary pointp on the planeh, the orientation ofp, p +
b1, p + b2, andp + n is positive.

Refines

AdaptableFunctor (with two arguments)

See Also

CGAL::Plane3<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page99
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Kernel::ConstructBbox 2

A model for this must provide:

CGAL::Bbox2 fo.operator()( Kernel::Point2 p)

returns the bounding box ofp.

CGAL::Bbox2 fo.operator()( Kernel::Segment2 s)

returns the bounding box ofs.

CGAL::Bbox2 fo.operator()( Kernel::Triangle2 t)

returns the bounding box oft.

CGAL::Bbox2 fo.operator()( Kernel::Isorectangle2 i)

returns the bounding box ofi.

CGAL::Bbox2 fo.operator()( Kernel::Circle2 c)

returns the bounding box ofc.

Refines

AdaptableFunctor (with one argument)
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Kernel::ConstructBbox 3

A model for this must provide:

CGAL::Bbox3 fo.operator()( Kernel::Point3 p)

returns the bounding box ofp.

CGAL::Bbox3 fo.operator()( Kernel::Segment3 s)

returns the bounding box ofs.

CGAL::Bbox3 fo.operator()( Kernel::Triangle3 t)

returns the bounding box oft.

CGAL::Bbox3 fo.operator()( Kernel::Tetrahedron3 t)

returns the bounding box oft.

CGAL::Bbox3 fo.operator()( Kernel::IsoCuboid 3 i)

returns the bounding box ofi.

CGAL::Bbox3 fo.operator()( Kernel::Sphere3 s)

returns the bounding box ofs.

Refines

AdaptableFunctor (with one argument)
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Kernel::ConstructBisector 2

A model for this must provide:

Kernel::Line 2 fo.operator()( Kernel::Point2 p, Kernel::Point2 q)

constructs the bisector ofp andq. The bisector is oriented
in such a way thatp lies on its positive side.
Precondition: p andq are not equal.

Kernel::Line 2 fo.operator()( Kernel::Line2 l1, Kernel::Line 2 l2)

constructs the bisector of the two linesl1 andl2. In the
general case, the bisector has the direction of the vector
which is the sum of the normalized directions of the two
lines, and which passes through the intersection ofl1 and
l2. If l1 andl2 are parallel, then the bisector is defined as
the line which has the same direction asl1, and which is at
the same distance froml1 andl2. This function requires
thatKernel::RTsupports thesqrt()operation.

Refines

AdaptableFunctor (with two arguments)

See Also

CGAL::bisector. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page139
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Kernel::ConstructBisector 3

A model for this must provide:

Kernel::Plane3 fo.operator()( Kernel::Point3 p, Kernel::Point3 q)

constructs the bisector plane ofp andq. The bisector is
oriented in such a way thatp lies on its positive side.
Precondition: p andq are not equal.

Kernel::Plane3 fo.operator()( Kernel::Plane3 h1, Kernel::Plane3 h2)

constructs the bisector of the two planesh1 andh2. In the
general case, the bisector has a normal vector which has
the same direction as the sum of the normalized normal
vectors of the two planes, and passes through the intersec-
tion of h1 andh2. If h1 andh2 are parallel, then the bi-
sector is defined as the plane which has the same oriented
normal vector asl1, and which is at the same distance
from h1 andh2. This function requires thatKernel::RT
supports thesqrt()operation.

Refines

AdaptableFunctor (with two arguments)

See Also

CGAL::bisector. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page139
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Kernel::ConstructCartesianConstIterator 2

A model for this must provide:

Kernel::Cartesianconst iterator 2

fo.operator()( Kernel::Point2 p)

returns an iterator on the 0’th Cartesian coordinate ofp.

Kernel::Cartesianconst iterator 2

fo.operator()( Kernel::Point2 p, int)

returns the past the end iterator of the Cartesian coordi-
nates ofp.

Refines

AdaptableFunctor (with one argument)

See Also

Kernel::CartesianConstIterator2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page345
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Kernel::ConstructCartesianConstIterator 3

A model for this must provide:

Kernel::Cartesianconst iterator 3

fo.operator()( Kernel::Point3 p)

returns an iterator on the 0’th Cartesian coordinate ofp.

Kernel::Cartesianconst iterator 3

fo.operator()( Kernel::Point3 p, int)

returns the past the end iterator of the Cartesian coordi-
nates ofp.

Refines

AdaptableFunctor (with one argument)

See Also

Kernel::CartesianonstIterator3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page??
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Kernel::ConstructCenter 2

A model for this must provide:

Kernel::Point 2 fo.operator()( Kernel::Circle2 c)

compute the center of the circlec.

Refines

AdaptableFunctor (with one argument)

See Also

CGAL::Circle 2<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page65
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Kernel::ConstructCenter 3

A model for this must provide:

Kernel::Point 3 fo.operator()( Kernel::Sphere3 s)

compute the center of the spheres.

Refines

AdaptableFunctor (with one argument)

See Also

CGAL::Sphere3<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page109
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Kernel::ConstructCentroid 2

A model for this must provide:

Kernel::Point 2 fo.operator()( Kernel::Point2 p, Kernel::Point2 q, Kernel::Point2 r)

compute the centroid of the pointsp, q, andr.

Kernel::Point 2 fo.operator()( Kernel::Point2 p,
Kernel::Point 2 q,
Kernel::Point 2 r,
Kernel::Point 2 s)

compute the centroid of the pointsp, q, r ands.

Kernel::Point 2 fo.operator()( Kernel::Triangle2 t)

compute the centroid of the trianglet.

Refines

AdaptableFunctor (with three arguments)

See Also

CGAL::centroid. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2345
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Kernel::ConstructCentroid 3

A model for this must provide:

Kernel::Point 3 fo.operator()( Kernel::Point3 p, Kernel::Point3 q, Kernel::Point3 r)

compute the centroid of the pointsp, q, andr.

Kernel::Point 3 fo.operator()( Kernel::Point3 p,
Kernel::Point 3 q,
Kernel::Point 3 r,
Kernel::Point 3 s)

compute the centroid of the pointsp, q, r ands.

Kernel::Point 3 fo.operator()( Kernel::Triangle3 t)

compute the centroid of the trianglet.

Kernel::Point 3 fo.operator()( Kernel::Tetrahedron3 t)

compute the centroid of the tetrahedront.

Refines

AdaptableFunctor (with three arguments)

See Also

CGAL::centroid. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2345
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Kernel::ConstructCircle 2

A model for this must provide:

Kernel::Circle 2 fo.operator()( Kernel::Point2 center,
Kernel::FT squaredradius,
Orientation orientation = COUNTERCLOCKWISE)

introduces a variable of typeKernel::Circle 2. It is ini-
tialized to the circle with centercenter, squared radius
squaredradiusand orientationorientation.
Precondition: orientation 6= COLLINEAR, and further,
squaredradius≥ 0.

Kernel::Circle 2 fo.operator()( Kernel::Point2 p, Kernel::Point2 q, Kernel::Point2 r)

introduces a variable of typeKernel::Circle 2. It is ini-
tialized to the unique circle which passes through the
pointsp, q andr. The orientation of the circle is the ori-
entation of the point triplep, q, r.
Precondition: p, q, andr are not collinear.

Kernel::Circle 2 fo.operator()( Kernel::Point2 p,
Kernel::Point 2 q,
Orientation orientation = COUNTERCLOCKWISE)

introduces a variable of typeKernel::Circle 2. It is ini-
tialized to the circle with diameterpqand orientationori-
entation.
Precondition: orientation 6= COLLINEAR.

Kernel::Circle 2 fo.operator()( Kernel::Point2 center,
Orientation orientation = COUNTERCLOCKWISE)

introduces a variable of typeKernel::Circle 2. It is ini-
tialized to the circle with centercenter, squared radius
zero and orientationorientation.
Precondition: orientation 6= COLLINEAR.
Postcondition: .is degenerate()= true.

Refines

AdaptableFunctor (with three arguments)

See Also

CGAL::Circle 2<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page65
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Kernel::ConstructCircumcenter 2

A model for this must provide:

Kernel::Point 2 fo.operator()( Kernel::Point2 p, Kernel::Point2 q, Kernel::Point2 r)

compute the center of the circle passing through the
pointsp, q, andr.
Precondition: p, q, andr are not collinear.

Kernel::Point 2 fo.operator()( Kernel::Triangle2 t)

compute the center of the circle passing through the three
vertices oft.
Precondition: t is not degenerate.

Refines

AdaptableFunctor (with three arguments)

See Also

CGAL::circumcenter. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page141
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Kernel::ConstructCircumcenter 3

A model for this must provide:

Kernel::Point 3 fo.operator()( Kernel::Point3 p,
Kernel::Point 3 q,
Kernel::Point 3 r,
Kernel::Point 3 s)

compute the center of the sphere passing through the
pointsp, q, r, ands.
Precondition: p, q, r, ands are not coplanar.

Kernel::Point 3 fo.operator()( Kernel::Tetrahedron3 t)

compute the center of the sphere passing through the ver-
tices oft.
Precondition: t is not degenerate.

Kernel::Point 3 fo.operator()( Kernel::Point3 p, Kernel::Point3 q, Kernel::Point3 r)

compute the center of the circle passing through the
pointsp, q andr.
Precondition: p, q andr are not collinear.

Kernel::Point 3 fo.operator()( Kernel::Triangle3 t)

compute the center of the circle passing through the ver-
tices oft.
Precondition: t is not degenerate.

Refines

AdaptableFunctor (with four arguments)

See Also

CGAL::circumcenter. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page141
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Kernel::ConstructCrossProductVector 3

A model for this must provide:

Kernel::Vector3 fo.operator()( Kernel::Vector3 v, Kernel::Vector3 w)

computes the cross product ofv andw.

Refines

AdaptableFunctor (with two arguments)

See Also

CGAL::crossproduct. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page164
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Kernel::ConstructDifferenceOfVectors 2

A model for this must provide:

Kernel::Vector2 fo.operator()( Kernel::Vector2 v1, Kernel::Vector2 v2)

introduces the vectorv1−v2.

Refines

AdaptableFunctor (with two arguments)

See Also

CGAL::Vector2<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page85
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Kernel::ConstructDirection 2

A model for this must provide:

Kernel::Direction 2 fo.operator()( Kernel::Vector2 v)

introduces the direction of vectorv.

Kernel::Direction 2 fo.operator()( Kernel::Line2 l)

introduces the direction of linel .

Kernel::Direction 2 fo.operator()( Kernel::Ray2 r)

introduces the direction of rayr.

Kernel::Direction 2 fo.operator()( Kernel::Segment2 s)

introduces the direction of segments.

Refines

AdaptableFunctor (with one argument)

See Also

CGAL::Direction 2<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page67
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Kernel::ConstructDirection 3

A model for this must provide:

Kernel::Direction 3 fo.operator()( Kernel::Vector3 v)

introduces a direction initialised with the direction of vec-
tor v.

Kernel::Direction 3 fo.operator()( Kernel::Line3 l)

introduces the direction of linel .

Kernel::Direction 3 fo.operator()( Kernel::Ray3 r)

introduces the direction of rayr.

Kernel::Direction 3 fo.operator()( Kernel::Segment3 s)

introduces the direction of segments.

Refines

AdaptableFunctor (with one argument)

See Also

CGAL::Direction 3<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page92

283



C
on

ce
pt

F
un

ct
or

Kernel::ConstructIsoCuboid 3

A model for this must provide:

Kernel::Iso cuboid 3 fo.operator()( Kernel::Point3 p, Kernel::Point3 q)

introduces an iso-oriented cuboid with diagonal opposite
verticespandqsuch thatp is the lexicographically small-
est point in the cuboid.

Kernel::Iso cuboid 3 fo.operator()( Kernel::Point3 left,
Kernel::Point 3 right,
Kernel::Point 3 bottom,
Kernel::Point 3 top,
Kernel::Point 3 far,
Kernel::Point 3 close)

introduces an iso-oriented cuboidfo whose minimalx co-
ordinate is the one ofleft, the maximalx coordinate is
the one ofright, the minimaly coordinate is the one of
bottom, the maximaly coordinate is the one oftop, the
minimal z coordinate is the one offar, the maximalz co-
ordinate is the one ofclose.

Refines

AdaptableFunctor (with two arguments)

See Also

CGAL::Iso cuboid 3<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page94
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Kernel::ConstructIsoRectangle 2

A model for this must provide:

Kernel::Iso rectangle2 fo.operator()( Kernel::Point2 p, Kernel::Point2 q)

introduces an iso-oriented rectangle with diagonal oppo-
site verticesp andq such thatp is the lexicographically
smallest point in the rectangle.

Kernel::Iso rectangle2 fo.operator()( Kernel::Point2 left,
Kernel::Point 2 right,
Kernel::Point 2 bottom,
Kernel::Point 2 top)

introduces an iso-oriented rectanglefo whose minimalx
coordinate is the one ofleft, the maximalx coordinate is
the one ofright, the minimaly coordinate is the one of
bottom, the maximaly coordinate is the one oftop.

Refines

AdaptableFunctor (with two arguments)

See Also

CGAL::Iso rectangle2<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page69
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Kernel::ConstructLiftedPoint 3

A model for this must provide:

Kernel::Point 3 fo.operator()( Kernel::Plane3 h, Kernel::Point2 p)

returns a pointq on planeh, such that the projection of
this point onto thexy-plane isp.

Refines

AdaptableFunctor (with two arguments)

See Also

CGAL::Plane3<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page99
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Kernel::ConstructLine 2

A model for this must provide:

Kernel::Line 2 fo.operator()( Kernel::Point2 p, Kernel::Point2 q)

introduces a line passing through the pointsp andq. Line
is directed fromp to q.

Kernel::Line 2 fo.operator()( Kernel::Point2 p, Kernel::Direction2 d)

introduces a line passing through pointp with direction
d.

Kernel::Line 2 fo.operator()( Kernel::Point2 p, Kernel::Vector2 v)

introduces a line passing through pointp and oriented by
v.

Kernel::Line 2 fo.operator()( Kernel::Segment2 s)

introduces a line supporting the segments, oriented from
source to target.

Kernel::Line 2 fo.operator()( Kernel::Ray2 r)

introduces a line supporting the rayr, with same orienta-
tion.

Refines

AdaptableFunctor (with two arguments)

See Also

CGAL::Line 2<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page72
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Kernel::ConstructLine 3

A model for this must provide:

Kernel::Line 3 fo.operator()( Kernel::Point3 p, Kernel::Point3 q)

introduces a line passing through the pointsp andq. Line
is directed fromp to q.

Kernel::Line 3 fo.operator()( Kernel::Point3 p, Kernel::Vector3 v)

introduces a line passing through pointp and oriented by
v.

Kernel::Line 3 fo.operator()( Kernel::Point3 p, Kernel::Direction3 d)

introduces a line passing through pointp with direction
d.

Kernel::Line 3 fo.operator()( Kernel::Segment3 s)

returns the line supporting the segments, oriented from
source to target.

Kernel::Line 3 fo.operator()( Kernel::Ray3 r)

returns the line supporting the rayr, with the same orien-
tation.

Refines

AdaptableFunctor (with two arguments)

See Also

CGAL::Line 3<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page97
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Kernel::ConstructMaxVertex 2

A model for this must provide:

Kernel::Point 2 fo.operator()( Kernel::Isorectangle2 r)

returns the vertex ofr with lexicographically largest co-
ordinates.

Kernel::Point 2 fo.operator()( Kernel::Segment2 s)

returns the vertex ofs with lexicographically largest co-
ordinates.

Refines

AdaptableFunctor (with one argument)

See Also

CGAL::Iso rectangle2<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page69
CGAL::Segment2<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page81
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Kernel::ConstructMaxVertex 3

A model for this must provide:

Kernel::Point 3 fo.operator()( Kernel::Isocuboid 3 c)

returns the vertex ofc with lexicographically largest co-
ordinates.

Kernel::Point 3 fo.operator()( Kernel::Segment3 s)

returns the vertex ofs with lexicographically largest co-
ordinates.

Refines

AdaptableFunctor (with one argument)

See Also

CGAL::Iso cuboid 3<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page94
CGAL::Segment3<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page107
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Kernel::ConstructMidpoint 2

A model for this must provide:

Kernel::Point 2 fo.operator()( Kernel::Point2 p, Kernel::Point2 q)

computes the midpoint of the segmentpq.

Refines

AdaptableFunctor (with two arguments)

See Also

CGAL::midpoint. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page493
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Kernel::ConstructMidpoint 3

A model for this must provide:

Kernel::Point 3 fo.operator()( Kernel::Point3 p, Kernel::Point3 q)

computes the midpoint of the segmentpq.

Refines

AdaptableFunctor (with two arguments)

See Also

CGAL::midpoint. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page493
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Kernel::ConstructMinVertex 2

A model for this must provide:

Kernel::Point 2 fo.operator()( Kernel::Isorectangle2 r)

returns the vertex ofr with lexicographically smallest co-
ordinates.

Kernel::Point 2 fo.operator()( Kernel::Segment2 s)

returns the vertex ofswith lexicographically smallest co-
ordinates.

Refines

AdaptableFunctor (with one argument)

See Also

CGAL::Iso rectangle2<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page69
CGAL::Segment2<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page81
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Kernel::ConstructMinVertex 3

A model for this must provide:

Kernel::Point 3 fo.operator()( Kernel::Isocuboid 3 c)

returns the vertex ofc with lexicographically smallest co-
ordinates.

Kernel::Point 3 fo.operator()( Kernel::Segment3 s)

returns the vertex ofswith lexicographically smallest co-
ordinates.

Refines

AdaptableFunctor (with one argument)

See Also

CGAL::Iso cuboid 3<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page94
CGAL::Segment3<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page107
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Kernel::ConstructObject 2

A model for this must provide:

template<class T>
Object 2 fo.operator()( T t) constructs an object that containst and returns it.

Refines

AdaptableFunctor (with one argument)

See Also

CGAL::makeobject. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page??
CGAL::Object. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page120
Kernel::Assign2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page216
Kernel::Assign3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page217
Kernel::Object2. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page401
Kernel::Object3. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page402
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Kernel::ConstructObject 3

A model for this must provide:

template<class T>
Object 3 fo.operator()( T t) constructs an object that containst and returns it.

Refines

AdaptableFunctor (with one argument)

See Also

CGAL::makeobject. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page??
CGAL::Object. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page120
Kernel::Assign2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page216
Kernel::Assign3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page217
Kernel::Object2. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page401
Kernel::Object3. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page402
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Kernel::ConstructOppositeCircle 2

A model for this must provide:

Kernel::Circle 2 fo.operator()( Kernel::Circle2 c)

returns the circle with the same center and squared radius
asc, but with opposite orientation.

Refines

AdaptableFunctor (with one argument)

See Also

CGAL::Circle 2<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page65
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Kernel::ConstructOppositeDirection 2

A model for this must provide:

Kernel::Direction 2 fo.operator()( Kernel::Direction2 d)

returns the direction opposite tod.

Refines

AdaptableFunctor (with one argument)

See Also

CGAL::Direction 2<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page67
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Kernel::ConstructOppositeDirection 3

A model for this must provide:

Kernel::Direction 3 fo.operator()( Kernel::Direction3 d)

returns the direction opposite tod.

Refines

AdaptableFunctor (with one argument)

See Also

CGAL::Direction 3<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page92
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Kernel::ConstructOppositeLine 2

A model for this must provide:

Kernel::Line 2 fo.operator()( Kernel::Line2 l)

returns the line representing the same set of points asl ,
but with opposite direction.

Refines

AdaptableFunctor (with one argument)

See Also

CGAL::Line 2<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page72
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Kernel::ConstructOppositeLine 3

A model for this must provide:

Kernel::Line 3 fo.operator()( Kernel::Line3 l)

returns the line representing the same set of points asl ,
but with opposite direction.

Refines

AdaptableFunctor (with one argument)

See Also

CGAL::Line 3<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page97
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Kernel::ConstructOppositePlane 3

A model for this must provide:

Kernel::Plane3 fo.operator()( Kernel::Plane3 p)

returns the plane representing the same set of points asp,
but with opposite orientation.

Refines

AdaptableFunctor (with one argument)

See Also

CGAL::Plane3<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page99
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Kernel::ConstructOppositeRay 2

A model for this must provide:

Kernel::Ray2 fo.operator()( Kernel::Ray2 r)

returns the ray with the same source asr, but in opposite
direction.

Refines

AdaptableFunctor (with one argument)

See Also

CGAL::Ray2<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page79
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Kernel::ConstructOppositeRay 3

A model for this must provide:

Kernel::Ray3 fo.operator()( Kernel::Ray3 r)

returns the ray with the same source asr, but in opposite
direction.

Refines

AdaptableFunctor (with one argument)

See Also

CGAL::Ray3<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page105
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Kernel::ConstructOppositeSegment2

A model for this must provide:

Kernel::Segment2 fo.operator()( Kernel::Segment2 s)

returns the segment representing the same set of points as
s, but with opposite orientation.

Refines

AdaptableFunctor (with one argument)

See Also

CGAL::Segment2<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page81
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Kernel::ConstructOppositeSegment3

A model for this must provide:

Kernel::Segment3 fo.operator()( Kernel::Segment3 s)

returns the segment representing the same set of points as
s, but with opposite orientation.

Refines

AdaptableFunctor (with one argument)

See Also

CGAL::Segment3<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page107
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Kernel::ConstructOppositeSphere 3

A model for this must provide:

Kernel::Sphere3 fo.operator()( Kernel::Sphere3 s)

returns the sphere with the same center and squared ra-
dius ass, but with opposite orientation.

Refines

AdaptableFunctor (with one argument)

See Also

CGAL::Sphere3<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page109
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Kernel::ConstructOppositeTriangle 2

A model for this must provide:

Kernel::Triangle 2 fo.operator()( Kernel::Triangle2 t)

returns the triangle with opposite orientation tot (this
flips the positive and the negative side, but not bounded
and unbounded side).

Refines

AdaptableFunctor (with one argument)

See Also

CGAL::Triangle 2<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page83
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Kernel::ConstructOppositeVector 2

A model for this must provide:

Kernel::Vector2 fo.operator()( Kernel::Vector2 v)

returns the vector-v.

Refines

AdaptableFunctor (with one argument)

See Also

CGAL::Vector2<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page85
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Kernel::ConstructOppositeVector 3

A model for this must provide:

Kernel::Vector3 fo.operator()( Kernel::Vector3 v)

returns the vector-v.

Refines

AdaptableFunctor (with one argument)

See Also

CGAL::Vector3<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page116
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Kernel::ConstructOrthogonalVector 3

A model for this must provide:

Kernel::Vector3 fo.operator()( Kernel::Plane3 p)

returns a vector that is orthogonal to the planep and di-
rected to the positive side ofp.

Kernel::Vector3 fo.operator()( Kernel::Point3 p, Kernel::Point3 q, Kernel::Point3 r)

returns a vector that is orthogonal to the plane defined by
Kernel::ConstructPlane3()(p, q, r) and directed to the
positive side of this plane.

Refines

AdaptableFunctor (with one argument)

See Also

CGAL::Plane3<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page99
Kernel::ConstructCrossProductVector3. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page280
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Kernel::ConstructPerpendicularDirection 2

A model for this must provide:

Kernel::Direction 2 fo.operator()( Kernel::Direction2 d, Orientation o)

introduces a direction orthogonal tod. If o is CLOCK-
WISE, d is rotated clockwise; ifo is COUNTERCLOCK-
WISE, d is rotated counterclockwise.
Precondition: o is notCOLLINEAR.

Refines

AdaptableFunctor (with two arguments)

See Also

CGAL::Direction 2<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page67
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Kernel::ConstructPerpendicularLine 2

A model for this must provide:

Kernel::Line 2 fo.operator()( Kernel::Line2 l, Kernel::Point 2 p)

returns the line perpendicular tol and passing throughp,
where the direction is the direction ofl rotated counter-
clockwise by 90 degrees.

Refines

AdaptableFunctor (with two arguments)

See Also

CGAL::Line 2<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page72
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Kernel::ConstructPerpendicularLine 3

A model for this must provide:

Kernel::Line 3 fo.operator()( Kernel::Plane3 pl, Kernel::Point 3 p)

returns the line that is perpendicular topl and that passes
through pointp. The line is oriented from the negative to
the positive side ofpl

Refines

AdaptableFunctor (with two arguments)

See Also

CGAL::Plane3<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page99
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Kernel::ConstructPerpendicularPlane 3

A model for this must provide:

Kernel::Plane3 fo.operator()( Kernel::Line3 l, Kernel::Point 3 p)

returns the plane perpendicular tol passing throughp,
such that the normal direction of the plane coincides with
the direction of the line.

Refines

AdaptableFunctor (with two arguments)

See Also

CGAL::Plane3<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page99
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Kernel::ConstructPerpendicularVector 2

A model for this must provide:

Kernel::Vector2 fo.operator()( Kernel::Vector2 v, Orientation o)

returnsv rotated clockwise by 90 degrees, ifo is CLOCK-
WISE, and rotated counterclockwise otherwise.
Precondition: o is notCOLLINEAR.

Refines

AdaptableFunctor (with two arguments)

See Also

CGAL::Vector2<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page85
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Kernel::ConstructPlane 3

A model for this must provide:

Kernel::Plane3 fo.operator()( Kernel::RT a, Kernel::RT b, Kernel::RT c, Kernel::RT d)

creates a plane defined by the equationa px+ b py+
c pz+d = 0. Notice that is degenerate ifa = b = c.

Kernel::Plane3 fo.operator()( Kernel::Point3 p, Kernel::Point3 q, Kernel::Point3 r)

creates a plane passing through the pointsp, q andr. The
plane is oriented such thatp, q and r are oriented in a
positive sense (that is counterclockwise) when seen from
the positive side of the plane. Notice that is degenerate if
the points are collinear.

Kernel::Plane3 fo.operator()( Kernel::Point3 p, Kernel::Direction3 d)

introduces a plane that passes through pointp and that
has as an orthogonal direction equal tod.

Kernel::Plane3 fo.operator()( Kernel::Point3 p, Kernel::Vector3 v)

introduces a plane that passes through pointp and that is
orthogonal tov.

Kernel::Plane3 fo.operator()( Kernel::Line3 l, Kernel::Point 3 p)

introduces a plane that is defined through the three points
l.point(0), l.point(1)andp.

Kernel::Plane3 fo.operator()( Kernel::Ray3 r, Kernel::Point 3 p)

introduces a plane that is defined through the three points
r.point(0), r.point(1)andp.

Kernel::Plane3 fo.operator()( Kernel::Segment3 s, Kernel::Point3 p)

introduces a plane that is defined through the three points
s.source(), s.target()andp.

Refines

AdaptableFunctor (with two arguments)
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See Also

CGAL::Plane3<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page99
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Kernel::ConstructPointOn 2

A model for this must provide:

Kernel::Point 2 fo.operator()( Kernel::Line2 l, int i)

returns an arbitrary point onl. It holds point(i) ==
point(j), iff i==j . Furthermore, is directed frompoint(i)
to point(j), for all i < j.

Kernel::Point 2 fo.operator()( Kernel::Ray2 r, int i)

returns a point onr. point(0) is the source,point(i), with
i > 0, is different from the source.
Precondition: i ≥ 0.

Kernel::Point 2 fo.operator()( Kernel::Segment2 s, int i)

returns source or target ofs: point(0) returns the source
of s, point(1) returns the target ofs. The parameteri is
taken modulo 2, which gives easy access to the other end
point.

Refines

AdaptableFunctor (with two arguments)

See Also

CGAL::Line 2<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page72
CGAL::Ray2<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page79
CGAL::Segment2<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page81
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Kernel::ConstructPointOn 3

A model for this must provide:

Kernel::Point 3 fo.operator()( Kernel::Line3 l, int i)

returns an arbitrary point onl. It holds point(i) ==
point(j), iff i==j . Furthermore, is directed frompoint(i)
to point(j), for all i < j.

Kernel::Point 3 fo.operator()( Kernel::Plane3 h)

returns an arbitrary point onh.

Kernel::Point 3 fo.operator()( Kernel::Ray3 r, int i)

returns a point onr. point(0) is the source,point(i), with
i > 0, is different from the source.
Precondition: i ≥ 0.

Kernel::Point 3 fo.operator()( Kernel::Segment3 s, int i)

returns source or target ofs: point(0) returns the source
of s, point(1) returns the target ofs. The parameteri is
taken modulo 2, which gives easy access to the other end
point.

Refines

AdaptableFunctor (with two arguments)

See Also

CGAL::Line 3<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page97
CGAL::Plane3<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page99
CGAL::Ray3<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page105
CGAL::Segment3<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page107
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Kernel::ConstructPoint 2

A model for this must provide:

Kernel::Point 2 fo.operator()( Origin ORIGIN)

introduces a variable with Cartesian coordinates(0,0).

Refines

AdaptableFunctor (with one argument)

See Also

CGAL::Point 2<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page75
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Kernel::ConstructPoint 3

A model for this must provide:

Kernel::Point 3 fo.operator()( Origin ORIGIN)

introduces a point with Cartesian coordinates(0,0,0).

Refines

AdaptableFunctor (with one argument)

See Also

CGAL::Point 3<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page102
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Kernel::ConstructProjectedPoint 2

A model for this must provide:

Kernel::Point 2 fo.operator()( Kernel::Line2 l, Kernel::Point 2 p)

returns the orthogonal projection ofp onto l.

Refines

AdaptableFunctor (with two arguments)

See Also

CGAL::Line 2<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page72
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Kernel::ConstructProjectedPoint 3

A model for this must provide:

Kernel::Point 3 fo.operator()( Kernel::Line3 l, Kernel::Point 3 p)

returns the orthogonal projection ofp onto l.

Kernel::Point 3 fo.operator()( Kernel::Plane3 h, Kernel::Point3 p)

returns the orthogonal projection ofp ontoh.

Refines

AdaptableFunctor (with two arguments)

See Also

CGAL::Line 3<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page97
CGAL::Plane3<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page99
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Kernel::ConstructProjectedXYPoint 2

A model for this must provide:

Kernel::Point 2 fo.operator()( Kernel::Plane3 h, Kernel::Point3 p)

returns the image point of the projection ofp under an
affine transformation, which mapsh onto thexy-plane,
with thez-coordinate removed.

Refines

AdaptableFunctor (with two arguments)

See Also

CGAL::Plane3<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page99
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Kernel::ConstructRay 2

A model for this must provide:

Kernel::Ray2 fo.operator()( Kernel::Point2 p, Kernel::Point2 q)

introduces a ray with sourcep and passing through point
q.

Kernel::Ray2 fo.operator()( Kernel::Point2 p, Kernel::Vector2 v)

introduces a ray starting at sourcep with the direction
given byv.

Kernel::Ray2 fo.operator()( Kernel::Point2 p, Kernel::Direction2 d)

introduces a ray starting at sourcep with directiond.

Kernel::Ray2 fo.operator()( Kernel::Point2 p, Kernel::Line2 l)

introduces a ray starting at sourcep with the same direc-
tion asl .

Refines

AdaptableFunctor (with two arguments)

See Also

CGAL::Ray2<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page79
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Kernel::ConstructRay 3

A model for this must provide:

Kernel::Ray3 fo.operator()( Kernel::Point3 p, Kernel::Point3 q)

introduces a ray with sourcep and passing through point
q.

Kernel::Ray3 fo.operator()( Kernel::Point3 p, Kernel::Vector3 v)

introduces a ray with sourcep and with the direction
given byv.

Kernel::Ray3 fo.operator()( Kernel::Point3 p, Kernel::Direction3 d)

introduces a ray with sourcep and with directiond.

Kernel::Ray3 fo.operator()( Kernel::Point3 p, Kernel::Line3 l)

introduces a ray with sourcep and with the same direc-
tion asl .

Refines

AdaptableFunctor (with two arguments)

See Also

CGAL::Ray3<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page105
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Kernel::ConstructScaledVector 2

A model for this must provide:

Kernel::Vector2 fo.operator()( Kernel::Vector2 v, Kernel::RT scale)

produces the vectorv scaled by a factorscale.

Kernel::Vector2 fo.operator()( Kernel::Vector2 v, Kernel::FT scale)

produces the vectorv scaled by a factorscale.

Refines

AdaptableFunctor (with two arguments)

See Also

CGAL::Vector2<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page85
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Kernel::ConstructScaledVector 3

A model for this must provide:

Kernel::Vector3 fo.operator()( Kernel::Vector3 v, Kernel::RT scale)

produces the vectorv scaled by a factorscale.

Kernel::Vector3 fo.operator()( Kernel::Vector3 v, Kernel::FT scale)

produces the vectorv scaled by a factorscale.

Refines

AdaptableFunctor (with two arguments)

See Also

CGAL::Vector3<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page116
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Kernel::ConstructSumOfVectors 2

A model for this must provide:

Kernel::Vector2 fo.operator()( Kernel::Vector2 v1, Kernel::Vector2 v2)

introduces the vectorv1+v2.

Refines

AdaptableFunctor (with two arguments)

See Also

CGAL::Vector2<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page85

330



C
on

ce
pt

F
un

ct
or

Kernel::ConstructSegment 2

A model for this must provide:

Kernel::Segment2 fo.operator()( Kernel::Point2 p, Kernel::Point2 q)

introduces a segment with sourcep and targetq. The
segment is directed from the source towards the target.

Refines

AdaptableFunctor (with two arguments)

See Also

CGAL::Segment2<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page81
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Kernel::ConstructSegment 3

A model for this must provide:

Kernel::Segment3 fo.operator()( Kernel::Point3 p, Kernel::Point3 q)

introduces a segment with sourcep and targetq. It is
directed from the source towards the target.

Refines

AdaptableFunctor (with two arguments)

See Also

CGAL::Segment3<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page107
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Kernel::ConstructSphere 3

A model for this must provide:

Kernel::Sphere3 fo.operator()( Kernel::Point3 center,
Kernel::FT squaredradius,
Orientation orientation = COUNTERCLOCKWISE)

introduces a sphere initialized to the sphere with cen-
tercenter, squared radiussquaredradiusand orientation
orientation.
Precondition: orientation 6= COPLANAR, and further-
more,squaredradius≥ 0.

Kernel::Sphere3 fo.operator()( Kernel::Point3 p,
Kernel::Point 3 q,
Kernel::Point 3 r,
Kernel::Point 3 s)

introduces a sphere initialized to the unique sphere which
passes through the pointsp, q, r ands. The orientation of
the sphere is the orientation of the point quadruplep, q,
r, s.
Precondition: p, q, r, ands are not collinear.

Kernel::Sphere3 fo.operator()( Kernel::Point3 p,
Kernel::Point 3 q,
Kernel::Point 3 r,
Orientation o = COUNTERCLOCKWISE)

introduces a sphere initialized to the smallest sphere
which passes through the pointsp, q, andr. The orienta-
tion of the sphere iso.
Precondition: o is notCOPLANAR.

Kernel::Sphere3 fo.operator()( Kernel::Point3 p,
Kernel::Point 3 q,
Orientation o = COUNTERCLOCKWISE)

introduces a sphere initialized to the smallest sphere
which passes through the pointsp andq. The orientation
of the sphere iso.
Precondition: o is notCOPLANAR.

Kernel::Sphere3 fo.operator()( Kernel::Point3 center,
Orientation orientation = COUNTERCLOCKWISE)

introduces a spheres initialized to the sphere with center
center, squared radius zero and orientationorientation.
Precondition: orientation 6= COPLANAR.
Postcondition: s.is degenerate()= true.
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Refines

AdaptableFunctor (with four arguments)

See Also

CGAL::Sphere3<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page109
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Kernel::ConstructSupportingPlane 3

A model for this must provide:

Kernel::Plane3 fo.operator()( Kernel::Triangle3 t)

returns the supporting plane oft, with same orientation.

Refines

AdaptableFunctor (with one argument)

See Also

CGAL::Triangle 3<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page114
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Kernel::ConstructTetrahedron 3

A model for this must provide:

Kernel::Tetrahedron3 fo.operator()( Kernel::Point3 p0,
Kernel::Point 3 p1,
Kernel::Point 3 p2,
Kernel::Point 3 p3)

introduces a tetrahedron with verticesp0, p1, p2 andp3.

Refines

AdaptableFunctor (with four arguments)

See Also

CGAL::Tetrahedron3<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page112
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Kernel::ConstructTranslatedPoint 2

A model for this must provide:

Kernel::Point 2 fo.operator()( Kernel::Point2 p, Kernel::Vector2 v)

returns the point obtained by translatingp by the vector
v.

Kernel::Point 2 fo.operator()( Origin o, Kernel::Vector2 v)

returns the point obtained by translating a point at the
origin by the vectorv.

Refines

AdaptableFunctor (with two arguments)

See Also

CGAL::Point 2<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page75
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Kernel::ConstructTranslatedPoint 3

A model for this must provide:

Kernel::Point 3 fo.operator()( Kernel::Point3 p, Kernel::Vector3 v)

returns the point obtained by translatingp by the vector
v.

Kernel::Point 2 fo.operator()( Origin o, Kernel::Vector2 v)

returns the point obtained by translating a point at the
origin by the vectorv.

Refines

AdaptableFunctor (with two arguments)

See Also

CGAL::Point 3<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page102
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Kernel::ConstructTriangle 2

A model for this must provide:

Kernel::Triangle 2 fo.operator()( Kernel::Point2 p, Kernel::Point2 q, Kernel::Point2 r)

introduces a triangle with verticesp, q andr.

Refines

AdaptableFunctor (with three arguments)

See Also

CGAL::Triangle 2<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page83
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Kernel::ConstructTriangle 3

A model for this must provide:

Kernel::Triangle 3 fo.operator()( Kernel::Point3 p, Kernel::Point3 q, Kernel::Point3 r)

introduces a triangle with verticesp, q andr.

Refines

AdaptableFunctor (with three arguments)

See Also

CGAL::Triangle 3<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page114
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Kernel::ConstructVector 2

A model for this must provide:

Kernel::Vector2 fo.operator()( Kernel::Point2 a, Kernel::Point2 b)

introduces the vectorb−a.

Kernel::Vector2 fo.operator()( Origin o, Kernel::Point2 b)

introduces the vectorb.

Kernel::Vector2 fo.operator()( Kernel::Point2 a, Origin o)

introduces the vector−a.

Kernel::Vector2 fo.operator()( Kernel::Segment2 s)

introduces the vectors.target()−s.source().

Kernel::Vector2 fo.operator()( Kernel::Ray2 r)

introduces a vector having the same direction asr.

Kernel::Vector2 fo.operator()( Kernel::Line2 l)

introduces a vector having the same direction asl .

Kernel::Vector2 fo.operator()( Nullvector NULLVECTOR)

introduces a null vector .

Refines

AdaptableFunctor (with two arguments)

See Also

CGAL::Vector2<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page85
Kernel::ConstructScaledVector2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page328
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Kernel::ConstructVector 3

A model for this must provide:

Kernel::Vector3 fo.operator()( Kernel::Point3 a, Kernel::Point3 b)

introduces the vectorb−a.

Kernel::Vector3 fo.operator()( Origin o, Kernel::Point3 b)

introduces the vectorb.

Kernel::Vector3 fo.operator()( Kernel::Point3 a, Origin o)

introduces the vector−a.

Kernel::Vector3 fo.operator()( Kernel::Segment3 s)

introduces the vectors.target()−s.source().

Kernel::Vector3 fo.operator()( Kernel::Ray3 r)

introduces a vector having the same direction asr.

Kernel::Vector3 fo.operator()( Kernel::Line3 l)

introduces a vector having the same direction asl .

Kernel::Vector3 fo.operator()( Nullvector NULLVECTOR)

introduces a null vector .

Refines

AdaptableFunctor (with two arguments)

See Also

CGAL::Vector3<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page116
Kernel::ConstructScaledVector3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page329
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Kernel::ConstructVertex 2

A model for this must provide:

Kernel::Point 2 fo.operator()( Kernel::Segment2 s, int i)

returns source or target ofs: fo(s,0)returns the source of
s, fo(s,1)returns the target ofs. The parameteri is taken
modulo 2.

Kernel::Point 2 fo.operator()( Kernel::Isorectangle2 r, int i)

returns the i’th vertex ofr in counterclockwise order,
starting with the lower left vertex. The parameteri is
taken modulo 4.

Kernel::Point 2 fo.operator()( Kernel::Triangle2 t, int i)

returns the i’th vertex oft. The parameteri is taken mod-
ulo 3.

Refines

AdaptableFunctor (with two arguments)

See Also

CGAL::Iso rectangle2<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page69
CGAL::Segment2<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page81
CGAL::Triangle 2<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page83
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Kernel::ConstructVertex 3

A model for this must provide:

Kernel::Point 3 fo.operator()( Kernel::Segment3 s, int i)

returns source or target ofs: fo(s,0)returns the source of
s, fo(s,1)returns the target ofs. The parameteri is taken
modulo 2.

Kernel::Point 3 fo.operator()( Kernel::Isocuboid 3 c, int i)

returns the i’th vertex ofc, as indicated in the fig-
ure below. The parameteri is taken modulo 8.
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Kernel::Point 3 fo.operator()( Kernel::Triangle3 t, int i)

returns the i’th vertex oft. The parameteri is taken mod-
ulo 3.

Kernel::Point 3 fo.operator()( Kernel::Tetrahedron3 t, int i)

returns the i’th vertex oft. The parameteri is taken mod-
ulo 4.

Refines

AdaptableFunctor (with two arguments)

See Also

CGAL::Iso cuboid 3<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page94
CGAL::Segment3<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page107
CGAL::Tetrahedron3<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page112
CGAL::Triangle 3<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page114
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Kernel::CartesianConstIterator 2

A type representing an iterator to the Cartesian coordinates of a point in two dimensions.

Refines

CopyConstructible, Assignable, DefaultConstructible

See Also

Kernel::ConstructCartesianConstIterator2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page271
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Kernel::CartesianConstIterator 3

A type representing an iterator to the Cartesian coordinates of a point in three dimensions.

Refines

CopyConstructible, Assignable, DefaultConstructible

See Also

Kernel::ConstructCartesianConstIterator3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page272
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Kernel::CoplanarOrientation 3

A model for this must provide:

Orientation fo.operator()( Kernel::Point3 p,
Kernel::Point 3 q,
Kernel::Point 3 r,
Kernel::Point 3 s)

Let P be the plane defined by the pointsp, q, andr. Note
that the order defines the orientation ofP. The function
computes the orientation of pointsp, q, ands in P: Iff
p, q, s are collinear,COLLINEARis returned. IffP and
the plane defined byp, q, andshave the same orientation,
POSITIVEis returned; otherwiseNEGATIVEis returned.
Precondition: p, q, r, ands are coplanar andp, q, andr
are not collinear.

Orientation fo.operator()( Kernel::Point3 p, Kernel::Point3 q, Kernel::Point3 r)

If p,q,r are collinear, thenCOLLINEARis returned. If
not, thenp,q,r define a planeP. The return value in
this case is eitherPOSITIVEor NEGATIVE, but we don’t
specify it explicitely. However, we guarantee that all calls
to this predicate over 3 points inP will return a coherent
orientation if considered a 2D orientation inP.

Refines

AdaptableFunctor (with four arguments)

See Also

CGAL::coplanarorientation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page162
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Kernel::CoplanarSideOfBoundedCircle 3

A model for this must provide:

Boundedside fo.operator()( Kernel::Point3 p,
Kernel::Point 3 q,
Kernel::Point 3 r,
Kernel::Point 3 s)

returns the bounded side of the circle defined byp, q, and
r on whichs lies.
Precondition: p, q, r, ands are coplanar andp, q, andr
are not collinear.

Refines

AdaptableFunctor (with four arguments)

See Also

CGAL::coplanarside of boundedcircle . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page163
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Kernel::Coplanar 3

A model for this must provide:

bool fo.operator()( Kernel::Point3 p,
Kernel::Point 3 q,
Kernel::Point 3 r,
Kernel::Point 3 s)

returnstrue, if p, q, r, ands are coplanar.

Refines

AdaptableFunctor (with four arguments)

See Also

CGAL::coplanar. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page161

349



C
on

ce
pt

F
un

ct
or

Kernel::CounterclockwiseInBetween 2

A model for this must provide:

bool fo.operator()( Kernel::Direction2 d,
Kernel::Direction 2 d1,
Kernel::Direction 2 d2)

returnstrue iff d is not equal tod1, and while rotating
counterclockwise starting atd1, d is reached strictly be-
fore d2 is reached. Note that true is returned ifd1 == d2,
unless alsod == d1.

Refines

AdaptableFunctor (with three arguments)

See Also

CGAL::Direction 2<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page67
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Kernel::Direction 2

A type representing directions in two dimensions.

Refines

CopyConstructible, Assignable, DefaultConstructible

See Also

CGAL::Direction 2<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page67
Kernel::CompareAngleWithXAxis2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page228
Kernel::ComputeDx2. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page??
Kernel::ComputeDy2. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page??
Kernel::ConstructDirection2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page282
Kernel::ConstructOppositeDirection2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page298
Kernel::ConstructPerpendicularDirection2. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page312
Kernel::CounterclockwiseInBetween2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page350
Kernel::Equal2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page361
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Kernel::Direction 3

A type representing directions in three dimensions.

Refines

CopyConstructible, Assignable, DefaultConstructible

See Also

CGAL::Direction 3<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page92
Kernel::ConstructDirection3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page283
Kernel::ConstructOppositeDirection3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page299
Kernel::Equal2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page361
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Kernel::DoIntersect 2

A model for this must provide

bool fo.operator()( Type1 obj1, Type2 obj2)

determines if two geometrical objects of typeType1and
Type2intersect or not

for all pairsType1andType2, where the typesType1andType2can be any of the following:

• Kernel::Point 2
• Kernel::Line 2
• Kernel::Ray2
• Kernel::Segment2
• Kernel::Triangle 2
• Kernel::Iso rectangle2

Refines

AdaptableFunctor (with two arguments)

See Also

CGAL::do intersect. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page943
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Kernel::DoIntersect 3

A model for this must provide

bool fo.operator()( Type1 obj1, Type2 obj2)

determines if two geometrical objects of typeType1and
Type2intersect or not

for all pairsType1andType2, where the typeType1is Kernel::Plane3 or Kernel::Triangle 3 andType2can
be any of the following:

• Kernel::Plane3
• Kernel::Line 3
• Kernel::Ray3
• Kernel::Segment3
• Kernel::Triangle 3

And also forType1of typeTriangle 3<Kernel> andType2of typeTetrahedron3<Kernel>.

Refines

AdaptableFunctor (with two arguments)

See Also

CGAL::do intersect. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page943
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Kernel::EqualXY 3

A model for this must provide:

bool fo.operator()( Kernel::Point3 p, Kernel::Point3 q)

returns true iff p and q have the same Cartesianx-
coordinate and the same Cartesiany-coordinate.

Refines

AdaptableFunctor (with two arguments)

See Also

CGAL::comparexy. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page151
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Kernel::EqualX 2

A model for this must provide:

bool fo.operator()( Kernel::Point2 p, Kernel::Point2 q)

returns true iff p and q have the same Cartesianx-
coordinate.

Refines

AdaptableFunctor (with two arguments)

See Also

CGAL::x equal. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page204
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Kernel::EqualX 3

A model for this must provide:

bool fo.operator()( Kernel::Point3 p, Kernel::Point3 q)

returns true iff p and q have the same Cartesianx-
coordinate.

Refines

AdaptableFunctor (with two arguments)

See Also

CGAL::x equal. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page204
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Kernel::EqualY 2

A model for this must provide:

bool fo.operator()( Kernel::Point2 p, Kernel::Point2 q)

returns true iff p and q have the same Cartesiany-
coordinate.

Refines

AdaptableFunctor (with two arguments)

See Also

CGAL::y equal. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page205
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Kernel::EqualY 3

A model for this must provide:

bool fo.operator()( Kernel::Point3 p, Kernel::Point3 q)

returns true iff p and q have the same Cartesiany-
coordinate.

Refines

AdaptableFunctor (with two arguments)

See Also

CGAL::y equal. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page205
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Kernel::EqualZ 3

A model for this must provide:

bool fo.operator()( Kernel::Point3 p, Kernel::Point3 q)

returns true iff p and q have the same Cartesianz-
coordinate.

Refines

AdaptableFunctor (with two arguments)

See Also

CGAL::z equal. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page206
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Kernel::Equal 2

A model for this must provide the following operations. For all of themfo(x,y)returns true iffx andy are equal.

bool fo.operator()( Kernel::Point2 x, Kernel::Point2 y)

bool fo.operator()( Kernel::Vector2 x, Kernel::Vector2 y)

bool fo.operator()( Kernel::Direction2 x, Kernel::Direction2 y)

bool fo.operator()( Kernel::Line2 x, Kernel::Line2 y)

bool fo.operator()( Kernel::Ray2 x, Kernel::Ray2 y)

bool fo.operator()( Kernel::Segment2 x, Kernel::Segment2 y)

bool fo.operator()( Kernel::Circle2 x, Kernel::Circle 2 y)

bool fo.operator()( Kernel::Triangle2 x, Kernel::Triangle2 y)

bool fo.operator()( Kernel::Isorectangle2 x, Kernel::Isorectangle2 y)

Refines

AdaptableFunctor (with two arguments)

See Also

CGAL::Circle 2<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page65
CGAL::Direction 2<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page67
CGAL::Iso rectangle2<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page69
CGAL::Line 2<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page72
CGAL::Point 2<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page75
CGAL::Ray2<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page79
CGAL::Segment2<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page81
CGAL::Triangle 2<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page83
CGAL::Vector2<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page85
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Kernel::Equal 3

A model for this must provide the following operations. For all of themfo(x,y)returns true iffx andy are equal.

bool fo.operator()( Kernel::Point3 x, Kernel::Point3 y)

bool fo.operator()( Kernel::Vector3 x, Kernel::Vector3 y)

bool fo.operator()( Kernel::Direction3 x, Kernel::Direction3 y)

bool fo.operator()( Kernel::Line3 x, Kernel::Line3 y)

bool fo.operator()( Kernel::Plane3 x, Kernel::Plane3 y)

bool fo.operator()( Kernel::Ray3 x, Kernel::Ray3 y)

bool fo.operator()( Kernel::Segment3 x, Kernel::Segment3 y)

bool fo.operator()( Kernel::Sphere3 x, Kernel::Sphere3 y)

bool fo.operator()( Kernel::Triangle3 x, Kernel::Triangle3 y)

bool fo.operator()( Kernel::Tetrahedron3 x, Kernel::Tetrahedron3 y)

bool fo.operator()( Kernel::Isocuboid 3 x, Kernel::Isocuboid 3 y)

Refines

AdaptableFunctor (with two arguments)

See Also

CGAL::Direction 3<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page92
CGAL::Iso cuboid 3<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page94
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Kernel::HasOnBoundary 2

A model for this must provide:

bool fo.operator()( Kernel::Circle2 c, Kernel::Point2 p)

returns true iffp lies on the boundary ofc.

bool fo.operator()( Kernel::Isorectangle2 i, Kernel::Point 2 p)

returns true iffp lies on the boundary ofi.

bool fo.operator()( Kernel::Triangle2 t, Kernel::Point 2 p)

returns true iffp lies on the boundary oft.

Refines

AdaptableFunctor (with two arguments)

See Also

CGAL::Circle 2<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page65
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Kernel::HasOnBoundary 3

A model for this must provide:

bool fo.operator()( Kernel::Sphere3 s, Kernel::Point3 p)

returns true iffp lies on the boundary ofs.

bool fo.operator()( Kernel::Tetrahedron3 t, Kernel::Point 3 p)

returns true iffp lies on the boundary oft.

bool fo.operator()( Kernel::Isocuboid 3 c, Kernel::Point3 p)

returns true iffp lies on the boundary ofc.

Refines

AdaptableFunctor (with two arguments)

See Also

CGAL::Iso cuboid 3<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page94
CGAL::Sphere3<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page109
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Kernel::HasOnBoundedSide2

A model for this must provide:

bool fo.operator()( Kernel::Circle2 c, Kernel::Point2 p)

returns true iffp lies on the bounded side ofc.

bool fo.operator()( Kernel::Isorectangle2 i, Kernel::Point 2 p)

returns true iffp lies on the bounded side ofi.

bool fo.operator()( Kernel::Triangle2 t, Kernel::Point 2 p)

returns true iffp lies on the bounded side oft.

Refines

AdaptableFunctor (with two arguments)

See Also

CGAL::Circle 2<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page65
CGAL::Iso rectangle2<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page69
CGAL::Triangle 2<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page83

365



C
on

ce
pt

F
un

ct
or

Kernel::HasOnBoundedSide3

A model for this must provide:

bool fo.operator()( Kernel::Sphere3 s, Kernel::Point3 p)

returns true iffp lies on the bounded side ofs.

bool fo.operator()( Kernel::Tetrahedron3 t, Kernel::Point 3 p)

returns true iffp lies on the bounded side oft.

bool fo.operator()( Kernel::Isocuboid 3 c, Kernel::Point3 p)

returns true iffp lies on the bounded side ofc.

Refines

AdaptableFunctor (with two arguments)

See Also

CGAL::Iso cuboid 3<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page94
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Kernel::HasOnNegativeSide2

A model for this must provide:

bool fo.operator()( Kernel::Circle2 c, Kernel::Point2 p)

returns true iffp lies on the negative side ofc.

bool fo.operator()( Kernel::Line2 l, Kernel::Point 2 p)

returns true iffp lies on the negative side ofl (l is consid-
ered a halfspace).

bool fo.operator()( Kernel::Triangle2 t, Kernel::Point 2 p)

returns true iffp lies on the negative side oft.

Refines

AdaptableFunctor (with two arguments)

See Also

CGAL::Circle 2<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page65
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Kernel::HasOnNegativeSide3

A model for this must provide:

bool fo.operator()( Kernel::Plane3 h, Kernel::Point3 p)

returns true iffp lies on the negative side ofh (h is con-
sidered a halfspace).

bool fo.operator()( Kernel::Sphere3 s, Kernel::Point3 p)

returns true iffp lies on the negative side ofs.

bool fo.operator()( Kernel::Tetrahedron3 t, Kernel::Point 3 p)

returns true iffp lies on the negative side oft.

Refines

AdaptableFunctor (with two arguments)

See Also

CGAL::Plane3<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page99
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Kernel::HasOnPositiveSide2

A model for this must provide:

bool fo.operator()( Kernel::Circle2 c, Kernel::Point2 p)

returns true iffp lies on the positive side ofc.

bool fo.operator()( Kernel::Line2 l, Kernel::Point 2 p)

returns true iffp lies on the positive side ofl (l is consid-
ered a halfspace).

bool fo.operator()( Kernel::Triangle2 t, Kernel::Point 2 p)

returns true iffp lies on the positive side oft.

Refines

AdaptableFunctor (with two arguments)

See Also

CGAL::Circle 2<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page65
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Kernel::HasOnPositiveSide3

A model for this must provide:

bool fo.operator()( Kernel::Plane3 h, Kernel::Point3 p)

returns true iffp lies on the positive side ofh (h is con-
sidered a halfspace).

bool fo.operator()( Kernel::Sphere3 s, Kernel::Point3 p)

returns true iffp lies on the positive side ofs.

bool fo.operator()( Kernel::Tetrahedron3 t, Kernel::Point 3 p)

returns true iffp lies on the positive side oft.

Refines

AdaptableFunctor (with two arguments)

See Also

CGAL::Plane3<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page99
CGAL::Sphere3<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page109
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Kernel::HasOnUnboundedSide2

A model for this must provide:

bool fo.operator()( Kernel::Circle2 c, Kernel::Point2 p)

returns true iffp lies on the unbounded side ofc.

bool fo.operator()( Kernel::Isorectangle2 i, Kernel::Point 2 p)

returns true iffp lies on the unbounded side ofi.

bool fo.operator()( Kernel::Triangle2 t, Kernel::Point 2 p)

returns true iffp lies on the unbounded side oft.

Refines

AdaptableFunctor (with two arguments)

See Also

CGAL::Circle 2<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page65
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CGAL::Triangle 2<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page83
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Kernel::HasOnUnboundedSide3

A model for this must provide:

bool fo.operator()( Kernel::Sphere3 s, Kernel::Point3 p)

returns true iffp lies on the unbounded side ofs.

bool fo.operator()( Kernel::Tetrahedron3 t, Kernel::Point 3 p)

returns true iffp lies on the unbounded side oft.

bool fo.operator()( Kernel::Isocuboid 3 c, Kernel::Point3 p)

returns true iffp lies on the unbounded side ofc.

Refines

AdaptableFunctor (with two arguments)

See Also

CGAL::Iso cuboid 3<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page94
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Kernel::HasOn 2

A model for this must provide:

bool fo.operator()( Kernel::Line2 l, Kernel::Point 2 p)

returns true iffp lies onl .

bool fo.operator()( Kernel::Ray2 r, Kernel::Point 2 p)

returns true iffp lies onr.

bool fo.operator()( Kernel::Segment2 s, Kernel::Point2 p)

returns true iffp lies ons.

Refines

AdaptableFunctor (with two arguments)

See Also

CGAL::Line 2<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page72
CGAL::Ray2<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page79
CGAL::Segment2<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page81
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Kernel::HasOn 3

A model for this must provide:

bool fo.operator()( Kernel::Line3 l, Kernel::Point 3 p)

returns true iffp lies onl .

bool fo.operator()( Kernel::Ray3 r, Kernel::Point 3 p)

returns true iffp lies onr.

bool fo.operator()( Kernel::Segment3 s, Kernel::Point3 p)

returns true iffp lies ons.

bool fo.operator()( Kernel::Plane3 pl, Kernel::Point 3 p)

returns true iffp lies onpl.

bool fo.operator()( Kernel::Triangle3 t, Kernel::Point 3 p)

returns true iffp lies ont.

Refines

AdaptableFunctor (with two arguments)

See Also

CGAL::Line 3<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page97
CGAL::Plane3<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page99
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Kernel::Intersect 2

A model for this must provide

Kernel::Object2 fo.operator()( Type1 obj1, Type2 obj2)

computes the intersection region of two geometrical ob-
jects of typeType1andType2

for all pairsType1andType2, where the typesType1andType2can be any of the following:

• Kernel::Line 2
• Kernel::Ray2
• Kernel::Segment2
• Kernel::Triangle 2
• Kernel::Iso rectangle2

Refines

AdaptableFunctor (with two arguments)

See Also

CGAL::intersection. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page945
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Kernel::Intersect 3

A model for this must provide

Kernel::Object3 fo.operator()( Type1 obj1, Type2 obj2)

computes the intersection region of two geometrical ob-
jects of typeType1andType2

for all pairsType1andType2, where the typeType1is Kernel::Plane3 andType2can be any of the following:

• Kernel::Plane3
• Kernel::Line 3
• Kernel::Ray3
• Kernel::Segment3

Kernel::Object3 fo.operator()( Kernel::Plane3 pl1, Kernel::Plane3 pl2, Kernel::Plane3 pl3)

computes the intersection of three planes. The result
can be either aKernel::Point 3, a Kernel::Line 3, a
Kernel::Plane3, or empty.

Refines

AdaptableFunctor (with two arguments)

See Also

CGAL::intersection. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page945
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Kernel::IsDegenerate 2

A model for this must provide:

bool fo.operator()( Kernel::Circle2 o)

returns true iffo is degenerate.

bool fo.operator()( Kernel::Isorectangle2 o)

returns true iffo is degenerate.

bool fo.operator()( Kernel::Line2 o)

returns true iffo is degenerate.

bool fo.operator()( Kernel::Ray2 o)

returns true iffo is degenerate.

bool fo.operator()( Kernel::Segment2 o)

returns true iffo is degenerate.

bool fo.operator()( Kernel::Triangle2 o)

returns true iffo is degenerate.

Refines

AdaptableFunctor (with one argument)

See Also

CGAL::Circle 2<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page65
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Kernel::IsDegenerate 3

A model for this must provide:

bool fo.operator()( Kernel::Isocuboid 3 o)

returns true iffo is degenerate.

bool fo.operator()( Kernel::Line3 o)

returns true iffo is degenerate.

bool fo.operator()( Kernel::Plane3 o)

returns true iffo is degenerate.

bool fo.operator()( Kernel::Ray3 o)

returns true iffo is degenerate.

bool fo.operator()( Kernel::Segment3 o)

returns true iffo is degenerate.

bool fo.operator()( Kernel::Sphere3 o)

returns true iffo is degenerate.

bool fo.operator()( Kernel::Tetrahedron3 o)

returns true iffo is degenerate.

bool fo.operator()( Kernel::Triangle3 o)

returns true iffo is degenerate.

Refines

AdaptableFunctor (with one argument)
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Kernel::IsHorizontal 2

A model for this must provide:

bool fo.operator()( Kernel::Line2 o)

returns true iffo is horizontal.

bool fo.operator()( Kernel::Ray2 o)

returns true iffo is horizontal.

bool fo.operator()( Kernel::Segment2 o)

returns true iffo is horizontal.

Refines

AdapatableFunctor (with one argument)

See Also
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A type representing isocuboids in three dimensions.

Refines

CopyConstructible, Assignable, DefaultConstructible

See Also
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Kernel::IsoRectangle 2

A type representing isorectangles in two dimensions.

Refines

CopyConstructible, Assignable, DefaultConstructible

See Also
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Kernel::IsVertical 2

A model for this must provide:

bool fo.operator()( Kernel::Line2 o)

returns true iffo is vertical.

bool fo.operator()( Kernel::Ray2 o)

returns true iffo is vertical.

bool fo.operator()( Kernel::Segment2 o)

returns true iffo is vertical.

Refines

AdapatableFunctor (with one argument)

See Also

CGAL::Line 2<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page72
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CGAL::Segment2<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page81
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Kernel::LeftTurn 2

A model for this must provide:

bool fo.operator()( Kernel::Point2 p, Kernel::Point2 q, Kernel::Point2 r)

returnstrue, iff the three pointsp, q andr form a left turn.

Refines

AdaptableFunctor (with three arguments)

See Also

CGAL::left turn . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page177
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Kernel::LessDistanceToPoint2

A model for this must provide:

bool fo.operator()( Kernel::Point2 p, Kernel::Point2 q, Kernel::Point2 r)

returns true iff the distance ofq to p is smaller than the
distance ofr to p.

Refines

AdaptableFunctor (with three arguments)

See Also

CGAL::hassmaller distanceto point . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page171
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Kernel::LessDistanceToPoint3

A model for this must provide:

bool fo.operator()( Kernel::Point3 p, Kernel::Point3 q, Kernel::Point3 r)

returns true iff the distance ofq to p is smaller than the
distance ofr to p.

Refines

AdaptableFunctor (with three arguments)

See Also

CGAL::hassmaller distanceto point . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page171
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Kernel::LessRotateCCW 2

A model for this must provide:

bool fo.operator()( Kernel::Point2 p, Kernel::Point2 q, Kernel::Point2 r)

returns true iff the three pointsp, q andr form a left turn
or if they are collinear and the distance ofq to p is larger
than the distance ofr to p, wherep is the point passed to
the object at construction.
Precondition: p does not lie in the interior of the segment
rq, i.e. p is an extreme point with respect to{p,q, r}.

Refines

AdaptableFunctor (with three arguments)
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Kernel::LessSignedDistanceToLine2

A model for this must provide:

bool fo.operator()( Kernel::Line2 l, Kernel::Point 2 p, Kernel::Point2 q)

returnstrue if the signed distance fromp and the oriented
line l is smaller than the signed distance ofq andl .

bool fo.operator()( Kernel::Point2 p,
Kernel::Point 2 q,
Kernel::Point 2 r,
Kernel::Point 2 s)

returnstrue if the signed distance fromr and the oriented
line l defined byp andq is smaller than the signed dis-
tance ofs andl .
Precondition: p! = q.

Refines

AdaptableFunctor (with four arguments)

See Also

CGAL::hassmaller signeddistanceto line . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page172
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Kernel::LessSignedDistanceToPlane3

A model for this must provide:

bool fo.operator()( Kernel::Plane3 p, Kernel::Point3 q, Kernel::Point3 r)

returns true, iff the signed distance from pointq to plane
p is smaller than the signed distance from pointr to p.

bool fo.operator()( Kernel::Point3 p1,
Kernel::Point 3 p2,
Kernel::Point 3 p3,
Kernel::Point 3 q,
Kernel::Point 3 r)

returns true, iff the signed distance from pointq to the
planep defined byp1, p2, p3is smaller than the signed
distance from pointr to p.
Precondition: p,q, andr are not collinear.

Refines

AdaptableFunctor (with three arguments)

See Also

CGAL::hassmaller signeddistanceto plane. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page173
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Kernel::LessXYZ 3

A model for this must provide:

bool fo.operator()( Kernel::Point3 p, Kernel::Point3 q)

returns true iff thex-coordinate ofp is smaller than thex-
coordinate ofq or if the are the same and they-coordinate
of p is smaller than they-coordinate ofq, or, if both x-
andy- coordinate are identical and thez-coordinate ofp
is smaller than thez-coordinate ofq.

Refines

AdaptableFunctor (with two arguments)

See Also

CGAL::lexicographicallyxyz smaller. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page178
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Kernel::LessXY 2

A model for this must provide:

bool fo.operator()( Kernel::Point2 p, Kernel::Point2 q)

returns true iff thex-coordinate ofp is smaller than thex-
coordinate ofq or if the are the same and they-coordinate
of p is smaller than they-coordinate ofq.

Refines

AdaptableFunctor (with two arguments)

See Also

CGAL::lexicographicallyxy smaller. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page182
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Kernel::LessXY 3

A model for this must provide:

bool fo.operator()( Kernel::Point3 p, Kernel::Point3 q)

returns true iff thex-coordinate ofp is smaller than thex-
coordinate ofq or if the are the same and they-coordinate
of p is smaller than they-coordinate ofq.

Refines

AdaptableFunctor (with two arguments)

See Also

CGAL::comparexy. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page151

392



C
on

ce
pt

F
un

ct
or

Kernel::LessX 2

A model for this must provide:

bool fo.operator()( Kernel::Point2 p, Kernel::Point2 q)

returns true iff thex-coordinate ofp is smaller than the
x-coordinate ofq.

Refines

AdaptableFunctor (with two arguments)

See Also

CGAL::comparex . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page149
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Kernel::LessX 3

A model for this must provide:

bool fo.operator()( Kernel::Point3 p, Kernel::Point3 q)

returns true iff thex-coordinate ofp is smaller than the
x-coordinate ofq.

Refines

AdaptableFunctor (with two arguments)

See Also

CGAL::comparex . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page149
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Kernel::LessYX 2

A model for this must provide:

bool fo.operator()( Kernel::Point2 p, Kernel::Point2 q)

returns true iff they-coordinate ofp is smaller than they-
coordinate ofq or if the are the same and thex-coordinate
of p is smaller than thex-coordinate ofq.

Refines

AdaptableFunctor (with two arguments)

See Also

CGAL::compareyx. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page159
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Kernel::LessY 2

A model for this must provide:

bool fo.operator()( Kernel::Point2 p, Kernel::Point2 q)

returns true iff they-coordinate ofp is smaller than the
y-coordinate ofq.

Refines

AdaptableFunctor (with two arguments)

See Also

CGAL::comparey . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page155
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Kernel::LessY 3

A model for this must provide:

bool fo.operator()( Kernel::Point3 p, Kernel::Point3 q)

returns true iff they-coordinate ofp is smaller than the
y-coordinate ofq.

Refines

AdaptableFunctor (with two arguments)

See Also

CGAL::comparey . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page155
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Kernel::LessZ 3

A model for this must provide:

bool fo.operator()( Kernel::Point3 p, Kernel::Point3 q)

returns true iff thez-coordinate ofp is smaller than the
z-coordinate ofq.

Refines

AdaptableFunctor (with two arguments)

See Also

CGAL::comparez . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page160
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Kernel::Line 2

A type representing straight lines (and halfspaces) in two dimensions.

Refines

CopyConstructible, Assignable, DefaultConstructible

See Also
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Kernel::Orientation 2

A model for this must provide:

Orientation fo.operator()( Kernel::Point2 p, Kernel::Point2 q, Kernel::Point2 r)

returnsLEFT TURN, if r lies to the left of the oriented
line l defined byp andq, returnsRIGHT TURN if r lies
to the right ofl , and returnsCOLLINEARif r lies onl .

Orientation fo.operator()( Kernel::Vector2 u, Kernel::Vector2 v)

returnsLEFT TURN if u andv form a left turn, returns
RIGHT TURN if u andv form a right turn, and returns
COLLINEARif u andv are collinear.

Refines

AdaptableFunctor (with three arguments)

See Also
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Kernel::Orientation 3

A model for this must provide:

Orientation fo.operator()( Kernel::Point3 p,
Kernel::Point 3 q,
Kernel::Point 3 r,
Kernel::Point 3 s)

returnsPOSITIVE, if s lies on the positive side of the ori-
ented planeh defined byp, q, andr, returnsNEGATIVE
if s lies on the negative side ofh, and returnsCOPLANAR
if s lies onh.

Orientation fo.operator()( Kernel::Vector3 u, Kernel::Vector3 v, Kernel::Vector3 w)

returnsPOSITIVEif u, v andw are positively oriented,
returnsNEGATIVEif u, v andw are negatively oriented,
and returnsCOPLANARif u, v andw are coplanar.

Refines

AdaptableFunctor (with four arguments)

See Also
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Kernel::OrientedSide 2

A model for this must provide:

Orientedside fo.operator()( Kernel::Circle2 c, Kernel::Point2 p)

returnsON ORIENTEDBOUNDARY, ON NEGATIVE
SIDE, or the constantON POSITIVESIDE, depending
on the position ofp relative to the oriented circlec.

Orientedside fo.operator()( Kernel::Line2 l, Kernel::Point 2 p)

returnsON ORIENTEDBOUNDARY, ON NEGATIVE
SIDE, or the constantON POSITIVESIDE, depending
on the position ofp relative to the oriented linel .

Orientedside fo.operator()( Kernel::Triangle2 t, Kernel::Point 2 p)

returnsON ORIENTEDBOUNDARY, ON NEGATIVE
SIDE, or the constantON POSITIVESIDE, depending
on the position ofp relative to the oriented trianglet.

Refines

AdaptableFunctor (with two arguments)

See Also
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Kernel::OrientedSide 3

A model for this must provide:

Orientedside fo.operator()( Kernel::Plane3 h, Kernel::Point3 p)

returnsON ORIENTEDBOUNDARY, ON NEGATIVE
SIDE, or the constantON POSITIVESIDE, depending
on the position ofp relative to the oriented planeh.

Orientedside fo.operator()( Kernel::Tetrahedron3 t, Kernel::Point 3 p)

returnsON ORIENTEDBOUNDARY, ON NEGATIVE
SIDE, or the constantON POSITIVESIDE, depending
on the position ofp relative to the oriented tetrahedront.

Orientedside fo.operator()( Kernel::Sphere3 s, Kernel::Point3 p)

returnsON ORIENTEDBOUNDARY, ON NEGATIVE
SIDE, or theON POSITIVESIDE, depending on the po-
sition ofp relative to the oriented spheres.

Refines

AdaptableFunctor (with two arguments)

See Also
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Kernel::SideOfBoundedCircle 2

A model for this must provide:

Boundedside fo.operator()( Kernel::Point2 p,
Kernel::Point 2 q,
Kernel::Point 2 r,
Kernel::Point 2 t)

returns the relative position of pointt to the circle defined
by p, q andr. The order of the pointsp, q andr does not
matter.
Precondition: p, qandr are not collinear.

Boundedside fo.operator()( Kernel::Point2 p, Kernel::Point2 q, Kernel::Point2 t)

returns the position of the pointt relative to the circle that
haspqas its diameter.

Refines

AdaptableFunctor (with four arguments)

See Also

CGAL::sideof boundedcircle. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page197
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Kernel::SideOfBoundedSphere3

A model for this must provide:

Boundedside fo.operator()( Kernel::Point3 p,
Kernel::Point 3 q,
Kernel::Point 3 r,
Kernel::Point 3 s,
Kernel::Point 3 t)

returns the relative position of pointt to the sphere de-
fined byp, q, r, ands. The order of the pointsp, q, r, and
s does not matter.
Precondition: p, q, r ands are not coplanar.

Boundedside fo.operator()( Kernel::Point3 p,
Kernel::Point 3 q,
Kernel::Point 3 r,
Kernel::Point 3 t)

returns the position of the pointt relative to the sphere
passing throughp, q, and r and whose center is in the
plane defined by these three points.

Boundedside fo.operator()( Kernel::Point3 p, Kernel::Point3 q, Kernel::Point3 t)

returns the position of the pointt relative to the sphere
that haspqas its diameter.

Refines

AdaptableFunctor (with five arguments)

See Also

CGAL::sideof boundedsphere. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page496
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Kernel::SideOfOrientedCircle 2

A model for this must provide:

Orientedside fo.operator()( Kernel::Point2 p,
Kernel::Point 2 q,
Kernel::Point 2 r,
Kernel::Point 2 t)

returns the relative position of pointt to the oriented cir-
cle defined byp, q andr. The order of the pointsp, q and
r is important, since it determines the orientation of the
implicitly constructed circle.
Precondition: p, qandr are not collinear.

Refines

AdaptableFunctor (with four arguments)

See Also

CGAL::sideof orientedcircle . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page199
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Kernel::SideOfOrientedSphere 3

A model for this must provide:

Orientedside fo.operator()( Kernel::Point3 p,
Kernel::Point 3 q,
Kernel::Point 3 r,
Kernel::Point 3 s,
Kernel::Point 3 t)

returns the relative position of pointt to the oriented
sphere defined byp, q, r ands. The order of the pointsp,
q, r, ands is important, since it determines the orientation
of the implicitly constructed sphere. If the pointsp, q, r
ands are positive oriented, positive side is the bounded
interior of the sphere.
Precondition: p, q, r ands are not coplanar.

Refines

AdaptableFunctor (with five arguments)

See Also

CGAL::sideof orientedsphere. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page497
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A type representing spheres in three dimensions.

Refines

CopyConstructible, Assignable, DefaultConstructible
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A type representing tetrahedra in three dimensions.

Refines

CopyConstructible, Assignable, DefaultConstructible

See Also
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A type representing triangles in two dimensions.
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Kernel::Vector 3

Definition

A type representing vectors in three dimensions.

Refines

CopyConstructible, Assignable, DefaultConstructible

See Also
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2.14 Tag Classes
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CGAL::Tag false

Definition

The classTag false is used to define a tag indicating, for example, that a certain feature is not available in a
class.

#include<CGAL/tags.h>

bool checktag( Tag false) returns false.

See Also

CGAL::Tag true. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page426
CGAL::Numbertype traits<NT> in the Support Library Manual.
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CGAL::Tag true

Definition

The classTag true is used to define a tag indicating, for example, that a certain feature is available in a class.

#include<CGAL/tags.h>

bool checktag( Tag true) returns true.

See Also

CGAL::Tag false. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page426
CGAL::Numbertype traits<NT> in the Support Library Manual.
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Chapter 3

dD Kernel
Michael Seel

3.1 Introduction

This part of the reference manual covers the higher-dimensional kernel. The kernel contains objects of constant
size, such as point, vector, direction, line, ray, segment, circle. With each type comes a set of functions which can
be applied to an object of this type. You will typically find access functions (e.g. to the coordinates of a point),
tests of the position of a point relative to the object, a function returning the bounding box, the length, or the
area of an object, and so on. The CGAL kernel further contains basic operations such as affine transformations,
detection and computation of intersections, and distance computations. Note that this section partly recapitulates
facts already mentioned for the lower-dimensional kernel.

3.1.1 Robustness

The correctness proof of nearly all geometric algorithms presented in theory papers assumes exact computation
with real numbers. This leads to a fundamental problem with the implementation of geometric algorithms.
Naively, often the exact real arithmetic is replaced by inexact floating-point arithmetic in the implementation.
This often leads to acceptable results for many input data. However, even for the implementation of the simplest
geometric algorithms this simplification occasionally does not work. Rounding errors introduced by inaccurate
arithmetic may lead to inconsistent decisions, causing unexpected failures for some correct input data. There are
many approaches to this problem, one of them is to compute exactly (compute so accurate that all decisions made
by the algorithm are exact) which is possible in many cases but more expensive than standard floating-point
arithmetic. C. M. Hoffmann [Hof89a, Hof89b] illustrates some of the problems arising in the implementation
of geometric algorithms and discusses some approaches to solve them. A more recent overview is given in
[Sch00]. The exact computation paradigm is discussed by Yap and Dubé [YD95] and Yap [Yap97].

In CGAL you can choose the underlying number types and arithmetic. You can use different types of arithmetic
simultaneously and the choice can be easily changed, e.g. for testing. So you can choose between implemen-
tations with fast but occasionally inexact arithmetic and implementations guaranteeing exact computation and
exact results. Of course you have to pay for the exactness in terms of execution time and storage space. See
the section on number types in the Support Library for more details on number types and their capabilities and
performance.
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3.1.2 Genericity

To increase generic usage of objects and predicates the higher-dimensional kernel makes heavy use of iterator
ranges as defined in the STL for modelling tuples. Iterators conceptualize C++ pointers.

For an iterator range[first,last) we defineT = tuple [first,last) as the ordered tuple(T[0],T[1], . . .T[d− 1])
whereS[i] = ∗+ +(i)first (the element obtained byi times forwarding the iterator by operator++ and then
dereferencing it to get the value to which it points). We writed = size [first,last)andS = set [first,last)to
denote the unordered set of elements of the corresponding tuple.

This extends the syntax of random access iterators to input iterators. If we index the tuple as above then we
require that++(d+1) first = last.

3.2 Kernel Representations

Our object of study is thed-dimensional affine Euclidean space, whered is a parameter of our geometry. Objects
in that space are sets of points. A common way to represent the points is the use of Cartesian coordinates, which
assumes a reference frame (an origin andd orthogonal axes). In that framework, a point is represented by a
d-tuple(c0,c1, . . . ,cd−1), and so are vectors in the underlying linear space. Each point is represented uniquely
by such Cartesian coordinates.

Another way to represent points is by homogeneous coordinates. In that framework, a point is represented by a
(d+1)-tuple(h0,h1, . . . ,hd). Via the formulaeci = hi/hd, the corresponding point with Cartesian coordinates
(c0,c1, . . . ,cd−1) can be computed. Note that homogeneous coordinates are not unique. Forλ 6= 0, the tuples
(h0,h1, . . . ,hd) and(λ · h0,λ · h1, . . . ,λ · hd) represent the same point. For a point with Cartesian coordinates
(c0,c1, . . . ,cd−1) a possible homogeneous representation is(c0,c1, . . . ,cd−1,1). Homogeneous coordinates in
fact allow to represent objects in a more general space, the projective space ¶d. In CGAL, we do not compute in
projective geometry. Rather, we use homogeneous coordinates to avoid division operations, since the additional
coordinate can serve as a common denominator.

3.2.1 Genericity through Parameterization

Almost all the kernel objects (and the corresponding functions) are templates with a parameter that allows the
user to choose the representation of the kernel objects. A type that is used as an argument for this parameter must
fulfill certain requirements on syntax and semantics. The list of requirements defines an abstract kernel concept.
In CGAL such a kernel concept is often also called arepresentation classand denoted byR. A representation
class provides the actual implementations of the kernel objects. For all kernel objectsKernel object, the types
CGAL::Kernel object<R> andR::Kernel objectare identical.

CGAL offers two families of concrete models for the concept representation class, one based on the Cartesian
representation of points and one based on the homogeneous representation of points. The interface of the kernel
objects is designed such that it works well with both Cartesian and homogeneous representation, for example,
points have a constructor with a range of coordinates plus a common denominator (thed + 1 homogeneous
coordinates of the point). The common interfaces parameterized with a representation class allow one to de-
velop code independent of the chosen representation. We said “families” of models, because both families are
parameterized too. A user can choose the number type used to represent the coordinates and the linear algebra
module used to calculate the result of predicates and constructions.

For reasons that will become evident later, a representation class provides two typenames for number types,
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namelyR::FT andR::RT and one typename for the linear algebra moduleR::LA.1 The typeR::FT must fulfill
the requirements on what is called afield typein CGAL. This roughly means thatR::FT is a type for which
operations+, −, ∗ and/ are defined with semantics (approximately) corresponding to those of a field in a
mathematical sense. Note that, strictly speaking, the built-in typeint does not fullfil the requirements on a field
type, sinceints correspond to elements of a ring rather than a field, especially operation/ is not the inverse of
∗. The requirements on the typeR::RT are weaker. This type must fulfill the requirements on what is called
an Euclidean ring typein CGAL. This roughly means thatR::RT is a type for which operations+, −, ∗ are
defined with semantics (approximately) corresponding to those of a ring in a mathematical sense. A very limited
division operation/ must be available as well. It must work for exact (i.e., no remainder) integer divisions only.
Furthermore, both number types should fulfill CGAL ’s requirements on a number type.

3.2.2 Cartesian Kernel

With Cartesiand<FieldNumberType,LinearAlgebra> you can choose Cartesian representation of coordinates.
The typeLinearAlgebramust me a linear algebra module working on numbers of typeFieldNumberType. The
second parameter defaults to module delivered with the kernel so for short a user can just writeCartesiand<
FieldNumberType> when not providing her own linear algebra.

When you choose Cartesian representation you have to declare at least the type of the coordinates. A number
type used with theCartesiand representation class should be afield typeas described above. BothCarte-
sian<FieldNumberType>::FT andCartesian<FieldNumberType>::RT are mapped to number typeFieldNum-
berType. Cartesiand<FieldNumberType,LinearAlgebra>::LA is mapped to the typeLinearAlgebra. Carte-
sian<FieldNumberType> uses reference counting internally to save copying costs.

3.2.3 Homogeneous Kernel

As we mentioned before, homogeneous coordinates permit to avoid division operations in numerical compu-
tations, since the additional coordinate can serve as a common denominator. Avoiding divisions can be useful
for exact geometric computation. WithHomogeneousd<RingNumberType,LinearAlgebra> you can choose ho-
mogeneous representation of coordinates with the kernel objects. As for Cartesian representation you have to
declare at the same time the type used to store the homogeneous coordinates. Since the homogeneous represen-
tation allows one to avoid the divisions, the number type associated with a homogeneous representation class
must be a model for the weaker concept Euclidean ring type only.

The typeLinearAlgebramust me a linear algebra module working on numbers of typeRingNumberType. Again
the second parameter defaults to module delivered with the kernel so for short one can just writeHomogeneous
d<RingNumberType> when replacing the default is no issue.

However, some operations provided by this kernel involve division operations, for example computing squared
distances or returning a Cartesian coordinate. To keep the requirements on the number type parameter ofHomo-
geneouslow, the number typeQuotient<RingNumberType> is used instead. This number type turns a ring type
into a field type. It maintains numbers as quotients, i.e. a numerator and a denominator. Thereby, divisions are
circumvented. WithHomogeneousd<RingNumberType>, Homogeneousd<RingNumberType>::FT is equal
to Quotient<RingNumberType> while Homogeneousd<RingNumberType>::RT is equal toRingNumberType.
Homogeneousd<RingNumberType,LinearAlgebra>::LA is mapped to the typeLinearAlgebra.

1The double colon :: is the C++ scope operator.
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3.2.4 Naming conventions

The use of representation classes not only avoids problems, it also makes all CGAL classes very uniform. They
alwaysconsist of:

1. Thecapitalized base nameof the geometric object, such asPoint, Segment, Triangle.

2. Followed by d.

3. A representation classas parameter, which itself is parameterized with a number type, such asCartesian
d<double> or Homogeneousd<leda integer>.

3.2.5 Kernel as a Traits Class

Algorithms and data structures in the basic library of CGAL are parameterized by a traits class that subsumes
the objects on which the algorithm or data structure operates as well as the operations to do so. For most of the
algorithms and data structures in the basic library you can use a kernel as a traits class. For some algorithms
you even do not have to specify the kernel; it is detected automatically using the types of the geometric objects
passed to the algorithm. In some other cases, the algorithms or data structures needs more than is provided by a
kernel. In these cases, a kernel can not be used as a traits class.

3.2.6 Choosing a Kernel

If you start with integral Cartesian coordinates, many geometric computations will involve integral numeri-
cal values only. Especially, this is true for geometric computations that evaluate only predicates, which are
tantamount to determinant computations. Examples are triangulation of point sets and convex hull computation.

The dimensiond of our affine space determines the dimension of the matrix computions in the mathematical
evaluation of predicates. As rounding errors accumulate fast the homogeneous represenation used with multi-
precision integers is the kernel of choice for well-behaved algorithms. Note, that unless you use an arbitrary
precision integer type, incorrect results might arise due to overflow.

If new points are to be constructed, for example the intersection point of two lines, computation of Cartesian
coordinates usually involves divisions, so you need to use a field type with Cartesian representation or have to
switch to homogeneous representation.doubleis a possible, but imprecise field type. You can also put any ring
type intoQuotientto get a field type and put it intoCartesian, but you better put the ring type intoHomogeneous.
leda rational andleda real are valid field types, too.

Still other people will prefer the built-in typedouble, because they need speed and can live with approximate
results, or even algorithms that, from time to time, crash or compute incorrect results due to accumulated
rounding errors.

3.2.7 Inclusion of Header Files

You need just to include a representation class to obtain the geometric objects of the kernel that you would like
to use with the representation class, i.e.,CGAL/Cartesiand.hor CGAL/Homogeneousd.h
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3.3 Kernel Geometry

3.3.1 Points and Vectors

In CGAL, we strictly distinguish between points, vectors and directions. Apoint is a point in the Euclidean
spaceEd, a vector is the difference of two pointsp2, p1 and denotes the direction and the distance fromp1

to p2 in the vector spaceRd, and adirection is a vector where we forget about its length. They are different
mathematical concepts. For example, they behave different under affine transformations and an addition of two
points is meaningless in affine geometry. By putting them in different classes we not only get cleaner code,
but also type checking by the compiler which avoids ambiguous expressions. Hence, it pays twice to make this
distinction.

CGAL defines a symbolic constantORIGIN of typeOrigin which denotes the point at the origin. This constant
is used in the conversion between points and vectors. Subtracting it from a pointp results in the locus vector of
p.

double coord[] = {1.0, 1.0, 1.0, 1.0};

Point d< Cartesian d<double> > p(4,coord,coord+4), q(4);

Vector d< Cartesian d<double> > v(4);

v = p − ORIGIN;

q = ORIGIN + v;

assert( p == q );

In order to obtain the point corresponding to a vectorv you simply have to addv to ORIGIN. If you want to
determine the pointq in the middle between two pointsp1 andp2, you can write2

q = p 1 + (p 2 − p 1) / 2.0;

Note that these constructions do not involve any performance overhead for the conversion with the currently
available representation classes.

3.3.2 Kernel Objects

Besides points (Point d<R>), vectors (Vector d<R>), and directions (Direction d<R>), CGAL provides lines,
rays, segments, hyperplanes, and spheres.

Lines (Line d<R>) in CGAL are oriented. A ray (Ray d<R>) is a semi-infinite interval on a line, and this line is
oriented from the finite endpoint of this interval towards any other point in this interval. A segment (Segmentd<
R>) is a bounded interval on a directed line, and the endpoints are ordered so that they induce the same direction
as that of the line.

Hyperplanes are affine subspaces of dimensiond−1 in Ed, passing throughd points. Hyperplanes are oriented
and partition space into a positive side and a negative side. In CGAL, there are no special classes for halfspaces.
Halfspaces are supposed to be represented by oriented hyperplanes. All kernel objects are equality comparable
via operator== andoperator!=. For those oriented objects whose orientation can be reversed (segments, lines,
hyperplanes, spheres) there is also a global functionweakequality that allows to test for point set equality
disregarding the orientation.

2you might callmidpoint(p1,p 2) instead
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3.3.3 Orientation and Relative Position

Geometric objects in CGAL have member functions that test the position of a point relative to the object. Full
dimensional objects and their boundaries are represented by the same type, e.g. halfspaces and hyperplanes are
not distinguished, neither are balls and spheres. Such objects split the ambient space into two full-dimensional
parts, a bounded part and an unbounded part (e.g. spheres), or two unbounded parts (e.g. hyperplanes). By
default these objects are oriented, i.e., one of the resulting parts is called the positive side, the other one is called
the negative side. Both of these may be unbounded.

For these objects there is a functionorientedside()that determines whether a test point is on the positive side,
the negative side, or on the oriented boundary. These function returns a value of typeOrientedside.

Those objects that split the space in a bounded and an unbounded part, have a member functionboundedside()
with return typeBoundedside.

If an object is lower dimensional, e.g. a segment ind-dimensional space, there is only a test whether a point
belongs to the object or not. This member function, which takes a point as an argument and returns a boolean
value, is calledhas on()

3.4 Predicates and Constructions

3.4.1 Predicates

Predicates are at the heart of a geometry kernel. They are basic units for the composition of geometric algorithms
and encapsulate decisisons. Hence their correctness is crucial for the control flow and hence for the correctness
of an implementation of a geometric algorithm. CGAL uses the term predicate in a generalized sense. Not only
components returning a Boolean value are called predicates but also components returning an enumeration type
like a Comparisonresultor anOrientation. We say components, because predicates are implemented both as
functions and function objects (also called functors and provided by a kernel class).

CGAL provides predicates for the orientation of point sets (orientation), for comparing points according to some
given order, especially for comparing Cartesian coordinates (e.g.lexicographicallyxy smaller), in-sphere tests,
and predicates to compare distances.

3.4.2 Constructions

Functions and function objects that generate objects that are neither of typeboolnor enum types are called con-
structions. Constructions involve computation of new numerical values and may be imprecise due to rounding
errors unless a kernel with an exact number type is used.

Affine transformations (Aff transformationd<R>) allow to generate new object instances under arbitrary affine
transformations. These transformations include translations, rotations (within planes) and scaling. Most of
the geometric objects in a kernel have a member functiontransform(Afftransformation t)which applies the
transformation to the object instance.

CGAL also provides a set of functions that detect or compute the intersection between objects and functions to
calculate their squared distance. Moreover, some member functions of kernel objects are constructions.

So there are routines that compute the square of the Euclidean distance, but no routines that compute the distance
itself. Why? First of all, the two values can be derived from each other quite easily (by taking the square root
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or taking the square). So, supplying only the one and not the other is only a minor inconvenience for the user.
Second, often either value can be used. This is for example the case when (squared) distances are compared.
Third, the library wants to stimulate the use of the squared distance instead of the distance. The squared distance
can be computed in more cases and the computation is cheaper. We do this by not providing the perhaps more
natural routine, The problem of a distance routine is that it needs thesqrt operation. This has two drawbacks:

• The sqrt operation can be costly. Even if it is not very costly for a specific number type and platform,
avoiding it is always cheaper.

• There are number types on which nosqrt operation is defined, especially integer types and rationals.

3.4.3 Intersection and Polymorphic Return Values

Intersections on kernel objects currently cover only those objects that are part of flats (Segmentd<R>, Ray d<
R>, Line c<R>, andHyperplaned<R>). For any pair of objectso1, o2 of these types the operationintersec-
tion(o1,o2)returns a polymorphic object that wraps the result of the intersection operation.

The classObjectprovides the polymorphic abstraction. An objectobj of typeObjectcan represent an arbitrary
class. The only operations it provides is to make copies and assignments, so that you can put them in lists
or arrays. Note thatObject is NOT a common base class for the elementary classes. Therefore, there is no
automatic conversion from these classes toObjectRather this is done with the global functionmakeobject().
This encapsulation mechanism requires the use ofassignto unwrap the encapsulated class.

Example

In the following example, the object type is used as a return value for the intersection computation, as there are
possibly different return values.

Point d< Cartesian d<double> > p;

Segment d< Cartesian d<double> > s, s1, s2;

std::cin � s1 � s2;

Object obj = intersection(s1, s2);

if ( assign(p, obj) ) {

/∗ do something with p ∗/
} else if ( (assign(s, obj) ) {

/∗ do something with s ∗/
}

/∗ there was no intersection ∗/

3.4.4 Constructive Predicates

For testing where a pointp lies with respect to a hyperplane defined by an arrayP of pointsp1, ... , pd, one may
be tempted to construct the hyperplaneHyperplaned<R>(d,P,P+d)and use the methodorientedside(p). This
may pay off if many tests with respect to the plane are made. Nevertheless, unless the number type is exact, the
constructed plane is only approximated, and round-off errors may leadorientedside(p)to return an orientation
which is different from the orientation ofp1, ... , pd, p.

In CGAL, we provide predicates in which such geometric decisions are made directly with a reference to the
input points inP without an intermediary object like a plane. For the above test, the recommended way to get
the result is to useorientation(P’,P’+d), whereP′ is an array containing the pointsp1, ... , pd, p.
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For exact number types likeleda real, the situation is different. If several tests are to be made with the same
plane, it pays off to construct the plane and to useorientedside(p).
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3.5 Linear Algebra Concepts and Classes
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LinearAlgebraTraits d

Definition

The data typeLinearAlgebraTraitsd encapsulates two classesMatrix, Vectorand many functions of basic linear
algebra. An instance of data typeMatrix is a matrix of variables of typeNT. Accordingly,Vector implements
vectors of variables of typeNT. Most functions of linear algebra arecheckable, i.e., the programs can be asked
for a proof that their output is correct. For example, if the linear system solver declares a linear systemAx= b
unsolvable it also returns a vectorc such thatcTA = 0 andcTb 6= 0.

Types

LinearAlgebraTraitsd:: NT the number type of the components.

LinearAlgebraTraitsd:: Vector the vector type.

LinearAlgebraTraitsd:: Matrix the matrix type.

Operations

static Matrix LA.transpose( Matrix M)

returnsMT (aM.columndimension()×M.columndimension()- matrix).

static bool LA.inverse( Matrix M, Matrix& I, NT& D, Vector& c)

determines whetherM has an inverse. It also computes either the inverse as(1/D) · I
or when no inverse exists, a vectorc such thatcT ·M = 0.
Precondition: M is square.

static Matrix LA.inverse( Matrix M, NT& D)

returns the inverse matrix ofM. More precisely, 1/D times the matrix returned is
the inverse ofM.

Precondition: determinant(M) != 0.
Precondition: M is square.
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static NT LA.determinant( Matrix M, Matrix& L, Matrix& U, std::vector<int>& q, Vector& c)

returns the determinantD of M and sufficient information to verify that the value
of the determinant is correct. If the determinant is zero thenc is a vector such
thatcT ·M = 0. If the determinant is non-zero thenL andU are lower and upper
diagonal matrices respectively andq encodes a permutation matrixQ with Q(i, j) =
1 iff i = q( j) such thatL ·M ·Q = U , L(0,0) = 1, L(i, i) = U(i−1, i−1) for all i,
1≤ i < n, andD = s·U(n−1,n−1) wheres is the determinant ofQ.
Precondition: M is square.

static bool LA.verifydeterminant( Matrix M,
NT D,
Matrix& L,
Matrix& U,
std::vector<int> q,
Vector& c)

verifies the conditions stated above.

static NT LA.determinant( Matrix M)

returns the determinant ofM.
Precondition: M is square.

static int LA.signof determinant( Matrix M)

returns the sign of the determinant ofM.
Precondition: M is square.

static bool LA.linearsolver( Matrix M,
Vector b,
Vector& x,
NT& D,
Matrix& spanningvectors,
Vector& c)

determines the complete solution space of the linear systemM ·x= b. If the system
is unsolvable thencT ·M = 0 andcT ·b 6= 0. If the system is solvable then(1/D)x
is a solution, and the columns ofspanningvectorsare a maximal set of linearly
independent solutions to the corresponding homogeneous system.
Precondition: M.row dimension() = b.dimension().

static bool LA.linearsolver( Matrix M, Vector b, Vector& x, NT& D, Vector& c)

determines whether the linear systemM ·x = b is solvable. If yes, then(1/D)x is a
solution, if not thencT ·M = 0 andcT ·b 6= 0.
Precondition: M.row dimension() = b.dimension().
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static bool LA.linearsolver( Matrix M, Vector b, Vector& x, NT& D)

as above, but without the witnessc
Precondition: M.row dimension() = b.dimension().

static bool LA.issolvable( Matrix M, Vector b)

determines whether the systemM ·x = b is solvable

Precondition: M.row dimension() = b.dimension().

static bool LA.homogeneouslinear solver( Matrix M, Vector& x)

determines whether the homogeneous linear systemM · x = 0 has a non - trivial
solution. If yes, thenx is such a solution.

static int LA.homogeneouslinear solver( Matrix M, Matrix& spanningvecs)

determines the solution space of the homogeneous linear systemM ·x= 0. It returns
the dimension of the solution space. Moreover the columns ofspanningvecsspan
the solution space.

static int LA.independentcolumns( Matrix M, std::vector<int>& columns)

returns the indices of a maximal subset of independent columns ofM.

static int LA.rank( Matrix M)

returns the rank of matrixM

Has Models

CGAL::Linear algebraHd<RT> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page446
CGAL::Linear algebraCd<FT> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page445
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Vector

Definition

An instance of data typeVector is a vector of variables of number typeNT. Together with the typeMatrix it
realizes the basic operations of linear algebra.

Types

Vector:: NT the ring type of the components.

Vector:: iterator the iterator type for accessing components.

Vector:: constiterator the const iterator type for accessing components.

Creation

Vector v; creates an instancev of typeVector.

Vector v( int d); creates an instancev of typeVector. v is initialized to a vector of dimensiond.

Vector v( int d, NT x); creates an instancev of typeVector. v is initialized to a vector of dimensiond with
entriesx.

template<class Forwarditerator>
Vector v( Forwarditerator first, Forward iterator last);

creates an instancev of type Vector; v is initialized to the vector with entriesset
[first,last).
Requirement: Forward iterator has value typeNT.

Operations

int v.dimension() returns the dimension ofv.

bool v.is zero() returns true iffv is the zero vector.

NT& v[ int i] returns thei-th component ofv.

Precondition: 0≤ i ≤ v.dimension()−1.

iterator v.begin() iterator to the first component.

iterator v.end() iterator beyond the last component.
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The same operationsbegin(), end()exist forconst iterator.

Vector v+v1 Addition.
Precondition:
v.dimension() == v1.dimension().

Vector v−v1 Subtraction.
Precondition:
v.dimension() = v1.dimension().

NT v∗v1 Inner Product.
Precondition:
v.dimension() = v1.dimension().

Vector −v Negation.

Vector& v+= v1 Addition plus assignment.
Precondition:
v.dimension() == v1.dimension().

Vector& v−= v1 Subtraction plus assignment.
Precondition:
v.dimension() == v1.dimension().

Vector& v∗= NT s Scalar multiplication plus assignment.

Vector& v/= NT s Scalar division plus assignment.

Vector NT r∗v Componentwise multiplication with numberr.

Vector v∗NT r Componentwise multiplication with numberr.
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Matrix

Definition

An instance of data typeMatrix is a matrix of variables of number typeNT. The typesMatrix and Vector
together realize many functions of basic linear algebra.

Types

Matrix:: NT the ring type of the components.

Matrix:: iterator bidirectional iterator for accessing all components row-wise.

Matrix:: row iterator random access iterator for accessing row entries.

Matrix:: column iterator random access iterator for accessing column entries.

There also constant versions of the above iterators:const iterator, row const iterator, and columnconst
iterator.

Matrix:: Identity a tag class for identity initialization

Matrix:: Vector the vector type used.

Creation

Matrix M; creates an instanceM of typeMatrix.

Matrix M( int n); creates an instanceM of typeMatrix of dimensionn×n initialized to the
zero matrix.

Matrix M( int m, int n); creates an instanceM of type Matrix of dimensionm×n initialized to
the zero matrix.

Matrix M( std::pair<int,int> p); creates an instanceM of typeMatrix of dimensionp.first×p.secondini-
tialized to the zero matrix.

Matrix M( int n, Identity, NT x = NT(1));

creates an instanceM of typeMatrix of dimensionn×n initialized to the
identity matrix (timesx).

Matrix M( int m, int n, NT x); creates an instanceM of type Matrix of dimensionm×n initialized to
the matrix withx entries.
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template<class Forwarditerator>
Matrix M( Forward iterator first, Forward iterator last);

creates an instanceM of type Matrix. Let S be the ordered set ofn
column-vectors of common dimensionm as given by the iterator range
[first,last). M is initialized to anm×n matrix with the columns as spec-
ified byS.
Precondition: Forward iterator has a value typeV from which we re-
quire to provide a iterator typeV::const iterator, to haveV::value type
== NT .
Note thatVectoror std::vector<NT> fulfill these requirements.

Matrix M( std::vector< Vector> A);

creates an instanceM of type Matrix. Let A be an array ofn column-
vectors of common dimensionm. M is initialized to anm× n matrix
with the columns as specified byA.

Operations

int M.row dimension() returnsn, the number of rows ofM.

int M.columndimension() returnsm, the number of columns ofM.

std::pair<int,int> M.dimension() returns(m,n), the dimension pair ofM.

Vector M.row( int i) returns thei-th row ofM (anm - vector).
Precondition: 0≤ i ≤m−1.

Vector M.column( int i) returns thei-th column ofM (ann - vector).
Precondition: 0≤ i ≤ n−1.

NT& M( int i, int j) returnsMi, j .
Precondition: 0≤ i ≤m−1 and 0≤ j ≤ n−1.

void M.swaprows( int i, int j) swaps rowsi and j.
Precondition: 0≤ i ≤m−1 and 0≤ j ≤m−1.

void M.swapcolumns( int i, int j)

swaps columnsi and j.
Precondition: 0≤ i ≤ n−1 and 0≤ j ≤ n−1.

row iterator M.row begin( int i) an iterator pointing to the first entry of theith row.
Precondition: 0≤ i ≤m−1.

row iterator M.row end( int i) an iterator pointing beyond the last entry of theith row.
Precondition: 0≤ i ≤m−1.
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column iterator M.columnbegin( int i) an iterator pointing to the first entry of theith column.
Precondition: 0≤ i ≤ n−1.

column iterator M.columnend( int i) an iterator pointing beyond the last entry of theith column.
Precondition: 0≤ i ≤ n−1.

iterator M.begin() an iterator pointing to the first entry ofM.

terator M.end() an iterator pointing beyond the last entry ofM.

The same operations exist forrow const iterator, columnconst iterator andconst iterator.

bool M== M1 Test for equality.

bool M ! = M1 Test for inequality.

Arithmetic Operators

Matrix M +M1 Addition.
Precondition:
M.row dimension() == M1.rowdimension()and
M.columndimension() == M1.columndimension().

Matrix M−M1 Subtraction.
Precondition:
M.row dimension() == M1.rowdimension()and
M.columndimension() == M1.columndimension().

Matrix −M Negation.

Matrix M ∗M1 Multiplication.
Precondition:
M.columndimension() = M1.rowdimension().

Vector M∗Vector vec Multiplication with vector.
Precondition:
M.columndimension() = vec.dimension().

Matrix NT x∗M Multiplication of every entry withx.

Matrix M ∗NT x Multiplication of every entry withx.
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CGAL::Linear algebraCd<FT>

Definition

The classLinear algebraCd<FT> serves as the default traits class for the LA parameter ofCGAL::Cartesian
d<FT,LA>. It implements linear algebra for field number typesFT.

#include<CGAL/LinearalgebraCd.h>

Is Model for the Concepts

LinearAlgebraTraitsd . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page437

Requirements

FT must be a field number type.

Operations

Fits all operation requirements of the concept.
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CGAL::Linear algebraHd<RT>

Definition

The class Linear algebraHd<RT> serves as the default traits class for the LA parameter of
CGAL::Homogeneousd<RT,LA>. It implements linear algebra for Euclidean ring number typesRT.

#include<CGAL/LinearalgebraHd.h>

Is Model for the Concepts

LinearAlgebraTraitsd . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page437

Requirements

To make a ring number typeRT work with this class it has to provide a divisionoperator/with remainder.

Operations

Fits all operation requirements of the concept.
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3.6 Kernel Objects
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CGAL::Point d<Kernel>

Definition

An instance of data typePoint d<Kernel> is a point of Euclidean space in dimensiond. A point p =
(p0, . . . , pd−1) in d-dimensional space can be represented by homogeneous coordinates(h0,h1, . . . ,hd) of num-
ber typeRT such thatpi = hi/hd, which is of typeFT. The homogenizing coordinatehd is positive.

We call pi , 0≤ i < d the i-th Cartesian coordinate andhi , 0≤ i ≤ d, thei-th homogeneous coordinate. We call
d the dimension of the point.

Types

Point d<Kernel>:: RT the ring type.

Point d<Kernel>:: FT the field type.

Point d<Kernel>:: LA the linear algebra layer.

Point d<Kernel>:: Cartesian const iterator

a read-only iterator for the Cartesian coordinates.

Point d<Kernel>:: Homogeneousconst iterator

a read-only iterator for the homogeneous coordinates.

Creation

Point d<Kernel> p; introduces a variablep of typePoint d<Kernel>.

Point d<Kernel> p( int d, Origin);

introduces a variablep of typePoint d<Kernel> in d-dimensional space, initial-
ized to the origin.
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template<class InputIterator>
Point d<Kernel> p( int d, InputIterator first, InputIterator last);

introduces a variablep of type Point d<Kernel> in dimensiond. If size
[first,last) == d this creates a point with Cartesian coordinatesset [first,last).
If size [first,last) == p+1 the range specifies the homogeneous coordinates
H = set[first, last) = (±h0,±h1, . . . ,±hd) where the sign chosen is the sign
of hd.
Precondition: d is nonnegative,[first,last) hasd or d+1 elements where the last
has to be non-zero.
Requirement: The value type ofInputIterator is RT.

template<class InputIterator>
Point d<Kernel> p( int d, InputIterator first, InputIterator last, RT D);

introduces a variablep of type Point d<Kernel> in dimensiond initialized to
the point with homogeneous coordinates as defined byH = set [first,last) and
D: (±H[0],±H[1], . . . ,±H[d−1],±D). The sign chosen is the sign ofD.
Precondition: D is non-zero, the iterator range defines ad-tuple ofRT.
Requirement: The value type ofInputIterator is RT.

Point d<Kernel> p( RT x, RT y, RT w = 1);

introduces a variablep of typePoint d<Kernel> in 2-dimensional space.
Precondition: w 6= 0.

Point d<Kernel> p( RT x, RT y, RT z, RT w);

introduces a variablep of typePoint d<Kernel> in 3-dimensional space.
Precondition: w 6= 0.

Operations

int p.dimension() returns the dimension ofp.

FT p.cartesian( int i) returns thei-th Cartesian coordinate ofp.
Precondition: 0≤ i < d.

FT p[ int i] returns thei-th Cartesian coordinate ofp.
Precondition: 0≤ i < d.

RT p.homogeneous( int i)

returns thei-th homogeneous coordinate ofp.
Precondition: 0≤ i ≤ d.

Cartesianconst iterator p.cartesianbegin() returns an iterator pointing to the zeroth Cartesian co-
ordinatep0 of p.
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Cartesianconst iterator p.cartesianend() returns an iterator pointing beyond the last Cartesian
coordinate ofp.

Homogeneousconst iterator

p.homogeneousbegin()

returns an iterator pointing to the zeroth homogeneous
coordinateh0 of p.

Homogeneousconst iterator

p.homogeneousend()

returns an iterator pointing beyond the last homoge-
neous coordinate ofp.

Point d<Kernel> p.transform( Afftransformationd<Kernel> t)

returnst(p).

Arithmetic Operators, Tests and IO

Vector d<Kernel> p−Origin o returns the vectorp−O.

Vector d<Kernel> p−q returnsp−q.
Precondition: p.dimension() == q.dimension().

Point d<Kernel> p+Vector d<Kernel> v

returnsp+v.
Precondition: p.dimension() == v.dimension().

Point d<Kernel> p−Vector d<Kernel> v

returnsp−v.
Precondition: p.dimension() == v.dimension().

Point d<Kernel>& p+= Vector d<Kernel> v

addsv to p.

Precondition: p.dimension() == v.dimension().

Point d<Kernel>& p−= Vector d<Kernel> v

subtractsv from p.

Precondition: p.dimension() == v.dimension().

449



bool p== Origin returns true ifp is the origin.

Downward compatibility

We provide operations of the lower dimensional interfacex(), y(), z(), hx(), hy(), hz(), hw().

Implementation

Points are implemented by arrays ofRT items. All operations like creation, initialization, tests, point - vector
arithmetic, input and output on a pointp take timeO(p.dimension()). dimension(), coordinate access and
conversions take constant time. The space requirement for points isO(p.dimension()).
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CGAL::Vector d<Kernel>

Definition

An instance of data typeVector d<Kernel> is a vector of Euclidean space in dimensiond. A vector
r = (r0, . . . , rd−1) can be represented in homogeneous coordinates(h0, . . . ,hd) of number typeRT, such that
r i = hi/hd which is of typeFT. We call ther i ’s the Cartesian coordinates of the vector. The homogenizing
coordinatehd is positive.

This data type is meant for use in computational geometry. It realizes free vectors as opposed to position
vectors (typePoint d). The main difference between position vectors and free vectors is their behavior under
affine transformations, e.g., free vectors are invariant under translations.

Types

Vector d<Kernel>:: RT the ring type.

Vector d<Kernel>:: FT the field type.

Vector d<Kernel>:: LA the linear algebra layer.

Vector d<Kernel>:: Cartesian const iterator

a read-only iterator for the Cartesian coordinates.

Vector d<Kernel>:: Homogeneousconst iterator

a read-only iterator for the homogeneous coordinates.

Vector d<Kernel>:: Base vector

construction tag.

Creation

Vector d<Kernel> v; introduces a variablev of typeVector d<Kernel>.

Vector d<Kernel> v( int d, Null vector);

introduces the zero vectorv of typeVector d<Kernel> in d-dimensional space.
For the creation flagCGAL::NULL VECTORcan be used.
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template<class InputIterator>
Vector d<Kernel> v( int d, InputIterator first, InputIterator last);

introduces a variablev of type Vector d<Kernel> in dimensiond. If size
[first,last) == d this creates a vector with Cartesian coordinatesset [first,last).
If size [first,last) == p+1 the range specifies the homogeneous coordinates
H = set[first, last) = (±h0,±h1, . . . ,±hd) where the sign chosen is the sign
of hd.
Precondition: d is nonnegative,[first,last) hasd or d+1 elements where the last
has to be non-zero.
Requirement: The value type ofInputIterator is RT.

template<class InputIterator>
Vector d<Kernel> v( int d, InputIterator first, InputIterator last, RT D);

introduces a variablev of typeVector d<Kernel> in dimensiond initialized to
the vector with homogeneous coordinates as defined byH = set [first,last)and
D: (±H[0],±H[1], . . . ,±H[d−1],±D). The sign chosen is the sign ofD.
Precondition: D is non-zero, the iterator range defines ad-tuple ofRT.
Requirement: The value type ofInputIterator is RT.

Vector d<Kernel> v( int d, Basevector, int i);

returns a variablev of typeVector d<Kernel> initialized to thei-th base vector
of dimensiond.
Precondition: 0≤ i < d.

Vector d<Kernel> v( RT x, RT y, RT w = 1);

introduces a variablev of typeVector d<Kernel> in 2-dimensional space.
Precondition: w 6= 0.

Vector d<Kernel> v( RT x, RT y, RT z, RT w);

introduces a variablev of typeVector d<Kernel> in 3-dimensional space.
Precondition: w 6= 0.

Operations

int v.dimension() returns the dimension ofv.

FT v.cartesian( int i) returns thei-th Cartesian coordinate ofv.
Precondition: 0≤ i < d.

FT v[ int i] returns thei-th Cartesian coordinate ofv.
Precondition: 0≤ i < d.

RT v.homogeneous( int i)

returns thei-th homogeneous coordinate ofv.
Precondition: 0≤ i ≤ d.
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FT v.squaredlength() returns the square of the length ofv.

Cartesianconst iterator v.cartesianbegin() returns an iterator pointing to the zeroth Carte-
sian coordinate ofv.

Cartesianconst iterator v.cartesianend() returns an iterator pointing beyond the last
Cartesian coordinate ofv.

Homogeneousconst iterator v.homogeneousbegin()

returns an iterator pointing to the zeroth homo-
geneous coordinate ofv.

Homogeneousconst iterator v.homogeneousend()

returns an iterator pointing beyond the last ho-
mogeneous coordinate ofv.

Direction d<Kernel> v.direction() returns the direction ofv.

Vector d<Kernel> v.transform( Afftransformationd<Kernel> t)

returnst(v).

Arithmetic Operators, Tests and IO

Vector d<Kernel>& v∗= RT n multiplies all Cartesian coordinates byn.

Vector d<Kernel>& v∗= FT r multiplies all Cartesian coordinates byr.

Vector d<Kernel> v/RT n returns the vector with Cartesian coordinates
vi/n,0≤ i < d.

Vector d<Kernel> v/FT r returns the vector with Cartesian coordinates
vi/r,0≤ i < d.

Vector d<Kernel>& v/= RT n divides all Cartesian coordinates byn.

Vector d<Kernel>& v/= FT r divides all Cartesian coordinates byr.

FT v∗w inner product, i.e.,∑0≤i<d viwi , wherevi andwi

are the Cartesian coordinates ofv andw respec-
tively.

Vector d<Kernel> v+w returns the vector with Cartesian coordinates
vi +wi ,0≤ i < d.

Vector d<Kernel>& v+= w addition plus assignment.
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Vector d<Kernel> v−w returns the vector with Cartesian coordinates
vi−wi ,0≤ i < d.

Vector d<Kernel>& v−= w subtraction plus assignment.

Vector d<Kernel> −v returns the vector in opposite direction.

bool v.is zero() returns true ifv is the zero vector.

Downward compatibility

We provide all operations of the lower dimensional interfacex(), y(), z(), hx(), hy(), hz(), hw().

Vector d<Kernel> RT n∗v returns the vector with Cartesian coordinates
nvi .

Vector d<Kernel> FT r ∗v returns the vector with Cartesian coordinates
rvi ,0≤ i < d.

Implementation

Vectors are implemented by arrays of variables of typeRT. All operations like creation, initialization, tests,
vector arithmetic, input and output on a vectorv take timeO(v.dimension()). coordinate access,dimension()
and conversions take constant time. The space requirement of a vector isO(v.dimension()).
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CGAL::Direction d<Kernel>

Definition

A Direction d is a vector in thed-dimensional vector space where we forget about its length. We represent
directions ind-dimensional space as a tuple(h0, . . . ,hd) of variables of typeRTwhich we call the homogeneous
coordinates of the direction. The coordinatehd must be positive. The Cartesian coordinates of a direction are
ci = hi/hd for 0≤ i < d, which are of typeFT. Two directions are equal if their Cartesian coordinates are
positive multiples of each other. Directions are in one-to-one correspondence to points on the unit sphere.

Types

Direction d<Kernel>:: RT the ring type.

Direction d<Kernel>:: FT the field type.

Direction d<Kernel>:: LA the linear algebra layer.

Direction d<Kernel>:: Delta const iterator

a read-only iterator for the deltas ofdir.

Direction d<Kernel>:: Base direction

construction tag.

Creation

Direction d<Kernel> dir; introduces a variabledir of typeDirection d<Kernel>.

Direction d<Kernel> dir( Vector d<Kernel> v);

introduces a variabledir of typeDirection d<Kernel> initialized to the direction
of v.

template<class InputIterator>
Direction d<Kernel> dir( int d, InputIterator first, InputIterator last);

introduces a variabledir of typeDirection d<Kernel> in dimensiond with rep-
resentation tupleset [first,last).
Precondition: d is nonnegative,[first,last) hasd elements.
Requirement: The value type ofInputIterator is RT.
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Direction d<Kernel> dir( int d, Basedirection, int i);

returns a variabledir of typeDirection d<Kernel> initialized to the direction of
the i-th base vector of dimensiond.
Precondition: 0≤ i < d.

Direction d<Kernel> dir( RT x, RT y);

introduces a variabledir of typeDirection d<Kernel> in 2-dimensional space.

Direction d<Kernel> dir( RT x, RT y, RT z);

introduces a variabledir of typeDirection d<Kernel> in 3-dimensional space.

Operations

int dir.dimension() returns the dimension ofdir.

RT dir.delta( int i) returns thei-th component ofdir.
Precondition: 0≤ i < d.

RT dir[ int i] returns thei-th delta ofdir.
Precondition: 0≤ i < d.

Delta const iterator dir.deltasbegin() returns an iterator pointing to the first delta of
dir.

Delta const iterator dir.deltasend() returns an iterator pointing beyond the last delta
of dir.

Vector d<Kernel> dir.vector() returns a vector pointing in directiondir.

bool dir.is degenerate() returns true iffdir.delta(i)==0 for all 0≤ i < d.

Direction d<Kernel> dir.transform( Aff transformationd<Kernel> t)

returnst(p).

Direction d<Kernel> dir.opposite() returns the direction opposite todir.

Direction d<Kernel> −dir returns the direction opposite todir.

Downward compatibility

We provide the operations of the lower dimensional interfacedx(), dy(), dz().
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Implementation

Directions are implemented by arrays of integers as an item type. All operations like creation, initialization,
tests, inversion, input and output on a directiond take timeO(d.dimension()). dimension(), coordinate access
and conversion take constant time. The space requirement isO(d.dimension()).
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CGAL::Line d<Kernel>

Definition

An instance of data typeLine d is an oriented line ind-dimensional Euclidean space.

Types

Line d<Kernel>:: R the representation type.

Line d<Kernel>:: RT the ring type.

Line d<Kernel>:: FT the field type.

Line d<Kernel>:: LA the linear algebra layer.

Creation

Line d<Kernel> l; introduces a variablel of typeLine d<Kernel>.

Line d<Kernel> l( Point d<Kernel> p, Point d<Kernel> q);

introduces a line throughp andq and oriented fromp to q.
Precondition: p andq are distinct and have the same dimension.

Line d<Kernel> l( Point d<Kernel> p, Direction d<Kernel> dir);

introduces a line throughp with directiondir.
Precondition: p.dimension()==dir.dimension(), dir is not degenerate.

Line d<Kernel> l( Segmentd<Kernel> s);

introduces a variablel of type Line d<Kernel> and initializes it to the line through
s.source()ands.target()with direction froms.source()to s.target().
Precondition: s is not degenerate.

Line d<Kernel> l( Ray d<Kernel> r);

introduces a variablel of type Line d<Kernel> and initializes it to the line through
r.point(1)andr.point(2).
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Operations

int l.dimension() returns the dimension of the ambient space.

Point d<Kernel> l.point( int i) returns an arbitrary point onl. It holds thatpoint(i) ==
point(j), iff i==j . Furthermore,l is directed frompoint(i) to
point(j), for all i < j.

Line d<Kernel> l.opposite() returns the line(point(2),point(1))of opposite direction.

Direction d<Kernel> l.direction() returns the direction ofl.

Line d<Kernel> l.transform( Aff transformationd<Kernel> t)

returnst(l).
Precondition: l.dimension()==t.dimension().

Line d<Kernel> l +Vector d<Kernel> v

returnsl+v , i.e., l translated by vectorv.
Precondition: l.dimension()==v.dimension().

Point d<Kernel> l.projection( Pointd<Kernel> p)

returns the point of intersection ofl with the hyperplane that
is orthogonal tol and that containsp.
Precondition: l.dimension()==p.dimension().

bool l.hason( Point d<Kernel> p)

returns true ifp lies onl and false otherwise.
Precondition: l.dimension()==p.dimension().

Non-Member Functions

bool weakequality( l1, l2)

Test for equality as unoriented lines.
Precondition: l1.dimension()==l2.dimension().

bool parallel( l1, l2) returns true ifl1 and l2 are parallel as unoriented lines and
false otherwise.
Precondition: l1.dimension()==l2.dimension().

Implementation

Lines are implemented by a pair of points as an item type. All operations like creation, initialization, tests,
direction calculation, input and output on a linel take timeO(l.dimension()). dimension(), coordinate and
point access, and identity test take constant time. The operations for intersection calculation also take time
O(l.dimension()). The space requirement isO(l.dimension()).
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CGAL::Ray d<Kernel>

Definition

An instance of data typeRay d is a ray ind-dimensional Euclidean space. It starts in a point called the source
of r and it goes to infinity.

Types

Ray d<Kernel>:: R the representation type.

Ray d<Kernel>:: RT the ring type.

Ray d<Kernel>:: FT the field type.

Ray d<Kernel>:: LA the linear algebra layer.

Creation

Ray d<Kernel> r; introduces some ray ind-dimensional space.

Ray d<Kernel> r( Point d<Kernel> p, Point d<Kernel> q);

introduces a ray throughp andq and starting atp.
Precondition: p andq are distinct and have the same dimension.
Precondition: p.dimension()==q.dimension().

Ray d<Kernel> r( Point d<Kernel> p, Direction d<Kernel> dir);

introduces a ray starting inp with directiondir.
Precondition: p anddir have the same dimension anddir is not degenerate.
Precondition: p.dimension()==dir.dimension().

Ray d<Kernel> r( Segmentd<Kernel> s);

introduces a ray throughs.source()ands.target()and starting ats.source().
Precondition: s is not degenerate.

Operations

int r.dimension() returns the dimension of the ambient space.

Point d<Kernel> r.source() returns the source point ofr.
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Point d<Kernel> r.point( int i) returns a point onr. point(0)is the source.point(i), with i > 0,
is different from the source.
Precondition: i ≥ 0.

Direction d<Kernel> r.direction() returns the direction ofr.

Line d<Kernel> r.supportingline() returns the supporting line ofr.

Ray d<Kernel> r.opposite() returns the ray with direction opposite tor and starting in
source.

Ray d<Kernel> r.transform( Aff transformationd<Kernel> t)

returnst(r).
Precondition: r.dimension()==t.dimension().

Ray d<Kernel> r +Vector d<Kernel> v

returnsr+v , i.e.,r translated by vectorv.
Precondition: r.dimension()==v.dimension().

bool r.hason( Point d<Kernel> p)

A point is onr, iff it is equal to the source ofr, or if it is in
the interior ofr.
Precondition: r.dimension()==p.dimension().

Non-Member Functions

bool parallel( r1, r2) returns true if the unoriented supporting lines ofr1 andr2 are
parallel and false otherwise.
Precondition: r1.dimension()==r2.dimension().

Implementation

Rays are implemented by a pair of points as an item type. All operations like creation, initialization, tests,
direction calculation, input and output on a rayr take timeO(r.dimension()). dimension(), coordinate and point
access, and identity test take constant time. The space requirement isO(r.dimension()).
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CGAL::Segment d<Kernel>

Definition

An instances of the data typeSegmentd is a directed straight line segment ind-dimensional Euclidean space
connecting two pointsp andq. p is called the source point andq is called the target point ofs, both points are
called endpoints ofs. A segment whose endpoints are equal is calleddegenerate.

Types

Segmentd<Kernel>:: R the representation type.

Segmentd<Kernel>:: RT the ring type.

Segmentd<Kernel>:: FT the field type.

Segmentd<Kernel>:: LA the linear algebra layer.

Creation

Segmentd<Kernel> s;

introduces a variables of typeSegmentd<Kernel>.

Segmentd<Kernel> s( Point d<Kernel> p, Point d<Kernel> q);

introduces a variables of typeSegmentd<Kernel> which is initialized to the segment
(p,q).
Precondition: p.dimension()==q.dimension().

Segmentd<Kernel> s( Point d<Kernel> p, Vectord<Kernel> v);

introduces a variables of typeSegmentd<Kernel> which is initialized to the segment
(p,p+v).
Precondition: p.dimension()==v.dimension().

Operations

int s.dimension() returns the dimension of the ambient space.

Point d<Kernel> s.source() returns the source point of segments.

Point d<Kernel> s.target() returns the target point of segments.
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Point d<Kernel> s.vertex( int i) returns source or target ofs: vertex(0)returns the source,ver-
tex(1)returns the target. The parameteri is taken modulo 2,
which gives easy access to the other vertex.
Precondition: i ≥ 0.

Point d<Kernel> s.point( int i) returnsvertex(i).

Point d<Kernel> s[ int i] returnsvertex(i).

Point d<Kernel> s.min() returns the lexicographically smaller vertex.

Point d<Kernel> s.max() returns the lexicographically larger vertex.

Segmentd<Kernel> s.opposite() returns the segment(target(),source()).

Direction d<Kernel> s.direction() returns the direction from source to target.
Precondition: s is non-degenerate.

Vector d<Kernel> s.vector() returns the vector from source to target.

FT s.squaredlength() returns the square of the length ofs.

bool s.hason( Point d<Kernel> p)

returns true ifp lies ons and false otherwise.
Precondition: s.dimension()==p.dimension().

Line d<Kernel> s.supportingline() returns the supporting line ofs.
Precondition: s is non-degenerate.

Segmentd<Kernel> s.transform( Afftransformationd<Kernel> t)

returnst(s).
Precondition: s.dimension()==t.dimension().

Segmentd<Kernel> s+Vector d<Kernel> v

returnss+v, i.e.,s translated by vectorv.
Precondition: s.dimension()==v.dimension().

bool s.isdegenerate() returns true ifs is degenerate i.e.s.source()=s.target().

Non-Member Functions

bool weakequality( s1, s2)

Test for equality as unoriented segments.
Precondition: s1.dimension()==s2.dimension().
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bool parallel( s1, s2) return true if one of the segments is degenerate or if the un-
oriented supporting lines are parallel.
Precondition: s1.dimension()==s2.dimension().

bool commonendpoint( s1, s2, Pointd<Kernel>& common)

if s1 ands2 touch in a common end point, this point is as-
signed tocommonand the result istrue, otherwise the result
is false. If s1==s2 then one of the endpoints is returned.
Precondition: s1.dimension()==s2.dimension().

Implementation

Segments are implemented by a pair of points as an item type. All operations like creation, initialization,
tests, the calculation of the direction and source - target vector, input and output on a segments take time
O(s.dimension()). dimension(), coordinate and end point access, and identity test take constant time. The oper-
ations for intersection calculation also take timeO(s.dimension()). The space requirement isO(s.dimension()).
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CGAL::Hyperplane d<Kernel>

Definition

An instance of data typeHyperplaned is an oriented hyperplane ind - dimensional space. A hyperplaneh is
represented by coefficients(c0,c1, . . . ,cd) of typeRT. At least one ofc0 to cd−1 must be non-zero. The plane
equation is∑0≤i<d cixi +cd = 0, wherex0 to xd−1 are Cartesian point coordinates. For a particularx the sign of
∑0≤i<d cixi + cd determines the position of a pointx with respect to the hyperplane (on the hyperplane, on the
negative side, or on the positive side).

There are two equality predicates for hyperplanes. The (weak) equality predicate (weakequality) declares two
hyperplanes equal if they consist of the same set of points, the strong equality predicate (operator==) requires in
addition that the negative halfspaces agree. In other words, two hyperplanes are strongly equal if their coefficient
vectors are positive multiples of each other and they are (weakly) equal if their coefficient vectors are multiples
of each other.

Types

Hyperplaned<Kernel>:: RT

the ring type.

Hyperplaned<Kernel>:: FT

the field type.

Hyperplaned<Kernel>:: LA

the linear algebra layer.

Hyperplaned<Kernel>:: Coefficient const iterator

a read-only iterator for the coefficients.

Creation

Hyperplaned<Kernel> h; introduces a variableh of typeHyperplaned<Kernel>.

template<class InputIterator>
Hyperplaned<Kernel> h( int d, InputIterator first, InputIterator last, RT D);

introduces a variableh of typeHyperplaned<Kernel> initialized to the hyper-
plane with coefficientsset [first,last)andD.
Precondition: size [first,last) == d.
Requirement: The value type of InputIterator isRT.
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template<class InputIterator>
Hyperplaned<Kernel> h( int d, InputIterator first, InputIterator last);

introduces a variableh of typeHyperplaned<Kernel> initialized to the hyper-
plane with coefficientsset [first,last).
Precondition: size [first,last) == d+1.
Requirement: The value type of InputIterator isRT.

template<class ForwardIterator>
Hyperplaned<Kernel> h( ForwardIterator first,

ForwardIterator last,
Point d<Kernel> o,
Orientedside side = Orientedside(0))

constructs some hyperplane that passes through the points inset [first,last). If
sideis ON POSITIVESIDEor ON NEGATIVESIDE theno is on that side of
the constructed hyperplane.
Precondition: A hyperplane with the stated properties must exist.
Requirement: The value type ofForwardIterator is Point d<Kernel>.

Hyperplaned<Kernel> h( Point d<Kernel> p, Direction d<Kernel> dir);

constructs the hyperplane with normal directiondir that passes throughp. The
directiondir points into the positive side.
Precondition: p.dimension()==dir.dimension()anddir is not degenerate.

Hyperplaned<Kernel> h( RT a, RT b, RT c);

introduces a variableh of typeHyperplaned<Kernel> in 2-dimensional space
with equationax+by+c = 0.

Hyperplaned<Kernel> h( RT a, RT b, RT c, RT d);

introduces a variableh of typeHyperplaned<Kernel> in 3-dimensional space
with equationax+by+cz+d = 0.

Operations

int h.dimension() returns the dimension ofh.

RT h[ int i] returns thei-th coefficient ofh.
Precondition: 0≤ i ≤ d.

RT h.coefficient( int i)

returns thei-th coefficient ofh.
Precondition: 0≤ i ≤ d.
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Coefficientconst iterator h.coefficientsbegin()

returns an iterator pointing to the first coefficient.

Coefficientconst iterator h.coefficientsend()

returns an iterator pointing beyond the last coefficient.

Vector d<Kernel> h.orthogonalvector()

returns the orthogonal vector ofh. It points from the negative
halfspace into the positive halfspace and its homogeneous co-
ordinates are(c0, . . . ,cd−1,1).

Direction d<Kernel> h.orthogonaldirection()

returns the orthogonal direction ofh. It points from the nega-
tive halfspace into the positive halfspace.

Orientedside h.orientedside( Pointd<Kernel> p)

returns the side of the hyperplaneh containingp.
Precondition: h.dimension() == p.dimension().

bool h.hason( Point d<Kernel> p)

returns true iff pointp lies on the hyperplaneh.
Precondition: h.dimension() == p.dimension().

bool h.hason boundary( Pointd<Kernel> p)

returns true iff pointp lies on the boundary of hyperplaneh.
Precondition: h.dimension() == p.dimension().

bool h.hason positiveside( Pointd<Kernel> p)

returns true iff pointp lies on the positive side of hyperplane
h.
Precondition: h.dimension() == p.dimension().

bool h.hason negativeside( Pointd<Kernel> p)

returns true iff pointp lies on the negative side of hyperplane
h.
Precondition: h.dimension() == p.dimension().
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Hyperplaned<Kernel> h.transform( Afftransformationd<Kernel> t)

returnst(h).
Precondition: h.dimension() == t.dimension().

Non-Member Functions

bool weakequality( h1, h2)

test for weak equality.
Precondition: h1.dimension() == h2.dimension().

Implementation

Hyperplanes are implemented by arrays of integers as an item type. All operations like creation, initialization,
tests, vector arithmetic, input and output on a hyperplaneh take timeO(h.dimension()). coordinate access and
dimension()take constant time. The space requirement isO(h.dimension()).
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CGAL::Sphere d<Kernel>

Definition

An instanceSof the data typeSphered is an oriented sphere in somed-dimensional space. A sphere is defined
by d+1 points (classPoint d<Kernel>). We useA to denote the array of the defining points. A setA of defining
points islegal if either the points are affinely independent or if the points are all equal. Only a legal set of points
defines a sphere in the geometric sense and hence many operations on spheres require the set of defining points
to be legal. The orientation ofS is equal to the orientation of the defining points, i.e.,orientation(A).

Types

Sphered<Kernel>:: R the representation type.

Sphered<Kernel>:: RT the ring type.

Sphered<Kernel>:: FT the field type.

Sphered<Kernel>:: LA the linear algebra layer.

Sphered<Kernel>:: point iterator

a read-only iterator for points defining the sphere.

Creation

Sphered<Kernel> S; introduces a variableSof typeSphered<Kernel>.

template<class ForwardIterator>
Sphered<Kernel> S( int d, ForwardIterator first, ForwardIterator last);

introduces a variableSof typeSphered<Kernel>. S is initialized to the sphere
through the points inA = tuple [first,last).
Precondition: A consists ofd+1 d-dimensional points.
Requirement: The value type of ForwardIterator isPoint d<Kernel>.

Operations

int S.dimension() returns the dimension of the ambient space.

Point d<Kernel> S.point( int i) returns theith defining point.
Precondition: 0≤ i ≤ dim.
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point iterator S.pointsbegin()

returns an iterator pointing to the first defining point.

point iterator S.pointsend()

returns an iterator pointing beyond the last defining point.

bool S.isdegenerate()

returns true iff the defining points are not full dimensional.

bool S.islegal() returns true iff the set of defining points is legal. A set of defining points
is legal iff their orientation is non-zero or if they are all equal.

Point d<Kernel> S.center() returns the center ofS.
Precondition: S is legal.

FT S.squaredradius()

returns the squared radius of the sphere.
Precondition: S is legal.

Orientation S.orientation()

returns the orientation ofS.

Orientedside S.orientedside( Pointd<Kernel> p)

returns either the constantON ORIENTEDBOUNDARY, ON
POSITIVESIDE, or ON NEGATIVESIDE, iff p lies on the boundary,
properly on the positive side, or properly on the negative side of sphere,
resp.
Precondition: S.dimension()==p.dimension().

Boundedside S.boundedside( Pointd<Kernel> p)

returns ON BOUNDED SIDE, ON BOUNDARY, or ON
UNBOUNDEDSIDE iff p lies properly inside, on the boundary,
or properly outside of sphere, resp.
Precondition: S.dimension()==p.dimension().

bool S.hason positiveside( Pointd<Kernel> p)

returnsS.orientedside(p)==ON POSITIVESIDE.
Precondition: S.dimension()==p.dimension().
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bool S.hason negativeside( Pointd<Kernel> p)

returnsS.orientedside(p)==ON NEGATIVESIDE.
Precondition: S.dimension()==p.dimension().

bool S.hason boundary( Pointd<Kernel> p)

returns S.orientedside(p)==ON ORIENTEDBOUNDARY, which is
the same asS.boundedside(p)==ON BOUNDARY.
Precondition: S.dimension()==p.dimension().

bool S.hason boundedside( Pointd<Kernel> p)

returnsS.boundedside(p)==ON BOUNDED SIDE.
Precondition: S.dimension()==p.dimension().

bool S.hason unboundedside( Pointd<Kernel> p)

returnsS.boundedside(p)==ON UNBOUNDEDSIDE.
Precondition: S.dimension()==p.dimension().

Sphered<Kernel>

S.opposite() returns the sphere with the same center and squared radius asSbut with
opposite orientation.

Sphered<Kernel>

S+Vector d<Kernel> v

returns the sphere translated byv.
Precondition: S.dimension()==v.dimension().

Non-Member Functions

bool weakequality( S1, S2)

Test for equality as unoriented spheres.
Precondition: S1.dimension()==S2.dimension().

Implementation

Spheres are implemented by a vector of points as a handle type. All operations like creation, initialization, tests,
input and output of a spheres take timeO(s.dimension()). dimension(), point access take constant time. The
center()-operation takes timeO(d3) on its first call and constant time thereafter. The sideness and orientation
tests take timeO(d3). The space requirement for spheres isO(s.dimension()) neglecting the storage room of
the points.
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CGAL::Iso box d<Kernel>

Definition

An objectb of the data typeIso box d<Kernel> is an iso-box in the Euclidean spaceEd with edges parallel to
the axes of the coordinate system.

Creation

Iso box d<Kernel> b( const Pointd<Kernel>& p, const Pointd<Kernel> &q);

introduces an iso-oriented iso-boxb with diagonal oppo-
site verticesp andq.

Operations

bool b.operator==( const Isobox d<Kernel>& b2) const

Test for equality: two iso-oriented cuboid are equal, iff
their lower left and their upper right vertices are equal.

bool b.operator!=( const Isobox d<Kernel>& b2) const

Test for inequality.

const Pointd<Kernel>& b.min() const returns the smallest vertex ofb.

const Pointd<Kernel>& b.max() const returns the largest vertex ofb.

Predicates

bool b.is degenerate() const

b is degenerate, if all vertices are collinear.

Boundedside b.boundedside( const Pointd<Kernel>& p) const

returns either ON UNBOUNDEDSIDE, ON
BOUNDED SIDE, or the constantON BOUNDARY,
depending on where pointp is.

bool b.hason boundary( const Pointd<Kernel>& p) const
bool b.hason boundedside( const Pointd<Kernel>& p) const
bool b.hason unboundedside( const Pointd<Kernel>& p) const

472



Miscellaneous

Kernel::FT b.volume() const returns the volume ofb.
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CGAL::Aff transformation d<Kernel>

Definition

An instance of the data typeAff transformationd<Kernel> is an affine transformation ofd-dimensional space.
It is specified by a square matrixM of dimensiond+1. All entries in the last row ofM except the diagonal entry
must be zero; the diagonal entry must be non-zero. A pointp with homogeneous coordinates(p[0], . . . , p[d])
can be transformed into the pointp.transform(A)= Mp, whereA is an affine transformation created fromM by
the constructors below.

Types

Aff transformationd<Kernel>:: RT

the ring type.

Aff transformationd<Kernel>:: FT

the field type.

Aff transformationd<Kernel>:: LA

the linear algebra layer.

Aff transformationd<Kernel>:: Matrix

the matrix type.

Creation

Aff transformationd<Kernel> t;

introduces some transformation.

Aff transformationd<Kernel> t( int d, Identity transformation);

introduces the identity transformation ind-dimensional space.

Aff transformationd<Kernel> t( Matrix M);

introduces the transformation ofd-space specified by matrixM.
Precondition: M is a square matrix of dimensiond+1 where entries in the last row of
M except the diagonal entry must be zero; the diagonal entry must be non-zero.
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template<typename Forwarditerator>
Aff transformationd<Kernel> t( Scaling, Forwarditerator start, Forwarditerator end);

introduces the transformation ofd-space specified by a diagonal matrix with entriesset
[start,end)on the diagonal (a scaling of the space).
Precondition: set [start,end)is a vector of dimensiond+1.

Aff transformationd<Kernel> t( Translation, Vectord<Kernel> v);

introduces the translation by vectorv.

Aff transformationd<Kernel> t( int d, Scaling, RT num, RT den);

returns a scaling by a scale factornum/den.
Precondition: den !=0.

Aff transformationd<Kernel> t( int d, Rotation, RT sinnum, RT cosnum, RT den, int e1 = 0, int e2 = 1);

returns a planar rotation with sine and cosine valuessin num/denandcos num/denin
the plane spanned by the base vectorsbe1 andbe2 in d-space. Thus the default use
delivers a planar rotation in thex-y plane.
Precondition: sin num2 +cos num2 = den2 and 0≤ e1 < e2 < d.
Precondition: den != 0

Aff transformationd<Kernel> t( int d,
Rotation,
Direction d<Kernel> dir,
RT num,
RT den,
int e1 = 0,
int e2 = 1)

returns a planar rotation within a two-dimensional linear subspace. The subspace is
spanned by the base vectorsbe1 andbe2 in d-space. The rotation parameters are given
by the 2-dimensional directiondir, such that the difference between the sines and
cosines of the rotation given bydir and the approximated rotation are at mostnum/den
each.

Precondition: dir.dimension()==2, !dir.is degenerate()andnum< denis positive,den
!= 0 , 0≤ e1 < e2 < d.

Operations

int t.dimension() the dimension of the underlying space

Matrix t.matrix() returns the transformation matrix

Aff transformationd<Kernel> t.inverse() returns the inverse transformation.
Precondition: t.matrix() is invertible.
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Aff transformationd<Kernel> t ∗s composition of transformations. Note that
transformations are not necessarily commuta-
tive. t*s is the transformation which transforms
first by t and then bys.

Implementation

Affine Transformations are implemented by matrices of number typeRT as a handle type. All operations like
creation, initialization, input and output on a transformationt take timeO(t.dimension()2). dimension()takes
constant time. The operations for inversion and composition have the cubic costs of the used matrix operations.
The space requirement isO(t.dimension()2).
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3.7 Global Kernel Functions
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CGAL::affinely independent

#include<CGAL/predicatesd.h>

template<class ForwardIterator>
bool affinely independent( ForwardIterator first, ForwardIterator last)

returns true iff the points inA = tuple [first,last) are
affinely independent.
Precondition: The objects are of the same dimension.
Requirement: The value type ofForwardIterator is
Point d<R>
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CGAL::affine rank

#include<CGAL/predicatesd.h>

template<class ForwardIterator>
int affine rank( ForwardIterator first, ForwardIterator last)

computes the affine rank of the points inA = tuple
[first,last).
Precondition: The objects inA are of the same dimen-
sion.
Requirement: The value type ofForwardIterator is
Point d<R>.
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CGAL::center of sphere

#include<CGAL/constructionsd.h>

template<class ForwardIterator>
Point d<R> centerof sphere( ForwardIterator first, ForwardIterator last)

returns the center of the sphere spanned by the points in
A = tuple[first,last).
Precondition: A contains d + 1 affinely independent
points of dimensiond.
Requirement: The value type ofForwardIterator is
Point d<R>.
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CGAL::compare lexicographically

#include<CGAL/predicatesd.h>

Comparisonresult comparelexicographically( Pointd<R> p, Point d<R> q)

Compares the Cartesian coordinates of pointsp andq lex-
icographically in ascending order of its Cartesian compo-
nentsp[i] andq[i] for i = 0, . . . ,d−1.
Precondition: p.dimension() == q.dimension()
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CGAL::contained in affine hull

#include<CGAL/predicatesd.h>

template<class ForwardIterator>
bool containedin affine hull( ForwardIterator first,

ForwardIterator last,
Point d<R> p)

determines whetherp is contained in the affine hull of the
points inA = tuple [first,last).
Precondition: The objects inA are of the same dimen-
sion.
Requirement: The value type ofForwardIterator is
Point d<R>.
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CGAL::contained in linear hull

#include<CGAL/predicatesd.h>

template<class ForwardIterator>
bool containedin linear hull( ForwardIterator first,

ForwardIterator last,
Vector d<R> v)

determines whetherv is contained in the linear hull of the
vectors inA = tuple [first,last).
Precondition: The objects inA are of the same dimen-
sion.
Requirement: The value type ofForwardIterator is
Vector d<R>.

482



F
un

ct
io

n

CGAL::contained in simplex

#include<CGAL/predicatesd.h>

template<class ForwardIterator>
bool containedin simplex( ForwardIterator first, ForwardIterator last, Pointd<R> p)

determines whetherp is contained in the simplex of the
points inA = tuple [first,last).
Precondition: The objects inA are of the same dimension
and affinely independent.
Requirement: The value type ofForwardIterator is
Point d<R>.
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CGAL::do intersect

#include<CGAL/intersectionsd.h>

bool do intersect( Type1<R> obj1, Type2<R> obj2)

checks whetherobj1andobj2 intersect. Two objectsobj1
andobj2 intersect if there is a pointp that is part of both
obj1 andobj2. The intersection region of those two ob-
jects is defined as the set of all pointsp that are part of
bothobj1andobj2.
Precondition: the objects are of the same dimension.

The typesType1andType2can be any of the following:

• Point d<R>
• Line d<R>
• Ray d<R>
• Segmentd<R>
• Hyperplaned<R>

See Also

intersection
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CGAL::intersection

#include<CGAL/intersectionsd.h>

Object intersection( Type1<R> f1, Type2<R> f2)

returns the intersection result off 1 and f 2 by means of
the polymorphic wrapper typeObject. The returned ob-
ject can be tested for the intersection result and assigned
by means of the operationbool assign(T& t, Object o).
Precondition: The objects are of the same dimension.

The possible value for typesType1andType2and the possible return values wrapped inObjectare the following:

Type1 Type2 Return Type
Line d Line d Point d, Line d

Segmentd Line d Point d, Segmentd

Segmentd Segmentd Point d, Segmentd

Ray d Line d Point d, Ray d

Ray d Segmentd Point d, Segmentd

Ray d Ray d Point d, Segmentd, Ray d

Hyperplaned Line d Point 3, Line 3

Hyperplaned Ray d Point d, Ray d

Hyperplaned Segmentd Point d, Segmentd

Example

The following example demonstrates the most common use ofintersectionroutines.

#include <CGAL/intersections_d.h>

template <class R>
void foo(Segment_d<R> seg, Line_d<R> lin)
{

Point_d<R> ipnt; Segment_d<R> iseg;
Object result = intersection(seg, lin);
if ( assign(ipnt, result) ) {

// handle the point intersection case.
} else if ( assign(iseg, result) ) {

// handle the segment intersection case.
} else {

// handle the no intersection case.
}

}
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See Also

do intersect, Kernel::Intersectd
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CGAL::lexicographically smaller

#include<CGAL/predicatesd.h>

bool lexicographicallysmaller( Pointd<R> p, Point d<R> q)

returnstrue iff p is lexicographically smaller thanq with
respect to Cartesian lexicographic order of points.
Precondition: p.dimension() == q.dimension().
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CGAL::lexicographically smaller or equal

#include<CGAL/predicatesd.h>

bool lexicographicallysmaller or equal( Pointd<R> p, Point d<R> q)

returnstrue iff p is lexicographically smaller thanq with
respect to Cartesian lexicographic order of points or equal
to q.
Precondition: p.dimension() == q.dimension().
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CGAL::lift to paraboloid

#include<CGAL/constructionsd.h>

Point d<R> lift to paraboloid( Pointd<R> p)

returns the projection ofp = (x0, . . . ,xd−1) onto
the paraboloid of revolution which is the point
(p0, . . . , pd−1,∑0≤i<d p2

i ) in (d+1)-space.
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CGAL::linearly independent

#include<CGAL/predicatesd.h>

template<class ForwardIterator>
bool linearly independent( ForwardIterator first, ForwardIterator last)

decides whether the vectors inA = tuple [first,last) are
linearly independent.
Precondition: The objects inA are of the same dimen-
sion.
Requirement: The value type ofForwardIterator is
Vector d<R>.
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CGAL::linear base

#include<CGAL/constructionsd.h>

template<class ForwardIterator, class OutputIterator>
OutputIterator linearbase( ForwardIterator first, ForwardIterator last, OutputIterator result)

computes a basis of the linear space spanned by the vec-
tors inA = tuple [first,last) and returns it via an iterator
range starting inresult. The returned iterator marks the
end of the output.
Precondition: A contains vectors of the same dimension
d.
Requirement: The value type ofForwardIterator and
OutputIteratoris Vector d<R>.
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CGAL::linear rank

#include<CGAL/predicatesd.h>

template<class ForwardIterator>
int linear rank( ForwardIterator first, ForwardIterator last)

computes the linear rank of the vectors inA = tuple
[first,last).
Precondition: The objects are of the same dimension.
Requirement: The value type ofForwardIterator is
Vector d<R>.
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CGAL::midpoint

#include<CGAL/constructionsd.h>

Point d<R> midpoint( Pointd<R> p, Point d<R> q)

computes the midpoint of the segmentpq.
Precondition:
Precondition: p.dimension() == q.dimension().
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CGAL::orientation

#include<CGAL/predicatesd.h>

template<class ForwardIterator>
Orientation orientation( ForwardIterator first, ForwardIterator last)

determines the orientation of the points of the tupleA =
tuple [first,last) whereA consists ofd + 1 points ind-
space. This is the sign of the determinant∣∣∣∣ 1 1 1 1

A[0] A[1] . . . A[d]

∣∣∣∣
whereA[i] denotes the Cartesian coordinate vector of the
i-th point inA.
Precondition: size [first,last) == d+1 and
A[i].dimension() == d∀0≤ i ≤ d.
Requirement: The value type ofForwardIterator is
Point d<R>.
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CGAL::project along d axis

#include<CGAL/constructionsd.h>

Point d<R> project along d axis( Pointd<R> p)

returnsp projected along thed-axis onto the hyperspace
spanned by the firstd−1 standard base vectors.
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CGAL::side of bounded sphere

#include<CGAL/predicatesd.h>

template<class ForwardIterator>
Boundedside sideof boundedsphere( ForwardIterator first,

ForwardIterator last,
Point d<R> p)

returns the relative position of pointp to the sphere de-
fined byA = tuple [first,last). The order of the points of
A does not matter.
Precondition: orientation(first,last)is notZERO.
Requirement: The value type ofForwardIterator is
Point d<R>.
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CGAL::side of oriented sphere

#include<CGAL/predicatesd.h>

template<class ForwardIterator>
Orientedside sideof orientedsphere( ForwardIterator first,

ForwardIterator last,
Point d<R> p)

returns the relative position of pointp to the oriented
sphere defined by the points inA = tuple [first,last)The
order of the points inA is important, since it determines
the orientation of the implicitly constructed sphere. If the
points inA are positively oriented, the positive side is the
bounded interior of the sphere.
Precondition: A containsd+1 points ind-space.
Requirement: The value type ofForwardIterator is
Point d<R>.
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CGAL::squared distance

#include<CGAL/constructionsd.h>

FT squareddistance( Pointd<R> p, Point d<R> q)

computes the square of the Euclidean distance between
the two pointsp andq.
Precondition: The dimensions ofp andq are the same.
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3.8 Kernel Concept
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ce
pt

Kernel d

The concept of akernelis defined by a set of requirements on the provision of certain types and access member
functions to create objects of these types. The types are function object classes to be used within the algorithms
and data structures in the basic library of CGAL. This allows you to use any model of a kernel as a traits class
in the CGAL algorithms and data structures, unless they require types beyond those provided by a kernel.

Kernel d subsumes the concept of ad-dimensional kernel.

A kernel provides types, construction objects, and generalized predicates. The former replace constructors of
the kernel classes and constructive procedures in the kernel. There are also function objects replacing operators,
especially for equality testing.

Types

Kernel d:: FT a number type that is a model forFieldNumberType
Kernel d:: RT a number type that is a model forRingNumberType

Coordinate Access

Kernel d:: Cartesianconst iterator d a type that allows to iterate over the Cartesian coordinates

Geometric Objects

Kernel d:: Point d
Kernel d:: Vector d
Kernel d:: Direction d
Kernel d:: Hyperplaned
Kernel d:: Line d
Kernel d:: Ray d
Kernel d:: Segmentd
Kernel d:: Iso box d
Kernel d:: Sphered
Kernel d:: Aff transformationd

Constructions

Kernel d:: Constructpoint d
Kernel d:: Constructvector d
Kernel d:: Constructdirection d
Kernel d:: Constructhyperplaned
Kernel d:: Constructsegmentd
Kernel d:: Construct iso box d
Kernel d:: Construct line d

499



Kernel d:: Construct ray d
Kernel d:: Constructsphered
Kernel d:: Constructaff transformationd
Kernel d:: Constructcartesianconst iterator d

Generalized Predicates

Kernel d:: Affine rank d
Kernel d:: Affinely independentd
Kernel d:: Barycentric coordinatesd
Kernel d:: Center of sphered
Kernel d:: Comparelexicographicallyd
Kernel d:: Componentaccessord
Kernel d:: Containedin affine hull d
Kernel d:: Containedin linear hull d
Kernel d:: Containedin simplexd
Kernel d:: Equal d
Kernel d:: Has on positiveside d
Kernel d:: Intersectd
Kernel d:: Less lexicographicallyd
Kernel d:: Lessor equal lexicographicallyd
Kernel d:: Lift to paraboloid d
Kernel d:: Linear based
Kernel d:: Linear rank d
Kernel d:: Linearly independentd
Kernel d:: Midpoint d
Kernel d:: Orientation d
Kernel d:: Oriented side d
Kernel d:: Orthogonal vector d
Kernel d:: Point of sphered
Kernel d:: Point to vector d
Kernel d:: Position on line d
Kernel d:: Project along d axis d
Kernel d:: Side of boundedsphered
Kernel d:: Side of orientedsphered
Kernel d:: Squareddistanced
Kernel d:: Value at d
Kernel d:: Vector to point d

Operations

The following member functions return function objects of the types listed above. The name of the access
function is the name of the type returned with anobjectsuffix and no capital letter at the beginning. We only
give two examples to show the scheme. For the functorsConstructpoint d andOrientation d the corresponding
functions are:

Kernel::Constructpoint d kernel.constructpoint d object()
Kernel::Orientationd kernel.orientationd object()

Has Models
Cartesiand<FieldNumberType>, Homogeneousd<RingNumberType>
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Kernel::Affinely independent d

A model for this must provide:

template<class ForwardIterator>
bool fo( ForwardIterator first, ForwardIterator last)

returns true iff the points inA = tuple [first,last) are
affinely independent.
Precondition: The objects are of the same dimension.
Requirement: The value type ofForwardIterator is
Kernel::Point d.
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Kernel::Affine rank d

A model for this must provide:

template<class ForwardIterator>
int fo( ForwardIterator first, ForwardIterator last)

computes the affine rank of the points inA = tuple
[first,last).
Precondition: The objects are of the same dimension.
Requirement: The value type ofForwardIterator is
Kernel::Point d.
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Kernel::CartesianConstIterator d

A type representing an iterator to the Cartesian coordinates of a point ind dimensions.

Refines

CopyConstructible, Assignable, DefaultConstructible

Is Model for the Concepts

BidirectionalIterator

See Also

Kernel::ConstructCartesianConstIteratord . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page507
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Kernel::Center of sphere d

A model for this must provide:

template<class ForwardIterator>
Kernel::Point d fo( ForwardIterator first, ForwardIterator last)

computes the affine rank of the points inA = tuple
[first,last).
Precondition: The objects are of the same dimension.
Requirement: The value type ofForwardIterator is
Kernel::Point d.
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Kernel::Compare lexicographically d

A model for this must provide:

Comparisonresult fo( Kernel::Pointd p, Kernel::Pointd q)

Compares the Cartesian coordinates of pointsp andq lex-
icographically in ascending order of its Cartesian compo-
nentsp[i] andq[i] for i = 0, . . . ,d−1.
Precondition: The objects are of the same dimension.
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Kernel::Component accessord

A model for this must provide:

int fo.dimension( Kernel::Pointd p)

returns the dimension ofp.

Kernel::RT fo.homogeneous( Kernel::Pointd p, int i)

returns the ith homogeneous coordinate ofp.
Precondition: 0 <= i <= dimension(p).

Kernel::FT fo.cartesian( Kernel::Pointd p, int i)

returns the ith Cartesian coordinate ofp.
Precondition: 0 <= i < dimension(p).
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Kernel::ConstructCartesianConstIterator d

A model for this must provide:

Kernel::Cartesianconst iterator d

fo( Kernel::Point d p)

returns an iterator on the 0’th Cartesian coordinate ofp.

Kernel::Cartesianconst iterator d

fo( Kernel::Point d p, int)

returns the past the end iterator of the Cartesian coordi-
nates ofp.

Refines

AdaptableFunctor (with one argument)

See Also

Kernel::CartesianConstIteratord . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page503
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Kernel::Contained in affine hull d

A model for this must provide:

template<class ForwardIterator>
Boundedside fo( ForwardIterator first, ForwardIterator last, Kernel::Pointd p)

determines whetherp is contained in the affine hull of the
points inA = tuple [first,last).
Precondition: The objects are of the same dimension.
Requirement: The value type ofForwardIterator is
Kernel::Point d.
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Kernel::Contained in linear hull d

A model for this must provide:

template<class ForwardIterator>
Boundedside fo( ForwardIterator first, ForwardIterator last, Kernel::Vectord v)

determines whetherv is contained in the linear hull of the
vectors inA = tuple [first,last).
Precondition: The objects are of the same dimension.
Requirement: The value type ofForwardIterator is
Kernel::Vectord.
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Kernel::Contained in simplex d

A model for this must provide:

template<class ForwardIterator>
Boundedside fo( ForwardIterator first, ForwardIterator last, Kernel::Pointd p)

determines whetherp is contained in the simplex of the
points inA = tuple [first,last).
Precondition: The objects inA are of the same dimension
and affinely independent.
Requirement: The value type ofForwardIterator is
Kernel::Point d.
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Kernel::Equal d

A model for this must provide:

bool fo( Kernel::Pointd p, Kernel::Pointd q)

returns true iff p and q are equal (asd-dimensional
points).
Precondition: p andq have the same dimension.
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Kernel::Has on positive side d

A model for this must provide:

template<class Kernelobject>
bool fo( Kernelobject o, Kernel::Pointd p)

returns true iff p is on the positive side ofo.
Kernel object may be any of Kernel::Sphered,
Kernel::Hyperplaned.
Precondition: p ando have the same dimension.
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Kernel::Intersect d

A model for this must provide:

template<class Kernelobject>
Object fo( Kernelobject p, Kernelobject q)

returns the result of the intersection ofp andq in form
of a polymorphic object. Kernel object may be any
of Kernel::Segmentd, Kernel::Rayd, Kernel::Line d,
Kernel::Hyperplaned.
Precondition: p andq have the same dimension.
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Kernel::Less lexicographically d

A model for this must provide:

bool fo( Kernel::Pointd p, Kernel::Pointd q)

returnstrue iff p is lexicographically smaller thanq with
respect to Cartesian lexicographic order of points.
Precondition: p andq have the same dimension.
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Kernel::Less or equal lexicographically d

A model for this must provide:

bool fo( Kernel::Pointd p, Kernel::Pointd q)

returnstrue iff p is lexicographically smaller thanq with
respect to Cartesian lexicographic order of points or equal
to q.
Precondition: p andq have the same dimension.
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Kernel::Lift to paraboloid d

A model for this must provide:

Kernel::Point d fo( Kernel::Pointd p)

returnsp = (x0, . . . ,xd−1) lifted to the paraboloid of rev-
olution which is the point(p0, . . . , pd−1,∑0≤i<d p2

i ) in
(d+1)-space.
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Kernel::Linearly independent d

A model for this must provide:

template<class ForwardIterator>
bool fo( ForwardIterator first, ForwardIterator last)

decides whether the vectors inA = tuple [first,last) are
linearly independent.
Precondition: The objects inA are of the same dimen-
sion.
Requirement: The value type ofForwardIterator is
Kernel d::Vector d.
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Kernel::Linear based

A model for this must provide:

template<class ForwardIterator, class OutputIterator>
int fo( ForwardIterator first, ForwardIterator last, OutputIterator result)

computes a basis of the linear space spanned by the vec-
tors inA = tuple [first,last) and returns it via an iterator
range starting inresult. The returned iterator marks the
end of the output.
Precondition: A contains vectors of the same dimension
d.
Requirement: The value type ofForwardIterator and
OutputIteratoris Kernel::Vectord.
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Kernel::Linear rank d

A model for this must provide:

template<class ForwardIterator>
int fo( ForwardIterator first, ForwardIterator last)

computes the linear rank of the vectors inA = tuple
[first,last).
Precondition:
Precondition: A contains vectors of the same dimension
d.
Requirement: The value type ofForwardIterator is
Kernel::Vectord.
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Kernel::Midpoint d

A model for this must provide:

Kernel::Point d fo( Kernel::Pointd p, Kernel::Pointd q)

computes the midpoint of the segmentpq.
Precondition: p andq have the same dimension.
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Kernel::Orientation d

A model for this must provide:

template<class ForwardIterator>
Orientation fo( ForwardIterator first, ForwardIterator last)

determines the orientation of the points of the tupleA =
tuple [first,last) whereA consists ofd + 1 points ind-
space. This is the sign of the determinant∣∣∣∣ 1 1 1 1

A[0] A[1] . . . A[d]

∣∣∣∣
whereA[i] denotes the cartesian coordinate vector of the
i-th point inA.
Precondition: size [first,last) == d+1 and
A[i].dimension() == d∀0≤ i ≤ d.
Requirement: The value type ofForwardIterator is
Kernel::Point d.
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Kernel::Oriented side d

A model for this must provide:

template<class Kernelobject>
Orientedside fo( Kernelobject o, Kernel::Pointd p)

returns the side ofp with respect too. Kernel objectmay
be any ofKernel::Sphered or Kernel::Hyperplaned.
Precondition: p ando have the same dimension.
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Kernel::Orthogonal vector d

A model for this must provide:

Kernel::Vectord fo( Kernel::Hyperplaned h)

computes an orthogonal vector toh.
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Kernel::Point of sphere d

A model for this must provide:

bool fo( Kernel::Sphered s, int i)

returns the ith point defining the spheres.
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Kernel::Point to vector d

A model for this must provide:

Kernel::Vectord fo( Kernel::Pointd p)

convertsp to its geometric vector.
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Kernel::Project along d axis d

A model for this must provide:

Kernel::Point d fo( Kernel::Pointd p)

returnsp projected along thed-axis onto the hyperspace
spanned by the firstd−1 standard base vectors.
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Kernel::Side of bounded sphere d

A model for this must provide:

template<class ForwardIterator>
Boundedside fo( ForwardIterator first, ForwardIterator last, Kernel::Pointd p)

returns the relative position of pointp to the sphere de-
fined byA = tuple [first,last). The order of the points of
A does not matter.
Precondition: orientation(first,last)is notZERO.
Requirement: The value type ofForwardIterator is
Kernel::Point d.
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Kernel::Side of oriented sphere d

A model for this must provide:

template<class ForwardIterator>
Boundedside fo( ForwardIterator first, ForwardIterator last, Kernel::Pointd p)

returns the relative position of pointp to the oriented
sphere defined by the points inA = tuple [first,last)The
order of the points inA is important, since it determines
the orientation of the implicitly constructed sphere. If the
points inA are positively oriented, the positive side is the
bounded interior of the sphere.
Precondition: A containsd+1 points ind-space.
Requirement: The value type ofForwardIterator is
Kernel::Point d.
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Kernel::Squared distance d

A model for this must provide:

Kernel::FT fo( Kernel::Pointd p, Kernel::Pointd q)

computes the square of the Euclidean distance between
the two pointsp andq.
Precondition: The dimensions ofp andq are the same.
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Kernel::Value at d

A model for this must provide:

Kernel::FT fo( Kernel::Hyperplaned h, Kernel::Pointd p)

computes the value ofh evaluated atp.
Precondition: p andh have the same dimension.
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Kernel::Vector to point d

A model for this must provide:

Kernel::Point d fo( Kernel::Vectord v)

convertsv to the affine point 0+v.
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Chapter 4

2D Circular Kernel
Sylvain Pion and Monique Teillaud
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4.1 Introduction

The goal of the circular kernel is to offer to the user a large set of functionalities on circles and circular arcs in
the plane. All the choices (interface, robustness, representation, and so on) made here are consistent with the
choices made in the CGAL kernel, for which we refer the user to the 2D kernel manual.

In this first release, all functionalities necessary for computing an arrangement of circular arcs and these line
segments are defined. Three traits classes are provided for the CGAL arrangement package.

4.2 Software Design

The design is done in such a way that the algebraic concepts and the geometric concepts are clearly separated.
Circular kernel 2 has therefore two template parameters:

• theLinearKernel, from which the circular kernel derives, provides all elementary geometric objects like
points, lines, circles, and elementary functionality on them. It must be a model of the CGAL two dimen-
sionalKernelconcept.

• the second parameter is the algebraic kernel, which is responsible for computations on polynomials and
algebraic numbers. It has to be a model of conceptAlgebraicKernelForCircles. The robustness of the
package relies on the fact that the algebraic kernel provides exact computations on algebraic objects.
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The circular kernel uses the extensibility scheme presented in the 2D kernel manual (see Section2.5). The types
of LinearKernelare inherited by the circular kernel and some types are taken from theAlgebraicKernelForCir-
clesparameter. Three new main geometric objects are introduced byCircular kernel 2: circular arcs, points of
circular arcs (used in particular for endpoints of arcs and intersection points between arcs) and line segments
whose endpoints are points of this new type.

In fact, the circular kernel is documented as a concept,CircularKernel, and two models are provided:

• Circular kernel 2<LinearKernel,AlgebraicKernelForCircles>, the basic kernel,

• and a predefined filtered kernelExact circular kernel 2, that is based on similar techniques asExact
predicatesexactconstructionskernel.

More work is in progress to increase the efficiency of this filtered kernel and provide other filtering techniques.

4.3 Examples

4.3.1 Computing an Arrangement of Random Circles

This example shows how to construct incrementally an arrangement of circles, using the traits class for arrange-
ment of circular arcs provided with the package.

#include <CGAL/basic.h>
#include <CGAL/Cartesian.h>

#include <CGAL/Random.h>
#include <CGAL/point_generators_2.h>

#include <CGAL/MP_Float.h>

#include <CGAL/Algebraic_kernel_2_2.h>

#include <CGAL/Circular_kernel.h>

#include <CGAL/Arr_circular_arc_traits.h>

#include <CGAL/Arrangement_2.h>
#include <CGAL/Arr_naive_point_location.h>

typedef CGAL::Quotient<CGAL::MP_Float> NT;
typedef CGAL::Cartesian<NT> Linear_k;

typedef CGAL::Algebraic_kernel_for_circles_2_2<NT> Algebraic_k;
typedef CGAL::Circular_kernel_2<Linear_k,Algebraic_k> Circular_k;

typedef Circular_k::Point_2 Point_2;
typedef Circular_k::Circle_2 Circle_2;
typedef Circular_k::Circular_arc_2 Circular_arc_2;
typedef std::vector<Circular_arc_2> ArcContainer;
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typedef CGAL::Arr_circular_arc_traits<Circular_k> Traits;

typedef CGAL::Arrangement_2<Traits> Arr;
typedef CGAL::Arr_naive_point_location<Arr> Point_location;

int main(){

CGAL::Random generatorOfgenerator;
int random_seed = generatorOfgenerator.get_int(0, 123456);
std::cout << "random_seed = " << random_seed << std::endl;
CGAL::Random theRandom(random_seed);
int random_max = 128;
int random_min = -128;
ArcContainer ac;
int x, y;

for (int i = 0; i < 10; i++) {
x = theRandom.get_int(random_min,random_max);
y = theRandom.get_int(random_min,random_max);
ac.push_back( Circle_2( Point_2(x,y), x*x + y*y));

}

Arr _pm;
Point_location _pl(_pm);
for (ArcContainer::const_iterator it=ac.begin(); it != ac.end(); ++it) {

insert_curve(_pm,*it,_pl);
};

return 0;
};

4.3.2 Constructing an Arrangement of Circles and Segments

In this example, the traits class using the boost::variant is used in order to provide arrangements with curves that
can be either circular arcs or line segments.

#include <CGAL/basic.h>
#include <CGAL/Cartesian.h>

#include <CGAL/Random.h>
#include <CGAL/point_generators_2.h>

#include <CGAL/MP_Float.h>
#include <CGAL/Gmpq.h>

#include <CGAL/Algebraic_kernel_2_2.h>

#include <CGAL/Circular_kernel.h>

#include <CGAL/Arr_circular_line_arc_traits.h>
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#include <CGAL/Arrangement_2.h>
#include <CGAL/Arr_naive_point_location.h>

typedef CGAL::Gmpq NT;
typedef CGAL::Cartesian<NT> Linear_k;

typedef CGAL::Algebraic_kernel_for_circles_2_2<NT> Algebraic_k;
typedef CGAL::Circular_kernel_2<Linear_k,Algebraic_k> Circular_k;

typedef Circular_k::Point_2 Point_2;
typedef Circular_k::Circle_2 Circle_2;
typedef Circular_k::Circular_arc_2 Circular_arc_2;
typedef Circular_k::Line_arc_2 Line_arc_2;

typedef boost::variant< Circular_arc_2, Line_arc_2> Arc;
typedef std::vector< Arc> ArcContainer;

typedef CGAL::Arr_circular_line_arc_traits
<Circular_k, Circular_arc_2, Line_arc_2> Traits;

typedef CGAL::Arrangement_2<Traits> Arr;
typedef CGAL::Arr_naive_point_location<Arr> Point_location;

int main(){

CGAL::Random generatorOfgenerator;
int random_seed = generatorOfgenerator.get_int(0, 123456);
std::cout << "random_seed = " << random_seed << std::endl;
CGAL::Random theRandom(random_seed);
int random_max = 128;
int random_min = -128;
ArcContainer ac;
int x1, y1, x2, y2;

for (int i = 0; i < 10; i++) {
x1 = theRandom.get_int(random_min,random_max);
y1 = theRandom.get_int(random_min,random_max);
do{
x2 = theRandom.get_int(random_min,random_max);
y2 = theRandom.get_int(random_min,random_max);

} while((x1 == x2) && (y1 == y2));
std::cout << x1 << " " << y1 << " " << x2 << " " << y2 << std::endl;

boost::variant< Circular_arc_2, Line_arc_2 >
v = Line_arc_2(Point_2(x1,y1), Point_2(x2,y2));

ac.push_back( v);
}

for (int i = 0; i < 10; i++) {
x1 = theRandom.get_int(random_min,random_max);
y1 = theRandom.get_int(random_min,random_max);

boost::variant< Circular_arc_2, Line_arc_2 >
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v = Circle_2( Point_2(x1,y1), x1*x1 + y1*y1);
ac.push_back(v);
}

Arr _pm;
Point_location _pl(_pm);
for (ArcContainer::const_iterator it=ac.begin(); it != ac.end(); ++it) {

insert_curve(_pm,*it,_pl);
};

return 0;
};

4.3.3 Using the Predefined Kernel

#include <CGAL/basic.h>

#include <CGAL/Random.h>
#include <CGAL/point_generators_2.h>

#include <CGAL/Exact_circular_kernel.h>

#include <CGAL/Arr_circular_line_arc_traits.h>

#include <CGAL/Arrangement_2.h>
#include <CGAL/Arr_naive_point_location.h>

typedef CGAL::Exact_circular_kernel_2 Circular_k;

typedef Circular_k::Point_2 Point_2;
typedef Circular_k::Circle_2 Circle_2;
typedef Circular_k::Circular_arc_2 Circular_arc_2;
typedef Circular_k::Line_arc_2 Line_arc_2;

typedef boost::variant< Circular_arc_2, Line_arc_2> Arc;
typedef std::vector< Arc> ArcContainer;

typedef CGAL::Arr_circular_line_arc_traits
<Circular_k, Circular_arc_2, Line_arc_2> Traits;

typedef CGAL::Arrangement_2<Traits> Arr;
typedef CGAL::Arr_naive_point_location<Arr> Point_location;

int main(){

CGAL::Random generatorOfgenerator;
int random_seed = generatorOfgenerator.get_int(0, 123456);
std::cout << "random_seed = " << random_seed << std::endl;
CGAL::Random theRandom(random_seed);
int random_max = 128;
int random_min = -128;
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ArcContainer ac;
int x1, y1, x2, y2;

for (int i = 0; i < 10; i++) {
x1 = theRandom.get_int(random_min,random_max);
y1 = theRandom.get_int(random_min,random_max);
do{
x2 = theRandom.get_int(random_min,random_max);
y2 = theRandom.get_int(random_min,random_max);

} while((x1 == x2) && (y1 == y2));
std::cout << x1 << " " << y1 << " " << x2 << " " << y2 << std::endl;

boost::variant< Circular_arc_2, Line_arc_2 >
v = Line_arc_2(Point_2(x1,y1), Point_2(x2,y2));

ac.push_back( v);
}

for (int i = 0; i < 10; i++) {
x1 = theRandom.get_int(random_min,random_max);
y1 = theRandom.get_int(random_min,random_max);

boost::variant< Circular_arc_2, Line_arc_2 >
v = Circle_2( Point_2(x1,y1), x1*x1 + y1*y1);

ac.push_back(v);
}

Arr _pm;
Point_location _pl(_pm);
for (ArcContainer::const_iterator it=ac.begin(); it != ac.end(); ++it) {

insert_curve(_pm,*it,_pl);
};

return 0;
};

4.4 Design and Implementation History

The first pieces of prototype code were comparisons of algebraic numbers of degree 2, written by Olivier
Devillers [DFMT00, DFMT02], and that are still used in the current implementation ofCGAL::Rootof 2.

Some work was then done in the direction of a “kernel” for CGAL.1 and the first design emerged in [EKP+04].

The code of this package was written by Sylvain Pion and Monique Teillaud who also wrote the manual.
Athanasios Kakargias worked on an prototype version of this kernel in 2003. Julien Hazebrouck participated in
the implementation of this kernel in July and August 2005.

Some work is in progress on the implementation of a 3D kernel for circles, circular arcs and spherical patches
(with the participation of Julien Hazebrouck and Damien Leroy).

1Monique Teillaud, First Prototype of a CGAL Geometric Kernel with Circular Arcs, Technical Report ECG-TR-182203-01, 2002
Sylvain Pion and Monique Teillaud, Towards a CGAL-like kernel for curves, Technical Report ECG-TR-302206-01, 2003
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CircularKernel

Refines

Kernel

Has Models

CGAL::Circular kernel 2<LinearKernel,AlgebraicKernelForCircles>
CGAL::Exactcircular kernel 2

Types

A model ofCircularKernel is supposed to provide some basic types

CircularKernel:: Linear kernel Model ofLinearKernel.
CircularKernel:: Algebraickernel Model ofAlgebraicKernelForCircles.

CircularKernel:: RT Model ofRingNumberType.
CircularKernel:: FT Model ofFieldNumberType.

CircularKernel:: Rootof 2 Model ofRootOf2.
CircularKernel:: Root for circles 2 2 Model of AlgebraicKernelForCircles::RootForCircles

2 2.
CircularKernel:: Polynomial1 2 Model ofAlgebraicKernelForCircles::Polynomial1 2.
CircularKernel:: Polynomialfor circles 2 2 Model ofAlgebraicKernelForCircles::PolynomialForCircles

2 2.

and to define the following geometric objects

CircularKernel:: Point 2 Model ofKernel::Point 2.
CircularKernel:: Circle 2 Model ofKernel::Circle 2.
CircularKernel:: Line arc 2 Model ofCircularKernel::LineArc 2.
CircularKernel:: Circular arc 2 Model ofCircularKernel::CircularArc 2.
CircularKernel:: Circular arc point 2 Model ofCircularKernel::CircularArcPoint 2.

Moreover, a model ofCircularKernelmust provide predicates, constructions and other functionalities.

Predicates

CircularKernel:: Comparex 2 Model ofCircularKernel::CompareX2.
CircularKernel:: Comparey 2 Model ofCircularKernel::CompareY2.
CircularKernel:: Comparexy 2 Model ofCircularKernel::CompareXY2.

CircularKernel:: Equal 2 Model ofCircularKernel::Equal 2.

CircularKernel:: Comparey at x 2 Model ofCircularKernel::CompareYatX2.
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CircularKernel:: Comparey to right 2 Model ofCircularKernel::CompareYtoRight2.

CircularKernel:: Has on 2 Model ofCircularKernel::HasOn2.

CircularKernel:: Do overlap Model ofCircularKernel::DoOverlap2.

CircularKernel:: In x range 2 Model ofCircularKernel::InXRange2.

CircularKernel:: Is vertical 2 Model ofCircularKernel::IsVertical 2.

CircularKernel:: Is x monotone2 Model ofCircularKernel::IsXMonotone2.
CircularKernel:: Is y monotone2 Model ofCircularKernel::IsYMonotone2.

Constructions

CircularKernel:: Constructline 2 Model ofCircularKernel::ConstructLine2.

CircularKernel:: Constructcircle 2 Model ofCircularKernel::ConstructCircle2.

CircularKernel:: Constructcircular arc point 2 Model of CircularKernel::ConstructCircularArcPoint
2.

CircularKernel:: Constructline arc 2 Model ofCircularKernel::ConstructLineArc2.

CircularKernel:: Constructcircular arc 2 Model ofCircularKernel::ConstructCircularArc2.

CircularKernel:: Constructcircular min vertex2

Model ofCircularKernel::ConstructCircularMinVertex
2.

CircularKernel:: Constructcircular max vertex2

Model ofCircularKernel::ConstructCircularMaxVertex
2.

CircularKernel:: Constructcircular sourcevertex2

Model ofCircularKernel::ConstructCircularSourceVertex
2.

CircularKernel:: Constructcircular target vertex2

Model ofCircularKernel::ConstructCircularTargetVertex
2.

Link with the algebraic kernel

CircularKernel:: Get equation Model ofCircularKernel::GetEquation.
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Operations

As in the Kernel concept, for each of the function objects above, there must exist a member function that
requires no arguments and returns an instance of that function object. The name of the member function is the
uncapitalized name of the type returned with the suffixobjectappended. For example, for the function object
CircularKernel::Constructcircular arc 2 the following member function must exist:

Constructcircular arc 2

ck.constructcircular arc 2 object()

See Also

Kernel. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page35
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CGAL::Circular kernel 2<LinearKernel,AlgebraicKernelForCircles >

#include<CGAL/Circular kernel.h>

Is Model for the Concepts

CircularKernel

Parameters

The circular kernel is parameterized by aLinearKernelparameter (and derives from it), in order to reuse all
needed functionalities on basic linear objects provided by one of the CGAL kernels. It also allows other imple-
mentations of these basic functionalities.

The second parameter,AlgebraicKernelForCircles, is meant to provide the circular kernel with all the algebraic
functionalities required for the manipulation of algebraic curves.

Inherits From

LinearKernel

Types

The circular kernel uses basic number types of the algebraic kernel:
typedef AlgebraicKernelForCircles::RT RT; Ring number type.

typedef AlgebraicKernelForCircles::FT FT; Field number type.

In fact, the two number typesAlgebraicKernelForCircles::RTandLinearKernel::RTmust coincide, as well as
AlgebraicKernelForCircles::FTandLinearKernel::FT.

The following types are available, as well as all the functionality on them described in theCircularKernel
concept.

typedef Linearc 2<Circular kernel 2> Line arc 2;
typedef Circulararc 2<Circular kernel 2> Circular arc 2;
typedef Circulararc point 2<Circular kernel 2>

Circular arc point 2;

See Also

LinearKernel. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page550
AlgebraicKernelForCircles. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page586
CGAL::Exactcircular kernel 2. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page549

548



C
la

ss

CGAL::Exact circular kernel 2

#include<CGAL/Exactcircular kernel.h>

Definition

A typedef to a (filtered) circular kernel that provides both exact geometric predicates and exact geometric con-
structions.

Is Model for the Concepts

CircularKernel

See Also

CGAL::Circular kernel 2<LinearKernel,AlgebraicKernelForCircles> . . . . . . . . . . . . . . . . . . . . . . . . . . . . page548
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LinearKernel

Definition

The geometric kernel parameter ofCGAL::Circular kernel 2 is supposed to be a model of the(two-
dimensional) Kernelconcept, so that the circular kernel provides all functionalities of a CGAL kernel.

Has Models

All C GAL kernels

See Also

Kernel. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page35
CircularKernel. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page545
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CircularKernel::CircularArc 2

Concept for arcs of circles.

Refines

CopyConstructible, Assignable, DefaultConstructible

Has Models

CGAL::Circular arc 2<CircularKernel>
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CircularKernel::LineArc 2

Definition

Concept for line segments supported by a line that is a model ofKernel::Line 2 and whose endpoints are models
of theCircularKernel::CircularArcPoint 2 concept.

Refines

CopyConstructible, Assignable, DefaultConstructible

Has Models

CGAL::Line arc 2<CircularKernel>

552



C
on

ce
pt

CircularKernel::CircularArcPoint 2

Definition

Concept for points on circles, circular arcs or line arcs.

Refines

CopyConstructible, Assignable, DefaultConstructible

Has Models

CGAL::Circular arc point 2<CircularKernel>
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CGAL::Circular arc 2<CircularKernel >

#include<CGAL/Circular arc 2.h>

Is Model for the Concepts

CircularKernel::CircularArc 2

Creation

Circular arc 2<CircularKernel> ca( CircularKernel::Circle 2 c);

Constructs an arc from a full circle.

Circular arc 2<CircularKernel> ca( CircularKernel::Circle 2 c,
CircularKernel::Circular arc point 2 p1,
CircularKernel::Circular arc point 2 p2)

Constructs the circular arc supported byc, that is oriented coun-
terclockwise, whose source isp1and whose target isp2.
Precondition: p1andp2 lie onc.

Access Functions

CircularKernel::Circle 2 ca.supportingcircle()

A circular arc is supposed to be oriented counterclockwise, fromsourceto target.

CircularKernel::Circular arc point 2 ca.source()
CircularKernel::Circular arc point 2 ca.target()

When the methodssourceandtargetreturn the same point, then the arc is in fact a full circle.

When an arc is x-monotone, its left and right points can be accessed directly:

CircularKernel::Circular arc point 2 ca.left() Precondition: ca.is x monotone().
CircularKernel::Circular arc point 2 ca.right() Precondition: ca.is x monotone().

Query Functions

bool ca.isx monotone() Tests whether the arc is x-monotone.
bool ca.isy monotone() Tests whether the arc is y-monotone.

554



I/O

istream& std::istream& is >> Circular arc 2 & ca
ostream& std::ostream& os<< Circular arc 2 ca

See Also

CGAL::Circular arc point 2<CircularKernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page558
CGAL::Line arc 2<CircularKernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page556
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CGAL::Line arc 2<CircularKernel >

#include<CGAL/Linearc 2.h>

Is Model for the Concepts

CircularKernel::LineArc2

Creation

Line arc 2<CircularKernel> la( CircularKernel::Line 2 l,
CircularKernel::Circular arc point 2 p1,
CircularKernel::Circular arc point 2 p2)

Construct the line segment supported byl, whose source isp1
and whose target isp2.
Precondition: p1andp2 lie on l.

Line arc 2<CircularKernel> la( CircularKernel::Line 2 l,
CircularKernel::Point 2 p1,
CircularKernel::Point 2 p2)

Same.

Line arc 2<CircularKernel> la( CircularKernel::Segment2 s);

Access Functions

CircularKernel::Line 2 la.supportingline()

CircularKernel::Circular arc point 2 la.source()
CircularKernel::Circular arc point 2 la.target()

CircularKernel::Circular arc point 2 la.left()
CircularKernel::Circular arc point 2 la.right()

Query Functions

bool la.is vertical()

I/O

istream& std::istream& is >> Line arc 2 & ca
ostream& std::ostream& os<< Line arc 2 ca
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See Also

CGAL::Circular arc point 2<CircularKernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page558
CGAL::Circular arc 2<CircularKernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page554
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CGAL::Circular arc point 2<CircularKernel >

#include<CGAL/Circular arc point 2.h>

Is Model for the Concepts

CircularKernel::CircularArcPoint 2

Creation

Circular arc point 2<CircularKernel> p( CircularKernel::Point 2 q);

Circular arc point 2<CircularKernel> p( CircularKernel::Rootfor circles 2 2 r);

Access Functions

CircularKernel::Rootof 2 p.x() x-coordinate of the point.
CircularKernel::Rootof 2 p.y() y-coordinate of the point.

Bbox 2 p.bbox() Returns a bounding box around the point.

Operations

bool p== q Test for equality. Two points are equal, iff theirx andy
coordinates are equal.

bool p! = q Test for nonequality.

bool p< q Returns true iffp is lexicographically smaller thanq, i.e.
either if p.x() < q.x() or if p.x() == q.x() and p.y() <
q.y().

bool p> q Returns true iffp is lexicographically greater thanq.

bool p<= q Returns true iff p is lexicographically smaller than or
equal toq.

bool p>= q Returns true iffp is lexicographically greater than or equal
to q.

I/O

istream& std::istream& is >> Circular arc point 2 & cp
ostream& std::ostream& os<< Circular arc point 2 ce
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See Also

CGAL::Circular arc 2<CircularKernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page554
CGAL::Line arc 2<CircularKernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page556
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CircularKernel::ConstructLine 2

Refines

Kernel::ConstructLine2

A modelfo of this type must provide:

CircularKernel::Line 2 fo( CircularKernel::Polynomial1 2)

Constructs a line from an equation.

See Also

CircularKernel::GetEquation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page585
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CircularKernel::ConstructCircle 2

Refines

Kernel::ConstructCircle2

A modelfo of this type must provide:

CircularKernel::Circle 2

fo( CircularKernel::Polynomialfor circles 2 2)

Constructs a circle from an equation.

See Also

CircularKernel::GetEquation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page585
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CircularKernel::ConstructCircularArcPoint 2

A modelfo of this type must provide:

CircularKernel::Circular arc point 2

fo( CircularKernel::Rootfor circles 2 2 r)

CircularKernel::Circular arc point 2

fo( CircularKernel::Point 2 p)
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CircularKernel::ConstructLineArc 2

A modelfo of this type must provide:

CircularKernel::Line arc 2

fo.operator()( CircularKernel::Line2 l,
CircularKernel::Circular arc point 2 p1,
CircularKernel::Circular arc point 2 p2)

Constructs the line segment supported byl, whose source
is p1and whose target isp2.
Precondition: p1andp2 lie on l.

CircularKernel::Line arc 2

fo( CircularKernel::Segment2 s)

CircularKernel::Line arc 2

fo( CircularKernel::Point 2 p1, CircularKernel::Point2 p2)

CircularKernel::Line arc 2

fo.operator()( CircularKernel::Line2 l,
CircularKernel::Circle 2 c1,
bool b1,
CircularKernel::Circle 2 c2,
bool b2)

Constructs the line segment whose supporting line isl,
whose source endpoint is thebth

1 intersection ofl with c1,
and whose target endpoint is thebth

2 intersection ofl and
c2, where intersections are ordered lexicographically.
Precondition: l intersects bothc1 andc2, and the arc de-
fined by the intersections has non-zero length.

CircularKernel::Line arc 2

fo.operator()( CircularKernel::Line2 l,
CircularKernel::Line 2 l1,
CircularKernel::Line 2 l2)

Same, for intersections defined by lines instead of circles.
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CircularKernel::ConstructCircularArc 2

A modelfo of this type must provide:

CircularKernel::Circular arc 2

fo( CircularKernel::Circle 2 c)

Constructs an arc from a full circle.

CircularKernel::Circular arc 2

fo.operator()( CircularKernel::Circle2 c,
CircularKernel::Circular arc point 2 p1,
CircularKernel::Circular arc point 2 p2)

Construct the circular arc supported byc, that is oriented
counterclockwise, whose source isp1and whose target is
p2.
Precondition: p1andp2 lie onc.

CircularKernel::Circular arc 2

fo.operator()( CircularKernel::Circle2 c,
CircularKernel::Circle 2 c1,
bool b1,
CircularKernel::Circle 2 c2,
bool b2)

Constructs the unique circular arc that is oriented coun-
terclockwise, whose supporting circle isc, and whose
source endpoint is the intersection ofc andc1 with in-
dex b1, and whose target is the intersection ofc andc2
of indexb2, where intersections are ordered lexicograph-
ically.
Precondition: c intersects bothc1 and c2, and the arc
defined by the intersections has non-zero length.

CircularKernel::Circular arc 2

fo.operator()( CircularKernel::Circle2 c,
CircularKernel::Line 2 l1,
bool b1,
CircularKernel::Line 2 l2,
bool b2)

Same, for intersections defined by lines instead of circles.
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CircularKernel::ConstructCircularMinVertex 2

A modelfo of this type must provide:

CircularKernel::Circular arc point 2

fo( CircularKernel::Circular arc 2 c)

Constructs thex-minimal vertex ofc.
Precondition: The arcc is x-monotone.

CircularKernel::Circular arc point 2

fo( CircularKernel::Line arc 2 l)

Same, for a line segment.
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CircularKernel::ConstructCircularMaxVertex 2

A modelfo of this type must provide:

CircularKernel::Circular arc point 2

fo( CircularKernel::Circular arc 2 c)

Constructs thex-maximal vertex ofc.
Precondition: The arcc is x-monotone.

CircularKernel::Circular arc point 2

fo( CircularKernel::Line arc 2 l)

Same, for a line segment.
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CircularKernel::ConstructCircularSourceVertex 2

A modelfo of this type must provide:

CircularKernel::Circular arc point 2

fo( CircularKernel::Circular arc 2 c)

Constructs the source vertex ofc.

CircularKernel::Circular arc point 2

fo( CircularKernel::Line arc 2 l)

Same, for a line segment.
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CircularKernel::ConstructCircularTargetVertex 2

A modelfo of this type must provide:

CircularKernel::Circular arc point 2

fo( CircularKernel::Circular arc 2 c)

Constructs the target vertex ofc.

CircularKernel::Circular arc point 2

fo( CircularKernel::Line arc 2 l)

Same, for a line segment.
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CircularKernel::ConstructBbox 2

A modelfo of this type must provide operators to construct a bounding box of geometric objects:

CGAL::Bbox2 fo( CircularKernel::Circular arc point 2 p)

CGAL::Bbox2 fo( CircularKernel::Linearc 2 l)

CGAL::Bbox2 fo( CircularKernel::Circular arc 2 c)
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CircularKernel::CompareX 2

Refines

Kernel::CompareX2

An objectfo of this type must provide in addition:

Comparisonresult fo.operator()( CircularKernel::Circulararc point 2 p,
CircularKernel::Circular arc point 2 q)

Compares thex-coordinates ofp andq.

See Also

CircularKernel::CompareY2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page571
CircularKernel::CompareXY2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page572
CircularKernel::Equal 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page578
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CircularKernel::CompareY 2

Refines

Kernel::CompareY2

An objectfo of this type must provide in addition:

Comparisonresult fo.operator()( CircularKernel::Circulararc point 2 p,
CircularKernel::Circular arc point 2 q)

Compares they-coordinates ofp andq.

See Also

CircularKernel::CompareX2. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page570
CircularKernel::CompareXY2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page572
CircularKernel::Equal 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page578
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CircularKernel::CompareXY 2

Refines

Kernel::CompareXY2

An objectfo of this type must provide in addition:

Comparisonresult fo.operator()( CircularKernel::Circulararc point 2 p,
CircularKernel::Circular arc point 2 q)

Comparesp andq according to the lexicographic order-
ing onx- andy-coordinates.

See Also

CircularKernel::CompareX2. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page570
CircularKernel::CompareY2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page571
CircularKernel::Equal 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page578
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CircularKernel::CompareYatX 2

An object fo of this type must provide two operators that compare a pointp and an arca on the vertical line
passing throughp.

Comparisonresult fo( CircularKernel::Circulararc point 2 p, CircularKernel::Circular arc 2 a)

For a circular arc.
Precondition: The arca must be monotone andp must
be in the vertical range ofa.

Comparisonresult fo( CircularKernel::Circulararc point 2 p, CircularKernel::Linearc 2 a)

Same for a segment.
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CircularKernel::CompareYtoRight 2

An objectfo of this type must provide operators that compare vertically two arcs on the right side of a common
point p:

Comparisonresult fo.operator()( Circularkernel 2::Circular arc 2 a1,
Circular kernel 2::Circular arc 2 a2,
Circular kernel 2::Circular arc point 2 p)

For two circular arcs.
Precondition: p must be a common point toa1 anda2,
anda1 anda2 must be defined to the right ofp.

Comparisonresult fo.operator()( Circularkernel 2::Line arc 2 a1,
Circular kernel 2::Line arc 2 a2,
Circular kernel 2::Circular arc point 2 p)

Same for two segments.

Comparisonresult fo.operator()( Circularkernel 2::Line arc 2 a1,
Circular kernel 2::Circular arc 2 a2,
Circular kernel 2::Circular arc point 2 p)

For a segment and an arc.

Comparisonresult fo.operator()( Circularkernel 2::Circular arc 2 a1,
Circular kernel 2::Line arc 2 a2,
Circular kernel 2::Circular arc point 2 p)

Same as previous.
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CircularKernel::MakeXMonotone 2

A modelfo of this type must provide:

template< class OutputIterator>
OutputIterator fo( CircularKernel::Circulararc 2 ca, OutputIterator oit)

Splits the arcca into monotone arcs that are returned
through the output iterator.

For the sake of completeness, theoperator()must also be defined for aLine arc 2. In this case, the input line
arc itself is the only arc returned through theOutputIterator.
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CircularKernel::Intersect 2

Refines

Kernel::Intersect2

A modelfo of this type must provide:

template< class OutputIterator>
OutputIterator fo( Type1 obj1, Type2 obj2, OutputIterator intersections)

Copies in the output iterator the intersection elements be-
tween the two objects.intersectionsiterates on elements
of typeCGAL::Object.

whereType1 andType2 can both be either

• CircularKernel::Line arc 2 or

• CircularKernel::Circle 2 or

• CircularKernel::Circular arc 2.

Depending on the typesType1 andType2, these elements can be assigned to

• std::pair<CircularKernel::Circular arc point 2, unsigned>, where the unsigned integer is the multiplic-
ity of the corresponding intersection point betweenobj 1 andobj 2 or

• CircularKernel::Circular arc 2 in case of an overlap.

576



C
on

ce
pt

F
un

ct
or

CircularKernel::Split 2

A modelfo of this type must provide:

void fo.operator()( CircularKernel::Circulararc 2 a,
CircularKernel::Circular arc point 2 p,
CircularKernel::Circular arc 2 &a1,
CircularKernel::Circular arc 2 &a2)

Splits arca at pointp, which creates arcsa1 anda2.
Precondition: a is x-monotone, andp lies ona.

void fo.operator()( CircularKernel::Linearc 2 l,
CircularKernel::Circular arc point 2 p,
CircularKernel::Line arc 2 &l1,
CircularKernel::Line arc 2 &l2)

Same for a line arc.
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CircularKernel::Equal 2

Definition

Testing equality between objects.

Refines

Kernel::Equal 2

An objectfo of this type must provide in addition:

bool fo.operator()( CircularKernel::Circulararc point 2 p0,
CircularKernel::Circular arc point 2 p1)

For two points.

bool fo( CircularKernel::Circular arc 2 a0, CircularKernel::Circular arc 2 a1)

For two arcs.

bool fo( CircularKernel::Linearc 2 a0, CircularKernel::Linearc 2 a1)

For two segments.

For the sake of completeness, theoperator()must also be defined for aLine arc 2 and aCircular arc 2 as
arguments (in any order), and it always returnsfalse.

See Also

CircularKernel::CompareX2. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page570
CircularKernel::CompareY2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page571
CircularKernel::CompareXY2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page572
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CircularKernel::HasOn 2

Definition

To test whether a point lies on a curve.

An objectfo of this type must provide:

bool fo( CircularKernel::Line2 l, CircularKernel::Circular arc point 2 p)

For a line.

bool fo( CircularKernel::Circle2 c, CircularKernel::Circular arc point 2 p)

For a circle.

bool fo( CircularKernel::Linearc 2 l, CircularKernel::Circular arc point 2 p)

For a line arc.

bool fo( CircularKernel::Circular arc 2 c, CircularKernel::Circular arc point 2 p)

For a circular arc.
Precondition: c is x-monotone.
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CircularKernel::DoOverlap 2

Definition

Testing whether the interiors of two curves overlap.

An objectfo of this type must provide:

bool fo( CircularKernel::Linearc 2 l0, CircularKernel::Line arc 2 l1)

For two line arcs.

bool fo( CircularKernel::Circular arc 2 a0, CircularKernel::Circular arc 2 a1)

For two circular arcs.
Precondition: a0 anda1 arex-monotone.
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CircularKernel::InXRange 2

Definition

To test whether a point lies in the vertical range of a curve.

An objectfo of this type must provide:

bool fo( CircularKernel::Linearc 2 l, CircularKernel::Circular arc point 2 p)

For a line arc.

bool fo( CircularKernel::Circular arc 2 c, CircularKernel::Circular arc point 2 p)

For a circular arc.
Precondition: c is x-monotone.
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CircularKernel::IsVertical 2

Refines

Kernel::IsVertical 2

An objectfo of this type must provide:

bool fo( CircularKernel::Linearc 2 l)

For a line arc.

bool fo( CircularKernel::Circular arc 2 c)

For a circular arc, always returnsfalse.
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CircularKernel::IsXMonotone 2

An objectfo of this type must provide:

bool fo( CircularKernel::Circular arc 2 c)

Tests whether the arc isx-monotone.

bool fo( CircularKernel::Linearc 2 l)

For a line arc, always returnstrue.
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CircularKernel::IsYMonotone 2

An objectfo of this type must provide:

bool fo( CircularKernel::Circular arc 2 c)

Tests whether the arc isy-monotone.

bool fo( CircularKernel::Linearc 2 l)

For a line arc, always returnstrue.
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CircularKernel::GetEquation

A modelfo of this type must provide:

CircularKernel::Polynomial1 2

fo( CircularKernel::Line 2 c)

Returns the equation of the line.

CircularKernel::Polynomialfor circles 2 2

fo( CircularKernel::Circle 2 c)

Returns the equation of the circle.

See Also

CircularKernel::ConstructLine2. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page560
CircularKernel::ConstructCircle2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page561
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AlgebraicKernelForCircles

Definition

TheAlgebraicKernelForCirclesconcept is meant to provide the curved kernel with all the algebraic functional-
ities required for the manipulation of circular arcs.

Has Models

Algebraic kernel for circles 2 2

Types

A model ofAlgebraicKernelForCirclesis supposed to provide

AlgebraicKernelForCircles:: RT A model ofRingNumberType.
AlgebraicKernelForCircles:: FT A model ofFieldNumberType<RT>.

AlgebraicKernelForCircles:: Polynomial1 2 A model of AlgebraicKernelForCircles::Polynomial1
2, for bivariate polynomials of degree up to 1.

AlgebraicKernelForCircles:: Polynomialfor circles 2 2

A model ofAlgebraicKernelForCircles::PolynomialForCircles
2 2, for bivariate polynomials of degree up to 2 that can
store equations of circles.

AlgebraicKernelForCircles:: Rootof 2 A model ofRootOf2, for algebraic numbers of degree up
to 2.

AlgebraicKernelForCircles:: Rootfor circles 2 2

A model ofAlgebraicKernelForCircles::RootForCircles
2 2, for solutions of systems of two models of
AlgebraicKernelForCircles::PolynomialForCircles
2 2.

AlgebraicKernelForCircles:: Constructpolynomial1 2

A model ofAlgebraicKernelForCircles::ConstructPolynomial
1 2.

AlgebraicKernelForCircles:: Constructpolynomial for circles 2 2

A model ofAlgebraicKernelForCircles::ConstructPolynomialForCircles
2 2.

AlgebraicKernelForCircles:: Comparex A model of the concept AlgebraicKernelForCir-
cles::CompareX.
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AlgebraicKernelForCircles:: Comparey A model of the concept AlgebraicKernelForCir-
cles::CompareY.

AlgebraicKernelForCircles:: Comparexy A model of the concept AlgebraicKernelForCir-
cles::CompareXY.

AlgebraicKernelForCircles:: Signat A model of the concept AlgebraicKernelForCir-
cles::SignAt.

AlgebraicKernelForCircles:: Xcritical points A model of the concept AlgebraicKernelForCir-
cles::XCriticalPoints.

AlgebraicKernelForCircles:: Ycritical points A model of the concept AlgebraicKernelForCir-
cles::YCriticalPoints.

AlgebraicKernelForCircles:: Solve A model of the concept AlgebraicKernelForCir-
cles::Solve.

See Also

CircularKernel. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page545
CGAL::Circular kernel 2<LinearKernel,AlgebraicKernelForCircles> . . . . . . . . . . . . . . . . . . . . . . . . . . . . page548
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CGAL::Algebraic kernel for circles 2 2<RT>

#include<CGAL/Algebraickernel 2 2.h>

Is Model for the Concepts

AlgebraicKernelForCircles
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AlgebraicKernelForCircles::RootForCircles 2 2

Definition

Concept to represent the roots of a system of two equations of degree 2 in two variablesx andy that are models
of conceptAlgebraicKernelForCircles::PolynomialForCircles2 2

Operations

The comparison operator== must be provided.

bool p== q

Has Models

CGAL::Root for circles 2 2

See Also

AlgebraicKernelForCircles. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page586
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CGAL::Root for circles 2 2<FT>

#include<CGAL/Rootfor circles 2 2.h>

Is Model for the Concepts

AlgebraicKernelForCircles::RootForCircles2 2
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AlgebraicKernelForCircles::Polynomial 1 2

Definition

Concept to represent bivariate polynomials of degree 1 whose coefficients are of a type that is a model of the
conceptRingNumberType.

Refines

CopyConstructible, Assignable, DefaultConstructible

Has Models

CGAL::Polynomial1 2

See Also

AlgebraicKernelForCircles. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page586
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CGAL::Polynomial 1 2<RT>

#include<CGAL/Polynomials1 2.h>

Is Model for the Concepts

AlgebraicKernelForCircles::Polynomial1 2
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AlgebraicKernelForCircles::PolynomialForCircles 2 2

Definition

Concept to represent bivariate polynomials of degree up to 2 capable of storing equations of circles, whose
center’s coordinates, as well as the square of the radius, are of a type that is a model of the conceptFieldNum-
berType.

Refines

CopyConstructible, Assignable, DefaultConstructible

Creation

Operations

The comparison operator== must be provided.

bool AlgebraicKernelForCircles:: PolynomialForCircles2 2 p== q

Has Models

CGAL::Polynomialfor circles 2 2

See Also

AlgebraicKernelForCircles. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page586
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CGAL::Polynomial for circles 2 2<FT>

#include<CGAL/Polynomials2 2.h>

Is Model for the Concepts

AlgebraicKernelForCircles::PolynomialForCircles2 2

See Also

CGAL::Rootof 2<RT> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2582
AlgebraicKernelForCircles. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page586
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AlgebraicKernelForCircles::CompareX

A modelfo of this type must provide:

template< class OutputIterator>
CGAL::Comparisonresult

fo.operator()( AlgebraicKernelForCircles::Rootfor circles 2 2 r1,
AlgebraicKernelForCircles::Rootfor circles 2 2 r2)

Compares thex (first) variables of twoRoot for circles
2 2.

See Also

AlgebraicKernelForCircles::CompareY. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page596
AlgebraicKernelForCircles::CompareXY. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page597
CircularKernel::CompareX2. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page570
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AlgebraicKernelForCircles::CompareY

Definition

A modelfo of this type must provide:

template< class OutputIterator>
CGAL::Comparisonresult

fo.operator()( AlgebraicKernelForCircles::Rootfor circles 2 2 r1,
AlgebraicKernelForCircles::Rootfor circles 2 2 r2)

Compares they (second) variables of twoRoot for
circles 2 2.

See Also

AlgebraicKernelForCircles::CompareX. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page595
AlgebraicKernelForCircles::CompareXY. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page597
CircularKernel::CompareY2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page571
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AlgebraicKernelForCircles::CompareXY

Definition

A modelfo of this type must provide:

template< class OutputIterator>
CGAL::Comparisonresult

fo.operator()( AlgebraicKernelForCircles::Rootfor circles 2 2 r1,
AlgebraicKernelForCircles::Rootfor circles 2 2 r2)

Compares twoRoot for circles 2 2 lexicographically.

See Also

AlgebraicKernelForCircles::CompareX. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page595
AlgebraicKernelForCircles::CompareY. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page596
CircularKernel::CompareXY2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page572
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AlgebraicKernelForCircles::SignAt

Definition

A modelfo of this type must provide:

template< class OutputIterator>
CGAL::Sign fo.operator()( AlgebraicKernelForCircles::Polynomial1 2 p,

AlgebraicKernelForCircles::Rootfor circles 2 2 r)

Computes the sign of polynomialp evaluated at a rootr.

template< class OutputIterator>
CGAL::Sign fo.operator()( AlgebraicKernelForCircles::Polynomialfor circles 2 2 p,

AlgebraicKernelForCircles::Rootfor circles 2 2 r)

Same as previous.
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AlgebraicKernelForCircles::ConstructPolynomial 1 2

A modelfo of this type must provide:

AlgebraicKernelForCircles::Polynomial1 2

fo.operator()( AlgebraicKernelForCircles::RT a,
AlgebraicKernelForCircles::RT b,
AlgebraicKernelForCircles::RT c)

Constructs polynomialax+by+c.

See Also

CircularKernel::ConstructLine2. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page560
CircularKernel::GetEquation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page585
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AlgebraicKernelForCircles::ConstructPolynomialForCircles 2 2

A modelfo of this type must provide:

AlgebraicKernelForCircles::PolynomialForCircles2 2

fo.operator()( const AlgebraicKernelForCircles::FT a,
const AlgebraicKernelForCircles::FT b,
const AlgebraicKernelForCircles::FT rsq)

Constructs polynomial(x-a)ˆ2 + (y-b) ˆ2 - rsq.

See Also

CircularKernel::ConstructCircle2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page561
CircularKernel::GetEquation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page585
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AlgebraicKernelForCircles::Solve

Definition

A modelfo of this type must provide:

template< class OutputIterator>
OutputIterator fo.operator()( AlgebraicKernelForCircles::Polynomial1 2 p1,

AlgebraicKernelForCircles::Polynomial1 2 p2,
OutputIterator res)

Copies in the output iterator the common roots ofp1 and
p2, with their multiplicity, as objects of typestd::pair<
AlgebraicKernelForCircles::Rootfor circles 2 2, int>.

template< class OutputIterator>
OutputIterator fo.operator()( AlgebraicKernelForCircles::Polynomial1 2 p1,

AlgebraicKernelForCircles::Polynomialfor circles 2 2 p2,
OutputIterator res)

Same as previous.

template< class OutputIterator>
OutputIterator fo.operator()( AlgebraicKernelForCircles::Polynomialfor circles 2 2 p1,

AlgebraicKernelForCircles::Polynomial1 2 p2,
OutputIterator res)

Same as previous.

template< class OutputIterator>
OutputIterator fo.operator()( AlgebraicKernelForCircles::Polynomialfor circles 2 2 p1,

AlgebraicKernelForCircles::Polynomialfor circles 2 2 p2,
OutputIterator res)

Same as previous.
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AlgebraicKernelForCircles::XCriticalPoints

Definition

A modelfo of this type must provide:

template< class OutputIterator>
OutputIterator fo.operator()( AlgebraicKernelForCircles::Polynomialfor circles 2 2 p,

OutputIterator res)

Copies in the output iterator the x-critical
points of polynomial p, as objects of type
AlgebraicKernelForCircles::Rootfor circles 2 2.

template< class OutputIterator>
AlgebraicKernelForCircles::Rootfor circles 2 2

fo( AlgebraicKernelForCircles::Polynomialfor circles 2 2 p, bool i)

Computes theith x-critical point of polynomialp.
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AlgebraicKernelForCircles::YCriticalPoints

Definition

A modelfo of this type must provide:

template< class OutputIterator>
OutputIterator fo.operator()( AlgebraicKernelForCircles::Polynomialfor circles 2 2 p,

OutputIterator res)

Copies in the output iterator the y-critical
points of polynomial p, as objects of type
AlgebraicKernelForCircles::Rootfor circles 2 2.

template< class OutputIterator>
AlgebraicKernelForCircles::Rootfor circles 2 2

fo( AlgebraicKernelForCircles::Polynomialfor circles 2 2 p, bool i)

Computes theith y-critical point of polynomialp.
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CGAL::Arr circular arc traits<CircularKernel >

#include<CGAL/Arr circular arc traits.h>

Definition

This class is a traits class for CGAL arrangements, built on top of a model of conceptCircularKernel. It provides
curves of typeCGAL::Circular arc 2<CircularKernel>.

Is Model for the Concepts

ArrangementTraits2
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CGAL::Arr line arc traits<CircularKernel >

#include<CGAL/Arr line arc traits.h>

Definition

This class is a traits class for CGAL arrangements, built on top of a model of conceptCircularKernel. It provides
curves of typeCGAL::Line arc 2<CircularKernel>.

Is Model for the Concepts

ArrangementTraits2
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CGAL::Arr circular line arc traits<CircularKernel >

#include<CGAL/Arr circular line arc traits.h>

Definition

This class is a traits class for CGAL arrangements, built on top of a model of conceptCircularKernel. It
provides curves that can be of both typesCGAL::Line arc 2<CircularKernel> or CGAL::Circular arc 2<
CircularKernel>.

It uses the boost::variant.

Is Model for the Concepts

ArrangementTraits2
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5.1 Introduction

A subsetS⊆ R2 is convex if for any two pointsp andq in the set the line segment with endpointsp andq is
contained inS. The convex hull of a setS is the smallest convex set containingS. The convex hull of a set of
pointsP is a convex polygon with vertices inP. A point in P is an extreme point (with respect toP) if it is a
vertex of the convex hull ofP. A set of points is said to be strongly convex if it consists of only extreme points.

This chapter describes the functions provided in CGAL for producing convex hulls in two dimensions as well
as functions for checking if sets of points are strongly convex are not. There are also a number of functions
described for computing particular extreme points and subsequences of hull points, such as the lower and upper
hull of a set of points.
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5.2 Convex Hull

CGAL provides implementations of several classical algorithms for computing the counterclockwise sequence
of extreme points for a set of points in two dimensions (i.e., the counterclockwise sequence of points on the
convex hull). The algorithms have different asymptotic running times and require slightly different sets of
geometric primitives. Thus you may choose the algorithm that best fits your setting.

Each of the convex hull functions presents the same interface to the user. That is, the user provides a pair of
iterators,first andbeyond, an output iteratorresult, and a traits classtraits. The points in the range [first, beyond)
define the input points whose convex hull is to be computed. The counterclockwise sequence of extreme points
is written to the sequence starting at positionresult, and the past-the-end iterator for the resulting set of points
is returned. The traits classes for the functions specify the types of the input points and the geometric primitives
that are required by the algorithms. All functions provide an interface in which this class need not be specified
and defaults to types and operations defined in the kernel in which the input point type is defined.

Given a sequence ofn input points withh extreme points, the functionconvexhull 2 uses either the output-
sensitiveO(nh) algorithm of Bykat [Byk78] (a non-recursive version of the quickhull [BDH96] algorithm) or
the algorithm of Akl and Toussaint, which requiresO(nlogn) time in the worst case. The algorithm chosen
depends on the kind of iterator used to specify the input points. These two algorithms are also available via the
functionsch bykatandch akl toussaint, respectively. Also available are theO(nlogn) Graham-Andrew scan
algorithm [And79, Meh84] (ch grahamandrew), the O(nh) Jarvis march algorithm [Jar73] (ch jarvis), and
Eddy’sO(nh) algorithm [Edd77] (ch eddy), which corresponds to the two-dimensional version of the quickhull
algorithm. The linear-time algorithm of Melkman for producing the convex hull of simple polygonal chains (or
polygons) is available through the functionch melkman.

5.3 Example using Graham-Andrew’s Algorithm

In the following example a convex hull is constructed from point data read from standard input usingGraham
Andrewalgorithm. The resulting convex polygon is shown at the standard ouput console. The same results could
be achieved by substituting the functionCGAL::ch grahamandrewby other function likeCGAL::ch bykat.

// file: examples/Convex_hull_2/ch_example_from_cin_to_cout.C
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#include <CGAL/Cartesian.h>
#include <CGAL/ch_graham_andrew.h>

typedef CGAL::Point_2<CGAL::Cartesian<double> > Point_2;

int main()
{

CGAL::set_ascii_mode(std::cin);
CGAL::set_ascii_mode(std::cout);
std::istream_iterator< Point_2 > in_start( std::cin );
std::istream_iterator< Point_2 > in_end;
std::ostream_iterator< Point_2 > out( std::cout, "\n" );
CGAL::ch_graham_andrew( in_start, in_end, out );
return 0;

}

5.4 Extreme Points and Hull Subsequences

In addition to the functions for producing convex hulls, there are a number of functions for computing sets
and sequences of points related to the convex hull. The functionslower hull points 2 andupper hull points 2
provide the computation of the counterclockwise sequence of extreme points on the lower hull and upper hull,
respectively. The algorithm used in these functions is Andrew’s variant of Graham’s scan algorithm [And79,
Meh84], which has worst-case running time ofO(nlogn).

There are also functions available for computing certain subsequences of the sequence of extreme points on
the convex hull. The functionch jarvis marchgenerates the counterclockwise ordered subsequence of extreme
points between a given pair of points andch grahamandrewscancomputes the sorted sequence of extreme
points that are not left of the line defined by the first and last input points.

Finally, a set of functions (ch nswepoint, ch ns point, ch we point, ch n point, ch s point, ch w point, ch e
point) is provided for computing extreme points of a 2D point set in the coordinate directions.

5.5 Traits Classes

Each of the functions used to compute convex hulls or extreme points is paramterized by a traits class, which
specifies the types and geometric primitives to be used in the computation. There are several implementa-
tions of 2D traits classes provided in the library. The classConvexhull traits 2<R> corresponds to the default
traits class that provides the types and predicates presented in the 2-dimensional CGAL kernel in which the
input points lie. The classConvexhull constructivetraits<R> is a second traits class based on CGAL primi-
tives but differs fromConvexhull traits 2 in that some of its primitives reuse intermediate results to speed up
computation. In addition, there are three projective traits classes (Convexhull projectivexy traits 2, Convex
hull projectivexz traits 2, andConvexhull projectiveyz traits 2), which may be used to compute the convex
hull of a set of three-dimensional points projected into each of the three coordinate planes.
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5.6 Convexity Checking

The functionsis ccw strongly convex2 and is cw strongly convex2 check whether a given sequence of 2D
points forms a (counter)clockwise strongly convex polygon.. These are used in postcondition testing of the
two-dimensional convex hull functions.
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A subsetS⊆ R2 is convex if for any two pointsp andq in the set the line segment with endpointsp andq is
contained inS. The convex hull of a setS is the smallest convex set containingS. The convex hull of a set of
pointsP is a convex polygon with vertices inP. A point in P is an extreme point (with respect toP) if it is a
vertex of the convex hull ofP.

CGAL provides functions for computing convex hulls in two dimensions as well as functions for testing if a
given set of points is strongly convex or not. There are also a number of functions available for computing
particular extreme points in 2D and subsequences of the hull points, such as the lower hull or upper hull of a set
of points.
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CGAL::ch akl toussaint

Definition

The functionch akl toussaintgenerates the counterclockwise sequence of extreme points from a given set of
input points.

#include<CGAL/chakl toussaint.h>

template<class ForwardIterator, class OutputIterator, class Traits>
OutputIterator chakl toussaint( ForwardIterator first,

ForwardIterator beyond,
OutputIterator result,
Traits ch traits = Default traits())

generates the counterclockwise sequence of extreme
points of the points in the range [first,beyond). The re-
sulting sequence is placed starting at positionresult, and
the past-the-end iterator for the resulting sequence is re-
turned. It is not specified at which point the cyclic se-
quence of extreme points is cut into a linear sequence.
Precondition: The source range [first,beyond) does not
containresult.

The default traits classDefault traits is the kernel in which the typeForwardIterator::value typeis defined.

Requirements

1. ForwardIterator::value typeandOutputIterator::valuetypeare equivalent toTraits::Point 2.

2. Traitsdefines the following subset of types from the concept ConvexHullTraits2 and their corresponding
member functions that return instances of these types:

• Traits::Point 2,

• Traits::Lessxy 2,

• Traits::Lessyx 2,

• Traits::Left turn 2,

• Traits::Equal 2.

See Also

CGAL::ch bykat. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page618
CGAL::ch eddy. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page620
CGAL::ch grahamandrew. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page623
CGAL::ch jarvis. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page627
CGAL::ch melkman. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page631
CGAL::convexhull 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page639
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Implementation

This function uses the algorithm of Akl and Toussaint [AT78] that requiresO(nlogn) time forn input points.
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CGAL::ch bykat

Definition

The functionch bykat generates the counterclockwise sequence of extreme points from a given set of input
points.

#include<CGAL/chbykat.h>

template<class InputIterator, class OutputIterator, class Traits>
OutputIterator chbykat( InputIterator first,

InputIterator beyond,
OutputIterator result,
Traits ch traits = Default traits)

generates the counterclockwise sequence of extreme
points of the points in the range [first,beyond). The re-
sulting sequence is placed starting at positionresult, and
the past-the-end iterator for the resulting sequence is re-
turned. It is not specified at which point the cyclic se-
quence of extreme points is cut into a linear sequence.
Precondition: The source range [first,beyond) does not
containresult.

The default traits classDefault traits is the kernel in which the typeForwardIterator::value typeis defined.

Requirements

1. InputIterator::value typeandOutputIterator::valuetypeare equivalent toTraits::Point 2.

2. Traitsdefines the following subset of types from the concept ConvexHullTraits2 and their corresponding
member functions that return instances of these types:

• Traits::Point 2,

• Traits::Lesssigneddistanceto line 2,

• Traits::Left turn 2,

• Traits::Lessxy 2,

• Traits::Equal 2.

See Also

CGAL::ch akl toussaint. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page616
CGAL::ch eddy. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page620
CGAL::ch grahamandrew. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page623
CGAL::ch jarvis. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page627
CGAL::ch melkman. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page631
CGAL::convexhull 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page639

618



Implementation

This function implements the non-recursive varitaion of Eddy’s algorithm [Edd77] described in [Byk78]. This
algorithm requiresO(nh) time in the worst case forn input points withh extreme points.
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CGAL::ch eddy

Definition

The functionch eddygenerates the counterclockwise sequence of extreme points from a given set of input
points.

#include<CGAL/cheddy.h>

template<class InputIterator, class OutputIterator, class Traits>
OutputIterator cheddy( InputIterator first,

InputIterator beyond,
OutputIterator result,
Traits ch traits = Default traits)

generates the counterclockwise sequence of extreme
points of the points in the range [first,beyond). The re-
sulting sequence is placed starting at positionresult, and
the past-the-end iterator for the resulting sequence is re-
turned. It is not specified at which point the cyclic se-
quence of extreme points is cut into a linear sequence.
Precondition: The source range [first,beyond) does not
containresult.

The default traits classDefault traits is the kernel in which the typeForwardIterator::value typeis defined.

Requirements

1. InputIterator::value typeandOutputIterator::valuetypeare equivalent toTraits::Point 2.

2. Traitsdefines the following subset of types from the concept ConvexHullTraits2 and their corresponding
member functions that return instances of these types:

• Traits::Point 2,

• Traits::Equal 2,

• Traits::Lesssigneddistanceto line 2,

• Traits::Left turn 2,

• Traits::Lessxy 2.

See Also
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Implementation

This function implements Eddy’s algorithm [Edd77], which is the two-dimensional version of the quickhull
algorithm [BDH96] . This algorithm requiresO(nh) time in the worst case forn input points withh extreme
points.
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CGAL::ch e point

Definition

The functionch e point finds a point of a given set of input points with maximalx coordinate.

#include<CGAL/chselectedextremepoints 2.h>

template<class ForwardIterator>
void ch e point( ForwardIterator first,

ForwardIterator beyond,
ForwardIterator& e,
Traits ch traits = Default traits)

traverses the range [first,beyond). After execution, the
value ofe is an iterator in the range such that*e ≥xy *it
for all iteratorsit in the range.

The default traits classDefault traits is the kernel in which the typeForwardIterator::value typeis defined.

Requirements

Traits defines a typeTraits::Lessxy 2 as described in the concept ConvexHullTraits2 and the corresponding
member function that returns an instance of this type.

See Also

CGAL::ch nswepoint. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page633
CGAL::ch n point . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page635
CGAL::ch ns point . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page634
CGAL::ch s point . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page636
CGAL::ch w point. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page638
CGAL::ch we point. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page637

622



F
un

ct
io

n

CGAL::ch graham andrew

Definition

The functionch grahamandrewgenerates the counterclockwise sequence of extreme points from a given set
of input points.

#include<CGAL/chgrahamandrew.h>

template<class InputIterator, class OutputIterator, class Traits>
OutputIterator chgrahamandrew( InputIterator first,

InputIterator beyond,
OutputIterator result,
Traits ch traits = Default traits)

generates the counterclockwise sequence of extreme
points of the points in the range [first,beyond). The re-
sulting sequence is placed starting at positionresult, and
the past-the-end iterator for the resulting sequence is re-
turned. It is not specified at which point the cyclic se-
quence of extreme points is cut into a linear sequence.
Precondition: The source range [first,beyond) does not
containresult.

The default traits classDefault traits is the kernel in which the typeInputIterator::value typeis defined.

Requirements

1. InputIterator::value typeandOutputIterator::valuetypeare equivalent toTraits::Point 2.

2. Traitsdefines the following subset of types from the concept ConvexHullTraits2 and their corresponding
member functions that return instances of these types:

• Traits::Point 2,

• Traits::Lessxy 2,

• Traits::Left turn 2,

• Traits::Equal 2.

See Also
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Implementation

This function implements Andrew’s variant of the Graham scan algorithm [And79] and follows the presenation
of Mehlhorn [Meh84]. This algorithm requiresO(nlogn) time in the worst case forn input points.
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CGAL::ch graham andrew scan

Definition

The functionch grahamandrewscangenerates the counterclockwise sequence of extreme points from a given
set of input points that are not left of the line defined by the first and last points in this sequence.

#include<CGAL/chgrahamandrew.h>

template<class BidirectionalIterator, class OutputIterator, class Traits>
OutputIterator chgrahamandrewscan( BidirectionalIterator first,

BidirectionalIterator beyond,
OutputIterator result,
Traits ch traits = Default traits)

generates the counterclockwise sequence of extreme
points that are not left ofpq, wherep is the value offirst
andq is the value ofbeyond−1. The resulting sequence
is placed starting atresultwith p; pointq is omitted. The
past-the-end iterator for the sequence is returned.
Precondition: The range [first,beyond) contains at least
two different points. The points in [first,beyond) are
“sorted” with respect topq, i.e., the sequence of points
in [first,beyond) define a counterclockwise polygon, for
which the Graham-Sklansky-procedure [Skl72] works.

The default traits classDefault traits is the kernel in which the typeBidirectionalIterator::valuetypeis defined.

Requirements

1. BidirectionalIterator::valuetypeandOutputIterator::valuetypeare equivalent toTraits::Point 2.

2. Traits defines the following two types from the concept ConvexHullTraits2 and their corresponding
member functions that return instances of these types:

• Traits::Point 2,

• Traits::Left turn 2.

See Also

CGAL::ch grahamandrew. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page623
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Implementation

The function uses Andrew’s variant of the Graham scan algorithm [And79] . This algorithm requiresO(nlogn)
time in the worst case forn input points.
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Example

In the following examplech grahamandrewscan()is used to realize Anderson’s variant [And78] of the Gra-
ham Scan [Gra72]. The points are sorted counterclockwise around the leftmost point using theLessrotate ccw
2 predicate, as defined in the concept ConvexHullTraits2. According to the definition ofLessrotate ccw 2,
the leftmost point is the last point in the sorted sequence and its predecessor on the convex hull is the first point
in the sorted sequence. It is not hard to see that the preconditions ofch grahamandrewscan()are satisfied.
Anderson’s variant of the Graham scan is usually inferior to Andrew’s variant because of its higher arithmetic
demand.

template <class InputIterator, class OutputIterator, class Traits>
OutputIterator
ch_graham_anderson( InputIterator first, InputIterator beyond,

OutputIterator result, const Traits& ch_traits)
{

typedef typename Traits::Less_xy_2 Less_xy_2;
typedef typename Traits::Point_2 Point_2;
typedef typename Traits::Less_rotate_ccw_2 Less_rotate_ccw_2;

if (first == beyond) return result;
std::vector< Point_2 > V;
copy( first, beyond, back_inserter(V) );
typename std::vector< Point_2 >::iterator it =

std::min_element(V.begin(), V.end(), Less_xy_2());
std::sort( V.begin(), V.end(), CGAL::bind_1(Less_rotate_ccw_2(), *it) );
if ( *(V.begin()) == *(V.rbegin()) )
{

*result = *(V.begin()); ++result;
return result;

}
return ch_graham_andrew_scan( V.begin(), V.end(), result, ch_traits);

}

626



F
un

ct
io

n

CGAL::ch jarvis

Definition

The functionch jarvis generates the counterclockwise sequence of extreme points from a given set of input
points.

#include<CGAL/ch jarvis.h>

template<class InputIterator, class OutputIterator, class Traits>
OutputIterator chjarvis( InputIterator first,

InputIterator beyond,
OutputIterator result,
Traits ch traits = Default traits)

generates the counterclockwise sequence of extreme
points of the points in the range [first,beyond). The re-
sulting sequence is placed starting at positionresult, and
the past-the-end iterator for the resulting sequence is re-
turned. It is not specified at which point the cyclic se-
quence of extreme points is cut into a linear sequence.
Precondition: The source range [first,beyond) does not
containresult.

The default traits classDefault traits is the kernel in which the typeInputIterator::value typeis defined.

Requirements

1. InputIterator::value typeandOutputIterator::valuetypeare equivalent toTraits::Point 2.

2. Traitsdefines the following subset of types from the concept ConvexHullTraits2 and their corresponding
member functions that return instances of these types:

• Traits::Point 2,

• Traits::Equal 2,

• Traits::Lessrotate ccw 2,

• Traits::Lessxy 2.

See Also
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Implementation

This function uses the Jarvis march (gift-wrapping) algorithm [Jar73]. This algorithm requiresO(nh) time in
the worst case forn input points withh extreme points.
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CGAL::ch jarvis march

Definition

The functionch jarvis marchgenerates the counterclockwise sequence of extreme points from a given set of
input points that line between two input points.

#include<CGAL/ch jarvis.h>

template<class ForwardIterator, class OutputIterator, class Traits>
OutputIterator chjarvis march( ForwardIterator first,

ForwardIterator beyond,
Traits::Point 2 start p,
Traits::Point 2 stopp,
OutputIterator result,
Traits ch traits = Default traits)

generates the counterclockwise subsequence of extreme
points betweenstart p and stop p of the points in the
range [first,beyond), starting at positionresultwith point
start p. The last point generated is the point preceding
stop p in the counterclockwise order of extreme points.

Precondition: start p andstop p are extreme points with
respect to the points in the range [first,beyond) andstop p
is an element of range [first,beyond).

The default traits classDefault traits is the kernel in which the typeForwardIterator::value typeis defined.

Requirements

1. ForwardIterator::value typeandOutputIterator::valuetypeare equivalent toTraits::Point 2.

2. Traitsdefines the following subset of types from the concept ConvexHullTraits2 and their corresponding
member functions that return instances of these types:

• Traits::Point 2,

• Traits::Equal 2,

• Traits::Lessrotate ccw 2.

See Also
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Implementation

The function uses the Jarvis march (gift-wrapping) algorithm [Jar73]. This algorithm requiresO(nh) time in the
worst case forn input points withh extreme points.
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CGAL::ch melkman

Definition

The functionch melkmancomputes the counterclockwise sequence of extreme points of a sequence of points
that forms a simple polyline or polygon.

#include<CGAL/chmelkman.h>

template<class InputIterator, class OutputIterator>
OutputIterator chmelkman( InputIterator first,

InputIterator last,
OutputIterator result,
Traits ch traits = Default traits)

generates the counterclockwise sequence of extreme
points of the points in the range [first, beyond). The re-
sulting sequence is placed starting at positionresult, and
the past-the-end iterator for the resulting sequence is re-
turned.
Precondition: The source range [first,beyond) corre-
sponds to a simple polyline. [first,beyond) does not con-
tain result

.

The default traits classDefault traits is the kernel in which the typeInputIterator::value typeis defined.

Requirements

1. InputIterator::value typeandOutputIterator::valuetypeare equivalent toTraits::Point 2.

2. Traits contains the following subset of types from the concept ConvexHullTraits2 and their correspond-
ing member functions that return instances of these types:

• Traits::Point 2,

• Traits::Equal 2,

• Traits::Lessxy 2,

• Traits::Left turn 2.

See Also
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Implementation

It uses an implementation of Melkman’s algorithm [Mel87]. Running time of this is linear.
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CGAL::ch nswe point

Definition

The functionch nswepointfinds the four extreme points of a given set of input points using a linear scan of the
input points. That is, it determines the points with maximaly, minimaly, minimalx, and maximalx coordinates.

#include<CGAL/chselectedextremepoints 2.h>

template<class ForwardIterator>
void ch nswepoint( ForwardIterator first,

ForwardIterator beyond,
ForwardIterator& n,
ForwardIterator& s,
ForwardIterator& w,
ForwardIterator& e,
Traits ch traits = Default traits)

traverses the range [first,beyond). After execution, the
value ofn is an iterator in the range such that*n ≥yx *it
for all iteratorsit in the range. Similarly, fors, w, ande
the inequalities*s≤yx *it , *w ≤xy *it , and*e≥xy *it hold
for all iteratorsit in the range.

Requirements

Traits contains the following subset of types from the concept ConvexHullTraits2 and their corresponding
member functions that return instances of these types:

• Traits::Lessxy 2,

• Traits::Lessyx 2.

The default traits classDefault traits is the kernel in which the typeForwardIterator::value typeis defined.

See Also
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CGAL::ch ns point

Definition

The functionch ns pointfinds the points of a given set of input points with minimal and maximalx coordinates.

#include<CGAL/chselectedextremepoints 2.h>

template<class ForwardIterator>
void ch ns point( ForwardIterator first,

ForwardIterator beyond,
ForwardIterator& n,
ForwardIterator& s,
Traits ch traits = Default traits)

traverses the range [first,beyond). After execution, the
value of n is an iterator in the range such that*n ≥yx

*it for all iteratorsit in the range. Similarly, fors the
inequality*s ≤yx *it holds for all iterators in the range.

The default traits classDefault traits is the kernel in which the typeForwardIterator::value typeis defined.

Requirements

Traits defines the typeTraits::Lessyx 2 as specified in the concept ConvexHullTraits2 and the corresponding
member function that returns an instance of this type.

See Also
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CGAL::ch n point

Definition

The functionch n point finds a point in a given set of input points with maximaly coordinate.

#include<CGAL/chselectedextremepoints 2.h>

template<class ForwardIterator>
void ch n point( ForwardIterator first,

ForwardIterator beyond,
ForwardIterator& n,
Traits ch traits = Default traits)

traverses the range [first,beyond). After execution, the
value ofn is an iterator in the range such that*n ≥yx *it
for all iteratorsit in the range.

The default traits classDefault traits is the kernel in which the typeForwardIterator::value typeis defined.

Requirements

Traits defines the typeTraits::Lessyx 2 as specified in the concept ConvexHullTraits2 and the corresponding
member function that returns an instance of this type.

See Also
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CGAL::ch s point

Definition

The functionch s point finds a points in a given set of input points with minimaly coordinates.

#include<CGAL/chselectedextremepoints 2.h>

template<class ForwardIterator>
void ch s point( ForwardIterator first,

ForwardIterator beyond,
ForwardIterator& s,
Traits ch traits = Default traits)

traverses the range [first,beyond). After execution, the
value ofs is an iterator in the range such that*s ≤yx *it
for all iteratorsit in the range.

The default traits classDefault traits is the kernel in which the typeForwardIterator::value typeis defined.

Requirements

Traits defines the typeTraits::Lessyx 2 as specified in the concept ConvexHullTraits2 and the corresponding
member function that returns an instance of this type.

See Also
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CGAL::ch we point

Definition

The functionch we point finds two points of a given set of input points with minimal and maximalx coordi-
nates.

#include<CGAL/chselectedextremepoints 2.h>

template<class ForwardIterator>
void ch we point( ForwardIterator first,

ForwardIterator beyond,
ForwardIterator& w,
ForwardIterator& e,
Traits ch traits = Default traits)

traverses the range [first,beyond). After execution, the
value of w is an iterator in the range such that*w ≤xy

*it for all iteratorsit in the range. Similarly, fore the
inequality*e ≥xy *it holds for all iterators in the range.

The default traits classDefault traits is the kernel in which the typeForwardIterator::value typeis defined.

Requirements

Traits defines the typeTraits::Lessxy 2 as specified in the concept ConvexHullTraits2 and the corresponding
member function that returns an instance of this type.

See Also
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CGAL::ch w point

Definition

The functionch w point finds a point in a given set of input points with minimalx coordinate.

#include<CGAL/chselectedextremepoints 2.h>

template<class ForwardIterator>
void ch w point( ForwardIterator first,

ForwardIterator beyond,
ForwardIterator& w,
Traits ch traits = Default traits)

traverses the range [first,beyond). After execution, the
value ofw is an iterator in the range such that*w ≤xy *it
for all iteratorsit in the range.

Requirements

Traits defines the typeTraits::Lessxy 2 as specified in the concept ConvexHullTraits2 and the corresponding
member function that returns an instance of this type.

The default traits classDefault traits is the kernel in which the typeForwardIterator::value typeis defined.

See Also
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CGAL::convex hull 2

Definition

The functionconvexhull 2 generates the counterclockwise sequence of extreme points from a given set of input
points.

#include<CGAL/convexhull 2.h>

template<class InputIterator, class OutputIterator>
OutputIterator convexhull 2( InputIterator first,

InputIterator beyond,
OutputIterator result,
Traits ch traits = Default traits)

generates the counterclockwise sequence of extreme
points of the points in the range [first,beyond). The re-
sulting sequence is placed starting at positionresult, and
the past-the-end iterator for the resulting sequence is re-
turned. It is not specified at which point the cyclic se-
quence of extreme points is cut into a linear sequence.
Precondition: The source range [first,beyond) does not
containresult.

The default traits classDefault traits is the kernel in which the typeInputIterator::value typeis defined.

Requirements

1. InputIterator::value typeandOutputIterator::valuetypeare equivalent toTraits::Point 2.

2. Traits contains the following subset of types from the concept ConvexHullTraits2 and their correspond-
ing member functions that return instances of these types:

• Traits::Point 2,

• Traits::Equal 2,

• Traits::Lessxy 2,

• Traits::Lessyx 2,

• Traits::Left turn 2.

See Also

CGAL::ch akl toussaint. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page616
CGAL::ch bykat. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page618
CGAL::ch eddy. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page620
CGAL::ch grahamandrew. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page623
CGAL::ch jarvis. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page627
CGAL::ch melkman. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page631
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Implementation

One of two algorithms is used, depending on the type of iterator used to specify the input points. For input
iterators, the algorithm used is that of Bykat [Byk78], which has a worst-case running time ofO(nh), wheren is
the number of input points andh is the number of extreme points. For all other types of iterators, theO(nlogn)
algorithm of of Akl and Toussaint [AT78] is used.

Example

In the following example we use the STL-compliant interface ofCGAL::Polygon2 to construct the convex hull
polygon from the sequence of extreme points. Point data are read from standard input, the convex hull polygon
is shown in a CGAL window. Remember, that when no traits class is specified for the functionconvexhull 2,
the kernel from which the input points come is used as the default traits class.
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ConvexHullTraits 2

Definition

All convex hull and extreme point algorithms provided in CGAL are parameterized with a traits classTraits,
which defines the primitives (objects and predicates) that the convex hull algorithms use. ConvexHullTraits
2 defines the complete set of primitives required in these functions. The specific subset of these primitives
required by each function is specified with each function.

Types

ConvexHullTraits2:: Point 2 The point type on which the convex hull functions operate.

ConvexHullTraits2:: Equal 2 Binary predicate object type comparingPoint 2s. Must provide
bool operator()(Point2 p, Point 2 q) where true is returned iff
p ==xy q, false otherwise.

ConvexHullTraits2:: Lessxy 2 Binary predicate object type comparingPoint 2s lexicographically.
Must providebool operator()(Point2 p, Point 2 q) wheretrue is
returned iff p <xy q. We havep <xy q, iff px < qx or px = qx and
py < qy, where px and py denotex and y coordinate of pointp,
respectively.

ConvexHullTraits2:: Lessyx 2 Same asLessxy 2 with the roles ofx andy interchanged.

ConvexHullTraits2:: Left turn 2 Predicate object type that must providebool operator()(Point2
p,Point 2 q,Point 2 r), which returnstrue iff r lies to the left of
the oriented line throughp andq.

ConvexHullTraits2:: Lesssigneddistanceto line 2

Predicate object type that must providebool operator()(Point2 p,
Point 2 q, Point 2 r,Point 2 s), which returnstrue iff the signed
distance fromr to the linelpq throughp andq is smaller than the
distance froms to lpq. It is used to compute the point right of a
line with maximum unsigned distance to the line. The predicate
must provide a total order compatible with convexity,i.e., for any
line segmentsone of the endpoints ofs is the smallest point among
the points ons, with respect to the order given byLesssigned
distanceto line 2.

ConvexHullTraits2:: Less rotate ccw 2

Predicate object type that must providebool operator()(Point2 e,
Point 2 p,Point 2 q), wheretrue is returned iff a tangent ate to the
point set{e, p,q} hits p beforeq when rotated counterclockwise
arounde. Ties are broken such that the point with larger distance to
e is smaller!
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Creation

Only a copy constructor is required.

ConvexHullTraits2 traits(& t);

Operations

The following member functions to create instances of the above predicate object types must exist.

Equal 2 traits.equal2 object()
Lessxy 2 traits.lessxy 2 object()
Lessyx 2 traits.lessyx 2 object()
Lesssigneddistanceto line 2

traits.lesssigneddistanceto line 2 object()
Lessrotate ccw 2 traits.lessrotate ccw 2 object()
Left turn 2 traits.left turn 2 object()

Has Models

CGAL::Convexhull constructivetraits 2<R> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page643
CGAL::Convexhull projectivexy traits 2<Point 3> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page644
CGAL::Convexhull projectivexz traits 2<Point 3> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page645
CGAL::Convexhull projectiveyz traits 2<Point 3> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page646
CGAL::Convexhull traits 2<R> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page647

See Also

IsStronglyConvexTraits3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page679
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CGAL::Convex hull constructive traits 2<R>

Definition

The classConvexhull constructivetraits 2<R> serves as a traits class for all the two-dimensional convex hull
and extreme point calculation function. Unlike the classCGAL::Convexhull traits 2<R>, this class makes use
of previously computed results to avoid redundancy. For example, in the sidedness tests, lines (of typeR::Line
2) are constructed, which is equivalent to the precomputation of subdeterminants of the orientation-determinant
for three points.

#include<CGAL/convexhull constructivetraits 2.h>

Is Model for the Concepts

ConvexHullTraits2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page641

Types

typedef R::Point2 Point 2;
typedef R::Lessxy 2 Lessxy 2;
typedef R::Lessyx 2 Lessyx 2;
typedef CGAL::rLessdist to line<R> Lesssigneddistanceto line 2;
typedef R::Lessrotate ccw Lessrotate ccw 2;
typedef R::Leftturn 2 Left turn 2;
typedef R::Equal2 Equal 2;

Creation

Convexhull constructivetraits 2<R> traits; default constructor.

Operations

Lessxy 2 traits.lessxy 2 object()
Lessyx 2 traits.lessyx 2 object()
Lesssigneddistanceto line 2 traits.lesssigneddistanceto line 2 object()
Lessrotate ccw 2 traits.lessrotate ccw 2 object()
Left turn 2 traits.left turn 2 object()
Equal 2 traits.equal2 object()

See Also

CGAL::Convexhull projectivexy traits 2<Point 3> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page644
CGAL::Convexhull projectivexz traits 2<Point 3> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page645
CGAL::Convexhull projectiveyz traits 2<Point 3> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page646
CGAL::Convexhull traits 2<R> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page647
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CGAL::Convex hull projective xy traits 2<Point 3>

Definition

The classConvexhull projectivexy traits 2<Point 3> serves as a traits class for all the two-dimensional con-
vex hull and extreme point calculation function. This class can be used to compute the convex hull of a set of
3D points projected onto thexyplane (i.e., by ignoring thez coordinate).

#include<CGAL/Convexhull projectivexy traits 2.h>

Is Model for the Concepts

ConvexHullTraits2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page641

Types

typedef Point3 Point 2;
typedef Lessxy plane xy 2<Point 3> Lessxy 2;
typedef Lessyx plane xy 2<Point 3> Lessyx 2;
typedef Lessdist to line plane xy 2<Point 3> Lesssigneddistanceto line 2;
typedef Lessrotate ccw plane xy 2<Point 3> Lessrotate ccw 2;
typedef Leftturn plane xy 2<Point 3> Left turn 2;
typedef Equalxy plane xy 2<Point 3> Equal 2;

Creation

Convexhull projectivexy traits 2<Point 3> traits; default constructor.

Operations

Lessxy 2 traits.lessxy 2 object()
Lessyx 2 traits.lessyx 2 object()
Lesssigneddistanceto line 2 traits.lesssigneddistanceto line 2 object()
Lessrotate ccw 2 traits.lessrotate ccw 2 object()
Left turn 2 traits.left turn 2 object()
Equal 2 traits.equal2 object()

See Also

CGAL::Convexhull constructivetraits 2<R> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page643
CGAL::Convexhull projectivexz traits 2<Point 3> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page645
CGAL::Convexhull projectiveyz traits 2<Point 3> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page646
CGAL::Convexhull traits 2<R> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page647
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CGAL::Convex hull projective xz traits 2<Point 3>

Definition

The classConvexhull projectivexz traits 2<Point 3> serves as a traits class for all the two-dimensional con-
vex hull and extreme point calculation function. This class can be used to compute the convex hull of a set of
3D points projected onto thexzplane (i.e., by ignoring they coordinate).

#include<CGAL/Convexhull projectivexz traits 2.h>

Is Model for the Concepts

ConvexHullTraits2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page641

Types

typedef Point3 Point 2;
typedef Lessxy plane xz 2<Point 3> Lessxy 2;
typedef Lessyx plane xz 2<Point 3> Lessyx 2;
typedef Lessdist to line plane xz 2<Point 3> Lesssigneddistanceto line 2;
typedef Lessrotate ccw plane xz 2<Point 3> Lessrotate ccw 2;
typedef Leftturn plane xz 2<Point 3> Left turn 2;
typedef Equalxy plane xz 2<Point 3> Equal 2;

Creation

Convexhull projectivexz traits 2<Point 3> traits; default constructor.

Operations

Lessxy 2 traits.lessxy 2 object()
Lessyx 2 traits.lessyx 2 object()
Lesssigneddistanceto line 2 traits.lesssigneddistanceto line 2 object()
Lessrotate ccw 2 traits.lessrotate ccw 2 object()
Left turn 2 traits.left turn 2 object()
Equal 2 traits.equal2 object()

See Also

CGAL::Convexhull constructivetraits 2<R> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page643
CGAL::Convexhull projectivexy traits 2<Point 3> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page644
CGAL::Convexhull projectiveyz traits 2<Point 3> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page646
CGAL::Convexhull traits 2<R> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page647
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CGAL::Convex hull projective yz traits 2<Point 3>

Definition

The classConvexhull projectiveyz traits 2<Point 3> serves as a traits class for all the two-dimensional con-
vex hull and extreme point calculation function. This class can be used to compute the convex hull of a set of
3D points projected onto theyzplane (i.e., by ignoring thex coordinate).

#include<CGAL/Convexhull projectiveyz traits 2.h>

Is Model for the Concepts

ConvexHullTraits2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page641

Types

typedef Point3 Point 2;
typedef Lessxy plane yz 2<Point 3> Lessxy 2;
typedef Lessyx plane yz 2<Point 3> Lessyx 2;
typedef Lessdist to line plane yz 2<Point 3> Lesssigneddistanceto line 2;
typedef Lessrotate ccw plane yz 2<Point 3> Lessrotate ccw 2;
typedef Leftturn plane yz 2<Point 3> Left turn 2;
typedef Equalxy plane yz 2<Point 3> Equal 2;

Creation

Convexhull projectiveyz traits 2<Point 3> traits; default constructor.

Operations

Lessxy 2 traits.lessxy 2 object()
Lessyx 2 traits.lessyx 2 object()
Lesssigneddistanceto line 2 traits.lesssigneddistanceto line 2 object()
Lessrotate ccw 2 traits.lessrotate ccw 2 object()
Left turn 2 traits.left turn 2 object()
Equal 2 traits.equal2 object()

See Also

CGAL::Convexhull constructivetraits 2<R> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page643
CGAL::Convexhull projectivexz traits 2<Point 3> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page645
CGAL::Convexhull projectivexy traits 2<Point 3> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page644
CGAL::Convexhull traits 2<R> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page647
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CGAL::Convex hull traits 2<R>

Definition

The classConvexhull traits 2<R> serves as a traits class for all the two-dimensional convex hull and extreme
point calculation function. This class corresponds to the default traits class for these functions.

#include<CGAL/convexhull traits 2.h>

Is Model for the Concepts

ConvexHullTraits2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page641

Types

typedef R::Point2 Point 2;
typedef R::Lessxy Lessxy 2;
typedef R::Lessyx Lessyx 2;
typedef R::Lesssigneddistanceto line 2 Lesssigneddistanceto line 2;
typedef R::Lessrotate ccw 2 Lessrotate ccw 2;
typedef R::Leftturn 2 Left turn 2;
typedef R::Equal2 Equal 2;

Creation

Convexhull traits 2<R> traits( Convexhull traits 2& t); copy constructor.

Operations

Lessxy 2 traits.lessxy 2 object()
Lessyx 2 traits.lessyx 2 object()
Lesssigneddistanceto line 2 traits.lesssigneddistanceto line 2 object()
Lessrotate ccw 2 traits.lessrotate ccw 2 object()
Left turn 2 traits.left turn 2 object()
Equal 2 traits.equal2 object()

See Also

CGAL::Convexhull constructivetraits 2<R> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page643
CGAL::Convexhull projectivexy traits 2<Point 3> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page644
CGAL::Convexhull projectivexz traits 2<Point 3> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page645
CGAL::Convexhull projectiveyz traits 2<Point 3> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page646
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CGAL::is ccw strongly convex 2

Definition

The functionis ccw strongly convex2 determines if a given sequence of points defines a counterclockwise-
oriented, stongly convex polygon. A set of points is said to be strongly convex if it consists of only extreme
points (i.e., vertices of the convex hull).

#include<CGAL/convexitycheck2.h>

template<class ForwardIterator, class Traits>
bool is ccw strongly convex2( ForwardIterator first,

ForwardIterator beyond,
Traits ch traits = Default traits)

returnstrue, iff the point elements in [first,beyond) form
a counterclockwise-oriented strongly convex polygon.

The default traits classDefault traits is the kernel in which the typeForwardIterator::value typeis defined.

Requirements

Traits contains the following subset of types from the concept ConvexHullTraits2 and their corresponding
member functions that return instances of these types:

• Traits::Lessxy 2,

• Traits::Equal 2,

• Traits::Left turn 2.

See Also

CGAL::is cw strongly convex2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page649
CGAL::is strongly convex3. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page678

Implementation

The algorithm requiresO(n) time for a set ofn input points.
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CGAL::is cw strongly convex 2

Definition

The functionis cw strongly convex2 determines if a given sequence of points defines a clockwise-oriented,
stongly convex polygon. A set of points is said to be strongly convex if it consists of only extreme points (i.e.,
vertices of the convex hull).

#include<CGAL/convexitycheck2.h>

template<class ForwardIterator, class Traits>
bool is cw strongly convex2( ForwardIterator first,

ForwardIterator beyond,
Traits ch traits = Default traits)

returnstrue, iff the point elements in [first,beyond) form
a clockwise-oriented strongly convex polygon.

The default traits classDefault traits is the kernel in which the typeForwardIterator::value typeis defined.

Requirements

Traits contains the following subset of types from the concept ConvexHullTraits2 and their corresponding
member functions that return instances of these types:

• Traits::Equal 2,

• Traits::Lessxy 2,

• Traits::Left turn 2.

See Also

CGAL::is ccw strongly convex2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page648
CGAL::is strongly convex3. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page678

Implementation

The algorithm requiresO(n) time for a set ofn input points.
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CGAL::lower hull points 2

Definition

The functionlower hull points 2 generates the counterclockwise sequence of extreme points on the lower hull
of a given set of input points.

#include<CGAL/convexhull 2.h>

template<class InputIterator, class OutputIterator>
OutputIterator lowerhull points 2( InputIterator first,

InputIterator beyond,
OutputIterator result,
Traits ch traits = Default traits)

generates the counterclockwise sequence of extreme
points on the lower hull of the points in the range [first,
beyond). The resulting sequence is placed starting at po-
sitionresult, and the past-the-end iterator for the resulting
sequence is returned. The sequence starts with the left-
most point; the rightmost point is not included. If there is
only one extreme point (i.e., leftmost and rightmost point
are equal) the extreme point is reported.
Precondition: The source range [first,beyond) does not
containresult.

The default traits classDefault traits is the kernel in which the typeInputIterator::value typeis defined.

The different treatment byCGAL::upperhull points 2 of the case that all points are equal ensures that concate-
nation of lower and upper hull points gives the sequence of extreme points.

Requirements

1. InputIterator::value typeandOutputIterator::valuetypeare equivalent toTraits::Point 2.

2. Traits contains the following subset of types from the concept ConvexHullTraits2 and their correspond-
ing member functions that return instances of these types:

• Traits::Point 2,

• Traits::Equal 2,

• Traits::Lessxy 2,

• Traits::Lessyx 2,

• Traits::Left turn 2.

See Also

CGAL::ch grahamandrew. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page623
CGAL::ch grahamandrewscan. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page625
CGAL::upperhull points 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page652
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Implementation

This function uses Andrew’s variant of Graham’s scan algorithm [And79, Meh84]. The algorithm has worst-
case running time ofO(nlogn) for n input points.
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CGAL::upper hull points 2

Definition

The functionupper hull points 2 generates the counterclockwise sequence of extreme points on the upper hull
of a given set of input points.

#include<CGAL/convexhull 2.h>

template<class InputIterator, class OutputIterator>
OutputIterator upperhull points 2( InputIterator first,

InputIterator beyond,
OutputIterator result,
Traits ch traits = Default traits)

generates the counterclockwise sequence of extreme
points on the upper hull of the points in the range [first,
beyond). The resulting sequence is placed starting at po-
sitionresult, and the past-the-end iterator for the resulting
sequence is returned. The sequence starts with the right-
most point, the leftmost point is not included. If there is
only one extreme point (i.e., the leftmost and rightmost
point are equal), the extreme point is not reported.
Precondition: The source range [first,beyond) does not
containresult.

The default traits classDefault traits is the kernel in which the typeInputIterator::value typeis defined.

The different treatment byCGAL::lower hull points 2 of the case that all points are equal ensures that concate-
nation of lower and upper hull points gives the sequence of extreme points.

Requirements

1. InputIterator::value typeandOutputIterator::valuetypeare equilvalent toTraits::Point 2.

2. Traits contains the following subset of types from the concept ConvexHullTraits2 and their correspond-
ing member functions that return instances of these types:

• Traits::Point 2,

• Traits::Equal 2,

• Traits::Lessxy 2,

• Traits::Lessyx 2,

• Traits::Left turn 2.

See Also

CGAL::ch grahamandrew. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page623
CGAL::ch grahamandrewscan. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page625
CGAL::lower hull points 2. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page650
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Implementation

This function uses Andrew’s variant of Graham’s scan algorithm [And79, Meh84]. The algorithm has worst-
case running time ofO(nlogn) for n input points.
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Chapter 6

3D Convex Hulls
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6.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .655
6.2 Static Convex Hull Construction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .655

6.2.1 Traits Class. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .656
6.2.2 Convexity Checking. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .656
6.2.3 Example . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .656

6.3 Incremental Convex Hull Construction . . . . . . . . . . . . . . . . . . . . . . . . . . . .657
6.3.1 Example . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .657

6.4 Dynamic Convex Hull Construction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .659
6.4.1 Example . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .659Susan Hert and Stefan Schirra

6.1 Introduction

A subsetS⊆ R3 is convex if for any two pointsp andq in the set the line segment with endpointsp andq is
contained inS. The convex hull of a setS is the smallest convex set containingS. The convex hull of a set of
pointsP∈ R3 is a convex polytope with vertices inP. A point in P is an extreme point (with respect toP) if it
is a vertex of the convex hull ofP. A set of points is said to be strongly convex if it consists of only extreme
points.

This chapter describes the functions provided in CGAL for producing convex hulls in three dimensions as well
as functions for checking if sets of points are strongly convex are not. One can compute the convex hull of a
set of points in three dimensions in one of three ways in CGAL: using a static algorithm, using an incremental
construction algorithm, or using a triangulation to get a fully dynamic computation.

6.2 Static Convex Hull Construction

The functionconvexhull 3 provides an implementation of the quickhull algorithm [BDH96] for three dimen-
sions. There are two versions of this function available, one that can be used when it is known that the output
will be a polyhedron (i.e., there are more than three points and they are not all collinear) and one that handles
all degenerate cases and returns aCGAL::Object, which may be a point, a segment, a triangle, or a polyhedron.
Both versions accept a range of input iterators defining the set of points whose convex hull is to be computed
and a traits class defining the geometric types and predicates used in computing the hull.
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6.2.1 Traits Class

The functionconvexhull 3 is parameterized by a traits class, which specifies the types and geometric primitives
to be used in the computation. The default for this traits class isConvexhull traits 3.

6.2.2 Convexity Checking

The functionis strongly convex3 implements the algorithm of Mehlhornet al. [MNS+96] to determine if the
vertices of a given polytope constitute a strongly convex point set or not. This function is used in postcondition
testing forconvexhull 3.

6.2.3 Example

The following program computes the convex hull of a set of 250 random points chosen from a sphere of radius
100. It then determines if the resulting hull is a segment or a polyhedron.

// file: examples/Convex_hull_3/ch_quickhull_3_ex.C

#include <CGAL/Homogeneous.h>
#include <CGAL/point_generators_3.h>
#include <CGAL/copy_n.h>
#include <CGAL/Convex_hull_traits_3.h>
#include <CGAL/convex_hull_3.h>
#include <vector>

#ifdef CGAL_USE_GMP
#include <CGAL/Gmpz.h>
typedef CGAL::Gmpz RT;
#else
#include <CGAL/MP_Float.h>
typedef CGAL::MP_Float RT;
#endif

typedef CGAL::Homogeneous<RT> K;
typedef CGAL::Convex_hull_traits_3<K> Traits;
typedef Traits::Polyhedron_3 Polyhedron_3;
typedef K::Segment_3 Segment_3;

// define point creator
typedef K::Point_3 Point_3;
typedef CGAL::Creator_uniform_3<double, Point_3> PointCreator;

int main()
{

CGAL::Random_points_in_sphere_3<Point_3, PointCreator> gen(100.0);

// generate 250 points randomly on a sphere of radius 100.0
// and copy them to a vector
std::vector<Point_3> points;
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CGAL::copy_n( gen, 250, std::back_inserter(points) );

// define object to hold convex hull
CGAL::Object ch_object;

// compute convex hull
CGAL::convex_hull_3(points.begin(), points.end(), ch_object);

// determine what kind of object it is
Segment_3 segment;
Polyhedron_3 polyhedron;
if ( CGAL::assign(segment, ch_object) )

std::cout << "convex hull is a segment " << std::endl;
else if ( CGAL::assign (polyhedron, ch_object) )

std::cout << "convex hull is a polyhedron " << std::endl;
else

std::cout << "convex hull error!" << std::endl;

return 0;
}

6.3 Incremental Convex Hull Construction

The functionconvexhull incremental3 provides an interface similar toconvexhull 3 for the d-dimensional
incremental construction algorithm [CMS93]. implemented by the classCGAL::Convexhull d<R> that is spe-
cialized to three dimensions. This function accepts an iterator range over a set of input points and returns
a polyhedron, but it does not have a traits class in its interface. It uses the kernel classKernel used in the
polyhedron type to define an instance of the adapter traits classCGAL::Convexhull d traits 3<Kernel>.

In most cases, the functionconvexhull 3 will be faster thanconvexhull incremental3. The latter is provided
mainly for comparison purposes.

To use the full functionality available with thed-dimensional classCGAL::Convexhull d<R> in three dimen-
sions (e.g., the ability to insert new points and to query if a point lies in the convex hull or not), you can instantiate
the classCGAL::Convexhull d<K> with the adapter traits classCGAL::Convexhull d traits 3<K>, as shown
in the following example.

6.3.1 Example

// Copyright (c) 2002 Max Planck Institut fuer Informatik (Germany).
// All rights reserved.
//
// This file is part of CGAL (www.cgal.org); you may redistribute it under
// the terms of the Q Public License version 1.0.
// See the file LICENSE.QPL distributed with CGAL.
//
// Licensees holding a valid commercial license may use this file in
// accordance with the commercial license agreement provided with the software.
//
// This file is provided AS IS with NO WARRANTY OF ANY KIND, INCLUDING THE
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// WARRANTY OF DESIGN, MERCHANTABILITY AND FITNESS FOR A PARTICULAR PURPOSE.
//
// $URL: svn+ssh://scm.gforge.inria.fr/svn/cgal/branches/CGAL-3.2-branch/Convex_hull_3/demo/Convex_hull_3/incremental_hull_3_demo.C $
// $Id: incremental_hull_3_demo.C 28567 2006-02-16 14:30:13Z lsaboret $
//
//
// Author(s) : Susan Hert
//

#include <CGAL/Homogeneous.h>
#include <CGAL/point_generators_3.h>
#include <CGAL/Convex_hull_d.h>
#include <CGAL/Convex_hull_d_traits_3.h>
#include <CGAL/Convex_hull_d_to_polyhedron_3.h>
#include <CGAL/Polyhedron_3.h>
#include <CGAL/copy_n.h>
#include <CGAL/IO/Geomview_stream.h>
#include <CGAL/IO/Polyhedron_geomview_ostream.h>
#include <vector>
#include <cassert>

#ifdef CGAL_USE_GEOMVIEW

#ifdef CGAL_USE_LEDA
#include <CGAL/leda_integer.h>
typedef leda_integer RT;
#else
#ifdef CGAL_USE_GMP
#include <CGAL/Gmpz.h>
typedef CGAL::Gmpz RT;
#else
// NOTE: the choice of double here for a number type may cause problems
// for degenerate point sets
#include <CGAL/double.h>
typedef double RT;
#endif
#endif

typedef CGAL::Homogeneous<RT> K;
typedef K::Point_3 Point_3;
typedef CGAL::Polyhedron_3< K> Polyhedron_3;

typedef CGAL::Convex_hull_d_traits_3<K> Hull_traits_3;
typedef CGAL::Convex_hull_d< Hull_traits_3 > Convex_hull_3;
typedef CGAL::Creator_uniform_3<double, Point_3> Creator;

int main ()
{

Convex_hull_3 CH(3); // create instance of the class with dimension == 3

// generate 250 points randomly on a sphere of radius 100
// and insert them into the convex hull
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CGAL::Random_points_in_sphere_3<Point_3, Creator> gen(100);

for (int i = 0; i < 250 ; i++, ++gen)
CH.insert(*gen);

assert(CH.is_valid());

// define polyhedron to hold convex hull and create it
Polyhedron_3 P;
CGAL::convex_hull_d_to_polyhedron_3(CH,P);

// display polyhedron in a geomview window
CGAL::Geomview_stream geomview;
geomview << CGAL::RED;
geomview << P;

std::cout << "Press any key to end the program: ";
std::cout.flush();
char ch;
std::cin.get(ch);

return 0;
}

#else

int main() {
std::cerr <<
"This demo requires geomview, which is not present on this platform\n";
return 0;

}

#endif

6.4 Dynamic Convex Hull Construction

Fully dynamic maintenance of a convex hull can be achieved by using the classCGAL::Delaunaytriangulation
3. This class supports insertion and removal of points (i.e., vertices of the triangulation) and the convex hull
edges are simply the finite edges of infinite faces. The following example illustrates the dynamic construction
of a convex hull. First, random points from a sphere of a certain radius are generated and are inserted into a
triangulation. Then the number of points of the convex hull are obtained by counting the number of triangulation
vertices incident to the infinite vertex. Some of the points are removed and then the number of points remaining
on the hull are determined. Notice that the vertices incident to the infinite vertex of the triangulation are on the
convex hull but it may be that not all of them are vertices of the hull.

6.4.1 Example

// file: examples/Convex_hull_3/dynamic_hull_3_ex.C

#include <CGAL/Simple_cartesian.h>
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#include <CGAL/Filtered_kernel.h>
#include <CGAL/point_generators_3.h>
#include <CGAL/Delaunay_triangulation_3.h>
#include <CGAL/copy_n.h>

#include <list>

typedef CGAL::Simple_cartesian<double> SK;
typedef CGAL::Filtered_kernel<SK> FK;
struct K : public FK {};

typedef K::Point_3 Point_3;
typedef CGAL::Delaunay_triangulation_3<K> Delaunay;
typedef Delaunay::Vertex_handle Vertex_handle;

int main()
{

CGAL::Random_points_in_sphere_3<Point_3> gen(100.0);
std::list<Point_3> points;

// generate 250 points randomly on a sphere of radius 100.0
// and insert them into the triangulation
CGAL::copy_n(gen, 250, std::back_inserter(points) );
Delaunay T;
T.insert(points.begin(), points.end());

std::list<Vertex_handle> vertices;
T.incident_vertices(T.infinite_vertex(), std::back_inserter(vertices));
std::cout << "This convex hull of the 250 points has "

<< vertices.size() << " points on it." << std::endl;

// remove 25 of the input points
std::list<Vertex_handle>::iterator v_set_it = vertices.begin();
for (int i = 0; i < 25; i++)
{

T.remove(*v_set_it);
v_set_it++;

}

vertices.clear();
T.incident_vertices(T.infinite_vertex(), std::back_inserter(vertices));
std::cout << "After removal of 25 points, there are "

<< vertices.size() << " points on the convex hull." << std::endl;
return 0;

}
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A subsetS⊆ R3 is convex if for any two pointsp andq in the set the line segment with endpointsp andq is
contained inS. The convex hull of a setS is the smallest convex set containingS. The convex hull of a set of
pointsP is a convex polytope with vertices inP. A point in P is an extreme point (with respect toP) if it is a
vertex of the convex hull ofP.

CGAL provides functions for computing convex hulls in two, three and arbitrary dimensions as well as functions
for testing if a given set of points in is strongly convex or not. This chapter describes the functions available for
three dimensions.

Assertions

The assertion flags for the convex hull and extreme point algorithms useCH in their names (e.g., CGAL CH
NO POSTCONDITIONS). For the convex hull algorithms, the postcondition check tests only convexity (if not
disabled), but not containment of the input points in the polygon or polyhedron defined by the output points. The
latter is considered an expensive checking and can be enabled by definingCGAL CH CHECK EXPENSIVE.

6.5 Classified Reference Pages

Concepts

ConvexHullPolyhedron3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page672
ConvexHullPolyhedronFacet3. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page669
ConvexHullPolyhedronHalfedge3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page670
ConvexHullPolyhedronVertex3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page671
ConvexHullTraits3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page674
IsStronglyConvexTraits3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page679

Traits Classes

CGAL::Convexhull traits 3<R> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page676
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Convex Hull Functions

CGAL::convexhull 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page664
CGAL::convexhull incremental3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page667

Convexity Checking Function

CGAL::is strongly convex3. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page678
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6.6 Alphabetical List of Reference Pages
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CGAL::convex hull 3

Definition

The functionconvexhull 3 computes the convex hull of a given set of three-dimensional points Two versions
of this function are available. The first can be used when it is known that the result will be a polyhedron and the
second when a degenerate hull may also be possible.

#include<CGAL/convexhull 3.h>

template<class InputIterator, class Polyhedron3, class Traits>
void convexhull 3( InputIterator first,

InputIterator last,
Polyhedron3& P,
Traits ch traits = Default traits)

computes the convex hull of the set of points in the range
[first, last). The polyhedronP is cleared, then the convex
hull is stored inP and the plane equations of each face
are computed.
Precondition: : There are at least four points in the range
[first, last) not all of which are collinear.

template<class InputIterator, class Polyhedron3, class Traits>
void convexhull 3( InputIterator first,

InputIterator last,
Object& ch object,
Traits ch traits = Default traits)

computes the convex hull of the set of points in the range
[first, last). The result, which may be a point, a segment,
a triangle, or a polyhedron, is stored inch object. When
the result is a polyhedron, the plane equations of each
face are computed.

Requirements

Both functions require the following:

1. InputIterator::value typeis equivalent toTraits::Point 3.

2. Traits is a model of the concept ConvexHullTraits3 . When it is known that the input points are not
all coplanar, the typesTraits xy, Traits yx, andTraits yz need not be provided. For the purposes of
checking the postcondition that the convex hull is valid,Traits should also be a model of the concept
IsStronglyConvexTraits3.

Both functions have an additional requirement for the polyhedron that is to be constructed. For the first version
this is that:
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• Polyhedron3 is a model of ConvexHullPolyhedron3,

and for the second, it is required that

• Traits defines a typePolyhedron3 that is a model of ConvexHullPolyhedron3.

The default traits class for both versions ofconvexhull 3 is Convexhull traits 3<R>,with the representationR
determined byInputIterator::value type.

See Also

CGAL::convexhull incremental3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page667
CGAL::ch eddy. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page620
CGAL::convexhull 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page639

Implementation

The algorithm implemented by these functions is the quickhull algorithm of Barnardet al. [BDH96].

Example

The following program computes the convex hull of a set of 250 random points chosen from a sphere of radius
100. It then determines if the resulting hull is a segment or a polyhedron. Notice that the traits class is not
necessary in the call toconvexhull 3 but is used in the definition ofPolyhedron3.

// file: examples/Convex_hull_3/ch_quickhull_3_ex.C

#include <CGAL/Homogeneous.h>
#include <CGAL/point_generators_3.h>
#include <CGAL/copy_n.h>
#include <CGAL/Convex_hull_traits_3.h>
#include <CGAL/convex_hull_3.h>
#include <vector>

#ifdef CGAL_USE_GMP
#include <CGAL/Gmpz.h>
typedef CGAL::Gmpz RT;
#else
#include <CGAL/MP_Float.h>
typedef CGAL::MP_Float RT;
#endif

typedef CGAL::Homogeneous<RT> K;
typedef CGAL::Convex_hull_traits_3<K> Traits;
typedef Traits::Polyhedron_3 Polyhedron_3;
typedef K::Segment_3 Segment_3;

// define point creator
typedef K::Point_3 Point_3;
typedef CGAL::Creator_uniform_3<double, Point_3> PointCreator;
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int main()
{

CGAL::Random_points_in_sphere_3<Point_3, PointCreator> gen(100.0);

// generate 250 points randomly on a sphere of radius 100.0
// and copy them to a vector
std::vector<Point_3> points;
CGAL::copy_n( gen, 250, std::back_inserter(points) );

// define object to hold convex hull
CGAL::Object ch_object;

// compute convex hull
CGAL::convex_hull_3(points.begin(), points.end(), ch_object);

// determine what kind of object it is
Segment_3 segment;
Polyhedron_3 polyhedron;
if ( CGAL::assign(segment, ch_object) )

std::cout << "convex hull is a segment " << std::endl;
else if ( CGAL::assign (polyhedron, ch_object) )

std::cout << "convex hull is a polyhedron " << std::endl;
else

std::cout << "convex hull error!" << std::endl;

return 0;
}
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CGAL::convex hull incremental 3

Definition

The functionconvexhull incremental3 computes the convex hull polyhedron from a set of given three-
dimensional points.

#include<CGAL/convexhull incremental3.h>

template<class InputIterator, class Polyhedron>
void convexhull incremental3( InputIterator first,

InputIterator beyond,
Polyhedron& P,
bool testcorrectness = false)

computes the convex hull polyhedron of the points
in the range [first,beyond) and assigns it toP. If
test correctnessis set to true, the tests described in
[MNS+96] are used to determine the correctness of the
resulting polyhedron.

Requirements

1. Polyhedronmust provide a typePolyhedron::Traitsthat defines the following types

• Polyhedron::Traits::R, which is a model of the representation classR required byCGAL::Convex
hull d traits 3<R>

• Polyhedron::Traits::Point

2. InputIterator::value typemust be the same asPolyhedron::Traits::Point

See Also

CGAL::convexhull 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page664
CGAL::convexhull 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page639

Implementation

This function uses thed-dimensional convex hull incremental construction algorithm [CMS93] with d fixed to
3. The algorithm requiresO(n2) time in the worst case andO(nlogn) expected time.

See Also

CGAL::Convexhull d<R> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page687
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Example

The following example computes the convex hull of a set of 250 random points chosen uniformly in a sphere of
radius 100.

// file: examples/Convex_hull_3/incremental_hull_3_ex.C

#include <CGAL/Homogeneous.h>
#include <CGAL/point_generators_3.h>
#include <CGAL/copy_n.h>
#include <CGAL/Polyhedron_3.h>
#include <CGAL/convex_hull_incremental_3.h>
#include <vector>

#ifdef CGAL_USE_GMP
#include <CGAL/Gmpz.h>
typedef CGAL::Gmpz RT;
#else
#include <CGAL/MP_Float.h>
typedef CGAL::MP_Float RT;
#endif

typedef CGAL::Homogeneous<RT> K;
typedef K::Point_3 Point_3;
typedef CGAL::Polyhedron_3< K> Polyhedron;
typedef CGAL::Creator_uniform_3<int, Point_3> Creator;

int main()
{

CGAL::Random_points_in_sphere_3<Point_3, Creator> gen(100.0);

std::vector<Point_3> V;
// generate 250 points randomly on a sphere of radius 100.0 and copy
// them to a vector
CGAL::copy_n( gen, 250, std::back_inserter(V) );

Polyhedron P; // define polyhedron to hold convex hull

// compute convex hull
CGAL::convex_hull_incremental_3( V.begin(), V.end(), P, true);

return 0;
}
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ConvexHullPolyhedronFacet3

Definition

The requirements of the facet type of a polyhedron to be built by the functionconvexhull 3.

Has Models

CGAL::Polyhedron3<Traits>::Facet. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page811

Types

ConvexHullPolyhedronFacet3:: Plane plane equation type stored in facets.

ConvexHullPolyhedronFacet3:: Halfedgehandle

handle to halfedge.

ConvexHullPolyhedronFacet3:: Halfedgearound facet circulator

circulator of halfedges around a facet.

Creation

ConvexHullPolyhedronFacet3 f ; default constructor.

Operations

Plane& f .plane()
const Plane& f .plane() const plane equation.

Halfedgehandle f .halfedge() an incident halfedge that points tof .
Halfedgearound facet circulator

f .facet begin() circulator of halfedges around the facet (counterclock-
wise).

See Also

CGAL::Polyhedron3<Traits> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page799
ConvexHullPolyhedronVertex3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page671
ConvexHullPolyhedronHalfedge3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page670
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ConvexHullPolyhedronHalfedge3

Definition

The requirements of the halfedge type required for the polyhedron built by the functionconvexhull 3.

Has Models

CGAL::Polyhedron3<Traits>::Halfedge. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page813

Creation

ConvexHullPolyhedronHalfedge3 h; default constructor.

Operations

Halfedgehandle h.opposite() the opposite halfedge.

Halfedgehandle h.next() the next halfedge around the facet.

Halfedgehandle h.prev() the previous halfedge around the facet.

bool h.is border() const is true ifh is a border halfedge.

Halfedgearound facet circulator

h.facetbegin() circulator of halfedges around the facet (counterclock-
wise).

Vertexhandle h.vertex() the incident vertex ofh.

Facet handle h.facet() the incident facet ofh. If h is a border halfedge the result
is default construction of the handle.

See Also

CGAL::Polyhedron3<Traits> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page799
ConvexHullPolyhedronVertex3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page671
ConvexHullPolyhedronFacet3. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page669
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ConvexHullPolyhedronVertex 3

Definition

The requirements of the vertex type of the polyhedron to be built by the functionconvexhull 3.

Has Models

CGAL::Polyhedron3<Traits>::Vertex . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page816.

Creation

ConvexHullPolyhedronVertex3 v; default constructor.

Operations

Point& v.point()
const Point& v.point() const the point.

See Also

CGAL::Polyhedron3<Traits> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page799
ConvexHullPolyhedronFacet3. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page669
ConvexHullPolyhedronHalfedge3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page670
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ConvexHullPolyhedron 3

Definition

The requirements of the polyhedron type to be built by the functionconvexhull 3.

Has Models

CGAL::Polyhedron3<Traits> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page799

Types

ConvexHullPolyhedron3:: Point 3 type of point stored in a vertex
ConvexHullPolyhedron3:: Vertex a model ofConvexHullPolyhedronVertex3
ConvexHullPolyhedron3:: Halfedge a model ofConvexHullPolyhedronHalfedge3
ConvexHullPolyhedron3:: Facet a model ofConvexHullPolyhedronFacet3
ConvexHullPolyhedron3:: Halfedgedata structure

halfedge data structure

ConvexHullPolyhedron3:: Halfedgehandle handle to halfedge
ConvexHullPolyhedron3:: Halfedge iterator iterator for halfedge
ConvexHullPolyhedron3:: Facet handle handle to facet
ConvexHullPolyhedron3:: Facet iterator iterator for facet

Creation

Only a default constructor is required.

ConvexHullPolyhedron3 p;

Operations

Facet iterator p.facetsbegin() iterator over all facets (excluding holes).

Facet iterator p.facetsend() past-the-end iterator.

Halfedgeiterator p.P.halfedgesbegin() iterator over all halfedges.

Halfedgeiterator p.P.halfedgesend() past-the-end iterator.

Halfedgehandle p.maketetrahedron( Point3 p1, Point3 p2, Point3 p3, Point3 p4)

adds a new tetrahedron to the polyhedral surface with its
vertices initialized withp1, p2, p3 andp4. Returns that
halfedge of the tetrahedron which incident vertex is ini-
tialized withp1, the incident vertex of the next halfedge
with p2, and the vertex thereafter withp3. The remaining
fourth vertex is initialized withp4.

672



void p.erasefacet( Halfedgehandle h)

removes the incident facet ofh and changes all halfedges
incident to the facet into border edges or removes them
from the polyhedral surface if they were already border
edges.

Halfedgehandle p.addvertexand facet to border( Halfedgehandle h, Halfedgehandle g)

creates a new facet within the hole incident toh and g
by connecting the tip ofg with the tip ofh with two new
halfedges and a new vertex and filling this separated part
of the hole with a new facet, such that the new facet is
incident tog. Returns the halfedge of the new edge that
is incident to the new facet and the new vertex.

Halfedgehandle p.addfacet to border( Halfedgehandle h, Halfedgehandle g)

creates a new facet within the hole incident toh and g
by connecting the tip ofg with the tip of h with a new
halfedge and filling this separated part of the hole with a
new facet, such that the new facet is incident tog. Returns
the halfedge of the new edge that is incident to the new
facet.

Halfedgehandle p.fill hole( Halfedgehandle h)

fills a hole with a newly created facet. Makes all border
halfedges of the hole denoted by h incident to the new
facet. Returnsh.

void p.delegate( Modifierbase<Halfedgedata structure>& m)

calls theoperator()of the modifierm. SeeModifier base
in the Support Library Manual for a description of modi-
fier design and its usage.
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ConvexHullTraits 3

Definition

Requirements of the traits class to be used with the functionconvexhull 3.

Types

ConvexHullTraits3:: Point 3 The point type on which the convex hull algorithm oper-
ates

ConvexHullTraits3:: Plane 3 a 3D plane
ConvexHullTraits3:: Segment3 a 3D segment
ConvexHullTraits3:: Triangle 3 a 3D triangle
ConvexHullTraits3:: Vector 3 a 3D vector

ConvexHullTraits3:: Constructplane 3 Function object type that provides Plane 3
operator()(Point3 p, Point 3 q, Point 3 r), which
constructs and returns a plane passing throughp, q, and
r and oriented in a positive sense when seen from the
positive side of the plane.

ConvexHullTraits3:: Constructsegment3 Function object type that providesSegment3
operator()(Point3 p, Point 3 q), which constructs
and returns the segment with sourcep and targetq.

ConvexHullTraits3:: Construct triangle 3 Function object type that providesTriangle 3
operator()(Point3 p, Point 3 q, Point 3 r), which
constructs and returns the triangle with verticesp, q, and
r

ConvexHullTraits3:: Constructvector 3 Function object type that providesVector 3
operator()(Point3 p, Point 3 q), which constructs
and returns the vectorq-p

ConvexHullTraits3:: Equal 3 Predicate object type that provides bool
operator()(Point3 p, Point 3 q), which determines
if pointsp andq are equal or not

ConvexHullTraits3:: Collinear 3 Predicate object type that provides bool
operator()(Point3 p, Point 3 q, Point 3 r), which
determines if pointsp, q andr are collinear or not

ConvexHullTraits3:: Coplanar 3 Predicate object type that provides bool
operator()(Point3 p, Point 3 q, Point 3 r, Point 3
s), which determines if pointsp, q, r, ands are coplanar
or not

ConvexHullTraits3:: Has on positiveside 3 Predicate object type that provides bool
operator()(Plane3 h, Point 3 q), which determines
of the pointq is on the positive side of the halfspaceh
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ConvexHullTraits3:: Lessdistanceto point 3 Predicate object type that provides a constructor taking
a singlePoint 3 object andbool operator()(Point3 q,
Point 3 r), which returns true iff the distance fromq to
p is smaller than the distance fromr to p, wherep is the
point passed to the object at construction.

ConvexHullTraits3:: Lesssigneddistanceto plane 3

Predicate object type that provides bool
operator()(Plane3 p, Point 3 q, Point 3 r), which
returns true iff the signed distance fromq to p is smaller
than the signed distance fromr to p

To handle the degenerate case when all points are coplanar, the following three types that are default-
constructable are necessary:

ConvexHullTraits3:: Traits xy A model of ConvexHullTraits2 for points projected into
thexy-plane

ConvexHullTraits3:: Traits xz A model of ConvexHullTraits2 for points projected into
thexz-plane

ConvexHullTraits3:: Traits yz A model of ConvexHullTraits2 for points projected into
theyz-plane

One also needs the following function object to help choose which of the above traits classes to use:

ConvexHullTraits3:: Max coordinate3 Function object type that providesint operator()(Vector
3 v), which returns the index (0, 1, or 2 forx, y, or z,
respectively) of the coordinate ofv with maximum abso-
lute value.

These types need not be provided when it is known that the points are not all coplanar.

Creation

Only a copy constructor is required.

ConvexHullTraits3 traits(& ch);

Operations

For each of the above function and predicate object types,Func obj type, a function must exist with the name
func obj type objectthat creates an instance of the function or predicate object type. For example:

Constructplane 3 traits.constructplane 3 object()

Has Models

CGAL::Convexhull traits 3<R> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page676
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CGAL::Convex hull traits 3<R>

Definition

The classConvexhull traits 3<R> serves as a traits class for the functionconvexhull 3. This is the default
traits class for this function.

#include<CGAL/Convexhull traits 3.h>

Is Model for the Concepts

ConvexHullTraits3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page674
IsStronglyConvexTraits3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page679

Types

typedef R::Point3 Point 3;
typedef R::Segment3 Segment3;
typedef R::Triangle3 Triangle 3;
typedef R::Plane3 Plane3;
typedef R::Vector3 Vector3;
typedef Polyhedrondefault traits 3<R> Poly traits;
typedef Halfedgedata structurepolyhedrondefault 3<R> HDS;
typedef Polyhedron3<Poly traits, HDS> Polyhedron3;
typedef R::Constructsegment3 Constructsegment3;
typedef R::Constructray 3 Constructray 3;
typedef R::Constructplane 3 Constructplane 3;
typedef R::Constructvector 3 Constructvector 3;
typedef R::Constructtriangle 3 Constructtriangle 3;
typedef R::Constructcentroid 3 Constructcentroid 3;
typedef R::Constructorthogonalvector 3 Constructorthogonalvector 3;
R::Equal 3 Equal 3;
R::Collinear 3 Collinear 3;
R::Coplanar 3 Coplanar3;
R::Lessdistanceto point 3 Lessdistanceto point 3;
R::Has on positiveside 3 Has on positiveside 3;
R::Lesssigneddist to plane 3 Lesssigneddistanceto plane 3;
Convexhull projectivexy traits 2<Point 3> Traits xy;
Convexhull projectivexz traits 2<Point 3> Traits xz;
Convexhull projectiveyz traits 2<Point 3> Traits yz;
R::Ray 3 Ray3;
R::Has on 3 Has on 3;
R::Orientedside 3 Orientedside 3;
R::Do intersect3 Do intersect3;

Creation

Convexhull traits 3<R> traits( Convexhull traits 2& t); copy constructor.
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Operations

Constructsegment3 traits.constructsegment3 object()
Constructray 3 traits.constructray 3 object()
Constructplane 3 traits.constructplane 3 object()
Constructtriangle 3 traits.constructtriangle 3 object()
Constructvector 3 traits.constructvector 3 object()
Constructcentroid 3 traits.constructcentroid 3 object()
Constructorthogonalvector 3 traits.constructorthogonalvector 3 object()
Equal 3 traits.equal3 object()
Collinear 3 traits.collinear 3 object()
Coplanar 3 traits.coplanar3 object()
Has on 3 traits.hason 3 object()
Lessdistanceto point 3 traits.lessdistanceto point 3 object()
Has on positiveside 3 traits.hason positiveside 3 object()
Orientedside 3 traits.orientedside 3 object()
Do intersect3 traits.do intersect3 object()
Lesssigneddistanceto plane 3 traits.lesssigneddistanceto plane 3 object()

See Also
CGAL::convexhull 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page639
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CGAL::is strongly convex 3

Definition

The functionis strongly convex3 determines if the vertices of a given polyhedron represents a strongly convex
set of points or not. A set of points is said to be strongly convex if it consists of only extreme points (i.e., vertices
of the convex hull).

#include<CGAL/convexitycheck3.h>

template<class Polyhedron3, class Traits>
bool is strongly convex3( Polyhedron3& P, Traits traits = Defaulttraits)

determines if the set of vertices of the polyhedronP rep-
resent a strongly convex set of points or not.
Precondition: The equations of the facet planes of the
polyhedron must have already been computed.

The default traits class is the kernel in which the typePolyhedron3::Point 3 is deinfed.

Requirements

1. Polyhedron3::Point 3 is equivalent toTraits::Point 3.

2. Traits is a model of the concept IsStronlyConvexTraits3

3. Polyhedron3 must define the following types:

• Polyhedron3::Facet iterator

• Polyhedron3::Vertex iterator

and the following member functions:

• facetsbegin()

• facetsend()

• verticesbegin()

• verticesend()

The vertex type ofPolyhedron3 must be a model ofConvexHullPolyhedronVertex3; the facet type must
beConvexHullPolyhedronFacet3.

See Also

CGAL::is ccw strongly convex2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page648
CGAL::is cw strongly convex2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page649

Implementation

This function implements the tests described in [MNS+96] to determine convexity and requiresO(e+ f ) time
for a polyhedron witheedges andf faces.
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IsStronglyConvexTraits 3

Definition

Requirements of the traits class used by the funcitonis strongly convex3, which is used for postcondition
checking byconvexhull 3.

Types

IsStronglyConvexTraits3:: Plane 3 a 3D plane
IsStronglyConvexTraits3:: Point 3 a 3D point
IsStronglyConvexTraits3:: Ray 3 a 3D ray
IsStronglyConvexTraits3:: Triangle 3 a 3D triangle

IsStronglyConvexTraits3:: Construct ray 3 Function object type that provides Ray 3
operator()(Point3 p, Point 3 q), which constructs
and returns the ray based at pointp and passing thoughq

IsStronglyConvexTraits3:: Construct triangle 3 Function object type that providesTriangle 3
operator()(Point3 p, Point 3 q, Point 3 r), which
constructs and returns the triangle with verticesp, q, and
r

IsStronglyConvexTraits3:: Coplanar 3 Predicate object type that provides bool
operator()(Point3 p, Point 3 q, Point 3 r, Point 3
s), which determines if pointsp, q, r, ands are coplanar
or not

IsStronglyConvexTraits3:: Do intersect3 Function object type that providesCGAL::Object
operator()(Triangle3 t, Ray3 r), which returnstrue iff t
andr intersect.

IsStronglyConvexTraits3:: Has on positiveside 3

Predicate object type that provides bool
operator()(Plane3 h, Point 3 q), which determines
of the pointq is on the positive side of the halfspaceh

IsStronglyConvexTraits3:: Oriented side 3 Predicate object type that providesOrientedside
operator()(Plane3 p, Point 3 q), which determines the
position of pointq relative to planep

Creation

Only a copy constructor is required.

IsStronglyConvexTraits3 traits(& t);
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Operations

For each of the above function and predicate object types,Func obj type, a function must exist with the name
func obj type objectthat creates an instance of the function or predicate object type. For example:

Constructray 3 traits.constructray 3 object()

Has Models

CGAL::Convexhull traits 3<R> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page676

See Also

ConvexHullTraits3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page674
CGAL::is strongly convex3. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page678
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Chapter 7

dD Convex Hulls and Delaunay
Triangulations
Susan Hert and Michael Seel

Contents
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7.3 Delaunay Triangulation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .682

7.1 Introduction

A subsetS⊆ Rd is convex if for any two pointsp andq in the set the line segment with endpointsp andq is
contained inS. The convex hull of a setS is the smallest convex set containingS. The convex hull of a set of
pointsP is a convex polytope with vertices inP. A point in P is an extreme point (with respect toP) if it is a
vertex of the convex hull ofP. A set of points is said to be strongly convex if it consist of only extreme points.

This chapter describes the class provided in CGAL for producing convex hull in arbitrary dimensions. There is
an intimate relationship between the Delaunay triangulation of a point setSand the convex hull oflift(S): The
nearest site Delaunay triangulation is the projection of the lower hull and the furthest site Delaunay triangulation
is the upper hull. Here we also describe the companion class to the convex hull class that computes nearest and
furthest site Delaunay triangulations.

7.2 dD Convex Hull

The classCGAL::Convexhull d<R> is used to represent the convex hull of a set of points ind-dimensional
space. This class supports incremental construction of hulls, and provides a rich interface for exploration.
There are also output routines for hulls of dimension 2 and 3.

The convex hull class is parameterized by a traits class that providesd-dimensional data types and predicates.
The classConvexhull d traits 3 adapts any low-dimensional standard kernel modele.g., Homogeneous<RT>
or Cartesian<FT> for use withConvexhull d, where the dimension is fixed to three. The validity of the
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computed convex hull can be checked using the member funcitonis valid, which implements the algorithm of
Mehlhornet al.[MNS+96] to determine if the vertices of a given polytope constitute a strongly convex point set
or not.

The implementation follows the papers [CMS93] and [BMS94].

7.3 Delaunay Triangulation

There is a class type with a thourough interface providing the construction and exploration of closest and furthest
site Delaunay simplicial complexes in arbitrary higher dimension. The classCGAL::Delaunayd<R, Lifted
R> provides an implementation via the lifting map to higher dimensional convex hulls.. The class supports
incremental construction of Delaunay triangulations and various kind of query operations (in particular, nearest
and furthest neighbor queries and range queries with spheres and simplices).

682



dD Convex Hulls and Delaunay
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Reference Manual
Susan Hert and Michael Seel

A subsetS⊆ R3 is convex if for any two pointsp andq in the set the line segment with endpointsp andq is
contained inS. The convex hull of a setS is the smallest convex set containingS. The convex hull of a set of
pointsP is a convex polytope with vertices inP. A point in P is an extreme point (with respect toP) if it is a
vertex of the convex hull ofP.

CGAL provides functions for computing convex hulls in two, three and arbitrary dimensions as well as functions
for testing if a given set of points in is strongly convex or not. This chapter describes the class available for
arbitrary dimensions and its companion class for computing the nearest and furthest side Delaunay triangulation.

7.4 Classified Reference Pages

Concepts

ConvexHullTraitsd . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page685
DelaunayLiftedTraitsd . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page695
DelaunayTraitsd . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page698

Classes

CGAL::Convexhull d traits 3<R> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page694
CGAL::Convexhull d<R> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page687
CGAL::Delaunayd< R, Lifted R> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page700
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ConvexHullTraits d

Definition

Requirements of the traits class to be used with the classConvexhull d.

Types

ConvexHullTraitsd:: Point d the dD point type on which the convex hull algorithm op-
erates

ConvexHullTraitsd:: Hyperplaned a dD plane
ConvexHullTraitsd:: Vector d a dD vector
ConvexHullTraitsd:: Ray d a dD ray
ConvexHullTraitsd:: RT an arithmetic ring type

ConvexHullTraitsd:: Constructvector d Function object type that providesVector d opera-
tor()(int d, CGAL::Null vector), which constructs and re-
turns the null vector.

ConvexHullTraitsd:: Constructhyperplaned Function object type that providesHyperplaned opera-
tor()(ForwardIterator first, ForwardIterator last, Point
d p, CGAL::Orientedside side), which constructs and
returns a hyperplane passing through the points intu-
ple[first,last) and oriented such thatp is on the side
side of the returned hyperplane. Whenside==ON
ORIENTEDBOUNDARYthen any hyperplane contain-
ing the tuple is returned.

ConvexHullTraitsd:: Vector to point d Function object type that provides Point d
operator()(Vectord v), which constructs and returns the
point defined by 0+v.

ConvexHullTraitsd:: Point to vector d Function object type that providesVector d
operator()(Pointd v), which constructs and returns
the vector defined byp−0.

ConvexHullTraitsd:: Orientation d Function object type that providesOrientation opera-
tor()(ForwardIterator first, ForwardIterator last), which
determines the orientation of the pointstuple[first,last).

ConvexHullTraitsd:: Orthogonal vector d Function object type that providesVector d
operator()(Hyperplaned h), which constructs and
returns a vector orthogonal toh and pointing from the
boundary into its positive halfspace.

ConvexHullTraitsd:: Oriented side d Predicate object type that providesOrientedside
operator()(Hyperplaned h, Point d p), which deter-
mines the oriented side ofp with respect toh.
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ConvexHullTraitsd:: Has on positiveside d Predicate object type that provides bool
operator()(Hyperplaned h, Point d p), which re-
turn true iffp lies in the positive halfspace determined by
h.

ConvexHullTraitsd:: Affinely independentd Predicate object type that providesbool opera-
tor()(ForwardIterator first, ForwardIterator last),
which determines if the pointstuple[first,last) are
affinely independent.

ConvexHullTraitsd:: Containedin simplexd Predicate object type that providesbool opera-
tor()(ForwardIterator first, ForwardIterator last,
Point d p), which determines ifp is contained in the
closed simplex defined by the points intuple[first,last).

ConvexHullTraitsd:: Containedin affined hull d

Predicate object type that providesbool opera-
tor()(ForwardIterator first, ForwardIterator last,
Point d p), which determines ifp is contained in the
affine hull of the points intuple[first,last).

ConvexHullTraitsd:: Intersectd Predicate object type that providesObject
operator()(Rayd r, Hyperplaned h), which deter-
mines if r andh intersect and returns the corresponding
polymorphic object.

Creation

A default constructor and copy constructor is required.

Operations

For each of the above function and predicate object types,Func obj type, a function must exist with the name
func obj type objectthat creates an instance of the function or predicate object type. For example:

Constructvector d traits.constructvector d object()

Has Models

CGAL::Cartesiand<FT,LA>
CGAL::Homogeneousd<RT,LA>
CGAL::Convexhull d traits 3<R> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page694
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CGAL::Convex hull d<R>

Definition

An instanceC of typeConvexhull d<R> is the convex hull of a multi-setSof points ind-dimensional space.
We callS the underlying point set andd or dim the dimension of the underlying space. We usedcur to denote
the affine dimension ofS. The data type supports incremental construction of hulls.

The closure of the hull is maintained as a simplicial complex, i.e., as a collection of simplices. The intersection
of any two is a face of both1. In the sequel we reserve the word simplex for the simplices of dimensiondcur.
For each simplex there is a handle of typeSimplexhandlexand for each vertex there is a handle of typeVertex
handle. Each simplex has 1+dcur vertices indexed from 0 todcur; for a simplexsand an indexi, C.vertex(s,i)
returns thei-th vertex ofs. For any simplexs and any indexi of s there may or may not be a simplext opposite
to the i-th vertex ofs. The functionC.oppositesimplex(s,i)returnst if it exists and returnsSimplexhandle()
(the undefined handle) otherwise. Ift exists thensandt sharedcurvertices, namely all but the vertex with index
i of s and the vertex with indexC.indexof vertex in oppositesimplex(s,i)of t. Assume thatt exists and letj
= C.index of vertex in oppositesimplex(s,i). Thens= C.oppositesimplex(t,j)andi = C.indexof vertex in
oppositesimplex(t,j).

The boundary of the hull is also a simplicial complex. All simplices in this complex have dimensiondcur−1.
For each boundary simplex there is a handle of typeFacet handle. Each facet hasdcur vertices indexed from
0 to dcur− 1. If dcur > 1 then for each facetf and each indexi, 0≤ i < dcur, there is a facetg opposite
to the i-th vertex of f . The functionC.oppositefacet(f,i) returnsg. Two neighboring facetsf and g share
dcur - 1 vertices, namely all but the vertex with indexi of f and the vertex with indexC.indexof vertex in
oppositefacet(f,i)of g. Let j = C.index of vertex in oppositefacet(f,i). Thenf = C.oppositefacet(g,j)andi =
C.indexof vertex in oppositefacet(g,j).

Types

Convexhull d<R>:: R the representation class.

Convexhull d<R>:: Point d the point type.

Convexhull d<R>:: Hyperplaned the hyperplane type.

Convexhull d<R>:: Simplexhandle handle for simplices.

Convexhull d<R>:: Facet handle handle for facets.

Convexhull d<R>:: Vertex handle handle for vertices.

Convexhull d<R>:: Simplex iterator iterator for simplices.

Convexhull d<R>:: Facet iterator iterator for facets.

Convexhull d<R>:: Vertex iterator iterator for vertices.
1The empty set if a facet of every simplex.
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Convexhull d<R>:: Hull vertex iterator iterator for vertices that are part of the convex hull.

Note that each iterator fits the handle concept, i.e. iterators can be used as handles. Note also that all iterator and
handle types come also in a const flavor, e.g.,Vertexconst iterator is the constant version ofVertex iterator.
Const correctness requires to use the const version whenever the convex hull object is referenced as constant.
TheHull vertex iterator is convertible toVertex iterator andVertexhandle.

Convexhull d<R>:: Point const iterator const iterator for all inserted points.

Convexhull d<R>:: Hull point const iterator

const iterator for all points that are part of the convex hull.

Creation

Convexhull d<R> C( int d, R Kernel = R());

creates an instanceC of typeConvexhull d. The dimension of the underlying space
is d andS is initialized to the empty point set. The traits classR specifies the models
of all types and the implementations of all geometric primitives used by the convex
hull class. The default model is one of thed-dimensional representation classes (e.g.,
Homogeneousd).

The data typeConvexhull d offers neither copy constructor nor assignment operator.

Requirements

R is a model of the conceptConvexHullTraitsd .

Operations

All operations below that take a pointx as argument have the common precondition thatx is a point of ambient
space.

int C.dimension()

returns the dimension of ambient space

int C.current dimension()

returns the affine dimensiondcur of S.

Point d C.associatedpoint( Vertexhandle v)

returns the point associated with vertexv.
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Vertexhandle C.vertexof simplex( Simplexhandle s, int i)

returns the vertex corresponding to thei-th vertex ofs.

Precondition: 0≤ i ≤ dcur.

Point d C.point of simplex( Simplexhandle s, int i)

same asC.associatedpoint(C.vertexof simplex(s,i)).

Simplexhandle C.oppositesimplex( Simplexhandle s, int i)

returns the simplex opposite to thei-th vertex ofs (Simplexhandle()
if there is no such simplex).
Precondition: 0≤ i ≤ dcur.

int C.indexof vertex in oppositesimplex( Simplexhandle s, int i)

returns the index of the vertex opposite to thei-th vertex ofs.
Precondition: 0≤ i ≤ dcur and there is a simplex opposite to thei-th
vertex ofs.

Simplexhandle C.simplex( Vertexhandle v)

returns a simplex of whichv is a node. Note that this simplex is not
unique.

int C.index( Vertexhandle v)

returns the index ofv in simplex(v).

Vertexhandle C.vertexof facet( Facethandle f, int i)

returns the vertex corresponding to thei-th vertex of f .
Precondition: 0≤ i < dcur.

Point d C.point of facet( Facethandle f, int i)

same asC.associatedpoint(C.vertexof facet(f,i)).

Facet handle C.oppositefacet( Facethandle f, int i)

returns the facet opposite to thei-th vertex of f (Facet handle()if
there is no such facet).
Precondition: 0≤ i < dcur anddcur> 1.
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int C.indexof vertex in oppositefacet( Facethandle f, int i)

returns the index of the vertex opposite to thei-th vertex of f .
Precondition: 0≤ i < dcur anddcur> 1.

Hyperplaned C.hyperplanesupporting( Facethandle f)

returns a hyperplane supporting facetf . The hyperplane is oriented
such that the interior ofC is on the negative side of it.
Precondition: f is a facet ofC anddcur> 1.

Vertexhandle C.insert( Pointd x)

adds pointx to the underlying set of points. Ifx is equal to (the point
associated with) a vertex of the current hull this vertex is returned
and its associated point is changed tox. If x lies outside the current
hull, a new vertexv with associated pointx is added to the hull and
returned. In all other cases, i.e., ifx lies in the interior of the hull or
on the boundary but not on a vertex, the current hull is not changed
andVertexhandle()is returned. IfCGAL CHECK EXPENSIVEis
defined then the validity checkis valid(true) is executed as a post
condition.

template<typename Forwarditerator>
void C.insert( Forwarditerator first, Forward iterator last)

addsS = set [first,last)to the underlying set of points. If any point
S[i] is equal to (the point associated with) a vertex of the current hull
its associated point is changed toS[i] .

bool C.is dimensionjump( Pointd x)

returns true ifx is not contained in the affine hull ofS.

std::list<Facet handle>

C.facetsvisible from( Point d x)

returns the list of all facets that are visible fromx.

Precondition: x is contained in the affine hull ofS.

Boundedside C.boundedside( Pointd x)

returns ON BOUNDED SIDE (ON BOUNDARY,ON
UNBOUNDEDSIDE) if x is contained in the interior (lies on
the boundary, is contained in the exterior) ofC.
Precondition: x is contained in the affine hull ofS.
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void C.clear( int d)

reinitializesC to an empty hull ind-dimensional space.

int C.numberof vertices()

returns the number of vertices ofC.

int C.numberof facets()

returns the number of facets ofC.

int C.numberof simplices()

returns the number of bounded simplices ofC.

void C.print statistics()

gives information about the size of the current hull and the number
of visibility tests performed.

bool C.is valid( bool throwexceptions = false)

checks the validity of the data structure. Ifthrow exceptions ==
thrue then the program throws the following exceptions to inform
about the problem.
chull has centeron wrong side of hull facet the hyperplane sup-
porting a facet has the wrong orientation.
chull has local non convexitya ridge is locally non convex.
chull has doublecoveragethe hull has a winding number larger
than 1.

Lists and Iterators

Vertex iterator C.verticesbegin() an iterator ofC to start the iteration over all vertices of the
complex.

Vertex iterator C.verticesend() the past the end iterator for vertices.

Simplexiterator C.simplicesbegin() an iterator ofC to start the iteration over all simplices of the
complex.

Simplexiterator C.simplicesend() the past the end iterator for simplices.

Facet iterator C.facetsbegin() an iterator ofC to start the iteration over all facets of the com-
plex.
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Facet iterator C.facetsend() the past the end iterator for facets.

Hull vertex iterator C.hull verticesbegin()

an iterator to start the iteration over all vertices ofC that are
part of the convex hull.

Hull vertex iterator C.hull verticesend() the past the end iterator for hull vertices.

Point const iterator C.pointsbegin() returns the start iterator for all points that have been inserted
to constructC.

Point const iterator C.pointsend() returns the past the end iterator for points.

Hull point const iterator

C.hull points begin()

returns an iterator to start the iteration over all points in the
convex hullC. Included are points in the interior of facets.

Hull point const iterator

C.hull points end() returns the past the end iterator for points in the convex hull.

template<typename Visitor>
void C.visit all facets( Visitor V)

each facet ofC is visited by the visitor objectV. V has to have
a function call operator:
void operator()(Facethandle) const

std::list<Point d> C.all points() returns a list of all points that have been inserted to construct
C.

std::list<Vertexhandle>

C.all vertices() returns a list of all vertices ofC (also interior ones).

std::list<Simplexhandle>

C.all simplices() returns a list of all simplices inC.

std::list<Facet handle>

C.all facets() returns a list of all facets ofC.
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Iteration Statements

forall ch vertices(v,C) { “the vertices ofC are successively assigned tov” }

forall ch simplices(s,C) { “the simplices ofC are successively assigned tos” }

forall ch facets( f ,C) { “the facets ofC are successively assigned tof ” }

Implementation

The implementation of typeConvexhull d is based on [CMS93] and [BMS94]. The details of the implementa-
tion can be found in the implementation document available at the download site of this package.

The time and space requirements are input dependent. LetC1, C2, C3, . . . be the sequence of hulls constructed
and for a pointx let ki be the number of facets ofCi that are visible fromx and that are not already facets ofCi−1.
Then the time for insertingx is O(dim∑i ki) and the number of new simplices constructed during the insertion
of x is the number of facets of the hull which were not already facets of the hull before the insertion.

The data typeConvexhull d is derived fromRegularcomplexd. The space requirement of regular complexes
is essentially 12(dim+ 2) bytes times the number of simplices plus the space for the points.Convexhull d
needs an additional 8+(4+x)dimbytes per simplex wherex is the space requirement of the underlying number
type and an additional 12 bytes per point. The total is therefore(16+ x)dim+ 32 bytes times the number of
simplices plus 28+x ·dimbytes times the number of points.

Low Dimensional Conversion Routine

include<CGAL/Convexhull d to polyhedron3.h>

template<class R, class T, class HDS>
void convexhull d to polyhedron3( C, Polyhedron3<T,HDS>& P)

converts the convex hullC to polyedral surface stored inP.

Precondition: dim == 3 anddcur == 3.

Low Dimensional Output Routines

include<CGAL/IO/Convexhull d window stream.h>

template<class R>
void d2 show( C, CGAL::Windowstream& W)

draws the convex hullC in windowW.

Precondition: dim == 2.

template<class R>
void d3 surfacemap( C, GRAPH< typename ::Pointd ,int>& G)

constructs the representation of the surface ofC as a bidi-
rected LEDA graphG.

Precondition: dim == 3.
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CGAL::Convex hull d traits 3<R>

Definition

The classConvexhull d traits 3<R> serves as a traits class for the classConvexhull d. This is a traits class
that adapts any low-dimensional standard kernel model, e.g.Homogeneous<RT> or Cartesian<FT> for the
fixed 3-dimensional usage ofConvexhull d.

#include<CGAL/Convexhull d traits 3.h>

Is Model for the Concepts

ConvexHullTraitsd

Creation

Convexhull d traits 3<R> traits; default constructor.
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DelaunayLiftedTraits d

Definition

Requirements of the second traits class to be used with the classDelaunayd.

Types

DelaunayLiftedTraitsd:: Point d the dD point type on which the Delaunay algorithm oper-
ates

DelaunayLiftedTraitsd:: Hyperplaned a dD plane
DelaunayLiftedTraitsd:: Vector d a dD vector
DelaunayLiftedTraitsd:: Ray d a dD ray
DelaunayLiftedTraitsd:: RT a arithmetic ring type

DelaunayLiftedTraitsd:: Constructvector d Function object type that providesVector d opera-
tor()(int d, CGAL::Null vector), which constructs and re-
turns the null vector.

DelaunayLiftedTraitsd:: Constructhyperplaned

Function object type that providesHyperplaned opera-
tor()(ForwardIterator first, ForwardIterator last, Point
d p, CGAL::Orientedside side), which constructs and
returns a hyperplane passing through the points intu-
ple[first,last) and oriented such thatp is on the side
side of the returned hyperplane. Whenside==ON
ORIENTEDBOUNDARYthen any hyperplane contain-
ing the tuple is returned.

DelaunayLiftedTraitsd:: Vector to point d Function object type that provides Point d
operator()(Vectord v), which constructs and returns the
point defined by 0+v.

DelaunayLiftedTraitsd:: Point to vector d Function object type that providesVector d
operator()(Pointd v), which constructs and returns
the vector defined byp−0.

DelaunayLiftedTraitsd:: Orientation d Function object type that providesOrientation opera-
tor()(ForwardIterator first, ForwardIterator last), which
determines the orientation of the pointstuple[first,last).

DelaunayLiftedTraitsd:: Orthogonal vector d Function object type that providesVector d
operator()(Hyperplaned h), which constructs and
returns a vector orthogonal toh and pointing from the
boundary into its positive halfspace.

DelaunayLiftedTraitsd:: Oriented side d Predicate object type that providesOrientedside
operator()(Hyperplaned h, Point d p), which deter-
mines the oriented side ofp with respect toh.
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DelaunayLiftedTraitsd:: Has on positiveside d Predicate object type that provides bool
operator()(Hyperplaned h, Point d p), which re-
turn true iffp lies in the positive halfspace determined by
h.

DelaunayLiftedTraitsd:: Affinely independentd Predicate object type that providesbool opera-
tor()(ForwardIterator first, ForwardIterator last),
which determines if the pointstuple[first,last) are
affinely independent.

DelaunayLiftedTraitsd:: Containedin simplexd Predicate object type that providesbool opera-
tor()(ForwardIterator first, ForwardIterator last,
Point d p), which determines ifp is contained in the
closed simplex defined by the points intuple[first,last).

DelaunayLiftedTraitsd:: Containedin affined hull d

Predicate object type that providesbool opera-
tor()(ForwardIterator first, ForwardIterator last,
Point d p), which determines ifp is contained in the
affine hull of the points intuple[first,last).

DelaunayLiftedTraitsd:: Intersectd Predicate object type that providesObject
operator()(Rayd r, Hyperplaned h), which deter-
mines if r andh intersect and returns the corresponding
polymorphic object.

The previous requirements are all identical to the conceptConvexHullTraitsd. The Delaunay class adds the
following requirements.

DelaunayLiftedTraitsd:: Project along d axis d Predicate object type that providesDelaunayTraits
d::Point d operator()(Pointd p), which determines the
d−1-dimensional point from thed-dimensional pointp
while discarding the last coordinate.

DelaunayLiftedTraitsd:: Lift to paraboloid d Predicate object type that providesPoint d
operator()(DelaunayTraitsd::Point d p), which
determines thed-dimensional point from thed − 1-
dimensional pointp while lifting it to the paraboloid of
revolution.

DelaunayLiftedTraitsd:: Componentaccessord Predicate object type that provides RT
homogeneous(Vectord v,int i)andint dimension(Vector
d v), where the former determines theith coordinate ofv
and the latter the dimension ofv.

Creation

A default constructor and copy constructor is required.
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Operations

For each of the above function and predicate object types,Func obj type, a function must exist with the name
func obj type objectthat creates an instance of the function or predicate object type. For example:

Constructvector d traits.constructvector d object()

Has Models

CGAL::Cartesiand<FT,LA>
CGAL::Homogeneousd<RT,LA>
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DelaunayTraits d

Definition

Requirements of the first traits class to be used with the classDelaunayd.

Types

DelaunayTraitsd:: Point d the dD point type on which the delaunay algorithm oper-
ates

DelaunayTraitsd:: Sphered a dD sphere
DelaunayTraitsd:: FT an arithmetic field type

DelaunayTraitsd:: Point of sphered Predicate object type that providesPoint d
operator()(Sphered s, int i), which returns theith
point defining spheres.

DelaunayTraitsd:: Constructsphered Predicate object type that providesSphered opera-
tor()(int d, ForwardIterator first, ForwardIterator last),
which returns a dD sphere through the points intu-
ple[first,last).

DelaunayTraitsd:: Containedin simplexd Predicate object type that providesbool opera-
tor()(ForwardIterator first, ForwardIterator last,
Point d p), which determines ifp is contained in the
closed simplex defined by the points intuple[first,last).

DelaunayTraitsd:: Squareddistanced Predicate object type that providesFT operator()(Pointd
p,Point d q), which determines the squared distance from
p to q.

DelaunayTraitsd:: Affinely independentd Predicate object type that providesbool opera-
tor()(ForwardIterator first, ForwardIterator last),
which determines if the points intuple[first,last) are
affinely independent.

Creation

A default constructor and copy constructor is required.

Operations

For each of the above function and predicate object types,Func obj type, a function must exist with the name
func obj type objectthat creates an instance of the function or predicate object type. For example:

Constructsphered traits.constructsphered object()
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Has Models

CGAL::Cartesiand<FT,LA>
CGAL::Homogeneousd<RT,LA>
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CGAL::Delaunay d< R, Lifted R >

Definition

An instanceDT of typeDelaunayd< R, Lifted R > is the nearest and furthest site Delaunay triangulation of a
setS of points in somed-dimensional space. We callS the underlying point set andd or dim the dimension
of the underlying space. We usedcur to denote the affine dimension ofS. The data type supports incremental
construction of Delaunay triangulations and various kind of query operations (in particular, nearest and furthest
neighbor queries and range queries with spheres and simplices).

A Delaunay triangulation is a simplicial complex. All simplices in the Delaunay triangulation have dimension
dcur. In the nearest site Delaunay triangulation the circumsphere of any simplex in the triangulation contains
no point ofS in its interior. In the furthest site Delaunay triangulation the circumsphere of any simplex contains
no point ofS in its exterior. If the points inSare co-circular then any triangulation ofS is a nearest as well as a
furthest site Delaunay triangulation ofS. If the points inSare not co-circular then no simplex can be a simplex
of both triangulations. Accordingly, we viewDT as either one or two collection(s) of simplices. If the points
in S are co-circular there is just one collection: the set of simplices of some triangulation. If the points inS
are not co-circular there are two collections. One collection consists of the simplices of a nearest site Delaunay
triangulation and the other collection consists of the simplices of a furthest site Delaunay triangulation.

For each simplex of maximal dimension there is a handle of typeSimplexhandleand for each vertex of the
triangulation there is a handle of typeVertexhandle. Each simplex has1 + dcur vertices indexed from 0 to
dcur. For any simplexs and any indexi, DT.vertexof(s,i) returns thei-th vertex ofs. There may or may not
be a simplext opposite to the vertex ofs with index i. The functionDT.oppositesimplex(s,i)returnst if it
exists and returnsSimplexhandle()otherwise. Ift exists thens andt sharedcur vertices, namely all but the
vertex with indexi of s and the vertex with indexDT.indexof vertex in oppositesimplex(s,i)of t. Assume
that t = DT.oppositesimplex(s, i) exists and letj = DT.index of vertex in oppositesimplex(s, i). Thens =
DT.oppositesimplex(t,j)and i = DT.index of vertex in oppositesimplex(t,j). In general, a vertex belongs to
many simplices.

Any simplex ofDT belongs either to the nearest or to the furthest site Delaunay triangulation or both. The
testDT.simplexof nearest(dtsimplex s)returns true ifs belongs to the nearest site triangulation and the test
DT.simplexof furthest(dtsimplex s)returns true ifs belongs to the furthest site triangulation.

Inherits From

Convexhull d<Lifted R>

Types

Delaunayd< R, Lifted R>:: Simplexhandle handles to the simplices of the complex.

Delaunayd< R, Lifted R>:: Vertex handle handles to vertices of the complex.

Delaunayd< R, Lifted R>:: Point d the point type

Delaunayd< R, Lifted R>:: Sphered the sphere type
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enum Delaunayvoronoi kind{ NEAREST, FURTHEST};

interface flags

To use these types you can typedef them into the global scope after instantiation of the class. We useVertex
handleinstead ofDelaunayd< R, Lifted R>::Vertex handlefrom now on. Similarly we useSimplexhandle.

Delaunayd< R, Lifted R>:: Point const iterator the iterator for points.

Delaunayd< R, Lifted R>:: Vertex iterator the iterator for vertices.

Delaunayd< R, Lifted R>:: Simplex iterator the iterator for simplices.

Creation

Delaunayd< R, Lifted R> DT( int d, R k1 = R(), LiftedR k2 = Lifted R());

creates an instanceDT of typeDelaunayd. The dimension of the underlying space is
d andSis initialized to the empty point set. The traits classRspecifies the models of all
types and the implementations of all geometric primitives used by the Delaunay class.
The traits classLifted Rspecifies the models of all types and the implementations of all
geometric primitives used by the base class ofDelaunayd< R, Lifted R>. The second
template parameter defaults to the first:Delaunayd<R> = Delaunay d<R, Lifted R =
R>.

The data typeDelaunayd offers neither copy constructor nor assignment operator.

Requirements

R is a model of the conceptDelaunayTraitsd . Lifted R is a model of the conceptDelaunayLiftedTraitsd .

Operations

All operations below that take a pointx as an argument have the common precondition thatx.dimension() =
DT.dimension().

int DT.dimension() returns the dimension of ambient space

int DT.current dimension()

returns the affine dimension of the current point set, i.e.,−1
is S is empty, 0 ifSconsists of a single point, 1 if all points of
S lie on a common line, etcetera.

bool DT.is simplexof nearest( Simplexhandle s)

returns true ifs is a simplex of the nearest site triangulation.
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bool DT.is simplexof furthest( Simplexhandle s)

returns true ifs is a simplex of the furthest site triangulation.

Vertexhandle DT.vertexof simplex( Simplexhandle s, int i)

returns the vertex associated with thei-th node ofs.
Precondition: 0≤ i ≤ dcur.

Point d DT.associatedpoint( Vertexhandle v)

returns the point associated with vertexv.

Point d DT.point of simplex( Simplexhandle s, int i)

returns the point associated with thei-th vertex ofs.
Precondition: 0≤ i ≤ dcur.

Simplexhandle DT.oppositesimplex( Simplexhandle s, int i)

returns the simplex opposite to thei-th vertex ofs (Simplex
handle()if there is no such simplex).
Precondition: 0≤ i ≤ dcur.

int DT.indexof vertex in oppositesimplex( Simplexhandle s, int i)

returns the index of the vertex opposite to thei-th vertex ofs.
Precondition: 0≤ i ≤ dcur.

Simplexhandle DT.simplex( Vertexhandle v)

returns a simplex of the nearest site triangulation incident to
v.

int DT.index( Vertexhandle v)

returns the index ofv in DT.simplex(v).

bool DT.contains( Simplexhandle s, Pointd x)

returns true ifx is contained in the closure of simplexs.

bool DT.empty() decides whetherDT is empty.

void DT.clear() reinitializesDT to the empty Delaunay triangulation.
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Vertexhandle DT.insert( Pointd x)

inserts pointx into DT and returns the correspondingVertex
handle. More precisely, if there is already a vertexv in DT
positioned atx (i.e., associatedpoint(v) is equal tox) then
associatedpoint(v) is changed tox (i.e., associatedpoint(v)
is made identical tox) and if there is no such vertex then a
new vertexv with associatedpoint(v) = x is added toDT. In
either case,v is returned.

Simplexhandle DT.locate( Pointd x)

returns a simplex of the nearest site triangulation containing
x in its closure (returnsSimplexhandle()if x lies outside the
convex hull ofS).

Vertexhandle DT.lookup( Pointd x)

if DT contains a vertexv with associatedpoint(v) = x the
result isv otherwise the result isVertexhandle().

Vertexhandle DT.nearestneighbor( Pointd x)

computes a vertexv of DT that is closest tox, i.e.,
dist(x,associatedpoint(v)) =
min{dist(x, associatedpoint(u)) | u∈ S}.

std::list<Vertexhandle>

DT.rangesearch( Sphered C)

returns the list of all vertices contained in the closure of sphere
C.

std::list<Vertexhandle>

DT.rangesearch( std::vector<Point d> A)

returns the list of all vertices contained in the closure of the
simplex whose corners are given byA.
Precondition: A must consist ofd + 1 affinely independent
points in base space.

std::list<Simplexhandle>

DT.all simplices( Delaunayvoronoi kind k = NEAREST)

returns a list of all simplices of either the nearest or the fur-
thest site Delaunay triangulation ofS.
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std::list<Vertexhandle>

DT.all vertices( Delaunayvoronoi kind k = NEAREST)

returns a list of all vertices of either the nearest or the furthest
site Delaunay triangulation ofS.

std::list<Point d> DT.all points() returnsS.

Point const iterator DT.pointsbegin() returns the start iterator for points inDT.

Point const iterator DT.pointsend() returns the past the end iterator for points inDT.

Simplexiterator DT.simplicesbegin( Delaunayvoronoi kind k = NEAREST)

returns the start iterator for simplices ofDT.

Simplexiterator DT.simplicesend() returns the past the end iterator for simplices ofDT.

Implementation

The data type is derived fromConvexhull d via the lifting map. For a pointx in d-dimensional space letlift(x)
be its lifting to the unit paraboloid of revolution. There is an intimate relationship between the Delaunay trian-
gulation of a point setSand the convex hull oflift(S): The nearest site Delaunay triangulation is the projection
of the lower hull and the furthest site Delaunay triangulation is the upper hull. For implementation details we
refer the reader to the implementation report available from the CGAL server.

The space requirement is the same as for convex hulls. The time requirement for an insert is the time to insert
the lifted point into the convex hull of the lifted points.

Example

The abstract data typeDelaunayd has a default instantiation by means of thed-dimensional geometric kernel.

#include <CGAL/Homogeneous_d.h>
#include <CGAL/leda_integer.h>
#include <CGAL/Delaunay_d.h>

typedef leda_integer RT;
typedef CGAL::Homogeneous_d<RT> Kernel;
typedef CGAL::Delaunay_d<Kernel> Delaunay_d;
typedef Delaunay_d::Point_d Point;
typedef Delaunay_d::Simplex_handle Simplex_handle;
typedef Delaunay_d::Vertex_handle Vertex_handle;

int main()
{

Delaunay_d T(2);
Vertex_handle v1 = T.insert(Point_d(2,11));
...

}
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Traits requirements

Delaunayd< R, Lifted R> requires the following types from the kernel traitsLifted R:

RT Point_d Vector_d Ray_d Hyperplane_d

and uses the following function objects from the kernel traits:

Construct_hyperplane_d
Construct_vector_d
Vector_to_point_d / Point_to_vector_d
Orientation_d
Orthogonal_vector_d
Oriented_side_d / Has_on_positive_side_d
Affinely_independent_d
Contained_in_simplex_d
Contained_in_affine_hull_d
Intersect_d
Lift_to_paraboloid_d / Project_along_d_axis_d
Component_accessor_d

Delaunayd< R, Lifted R> requires the following types from the kernel traitsR:

FT Point_d Sphere_d

and uses the following function objects from the kernel traitsR:

Construct_sphere_d
Squared_distance_d
Point_of_sphere_d
Affinely_independent_d
Contained_in_simplex_d

Low Dimensional Output Routines

include<CGAL/IO/Delaunayd window stream.h>

template<typename R, typename LiftedR>
template<typename R, typename LiftedR> void

d2 show( Delaunayd<R,Lifted R> D,
CGAL::Windowstream& W,
typename Delaunayd<R,Lifted R>::Delaunay voronoi kind k = Delaunay

d<R,Lifted R>::NEAREST)

draws the underlying simplicial complexD into windowW.

Precondition: dim == 2.

template<typename R, typename LiftedR>
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template<typename R, typename LiftedR> void

d2 map( Delaunayd<R,Lifted R> D,
GRAPH< typename Delaunayd<R,Lifted R>::Point d, int >& DTG,
typename Delaunayd<R,Lifted R>::Delaunay voronoi kind k = Delaunay

d<R,Lifted R>::NEAREST)

constructs a LEDA graph representation of the nearest
(kind = NEARESTor the furthest (kind = FURTHEST) site
Delaunay triangulation.

Precondition: dim() == 2.

706



Part IV

Polygons and Polyhedra
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Chapter 8

2D Polygons
Geert-Jan Giezeman and Wieger Wesselink

8.1 Introduction

A polygon is a closed chain of edges. Several algorithms are available for polygons. For some of those algo-
rithms, it is necessary that the polygon is simple. A polygon is simple if edges don’t intersect, except consecutive
edges, which intersect in their common vertex.

The following algorithms are available:

• find the leftmost, rightmost, topmost and bottommost vertex.

• compute the (signed) area.

• check if a polygon is simple.

• check if a polygon is convex.

• find the orientation (clockwise or counterclockwise)

• check if a point lies inside a polygon.

All those operations take two forward iterators as parameters in order to describe the polygon. These parameters
have a point type as value type.

The typePolygon2 can be used to represent polygons. Polygons are dynamic. Vertices can be modified,
inserted and erased. They provide the algorithms described above as member functions. Moreover, they provide
ways of iterating over the vertices and edges.

Currently, thePolygon2 class is a nice wrapper around the algorithms, but little more. Especially, computed
values are not cached. That is, when theis simple()member function is called twice or more, the result is
computed each time anew. It is possible to set a preprocessor flag to alter this behaviour. In the future, caching
will become the default.

8.2 Example

The following code fragment creates a polygon and does some checks.
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// file: examples/Polygon/Polygon.C

#include <CGAL/Cartesian.h>
#include <CGAL/Polygon_2.h>
#include <iostream>

typedef CGAL::Cartesian<double> K;
typedef K::Point_2 Point;
typedef CGAL::Polygon_2<K> Polygon;
using std::cout; using std::endl;

int main()
{

Point points[] = { Point(0,0), Point(5.1,0), Point(1,1), Point(0.5,6)};
Polygon pgn(points, points+4);

// check if the polygon is simple.
cout << "The polygon is " <<

(pgn.is_simple() ? "" : "not ") << "simple." << endl;

// check if the polygon is convex
cout << "The polygon is " <<

(pgn.is_convex() ? "" : "not ") << "convex." << endl;

return 0;
}

// file: examples/Polygon/polygon_algorithms.C

#include <CGAL/Cartesian.h>
#include <CGAL/Polygon_2_algorithms.h>
#include <iostream>

typedef CGAL::Cartesian<double> K;
typedef K::Point_2 Point;
using std::cout; using std::endl;

void check_inside(Point pt, Point *pgn_begin, Point *pgn_end, K traits)
{

cout << "The point " << pt;
switch(CGAL::bounded_side_2(pgn_begin, pgn_end,pt, traits)) {

case CGAL::ON_BOUNDED_SIDE :
cout << " is inside the polygon.\n";
break;

case CGAL::ON_BOUNDARY:
cout << " is on the polygon boundary.\n";
break;

case CGAL::ON_UNBOUNDED_SIDE:
cout << " is outside the polygon.\n";
break;

}
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Figure 8.1: A polygon and some points

}

int main()
{

Point points[] = { Point(0,0), Point(5.1,0), Point(1,1), Point(0.5,6)};

// check if the polygon is simple.
cout << "The polygon is "

<< (CGAL::is_simple_2(points, points+4, K()) ? "" : "not ")
<< "simple." << endl;

check_inside(Point(0.5, 0.5), points, points+4, K());
check_inside(Point(1.5, 2.5), points, points+4, K());
check_inside(Point(2.5, 0), points, points+4, K());

return 0;
}
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2D Polygons
Reference Manual
Geert-Jan Giezeman and Wieger Wesselink

Assertions

The assertion flags for the polygons and polygon operations usePOLYGON in their names (e.g., CGAL
POLYGONNO ASSERTIONS).

8.3 Classified Reference Pages

Concepts

PolygonTraits2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page724

Classes

CGAL::Polygon2<PolygonTraits2, Container> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page726

Global Functions
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CGAL::area 2

Definition

The functionarea 2 computes the signed area of a polygon.

#include<CGAL/Polygon2 algorithms.h>

template<class ForwardIterator, class Traits>
void area2( ForwardIterator first,

ForwardIterator last,
typename Traits::FT&result,
Traits traits)

Computes the signed area of the polygon defined by the range of pointsfirst . . . last. The area is returned in the
parameterresult. The sign is positive for counterclockwise polygons, negative for clockwise polygons. If the
polygon is not simple, the area is not well defined. The functionality is also available by thepolygonarea 2
function, which returns the area instead of taking it as a parameter.

Requirements

1. Traits is a model of the concept PolygonTraits2. Only the following members of this traits class are used:

• Computearea 2 : Computes the signed area of the oriented triangle defined by 3Point 2 passed as
arguments.

• FT

• computearea 2 object

2. ForwardIterator::value typeshould beTraits::Point 2,

See Also

CGAL::polygonarea 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page732
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CGAL::bbox 2

Definition

#include<CGAL/Polygon2 algorithms.h>

template<class InputIterator, class Traits>
Bbox 2 bbox2( InputIterator first, InputIterator last, Traits traits)

Returns the bounding box of the range[first,last).

Requirements

1. Traits is a model of the concept PolygonTraits2. In fact, only the membersConstructbbox 2 and
constructbbox 2 objectare used.

2. InputIterator::value typeshould beTraits::Point 2,

See Also

CGAL::Polygon2<PolygonTraits2, Container> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page726
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CGAL::bottom vertex 2

Definition

#include<CGAL/Polygon2 algorithms.h>

template<class ForwardIterator, class Traits>
ForwardIterator bottomvertex2( ForwardIterator first, ForwardIterator last, Traits traits)

Returns an iterator to the bottommost point from the
range[first,last). In case of a tie, the point with the small-
estx-coordinate is taken.

Requirements

1. Traits is a model of the concept PolygonTraits2. In fact, only the membersLessyx 2 and lessyx 2
objectare used.

2. ForwardIterator::value typeshould beTraits::Point 2,

See Also
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CGAL::bounded side 2

Definition

The functionboundedside 2 computes if a point lies inside a polygon.

#include<CGAL/Polygon2 algorithms.h>

template<class ForwardIterator, class Traits>
Boundedside boundedside 2( ForwardIterator first,

ForwardIterator last,
Traits::Point 2 point,
Traits traits)

The functionboundedside 2 computes if a point lies inside a polygon. The polygon is defined by the sequence
of points first. . .last. Being inside is defined by the odd-even rule. If we take a ray starting at the point and
extending to infinity (in any direction), we count the number of intersections. If this number is odd, the point is
inside, otherwise it is outside. If the point is on a polygon edge, a special value is returned. A simple polygon
divides the plane in an unbounded and a bounded region. According to the definition points in the bounded
region are inside the polygon.

Requirements

1. Traits is a model of the concept PolygonTraits2. Only the following members of this traits class are used:

• Comparex 2

• Comparey 2

• Orientation 2

• comparex 2 object

• comparey 2 object

• orientation 2 object

2. ForwardIterator::value typeshould beTraits::Point 2,

Implementation

The running time is linear in the number of vertices of the polygon. A horizontal ray is taken to count the
number of intersections. Special care is taken that the result is correct even if there are degeneracies (if the ray
passes through a vertex).

See Also

PolygonTraits2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page724
CGAL::orientedside 2. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page723
CGAL::Polygon2<PolygonTraits2, Container> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page726
CGAL::Boundedside
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CGAL::is convex 2

Definition

The functionis convex2 computes if a polygon is convex.

#include<CGAL/Polygon2 algorithms.h>

template<class ForwardIterator, class Traits>
bool is convex2( ForwardIterator first, ForwardIterator last, Traits traits)

Requirements

1. Traits is a model of the concept PolygonTraits2. Only the following members of this traits class are used:

• Lessxy 2

• Orientation 2

• lessxy 2 object

• orientation 2 object

2. ForwardIterator::value typeshould beTraits::Point 2,

See Also

PolygonTraits2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page724
CGAL::Polygon2<PolygonTraits2, Container> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page726
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CGAL::is simple 2

Definition

The functionis simple2 computes if a polygon is simple, that is, does not self-intersect.

#include<CGAL/Polygon2 algorithms.h>

template<class ForwardIterator, class Traits>
inline bool is simple2( ForwardIterator first, ForwardIterator last, Traits traits)

A polygon is called simple if the edges do not intersect, except consecutive edge in their common vertex. This
function checks if the polygon defined by the rangefirst . . . last is simple.

Requirements

1. Traits is a model of the concept PolygonTraits2. Only the following members of this traits class are used:

• Point 2

• Lessxy 2

• Orientation 2

• lessxy 2

• orientation 2

2. ForwardIterator::value typeshould beTraits::Point 2,

Implementation

The simplicity test is implemented by means of a plane sweep algorithm. The algorithm is quite robust when
used with inexact number types. The running time is O(n log n), where n is the number of vertices of the
polygon.

See Also

PolygonTraits2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page724
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CGAL::left vertex 2

Definition

#include<CGAL/Polygon2 algorithms.h>

template<class ForwardIterator, class Traits>
ForwardIterator left vertex2( ForwardIterator first, ForwardIterator last, Traits traits)

Returns an iterator to the leftmost point from the range
[first,last). In case of a tie, the point with the smallest
y-coordinate is taken.

Requirements

1. Traits is a model of the concept PolygonTraits2. In fact, only the membersLessxy 2 and lessxy 2
objectare used.

2. ForwardIterator::value typeshould beTraits::Point 2,

See Also

CGAL::right vertex2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page733
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CGAL::orientation 2

Definition

The functionorientation 2 computes if a polygon is clockwise or counterclockwise oriented.

#include<CGAL/Polygon2 algorithms.h>

template<class ForwardIterator, class Traits>
Orientation orientation2( ForwardIterator first, ForwardIterator last, Traits traits)

Precondition: is simple2(first, last, traits);

Requirements

1. Traits is a model of the concept PolygonTraits2. Only the following members of this traits class are used:

• Lessxy 2

• lessxy 2 object

• orientation 2 object

2. ForwardIterator::value typeshould beTraits::Point 2,

See Also

PolygonTraits2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page724
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CGAL::Orientation
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CGAL::oriented side 2

Definition

The functionorientedside 2 computes on which side of a polygon a point lies.

#include<CGAL/Polygon2 algorithms.h>

template<class ForwardIterator, class Traits>
Orientedside orientedside 2( ForwardIterator first,

ForwardIterator last,
Traits::Point 2 point,
Traits traits)

Requirements

1. Traits is a model of the concept PolygonTraits2. Only the following members of this traits class are used:

• Lessxy 2

• Comparex 2

• Comparey 2

• Orientation 2

• lessxy 2 object

• comparex 2 object

• comparey 2 object

• orientation 2 object

2. ForwardIterator::value typeshould beTraits::Point 2,

See Also

PolygonTraits2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page724
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PolygonTraits 2

Definition

ThePolygon2 class and the functions that implement the functionality found in that class each are parameter-
ized by a traits class that defines the primitives used in the algorithms. The concept PolygonTraits2 defines this
common set of requirements.

The requirements of PolygonTraits2 are a subset of the kernel requirements. We only list the types and methods
which are required and refer to the description of the kernel concept for details.

Types

PolygonTraits2:: FT

PolygonTraits2:: Point 2 The point type.

PolygonTraits2:: Segment2 The segment type.

PolygonTraits2:: Constructsegment2

PolygonTraits2:: Equal 2

PolygonTraits2:: Lessxy 2

PolygonTraits2:: Lessyx 2

PolygonTraits2:: Comparex 2

PolygonTraits2:: Comparey 2

PolygonTraits2:: Orientation 2

PolygonTraits2:: Computearea 2 Computes the signed area of the oriented triangle defined
by 3Point 2 passed as arguments.

Creation

A default constructor and copy constructor are required.

Operations

The following functions that create instances of the above predicate object types must exist.

Equal 2 traits.equal2 object()
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Lessxy 2 traits.lessxy 2 object()

Lessyx 2 traits.lessyx 2 object()

Comparey 2 traits.comparey 2 object()

Comparex 2 traits.comparex 2 object()

Orientation 2 traits.orientation2 object()

Computearea 2 traits.computearea 2 object()

Constructsegment2 traits.constructsegment2 object()

Has Models

The kernels supplied by CGAL are models of PolygonTraits2.

See Also

CGAL::Polygon2<PolygonTraits2, Container> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page726
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CGAL::Polygon 2<PolygonTraits 2, Container>

Definition

The classPolygon2<PolygonTraits2, Container> implements polygons. ThePolygon2<PolygonTraits2,
Container> is parameterised by a traits class and a container class. The latter can be any class that fulfills the
requirements for an STL container. It defaults to the vector class.

#include<CGAL/Polygon2.h>

Types

Polygon2<PolygonTraits2, Container>:: Traits The traits type.
Polygon2<PolygonTraits2, Container>:: Container

The container type.

typedef Traits::FT FT; The number type, which is thefield typeof the points of
the polygon.

typedef Traits::Point2 Point 2; The point type of the polygon.
typedef Traits::Segment2

Segment2; The type of a segment between two points of the polygon.

The following types denote iterators that allow to traverse the vertices and edges of a polygon. Since it is
questionable whether a polygon should be viewed as a circular or as a linear data structure both circulators
and iterators are defined. The circulators and iterators are non-mutable.1 The iterator category is in all cases
bidirectional, except forVertex iterator, which has the same iterator category asContainer::iterator. N.B.
In fact all of them should have the same iterator category asContainer::iterator. However, due to compiler
problems this is currently not possible.

For vertices we define

Polygon2<PolygonTraits2, Container>:: Vertex iterator
Polygon2<PolygonTraits2, Container>:: Vertex circulator

Their value type isPoint 2.

For edges we define

Polygon2<PolygonTraits2, Container>:: Edge constcirculator
Polygon2<PolygonTraits2, Container>:: Edge const iterator

Their value type isSegment2.

1At least conceptually. The enforcement depends on preprocessor flags.

726



Creation

Polygon2<PolygonTraits2, Container> pgn( Traits ptraits = Traits());

Creates an empty polygonpgn.

template<class InputIterator>
Polygon2<PolygonTraits2, Container> pgn( InputIterator first,

InputIterator last,
Traits p traits = Traits())

Introduces a polygonpgnwith vertices from the sequence
defined by the range[first,last). The value type ofIn-
putIteratormust bePoint 2.

Modifiers

void pgn.set( Vertexiterator pos, Point2 x)

Acts as*pos = x, except that that would be illegal because
the iterator is not mutable.

Vertex iterator pgn.insert( Vertexiterator i, Point 2 q)

Inserts the vertexq beforei. The return value points to
the inserted vertex.
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template<class InputIterator>
void pgn.insert( Vertexiterator i, InputIterator first, InputIterator last)

Inserts the vertices in the range[first, last) beforei. The
value type of points in the range[first,last) must bePoint
2.

void pgn.pushback( Point2 q)

Has the same semantics asp.insert(p.verticesend(), q).

void pgn.erase( Vertexiterator i)

Erases the vertex pointed to byi.

void pgn.erase( Vertexiterator first, Vertexiterator last)

Erases the vertices in the range[first, last).

void pgn.clear() Erases all vertices.

void pgn.reverseorientation()

Reverses the orientation of the polygon. The vertex
pointed to byp.verticesbegin()remains the same.

Access Functions

The following methods of the class return circulators and iterators that allow to traverse the vertices and edges.

Vertex iterator pgn.verticesbegin() Returns a constant iterator that allows to traverse the ver-
tices of the polygonp.

Vertex iterator pgn.verticesend() Returns the corresponding past-the-end iterator.

Vertexcirculator pgn.verticescirculator()

Returns a mutable circulator that allows to traverse the
vertices of the polygonp.

Edgeconst iterator pgn.edgesbegin() Returns a non-mutable iterator that allows to traverse the
edges of the polygonp.

Edgeconst iterator pgn.edgesend() Returns the corresponding past-the-end iterator.

Edgeconstcirculator pgn.edgescirculator()

Returns a non-mutable circulator that allows to traverse
the edges of the polygonp.
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Predicates

bool pgn.issimple() Returns whetherp is a simple polygon.

bool pgn.isconvex() Returns whetherp is convex.

Orientation pgn.orientation() Returns the orientation ofpgn. If the number of vertices
p.size() < 3 thenCOLLINEARis returned.
Precondition: p.is simple().

Orientedside pgn.orientedside( Point2 q)

ReturnsPOSITIVESIDE, or NEGATIVESIDE, or ON
ORIENTEDBOUNDARY, depending on where pointq
is.
Precondition: p.is simple().

Boundedside pgn.boundedside( Point2 q)

Returns the symbolic constantON BOUNDED SIDE,
ON BOUNDARYor ON UNBOUNDEDSIDE, depend-
ing on where pointq is.
Precondition: p.is simple().

Bbox 2 pgn.bbox() Returns the smallest bounding box containingpgn.

Traits::FT pgn.area() Returns the signed area of the polygonpgn. This means
that the area is positive for counter clockwise polygons
and negative for clockwise polygons.

Vertex iterator pgn.leftvertex() Returns the leftmost vertex of the polygonp with the
smallesty-coordinate.

Vertex iterator pgn.right vertex() Returns the rightmost vertex of the polygonp with the
largesty-coordinate.

Vertex iterator pgn.topvertex() Returns topmost vertex of the polygonp with the largest
x-coordinate.

Vertex iterator pgn.bottomvertex() Returns the bottommost vertex of the polygonp with the
smallestx-coordinate.

For convenience we provide the following boolean functions:

bool pgn.iscounterclockwiseoriented()
bool pgn.isclockwiseoriented()

bool pgn.iscollinear oriented()
bool pgn.hason positiveside( Point2 q)
bool pgn.hason negativeside( Point2 q)
bool pgn.hason boundary( Point2 q)
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bool pgn.hason boundedside( Point2 q)
bool pgn.hason unboundedside( Point2 q)

Random access methods

These methods are only available for random access containers.

Point 2 pgn.vertex( int i) Returns a (const) reference to thei-th vertex.

Point 2 pgn[ int i] Returns a (const) reference to thei-th vertex.

Segment2 pgn.edge( int i) Returns a const reference to thei-th edge.

Miscellaneous

int pgn.size() Returns the number of vertices of the polygonpgn.

bool pgn.isempty() Returnsp.size() == 0.

Container pgn.container() Returns a const reference to the sequence of vertices of the polygonpgn.

Globally defined operators

template<class Traits, class Container1, class Container2>

bool Polygon2<Traits,Container1> p1== Polygon2<Traits,Container2> p2

Test for equality: two polygons are equal iff there exists a cyclic per-
mutation of the vertices ofp2 such that they are equal to the vertices
of p1. Note that the template argumentContainerof p1 andp2 may be
different.

template<class Traits, class Container1, class Container2>

bool Polygon2<Traits,Container1> p1 ! = Polygon2<Traits,Container2> p2

Test for inequality.

template<class Transformation, class Traits, class Container>

Polygon2<Traits,Container>

transform( Transformation t, Polygon2<Traits,Container> p)

Returns the image of the polygonp under the transformationt.
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Implementation

The methodsis simple, is convex, orientation, orientedside, boundedside, bbox, area, left vertex, right
vertex, top vertexand bottomvertexare all implemented using the algorithms on sequences of 2D points.
See the corresponding global functions for information about which algorithms were used and what complexity
they have.

Example

The following code fragment creates a polygon and checks if it is convex.

// file: examples/Polygon/Polygon.C

#include <CGAL/Cartesian.h>
#include <CGAL/Polygon_2.h>
#include <iostream>

typedef CGAL::Cartesian<double> K;
typedef K::Point_2 Point;
typedef CGAL::Polygon_2<K> Polygon;
using std::cout; using std::endl;

int main()
{

Point points[] = { Point(0,0), Point(5.1,0), Point(1,1), Point(0.5,6)};
Polygon pgn(points, points+4);

// check if the polygon is simple.
cout << "The polygon is " <<

(pgn.is_simple() ? "" : "not ") << "simple." << endl;

// check if the polygon is convex
cout << "The polygon is " <<

(pgn.is_convex() ? "" : "not ") << "convex." << endl;

return 0;
}
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CGAL::polygon area 2

Definition

The functionpolygonarea 2 computes the signed area of a polygon.

#include<CGAL/Polygon2 algorithms.h>

template<class ForwardIterator, class Traits>
typename Traits::FT polygonarea 2( ForwardIterator first, ForwardIterator last, Traits traits)

Computes the signed area of the polygon defined by the range of pointsfirst . . . last. The sign is positive for
counterclockwise polygons, negative for clockwise polygons. If the polygon is not simple, the area is not well
defined.

Requirements

1. Traits is a model of the concept PolygonTraits2. Only the following members of this traits class are used:

• Computearea 2 : Computes the signed area of the oriented triangle defined by 3Point 2 passed as
arguments.

• FT

• computearea 2 object

2. ForwardIterator::value typeshould beTraits::Point 2,

See Also

PolygonTraits2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page724
CGAL::orientation2. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page722
CGAL::Polygon2<PolygonTraits2, Container> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page726
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CGAL::right vertex 2

Definition

#include<CGAL/Polygon2 algorithms.h>

template<class ForwardIterator, class Traits>
ForwardIterator right vertex2( ForwardIterator first, ForwardIterator last, Traits traits)

Returns an iterator to the rightmost point from the range
[first,last). In case of a tie, the point with the largesty-
coordinate is taken.

Requirements

1. Traits is a model of the concept PolygonTraits2. In fact, only the membersLessxy 2 and lessxy 2
objectare used.

2. ForwardIterator::value typeshould beTraits::Point 2,

See Also
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CGAL::top vertex 2

Definition

#include<CGAL/Polygon2 algorithms.h>

template<class ForwardIterator, class Traits>
ForwardIterator topvertex2( ForwardIterator first, ForwardIterator last, Traits traits)

Returns an iterator to the topmost point from the range
[first,last). In case of a tie, the point with the largestx-
coordinate is taken.

Requirements

1. Traits is a model of the concept PolygonTraits2. In fact, only the membersLessyx 2 and lessyx 2
objectare used.

2. ForwardIterator::value typeshould beTraits::Point 2,

See Also
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Chapter 9

2D Polygon Partitioning
Susan Hert
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9.1 Introduction

A partition of a polygonP is a set of polygons such that the interiors of the polygons do not intersect and the
union of the polygons is equal to the interior of the original polygonP. This chapter describes functions for
partitioning planar polygons into two types of subpolygons —y-monotone polygons and convex polygons. The
partitions are produced without introducing new (Steiner) vertices.

All the partitioning functions present the same interface to the user. That is, the user provides a pair of input
iterators,first and beyond, an output iteratorresult, and a traits classtraits. The points in the range [first,
beyond) are assumed to define a simple polygon whose vertices are in counterclockwise order. The computed
partition polygons, whose vertices are also oriented counterclockwise, are written to the sequence starting at
position result and the past-the-end interator for the resulting sequence of polygons is returned. The traits
classes for the functions specify the types of the input points and output polygons as well as a few other types
and function objects that are required by the various algorithms.

9.2 Monotone Partitioning

A y-monotone polygonis a polygon whose verticesv1, . . . ,vn can be divided into two chainsv1, . . . ,vk and
vk, . . . ,vn,v1, such that any horizontal line intersects either chain at most once. For producing ay-monotone
partition of a given polygon, the sweep-line algorithm presented in [dBvKOS97] is implemented by the function
y monotonepartition 2. This algorithm runs inO(nlogn) time and requiresO(n) space. This algorithm does
not guarantee a bound on the number of polygons produced with respect to the opitmal number.

For checking the validity of the partitions produced byy monotonepartition 2, we provide a functionis y
monotone2, which determines if a sequence of points in 2D defines ay-monotone polygon or not. For examples
of the use of these functions, see the corresponding reference pages.
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Figure 9.1: Examples of an optimal convex partition (left) and an approximately optimal convex partition (right).

9.3 Convex Partitioning

Three functions are provided for producing convex partitions of polygons. One produces a partition that is
optimal in the number of pieces. The other two functions produce approximately optimal convex partitions.
Both these functions produce convex decompositions by first decomposing the polygon into simpler polygons;
the first uses a triangulation and the second a monotone partition. These two functions both guarantee that
they will produce no more than four times the optimal number of convex pieces but they differ in their runtime
complexities. Though the triangulation-based approximation algorithm often results in fewer convex pieces,
this is not always the case.

An optimal convex partition can be produced using the functionoptimal convexpartition 2. This function
provides an implementation of Greene’s dynamic programming algorithm for optimal partitioning [Gre83].
This algorithm requiresO(n4) time andO(n3) space in the worst case.

The function approx convexpartition 2 implements the simple approximation algorithm of Hertel and
Mehlhorn [HM83] that produces a convex partitioning of a polygon from a triangulation by throwing out un-
necessary triangulation edges. The triangulation used in this function is one produced by the 2-dimensional
constrained triangulation package of CGAL. For a given triangulation, this convex partitioning algorithm re-
quiresO(n) time and space to construct a decomposition into no more than four times the optimal number of
convex pieces.

The sweep-line approximation algorithm of Greene [Gre83], which, given a monotone partition of a poly-
gon, produces a convex partition inO(nlogn) time andO(n) space, is implemented by the functiongreene
approx convexpartition 2. The functiony monotonepartition 2 described in Section9.2 is used to produce
the monotone partition. This algorithm provides the same worst-case approximation guarantee as the algorithm
of Hertel and Mehlhorn implemented withapprox convexpartition 2 but can sometimes produce better results
(i.e., convex partitions with fewer pieces).

Examples of the uses of all of these functions are provided with the corresponding reference pages.
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2D Polygon Partitioning
Reference Manual
Susan Hert

A partition of a polygon is a set of polygons such that the interiors of the polygons do not intersect and the
union of the polygons is equal to the interior of the original polygon. Functions are available for partitioning
planar polygons into two types of subpolygons —y-monotone polygons and convex polygons.

The function that produces ay-monotone partitioning is based on the algorithm presented in [dBvKOS97] which
requiresO(nlogn) time andO(n) space for a polygon withn vertices and guarantees nothing about the number
of polygons produced with respect to the optimal number. Three functions are provided for producing convex
partitionings. Two of these functions produce approximately optimal partitions and one results in an optimal
partition, where “optimal” is defined in terms of the number of partition polygons. The two functions that im-
plement approximation algorithms are guaranteed to produce no more than four times the optimal number of
convex pieces. The optimal partitioning function provides an implementation of Greene’s dynamic program-
ming algorithm [Gre83], which requiresO(n4) time andO(n3) space to produce a convex partitioning. One
of the approximation algorithms is also due to Greene [Gre83] and requiresO(nlogn) time andO(n) space to
produce a convex partitioning given ay-monotone partitioning. The other approximation algorithm is a result
of Hertel and Mehlhorn [HM83], which requiresO(n) time and space to produce a convex partitioning from a
triangulation of a polygon. Each of the partitioning functions uses a traits class to supply the primitive types
and predicates used by the algorithms.

Assertions

The assertion flags for this package usePARTITION in their names (e.g., CGAL PARTITIONNO
POSTCONDITIONS). The precondition checks for the planar polygon partitioning functions are: counterclock-
wise ordering of the input vertices and simplicity of the polygon these vertices represent. The postcondition
checks are: simplicity, counterclockwise orientation, and convexity (ory-monotonicity) of the partition poly-
gons and validity of the partition (i.e., the partition polygons are nonoverlapping and the union of these polygons
is the same as the original polygon) .

9.4 Classified Reference Pages

Concepts

ConvexPartitionIsValidTraits2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page745
IsYMonotoneTraits2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page752
OptimalConvexPartitionTraits2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page759

737



PartitionTraits2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page765
PartitionIsValidTraits2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page763
YMonotonePartitionIsValidTraits2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page777
YMonotonePartitionTraits2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page778

Function Object Concepts

PolygonIsValid . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page771

Classes

CGAL::Partition is valid traits 2<Traits, PolygonIsValid> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page767
CGAL::Partition traits 2<R> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page769

Function Object Classes

CGAL::Is convex2<Traits> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page753
CGAL::Is vacuouslyvalid<Traits> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page754
CGAL::Is y monotone2<Traits> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page755

Functions

CGAL::approxconvexpartition 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page740
CGAL::convexpartition is valid 2. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page743
CGAL::greeneapprox convexpartition 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page746
CGAL::is y monotone2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page749
CGAL::optimal convexpartition 2. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page756
CGAL::partition is valid 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page761
CGAL::y monotonepartition 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page772
CGAL::y monotonepartition is valid 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page775

9.5 Alphabetical List of Reference Pages

approx convexpartition 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page740
ConvexPartitionIsValidTraits2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page745
convexpartition is valid 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page743
greeneapprox convexpartition 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page746
IsYMonotoneTraits2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page752
Is convex2<Traits> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page753
Is vacuouslyvalid<Traits> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page754

738



Is y monotone2<Traits> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page755
is y monotone2. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page749
OptimalConvexPartitionTraits2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page759
optimal convexpartition 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page756
PartitionIsValidTraits2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page763
PartitionTraits 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page765
partition is valid 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page761
Partition is valid traits 2<Traits, PolygonIsValid> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page767
Partition traits 2<R> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page769
PolygonIsValid. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page771
YMonotonePartitionIsValidTraits2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page777
YMonotonePartitionTraits2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page778
y monotonepartition 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page772
y monotonepartition is valid 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page775

739



F
un

ct
io

n

CGAL::approx convex partition 2

Definition

Function that produces a set of convex polygons that represent a partitioning of a polygon defined on a sequence
of points. The number of convex polygons produced is no more than four times the minimal number.

#include<CGAL/partition 2.h>

template<class InputIterator, class OutputIterator, class Traits>
OutputIterator approxconvexpartition 2( InputIterator first,

InputIterator beyond,
OutputIterator result,
Traits traits = Default traits)

computes a partition of the polygon defined by the points
in the range [first, beyond) into convex polygons. The
counterclockwise-oriented partition polygons are written
to the sequence starting at positionresult. The past-the-
end iterator for the resulting sequence of polygons is re-
turned.
Precondition: The points in the range [first, beyond) de-
fine a simple counterclockwise-oriented polygon.

Requirements

1. Traits is a model of the concept PartitionTraits2 and, for the purposes of checking the postcondition that
the partition produced is valid, it should also be a model of the concept ConvexPartitionIsValidTraits2.

2. OutputIterator::valuetypeshould beTraits::Polygon2.

3. InputIterator::value typeshould beTraits::Point 2, which should also be the type of the points stored in
an object of typeTraits::Polygon2.

4. Points in the range[ f irst,beyond) must define a simple polygon whose vertices are oriented counter-
clockwise.

The default traits classDefault traits is Partition traits 2, with the representation type determined by
InputIterator1::valuetype.

See Also

CGAL::convexpartition is valid 2. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page743
CGAL::greeneapprox convexpartition 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page746
CGAL::optimal convexpartition 2. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page756
CGAL::partition is valid 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page761
CGAL::Partition is valid traits 2<Traits, PolygonIsValid> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page767
CGAL::y monotonepartition 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page772
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Implementation

This function implements the algorithm of Hertel and Mehlhorn [HM83] and is based on the class
CGAL::Constrainedtriangulation 2. Given a triangulation of the polygon, the function requiresO(n) time
and space for a polygon withn vertices.

Example

The following program computes an approximately optimal convex partitioning of a polygon using the default
traits class and stores the partition polygons in the listpartition polys.

// file: examples/Partition_2/approx_convex_partition.C

#include <CGAL/basic.h>
#include <CGAL/Exact_predicates_inexact_constructions_kernel.h>
#include <CGAL/Partition_traits_2.h>
#include <CGAL/partition_2.h>
#include <CGAL/point_generators_2.h>
#include <CGAL/random_polygon_2.h>
#include <cassert>
#include <list>

typedef CGAL::Exact_predicates_inexact_constructions_kernel K;
typedef CGAL::Partition_traits_2<K> Traits;
typedef Traits::Point_2 Point_2;
typedef Traits::Polygon_2 Polygon_2;
typedef Polygon_2::Vertex_iterator Vertex_iterator;
typedef std::list<Polygon_2> Polygon_list;
typedef CGAL::Creator_uniform_2<int, Point_2> Creator;
typedef CGAL::Random_points_in_square_2<Point_2, Creator> Point_generator;

void make_polygon(Polygon_2& polygon)
{

polygon.push_back(Point_2(391, 374));
polygon.push_back(Point_2(240, 431));
polygon.push_back(Point_2(252, 340));
polygon.push_back(Point_2(374, 320));
polygon.push_back(Point_2(289, 214));
polygon.push_back(Point_2(134, 390));
polygon.push_back(Point_2( 68, 186));
polygon.push_back(Point_2(154, 259));
polygon.push_back(Point_2(161, 107));
polygon.push_back(Point_2(435, 108));
polygon.push_back(Point_2(208, 148));
polygon.push_back(Point_2(295, 160));
polygon.push_back(Point_2(421, 212));
polygon.push_back(Point_2(441, 303));

}

int main()
{
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Polygon_2 polygon;
Polygon_list partition_polys;

/*
CGAL::random_polygon_2(50, std::back_inserter(polygon),

Point_generator(100));
*/

make_polygon(polygon);
CGAL::approx_convex_partition_2(polygon.vertices_begin(),

polygon.vertices_end(),
std::back_inserter(partition_polys));

assert(CGAL::convex_partition_is_valid_2(polygon.vertices_begin(),
polygon.vertices_end(),
partition_polys.begin(),
partition_polys.end()));

return 0;
}
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CGAL::convex partition is valid 2

Definition

Function that determines if a given set of polygons represents a valid convex partitioning for a given sequence
of points that represent a simple, counterclockwise-oriented polygon. A convex partition is valid if the polygons
do not overlap, the union of the polygons is the same as the original polygon given by the sequence of points,
and if each partition polygon is convex.

#include<CGAL/partition is valid 2.h>

template<class InputIterator, class ForwardIterator, class Traits>
bool convexpartition is valid 2( InputIterator pointfirst,

InputIterator pointbeyond,
ForwardIterator poly first,
ForwardIterator polybeyond,
Traits traits = Default traits)

determines if the polygons in the range [poly first, poly
beyond) define a valid convex partition of the polygon de-
fined by the points in the range [point first, point beyond).
The function returnstrue iff the partition is valid and other-
wise returnsfalse.
Precondition: The points in the range [point first, point
beyond) define a simple, counterclockwise-oriented polygon.

Requirements

1. Traits is a model of the concept ConvexPartitionIsValidTraits2.

2. InputIterator::value typeshould beTraits::Point 2, which should also be the type of the points stored in
an object of typeTraits::Polygon2.

3. ForwardIterator::value typeshould beTraits::Polygon2.

The default traits classDefault traits is Partition traits 2, with the representation type determined by
InputIterator::value type.

See Also

CGAL::approxconvexpartition 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page740
CGAL::greeneapprox convexpartition 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page746
CGAL::optimal convexpartition 2. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page756
CGAL::partition is valid 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page761
CGAL::is convex2
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Implementation

This function callspartition is valid 2 using the function objectIs convex2 to determine the convexity of each
partition polygon. Thus the time required by this function isO(nlogn+eloge) wheren is the total number of
vertices in the partition polgons ande the total number of edges.

Example

See the example presented with the functionapprox convexpartition 2 for an illustration of the use of this
function.

advanced
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ConvexPartitionIsValidTraits 2

Definition

Requirements of a traits class used byconvexpartition is valid 2 for testing the validity of a convex partition
of a polygon.

Types

All types required by the concept PartitionIsValidTraits2 are required except the function object typeIs valid.
The following type is required instead:

ConvexPartitionIsValidTraits2:: Is convex2 Model of the concept PolygonIsValid that tests if a sequence
of points is convex or not.

Creation

Only a copy constructor is required.

ConvexPartitionIsValidTraits2 traits(& tr);

Operations

The following function that creates an instance of the above predicate object type must exist instead of the
function is valid objectrequired by PartitionIsValidTraits2.

Is convex2 traits.is convex2 object( t)

Has Models

CGAL::Partition traits 2<R> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page769

See Also

CGAL::approxconvexpartition 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page740
CGAL::greeneapprox convexpartition 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page746
CGAL::Is convex2<Traits> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page753
CGAL::optimal convexpartition 2. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page756
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CGAL::greene approx convex partition 2

Definition

Function that produces a set of convex polygons that represent a partitioning of a polygon defined on a sequence
of points. The number of convex polygons produced is no more than four times the minimal number.

#include<CGAL/partition 2.h>

template<class InputIterator, class OutputIterator, class Traits>
OutputIterator greeneapprox convexpartition 2( InputIterator first,

InputIterator beyond,
OutputIterator result,
Traits traits = Default traits)

computes a partition of the polygon defined by the points
in the range [first, beyond) into convex polygons. The
counterclockwise-oriented partition polygons are written to
the sequence starting at positionresult. The past-the-end it-
erator for the resulting sequence of polygons is returned.
Precondition: The points in the range [first, beyond) define a
simple, counterclockwise-oriented polygon.

Requirements

1. Traits is a model of the conceptsPartitionTraits 2 and YMonotonePartitionTraits2. For the pur-
pose of checking the validity of they-monotone partition produced as a preprocessing step for the
convex partitioning, it must also be a model ofYMonotonePartitionIsValidTraits2. For the pur-
pose of checking the postcondition that the convex partition is valid,Traits must also be a model of
ConvexPartitionIsValidTraits2.

2. OutputIterator::valuetypeis equivalent toTraits::Polygon2.

3. InputIterator::value typeis equivalent toTraits::Point 2, which should also be equivalent to the type of
the points stored in an object of typeTraits::Polygon2.

The default traits classDefault traits is Partition traits 2, with the representation type determined by
InputIterator::value type.

See Also

CGAL::approxconvexpartition 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page740
CGAL::convexpartition is valid 2. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page743
CGAL::optimal convexpartition 2. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page756
CGAL::partition is valid 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page761
CGAL::y monotonepartition 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page772
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Implementation

This function implements the approximation algorithm of Greene [Gre83] and requiresO(nlogn) time and
O(n) space to produce a convex partitioning given ay-monotone partitioning of a polygon withn vertices. The
functiony monotonepartition 2 is used to produce the monotone partition.

Example

The following program computes an approximately optimal convex partitioning of a polygon using the default
traits class and stores the partition polygons in the listpartition polys.

// file: examples/Partition_2/greene_approx_convex_partition_2.C

#include <CGAL/basic.h>
#include <CGAL/Exact_predicates_inexact_constructions_kernel.h>
#include <CGAL/Partition_traits_2.h>
#include <CGAL/partition_2.h>
#include <CGAL/point_generators_2.h>
#include <CGAL/random_polygon_2.h>
#include <cassert>
#include <list>

typedef CGAL::Exact_predicates_inexact_constructions_kernel K;
typedef CGAL::Partition_traits_2<K> Traits;
typedef Traits::Point_2 Point_2;
typedef Traits::Polygon_2 Polygon_2;
typedef Polygon_2::Vertex_iterator Vertex_iterator;
typedef std::list<Polygon_2> Polygon_list;
typedef CGAL::Creator_uniform_2<int, Point_2> Creator;
typedef CGAL::Random_points_in_square_2< Point_2, Creator > Point_generator;

void make_polygon(Polygon_2& polygon)
{

polygon.push_back(Point_2(391, 374));
polygon.push_back(Point_2(240, 431));
polygon.push_back(Point_2(252, 340));
polygon.push_back(Point_2(374, 320));
polygon.push_back(Point_2(289, 214));
polygon.push_back(Point_2(134, 390));
polygon.push_back(Point_2( 68, 186));
polygon.push_back(Point_2(154, 259));
polygon.push_back(Point_2(161, 107));
polygon.push_back(Point_2(435, 108));
polygon.push_back(Point_2(208, 148));
polygon.push_back(Point_2(295, 160));
polygon.push_back(Point_2(421, 212));
polygon.push_back(Point_2(441, 303));

}

int main()
{

Polygon_2 polygon;
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Polygon_list partition_polys;
Traits partition_traits;

/*
CGAL::random_polygon_2(50, std::back_inserter(polygon),

Point_generator(100));
*/

make_polygon(polygon);
CGAL::greene_approx_convex_partition_2(polygon.vertices_begin(),

polygon.vertices_end(),
std::back_inserter(partition_polys),
partition_traits);

assert(CGAL::convex_partition_is_valid_2(polygon.vertices_begin(),
polygon.vertices_end(),
partition_polys.begin(),
partition_polys.end(),
partition_traits));

return 0;
}
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CGAL::is y monotone 2

Definition

Function for testing they-monotonicity of a sequence of points.

#include<CGAL/is y monotone2.h>

template<class InputIterator, class Traits>
bool is y monotone2( InputIterator first, InputIterator beyond, Traits traits)

Determines if the sequence of points in the range [first, be-
yond) define ay-monotone polygon or not. If so, the function
returnstrue, otherwise it returnsfalse.

Requirements

1. Traits is a model of the concept IsYMonotoneTraits2.

2. InputIterator::value typeshould beTraits::Point 2.

The default traits classDefault traits is the kernel in which the typeInputIterator::value typeis defined.

See Also

CGAL::Is y monotone2<Traits> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page755
CGAL::y monotonepartition 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page772
CGAL::y monotonepartition is valid 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page775

Implementation

This function requiresO(n) time for a polygon withn vertices.

Example

The following program computes ay-monotone partitioning of a polygon using the default traits class and
stores the partition polygons in the listpartition polys. It then asserts that each of the partition polygons is, in
fact, ay-monotone polygon and that the partition is valid. (Note that the assertions are superfluous unless the
postcondition checking done byy monotonepartition 2 has been turned off during compilation.)

// file: examples/Partition_2/y_monotone_partition_2.C

#include <CGAL/basic.h>
#include <CGAL/Exact_predicates_inexact_constructions_kernel.h>
#include <CGAL/Partition_traits_2.h>
#include <CGAL/partition_2.h>
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#include <CGAL/point_generators_2.h>
#include <CGAL/random_polygon_2.h>
#include <cassert>
#include <list>

typedef CGAL::Exact_predicates_inexact_constructions_kernel K;
typedef CGAL::Partition_traits_2<K> Traits;
typedef Traits::Point_2 Point_2;
typedef Traits::Polygon_2 Polygon_2;
typedef std::list<Polygon_2> Polygon_list;
typedef CGAL::Creator_uniform_2<int, Point_2> Creator;
typedef CGAL::Random_points_in_square_2<Point_2, Creator> Point_generator;

void make_polygon(Polygon_2& polygon)
{

polygon.push_back(Point_2(391, 374));
polygon.push_back(Point_2(240, 431));
polygon.push_back(Point_2(252, 340));
polygon.push_back(Point_2(374, 320));
polygon.push_back(Point_2(289, 214));
polygon.push_back(Point_2(134, 390));
polygon.push_back(Point_2( 68, 186));
polygon.push_back(Point_2(154, 259));
polygon.push_back(Point_2(161, 107));
polygon.push_back(Point_2(435, 108));
polygon.push_back(Point_2(208, 148));
polygon.push_back(Point_2(295, 160));
polygon.push_back(Point_2(421, 212));
polygon.push_back(Point_2(441, 303));

}

int main( )
{

Polygon_2 polygon;
Polygon_list partition_polys;

/*
CGAL::random_polygon_2(50, std::back_inserter(polygon),

Point_generator(100));
*/

make_polygon(polygon);
CGAL::y_monotone_partition_2(polygon.vertices_begin(),

polygon.vertices_end(),
std::back_inserter(partition_polys));

std::list<Polygon_2>::const_iterator poly_it;
for (poly_it = partition_polys.begin(); poly_it != partition_polys.end();

poly_it++)
{

assert(CGAL::is_y_monotone_2((*poly_it).vertices_begin(),
(*poly_it).vertices_end()));

}
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assert(CGAL::partition_is_valid_2(polygon.vertices_begin(),
polygon.vertices_end(),
partition_polys.begin(),
partition_polys.end()));

return 0;
}
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IsYMonotoneTraits 2

Definition

Requirements of a traits class to be used with the functionis y monotone2 that tests whether a sequence of 2D
points defines ay-monotone polygon or not.

Types

The following two types are required:

IsYMonotoneTraits2:: Point 2 The point type of the polygon vertices.

IsYMonotoneTraits2:: Lessyx 2 Predicate object type that comparesPoint 2s lexicographi-
cally. Must providebool operator()(Point2 p, Point 2 q)
where true is returned iff p <xy q. We havep <xy q, iff
px < qx or px = qx and py < qy, wherepx and py denotex
andy coordinate of pointp resp.

Creation

Only a copy constructor is required.

IsYMonotoneTraits2 traits(& tr);

Operations

The following function that creates an instance of the above predicate object type must exist:

Lessyx 2 traits.lessyx 2 object()

Has Models

CGAL::Partition traits 2<R> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page769
CGAL::Kernel traits 2

See Also

CGAL::Is y monotone2<Traits> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page755
CGAL::y monotonepartition 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page772
CGAL::y monotonepartition is valid 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page775
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CGAL::Is convex 2<Traits>

Definition

Function object class for testing if a sequence of points represents a convex polygon or not.

#include<CGAL/polygonfunction objects.h>

Is Model for the Concepts

PolygonIsValid . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page771

Creation

Is convex2<Traits> f ( Traits t); Traitssatisfies the requriements of the functionis convex2

Operations

template<class InputIterator>
bool f ( InputIterator first, InputIterator beyond)

returnstrue iff the points of typeTriats::Point 2 in the range
[first,beyond) define a convex polygon.

See Also

CGAL::convexpartition is valid 2. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page743
CGAL::Partition is valid traits 2<Traits, PolygonIsValid> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page767

Implementation

This test requiresO(n) time for a polygon withn vertices.
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CGAL::Is vacuously valid<Traits>

Definition

Function object class that indicates all sequences of points are valid.

#include<CGAL/polygonfunction objects.h>

Is Model for the Concepts

PolygonIsValid . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page771

Creation

Is vacuouslyvalid<Traits> f ( Traits t);

Operations

template<class InputIterator>
bool f ( InputIterator first, InputIterator beyond) returnstrue.

See Also

CGAL::partition is valid 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page761
CGAL::Partition is valid traits 2<Traits, PolygonIsValid> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page767

Implementation

This test requiresO(1) time.
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CGAL::Is y monotone 2<Traits>

Definition

Function object class that tests whether a sequence of points represents ay-monotone polygon or not.

#include<CGAL/polygonfunction objects.h>

Is Model for the Concepts

PolygonIsValid . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page771

Creation

Is y monotone2<Traits> f ( Traits t); Traits is a model of the concept IsYMonotoneTraits2

Operations

template<class InputIterator>
bool f ( InputIterator first, InputIterator beyond)

returnstrue iff the points of typeTraits::Point 2 in the range
[first,beyond) define ay-monotone polygon.

See Also

CGAL::convexpartition is valid 2. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page743
CGAL::Partition is valid traits 2<Traits, PolygonIsValid> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page767

Implementation

This test requiresO(n) time for a polygon withn vertices.

755



F
un

ct
io

n

CGAL::optimal convex partition 2

Function that produces a set of convex polygons that represent a partitioning of a polygon defined on a sequence
of points. The number of convex polygons produced is minimal.

#include<CGAL/partition 2.h>

template<class InputIterator, class OutputIterator, class Traits>
OutputIterator optimalconvexpartition 2( InputIterator first,

InputIterator beyond,
OutputIterator result,
Traits traits = Default traits)

computes a partition of the polygon defined by the points
in the range [first, beyond) into convex polygons. The
counterclockwise-oriented partition polygons are written to
the sequence starting at positionresult. The past-the-end it-
erator for the resulting sequence of polygons is returned.
Precondition: The points in the range [first, beyond) define a
simple, counterclockwise-oriented polygon.

Requirements

1. Traits is a model of the concept OptimalConvexPartitionTraits2. For the purposes of checking the post-
condition that the partition is valid,Traits should also be a model of ConvexPartitionIsValidTraits2.

2. OutputIterator::valuetypeshould beTraits::Polygon2.

3. InputIterator::value typeshould beTraits::Point 2, which should also be the type of the points stored in
an object of typeTraits::Polygon2.

The default traits classDefault traits is Partition traits 2, with the representation type determined by
InputIterator::value type.

See Also

CGAL::approxconvexpartition 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page740
CGAL::convexpartition is valid 2. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page743
CGAL::greeneapprox convexpartition 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page746
CGAL::partition is valid 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page761
CGAL::Partition is valid traits 2<Traits, PolygonIsValid> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page767

Implementation

This function implements the dynamic programming algorithm of Greene [Gre83], which requiresO(n4) time
andO(n3) space to produce a partitioning of a polygon withn vertices.
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Example

The following program computes an optimal convex partitioning of a polygon using the default traits class and
stores the partition polygons in the listpartition polys. It then asserts that the partition produced is valid. The
traits class used for testing the validity is derived from the traits class used to produce the partition with the
function object classCGAL::Is convex2 used to define the requiredIs valid type. (Note that this assertion is
superfluous unless the postcondition checking foroptimal convexpartition 2 has been turned off.)

// file: examples/Partition_2/optimal_convex_partition_2.C

#include <CGAL/basic.h>
#include <CGAL/Exact_predicates_inexact_constructions_kernel.h>
#include <CGAL/Partition_traits_2.h>
#include <CGAL/Partition_is_valid_traits_2.h>
#include <CGAL/polygon_function_objects.h>
#include <CGAL/partition_2.h>
#include <CGAL/point_generators_2.h>
#include <CGAL/random_polygon_2.h>
#include <cassert>
#include <list>

typedef CGAL::Exact_predicates_inexact_constructions_kernel K;
typedef CGAL::Partition_traits_2<K> Traits;
typedef CGAL::Is_convex_2<Traits> Is_convex_2;
typedef Traits::Polygon_2 Polygon_2;
typedef Traits::Point_2 Point_2;
typedef Polygon_2::Vertex_const_iterator Vertex_iterator;
typedef std::list<Polygon_2> Polygon_list;
typedef CGAL::Partition_is_valid_traits_2<Traits, Is_convex_2>

Validity_traits;
typedef CGAL::Creator_uniform_2<int, Point_2> Creator;
typedef CGAL::Random_points_in_square_2<Point_2, Creator> Point_generator;

void make_polygon(Polygon_2& polygon)
{

polygon.push_back(Point_2(391, 374));
polygon.push_back(Point_2(240, 431));
polygon.push_back(Point_2(252, 340));
polygon.push_back(Point_2(374, 320));
polygon.push_back(Point_2(289, 214));
polygon.push_back(Point_2(134, 390));
polygon.push_back(Point_2( 68, 186));
polygon.push_back(Point_2(154, 259));
polygon.push_back(Point_2(161, 107));
polygon.push_back(Point_2(435, 108));
polygon.push_back(Point_2(208, 148));
polygon.push_back(Point_2(295, 160));
polygon.push_back(Point_2(421, 212));
polygon.push_back(Point_2(441, 303));

}

int main()
{
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Polygon_2 polygon;
Polygon_list partition_polys;
Traits partition_traits;
Validity_traits validity_traits;

/*
CGAL::random_polygon_2(50, std::back_inserter(polygon),

Point_generator(100));
*/

make_polygon(polygon);
CGAL::optimal_convex_partition_2(polygon.vertices_begin(),

polygon.vertices_end(),
std::back_inserter(partition_polys),
partition_traits);

assert(CGAL::partition_is_valid_2(polygon.vertices_begin(),
polygon.vertices_end(),
partition_polys.begin(),
partition_polys.end(),
validity_traits));

return 0;
}
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OptimalConvexPartitionTraits 2

Definition

Requirements of a traits class to be used with the functionoptimal convexpartition 2 that computes an optimal
convex partition of a polygon.

Generalizes

PartitionTraits2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page765

Types

In addition to the types listed with the concept PartitionTraits2, the following types are required:

OptimalConvexPartitionTraits2:: Segment2 A segment type

OptimalConvexPartitionTraits2:: Ray 2 A ray type

OptimalConvexPartitionTraits2:: Object 2 A general object type that can be either a point or a segment

OptimalConvexPartitionTraits2:: Constructsegment2

Function object type that provides Segment2
operator()(Point2 p, Point 2 q), which constructs and
returns the segment defined by the pointsp andq.

OptimalConvexPartitionTraits2:: Construct ray 2

Function object type that providesRay 2 operator()(Point2
p, Point 2 q), which constructs and returns the ray from point
p through pointq.

OptimalConvexPartitionTraits2:: Collinear are orderedalong line 2

Predicate object type that determines orderings ofPoint 2s
on a line. Must providebool operator()(Point2 p, Point 2
q, Point 2 r) that returnstrue, iff q lies betweenp andr and
p, q, andr statisfy the precondition that they are collinear.

OptimalConvexPartitionTraits2:: Are stritcly orderedalong line 2

Predicate object type that determines orderings ofPoint 2s.
Must providebool operator()(Point2 p, Point 2 q, Point 2
r) that returnstrue, iff the three points are collinear andq lies
strictly betweenp andr. Note thatfalseshould be returned
if q==p or q==r .
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OptimalConvexPartitionTraits2:: Intersect2 Function object type that provides Object 2
operator()(Segment2 s1, Segment2 s2) that returns
the intersection of two segments (which may be either a
segment or a point).

OptimalConvexPartitionTraits2:: Assign2 Function object type that providesbool operator()(Segment
2 s1, Object2 o) that returnstrue if o is a segment and as-
signs the value ofo to s1; returnsfalseotherwise.

Creation

Only a copy constructor is required.

OptimalConvexPartitionTraits2 traits(& tr);

Operations

In addition to the functions required by PartitionTraits2, the following functions that create instances of the
above function object types must exist:

Collinear are orderedalong line 2 traits.collinear are orderedalong line 2 object()

Constructsegment2 traits.constructsegment2 object()

Constructray 2 traits.constructray 2 object()

Are strictly orderedalong line 2 traits.are strictly orderedalong line 2 object()

Has Models

CGAL::Partition traits 2<R> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page769

See Also

CGAL::convexpartition is valid 2. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page743
CGAL::Partition is valid traits 2<Traits, PolygonIsValid> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page767
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CGAL::partition is valid 2

Definition

Function that determines if a given set of polygons represents a valid partition for a given sequence of points
that define a simple, counterclockwise-oriented polygon. A valid partition is one in which the polygons are
nonoverlapping and the union of the polygons is the same as the original polygon.

#include<CGAL/partition is valid 2.h>

template<class InputIterator, class ForwardIterator, class Traits>
bool partition is valid 2( InputIterator pointfirst,

InputIterator pointbeyond,
ForwardIterator poly first,
ForwardIterator polybeyond,
Traits traits = Default traits)

returnstrue iff the polygons in the range [poly first, poly
beyond) define a valid partition of the polygon defined by
the points in the range [point first, point beyond) and false
otherwise. Each polygon must also satisfy the property tested
by Traits::Is valid().
Precondition: Points in the range [point first, point beyond)
define a simple, counterclockwise-oriented polygon.

Requirements

1. Traits is a model of the conceptPartitionIsValidTraits2 and the concept defining the requirements for
the validity test implemented byTraits::Is valid().

2. InputIterator::value typeshould beTraits::Point 2, which should also be the type of the points stored in
an object of typeTraits::Polygon2.

3. ForwardIterator::value typeshould beTraits::Polygon2.

The default traits classDefault traits is Partition traits 2, with the representation type determined by
InputIterator::value type.

See Also

CGAL::approxconvexpartition 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page740
CGAL::greeneapprox convexpartition 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page746
CGAL::is y monotone2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page749
CGAL::optimal convexpartition 2. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page756
CGAL::Partition is valid traits 2<Traits, PolygonIsValid> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page767
CGAL::y monotonepartition 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page772
CGAL::is convex2
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Implementation

This function requiresO(nlogn+ eloge+ Σp
i=1mi) wheren is the total number of vertices of thep partition

polygons,e is the total number of edges of the partition polygons andmi is the time required byTraits::Is
valid() to test if partition polygonpi is valid.

Example

See the example presented with the functionoptimal convexpartition 2 for an illustration of the use of this
function.

advanced
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PartitionIsValidTraits 2

Definition

Requirements of a traits class that is used bypartition is valid 2, convexpartition is valid 2, andy monotone
partition is valid 2 for testing if a given set of polygons are nonoverlapping and if their union is a poly-
gon that is the same as a polygon represented by a given sequence of points. Note that the traits class for
partition is valid 2 may have to satisfy additional requirements if each partition polygon is to be tested for
having a particular property; see, for example, the descriptions of the functionis convex2 and the concept
YMonotonePartitionTraits2 for the additional requirements for testing for convexity andy-monotonicity, re-
spectively.

Types

PartitionIsValidTraits2:: Point 2 The point type on which the partitioning algorithm operates.

PartitionIsValidTraits2:: Polygon 2 The polygon type created by the partitioning function. This
type should provide a nested typeVertexconst iterator that
is the type of the non-mutable iterator over the polygon ver-
tices.

PartitionIsValidTraits2:: Is valid A model of the concept PolygonIsValid

PartitionIsValidTraits2:: Lessxy 2 Predicate object type that comparesPoint 2s lexicographi-
cally. Must providebool operator()(Point2 p, Point 2 q)
where true is returned iff p <xy q. We havep <xy q, iff
px < qx or px = qx and py < qy, where px and py denote
thex andy coordinates of pointp, respectively.

PartitionIsValidTraits2:: Left turn 2 Predicate object type that providesbool operator()(Point2
p,Point 2 q,Point 2 r), which returnstrue iff r lies to the left
of the oriented line throughp andq.

PartitionIsValidTraits2:: Orientation 2 Predicate object type that providesCGAL::Orientation
operator()(Point2 p, Point 2 q, Point 2 r) that returns
CGAL::LEFT TURN, if r lies to the left of the oriented line
l defined byp andq, returnsCGAL::RIGHT TURN if r lies
to the right ofl , and returnsCGAL::COLLINEARif r lies on
l .

Creation

Only a copy constructor is required.

PartitionIsValidTraits2 traits(& tr);
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Operations

The following functions that create instances of the above predicate object types must exist.

Orientation 2 traits.is valid object()

Lessxy 2 traits.lessxy 2 object()

Left turn 2 traits.left turn 2 object()

Orientation 2 traits.orientation2 object()

Has Models

CGAL::Partition is valid traits 2<Traits, PolygonIsValid> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page767

See Also

CGAL::approxconvexpartition 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page740
CGAL::greeneapprox convexpartition 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page746
CGAL::optimal convexpartition 2. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page756
CGAL::y monotonepartition 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page772
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PartitionTraits 2

Definition

The polygon partitioning functions are each parameterized by a traits class that defines the primitives used in
the algorithms. Many requirements are common to all traits classes. The concept PartitionTraits2 defines this
common set of requirements.

Types

PartitionTraits 2:: Point 2 The point type on which the partitioning algorithm operates.

PartitionTraits 2:: Polygon 2 The polygon type to be created by the partitioning algo-
rithm. For testing the validity postcondition of the parti-
tion, this type should provide a nested typeVertexconst
iterator that is the type of the iterator over the polygon ver-
tices and member functionsVertexconst iterator vertices
begin()andVertexconst iterator verticesend().

PartitionTraits 2:: Lessxy 2 Predicate object type that comparesPoint 2s lexicographi-
cally. Must providebool operator()(Point2 p, Point 2 q)
where true is returned iff p <xy q. We havep <xy q, iff
px < qx or px = qx and py < qy, where px and py denote
thex andy coordinates of pointp, respectively.

PartitionTraits 2:: Lessyx 2 Same asLessxy 2 with the roles ofx andy interchanged.

PartitionTraits 2:: Left turn 2 Predicate object type that providesbool operator()(Point2
p,Point 2 q,Point 2 r), which returnstrue iff r lies to the left
of the oriented line throughp andq.

PartitionTraits 2:: Orientation 2 Predicate object type that providesCGAL::Orientation
operator()(Point2 p, Point 2 q, Point 2 r) that returns
CGAL::LEFT TURN, if r lies to the left of the oriented line
l defined byp andq, returnsCGAL::RIGHT TURN if r lies
to the right ofl , and returnsCGAL::COLLINEARif r lies on
l .

PartitionTraits 2:: Comparey 2 Predicate object type that providesCGAL::Comparision
result operator()(Point2 p, Point 2 q) to compare the
y values of two points. The operator must return
CGAL::SMALLERif py < qy, CGAL::LARGERif py > qy

andCGAL::EQUALif py = qy.

PartitionTraits 2:: Comparex 2 The same asComparey 2, except thatx coordinates are
compared instead ofy.
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Creation

A copy constructor and default constructor are required.

PartitionTraits 2 traits;

PartitionTraits 2 traits(& tr);

Operations

The following functions that create instances of the above predicate object types must exist.

Lessyx 2 traits.lessyx 2 object()

Lessxy 2 traits.lessxy 2 object()

Left turn 2 traits.left turn 2 object()

Orientation 2 traits.orientation2 object()

Comparey 2 traits.comparey 2 object()

Comparex 2 traits.comparex 2 object()

Has Models

CGAL::Partition traits 2<R> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page769

See Also

CGAL::approxconvexpartition 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page740
CGAL::greeneapprox convexpartition 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page746
CGAL::optimal convexpartition 2. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page756
CGAL::y monotonepartition 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page772
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CGAL::Partition is valid traits 2<Traits, PolygonIsValid>

Definition

Class that derives a traits class forpartition is valid 2 from a given traits class by defining the validity testing
function object in terms of a supplied template parameter.

#include<CGAL/Partition is valid traits 2.h>

Inherits From

Traits

Is Model for the Concepts

PartitionIsValidTraits2

Types

typedef PolygonIsValid Isvalid;
typedef Traits::Point2 Point 2;
typedef Traits::Polygon2 Polygon2;
typedef Traits::Lessxy 2 Lessxy 2;
typedef Traits::Leftturn 2 Left turn 2;
typedef Traits::Orientation2 Orientation2;

Operations

The constructors and member functions for creating instances of the above types are inherited fromTraits. In
addition, the following member function is defined:

Is valid traits.is valid object( Traits traits)

function returning an instance ofIs valid

See Also

CGAL::Is convex2<Traits> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page753
CGAL::Is vacuouslyvalid<Traits> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page754
CGAL::Is y monotone2<Traits> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page755
CGAL::Partition traits 2<R> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page769
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Example

See the example presented with the functionoptimal convexpartition 2 for an illustration of the use of this
traits class.
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CGAL::Partition traits 2<R>

Definition

Traits class that can be used with all the 2-dimensional polygon partitioning algorithms. It is parameterized by
a representation classR.

#include<CGAL/Partition traits 2.h>

Is Model for the Concepts

ConvexPartitionIsValidTraits2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page745
IsYMonotoneTraits2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page752
OptimalConvexPartitionTraits2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page759
PartitionTraits2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page765
YMonotonePartitionIsValidTraits2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page777
YMonotonePartitionTraits2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page778

Types

typedef R::Line2 Line 2;
typedef R::Segment2 Segment2;
typedef R::Ray2 Ray2;
typedef R::Lessyx 2 Lessyx 2;
typedef R::Lessxy 2 Lessxy 2;
typedef R::Leftturn 2 Left turn 2;
typedef R::Orientation2 Orientation2;
typedef R::Comparey 2 Comparey 2;
typedef R::Comparex 2 Comparex 2;
typedef R::Constructline 2 Constructline 2;
typedef R::Constructray 2 Constructray 2;
typedef R::Constructsegment2 Constructsegment2;
typedef R::Collinearare orderedalong line 2 Collinear are orderedalong line 2;
typedef R::Arestrictly orderedalong line 2 Are strictly orderedalong line 2;
typedef CGAL::Polygontraits 2<R> Poly Traits;
typedef PolyTraits::Point 2 Point 2;
typedef std::list<Point 2> Container;
typedef CGAL::Polygon2<Poly Traits, Container> Polygon2;
typedef R::Lessxy 2 Lessxy;
typedef PolyTraits::Vector 2 Vector2;
typedef R::FT FT;
typedef Partitiontraits 2<R> Self;
typedef CGAL::Isconvex2<Self> Is convex2;
typedef CGAL::Isy monotone2<Self> Is y monotone2;

Creation

A default constructor and copy constructor are defined.
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Partition traits 2<R> traits;

Partition traits 2<R> traits( Partition traits 2& tr);

Operations

For each predicate object typePred object type listed above (i.e., Lessyx 2, Lessxy 2, Left turn
2, Orientation 2, Comparey 2, Comparex 2, Constructline 2, Constructray 2, Constructsegment2,
Collinear are orderedalong line 2, Are strictly orderedalong line 2, Is convex2, Is y monotone2) there
is a corresponding function of the following form defined:

Pred object type traits.predobject type object() Returns an instance ofPred object type.

See Also

CGAL::approxconvexpartition 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page740
CGAL::convexpartition is valid 2. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page743
CGAL::greeneapprox convexpartition 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page746
CGAL::optimal convexpartition 2. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page756
CGAL::partition is valid 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page761
CGAL::Partition is valid traits 2<Traits, PolygonIsValid> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page767
CGAL::y monotonepartition 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page772
CGAL::y monotonepartition is valid 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page775
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PolygonIsValid

Definition

Function object that determines if a sequence of points represents a valid partition polygon or not, where “valid”
can assume any of several meanings (e.g., convex ory-monotone).

Creation

PolygonIsValid f ( Traits t); Traitsis a model of the concept required by the function that
checks for validity of the polygon.

Operations

template<class InputIterator>
bool f ( InputIterator first, InputIterator beyond)

returnstrue iff the points of typeTraits::Point 2 in the range
[first,beyond) define a valid polygon.

Has Models

CGAL::Is convex2<Traits> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page753
CGAL::Is y monotone2<Traits> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page755

See Also

CGAL::approxconvexpartition 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page740
CGAL::convexpartition is valid 2. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page743
CGAL::greeneapprox convexpartition 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page746
CGAL::optimal convexpartition 2. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page756
CGAL::partition is valid 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page761
CGAL::y monotonepartition 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page772
CGAL::y monotonepartition is valid 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page775
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CGAL::y monotone partition 2

Definition

Function that produces a set ofy-monotone polygons that represent a partitioning of a polygon defined on a
sequence of points.

#include<CGAL/partition 2.h>

template<class InputIterator, class OutputIterator, class Traits>
OutputIterator ymonotonepartition 2( InputIterator first,

InputIterator beyond,
OutputIterator result,
Traits traits = Default traits)

computes a partition of the polygon defined by the points
in the range [first, beyond) into y-monotone polygons. The
counterclockwise-oriented partition polygons are written to
the sequence starting at positionresult. The past-the-end it-
erator for the resulting sequence of polygons is returned.
Precondition: The points in the range [first, beyond) define a
simple, counterclockwise-oriented polygon.

Requirements

1. Traits is a model of the conceptYMonotonePartitionTraits2 and, for the purposes of checking the post-
condition that the partition is valid, it should also be a model ofYMonotonePartitionIsValidTraits2.

2. OutputIterator::valuetypeshould beTraits::Polygon2.

3. InputIterator::value typeshould beTraits::Point 2, which should also be the type of the points stored in
an object of typeTraits::Polygon2.

The default traits classDefault traits is Partition traits 2, with the representation type determined by
InputIterator::value type.

See Also

CGAL::approxconvexpartition 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page740
CGAL::greeneapprox convexpartition 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page746
CGAL::optimal convexpartition 2. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page756
CGAL::partition is valid 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page761
CGAL::y monotonepartition is valid 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page775

Implementation

This function implements the algorithm presented by de Berget al. [dBvKOS97] which requiresO(nlogn) time
andO(n) space for a polygon withn vertices.

772



Example

The following program computes ay-monotone partitioning of a polygon using the default traits class and stores
the partition polygons in the listpartition polys. It then asserts that each partition polygon produced is, in fact,
y-monotone and that the partition is valid. (Note that these assertions are superfluous unless the postcondition
checking fory monotonepartition 2 has been turned off.)

// file: examples/Partition_2/y_monotone_partition_2.C

#include <CGAL/basic.h>
#include <CGAL/Exact_predicates_inexact_constructions_kernel.h>
#include <CGAL/Partition_traits_2.h>
#include <CGAL/partition_2.h>
#include <CGAL/point_generators_2.h>
#include <CGAL/random_polygon_2.h>
#include <cassert>
#include <list>

typedef CGAL::Exact_predicates_inexact_constructions_kernel K;
typedef CGAL::Partition_traits_2<K> Traits;
typedef Traits::Point_2 Point_2;
typedef Traits::Polygon_2 Polygon_2;
typedef std::list<Polygon_2> Polygon_list;
typedef CGAL::Creator_uniform_2<int, Point_2> Creator;
typedef CGAL::Random_points_in_square_2<Point_2, Creator> Point_generator;

void make_polygon(Polygon_2& polygon)
{

polygon.push_back(Point_2(391, 374));
polygon.push_back(Point_2(240, 431));
polygon.push_back(Point_2(252, 340));
polygon.push_back(Point_2(374, 320));
polygon.push_back(Point_2(289, 214));
polygon.push_back(Point_2(134, 390));
polygon.push_back(Point_2( 68, 186));
polygon.push_back(Point_2(154, 259));
polygon.push_back(Point_2(161, 107));
polygon.push_back(Point_2(435, 108));
polygon.push_back(Point_2(208, 148));
polygon.push_back(Point_2(295, 160));
polygon.push_back(Point_2(421, 212));
polygon.push_back(Point_2(441, 303));

}

int main( )
{

Polygon_2 polygon;
Polygon_list partition_polys;

/*
CGAL::random_polygon_2(50, std::back_inserter(polygon),

Point_generator(100));

773



*/
make_polygon(polygon);
CGAL::y_monotone_partition_2(polygon.vertices_begin(),

polygon.vertices_end(),
std::back_inserter(partition_polys));

std::list<Polygon_2>::const_iterator poly_it;
for (poly_it = partition_polys.begin(); poly_it != partition_polys.end();

poly_it++)
{

assert(CGAL::is_y_monotone_2((*poly_it).vertices_begin(),
(*poly_it).vertices_end()));

}

assert(CGAL::partition_is_valid_2(polygon.vertices_begin(),
polygon.vertices_end(),
partition_polys.begin(),
partition_polys.end()));

return 0;
}
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CGAL::y monotone partition is valid 2

Definition

Function that determines if a given set of polygons represents a validy-monotone partitioning for a given
sequence of points that define a simple, counterclockwise-oriented polygon. A valid partition is one in which
the polygons are nonoverlapping and the union of the polygons is the same as the original polygon and each
polygon isy-monotone

#include<CGAL/partition is valid 2.h>

template<class InputIterator, class ForwardIterator, class Traits>
bool y monotonepartition is valid 2( InputIterator pointfirst,

InputIterator pointbeyond,
ForwardIterator poly first,
ForwardIterator polybeyond,
Traits traits = Default traits)

determines if the polygons in the range [poly first, poly
beyond) define a validy-monotone partition of the polygon
represented by the points in the range [point first, point
beyond). The function returnstrue iff the partition is valid
and otherwise returns false.
Precondition: Points in the range [point first, point beyond)
define a simple, counterclockwise-oriented polygon.

Requirements

1. Traits is a model of the conceptYMonotonePartitionIsValidTraits2.

2. InputIterator::value typeshould beTraits::Point 2, which should also be the type of the points stored in
an object of typeTraits::Polygon2.

3. ForwardIterator::value typeshould beTraits::Polygon2.

The default traits classDefault traits is Partition traits 2, with the representation type determined by
InputIterator::value type.

See Also

CGAL::y monotonepartition 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page772
CGAL::is y monotone2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page749
CGAL::partition is valid 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page761
CGAL::Partition is valid traits 2<Traits, PolygonIsValid> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page767
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Implementation

This function uses the functionpartition is valid 2 together with the function objectIs y monotone2 to deter-
mine if each polygon isy-monotone or not. Thus the time required isO(nlogn+ eloge) wheren is the total
number of vertices of the partition polygons ande is the total number of edges.

Example

See the example presented with the functiony monotonepartition 2 for an illustration of the use of this func-
tion.

advanced
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pt

YMonotonePartitionIsValidTraits 2

Definition

Requirements of a traits class that is used byy monotonepartition is valid 2 for testing the validity of ay-
monotone partition of a polygon.

Types

All types required by the concept PartitionIsValidTraits2 are required except the function object typeIs valid.
The following type is required instead:

YMonotonePartitionIsValidTraits2:: Is y monotone2

Model of the concept PolygonIsValid that tests if a sequence
of points isy-monotone or not.

Creation

Only a copy constructor is required.

YMonotonePartitionIsValidTraits2 traits(& tr);

Operations

The following function that creates an instance of the above predicate object type must exist instead of the
function is valid objectrequired by PartitionIsValidTraits2.

Is y monotone2 traits.is y monotone2 object( t)

Has Models

CGAL::Partition traits 2<R> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page769

See Also

CGAL::partition is valid 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page761
CGAL::y monotonepartition 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page772
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YMonotonePartitionTraits 2

Definition

Requirements of a traits class to be used with the functiony monotonepartition 2.

Generalizes

PartitionTraits2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page765

Types

In addition to the types defined for the concept PartitionTraits2, the following types are also required:

YMonotonePartitionTraits2:: Line 2

YMonotonePartitionTraits2:: Comparex at y 2

Predicate object type that providesCGAL::Comparision
result operator()(Point2 p, Line 2 h) to compare thex coor-
dinate ofp and the horizontal projection ofp onh.

YMonotonePartitionTraits2:: Construct line 2

Function object type that providesLine 2 operator()(Point2
p, Point 2 q), which constructs and returns the line defined
by the pointsp andq.

YMonotonePartitionTraits2:: Is horizontal 2 Function object type that providesbool operator()(Line2 l),
which returnstrue iff the line l is horizontal.

Creation

A copy constructor and default constructor are required.

YMonotonePartitionTraits2 traits;

YMonotonePartitionTraits2 traits( YMonotonePartitionTraits tr);

Operations

In addition to the functions required for the concept PartitionTraits2, the following functions that create in-
stances of the above function object types must exist.

Constructline 2 traits.constructline 2 object()

778



Comparex at y 2 traits.comparex at y 2 object()

Is horizontal 2 traits.is horizontal 2 object()

Has Models

CGAL::Partition traits 2<R> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page769
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Chapter 10

3D Polyhedral Surfaces
Lutz Kettner
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10.1 Introduction

Polyhedral surfaces in three dimensions are composed of vertices, edges, facets and an incidence relationship on
them. The organization beneath is a halfedge data structure, which restricts the class of representable surfaces
to orientable 2-manifolds – with and without boundary. If the surface is closed we call it apolyhedron, for
example, see the above model of a hammerhead:

The polyhedral surface is realized as a container class that manages vertices, halfedges, facets with their inci-
dences, and that maintains the combinatorial integrity of them. It is based on the highly flexible design of the
halfedge data structure, see the introduction in Chapter11and [Ket99]. However, the polyhedral surface can be
used and understood without knowing the underlying design. Some of the examples in this chapter introduce
also gradually into first applications of this flexibility.
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10.2 Definition

A polyhedral surfaceCGAL::Polyhedron3<PolyhedronTraits3> in three dimensions consists of verticesV,
edgesE, facetsF and an incidence relation on them. Each edge is represented by two halfedges with opposite
orientations. The incidences stored with a halfedge are illustrated in the following figure:

incident vertex

ne
xt

 ha
lfe

dg
e

opposite halfedge

halfedge previous halfedge

incident facet

Vertices represent points in space. Edges are straight line segments between two endpoints. Facets are planar
polygons without holes. Facets are defined by the circular sequence of halfedges along their boundary. The
polyhedral surface itself can have holes (with at least two facets surrounding it since a single facet cannot have
a hole). The halfedges along the boundary of a hole are calledborder halfedgesand have no incident facet. An
edge is aborder edgeif one of its halfedges is a border halfedge. A surface isclosedif it contains no border
halfedges. A closed surface is a boundary representation for polyhedra in three dimensions. The convention is
that the halfedges are oriented counterclockwise around facets as seen from the outside of the polyhedron. An
implication is that the halfedges are oriented clockwise around the vertices. The notion of the solid side of a
facet as defined by the halfedge orientation extends to polyhedral surfaces with border edges although they do
not define a closed object. If normal vectors are considered for the facets, normals point outwards (following
the right-hand rule).

The strict definition can be found in [Ket99]. One implication of this definition is that the polyhedral surface
is always an orientable and oriented 2-manifold with border edges, i.e., the neighborhood of each point on the
polyhedral surface is either homeomorphic to a disc or to a half disc, except for vertices where many holes and
surfaces with boundary can join. Another implication is that the smallest representable surface avoiding self
intersections is a triangle (for polyhedral surfaces with border edges) or a tetrahedron (for polyhedra). Boundary
representations of orientable 2-manifolds are closed under Euler operations. They are extended with operations
that create or close holes in the surface.

Other intersections besides the incidence relation are not allowed. However, this is not automatically ver-
ified in the operations, since self intersections are not easy to check efficiently.CGAL::Polyhedron3<
PolyhedronTraits3> does only maintain the combinatorial integrity of the polyhedral surface (using Euler
operations) and does not consider the coordinates of the points or any other geometric information.

CGAL::Polyhedron3<PolyhedronTraits3> can represent polyhedral surfaces as well as polyhedra. The inter-
face is designed in such a way that it is easy to ignore border edges and work only with polyhedra.

10.3 Example Programs

The polyhedral surface is based on the highly flexible design of the halfedge data structure. Examples for this
flexibility can be found in Section10.5and in Section11.3. This design is not a prerequisite to understand the
following examples. See also the Section10.6below for some advanced examples.
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10.3.1 First Example Using Defaults

The first example instantiates a polyhedron using a kernel as traits class. It creates a tetrahedron and stores the
reference to one of its halfedges in aHalfedgehandle. Handles, also know astrivial iterators, are used to keep
references to halfedges, vertices, or facets for future use. There is also aHalfedgeiterator type for enumerating
halfedges. Such an iterator type can be used wherever a handle is required. RespectiveHalfedgeconsthandle
andHalfedgeconst iterator for a constant polyhedron and similar handles and iterators withVertex andFacet
prefix are provided too.

The example continues with a test if the halfedge actually refers to a tetrahedron. This test checks the connected
component referred to by the halfedgeh and not the polyhedral surface as a whole. This examples works only
on the combinatorial level of a polyhedral surface. The next example adds the geometry.

// file: examples/Polyhedron/polyhedron_prog_simple.C

#include <CGAL/Simple_cartesian.h>
#include <CGAL/Polyhedron_3.h>

typedef CGAL::Simple_cartesian<double> Kernel;
typedef CGAL::Polyhedron_3<Kernel> Polyhedron;
typedef Polyhedron::Halfedge_handle Halfedge_handle;

int main() {
Polyhedron P;
Halfedge_handle h = P.make_tetrahedron();
if ( P.is_tetrahedron(h))

return 0;
return 1;

}

10.3.2 Example with Geometry in Vertices

We add geometry to the our construction of a tetrahedron. Four points are passed as arguments to the con-
struction. This example demonstrates in addition the use of the vertex iterator and the access to the point in
the vertices. Note the natural access notationv->point(). Similarly, all information stored in a vertex, halfedge,
and facet can be accessed with a member function given a handle or iterator. For example, given a halfedge
handleh we can writeh->next() to get a halfedge handle to the next halfedge,h->opposite()for the opposite
halfedge,h->vertex() for the incident vertex at the tip ofh, and so on. The output of the program will be
“1 0 0\n0 1 0\n0 0 1\n0 0 0\n”.

// file: examples/Polyhedron/polyhedron_prog_tetra.C

#include <CGAL/Simple_cartesian.h>
#include <CGAL/Polyhedron_3.h>
#include <iostream>

typedef CGAL::Simple_cartesian<double> Kernel;
typedef Kernel::Point_3 Point_3;
typedef CGAL::Polyhedron_3<Kernel> Polyhedron;
typedef Polyhedron::Vertex_iterator Vertex_iterator;
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int main() {
Point_3 p( 1.0, 0.0, 0.0);
Point_3 q( 0.0, 1.0, 0.0);
Point_3 r( 0.0, 0.0, 1.0);
Point_3 s( 0.0, 0.0, 0.0);

Polyhedron P;
P.make_tetrahedron( p, q, r, s);
CGAL::set_ascii_mode( std::cout);
for ( Vertex_iterator v = P.vertices_begin(); v != P.vertices_end(); ++v)

std::cout << v->point() << std::endl;
return 0;

}

The polyhedron offers a point iterator for convenience. The abovefor loop simplifies to a single statement by
usingstd::copyand the ostream iterator adaptor.

std::copy( P.points_begin(), P.points_end(),
std::ostream_iterator<Point_3>(std::cout,"\n"));

10.3.3 Example for Affine Transformation

An affine transformationA can act as a functor transforming points and a point iterator is conveniently defined
for polyhedral surfaces. So, assuming we want only the point coordinates of a polyhedronP transformed,
std::transformdoes the job in a single line.

std::transform( P.points_begin(), P.points_end(), P.points_begin(), A);

10.3.4 Example Computing Plane Equations

The polyhedral surface has already provisions to store a plane equation for each facet. However, it does not
provide a function to compute plane equations.

This example computes the plane equations of a polyhedral surface. The actual computation is implemented
in the compute plane equations function. Depending on the arithmetic (exact/inexact) and the shape of
the facets (convex/non-convex) different methods are useful. We assume here strictly convex facets and exact
arithmetic. In our example a homogeneous representation withint coordinates is sufficient. The four plane
equations of the tetrahedron are the output of the program.

// file: examples/Polyhedron/polyhedron_prog_planes.C

#include <CGAL/Homogeneous.h>
#include <CGAL/Polyhedron_3.h>
#include <iostream>
#include <algorithm>

struct Plane_equation {
template <class Facet>
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typename Facet::Plane_3 operator()( Facet& f) {
typename Facet::Halfedge_handle h = f.halfedge();
typedef typename Facet::Plane_3 Plane;
return Plane( h->vertex()->point(),

h->next()->vertex()->point(),
h->next()->next()->vertex()->point());

}
};

typedef CGAL::Homogeneous<int> Kernel;
typedef Kernel::Point_3 Point_3;
typedef Kernel::Plane_3 Plane_3;
typedef CGAL::Polyhedron_3<Kernel> Polyhedron;

int main() {
Point_3 p( 1, 0, 0);
Point_3 q( 0, 1, 0);
Point_3 r( 0, 0, 1);
Point_3 s( 0, 0, 0);
Polyhedron P;
P.make_tetrahedron( p, q, r, s);
std::transform( P.facets_begin(), P.facets_end(), P.planes_begin(),

Plane_equation());
CGAL::set_pretty_mode( std::cout);
std::copy( P.planes_begin(), P.planes_end(),

std::ostream_iterator<Plane_3>( std::cout, "\n"));
return 0;

}

10.3.5 Example with a Vector Instead of a List Representation

The polyhedron class template has actually four parameters, where three of them have default values. Using
the default values explicitly in our examples above for three parameter—ignoring the fourth parameter, which
would be a standard allocator for container class— the definition of a polyhedron looks like:

typedef CGAL::Polyhedron_3< Traits,
CGAL::Polyhedron_items_3,
CGAL::HalfedgeDS_default> Polyhedron;

The CGAL::Polyhedronitems3 class contains the types used for vertices, edges, and facets. The
CGAL::HalfedgeDSdefault class defines the halfedge data structure used, which is a list-based representa-
tion in this case. An alternative is a vector-based representation. Using a vector provides random access for
the elements in the polyhedral surface and is more space efficient, but elements cannot be deleted arbitrarily.
Using a list allows arbitrary deletions, but provides only bidirectional iterators and is less space efficient. The
following example creates again a tetrahedron with given points, but in a vector-based representation.

The vector-based representation resizes automatically if the reserved capacity is not sufficient for the new items
created. Upon resizing all handles, iterators, and circulators become invalid. Their correct update in the halfedge
data structure is costly, thus it is advisable to reserve enough space in advance as indicated with the alternative
constructor in the comment.
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Note that the polyhedron and not the underlying halfedge data structure triggers the resize operation, since the
resize operation requires some preconditions, such as valid incidences, to be fulfilled that only the polyhedron
can guarantee.

advanced

// file: examples/Polyhedron/polyhedron_prog_vector.C

#include <CGAL/Cartesian.h>
#include <CGAL/HalfedgeDS_vector.h>
#include <CGAL/Polyhedron_3.h>
#include <iostream>

typedef CGAL::Cartesian<double> Kernel;
typedef Kernel::Point_3 Point_3;
typedef CGAL::Polyhedron_3< Kernel,

CGAL::Polyhedron_items_3,
CGAL::HalfedgeDS_vector> Polyhedron;

int main() {
Point_3 p( 1.0, 0.0, 0.0);
Point_3 q( 0.0, 1.0, 0.0);
Point_3 r( 0.0, 0.0, 1.0);
Point_3 s( 0.0, 0.0, 0.0);

Polyhedron P; // alternative constructor: Polyhedron P(4,12,4);
P.make_tetrahedron( p, q, r, s);
CGAL::set_ascii_mode( std::cout);
std::copy( P.points_begin(), P.points_end(),

std::ostream_iterator<Point_3>( std::cout, "\n"));
return 0;

}

10.3.6 Example with Circulator Writing Object File Format (OFF)

We create a tetrahedron and write it tostd::coutusing the Object File Format (OFF) [Phi96]. This example
makes use of STL algorithms (std::copy, std::distance), STL std::ostreamiterator, and CGAL circulators.
The polyhedral surface provides convenient circulators for the counterclockwise circular sequence of halfedges
around a facet and the clockwise circular sequence of halfedges around a vertex.

However, the computation of the vertex index in the inner loop of the facet output is not advisable with the
std::distancefunction, since it takes linear time for non random-access iterators, which leads to quadratic run-
time. For better runtime the vertex index needs to be stored separately and computed once before writing the
facets. It can be stored, for example, in the vertex itself or in a hash-structure. See also the following Sec-
tion 10.4for file I/O.

// file: examples/Polyhedron/polyhedron_prog_off.C

#include <CGAL/Simple_cartesian.h>
#include <CGAL/Polyhedron_3.h>
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#include <iostream>

typedef CGAL::Simple_cartesian<double> Kernel;
typedef Kernel::Point_3 Point_3;
typedef CGAL::Polyhedron_3<Kernel> Polyhedron;
typedef Polyhedron::Facet_iterator Facet_iterator;
typedef Polyhedron::Halfedge_around_facet_circulator Halfedge_facet_circulator;

int main() {
Point_3 p( 0.0, 0.0, 0.0);
Point_3 q( 1.0, 0.0, 0.0);
Point_3 r( 0.0, 1.0, 0.0);
Point_3 s( 0.0, 0.0, 1.0);

Polyhedron P;
P.make_tetrahedron( p, q, r, s);

// Write polyhedron in Object File Format (OFF).
CGAL::set_ascii_mode( std::cout);
std::cout << "OFF" << std::endl << P.size_of_vertices() << ’ ’

<< P.size_of_facets() << " 0" << std::endl;
std::copy( P.points_begin(), P.points_end(),

std::ostream_iterator<Point_3>( std::cout, "\n"));
for ( Facet_iterator i = P.facets_begin(); i != P.facets_end(); ++i) {

Halfedge_facet_circulator j = i->facet_begin();
// Facets in polyhedral surfaces are at least triangles.
CGAL_assertion( CGAL::circulator_size(j) >= 3);
std::cout << CGAL::circulator_size(j) << ’ ’;
do {

std::cout << ’ ’ << std::distance(P.vertices_begin(), j->vertex());
} while ( ++j != i->facet_begin());
std::cout << std::endl;

}
return 0;

}

10.3.7 Example Using Euler Operators to Build a Cube

Euler operators are the natural way of modifying polyhedral surfaces. We provide a set of operations for
polyhedra:split facet(), join facet(), split vertex(), join vertex(), split loop(), andjoin loop(). We add further
convenient operators, such assplit edge(). However, they could be implemented using the six operators above.
Furthermore, we provide more operators to work with polyhedral surfaces with border edges, for example,
creating and deleting holes. We refere to the references manual for the definition and illustratives figures of the
Euler operators.

The following example implements a function that appends a unit cube to a polyhedral surface. To keep track
of the different steps during the creation of the cube a sequence of sketches might help with labels for the
different handles that occur in the program code. The following Figure shows six selected steps from the
creation sequence. These steps are also marked in the program code.
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// file: examples/Polyhedron/polyhedron_prog_cube.C

#include <CGAL/Simple_cartesian.h>
#include <CGAL/Polyhedron_3.h>
#include <iostream>

template <class Poly>
typename Poly::Halfedge_handle make_cube_3( Poly& P) {

// appends a cube of size [0,1]ˆ3 to the polyhedron P.
CGAL_precondition( P.is_valid());
typedef typename Poly::Point_3 Point;
typedef typename Poly::Halfedge_handle Halfedge_handle;
Halfedge_handle h = P.make_tetrahedron( Point( 1, 0, 0),

Point( 0, 0, 1),
Point( 0, 0, 0),
Point( 0, 1, 0));

Halfedge_handle g = h->next()->opposite()->next(); // Fig. (a)
P.split_edge( h->next());
P.split_edge( g->next());
P.split_edge( g); // Fig. (b)
h->next()->vertex()->point() = Point( 1, 0, 1);
g->next()->vertex()->point() = Point( 0, 1, 1);
g->opposite()->vertex()->point() = Point( 1, 1, 0); // Fig. (c)
Halfedge_handle f = P.split_facet( g->next(),

g->next()->next()->next()); // Fig. (d)
Halfedge_handle e = P.split_edge( f);
e->vertex()->point() = Point( 1, 1, 1); // Fig. (e)
P.split_facet( e, f->next()->next()); // Fig. (f)
CGAL_postcondition( P.is_valid());
return h;

}

typedef CGAL::Simple_cartesian<double> Kernel;
typedef CGAL::Polyhedron_3<Kernel> Polyhedron;
typedef Polyhedron::Halfedge_handle Halfedge_handle;

int main() {
Polyhedron P;
Halfedge_handle h = make_cube_3( P);
return (P.is_tetrahedron(h) ? 1 : 0);

}
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10.4 File I/O

Simple file I/O for polyhedral surfaces is already provided in the library. The file I/O considers so far only
the topology of the surface and its point coordinates. It ignores a possible plane equation or any user-added
attributes, such as color.

The default file format supported in CGAL for output as well as for input is the Object File Format, OFF, with
file extension.off, which is also understood by GeomView [Phi96]. For OFF an ASCII and a binary format
exist. The format can be selected with the CGAL modifiers for streams,set ascii modeandset binary mode
respectively. The modifierset pretty modecan be used to allow for (a few) structuring comments in the output.
Otherwise, the output would be free of comments. The default for writing is ASCII without comments. Both,
ASCII and binary format, can be read independent of the stream setting. Since this file format is the default
format, iostream operators are provided for it.

#include<CGAL/IO/Polyhedroniostream.h>

template<class PolyhedronTraits3>
ostream& ostream& out<< CGAL::Polyhedron3<PolyhedronTraits3> P

template<class PolyhedronTraits3>
istream& istream& in >> CGAL::Polyhedron3<PolyhedronTraits3>& P

Additional formats supported for writing are OpenInventor (.iv) [Wer94], VRML 1.0 and 2.0 (.wrl)
[BPP95, VRM96, HW96], and Wavefront Advanced Visualizer object format (.obj). Another convenient out-
put function writes a polyhedral surface to a GeomView process spawned from the CGAL program. These
output functions are provided as stream operators, now acting on the stream type of the respective format.

#include<CGAL/IO/Polyhedroninventor ostream.h>
#include<CGAL/IO/PolyhedronVRML 1 ostream.h>
#include<CGAL/IO/PolyhedronVRML 2 ostream.h>
#include<CGAL/IO/Polyhedrongeomviewostream.h>

template<class PolyhedronTraits3>
Inventor ostream& Inventor ostream& out<< CGAL::Polyhedron3<PolyhedronTraits3> P

template<class PolyhedronTraits3>
VRML 1 ostream& VRML 1 ostream& out<< CGAL::Polyhedron3<PolyhedronTraits3> P

template<class PolyhedronTraits3>
VRML 2 ostream& VRML 2 ostream& out<< CGAL::Polyhedron3<PolyhedronTraits3> P

template<class PolyhedronTraits3>
Geomviewstream& Geomviewstream& out<< CGAL::Polyhedron3<PolyhedronTraits3> P

All these file formats have in common that they represent a surface as a set of facets. Each facet is a list of
indices pointing into a set of vertices. Vertices are represented as coordinate triples. The file I/O for polyhedral
surfacesCGAL::Polyhedron3 imposes certain restrictions on these formats. They must represent a permissible
polyhedral surface, e.g., a 2-manifold and no isolated vertices, see Section10.1.

Some example programs around the different file formats are provided in the distribution under
examples/Polyhedron IO/ and demo/Polyhedron IO/. We show an example converting OFF input into
VRML 1.0 output.
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// examples/Polyhedron_IO/polyhedron2vrml.C
// ----------------------------------------

#include <CGAL/Simple_cartesian.h>
#include <CGAL/Polyhedron_3.h>
#include <CGAL/IO/Polyhedron_iostream.h>
#include <CGAL/IO/Polyhedron_VRML_1_ostream.h>
#include <iostream>

typedef CGAL::Simple_cartesian<double> Kernel;
typedef CGAL::Polyhedron_3<Kernel> Polyhedron;

int main() {
Polyhedron P;
std::cin >> P;
CGAL::VRML_1_ostream out( std::cout);
out << P;
return ( std::cin && std::cout) ? 0 : 1;

}

10.5 Extending Vertices, Halfedges, and Facets

In Section10.3.5we have seen how to change the default list representation

typedef CGAL::Polyhedron_3< Traits,
CGAL::Polyhedron_items_3,
CGAL::HalfedgeDS_default> Polyhedron;

to a vector based representation of the underlying halfedge data structure. Now we want to look a bit closer at
the second template argument,Polyhedron items 3, that specifies what kind of vertex, halfedge, and facet is
used. The implementation ofPolyhedron items 3 looks a bit involved with nested wrapper class templates.
But ignoring this technicality, what remains are three local typedefs that define theVertex, theHalfedge, and
theFace for the polyhedral surface. Note that we use hereFace instead of facet. Face is the term used for the
halfedge data structure. Only the top layer of the polyhedral surface gives alias names renaming face to facet.

class Polyhedron_items_3 {
public:

template < class Refs, class Traits>
struct Vertex_wrapper {

typedef typename Traits::Point_3 Point;
typedef CGAL::HalfedgeDS_vertex_base<Refs, CGAL::Tag_true, Point> Vertex;

};
template < class Refs, class Traits>
struct Halfedge_wrapper {

typedef CGAL::HalfedgeDS_halfedge_base<Refs> Halfedge;
};
template < class Refs, class Traits>
struct Face_wrapper {

typedef typename Traits::Plane_3 Plane;
typedef CGAL::HalfedgeDS_face_base<Refs, CGAL::Tag_true, Plane> Face;
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};
};

If we look up in the reference manual the definitions of the three classes used in the typedefs, we will see the
confirmation that the default polyhedron uses all supported incidences, a point in the vertex class, and a plane
equation in the face class. Note how the wrapper class provides two template parameters,Refs, which we
discuss a bit later, andTraits, which is the geometric traits class used by the polyhedral surface and which
provides us here with the types for the point and the plane equation.

Using this example code we can write our own items class. Instead, we illustrate an easier way if we only want
to exchange one class. We use a simpler face without the plane equation but with a color attribute added. To
simplify the creation of a vertex, halfedge, or face class, it is always recommended to derive from one of the
given base classes. Even if the base class would contain no data it would provide convenient type definitions.
So, we derive from the base class, repeat the mandatory constructors if necessary—which is not the case for
faces but would be for vertices—and add the color attribute.

template <class Refs>
struct My_face : public CGAL::HalfedgeDS_face_base<Refs> {

CGAL::Color color;
};

The new items class is derived from the old items class and the wrapper containing the face typedef gets over-
ridden. Note that the name of the wrapper and its template parameters are fixed. They cannot be changed even
if, as in this example, a template parameter is not used.

struct My_items : public CGAL::Polyhedron_items_3 {
template <class Refs, class Traits>
struct Face_wrapper {

typedef My_face<Refs> Face;
};

};

When we use our new items class with the polyhedral surface, our new face class is used in the halfedge data
structure and the color attribute is available in the typePolyhedron::Facet. However,Polyhedron::Facet
is not the same type as our local face typedef forMy face, but it is derived therefrom. Thus, everything that
we put in the local face type except constructors is then available in thePolyhedron::Facet type. For more
details, see the Chapter11on the halfedge data structure design.

Pulling all pieces together, the full example program illustrates how easy the color attribute can be accessed
once it is defined.

// file: examples/Polyhedron/polyhedron_prog_color.C

#include <CGAL/Simple_cartesian.h>
#include <CGAL/IO/Color.h>
#include <CGAL/Polyhedron_3.h>

// A face type with a color member variable.
template <class Refs>
struct My_face : public CGAL::HalfedgeDS_face_base<Refs> {
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CGAL::Color color;
};

// An items type using my face.
struct My_items : public CGAL::Polyhedron_items_3 {

template <class Refs, class Traits>
struct Face_wrapper {

typedef My_face<Refs> Face;
};

};

typedef CGAL::Simple_cartesian<double> Kernel;
typedef CGAL::Polyhedron_3<Kernel, My_items> Polyhedron;
typedef Polyhedron::Halfedge_handle Halfedge_handle;

int main() {
Polyhedron P;
Halfedge_handle h = P.make_tetrahedron();
h->facet()->color = CGAL::RED;
return 0;

}

We come back to the first template parameter,Refs, of the wrapper classes. This parameter provides us with
local types that allow us to make further references between vertices, halfedges, and facets, which have not
already been prepared for in the current design. These local types areVertex handle, Halfedge handle,
Face handle, and there respective... const handle. We add now a new vertex reference to a face class as
follows. Encapsulation and access functions could be added for a more thorough design, but we omit that here
for the sake of brevity. The integration of the face class with the items class works as illustrated above.

template <class Refs>
struct My_face : public CGAL::HalfedgeDS_face_base<Refs> {

typedef typename Refs::Vertex_handle Vertex_handle;
Vertex_handle vertex_ref;

};

More advanced examples can be found in the Section11.3 illustrating further the design of the halfedge data
structure.

10.6 Advanced Example Programs

10.6.1 Example Creating a Subdivision Surface

This program reads a polyhedral surface from the standard input and writes a refined polyhedral surface to the
standard output. Input and output are in the Object File Format, OFF, with the common file extension.off,
which is also understood by GeomView [Phi96].

The refinement is a single step of the
√

3-scheme for creating a subdivision surface [Kob00]. Each step subdi-
vides a facet into triangles around a new center vertex, smoothes the position of the old vertices, and flips the
old edges. The program is organized along this outline. In each of these parts, the program efficiently uses the
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knowledge that the newly created vertices, edges, and facets have been added to the end of the sequences. The
program needs additional processing memory only for the smoothing step of the old vertices.

The above figure shows three example objects, each subdivided four times. The initial ob-
ject for the left sequence is the closed surface of three unit cubes glued together to a cor-
ner. The example program shown here can handle only closed surfaces, but the extended example
examples/Polyhedron/polyhedron prog subdiv with boundary.C handles surfaces with boundary. So,
the middle sequence starts with the same surface where one of the facets has been removed. The boundary
subdivides to a nice circle. The third sequence creates a sharp edge using a trick in the object presentation.
The sharp edge is actually a hole whose vertex coordinates pinch the hole shut to form an edge. The example
directoryexamples/Polyhedron/ contains the OFF files used here.

// file: examples/Polyhedron/polyhedron_prog_subdiv.C

#include <CGAL/Cartesian.h>
#include <CGAL/Polyhedron_3.h>
#include <CGAL/IO/Polyhedron_iostream.h>
#include <iostream>
#include <algorithm>
#include <vector>
#include <cmath>

typedef CGAL::Cartesian<double> Kernel;
typedef Kernel::Vector_3 Vector;
typedef Kernel::Point_3 Point;
typedef CGAL::Polyhedron_3<Kernel> Polyhedron;

typedef Polyhedron::Vertex Vertex;
typedef Polyhedron::Vertex_iterator Vertex_iterator;
typedef Polyhedron::Halfedge_handle Halfedge_handle;
typedef Polyhedron::Edge_iterator Edge_iterator;
typedef Polyhedron::Facet_iterator Facet_iterator;
typedef Polyhedron::Halfedge_around_vertex_const_circulator HV_circulator;
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typedef Polyhedron::Halfedge_around_facet_circulator HF_circulator;

void create_center_vertex( Polyhedron& P, Facet_iterator f) {
Vector vec( 0.0, 0.0, 0.0);
std::size_t order = 0;
HF_circulator h = f->facet_begin();
do {

vec = vec + ( h->vertex()->point() - CGAL::ORIGIN);
++ order;

} while ( ++h != f->facet_begin());
CGAL_assertion( order >= 3); // guaranteed by definition of polyhedron
Point center = CGAL::ORIGIN + (vec / order);
Halfedge_handle new_center = P.create_center_vertex( f->halfedge());
new_center->vertex()->point() = center;

}

struct Smooth_old_vertex {
Point operator()( const Vertex& v) const {

CGAL_precondition((CGAL::circulator_size( v.vertex_begin()) & 1) == 0);
std::size_t degree = CGAL::circulator_size( v.vertex_begin()) / 2;
double alpha = ( 4.0 - 2.0 * std::cos( 2.0 * CGAL_PI / degree)) / 9.0;
Vector vec = (v.point() - CGAL::ORIGIN) * ( 1.0 - alpha);
HV_circulator h = v.vertex_begin();
do {

vec = vec + ( h->opposite()->vertex()->point() - CGAL::ORIGIN)
* alpha / degree;

++ h;
CGAL_assertion( h != v.vertex_begin()); // even degree guaranteed
++ h;

} while ( h != v.vertex_begin());
return (CGAL::ORIGIN + vec);

}
};

void flip_edge( Polyhedron& P, Halfedge_handle e) {
Halfedge_handle h = e->next();
P.join_facet( e);
P.split_facet( h, h->next()->next());

}

void subdiv( Polyhedron& P) {
if ( P.size_of_facets() == 0)

return;
// We use that new vertices/halfedges/facets are appended at the end.
std::size_t nv = P.size_of_vertices();
Vertex_iterator last_v = P.vertices_end();
-- last_v; // the last of the old vertices
Edge_iterator last_e = P.edges_end();
-- last_e; // the last of the old edges
Facet_iterator last_f = P.facets_end();
-- last_f; // the last of the old facets

Facet_iterator f = P.facets_begin(); // create new center vertices
do {
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create_center_vertex( P, f);
} while ( f++ != last_f);

std::vector<Point> pts; // smooth the old vertices
pts.reserve( nv); // get intermediate space for the new points
++ last_v; // make it the past-the-end position again
std::transform( P.vertices_begin(), last_v, std::back_inserter( pts),

Smooth_old_vertex());
std::copy( pts.begin(), pts.end(), P.points_begin());

Edge_iterator e = P.edges_begin(); // flip the old edges
++ last_e; // make it the past-the-end position again
while ( e != last_e) {

Halfedge_handle h = e;
++e; // careful, incr. before flip since flip destroys current edge
flip_edge( P, h);

};
CGAL_postcondition( P.is_valid());

}

int main() {
Polyhedron P;
std::cin >> P;
P.normalize_border();
if ( P.size_of_border_edges() != 0) {

std::cerr << "The input object has border edges. Cannot subdivide."
<< std::endl;

std::exit(1);
}
subdiv( P);
std::cout << P;
return 0;

}

10.6.2 Example Using the Incremental Builder and Modifier Mechanism

A utility class CGAL::Polyhedronincrementalbuilder 3 helps in creating polyhedral surfaces from a list of
points followed by a list of facets that are represented as indices into the point list. This is particularly useful
for implementing file reader for common file formats. It is used here to create a triangle.

A modifier mechanism allows to access the internal representation of the polyhedral surface, i.e., the halfedge
data structure, in a controlled manner. A modifier is basically a callback mechanism using a function object.
When called, the function object receives the internal halfedge data structure as a parameter and can modify it.
On return, the polyhedron can check the halfedge data structure for validity. Such a modifier object must always
return with a halfedge data structure that is a valid polyhedral surface. The validity check is implemented as an
expensive postcondition at the end of thedelegate()member function, i.e., it is not called by default, only when
expensive checks are activated.

In this example,Build triangle is such a function object derived fromCGAL::Modifier base<HalfedgeDS>.
Thedelegate()member function of the polyhedron accepts this function object and calls itsoperator()with a
reference to its internally used halfedge data structure. Thus, this member function inBuild trianglecan create
the triangle in the halfedge data structure.
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// file: examples/Polyhedron/polyhedron_prog_incr_builder.C

#include <CGAL/Simple_cartesian.h>
#include <CGAL/Polyhedron_incremental_builder_3.h>
#include <CGAL/Polyhedron_3.h>

// A modifier creating a triangle with the incremental builder.
template <class HDS>
class Build_triangle : public CGAL::Modifier_base<HDS> {
public:

Build_triangle() {}
void operator()( HDS& hds) {

// Postcondition: ‘hds’ is a valid polyhedral surface.
CGAL::Polyhedron_incremental_builder_3<HDS> B( hds, true);
B.begin_surface( 3, 1, 6);
typedef typename HDS::Vertex Vertex;
typedef typename Vertex::Point Point;
B.add_vertex( Point( 0, 0, 0));
B.add_vertex( Point( 1, 0, 0));
B.add_vertex( Point( 0, 1, 0));
B.begin_facet();
B.add_vertex_to_facet( 0);
B.add_vertex_to_facet( 1);
B.add_vertex_to_facet( 2);
B.end_facet();
B.end_surface();

}
};

typedef CGAL::Simple_cartesian<double> Kernel;
typedef CGAL::Polyhedron_3<Kernel> Polyhedron;
typedef Polyhedron::HalfedgeDS HalfedgeDS;

int main() {
Polyhedron P;
Build_triangle<HalfedgeDS> triangle;
P.delegate( triangle);
CGAL_assertion( P.is_triangle( P.halfedges_begin()));
return 0;

}

796



3D Polyhedral Surfaces
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Lutz Kettner

Polyhedral surfaces in three dimensions are composed of vertices, edges, facets and an incidence relationship on
them. The organization beneath is a halfedge data structure, which restricts the class of representable surfaces
to orientable 2-manifolds – with and without boundary. If the surface is closed we call it apolyhedron.

The polyhedral surface is realized as a container class managing vertices, halfedges, facets with their incidences,
and maintaining the combinatorial integrity of them. Its local types for the vertices, halfedges and facets are
documented separately. A default traits class, a default items class and an incremental builder conclude the
references. The polyhedral surface is based on the highly flexible design of the halfedge data structure, see the
reference forHalfedgeDSin Chapter11 or [Ket99], but the default instantiation of the polyhedral surface can
be used without knowing the halfedge data structure.
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CGAL::Polyhedron 3<Traits>

Definition

A polyhedral surfacePolyhedron3<Traits> consists of verticesV, edgesE, facetsF and an incidence relation
on them. Each edge is represented by two halfedges with opposite orientations.

incident vertex

ne
xt

 ha
lfe

dg
e

opposite halfedge

halfedge previous halfedge

incident facet

Vertices represent points in 3d-space. Edges are straight line segments between two endpoints. Facets are planar
polygons without holes defined by the circular sequence of halfedges along their boundary. The polyhedral
surface itself can have holes. The halfedges along the boundary of a hole are calledborder halfedgesand have
no incident facet. An edge is aborder edgeif one of its halfedges is a border halfedge. A surface isclosedif it
contains no border halfedges. A closed surface is a boundary representation for polyhedra in three dimensions.
The convention is that the halfedges are oriented counterclockwise around facets as seen from the outside of
the polyhedron. An implication is that the halfedges are oriented clockwise around the vertices. The notion
of the solid side of a facet as defined by the halfedge orientation extends to polyhedral surfaces with border
edges although they do not define a closed object. If normal vectors are considered for the facets, normals point
outwards (following the right hand rule).

The strict definition can be found in [Ket99]. One implication of this definition is that the polyhedral surface
is always an orientable and oriented 2-manifold with border edges, i.e., the neighborhood of each point on the
polyhedral surface is either homeomorphic to a disc or to a half disc, except for vertices where many holes and
surfaces with boundary can join. Another implication is that the smallest representable surface is a triangle (for
polyhedral surfaces with border edges) or a tetrahedron (for polyhedra). Boundary representations of orientable
2-manifolds are closed under Euler operations. They are extended with operations that create or close holes in
the surface.

Other intersections besides the incidence relation are not allowed, although they are not automatically handled,
since self intersections are not easy to check efficiently.Polyhedron3<Traits> does only maintain the combi-
natorial integrity of the polyhedral surface (using Euler operations) and does not consider the coordinates of the
points or any geometric information.

The classPolyhedron3<Traits> can represent polyhedral surfaces as well as polyhedra. The interface is de-
signed in such a way that it is easy to ignore border edges and work only with polyhedra.

The sequence of edges can be ordered in the data structure on request such that the sequence starts with the non-
border edges and ends with the border edges. Border edges are then itself ordered such that the halfedge which
is incident to the facet comes first and the halfedge incident to the hole comes thereafter. This normalization
step counts simultaneously the number of border edges. This number is zero if and only if the surface is a
closed polyhedron. Note that this class does not maintain this counter nor the halfedge order during further
modifications. There is no automatic caching done for auxiliary information.

#include<CGAL/Polyhedron3.h>
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Parameters

The full template declaration ofPolyhedron3<Traits> states four template parameters:

template< class PolyhedronTraits3,
class PolyhedronItems3 = CGAL::Polyhedronitems3,
template< class T, class I> class HalfedgeDS = CGAL::HalfedgeDSdefault,
class Alloc = CGALALLOCATOR(int)>

class Polyhedron3;

The first parameter requires a model of thePolyhedronTraits3 concept as argument, for example
CGAL::Polyhedrontraits 3. The second parameter expects a model of thePolyhedronItems3 concept. By
default, the classCGAL::Polyhedronitems3 is preselected. The third parameter is a class template. A model
of theHalfedgeDSconcept is expected. By default, the classCGAL::HalfedgeDSdefaultis preselected, which
is a list based implementation of the halfedge data structure. The fourth parameterAlloc requires a standard
allocator for STL container classes. Therebindmechanism fromAlloc will be used to create appropriate allo-
cators internally. A default is provided with the macroCGAL ALLOCATOR(int)from the<CGAL/memory.h>
header file.

Types

Polyhedron3<Traits>:: Traits traits class selected forPolyhedronTraits3.
Polyhedron3<Traits>:: Items items class selected forPolyhedronItems3.
Polyhedron3<Traits>:: HalfedgeDS instantiated halfedge data structure.

Polyhedron3<Traits>:: size type size type ofHalfedgeDS.
Polyhedron3<Traits>:: difference type difference type ofHalfedgeDS.
Polyhedron3<Traits>:: iterator category iterator category ofHalfedgeDSfor all iterators.
Polyhedron3<Traits>:: circulator category circulator category of all circulators; bidirectional category if

the Items::Halfedgeprovides aprev()member function, other-
wise forward category.

Polyhedron3<Traits>:: allocator type allocator typeAlloc.

Polyhedron3<Traits>:: Vertex vertex type.
Polyhedron3<Traits>:: Halfedge halfedge type.
Polyhedron3<Traits>:: Facet facet type.

Polyhedron3<Traits>:: Point 3 point stored in vertices.
Polyhedron3<Traits>:: Plane 3 plane equation stored in facets (if supported).

The following handles, iterators, and circulators have appropriate non-mutable counterparts, i.e.,consthandle,
const iterator, andconstcirculator. The mutable types are assignable to their non-mutable counterparts. Both
circulators are assignable to theHalfedgeiterator. The iterators are assignable to the respective handle types.
Wherever the handles appear in function parameter lists, the corresponding iterators can be used as well. For
convenience, theEdge iterator enumerates every other halfedge. It is based on theCGAL::N stepadaptor
class. For convenience, thePoint iterator enumerates all points in the polyhedral surface in the same order as
theVertex iterator, but with the value typePoint. It is based on theCGAL::Iterator projectadaptor. Similarly,
aPlane iterator is provided.

Polyhedron3<Traits>:: Vertex handle handle to vertex.
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Polyhedron3<Traits>:: Halfedge handle handle to halfedge.
Polyhedron3<Traits>:: Facet handle handle to facet.

Polyhedron3<Traits>:: Vertex iterator iterator over all vertices.
Polyhedron3<Traits>:: Halfedge iterator iterator over all halfedges.
Polyhedron3<Traits>:: Facet iterator iterator over all facets.

Polyhedron3<Traits>:: Halfedge around vertexcirculator

circulator of halfedges around a vertex (cw).

Polyhedron3<Traits>:: Halfedge around facet circulator

circulator of halfedges around a facet (ccw).

Polyhedron3<Traits>:: Edge iterator iterator over all edges (every other halfedge).
Polyhedron3<Traits>:: Point iterator iterator over all points.
Polyhedron3<Traits>:: Plane iterator iterator over all plane equations.

advanced

Types for Tagging Optional Features

The following types are equal to eitherCGAL::Tag trueor CGAL::Tag false, depending on whether the named
feature is supported or not.

Polyhedron3<Traits>:: Supportsvertexhalfedge Vertex::halfedge().
Polyhedron3<Traits>:: Supportsvertexpoint Vertex::point().
Polyhedron3<Traits>:: Supportshalfedgeprev Halfedge::prev().
Polyhedron3<Traits>:: Supportshalfedgevertex Halfedge::vertex().
Polyhedron3<Traits>:: Supportshalfedgefacet Halfedge::facet().
Polyhedron3<Traits>:: Supportsfacet halfedge Facet::halfedge().
Polyhedron3<Traits>:: Supportsfacet plane Facet::plane().
Polyhedron3<Traits>:: Supportsremoval supports removal of individual elements.

advanced

Creation

Polyhedron3<Traits> P( Traits traits = Traits());

Polyhedron3<Traits> P( sizetype v, sizetype h, sizetype f, Traits traits = Traits());

a polyhedronP with storage reserved forv vertices,h halfedges, andf facets.
The reservation sizes are a hint for optimizing storage allocation.

void P.reserve( sizetype v, sizetype h, sizetype f)

reserve storage forv vertices,h halfedges, andf facets. The reservation sizes
are a hint for optimizing storage allocation. If thecapacity is already greater
than the requested size nothing happens. If thecapacitychanges all iterators and
circulators might invalidate.
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Halfedgehandle P.maketetrahedron()

a tetrahedron is added to the polyhedral surface. Returns a halfedge of the tetra-
hedron.

Halfedgehandle P.maketetrahedron( Point p1, Point p2, Point p3, Point p4)

a tetrahedron is added to the polyhedral surface with its vertices initialized to
p1, p2, p3, andp4. Returns that halfedge of the tetrahedron which incident vertex
is initialized top1. The incident vertex of the next halfedge isp2, and the vertex
thereafter isp3. The remaining fourth vertex is initialized top4.

Halfedgehandle P.maketriangle()

a triangle with border edges is added to the polyhedral surface. Returns a non-
border halfedge of the triangle.

Halfedgehandle P.maketriangle( Point p1, Point p2, Point p3)

a triangle with border edges is added to the polyhedral surface with its vertices
initialized to p1, p2, and p3. Returns that non-border halfedge of the triangle
which incident vertex is initialized top1. The incident vertex of the next halfedge
is p2, and the vertex thereafter isp3.

Access Member Functions

bool P.empty() returns true ifP is empty.

size type P.sizeof vertices() number of vertices.
size type P.sizeof halfedges() number of halfedges (incl. border halfedges).
size type P.sizeof facets() number of facets.

size type P.capacityof vertices() space reserved for vertices.
size type P.capacityof halfedges() space reserved for halfedges.
size type P.capacityof facets() space reserved for facets.

size t P.bytes() bytes used for the polyhedron.
size t P.bytesreserved() bytes reserved for the polyhedron.

allocator type P.getallocator() allocator object.

Vertex iterator P.verticesbegin() iterator over all vertices.
Vertex iterator P.verticesend() past-the-end iterator.
Halfedgeiterator P.halfedgesbegin() iterator over all halfedges.
Halfedgeiterator P.halfedgesend() past-the-end iterator.
Facet iterator P.facetsbegin() iterator over all facets (excluding holes).
Facet iterator P.facetsend() past-the-end iterator.

Edge iterator P.edgesbegin() iterator over all edges.
Edge iterator P.edgesend() past-the-end iterator.
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Point iterator P.pointsbegin() iterator over all points.
Point iterator P.pointsend() past-the-end iterator.

Plane iterator P.planesbegin() iterator over all plane equations.
Plane iterator P.planesend() past-the-end iterator.

Traits P.traits() returns the traits class.

Combinatorial Predicates

bool P.is closed()

returnstrue if there are no border edges.

bool P.is pure bivalent()

returnstrue if all vertices have exactly two incident edges.

bool P.is pure trivalent()

returnstrue if all vertices have exactly three incident edges.

bool P.is pure triangle()

returnstrue if all facets are triangles.

bool P.is pure quad()

returnstrue if all facets are quadrilaterals.

bool P.is triangle( Halfedgeconsthandle h)

true iff the connected component denoted byh is a triangle.

bool P.is tetrahedron( Halfedgeconsthandle h)

true iff the connected component denoted byh is a tetrahedron.

Euler Operators (Combinatorial Modifications)

The following Euler operations modify consistently the combinatorial structure of the polyhedral surface. The
geometry remains unchanged.
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h

g

h

split_facet(h,g)

join_facet(h)

split_vertex(h,g)

join_vertex(h)g

h

h

Halfedgehandle P.splitfacet( Halfedgehandle h, Halfedgehandle g)

splits the facet incident toh andg into two facets with a new diagonal between
the two vertices denoted byh andg respectively. The second (new) facet is
a copy of the first facet. Returnsh->next()after the operation, i.e., the new
diagonal. The new face is to the right of the new diagonal, the old face is to the
left. The time is proportional to the distance fromh to g around the facet.
Precondition: h andg are incident to the same facet.h != g (no loops). h->
next() != gandg->next() != h (no multi-edges).

Halfedgehandle P.joinfacet( Halfedgehandle h)

joins the two facets incident toh. The facet incident toh->opposite()gets re-
moved. Both facets might be holes. Returns the predecessor ofh around the
facet. The invariantjoin facet( split facet( h, g))returnsh and keeps the poly-
hedron unchanged. The time is proportional to the size of the facet removed
and the time to computeh->prev().
Precondition: The degree of both vertices incident toh is at least three (no
antennas).
Requirement: Supportsremoval≡ CGAL::Tag true.

Halfedgehandle P.splitvertex( Halfedgehandle h, Halfedgehandle g)

splits the vertex incident toh andg into two vertices, the old vertex remains
and a new copy is created, and connects them with a new edge. Lethnewbe
h->next()->opposite()after the split, i.e., a halfedge of the new edge. The split
regroups the halfedges around the two vertices. The halfedge sequencehnew,
g->next()->opposite(), . . . ,h remains around the old vertex, while the halfedge
sequencehnew->opposite(), h->next()->opposite()(before the split), . . . ,g is
regrouped around the new vertex. The split returnshnew, i.e., the new halfedge
incident to the old vertex. The time is proportional to the distance fromh to g
around the vertex.
Precondition: h andg are incident to the same vertex.h != g (antennas are not
allowed).
Note: A special application of the split issplit vertex(h,h->next()->opposite())
which is equivalent to an edge split of the halfedgeh->next()that creates a new
vertex on the halfedgeh->next(). See alsosplit edge(h)below.
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Halfedgehandle P.joinvertex( Halfedgehandle h)

joins the two vertices incident toh. The vertex denoted byh->opposite()gets
removed. Returns the predecessor ofh around the vertex, i.e.,h->opposite()-
>prev(). The invariantjoin vertex( splitvertex( h, g))returnsh and keeps the
polyhedron unchanged. The time is proportional to the degree of the vertex
removed and the time to computeh->prev()andh->opposite()->prev().
Precondition: The size of both facets incident toh is at least four (no multi-
edges).
Requirement: Supportsremoval≡ CGAL::Tag true.

Halfedgehandle P.splitedge( Halfedgehandle h)

splits the halfedgeh into two halfedges inserting a new vertex that is a
copy of h->opposite()->vertex(). Is equivalent tosplit vertex( h->prev(), h->
opposite()). The call ofprev()can make this method slower than a direct call
of split vertex() if the previous halfedge is already known and computing it
would be costly when the halfedge data structure does not support theprev()
member function. Returns the new halfedgehnewpointing to the inserted ver-
tex. The new halfedge is followed by the old halfedge, i.e.,hnew->next() ==
h.

Halfedgehandle P.flipedge( Halfedgehandle h)

performs an edge flip. It returnsh after rotating the edgeh one vertex in the
direction of the face orientation.
Precondition: h != Halfedge handle()and both facets incident toh are trian-
gles.

h
g

create_center_vertex(h)

erase_center_vertex(g)

Halfedgehandle P.createcentervertex( Halfedgehandle h)

barycentric triangulation ofh->facet(). Creates a new vertex, a copy ofh->
vertex(), and connects it to each vertex incident toh->facet()splittingh->facet()
into triangles.h remains incident to the original facet, all other triangles are
copies of this facet. Returns the halfedgeh->next()after the operation, i.e., a
halfedge pointing to the new vertex. The time is proportional to the size of the
facet.
Precondition: h is not a border halfedge.

805



Halfedgehandle P.erasecentervertex( Halfedgehandle g)

reversescreatecentervertex. Erases the vertex pointed to byg and all inci-
dent halfedges thereby merging all incident facets. Onlyg->facet() remains.
The neighborhood ofg->vertex()may not be triangulated, it can have larger
facets. Returns the halfedgeg->prev(). Thus, the invarianth == erase center
vertex( createcentervertex(h))holds ifh is not a border halfedge. The time is
proportional to the sum of the size of all incident facets.
Precondition: None of the incident facets ofg->vertex()is a hole. There are at
least two distinct facets incident to the facets that are incident tog->vertex().
(This prevents the operation from collapsing a volume into two facets glued
together with opposite orientations, such as would happen with any vertex of a
tetrahedron.)
Requirement: Supportsremoval≡ CGAL::Tag true.

Euler Operators Modifying Genus

h

i

h

j

i

g
split_loop(h,i,j)

join_loop(h,g)
j

Halfedgehandle P.splitloop( Halfedgehandle h, Halfedgehandle i, Halfedgehandle j)

cuts the polyhedron into two parts along the cycle(h, i, j) (edge j runs on
the backside of the three dimensional figure above). Three new vertices (one
copy for each vertex in the cycle) and three new halfedges (one copy for each
halfedge in the cycle), and two new triangles are created.h, i, j will be incident
to the first new triangle. The return value will be the halfedge incident to the
second new triangle which is the copy ofh-opposite().
Precondition: h, i, j denote distinct, consecutive vertices of the polyhedron and
form a cycle: i.e.,h->vertex() == i->opposite()->vertex(), . . . , j->vertex() ==
h->opposite()->vertex(). The six facets incident toh, i, j are all distinct.

Halfedgehandle P.joinloop( Halfedgehandle h, Halfedgehandle g)

glues the boundary of the two facets denoted byh andg together and returnsh.
Both facets and the vertices along the facet denoted byg gets removed. Both
facets may be holes. The invariantjoin loop( h, split loop( h, i, j)) returnsh
and keeps the polyhedron unchanged.
Precondition: The facets denoted byhandgare different and have equal degree
(i.e., number of edges).
Requirement: Supportsremoval≡ CGAL::Tag true.
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Modifying Facets and Holes

Halfedgehandle P.makehole( Halfedgehandle h)

removes the incident facet ofh and changes all halfedges incident to the facet
into border edges. Returnsh. Seeerasefacet(h)for a more generalized variant.
Precondition: None of the incident halfedges of the facet is a border edge.
Requirement: Supportsremoval≡ CGAL::Tag true.

Halfedgehandle P.fill hole( Halfedgehandle h)

fills a hole with a newly created facet. Makes all border halfedges of the hole
denoted byh incident to the new facet. Returnsh.
Precondition: h.is border().

h

g

add_facet_to_border(h,g)

g

h

erase_facet(h) erase_facet(h)

add_vertex_and_facet_
to_border(h,g)

h
h

Halfedgehandle P.addvertexand facet to border( Halfedgehandle h, Halfedgehandle g)

creates a new facet within the hole incident toh andg by connecting the tip
of g with the tip ofh with two new halfedges and a new vertex and filling this
separated part of the hole with a new facet, such that the new facet is incident
to g. Returns the halfedge of the new edge that is incident to the new facet and
the new vertex.
Precondition: h->is border(), g->is border(), h != g, andg can be reached
along the same hole starting withh.

Halfedgehandle P.addfacet to border( Halfedgehandle h, Halfedgehandle g)

creates a new facet within the hole incident toh andg by connecting the vertex
denoted byg with the vertex denoted byh with a new halfedge and filling this
separated part of the hole with a new facet, such that the new facet is incident
to g. Returns the halfedge of the new edge that is incident to the new facet.
Precondition: h->is border(), g->is border(), h != g, h->next() != g, andg can
be reached along the same hole starting withh.

Erasing
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void P.erasefacet( Halfedgehandle h)

removes the incident facet ofh and changes all halfedges incident to the facet
into border edges or removes them from the polyhedral surface if they were
already border edges. If this creates isolated vertices they get removed as well.
Seemakehole(h)for a more specialized variant.
Precondition: h->is border() == false.
Requirement: Supportsremoval≡ CGAL::Tag true.

void P.eraseconnectedcomponent( Halfedgehandle h)

removes the vertices, halfedges, and facets that belong to the connected com-
ponent ofh.
Requirement: Supportsremoval≡ CGAL::Tag true.

void P.clear()

removes all vertices, halfedges, and facets.

Operations with Border Halfedges

advanced

Halfedges incident to a hole are calledborder halfedges. An halfedge is aborder edgeif itself or its opposite
halfedge are border halfedges. The only requirement to work with border halfedges is that theHalfedgeclass
provides a member functionis border() returning abool. Usually, the halfedge data structure supports facets
and aNULL facet pointer will indicate a border halfedge, but this is not the only possibility. Theis border()
predicate divides the edges into two classes, the border edges and the non-border edges. The following normal-
ization reorganizes the sequential storage of the edges such that the non-border edges precede the border edges,
and that for each border edge the latter one of the two halfedges is a border halfedge (the first one is a non-
border halfedge in conformance with the polyhedral surface definition). The normalization stores the number of
border halfedges and the halfedge iterator the border edges start at within the data structure. Halfedge insertion
or removal and changing the border status of a halfedge invalidate these values. They are not automatically
updated.

void P.normalizeborder()

sorts halfedges such that the non-border edges precede the border edges. For
each border edge the halfedge iterator will reference the halfedge incident to
the facet right before the halfedge incident to the hole.

size type P.sizeof border halfedges()

number of border halfedges.
Precondition: lastnormalizeborder()call still valid, see above.

size type P.sizeof border edges()

number of border edges. Since each border edge of a polyhedral surface
has exactly one border halfedge, this number is equal tosizeof border
halfedges().
Precondition: lastnormalizeborder()call still valid, see above.
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Halfedgeiterator P.borderhalfedgesbegin()

halfedge iterator starting with the border edges. The range [halfedges
begin(), borderhalfedgesbegin()) denotes all non-border halfedges. The
range [border halfedgesbegin(), halfedgesend()) denotes all border edges.
Precondition: lastnormalizeborder()call still valid, see above.

Edge iterator P.borderedgesbegin()

edge iterator starting with the border edges. The range [edgesbegin(),
border edgesbegin()) denotes all non-border edges. The range [border
edgesbegin(), edgesend()) denotes all border edges.
Precondition: lastnormalizeborder()call still valid, see above.

advanced

Miscellaneous

void P.insideout()

reverses facet orientations (incl. plane equations if supported).

bool P.is valid( bool verbose = false, int level = 0)

returnstrue if the polyhedral surface is combinatorially consistent. Ifverbose
is true, statistics are printed tocerr. For level == 1 the normalization of
the border edges is checked too. This method checks in particular level 3 of
CGAL::Halfedgedata structuredecorator::is valid from page11.4and that
each facet is at least a triangle and that the two incident facets of a non-border
edge are distinct.

bool P.normalizedborder is valid( bool verbose = false)

returnstrue if the border halfedges are in normalized representation, which
is when enumerating all halfedges with the iterator: The non-border edges
precede the border edges and for border edges, the second halfedge is the
border halfedge. The halfedge iteratorborder halfedgesbegin()denotes the
first border edge. Ifverboseis true, statistics are printed tocerr.
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advanced

void P.delegate( CGAL::Modifierbase<HDS>& m)

calls theoperator()of the modifierm. SeeCGAL::Modifier basein the Sup-
port Library Manual for a description of modifier design and its usage.
Precondition: The polyhedral surface must be valid when the modifier returns
from execution.

advanced

See Also

CGAL::Polyhedron3<Traits>::Vertex. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page816
CGAL::Polyhedron3<Traits>::Halfedge. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page813
CGAL::Polyhedron3<Traits>::Facet. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page811
PolyhedronTraits3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page827
CGAL::Polyhedrontraits 3<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page828
PolyhedronItems3. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page822
CGAL::Polyhedronitems3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page824
HalfedgeDS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page847
CGAL::HalfedgeDSdefault . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page872
CGAL::Polyhedronincrementalbuilder 3<HDS> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page818
CGAL::Modifier basein the Support Library Reference Manual.

Example

This example program instantiates a polyhedron using the default traits class and creates a tetrahedron.

// file: examples/Polyhedron/polyhedron_prog_simple.C

#include <CGAL/Simple_cartesian.h>
#include <CGAL/Polyhedron_3.h>

typedef CGAL::Simple_cartesian<double> Kernel;
typedef CGAL::Polyhedron_3<Kernel> Polyhedron;
typedef Polyhedron::Halfedge_handle Halfedge_handle;

int main() {
Polyhedron P;
Halfedge_handle h = P.make_tetrahedron();
if ( P.is_tetrahedron(h))

return 0;
return 1;

}
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CGAL::Polyhedron 3<Traits>::Facet

Definition

A facet optionally stores a plane equation, and a reference to an incident halfedge that points to the facet. Type
tags indicate whether these member functions are supported. Figure10.1on page813 depicts the relationship
between a halfedge and its incident halfedges, vertices, and facets. The circulator is assignable to theHalfedge
handle. The circulator is bidirectional if the halfedge provided to the polyhedron with theItems template
argument provides a member functionprev(), otherwise it is of the forward category.

#include<CGAL/Polyhedron3.h>

Types

Facet:: Vertex type of incident vertices.
Facet:: Halfedge type of incident halfedges.
Facet:: Plane3 plane equation type stored in facets.

Facet:: Vertexhandle handle to vertex.
Facet:: Halfedgehandle handle to halfedge.
Facet:: Facethandle handle to facet.
Facet:: Halfedgearound facet circulator circulator of halfedges around a facet.

Facet:: Vertexconsthandle
Facet:: Halfedgeconsthandle
Facet:: Facetconsthandle
Facet:: Halfedgearound facet constcirculator

Facet:: Supportsfacet halfedge ≡ CGAL::Tag trueor CGAL::Tag false.
Facet:: Supportsfacet plane ≡ CGAL::Tag trueor CGAL::Tag false.

Creation

Facet f; default constructor.

Operations available ifSupportsfacet plane≡ CGAL::Tag true

Plane 3& f .plane()
const Plane3& f .plane() const plane equation.

Operations available ifSupportsfacet halfedge≡ CGAL::Tag true

Halfedgehandle f .halfedge()
Halfedgeconsthandle f .halfedge() const an incident halfedge that points tof .
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Halfedgearound facet circulator

f .facet begin()

Halfedgearound facet constcirculator

f .facet begin() const

circulator of halfedges around the facet (counterclockwise).

void f .sethalfedge( Halfedgehandle h)

sets incident halfedge toh.
Precondition: h is incident, i.e.,h->facet() == f .

std::sizet f .facet degree() const

the degree of the facet, i.e., number of edges on the boundary
of this facet.

bool f .is triangle() const

returnstrue if the facet is a triangle.

bool f .is quad() const returnstrue if the facet is a quadrilateral.

See Also

CGAL::Polyhedron3<Traits>::Vertex. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page816
CGAL::Polyhedron3<Traits>::Halfedge. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page813
CGAL::Polyhedron3<Traits> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page799
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CGAL::Polyhedron 3<Traits>::Halfedge

Definition

Figure10.1on page813 depicts the relationship between a halfedge and its incident halfedges, vertices, and
facets. A halfedge is an oriented edge between two vertices. It is always paired with a halfedge pointing in the
opposite direction. Theopposite()member function returns this halfedge of opposite orientation. If a halfedge
is incident to a facet thenext()member function points to the successor halfedge around this facet. For border
edges thenext()member function points to the successor halfedge along the hole. For more than two border
edges at a vertex, the next halfedge along a hole is not uniquely defined, but a consistent assignment of the next
halfedge will be maintained in the data structure. An invariant is that successive assignments of the formh =
h->next()cycle counterclockwise around the facet (or hole) and traverse all halfedges incident to this facet (or
hole). A similar invariant is that successive assignments of the formh = h->next()->opposite()cycle clockwise
around the vertex and traverse all halfedges incident to this vertex. Two circulators are provided for these
circular orders.

incident vertex

ne
xt

 ha
lfe

dg
e

opposite halfedge

halfedge previous halfedge

incident facet

Vertex

Point& point()

Halfedge_handle  halfedge()

Halfedge

Halfegde_handle  opposite()

Halfedge_handle  next()

Halfedge_handle  prev()

Vertex_handle  vertex()

Facet_handle  facet()

Facet

Normal& normal()

Plane& plane()

Halfedge_handle  halfedge()

Figure 10.1: The three classesVertex, Halfedge, andFacetof the polyhedral surface. Member functions with
shaded background are mandatory. The others are optionally supported.

The incidences encoded inopposite()andnext()are available for each instantiation of polyhedral surfaces. The
other incidences are optionally available as indicated with type tags. Theprev()member function points to the
preceding halfedge around the same facet. It is always available, though it might perform a search around the
facet using thenext()member function to find the previous halfedge if the underlying halfedge data structure
does not provide an efficientprev()member function for halfedges. Handles to the incident vertex and facet are
optionally stored.

The circulators are assignable to theHalfedgehandle. The circulators are bidirectional if the halfedge provided
to the polyhedron with theItemstemplate argument provides a member functionprev(), otherwise they are of
the forward category.

#include<CGAL/Polyhedron3.h>

Types

Halfedge:: Vertex type of incident vertices.
Halfedge:: Facet type of incident facets.

Halfedge:: Vertexhandle handle to vertex.
Halfedge:: Halfedgehandle handle to halfedge.
Halfedge:: Facethandle handle to facet.
Halfedge:: Halfedgearound vertexcirculator circulator of halfedges around a vertex.
Halfedge:: Halfedgearound facet circulator circulator of halfedges around a facet.
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Halfedge:: Vertexconsthandle
Halfedge:: Halfedgeconsthandle
Halfedge:: Facetconsthandle
Halfedge:: Halfedgearound vertexconstcirculator
Halfedge:: Halfedgearound facet constcirculator

Halfedge:: Supportshalfedgeprev ≡ CGAL::Tag trueor CGAL::Tag false.
Halfedge:: Supportshalfedgevertex ≡ CGAL::Tag trueor CGAL::Tag false.
Halfedge:: Supportshalfedgeface ≡ CGAL::Tag trueor CGAL::Tag false.

Creation

Halfedge h; default constructor.

Operations

Halfedgehandle h.opposite()
Halfedgeconsthandle h.opposite() const the opposite halfedge.

Halfedgehandle h.next()
Halfedgeconsthandle h.next() const the next halfedge around the facet.

Halfedgehandle h.prev()
Halfedgeconsthandle h.prev() const the previous halfedge around the facet.

Halfedgehandle h.nexton vertex()
Halfedgeconsthandle h.nexton vertex() const the next halfedge around the vertex (clockwise). Is

equal toh.next()->opposite().

Halfedgehandle h.prevon vertex()
Halfedgeconsthandle h.prevon vertex() const the previous halfedge around the vertex (counterclock-

wise). Is equal toh.opposite()->prev().

bool h.is border() const is true ifh is a border halfedge.
bool h.is border edge() const is true ifh or h.opposite()is a border halfedge.

Halfedgearound vertexcirculator

h.vertexbegin()

Halfedgearound vertexconstcirculator

h.vertexbegin() const circulator of halfedges around the vertex (clockwise).

Halfedgearound facet circulator

h.facetbegin()
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Halfedgearound facet constcirculator

h.facetbegin() const circulator of halfedges around the facet (counterclock-
wise).

std::sizet h.vertexdegree() const the degree of the incident vertex, i.e., number of edges
emanating from this vertex.

bool h.is bivalent() const returnstrue if the incident vertex has exactly two inci-
dent edges.

bool h.is trivalent() const returnstrue if the incident vertex has exactly three in-
cident edges.

std::sizet h.facetdegree() const the degree of the incident facet, i.e., number of edges
on the boundary of this facet.

bool h.is triangle() const returnstrue if the incident facet is a triangle.
bool h.is quad() const returnstrue if the incident facet is a quadrilateral.

Operations available ifSupportshalfedgevertex≡ CGAL::Tag true

Vertexhandle h.vertex()
Vertexconsthandle h.vertex() const the incident vertex ofh.

Operations available ifSupportshalfedgefacet≡ CGAL::Tag true

Facet handle h.facet()
Facet consthandle h.facet() const the incident facet ofh. If h is a border halfedge the

result is default construction of the handle.

See Also

CGAL::Polyhedron3<Traits>::Vertex. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page816
CGAL::Polyhedron3<Traits>::Facet. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page811
CGAL::Polyhedron3<Traits> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page799

Implementation

The member functionsprev() and prev on vertex() work in constant time ifSupportshalfedgeprev ≡
CGAL::Tag true. Otherwise both methods search for the previous halfedge around the incident facet.
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CGAL::Polyhedron 3<Traits>::Vertex

Definition

A vertex optionally stores a point and a reference to an incident halfedge that points to the vertex. Type tags
indicate whether these member functions are supported. Figure10.1 on page813 depicts the relationship
between a halfedge and its incident halfedges, vertices, and facets. The circulator is assignable to theHalfedge
handle. The circulator is bidirectional if the halfedge provided to the polyhedron with theItems template
argument provides a member functionprev(), otherwise it is of the forward category.

#include<CGAL/Polyhedron3.h>

Types

Vertex:: Halfedge type of incident halfedges.
Vertex:: Facet type of incident facets.
Vertex:: Point3 point type stored in vertices.

Vertex:: Vertexhandle handle to vertex.
Vertex:: Halfedgehandle handle to halfedge.
Vertex:: Facethandle handle to facet.
Vertex:: Halfedgearound vertexcirculator circulator of halfedges around a vertex.

Vertex:: Vertexconsthandle
Vertex:: Halfedgeconsthandle
Vertex:: Facetconsthandle
Vertex:: Halfedgearound vertexconstcirculator

Vertex:: Supportsvertexhalfedge ≡ CGAL::Tag trueor CGAL::Tag false.
Vertex:: Supportsvertexpoint ≡ CGAL::Tag trueor CGAL::Tag false.

Creation

Vertex v; default constructor.
Vertex v( Point p); vertex initialized with a point.

Operations available ifSupportsvertexpoint≡ CGAL::Tag true

Point 3& v.point()
const Point3& v.point() const the point.
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Operations available ifSupportsvertexhalfedge≡ CGAL::Tag true

Halfedgehandle v.halfedge()
Halfedgeconsthandle v.halfedge() const an incident halfedge that points tov.

Halfedgearound vertexcirculator

v.vertexbegin()

Halfedgearound vertexconstcirculator

v.vertexbegin() const

circulator of halfedges around the vertex (clockwise).

void v.sethalfedge( Halfedgehandle h)

sets incident halfedge toh.
Precondition: h is incident, i.e.,h->vertex() == v.

std::sizet v.vertexdegree() const

the degree of the vertex, i.e., number of edges emanating from
this vertex.

bool v.is bivalent() const

returnstrue if the vertex has exactly two incident edges.

bool v.is trivalent() const

returnstrue if the vertex has exactly three incident edges.

See Also

CGAL::Polyhedron3<Traits>::Halfedge. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page813
CGAL::Polyhedron3<Traits>::Facet. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page811
CGAL::Polyhedron3<Traits> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page799
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CGAL::Polyhedron incremental builder 3<HDS>

Definition

The auxiliary classPolyhedronincrementalbuilder 3<HDS> supports the incremental construction of polyhe-
dral surfaces, which is for example convenient when constructing polyhedral surfaces from file formats, such
as the Object File Format (OFF) [Phi96], OpenInventor [Wer94] or VRML [ BPP95, VRM96]. Polyhedron
incrementalbuilder 3<HDS> needs access to the internal halfedge data structure of typeHDSof the polyhedral
surface. It is intended to be used within a modifier, seeCGAL::Modifier basein the Support Library Reference
Manual.

The incremental builder might be of broader interest for other uses of the halfedge data structures, but it is
specifically bound to the definition of polyhedral surfaces given here. During construction all conditions of
polyhedral surfaces are checked and in case of violation an error status is set. A diagnostic message will be
issued tocerr if the verboseflag has been set at construction time.

The incremental construction starts with a list of all point coordinates and concludes with a list of all facet
polygons. Edges are not explicitly specified. They are derived from the vertex incidence information provided
from the facet polygons. The polygons are given as a sequence of vertex indices. The halfedge data structure
HDS must support vertices (i.e.,Supportshalfedgevertex≡ CGAL::Tag true). Vertices and facets can be
added in arbitrary order as long as a call toadd vertex to facet()refers only to a vertex index that is already
known. Some methods return already handles to vertices, facets, and halfedges newly constructed. They can be
used to initialize additional fields, however, the incidences in the halfedge-data structure are not stable and are
not allowed to be changed.

The incremental builder can work in two modes:RELATIVEINDEXING (the default), in which a polyhedral
surface already contained in the halfedge data structure is ignored and all indices are relative to the newly added
surface, orABSOLUTEINDEXING, in which all indices are absolute indices including an already existing
polyhedral surface. The former mode allows to create easily independent connected components, while the
latter mode allows to to continue the construction of an existing surface, the absolute indexing allows to address
existing vertices when creating new facets.

#include<CGAL/Polyhedronincrementalbuilder 3.h>

Types

Polyhedronincrementalbuilder 3<HDS>:: HalfedgeDS halfedge data structureHDS.
Polyhedronincrementalbuilder 3<HDS>:: Point 3 point type of the vertex.
Polyhedronincrementalbuilder 3<HDS>:: size type size type.

typedef typename HalfedgeDS::Vertexhandle Vertexhandle;
typedef typename HalfedgeDS::Halfedgehandle Halfedgehandle;
typedef typename HalfedgeDS::Facehandle Facethandle;

Constants

enum{ RELATIVEINDEXING, ABSOLUTEINDEXING};

two different indexing modes.
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Creation

Polyhedronincrementalbuilder 3<HDS> B( HDS& hds, bool verbose = false);

stores a reference to the halfedge data structurehdsof a polyhe-
dral surface in its internal state. An existing polyhedral surface in
hdsremains unchanged. The incremental builder appends the new
polyhedral surface. Ifverboseis true, diagnostic messages will be
printed tocerr in case of malformed input data.

Surface Creation

To build a polyhedral surface, the following regular expression gives the correct and allowed order and nesting
of method calls from this section:

beginsurface(add vertex| (begin facet addvertexto facet∗ end facet))∗ endsurface

void B.beginsurface( sizetype v,
size type f,
size type h = 0,
int mode = RELATIVEINDEXING)

starts the construction.v is the number of new vertices to expect,f
the number of new facets, andh the number of new halfedges. If
h is unspecified (== 0 ) it is estimated using Euler’s equation (plus
5% for the so far unknown holes and genus of the object). These
values are used to reserve space in the halfedge data structurehds.
If the representation supports insertion these values do not restrict
the class of constructible polyhedra. If the representation does not
support insertion the object must fit into the reserved sizes.
If modeis set toABSOLUTEINDEXING the incremental builder
uses absolute indexing and the vertices of the old polyhedral surface
can be used in new facets (needs preprocessing time linear in the
size of the old surface). Otherwise relative indexing is used starting
with new indices for the new construction.

Vertexhandle B.addvertex( Point3 p)

adds a new vertex forp and returns its handle.

Facet handle B.beginfacet() starts a new facet and returns its handle.

void B.addvertex to facet( sizetype i)

adds a vertex with indexi to the current facet. The first point added
with add vertex()has the index 0 ifmodewas set toRELATIVE
INDEXING, otherwise the first vertex in the referencedhdshas the
index 0.
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Halfedgehandle B.endfacet() ends a newly constructed facet. Returns the handle to the halfedge
incident to the new facet that points to the vertex added first. The
halfedge can be safely used to traverse the halfedge cycle around
the new facet.

void B.endsurface() ends the construction.

Additional Operations

template<class InputIterator>
Halfedgehandle B.addfacet( InputIterator first, InputIterator beyond)

is a synonym forbegin facet(), a call toadd facet()for each value
in the range[first,beyond), and a call toend facet(). Returns the
return value ofend facet().
Precondition: The value type ofInputIterator is std::sizet. All
indices must refer to vertices already added.

template<class InputIterator>
bool B.testfacet( InputIterator first, InputIterator beyond)

returns true if a facet described by the vertex indices in the
range[first,beyond)can be successfully inserted, e.g., withadd
facet(first,beyond).
Precondition: The value type ofInputIterator is std::sizet. All
indices must refer to vertices already added.

Vertexhandle B.vertex( std::sizet i)

returns handle for the vertex of indexi, or Vertexhandleif there is
no i-th vertex.

bool B.error() returns error status of the builder.

void B.rollback() undoes all changes made to the halfedge data structure since the last
begin surface()in relative indexing, and deletes the whole surface
in absolute indexing. It needs a new call tobegin surface()to start
inserting again.

bool B.checkunconnectedvertices()

returnstrue if unconnected vertices are detected. Ifverbosewas
set totrue (see the constructor above) debug information about the
unconnected vertices is printed.

bool B.removeunconnectedvertices()

returnstrue if all unconnected vertices could be removed success-
fully. This happens either if no unconnected vertices had appeared
or if the halfedge data structure supports the removal of individual
elements.
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See Also

CGAL::Polyhedron3<Traits> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page799
HalfedgeDS. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page847
CGAL::Modifier basein the Support Library Reference Manual.

Example

A modifier class creates a new triangle in the halfedge data structure using the incremental builder.

// file: examples/Polyhedron/polyhedron_prog_incr_builder.C

#include <CGAL/Simple_cartesian.h>
#include <CGAL/Polyhedron_incremental_builder_3.h>
#include <CGAL/Polyhedron_3.h>

// A modifier creating a triangle with the incremental builder.
template <class HDS>
class Build_triangle : public CGAL::Modifier_base<HDS> {
public:

Build_triangle() {}
void operator()( HDS& hds) {

// Postcondition: ‘hds’ is a valid polyhedral surface.
CGAL::Polyhedron_incremental_builder_3<HDS> B( hds, true);
B.begin_surface( 3, 1, 6);
typedef typename HDS::Vertex Vertex;
typedef typename Vertex::Point Point;
B.add_vertex( Point( 0, 0, 0));
B.add_vertex( Point( 1, 0, 0));
B.add_vertex( Point( 0, 1, 0));
B.begin_facet();
B.add_vertex_to_facet( 0);
B.add_vertex_to_facet( 1);
B.add_vertex_to_facet( 2);
B.end_facet();
B.end_surface();

}
};

typedef CGAL::Simple_cartesian<double> Kernel;
typedef CGAL::Polyhedron_3<Kernel> Polyhedron;
typedef Polyhedron::HalfedgeDS HalfedgeDS;

int main() {
Polyhedron P;
Build_triangle<HalfedgeDS> triangle;
P.delegate( triangle);
CGAL_assertion( P.is_triangle( P.halfedges_begin()));
return 0;

}

821



C
on

ce
pt

PolyhedronItems 3

Definition

The PolyhedronItems3 concept extends theHalfedgeDSItemsconcept on page879. In addition to the
requirements stated there, a model for this concept must fulfill the following requirements for the lo-
cal PolyhedronItems3::Vertex wrapper<Refs,Traits>::Vertex type andPolyhedronItems3::Face wrapper<
Refs,Traits>::Face type in order to support the point for vertices and the optional plane equation for facets.
Note that the items class uses face instead of facet. Only the polyhedral surface renames faces to facets.

Refines

HalfedgeDSItems. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page859

Types inPolyhedronItems3::Vertex wrapper<Refs,Traits>::Vertex

Vertex:: Point point type stored in vertices. AHalfedgeDShas no dimen-
sion, so this type is namedPoint and notPoint 3.

Vertex:: Supportsvertexpoint ≡ CGAL::Tag true. A point is always required.

Operations

Point& v.point()
const Point& v.point() const point.

Types inPolyhedronItems3::Face wrapper<Refs,Traits>::Face

Types for (optionally) associated geometry in faces. If it is not supported the respective type has to be defined,
although it can be an arbitrary dummy type, such asvoid* or Tag false.

Face:: Plane plane type stored in faces. AHalfedgeDShas no dimension,
so this type is namedPlaneand notPlane 3.

Face:: Supportsface plane eitherCGAL::Tag trueor CGAL::Tag false.

Operations required if Supportsface plane≡ CGAL::Tag true

Plane& f .plane()
const Plane& f .plane() const plane equation.

Has Models

CGAL::Polyhedronitems3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page824
CGAL::Polyhedronmin items3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page826
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See Also

CGAL::Polyhedron3<Traits> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page799
HalfedgeDSItems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page859
CGAL::HalfedgeDSitems2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page879
CGAL::HalfedgeDSvertexbase<Refs> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page889
CGAL::HalfedgeDShalfedgebase<Refs> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page877
CGAL::HalfedgeDSface base<Refs> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page874

Example

We define our own items class based on the availableCGAL::HalfedgeDSface basebase class for faces. We
derive the theHalfedgewrapperwithout further modifications from theCGAL::HalfedgeDSitems2, replace
theFace wrapperdefinition with our new definition, and also replace theVertexwrapperwith a definition that
usesPoint 3 instead ofPoint 2 as point type. The result is a model for thePolyhedronItems3 concept similar
to the availableCGAL::Polyhedronitems3 class. See also there for another illustrative example.

#include <CGAL/HalfedgeDS_bases.h>

struct My_items : public CGAL::HalfedgeDS_items_2 {
template < class Refs, class Traits>
struct Vertex_wrapper {

typedef typename Traits::Point_3 Point;
typedef CGAL::HalfedgeDS_vertex_base< Refs, CGAL::Tag_true, Point> Vertex;

};
template < class Refs, class Traits>
struct Face_wrapper {

typedef typename Traits::Plane_3 Plane;
typedef CGAL::HalfedgeDS_face_base< Refs, CGAL::Tag_true, Plane> Face;

};
};
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CGAL::Polyhedron items 3

Definition

The classPolyhedronitems3 is a model of thePolyhedronItems3 concept. It provides definitions for vertices
with points, halfedges, and faces with plane equations. The polyhedron traits class must provide the respective
types for the point and the plane equation. Vertices and facets both contain a halfedge handle to an incident
halfedge.

#include<CGAL/Polyhedronitems3.h>

Is Model for the Concepts

PolyhedronItems3. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page822

Types inPolyhedronitems3::Vertex wrapper<Refs,Traits>::Vertex

typedef Traits::Point3 Point;
typedef CGAL::Tagtrue Supportsvertexpoint;

Types inPolyhedronitems3::Face wrapper<Refs,Traits>::Face

typedef Traits::Plane3 Plane;
typedef CGAL::Tagtrue Supportsface plane;

Creation

Polyhedronitems3 items; default constructor.

Operations

Supported as required by thePolyhedronItems3 concept.

See Also

CGAL::Polyhedron3<Traits> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page799
CGAL::Polyhedronmin items3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page826
CGAL::HalfedgeDSmin items. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page885
CGAL::HalfedgeDSitems2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page879

Example

The following example program defines a new face class based on theCGAL::HalfedgeDSface baseand
adds a new color member variable. The new face class is used to replace the face definition in the
CGAL::Polyhedronitems3 class. The main function illustrates the access to the new member variable. See
also thePolyhedronItems3 concept for another illustrative example.
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// file: examples/Polyhedron/polyhedron_prog_color.C

#include <CGAL/Simple_cartesian.h>
#include <CGAL/IO/Color.h>
#include <CGAL/Polyhedron_3.h>

// A face type with a color member variable.
template <class Refs>
struct My_face : public CGAL::HalfedgeDS_face_base<Refs> {

CGAL::Color color;
};

// An items type using my face.
struct My_items : public CGAL::Polyhedron_items_3 {

template <class Refs, class Traits>
struct Face_wrapper {

typedef My_face<Refs> Face;
};

};

typedef CGAL::Simple_cartesian<double> Kernel;
typedef CGAL::Polyhedron_3<Kernel, My_items> Polyhedron;
typedef Polyhedron::Halfedge_handle Halfedge_handle;

int main() {
Polyhedron P;
Halfedge_handle h = P.make_tetrahedron();
h->facet()->color = CGAL::RED;
return 0;

}
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CGAL::Polyhedron min items 3

Definition

The classPolyhedronmin items3 is a minimal model of thePolyhedronItems3 concept. It provides defini-
tions for vertices containing points, halfedges, and faces. The polyhedron traits class must provide the respective
type for the point. Vertices and facets both donot contain a halfedge handle to an incident halfedge.

#include<CGAL/Polyhedronmin items3.h>

Is Model for the Concepts

PolyhedronItems3. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page822

Types inPolyhedronmin items3::Vertex wrapper<Refs,Traits>::Vertex

typedef Traits::Point3 Point;
typedef CGAL::Tagtrue Supportsvertexpoint;

Types inPolyhedronmin items3::Face wrapper<Refs,Traits>::Face

typedef CGAL::Tagfalse Supportsface plane;

Creation

Polyhedronmin items3 items; default constructor.

Operations

Supported as required by thePolyhedronItems3 concept.

See Also

CGAL::Polyhedron3<Traits> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page799
CGAL::Polyhedronitems3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page824
CGAL::HalfedgeDSmin items. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page885
CGAL::HalfedgeDSitems2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page879
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PolyhedronTraits 3

Required types and member functions for the PolyhedronTraits3 concept. This geometric traits concept is used
in the polyhedral surface data structureCGAL::Polyhedron3<Traits>. This concept is a subset of the 3d kernel
traits and any CGAL kernel model can be used directly as template argument.

Refines

CopyConstructable, Assignable.

Types

PolyhedronTraits3:: Point 3 point type.

PolyhedronTraits3:: Plane 3 plane equation. Even if plane equations are not supported
with a particular polyhedral surface this type has to be de-
fined (some dummy type).

PolyhedronTraits3:: Constructoppositeplane 3

is an unary function object that reverses the plane orienta-
tion. Must providePlane 3 operator()(Plane3 plane)that
returns the reversed plane. Required only if plane equations
are supported and theinside out() method is used to reverse
the polyhedral surface orientation.

Creation

PolyhedronTraits3 traits( traits2); copy constructor.

PolyhedronTraits3& traits = traits2 assignment.

Operations

Constructoppositeplane 3 traits.constructoppositeplane 3 object()

returns an instance of this function object.

Has Models

CGAL::Polyhedrontraits 3<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page828
CGAL::Polyhedrontraits with normals3<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page830
All models of theCGAL::Kernelconcept, e.g.,Simplecartesian<FieldNumberType>.

See Also

CGAL::Polyhedron3<Traits> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page799
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CGAL::Polyhedron traits 3<Kernel>

Definition

The classPolyhedrontraits 3<Kernel> is a model of thePolyhedronTraits3 concept. It defines the ge-
ometric types and primitive operations used in the polyhedral surface data structureCGAL::Polyhedron3<
PolyhedronTraits3> in terms of the CGAL Kernel. It keeps a local copy of the kernel which makes it suitable
for kernels with local state.

#include<CGAL/Polyhedrontraits 3.h>

Is Model for the Concepts

PolyhedronTraits3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page827

Types

Polyhedrontraits 3<Kernel>:: Kernel theKernelmodel.
typedef Kernel::Point3 Point 3;
typedef Kernel::Plane3 Plane3;
typedef Kernel::Constructoppositeplane 3 Constructoppositeplane 3;

Creation

Polyhedrontraits 3<Kernel> traits; default constructor, usesKernel()as local reference
to the kernel.

Polyhedrontraits 3<Kernel> traits( Kernel kernel); storeskernelas local reference.

Operations

Constructoppositeplane 3 traits.constructoppositeplane 3 object() forwarded tokernel.

See Also

CGAL::Polyhedrontraits with normals3<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page830

Implementation

Since thePolyhedronTraits3 concept is a subset of the 3D kernel concept, this class just forwards the relevant
types and access member functions from its template argument. However, it is useful for testing sufficiency of
requirements.

Example

Instantiation of a polyhedral surface with the Cartesian kernel based on double coordinates.
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// file: examples/Polyhedron/polyhedron_prog_simple.C

#include <CGAL/Simple_cartesian.h>
#include <CGAL/Polyhedron_3.h>

typedef CGAL::Simple_cartesian<double> Kernel;
typedef CGAL::Polyhedron_3<Kernel> Polyhedron;
typedef Polyhedron::Halfedge_handle Halfedge_handle;

int main() {
Polyhedron P;
Halfedge_handle h = P.make_tetrahedron();
if ( P.is_tetrahedron(h))

return 0;
return 1;

}
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CGAL::Polyhedron traits with normals 3<Kernel>

Definition

The classPolyhedrontraits with normals3<Kernel> is a model of thePolyhedronTraits3 concept. It defines
the geometric types and primitive operations used in the polyhedral surface data structureCGAL::Polyhedron
3<PolyhedronTraits3>. Polyhedrontraits with normals3<Kernel> uses the normal vector fromKernel for
the plane equation in facets. It keeps a local copy of the kernel which makes it suitable for kernels with local
state.

#include<CGAL/Polyhedrontraits with normals3.h>

Is Model for the Concepts

PolyhedronTraits3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page827

Types

Polyhedrontraits with normals3<Kernel>:: Kernel theKernelmodel.
typedef Kernel::Point3 Point 3;
typedef Kernel::Vector3 Plane3;

typedef Kernel::Constructoppositevector 3 Constructoppositeplane 3;

Creation

Polyhedrontraits with normals3<Kernel> traits; default constructor, usesKernel() as
local reference to the kernel.

Polyhedrontraits with normals3<Kernel> traits( Kernel kernel); storeskernelas local reference.

Operations

Constructoppositeplane 3 traits.constructoppositeplane 3 object()

forwarded tokernel.

See Also

CGAL::Polyhedrontraits 3<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page828

Example

We use this traits class to instantiate a polyhedral surface with a normal vector and no plane equation for each
facet. We compute the normal vector assuming exact arithmetic (integers in this example) and convex planar
facets.
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// file: examples/Polyhedron/polyhedron_prog_normals.C

#include <CGAL/Homogeneous.h>
#include <CGAL/Polyhedron_traits_with_normals_3.h>
#include <CGAL/Polyhedron_3.h>
#include <iostream>
#include <algorithm>

struct Normal_vector {
template <class Facet>
typename Facet::Plane_3 operator()( Facet& f) {

typename Facet::Halfedge_handle h = f.halfedge();
// Facet::Plane_3 is the normal vector type. We assume the
// CGAL Kernel here and use its global functions.
return CGAL::cross_product(
h->next()->vertex()->point() - h->vertex()->point(),
h->next()->next()->vertex()->point() - h->next()->vertex()->point());

}
};

typedef CGAL::Homogeneous<int> Kernel;
typedef Kernel::Point_3 Point_3;
typedef Kernel::Vector_3 Vector_3;
typedef CGAL::Polyhedron_traits_with_normals_3<Kernel> Traits;
typedef CGAL::Polyhedron_3<Traits> Polyhedron;

int main() {
Point_3 p( 1, 0, 0);
Point_3 q( 0, 1, 0);
Point_3 r( 0, 0, 1);
Point_3 s( 0, 0, 0);
Polyhedron P;
P.make_tetrahedron( p, q, r, s);
std::transform( P.facets_begin(), P.facets_end(), P.planes_begin(),

Normal_vector());
CGAL::set_pretty_mode( std::cout);
std::copy( P.planes_begin(), P.planes_end(),

std::ostream_iterator<Vector_3>( std::cout, "\n"));
return 0;

}
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CGAL::operator <<

Definition

This operator writes the polyhedral surfaceP to the output streamout using the Object File Format, OFF, with
file extension.off, which is also understood by GeomView [Phi96]. The output is in ASCII format. From the
polyhedral surface, only the point coordinates and facets are written. Neither normal vectors nor color attributes
are used.

For OFF an ASCII and a binary format exist. The format can be selected with the CGAL modifiers for streams,
set ascii modeandset binary moderespectively. The modifierset pretty modecan be used to allow for (a few)
structuring comments in the output. Otherwise, the output would be free of comments. The default for writing
is ASCII without comments.

#include<CGAL/IO/Polyhedroniostream.h>

template<class PolyhedronTraits3>
ostream& ostream& out<< CGAL::Polyhedron3<PolyhedronTraits3> P

See Also

CGAL::Polyhedron3<Traits> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page799
operator>> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page833
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CGAL::operator >>

Definition

This operator reads a polyhedral surface in Object File Format, OFF, with file extension.off, which is also
understood by GeomView [Phi96], from the input streamin and appends it to the polyhedral surfaceP. Only
the point coordinates and facets from the input stream are used to build the polyhedral surface. Neither normal
vectors nor color attributes are evaluated. If the streamin does not contain a permissible polyhedral surface the
ios::badbitof the input streamin is set andP remains unchanged.

For OFF an ASCII and a binary format exist. The stream detects the format automatically and can read both.

#include<CGAL/IO/Polyhedroniostream.h>

template<class PolyhedronTraits3>
istream& istream& in >> CGAL::Polyhedron3<PolyhedronTraits3>& P

See Also

CGAL::Polyhedron3<Traits> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page799
CGAL::Polyhedronincrementalbuilder 3<HDS> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page818
operator<< . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page832

Implementation

This operator is implemented using the modifier mechanism for polyhedral surfaces and the
CGAL::Polyhedronincrementalbuilder 3 class, which allows the construction in a single, efficient scan pass
of the input and handles also all the possible flexibility of the polyhedral surface.
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Halfedge Data Structures
Lutz Kettner
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11.1 Introduction

A halfedge data structure (abbreviated asHalfedgeDS, or HDS for template parameters) is an edge-centered
data structure capable of maintaining incidence informations of vertices, edges and faces, for example for planar
maps, polyhedra, or other orientable, two-dimensional surfaces embedded in arbitrary dimension. Each edge
is decomposed into two halfedges with opposite orientations. One incident face and one incident vertex are
stored in each halfedge. For each face and each vertex, one incident halfedge is stored. Reduced variants of the
halfedge data structure can omit some of these informations, for example the halfedge pointers in faces or the
storage of faces at all.

The halfedge data structure is a combinatorial data structure, geometric interpretation is added by classes built
on top of the halfedge data structure. These classes might be more convenient to use than the halfedge data
structure directly, since the halfedge data structure is meant as an implementation layer. See for example the
CGAL::Polyhedron3 class in Chapter10.

The data structure provided here is also known as the FE-structure [Wei85], as halfedges [Män88, BFH95] or
as the doubly connected edge list (DCEL) [dBvKOS97], although the original reference for the DCEL [MP78]
describes a different data structure. The halfedge data structure can also be seen as one of the variants of the
quad-edge data structure [GS85]. In general, the quad-edge data can represent non-orientable 2-manifolds, but
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Figure 11.1: Responsibilities of the different layers in the halfedge data-structure design.

the variant here is restricted to orientable 2-manifolds only. An overview and comparison of these different data
structures together with a thorough description of the design implemented here can be found in [Ket99].

The design presented here is a revised and incompatible version of the previous design [Ket98] as used in CGAL

R2.2 and earlier releases. Files and identifier names are disjoint with the old design which allows for both
versions to co-exists. However, classes using a halfedge data structure can only use one design. For example
the polyhedral surfacePolyhedron3 uses by default the new design. See Chapter10 for how to still select the
old implementation.

11.2 Software Design

Figure 11.1 illustrates the responsibilities of the three layers of the software design, with the
CGAL::Polyhedron3 as an example for the top layer. The items provide the space for the information that
is actually stored, i.e., with member variables and access member functions inVertex, Halfedge, andFacere-
spectively. Halfedges are required to provide a reference to the next halfedge and to the opposite halfedge.
Optionally they may provide a reference to the previous halfedge, to the incident vertex, and to the incident
face. Vertices and faces may be empty. Optionally they may provide a reference to the incident halfedge. The
options mentioned are supported in the halfedge data structure and the polyhedron, for example, Euler oper-
ations update the optional references if they are present. Furthermore, the item classes can be extended with
arbitrary attributes and member functions, which will be promoted by inheritance to the actual classes used for
the polyhedron.

Vertices, halfedges, and faces are passed as local types of theItemsclass to the halfedge data structure and
polyhedron. Implementations for vertices, halfedges and faces are provided that fulfill the mandatory part of
the requirements. They can be used as base classes for extensions by the user. Richer implementations are also
provided to serve as defaults; for polyhedra they provide all optional incidences, a three-dimensional point in
the vertex type and a plane equation in the face type.

The Halfedgedata structure, conceptHalfedgeDS, is responsible for the storage organization of the items.
Currently, implementations using internally a bidirectional list or a vector are provided. TheHalfedgeDSdefines
the handles and iterators belonging to the items. These types are promoted to the declaration of the items
themselves and are used there to provide the references to the incident items. This promotion of types is done
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with a template parameterRefsof the item types. The halfedge data structure provides member functions to
insert and delete items, to traverse all items, and it gives access to the items.

There are two different models for theHalfedgeDSconcept available,HalfedgeDSlist andHalfedgeDSvector,
and more might come. Therefore we have kept their interface small and factored out common functional-
ity into separate helper classes,HalfedgeDSdecorator, HalfedgeDSconstdecorator, andHalfedgeDSitems
decorator, which are not shown in Figure11.1, but would be placed at the side of theHalfedgeDSsince they
broaden that interface but do not hide it. These helper classes contain operations that are useful to implement
the operations in the next layer, for example, the polyhedron. They add, for example, the Euler operations and
partial operations from which further Euler operations can be built, such as inserting an edge into the ring of
edges at a vertex. Furthermore, the helper classes contain adaptive functionality. For example, if theprev()
member function is not provided for halfedges, thefind prev()member function of a helper class searches in
the positive direction along the face for the previous halfedge. But if theprev()member function is provided,
the find prev()member function simply calls it. This distinction is resolved at compile time with a technique
calledcompile-time tags, similar to iterator tags in [SL95].

ThePolyhedron3 as an example for the third layer adds the geometric interpretation, provides an easy-to-use
interface of high-level functions, and unifies the access to the flexibility provided underneath. It renames face to
facet, which is more common for three-dimensional surfaces. The interface is designed to protect the integrity
of the internal representation, the handles stored in the items can no longer directly be written by the user. The
polyhedron adds the convenient and efficient circulators, see the Support Library Manuals, for accessing the
circular sequence of edges around a vertex or around a facet. To achieve this, thePolyhedron3 derives new
vertices, halfedges and facets from those provided inItems. These new items are those actually used in the
HalfedgeDS, which gives us the coherent type structure in this design, especially if compared to our previous
design.

11.3 Example Programs

11.3.1 The Default Halfedge Data Structure

The following example program uses the default halfedge data structure and the decorator class. The default
halfedge data structure uses a list-based representation. All incidences of the items and a point type for vertices
are defined. The trivial traits class provides the type used for the point. The program creates a loop, consisting
of two halfedges, one vertex and two faces, and checks its validity.

face1 face2

vertex

halfedgeloop:

// file: examples/HalfedgeDS/hds_prog_default.C

#include <CGAL/HalfedgeDS_default.h>
#include <CGAL/HalfedgeDS_decorator.h>

struct Traits { typedef int Point_2; };
typedef CGAL_HALFEDGEDS_DEFAULT<Traits> HDS;
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typedef CGAL::HalfedgeDS_decorator<HDS> Decorator;

int main() {
HDS hds;
Decorator decorator(hds);
decorator.create_loop();
CGAL_assertion( decorator.is_valid());
return 0;

}

11.3.2 A Minimal Halfedge Data Structure

The following program defines a minimal halfedge data structure using the minimal items class
CGAL::HalfedgeDSmin itemsand a list-based halfedge data structure. The result is a data structure main-
taining only halfedges with next and opposite pointers. No vertices or faces are stored. The data structure
represents anundirected graph.

// file: examples/HalfedgeDS/hds_prog_graph.C

#include <CGAL/HalfedgeDS_min_items.h>
#include <CGAL/HalfedgeDS_default.h>
#include <CGAL/HalfedgeDS_decorator.h>

// no traits needed, argument can be arbitrary dummy.
typedef CGAL_HALFEDGEDS_DEFAULT<int, CGAL::HalfedgeDS_min_items> HDS;
typedef CGAL::HalfedgeDS_decorator<HDS> Decorator;

int main() {
HDS hds;
Decorator decorator(hds);
decorator.create_loop();
CGAL_assertion( decorator.is_valid());
return 0;

}

11.3.3 The Default with a Vector Instead of a List

The default halfedge data structure uses a list internally and the maximal base classes. We change the list to a
vector representation here. Again, a trivial traits class provides the type used for the point. Note that for the
vector storage the size of the halfedge data structure should be reserved beforehand, either with the constructor
as shown in the example or with thereserve()member function. One can later resize the data structure with
further calls to thereserve()member function, but only if the data structure is in a consistent, i.e.,valid, state.

Unfortunately this example has also to expose the workaround necessary for compilers that do not
support templates as template parameters. The workaround is necessary if the symbolic constant
CGAL_CFG_NO_TMPL_IN_TMPL_PARAM is set. It uses a member template instead of the class template.

// file: examples/HalfedgeDS/hds_prog_vector.C

#include <CGAL/HalfedgeDS_items_2.h>
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#include <CGAL/HalfedgeDS_vector.h>
#include <CGAL/HalfedgeDS_decorator.h>

struct Traits { typedef int Point_2; };
#ifndef CGAL_CFG_NO_TMPL_IN_TMPL_PARAM
typedef CGAL::HalfedgeDS_vector < Traits, CGAL::HalfedgeDS_items_2> HDS;
#else
typedef CGAL::HalfedgeDS_vector::HDS< Traits, CGAL::HalfedgeDS_items_2> HDS;
#endif
typedef CGAL::HalfedgeDS_decorator<HDS> Decorator;

int main() {
HDS hds(1,2,2);
Decorator decorator(hds);
decorator.create_loop();
CGAL_assertion( decorator.is_valid());
return 0;

}

11.3.4 Example Adding Color to Faces

This example re-uses the base class available for faces and adds a member variablecolor.

// file: examples/HalfedgeDS/hds_prog_color.C

#include <CGAL/HalfedgeDS_items_2.h>
#include <CGAL/HalfedgeDS_default.h>
#include <CGAL/IO/Color.h>

// A face type with a color member variable.
template <class Refs>
struct My_face : public CGAL::HalfedgeDS_face_base<Refs> {

CGAL::Color color;
My_face() {}
My_face( CGAL::Color c) : color(c) {}

};

// An items type using my face.
struct My_items : public CGAL::HalfedgeDS_items_2 {

template <class Refs, class Traits>
struct Face_wrapper {

typedef My_face<Refs> Face;
};

};

struct My_traits { // arbitrary point type, not used here.
typedef int Point_2;

};

typedef CGAL_HALFEDGEDS_DEFAULT <My_traits, My_items> HDS;
typedef HDS::Face Face;
typedef HDS::Face_handle Face_handle;
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int main() {
HDS hds;
Face_handle f = hds.faces_push_back( Face( CGAL::RED));
f->color = CGAL::BLUE;
CGAL_assertion( f->color == CGAL::BLUE);
return 0;

}

11.3.5 Example Defining a More Compact Halfedge

advanced

The halfedge data structure as presented here is slightly less space efficient as, for example, the winged-edge
data structure [Bau75], the DCEL [MP78] or variants of the quad-edge data structure [GS85]. On the other
hand, it does not require any search operations during traversals. A comparison can be found in [Ket99].

The following example trades traversal time for a compact storage representation using traditional C techniques
(i.e., type casting and the assumption that pointers, especially those frommalloc or new, point to even ad-
dresses). The idea goes as follows: The halfedge data structure allocates halfedges pairwise. Concerning the
vector-based data structure this implies that the absolute value of the difference between a halfedge and its
opposite halfedge is always one with respect to C pointer arithmetic. We can replace the opposite pointer by
a single bit encoding the sign of this difference. We will store this bit as the least significant bit in the next
halfedge handle. Furthermore, we do not implement a pointer to the previous halfedge. What remains are three
pointers per halfedge.

We use the static member functionhalfedgehandle() to convert from pointers to halfedge handles.
The same solution can be applied to the list-based halfedge data structureCGAL::HalfedgeDSlist, see
examples/HalfedgeDS/hds prog compact2.C. Here is the example for the vector-based data structure.

// file: examples/HalfedgeDS/hds_prog_compact.C

#include <CGAL/HalfedgeDS_items_2.h>
#include <CGAL/HalfedgeDS_vector.h>
#include <CGAL/HalfedgeDS_decorator.h>
#include <cstddef>

// Define a new halfedge class. We assume that the Halfedge_handle can
// be created from a pointer (e.g. the HalfedgeDS is based here on the
// In_place_list or a std::vector with such property) and that halfedges
// are allocated in pairs. We encode the opposite pointer in a single bit,
// which is stored in the lower bit of the next-pointer. We use the
// static member function HDS::halfedge_handle to translate pointer to
// handles.
template <class Refs>
class My_halfedge {
public:

typedef Refs HDS;
typedef My_halfedge<Refs> Base_base;
typedef My_halfedge<Refs> Base;
typedef My_halfedge<Refs> Self;
typedef CGAL::Tag_false Supports_halfedge_prev;
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typedef CGAL::Tag_true Supports_halfedge_vertex;
typedef CGAL::Tag_true Supports_halfedge_face;
typedef typename Refs::Vertex_handle Vertex_handle;
typedef typename Refs::Vertex_const_handle Vertex_const_handle;
typedef typename Refs::Halfedge Halfedge;
typedef typename Refs::Halfedge_handle Halfedge_handle;
typedef typename Refs::Halfedge_const_handle Halfedge_const_handle;
typedef typename Refs::Face_handle Face_handle;
typedef typename Refs::Face_const_handle Face_const_handle;

private:
std::ptrdiff_t nxt;

public:
My_halfedge() : nxt(0), f( Face_handle()) {}

Halfedge_handle opposite() {
// Halfedge could be different from My_halfedge (e.g. pointer for
// linked list). Get proper handle from ’this’ pointer first, do
// pointer arithmetic, then convert pointer back to handle again.
Halfedge_handle h = HDS::halfedge_handle(this); // proper handle
if ( nxt & 1)

return HDS::halfedge_handle( &* h + 1);
return HDS::halfedge_handle( &* h - 1);

}
Halfedge_const_handle opposite() const { // same as above

Halfedge_const_handle h = HDS::halfedge_handle(this); // proper handle
if ( nxt & 1)

return HDS::halfedge_handle( &* h + 1);
return HDS::halfedge_handle( &* h - 1);

}
Halfedge_handle next() {

return HDS::halfedge_handle((Halfedge*)(nxt & (˜ std::ptrdiff_t(1))));
}
Halfedge_const_handle next() const {

return HDS::halfedge_handle((const Halfedge*)
(nxt & (˜ std::ptrdiff_t(1))));

}
void set_opposite( Halfedge_handle h) {

CGAL_precondition(( &* h - 1 == &* HDS::halfedge_handle(this)) ||
( &* h + 1 == &* HDS::halfedge_handle(this)));

if ( &* h - 1 == &* HDS::halfedge_handle(this))
nxt |= 1;

else
nxt &= (˜ std::ptrdiff_t(1));

}
void set_next( Halfedge_handle h) {

CGAL_precondition( ((std::ptrdiff_t)(&*h) & 1) == 0);
nxt = ((std::ptrdiff_t)(&*h)) | (nxt & 1);

}
private: // Support for the Vertex_handle.

Vertex_handle v;
public:

// the incident vertex.
Vertex_handle vertex() { return v; }
Vertex_const_handle vertex() const { return v; }
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void set_vertex( Vertex_handle w) { v = w; }

private:
Face_handle f;

public:
Face_handle face() { return f; }
Face_const_handle face() const { return f; }
void set_face( Face_handle g) { f = g; }
bool is_border() const { return f == Face_handle(); }

};

// Replace halfedge in the default items type.
struct My_items : public CGAL::HalfedgeDS_items_2 {

template <class Refs, class Traits>
struct Halfedge_wrapper {

typedef My_halfedge<Refs> Halfedge;
};

};

struct Traits { typedef int Point_2; };
#ifndef CGAL_CFG_NO_TMPL_IN_TMPL_PARAM

typedef CGAL::HalfedgeDS_vector <Traits, My_items> HDS;
#else

typedef CGAL::HalfedgeDS_vector::HDS<Traits, My_items> HDS;
#endif
typedef CGAL::HalfedgeDS_decorator<HDS> Decorator;

int main() {
HDS hds(1,2,2);
Decorator decorator(hds);
decorator.create_loop();
CGAL_assertion( decorator.is_valid());
return 0;

}

advanced

11.3.6 Example Using the Halfedge Iterator

Two edges are created in the default halfedge data structure. The halfedge iterator is used to count the halfedges.

// file: examples/HalfedgeDS/hds_prog_halfedge_iterator.C

#include <CGAL/HalfedgeDS_default.h>
#include <CGAL/HalfedgeDS_decorator.h>

struct Traits { typedef int Point_2; };
typedef CGAL_HALFEDGEDS_DEFAULT<Traits> HDS;
typedef CGAL::HalfedgeDS_decorator<HDS> Decorator;
typedef HDS::Halfedge_iterator Iterator;

int main() {
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HDS hds;
Decorator decorator(hds);
decorator.create_loop();
decorator.create_segment();
CGAL_assertion( decorator.is_valid());
int n = 0;
for ( Iterator i = hds.halfedges_begin(); i != hds.halfedges_end(); ++i )

++n;
CGAL_assertion( n == 4); // == 2 edges
return 0;

}

11.3.7 Example for an Adapter to Build an Edge Iterator

Three edges are created in the default halfedge data structure. The adapterN stepadaptor is used to declare
the edge iterator used in counting the edges.

// file: examples/HalfedgeDS/hds_prog_edge_iterator.C

#include <CGAL/HalfedgeDS_default.h>
#include <CGAL/HalfedgeDS_decorator.h>
#include <CGAL/N_step_adaptor.h>

struct Traits { typedef int Point_2; };
typedef CGAL_HALFEDGEDS_DEFAULT<Traits> HDS;
typedef CGAL::HalfedgeDS_decorator<HDS> Decorator;
typedef HDS::Halfedge_iterator Halfedge_iterator;
typedef CGAL::N_step_adaptor< Halfedge_iterator, 2> Iterator;

int main() {
HDS hds;
Decorator decorator(hds);
decorator.create_loop();
decorator.create_segment();
CGAL_assertion( decorator.is_valid());
int n = 0;
for ( Iterator e = hds.halfedges_begin(); e != hds.halfedges_end(); ++e)

++n;
CGAL_assertion( n == 2); // == 2 edges
return 0;

}
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A halfedge data structure (abbreviated asHalfedgeDS, or HDS for template parameters) is an edge-centered
data structure capable of maintaining incidence informations of vertices, edges and faces, for example for planar
maps or polyhedral surfaces. It is a combinatorial data structure, geometric interpretation is added by classes
built on top of the halfedge data structure. These classes might be more convenient to use than the halfedge data
structure directly, since the halfedge data structure is meant as an implementation layer. See for example the
CGAL::Polyhedron3 class in Chapter10.

The data structure provided here is known as the FE-structure [Wei85], as halfedges [Män88, BFH95] or as
the doubly connected edge list (DCEL) [dBvKOS97], although the original reference for the DCEL [MP78]
describes a related but different data structure. The halfedge data structure can also be seen as one of the
variants of the quad-edge data structure [GS85]. In general, the quad-edge data can represent non-orientable
2-manifolds, but the variant here is restricted to orientable 2-manifolds only. An overview and comparison of
these different data structures together with a thorough description of the design implemented here can be found
in [Ket99].
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HalfedgeDS<Traits,Items,Alloc>

Release Note

Beginning with CGAL R2.3, this package has a new design. The old design is still available for backwards
compatibility and to support older compiler, such as MSVC++6.0. However its use is deprecated and the
manual pages are not converted into this new manual format. Instead, see its old documentation in the manual
of deprecated packages. The two designs are not interchangeable.

Definition

The concept of a halfedge data structure (abbreviated asHalfedgeDS, or HDS for template parameters) defines
an edge-centered data structure capable of maintaining incidence informations of vertices, edges, and faces, for
example for planar maps or polyhedral surfaces. It is a combinatorial data structure, geometric interpretation is
added by classes built on top of the halfedge data structure.

The data structure defined here is known as the FE-structure [Wei85], as halfedges [Män88, BFH95] or as
the doubly connected edge list (DCEL) [dBvKOS97], although the original reference for the DCEL [MP78]
describes a different data structure. The halfedge data structure can also be seen as one of the variants of the
quad-edge data structure [GS85]. In general, the quad-edge data can represent non-orientable 2-manifolds, but
the variant here is restricted to orientable 2-manifolds only. An overview and comparison of these different data
structures together with a thorough description of the design implemented here can be found in [Ket99].

Each edge is represented by two halfedges with opposite orientations. Each halfedge can store a reference to
an incident face and an incident vertex. For each face and each vertex an incident halfedge is stored. Reduced
variants of the halfedge data structure can omit some of these incidences, for example the reference to halfedges
in vertices or the storage of vertices at all. See Figure11.2 for the incidences, the mandatory and optional
member functions possible for vertices, halfedges, and faces.

incident vertex

ne
xt

 ha
lfe

dg
e

opposite halfedge

halfedge previous halfedge

Vertex

Figure 11.2: The three classesVertex, Halfedge, andFaceof the halfedge data structure. Member functions
with shaded background are mandatory. The others are optionally supported.

A HalfedgeDS<Traits,Items,Alloc> organizes the internal storage of its items. Examples are a list-based or a
vector-based storage. The HalfedgeDS<Traits,Items,Alloc> exhibits most of the characteristics of the container
class used internally, for example the iterator category. A vector resizes automatically when a new item exceeds
the reserved space. Since resizing is an expensive operation for a HalfedgeDS<Traits,Items,Alloc> in general
and only possible in a well defined state of the data structure (no dangling handles), it must be called explicitly in
advance for a HalfedgeDS<Traits,Items,Alloc> before inserting new items beyond the current capacity. Classes
built on top of a HalfedgeDS<Traits,Items,Alloc> are advised to call thereserve()member function before
creating new items.
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Parameters

A HalfedgeDS<Traits,Items,Alloc> is a class template and will be used as argument for other class templates,
for exampleCGAL::Polyhedron3. The template parameters to instantiate the HalfedgeDS<Traits,Items,Alloc>
will be provided by this other class template. Therefore, the three template parameters and their meaning are
mandatory. We distinguish between the template HalfedgeDS<Traits,Items,Alloc> and an instantiation of it.

Traits is a traits class that will be passed to the item types inItems. It will not be used in HalfedgeDS<
Traits,Items,Alloc> itself. Itemsis a model of theHalfedgeDSItemsconcept.Alloc is a standard allocator that
fulfills all requirements of allocators for STL container classes. Therebindmechanism fromAlloc will be used
to create appropriate allocators internally. A default argument is mandatory forAlloc, for example, the macro
CGAL ALLOCATOR(int)from the<CGAL/memory.h> header file can be used as default allocator.

Types

HalfedgeDS<Traits,Items,Alloc>:: Traits traits class.
HalfedgeDS<Traits,Items,Alloc>:: Items model ofHalfedgeDSItemsconcept.

HalfedgeDS<Traits,Items,Alloc>:: size type size type.
HalfedgeDS<Traits,Items,Alloc>:: difference type difference type.
HalfedgeDS<Traits,Items,Alloc>:: iterator category iterator category for all iterators.
HalfedgeDS<Traits,Items,Alloc>:: allocator type allocator typeAlloc.

HalfedgeDS<Traits,Items,Alloc>:: Vertex model ofHalfedgeDSVertexconcept.
HalfedgeDS<Traits,Items,Alloc>:: Halfedge model ofHalfedgeDSHalfedgeconcept.
HalfedgeDS<Traits,Items,Alloc>:: Face model ofHalfedgeDSFaceconcept.

The following handles and iterators have appropriate non-mutable counterparts, i.e.,consthandleandconst
iterator. The mutable types are assignable to their non-mutable counterparts. The iterators are assignable to the
respective handle types. Wherever the handles appear in function parameter lists, the corresponding iterators
can be used as well.Note: The handle types must have a default constructor that creates a unique and always
the same handle value. It will be used in analogy toNULL for pointers.

HalfedgeDS<Traits,Items,Alloc>:: Vertex handle handle to vertex.
HalfedgeDS<Traits,Items,Alloc>:: Halfedge handle handle to halfedge.
HalfedgeDS<Traits,Items,Alloc>:: Face handle handle to face.

HalfedgeDS<Traits,Items,Alloc>:: Vertex iterator iterator over all vertices.
HalfedgeDS<Traits,Items,Alloc>:: Halfedge iterator iterator over all halfedges.
HalfedgeDS<Traits,Items,Alloc>:: Face iterator iterator over all faces.

advanced

Types for Tagging Optional Features

The following types are equal to eitherCGAL::Tag trueor CGAL::Tag false, depending on whether the named
feature is supported or not.
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HalfedgeDS<Traits,Items,Alloc>:: Supportsvertexhalfedge Vertex::halfedge().
HalfedgeDS<Traits,Items,Alloc>:: Supportshalfedgeprev Halfedge::prev().
HalfedgeDS<Traits,Items,Alloc>:: Supportshalfedgevertex Halfedge::vertex().
HalfedgeDS<Traits,Items,Alloc>:: Supportshalfedgeface Halfedge::face().
HalfedgeDS<Traits,Items,Alloc>:: Supportsface halfedge Face::halfedge().
HalfedgeDS<Traits,Items,Alloc>:: Supportsremoval removal of individual elements.

The following dependencies among these options must be regarded:

Vertices are supported⇐⇒ Supportshalfedgevertex≡ CGAL::Tag true.
Faces are supported⇐⇒ Supportshalfedgeface≡ CGAL::Tag true.
Supportsvertexhalfedge≡ CGAL::Tag true=⇒ Supportshalfedgevertex≡ CGAL::Tag true.
Supportsvertexpoint≡ CGAL::Tag true=⇒ Supportshalfedgevertex≡ CGAL::Tag true.
Supportsface halfedge≡ CGAL::Tag true=⇒ Supportshalfedgeface≡ CGAL::Tag true.

advanced

advanced

Static Member Functions

When writing an items type, such as a user defined vertex, certain functions need to create a handle but know-
ing only a pointer, for example, thethis-pointer. The following static member functions of HalfedgeDS<
Traits,Items,Alloc> create such a corresponding handle for an item type from a pointer. This conversion en-
capsulates possible adjustments for hidden data members in the true item type, such as linked-list pointers.
Note that the user provides item types with theItemstemplate argument, which may differ from theVertex,
Halfedge, andFacetypes defined in HalfedgeDS<Traits,Items,Alloc>. If they differ, they are derived from the
user provided item types. We denote the user item types withVertexbase, Halfedgebase, andFace basein
the following. The fully qualified name forVertexbasewould be for example – assuming that the typeSelf
refers to the instantiatedHalfedgeDS–

typedef typename Items::template Vertexwrapper<Self,Traits> Vertexwrapper;
typedef typename Vertexwrapper::Vertex Vertexbase;

Implementing these functions relies on the fundamental assumption that an iterator (or handle) of the internally
used container class can be constructed from a pointer of a contained item only. This is true and controlled
by us forCGAL::In place list. It is true for thestd::vectorof major STL distributions, but not necessarily
guaranteed. We might switch to an internal implementation if need arises.

static Vertexhandle HalfedgeDS::vertexhandle( Vertexbase* v)
static Vertexconsthandle HalfedgeDS::vertexhandle( const Vertexbase* v)

static Halfedgehandle HalfedgeDS::halfedgehandle( Halfedgebase* h)
static Halfedgeconsthandle HalfedgeDS::halfedgehandle( const Halfedgebase* h)

static Facehandle HalfedgeDS::facehandle( Facebase* f)
static Faceconsthandle HalfedgeDS::facehandle( const Faceitems* f)

advanced
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Creation

HalfedgeDS<Traits,Items,Alloc> hds; empty halfedge data structure.

HalfedgeDS<Traits,Items,Alloc> hds( sizetype v, sizetype h, sizetype f );

storage reserved forv vertices,h halfedges, andf faces.

HalfedgeDS<Traits,Items,Alloc> hds( hds2); copy constructor.
Precondition: hds2contains no dangling handles.

HalfedgeDS<Traits,Items,Alloc>& hds= hds2 assignment operator.
Precondition: hds2contains no dangling handles.

void hds.reserve( sizetype v, sizetype h, sizetype f)

reserves storage forv vertices,h halfedges, andf faces. If
all capacities are already greater or equal than the requested
sizes nothing happens. Otherwise,hdswill be resized and
all handles, iterators and circulators invalidate.
Precondition: If resizing is necessaryhdscontains no dan-
gling handles.

Access Member Functions

Size hds.sizeof vertices() number of vertices.
Size hds.sizeof halfedges() number of halfedges.
Size hds.sizeof faces() number of faces.
Size hds.capacityof vertices() space reserved for vertices.
Size hds.capacityof halfedges() space reserved for halfedges.
Size hds.capacityof faces() space reserved for faces.
size t hds.bytes() bytes used forhds.
size t hds.bytesreserved() bytes reserved forhds.

allocator type hds.getallocator() allocator object.

The following member functions return the non-mutable iterator ifhdsis declared const.

Vertex iterator hds.verticesbegin() iterator over all vertices.
Vertex iterator hds.verticesend()
Halfedgeiterator hds.halfedgesbegin() iterator over all halfedges
Halfedgeiterator hds.halfedgesend()
Face iterator hds.facesbegin() iterator over all faces.
Face iterator hds.facesend()

Insertion

Note that the vertex-related and the face-related member functions may not be provided for a HalfedgeDS<
Traits,Items,Alloc> that does not support vertices or faces respectively.
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Vertexhandle hds.verticespushback( const Vertex& v)

appends a copy ofv to hds. Returns a handle of the new
vertex.

Halfedgehandle hds.edgespushback( const Halfedge& h, const Halfedge& g)

appends a copy ofh and a copy ofg to hdsand makes
them opposite to each other. Returns a handle of the copy
of h.

Halfedgehandle hds.edgespushback( const Halfedge& h)

appends a copy ofh and a copy ofh−> opposite() to hds
and makes them opposite to each other. Returns a handle
of the copy ofh.
Precondition: h->opposite()denotes a halfedge.

Face handle hds.facespushback( const Face& f)

appends a copy off to hds. Returns a handle of the new
face.

Removal

Erasing single elements is optional and indicated with the type tagSupportsremoval. The pop back and
the clear member functions are mandatory. If vertices or faces are not supported for a HalfedgeDS<
Traits,Items,Alloc> thepop backand theclear member functions must be provided as null operations.

void hds.verticespop front() removes the first vertex if vertices are supported and
Supportsremoval≡ CGAL::Tag true.

void hds.verticespop back() removes the last vertex.

void hds.verticeserase( Vertexhandle v) removes the vertexv if vertices are supported and
Supportsremoval≡ CGAL::Tag true.

void hds.verticeserase( Vertexhandle first, Vertexhandle last)

removes the range of vertices[first, last) if vertices are
supported andSupportsremoval≡ CGAL::Tag true.

void hds.edgespop front() removes the first two halfedges ifSupportsremoval≡
CGAL::Tag true.

void hds.edgespop back() removes the last two halfedges.

void hds.edgeserase( Halfedgehandle h) removes the pair of halfedgesh and h->opposite() if
Supportsremoval≡ CGAL::Tag true.
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void hds.edgeserase( Halfedgehandle first, Halfedgehandle last)

removes the range of edges[first, last) if Supports
removal≡ CGAL::Tag true.

void hds.facespop front() removes the first face if faces are supported andSupports
removal≡ CGAL::Tag true.

void hds.facespop back() removes the last face.

void hds.faceserase( Facehandle f) removes the facef if faces are supported andSupports
removal≡ CGAL::Tag true.

void hds.faceserase( Facehandle first, Facehandle last)

removes the range of faces[first, last) if faces are sup-
ported andSupportsremoval≡ CGAL::Tag true.

void hds.verticesclear() removes all vertices.
void hds.edgesclear() removes all halfedges.
void hds.facesclear() removes all faces.

void hds.clear() removes all elements.

advanced

Operations with Border Halfedges

The following notion ofborder halfedgesis particular useful where the halfedge data structure is used to model
surfaces with boundary, i.e., surfaces with missing faces or open regions. Halfedges incident to an open region
are calledborder halfedges. A halfedge is aborder edgeif the halfedge itself or its opposite halfedge is a border
halfedge. The only requirement to work with border halfedges is that theHalfedgeclass provides a member
function is border() returning abool. Usually, the halfedge data structure supports faces and the value of the
default constructor of the face handle will indicate a border halfedge, but this may not be the only possibility.
The is border()predicate divides the edges into two classes, the border edges and the non-border edges. The
following normalization reorganizes the sequential storage of the edges such that the non-border edges precede
the border edges, and that for each border edge the latter of the two halfedges is a border halfedge (the first
one might be a border halfedge too). The normalization stores the number of border halfedges, as well as
the halfedge iterator where the border edges start at, within the halfedge data structure. These values will be
invalid after further halfedge insertions or removals and changes in the border status of a halfedge. There is no
automatic update required.

void hds.normalizeborder()

sorts halfedges such that the non-border edges precede the border edges.
For each border edge that is incident to a face, the halfedge iterator will
reference the halfedge incident to the face right before the halfedge incident
to the open region.
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Size hds.sizeof border halfedges() const

number of border halfedges. An edge with no incident face counts as two
border halfedges.
Precondition: normalizeborder() has been called and no halfedge inser-
tion or removal and no change in border status of the halfedges have oc-
curred since then.

Size hds.sizeof border edges() const

number of border edges. Ifsizeof border edges()is equal tosizeof
border halfedges()all border edges are incident to a face on one side and
to an open region on the other side.
Precondition: normalizeborder() has been called and no halfedge inser-
tion or removal and no change in border status of the halfedges have oc-
curred since then.

Halfedgeiterator hds.borderhalfedgesbegin()

halfedge iterator starting with the border edges. The range [halfedges
begin(), borderhalfedgesbegin()) denotes all non-border edges. The
range [border halfedgesbegin(), halfedgesend()) denotes all border
edges.
Precondition: normalizeborder() has been called and no halfedge inser-
tion or removal and no change in border status of the halfedges have oc-
curred since then.

advanced
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Implementation

Classes parameterized with a halfedge data structure, such asCGAL::Polyhedron3, need to declare a class
template as one of its template parameters for the HalfedgeDS<Traits,Items,Alloc>. For compilers not support-
ing this (i.e. the flagCGAL CFG NO TMPL IN TMPL PARAMis set), the following workaround is required,
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which defines a HalfedgeDS<Traits,Items,Alloc> as a normal class that contains a member class template named
HDS, which is the actual halfedge data structure as defined here. The following program fragment illustrates
this workaround:

#ifndef CGAL_CFG_NO_TMPL_IN_TMPL_PARAM
template <class Traits, class Items, class Alloc>
class HalfedgeDS {
public:

typedef HalfedgeDS<Traits,Items,Alloc> Self;
HalfedgeDS_vector(); // constructors

#else
struct HalfedgeDS {
template <class Traits, class Items, class Alloc>
class HDS {
public:

typedef HDS<Traits,Items,Alloc> Self;
HDS(); // constructors

#endif
// ... further member functions. Self denotes the HalfedgeDS.

};
#ifdef CGAL_CFG_NO_TMPL_IN_TMPL_PARAM

};
#endif
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HalfedgeDSFace

Definition

The concept HalfedgeDSFace defines the requirements for the localFacetype in theHalfedgeDSconcept. It is
also required in theFace wrapper<Refs,Traits> member class template of an items class, see theHalfedgeD-
SItemsconcept.

A face optionally stores a reference to an incident halfedge that points to the face. A type tag indicates whether
the related member functions are supported. Figure11.3 on page857 depicts the relationship between a
halfedge and its incident halfedges, vertices, and faces.

For the protection of the integrity of the data structure classes such asCGAL::Polyhedron3 are allowed to
redefine the modifying member functions to be private. In order to make them accessible for the halfedge data
structure they must be derived from a base classBasewhere the modifying member functions are still public.
(The protection can be bypassed by the user, but not by accident.)

Types

HalfedgeDSFace:: HalfedgeDS instantiatedHalfedgeDS( ≡ Refs).
HalfedgeDSFace:: Base base class that allows modifications.
HalfedgeDSFace:: Vertex model ofHalfedgeDSVertex.
HalfedgeDSFace:: Halfedge model ofHalfedgeDSHalfedge.
HalfedgeDSFace:: Vertexhandle handle to vertex.
HalfedgeDSFace:: Halfedgehandle handle to halfedge.
HalfedgeDSFace:: Facehandle handle to face.
HalfedgeDSFace:: Vertexconsthandle
HalfedgeDSFace:: Halfedgeconsthandle
HalfedgeDSFace:: Faceconsthandle
HalfedgeDSFace:: Supportsface halfedge CGAL::Tagtrueor CGAL::Tag false.

Creation

HalfedgeDSFace f; default constructor.

Operations available ifSupportsface halfedge≡ CGAL::Tag true

Halfedgehandle f .halfedge()
Halfedgeconsthandle f .halfedge() const incident halfedge that points tof .
void f .sethalfedge( Halfedgehandle h) sets incident halfedge toh.

Has Models
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CGAL::HalfedgeDSface min base<Refs> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page876
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HalfedgeDSHalfedge

Definition

The concept HalfedgeDSHalfedge defines the requirements for the localHalfedgetype in theHalfedgeDScon-
cept. It is also required in theHalfedgewrapper<Refs,Traits> member class template of an items class, see the
HalfedgeDSItemsconcept.

A halfedge is an oriented edge between two vertices. It is always paired with a halfedge pointing in the opposite
direction. Theopposite()member function returns this halfedge of opposite orientation. Thenext()member
function points to the successor halfedge along the face – or if the halfedge is a border halfedge – along the
open region. A halfedge optionally stores a reference to the previous halfedge along the face, a reference to an
incident vertex, and a reference to an incident face. Type tags indicate whether the related member functions
are supported. Figure11.3 depicts the relationship between a halfedge and its incident halfedges, vertices, and
faces.

incident vertex

ne
xt

 ha
lfe

dg
e

opposite halfedge

halfedge previous halfedge

Vertex

Figure 11.3: The three classesVertex, Halfedge, andFaceof the halfedge data structure. Member functions
with shaded background are mandatory. The others are optionally supported.

For the protection of the integrity of the data structure classes such asCGAL::Polyhedron3 are allowed to
redefine the modifying member functions to be private. In order to make them accessible for the halfedge data
structure they must be derived from a base classBasewhere the modifying member functions are still public.
Even more protection is provided for theset opposite()member function. The base classBasebaseprovides
access to it. (The protection could be bypassed also by an user, but not by accident.)

Types

HalfedgeDSHalfedge:: HalfedgeDS instantiatedHalfedgeDS( ≡ Refs).
HalfedgeDSHalfedge:: Base base class that allows modifications.
HalfedgeDSHalfedge:: Basebase base class to accessset opposite().
HalfedgeDSHalfedge:: Vertex model ofHalfedgeDSVertex.
HalfedgeDSHalfedge:: Face model ofHalfedgeDSFace.

HalfedgeDSHalfedge:: Vertexhandle handle to vertex.
HalfedgeDSHalfedge:: Halfedgehandle handle to halfedge.
HalfedgeDSHalfedge:: Facehandle handle to face.
HalfedgeDSHalfedge:: Vertexconsthandle
HalfedgeDSHalfedge:: Halfedgeconsthandle
HalfedgeDSHalfedge:: Faceconsthandle

HalfedgeDSHalfedge:: Supportshalfedgeprev CGAL::Tagtrueor CGAL::Tag false.
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HalfedgeDSHalfedge:: Supportshalfedgevertex ˜
HalfedgeDSHalfedge:: Supportshalfedgeface ˜

Creation

HalfedgeDSHalfedge h; default constructor.

Operations

Halfedgehandle h.opposite()
Halfedgeconsthandle h.opposite() const the opposite halfedge.
void h.setopposite( Halfedgehandle h) sets opposite halfedge toh.

Halfedgehandle h.next()
Halfedgeconsthandle h.next() const the next halfedge around the face.
void h.setnext( Halfedgehandle h) sets next halfedge toh.

bool h.is border() const is true ifh is a border halfedge.

Operations available ifSupportshalfedgeprev≡ CGAL::Tag true

Halfedgehandle h.prev()
Halfedgeconsthandle h.prev() const the previous halfedge around the face.
void h.setprev( Halfedgehandle h) sets prev halfedge toh.

Operations available ifSupportshalfedgevertex≡ CGAL::Tag true

Vertexhandle h.vertex()
Vertexconsthandle h.vertex() const the incident vertex ofh.
void h.setvertex( Vertexhandle v) sets incident vertex tov.

Operations available ifSupportshalfedgeface≡ CGAL::Tag true

Face handle h.face()
Face consthandle h.face() const the incident face ofh. If h is a border

halfedge the result is default construction of
the handle.

void h.setface( Facehandle f) sets incident face tof .

Has Models

CGAL::HalfedgeDShalfedgebase<Refs> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page877
CGAL::HalfedgeDShalfedgemin base<Refs> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page878

See Also

HalfedgeDS<Traits,Items,Alloc> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page847
HalfedgeDSItems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page859
HalfedgeDSVertex . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page861
HalfedgeDSFace. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page855
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HalfedgeDSItems

Definition

The concept HalfedgeDSItems wraps the three item types – vertex, halfedge, and face – for a halfedge data struc-
ture. A HalfedgeDSItems contains three member class templates namedVertexwrapper, Halfedgewrapper,
andFace wrapper, each with two template parameters,RefsandTraits. Refsrequires an instantiated halfedge
data structureHalfedgeDSas argument,Traits is a geometric traits class supplied by the class that uses the
halfedge data structure as internal representation.Traits is not used by the halfedge data structure itself. These
three member class templates provide a local type namedVertex, Halfedge, andFacerespectively. The require-
ments on these types are described on page861, page857, and page855respectively.

Types

HalfedgeDSItems:: Vertexwrapper<Refs,Traits>::Vertex model ofHalfedgeDSVertex.
HalfedgeDSItems:: Halfedgewrapper<Refs,Traits>::Halfedge model ofHalfedgeDSHalfedge.
HalfedgeDSItems:: Facewrapper<Refs,Traits>::Face model ofHalfedgeDSFace.

Has Models

CGAL::HalfedgeDSmin items. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page885
CGAL::HalfedgeDSitems2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page879
CGAL::Polyhedronitems3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page824

See Also

HalfedgeDS<Traits,Items,Alloc> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page847
HalfedgeDSVertex . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page861
HalfedgeDSHalfedge. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page857
HalfedgeDSFace. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page855
PolyhedronItems3. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page822
CGAL::HalfedgeDSvertexbase<Refs> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page889
CGAL::HalfedgeDShalfedgebase<Refs> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page877
CGAL::HalfedgeDSface base<Refs> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page874

Example

The following example shows the canonical implementation of theCGAL::HalfedgeDSmin itemsclass. It uses
the base classes for the item types that are provided in the library.

struct HalfedgeDS_min_items {
template < class Refs, class Traits>
struct Vertex_wrapper {

typedef CGAL::HalfedgeDS_vertex_min_base< Refs> Vertex;
};
template < class Refs, class Traits>
struct Halfedge_wrapper {
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typedef CGAL::HalfedgeDS_halfedge_min_base< Refs> Halfedge;
};
template < class Refs, class Traits>
struct Face_wrapper {

typedef CGAL::HalfedgeDS_face_min_base< Refs> Face;
};

};

See page879for an example implementation of theCGAL::HalfedgeDSitems2 class.
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HalfedgeDSVertex

Definition

The concept HalfedgeDSVertex defines the requirements for the localVertextype in theHalfedgeDSconcept. It
is also required in theVertexwrapper<Refs,Traits>member class template of an items class, see theHalfedgeD-
SItemsconcept.

A vertex optionally stores a reference to an incident halfedge that points to the vertex. A type tag indicates
whether the related member functions are supported. Figure11.3on page857 depicts the relationship between
a halfedge and its incident halfedges, vertices, and faces.

For the protection of the integrity of the data structure classes such asCGAL::Polyhedron3 are allowed to
redefine the modifying member functions to be private. In order to make them accessible for the halfedge data
structure they must be derived from a base classBasewhere the modifying member functions are still public.
(The protection could be bypassed by an user, but not by accident.)

Types

HalfedgeDSVertex:: HalfedgeDS instantiatedHalfedgeDS( ≡ Refs).
HalfedgeDSVertex:: Base base class that allows modifications.
HalfedgeDSVertex:: Halfedge model ofHalfedgeDSHalfedge.
HalfedgeDSVertex:: Face model ofHalfedgeDSFace.
HalfedgeDSVertex:: Vertexhandle handle to vertex.
HalfedgeDSVertex:: Halfedgehandle handle to halfedge.
HalfedgeDSVertex:: Facehandle handle to face.
HalfedgeDSVertex:: Vertexconsthandle
HalfedgeDSVertex:: Halfedgeconsthandle
HalfedgeDSVertex:: Faceconsthandle
HalfedgeDSVertex:: Supportsvertexhalfedge CGAL::Tagtrueor CGAL::Tag false.

Creation

HalfedgeDSVertex v; default constructor.

Operations available ifSupportsvertexhalfedge≡ CGAL::Tag true

Halfedgehandle v.halfedge()
Halfedgeconsthandle v.halfedge() const incident halfedge that points tov.
void v.sethalfedge( Halfedgehandle h) sets incident halfedge toh.

Has Models

CGAL::HalfedgeDSvertexbase<Refs> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page889
CGAL::HalfedgeDSvertexmin base<Refs> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page891

861



See Also

HalfedgeDS<Traits,Items,Alloc> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page847
HalfedgeDSItems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page859
HalfedgeDSHalfedge. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page857
HalfedgeDSFace. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page855
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CGAL::HalfedgeDS const decorator<HDS>

Definition

The classes CGAL::HalfedgeDSitemsdecorator<HDS>, CGAL::HalfedgeDSdecorator<HDS>, and
CGAL::HalfedgeDSconstdecorator<HDS> provide additional functions to examine and to modify a halfedge
data structureHDS. The classCGAL::HalfedgeDSitemsdecorator<HDS> provides additional functions
for vertices, halfedges, and faces of a halfedge data structure without knowing the containing halfedge data
structure. The classCGAL::HalfedgeDSdecorator<HDS> stores a reference to the halfedge data structure
and provides functions that modify the halfedge data structure, for example Euler-operators. The class
CGAL::HalfedgeDSconstdecorator<HDS> stores a const reference to the halfedge data structure. It contains
non-modifying functions, for example the test for validness of the data structure.

All these additional functions take care of the different capabilities a halfedge data structure may have or may
not have. The functions evaluate the type tags of the halfedge data structure to decide on the actions. If a
particular feature is not supported nothing is done. Note that for example the creation of new halfedges is
mandatory for all halfedge data structures and will not appear here again.

#include<CGAL/HalfedgeDSconstdecorator.h>

Inherits From

CGAL::HalfedgeDSitemsdecorator<HDS> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page881

Creation

HalfedgeDSconstdecorator<HDS> D( const HDS& hds);

keeps internally a const reference tohds.

Validness Checks

A halfedge data structure has no definition of validness of its own, but a useful set of tests is defined with the
following levels:

Level 0 The number of halfedges is even. All pointers except the vertex pointer and the face pointer for border
halfedges are unequal to their respective default construction value. For all halfedgesh: The opposite
halfedge is different fromh and the opposite of the opposite is equal toh. The next of the previous
halfedge is equal toh. For all verticesv: the incident vertex of the incident halfedge ofv is equal tov. The
halfedges aroundv starting with the incident halfedge ofv form a cycle. For all facesf : the incident face
of the incident halfedge off is equal tof . The halfedges aroundf starting with the incident halfedge of
f form a cycle. Redundancies among internal variables are tested, e.g., that iterators enumerate as many
items as the related size value indicates.

Level 1 All tests of level 0. For all halfedgesh: The incident vertex ofh exists and is equal to the incident
vertex of the opposite of the next halfedge. The incident face (or hole) ofh is equal to the incident face
(or hole) of the next halfedge.
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Level 2 All tests of level 1. The sum of all halfedges that can be reached through the vertices must be equal to
the number of all halfedges, i.e., all halfedges incident to a vertex must form a single cycle.

Level 3 All tests of level 2. The sum of all halfedges that can be reached through the faces must be equal to
the number of all halfedges, i.e., all halfedges surrounding a face must form a single cycle (no holes in
faces).

Level 4 All tests of level 3 andnormalizedborder is valid.

bool

D.is valid( bool verbose = false, int level = 0)

returnstrue if the halfedge data structurehds is valid with respect to thelevel value as
defined above. Ifverboseis true, statistics are written tocerr.

bool

D.normalizedborder is valid( bool verbose = false)

returnstrue if the border halfedges are in normalized representation, which is when enu-
merating all halfedges with the halfedge iterator the following holds: The non-border edges
precede the border edges. For border edges, the second halfedge is a border halfedge. (The
first halfedge may or may not be a border halfedge.) The halfedge iteratorborder halfedges
begin()denotes the first border edge. Ifverboseis true, statistics are written tocerr.

See Also

CGAL::HalfedgeDSitemsdecorator<HDS> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page881
CGAL::HalfedgeDSdecorator<HDS> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page865

Example

The following program fragment illustrates the implementation of ais valid() member function for a simplified
polyhedron class. We assume here that the level three check is the appropriate default for polyhedral surfaces.

namespace CGAL {
template <class Traits>
class Polyhedron {

typedef HalfedgeDS_default<Traits> HDS;
HDS hds;

public:
// ...
bool is_valid( bool verb = false, int level = 0) const {

Verbose_ostream verr(verb);
verr << "begin Polyhedron::is_valid( verb=true, level = " << level

<< "):" << std::endl;
HalfedgeDS_const_decorator<HDS> decorator(hds);
bool valid = decorator.is_valid( verb, level + 3);
// further checks ...

}
};

}
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CGAL::HalfedgeDS decorator<HDS>

Definition

The classes CGAL::HalfedgeDSitemsdecorator<HDS>, CGAL::HalfedgeDSdecorator<HDS>, and
CGAL::HalfedgeDSconstdecorator<HDS> provide additional functions to examine and to modify a halfedge
data structureHDS. The classCGAL::HalfedgeDSitemsdecorator<HDS> provides additional functions
for vertices, halfedges, and faces of a halfedge data structure without knowing the containing halfedge data
structure. The classCGAL::HalfedgeDSdecorator<HDS> stores a reference to the halfedge data structure
and provides functions that modify the halfedge data structure, for example Euler-operators. The class
CGAL::HalfedgeDSconstdecorator<HDS> stores a const reference to the halfedge data structure. It contains
non-modifying functions, for example the test for validness of the data structure.

All these additional functions take care of the different capabilities a halfedge data structure may have or may
not have. The functions evaluate the type tags of the halfedge data structure to decide on the actions. If a
particular feature is not supported nothing is done. Note that for example the creation of new halfedges is
mandatory for all halfedge data structures and will not appear here again.

#include<CGAL/HalfedgeDSdecorator.h>

Inherits From

CGAL::HalfedgeDSitemsdecorator<HDS> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page881

Creation

HalfedgeDSdecorator<HDS> D( HDS& hds); keeps internally a reference tohds.

Creation of New Items

Vertexhandle D.verticespushback( Vertex v) appends a copy ofv to hds if vertices are sup-
ported. Returns a handle of the new vertex, or
Vertexhandle()otherwise.

Face handle D.facespushback( Face f) appends a copy off to hds if faces are sup-
ported. Returns a handle of the new face, or
Face handle()otherwise.

Creation of New Composed Items

Halfedgehandle D.createloop() returns handle of a halfedge from a newly cre-
ated loop inhds consisting of a single closed
edge, one vertex and two faces (if supported re-
spectively).

Halfedgehandle D.createsegment() returns a halfedge from a newly created seg-
ment in hds consisting of a single open edge,
two vertices and one face (if supported respec-
tively).
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Removal of Elements

The following member functions donot update affected incidence relations except if mentioned otherwise.

void D.verticespop front() removes the first vertex if vertices are supported.
Requirement: Supportsremoval≡ CGAL::Tag true.

void D.verticespop back() removes the last vertex if vertices are supported.
void D.verticeserase( Vertexhandle v) removes the vertexv if vertices are supported.

Requirement: Supportsremoval≡ CGAL::Tag true.

void D.verticeserase( Vertexhandle first, Vertexhandle last)

removes the range[first, last) if vertices are supported.
Requirement: Supportsremoval≡ CGAL::Tag true.

void D.facespop front() removes the first face if faces are supported.
Requirement: Supportsremoval≡ CGAL::Tag true.

void D.facespop back() removes the last face if faces are supported.
void D.faceserase( Facehandle f) removes the facef if faces are supported.

Requirement: Supportsremoval≡ CGAL::Tag true.

void D.faceserase( Facehandle first, Facehandle last)

removes the range[first, last) if faces are supported.
Requirement: Supportsremoval≡ CGAL::Tag true.

void D.eraseface( Halfedgehandle h) removes the face incident toh from hds and changes all
halfedges incident to the face into border edges or removes them
from the halfedge data structure if they were already border
edges. If this creates isolated vertices they get removed as well.
Seemakehole(h)for a more specialized variant.
Precondition: h->is border() == false.
Requirement: If faces are supported,Supportsremoval≡
CGAL::Tag true.

void D.eraseconnectedcomponent( Halfedgehandle h)

removes the vertices, halfedges, and faces that belong to the con-
nected component ofh.
Precondition: For all halfedgesg in the connected component
g.next() != Halfedgehandle().
Requirement: Supportsremoval≡ CGAL::Tag true.

Modifying Functions (For Border Halfedges)

Halfedgehandle D.makehole( Halfedgehandle h)

removes the face incident toh from hdsand creates a hole.
Precondition: h != Halfedge handle()and!(h->is border()).
Requirement: If faces are supported,Supportsremoval≡ CGAL::Tag true.
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Halfedgehandle D.fill hole( Halfedgehandle h)

fills the hole incident toh with a new face fromhds. Returnsh.
Precondition: h != Halfedge handle()andh->is border().

Halfedgehandle D.fill hole( Halfedgehandle h, Face f)

fills the hole incident toh with a copy of facef . Returnsh.
Precondition: h != Halfedge handle()andh->is border().

Halfedgehandle D.addface to border( Halfedgehandle h, Halfedgehandle g)

extends the surface with a new face fromhdsinto the hole incident toh and
g. It creates a new edge connecting the vertex denoted byg with the vertex
denoted byh and fills this separated part of the hole with a new face, such
that the new face is incident tog. Returns the new halfedge that is incident to
the new face.
Precondition: h != Halfedge handle(), g != Halfedge handle(), h->is
border(), g->is border() andg can be reached along the hole starting with
h.

Halfedgehandle D.addface to border( Halfedgehandle h, Halfedgehandle g, Face f)

extends the surface with a copy of facef into the hole incident toh andg.
It creates a new edge connecting the tip ofg with the tip of h and fills this
separated part of the hole with a copy of facef , such that the new face is
incident tog. Returns the new halfedge that is incident to the new face.
Precondition: h != Halfedge handle(), g != Halfedge handle(), h->is
border(), g->is border() andg can be reached along the hole starting with
h.

Modifying Functions (Euler Operators)

The following Euler operations modify consistently the combinatorial structure of the halfedge data structure.
The geometry remains unchanged. Note that well known graph operations are also captured with these Euler
operators, for example an edge contraction is equal to ajoin vertex()operation, or an edge removal tojoin
face().

Given a halfedge data structurehdsand a halfedge handleh four special applications of the Euler operators are
worth mentioning:split vertex(h,h)results in an antenna emanating from the tip ofh; split vertex(h,h->next()->
opposite())results in an edge split of the halfedgeh->nextwith a new vertex in-between;split face(h,h)results
in a loop directly followingh; andsplit face(h,h->next())results in a bridge parallel to the halfedgeh->nextwith
a new face in-between.
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g

h

split_vertex(h,g)

join_vertex(h)g

h

h

join_face(h)

split_face(h,g)

Halfedgehandle D.splitface( Halfedgehandle h, Halfedgehandle g)

splits the face incident toh andg into two faces with a new diagonal between
the two vertices denoted byh and g respectively. The second (new) face
obtained fromhds is a copy of the first face. Returnsh->next() after the
operation, i.e., the new diagonal. The new face is to the right of the new
diagonal, the old face is to the left. The time is proportional to the distance
from h to g around the face.

Halfedgehandle D.joinface( Halfedgehandle h)

joins the two faces incident toh. The face incident toh->opposite()gets
removed fromhds. Both faces might be holes. Returns the predecessor ofh
around the face. The invariantjoin face( split face( h, g))returnsh and keeps
the data structure unchanged. The time is proportional to the size of the face
removed and the time to computeh->prev().
Requirement: Supportsremoval≡ CGAL::Tag true.

Halfedgehandle D.splitvertex( Halfedgehandle h, Halfedgehandle g)

splits the vertex incident toh andg into two vertices and connects them with
a new edge. The second (new) vertex obtained fromhdsis a copy of the first
vertex. Returnsh->next()->opposite()after the operation, i.e., the new edge
in the orientation towards the new vertex. The time is proportional to the
distance fromh to g around the vertex.

Halfedgehandle D.joinvertex( Halfedgehandle h)

joins the two vertices incident toh. The vertex denoted byh->opposite()gets
removed byhds. Returns the predecessor ofh around the vertex, i.e.,h->
opposite()->prev(). The invariantjoin vertex( splitvertex( h, g))returnsh
and keeps the polyhedron unchanged. The time is proportional to the degree
of the vertex removed and the time to computeh->prev()andh->opposite()-
>prev().
Requirement: Supportsremoval≡ CGAL::Tag true.
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g

create_center_vertex(h)

erase_center_vertex(g)

Halfedgehandle D.createcentervertex( Halfedgehandle h)

barycentric triangulation ofh->face(). Creates a new vertex, a copy ofh-
>vertex(), and connects it to each vertex incident toh->face()splitting h->
face()into triangles.h remains incident to the original face, all other triangles
are copies of this face. Returns the halfedgeh->next()after the operation, i.e.,
a halfedge pointing to the new vertex. The time is proportional to the size of
the face.
Precondition: h is not a border halfedge.

Halfedgehandle D.erasecentervertex( Halfedgehandle g)

reversescreatecentervertex. Erases the vertex pointed to byg and all in-
cident halfedges thereby merging all incident faces. Onlyg->face()remains.
The neighborhood ofg->vertex()may not be triangulated, it can have larger
faces. Returns the halfedgeg->prev(). Thus, the invarianth == erase center
vertex( createcentervertex(h))holds ifh is not a border halfedge. The time
is proportional to the sum of the size of all incident faces.
Precondition: None of the incident faces ofg->vertex()is a hole. There are
at least two distinct faces incident to the faces that are incident tog->vertex().
(This prevents the operation from collapsing a volume into two faces glued
together with opposite orientations, such as would happen with any vertex of
a tetrahedron.)
Requirement: Supportsremoval≡ CGAL::Tag true.
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split_loop(h,i,j)

join_loop(h,g)
j

Halfedgehandle D.splitloop( Halfedgehandle h, Halfedgehandle i, Halfedgehandle j)

cuts the halfedge data structure into two parts along the cycle(h, i, j). Three
new vertices (one copy for each vertex in the cycle) and three new halfedges
(one copy for each halfedge in the cycle), and two new triangles are cre-
ated. h, i, j will be incident to the first new triangle. The return value will
be the halfedge incident to the second new triangle which is the copy ofh-
opposite().
Precondition: h, i, j denote distinct, consecutive vertices of the halfedge data
structure and form a cycle: i.e.,h->vertex() == i->opposite()->vertex(), . . . ,
j->vertex() == h->opposite()->vertex().

Halfedgehandle D.join loop( Halfedgehandle h, Halfedgehandle g)

glues the boundary of the two faces denoted byh andg together and returns
h. Both faces and the vertices along the face denoted byg gets removed. Both
faces may be holes. The invariantjoin loop( h, split loop( h, i, j)) returnsh
and keeps the data structure unchanged.
Precondition: The faces denoted byh and g are different and have equal
degree (i.e., number of edges).
Requirement: Supportsremoval≡ CGAL::Tag true.

Validness Checks

These operations are the same as forCGAL::HalfedgeDSconstdecorator<HDS>. See their documentation on
page863.

bool D.is valid( bool verbose = false, int level = 0)

bool D.normalizedborder is valid( bool verbose = false)

Miscellaneous

void D.insideout() reverses face orientations.
Precondition: is valid() of level three.
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See Also

CGAL::HalfedgeDSitemsdecorator<HDS> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page881
CGAL::HalfedgeDSconstdecorator<HDS> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page863

Example

The following program fragment illustrates the implementation of the Euler operatorsplit vertex()for a simpli-
fied polyhedron class.

template <class Traits>
namespace CGAL {

class Polyhedron {
typedef HalfedgeDS_default<Traits> HDS;
HDS hds;

public:
// ...
Halfedge_handle split_vertex( Halfedge_handle h, Halfedge_handle g) {

HalfedgeDS_decorator<HDS> D(hds);
// Stricter preconditions than for HalfedgeDS only.
CGAL_precondition( D.get_vertex(h) == D.get_vertex(g));
CGAL_precondition( h != g);
return D.split_vertex( h, g);

}
};

}
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CGAL::HalfedgeDS default<Traits,HalfedgeDSItems,Alloc>

Definition

template< class Traits,
class HalfedgeDSItems = CGAL::HalfedgeDSitems2,
class Alloc = CGALALLOCATOR(int)>

class HalfedgeDSdefault;

The classHalfedgeDSdefault<Traits,HalfedgeDSItems,Alloc> is a model for theHalfedgeDSconcept. The
second template parameterHalfedgeDSItemshas a default argumentCGAL::HalfedgeDSitems2. The
third template parameterAlloc uses the CGAL default allocator as default setting.HalfedgeDSdefault<
Traits,HalfedgeDSItems,Alloc> is a list-based representation with bidirectional iterators that supports removal.

#include<CGAL/HalfedgeDSdefault.h>

Is Model for the Concepts

HalfedgeDS<Traits,Items,Alloc> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page847

Types

typedef bidirectionaliterator tag iterator category;
typedef CGAL::Tagtrue Supportsremoval;

See Also

CGAL::HalfedgeDSlist . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page886
CGAL::HalfedgeDSvector. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page888
HalfedgeDSItems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page859
CGAL::HalfedgeDSitems2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page879
CGAL::Polyhedron3<Traits> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page799
CGAL::HalfedgeDSitemsdecorator<HDS> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page881
CGAL::HalfedgeDSdecorator<HDS> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page865
CGAL::HalfedgeDSconstdecorator<HDS> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page863

Implementation

Currently, HalfedgeDSdefault<Traits,HalfedgeDSItems,Alloc> is derived from CGAL::HalfedgeDSlist<
Traits>. The copy constructor and the assignment operator needO(n) time with n the total number of vertices,
halfedges, and faces. The former suboptimal implementation with anO(nlogn) runtime has been replaced with
a faster implementation based on hashing for the pointer lookup.

Due to a workaround for the flagCGAL CFG NO TMPL IN TMPL PARAM, a halfedge data structure cannot
be instantiated directly. For theHalfedgeDSdefault<Traits,HalfedgeDSItems,Alloc> a macro simplifies its di-
rect use. However, when using a halfedge data structure as an argument for another class template, the class
template nameHalfedgeDSdefaultmust be used, not the macro.
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// The macro definition.
#ifndef CGAL_CFG_NO_TMPL_IN_TMPL_PARAM

#define CGAL_HALFEDGEDS_DEFAULT ::CGAL::HalfedgeDS_default
#else

#define CGAL_HALFEDGEDS_DEFAULT ::CGAL::HalfedgeDS_default::HDS
#endif

// The direct instantiation of the default HalfedgeDS given a Traits class.
typedef CGAL_HALFEDGEDS_DEFAULT<Traits> HDS;
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CGAL::HalfedgeDS face base<Refs>

Definition

The classHalfedgeDSface base<Refs> is a model of theHalfedgeDSFaceconcept. Refsis an instantiation
of a HalfedgeDS. The template declaration ofHalfedgeDSface base<Refs> has three parameters with some
defaults that allow to select various flavors of faces. The declaration is best explained with the two following
declarations, essentially hiding an implementation dependent default setting:

template<class Refs, class T = CGAL::Tagtrue>
class HalfedgeDSface base;

template<class Refs, class T, class Plane>
class HalfedgeDSface base;

HalfedgeDSface base<Refs> defines a face including a reference to an incident halfedge.

CGAL::HalfedgeDSface base<Refs,CGAL::Tagfalse> is a face without a reference to an incident halfedge.
It is empty besides the required type definitions. It can be used for deriving own faces. See also
CGAL::HalfedgeDSface min base<Refs>.

CGAL::HalfedgeDSface base<Refs,CGAL::Tagtrue,Plane> is a face with a reference to an incident halfedge
and it stores a plane equation of typePlane. It can be used as a face for a model of thePolyhedronItems3
concept.

CGAL::HalfedgeDSface base<Refs,CGAL::Tagfalse,Plane> is a face without a reference to an incident
halfedge and it stores a plane equation of typePlane. It can be used as a face for a model of thePolyhedronItems
3 concept.

#include<CGAL/HalfedgeDSface base.h>

Is Model for the Concepts

HalfedgeDSFace. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page855

Types

HalfedgeDSface base<Refs>:: Plane plane type for three argument version.

Creation

HalfedgeDSface base<Refs> f ; default constructor.
HalfedgeDSface base<Refs> f ( Plane pln); initialized with planepln.

Operations

Plane& f .plane()
const Plane& f .plane() const
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See Also

HalfedgeDS<Traits,Items,Alloc> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page847
HalfedgeDSItems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page859
PolyhedronItems3. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page822
CGAL::HalfedgeDSitems2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page879
CGAL::HalfedgeDSvertexbase<Refs> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page889
CGAL::HalfedgeDShalfedgebase<Refs> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page877
CGAL::HalfedgeDSface min base<Refs> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page876
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CGAL::HalfedgeDS face min base<Refs>

The classHalfedgeDSface min base<Refs> is a model of theHalfedgeDSFaceconcept.Refsis an instantia-
tion of aHalfedgeDS. It is equivalent toCGAL::HalfedgeDSface base< Refs, CGAL::Tagfalse>. It is empty
besides the required type definitions. It can be used for deriving own faces.

#include<CGAL/HalfedgeDSface min base.h>

Is Model for the Concepts

HalfedgeDSFace. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page855

Creation

HalfedgeDSface min base<Refs> f ; default constructor.

See Also

HalfedgeDS<Traits,Items,Alloc> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page847
HalfedgeDSItems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page859
PolyhedronItems3. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page822
CGAL::HalfedgeDSmin items. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page885
CGAL::HalfedgeDSvertexmin base<Refs> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page891
CGAL::HalfedgeDShalfedgemin base<Refs> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page878
CGAL::HalfedgeDSface base<Refs> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page874
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CGAL::HalfedgeDS halfedge base<Refs>

Definition

The classHalfedgeDShalfedgebase<Refs> is a model of theHalfedgeDSHalfedgeconcept.Refsis an instan-
tiation of aHalfedgeDS. The full declaration states four template parameters:

template< class Refs,
class Tagprev = CGAL::Tagtrue,
class Tagvertex= CGAL::Tagtrue,
class Tagface = CGAL::Tagtrue>

class HalfedgeDShalfedgebase;

If Tag prev≡ CGAL::Tag truea reference to the previous halfedge is supported.

If Tag vertex≡ CGAL::Tag truean incident vertex is supported.

If Tag face≡ CGAL::Tag truean incident face is supported.

In all cases, a reference to the next halfedge and to the opposite halfedge is supported.

#include<CGAL/HalfedgeDShalfedgebase.h>

Is Model for the Concepts

HalfedgeDSHalfedge. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page857

Creation

HalfedgeDShalfedgebase<Refs> h; default constructor.

See Also

HalfedgeDS<Traits,Items,Alloc> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page847
HalfedgeDSItems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page859
PolyhedronItems3. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page822
CGAL::HalfedgeDSitems2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page879
CGAL::HalfedgeDSvertexbase<Refs> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page889
CGAL::HalfedgeDSface base<Refs> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page874
CGAL::HalfedgeDShalfedgemin base<Refs> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page878
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CGAL::HalfedgeDS halfedge min base<Refs>

Definition

The classHalfedgeDShalfedgemin base<Refs> is a model of theHalfedgeDSHalfedgeconcept. Refsis an
instantiation of aHalfedgeDS. It is equivalent toCGAL::HalfedgeDShalfedgebase< Refs, CGAL::Tagfalse,
CGAL::Tag false, CGAL::Tagfalse>. The class contains support for the next and the opposite pointer and the
required type definitions. It can be used for deriving own halfedges.

#include<CGAL/HalfedgeDShalfedgemin base.h>

Is Model for the Concepts

HalfedgeDSHalfedge. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page857

Creation

HalfedgeDShalfedgemin base<Refs> h; default constructor.

See Also

HalfedgeDS<Traits,Items,Alloc> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page847
HalfedgeDSItems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page859
PolyhedronItems3. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page822
CGAL::HalfedgeDSmin items. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page885
CGAL::HalfedgeDSvertexmin base<Refs> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page891
CGAL::HalfedgeDSface min base<Refs> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page876
CGAL::HalfedgeDShalfedgebase<Refs> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page877
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CGAL::HalfedgeDS items 2

Definition

The classHalfedgeDSitems2 is a model of theHalfedgeDSItemsconcept. It uses the default types for vertices,
halfedges, and faces that declare all incidences supported by aHalfedgeDS. The vertex also contains a point of
typeTraits::Point 2, whereTraits is the template argument of the correspondingHalfedgeDS.

#include<CGAL/HalfedgeDSitems2.h>

Is Model for the Concepts

HalfedgeDSItems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page859

See Also

CGAL::HalfedgeDSmin items. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page885
CGAL::Polyhedronitems3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page824
HalfedgeDS<Traits,Items,Alloc> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page847
PolyhedronItems3. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page822
CGAL::HalfedgeDSvertexbase<Refs> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page889
CGAL::HalfedgeDShalfedgebase<Refs> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page877
CGAL::HalfedgeDSface base<Refs> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page874

Example

The following example shows the canonical implementation of theHalfedgeDSitems2 class. It uses the base
classes for the item types that are provided in the library.

struct HalfedgeDS_items_2 {
template < class Refs, class Traits>
struct Vertex_wrapper {

typedef typename Traits::Point_2 Point;
typedef CGAL::HalfedgeDS_vertex_base< Refs, Tag_true, Point> Vertex;

};
template < class Refs, class Traits>
struct Halfedge_wrapper {

typedef CGAL::HalfedgeDS_halfedge_base< Refs> Halfedge;
};
template < class Refs, class Traits>
struct Face_wrapper {

typedef CGAL::HalfedgeDS_face_base< Refs> Face;
};

};

The following example shows a class definition for a new items class derived from theHalfedgeDSitems2
class. It replaces theFace wrapperwith a new definition of a face that contains a member variable for color.
The new face makes use of the face base class provided in the library.
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// A face type with a color member variable.
template <class Refs>
struct My_face : public CGAL::HalfedgeDS_face_base<Refs> {

CGAL::Color color;
My_face() {}
My_face( CGAL::Color c) : color(c) {}

};

// An items type using my face.
struct My_items : public CGAL::HalfedgeDS_items_2 {

template <class Refs, class Traits>
struct Face_wrapper {

typedef My_face<Refs> Face;
};

};
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CGAL::HalfedgeDS items decorator<HDS>

Definition

The classes CGAL::HalfedgeDSitemsdecorator<HDS>, CGAL::HalfedgeDSdecorator<HDS>, and
CGAL::HalfedgeDSconstdecorator<HDS> provide additional functions to examine and to modify a halfedge
data structureHDS. The classCGAL::HalfedgeDSitemsdecorator<HDS> provides additional functions
for vertices, halfedges, and faces of a halfedge data structure without knowing the containing halfedge data
structure. The classCGAL::HalfedgeDSdecorator<HDS> stores a reference to the halfedge data structure
and provides functions that modify the halfedge data structure, for example Euler-operators. The class
CGAL::HalfedgeDSconstdecorator<HDS> stores a const reference to the halfedge data structure. It contains
non-modifying functions, for example the test for validness of the data structure.

All these additional functions take care of the different capabilities a halfedge data structure may have or may
not have. The functions evaluate the type tags of the halfedge data structure to decide on the actions. If a
particular feature is not supported nothing is done. Note that for example the creation of new halfedges is
mandatory for all halfedge data structures and will not appear here again.

#include<CGAL/HalfedgeDSitemsdecorator.h>

Types

HalfedgeDSitemsdecorator<HDS>:: HalfedgeDS halfedge data structure.
HalfedgeDSitemsdecorator<HDS>:: Traits traits class.
HalfedgeDSitemsdecorator<HDS>:: Vertex vertex type ofHalfedgeDS.
HalfedgeDSitemsdecorator<HDS>:: Halfedge halfedge type ofHalfedgeDS.
HalfedgeDSitemsdecorator<HDS>:: Face face type ofHalfedgeDS.

HalfedgeDSitemsdecorator<HDS>:: Vertex handle
HalfedgeDSitemsdecorator<HDS>:: Halfedge handle
HalfedgeDSitemsdecorator<HDS>:: Face handle
HalfedgeDSitemsdecorator<HDS>:: Vertex iterator
HalfedgeDSitemsdecorator<HDS>:: Halfedge iterator
HalfedgeDSitemsdecorator<HDS>:: Face iterator

The respectiveconsthandle’s andconst iterator’s are available as well.

HalfedgeDSitemsdecorator<HDS>:: size type
HalfedgeDSitemsdecorator<HDS>:: difference type
HalfedgeDSitemsdecorator<HDS>:: iterator category

HalfedgeDSitemsdecorator<HDS>:: Supportsvertexhalfedge
HalfedgeDSitemsdecorator<HDS>:: Supportshalfedgeprev
HalfedgeDSitemsdecorator<HDS>:: Supportshalfedgevertex
HalfedgeDSitemsdecorator<HDS>:: Supportshalfedgeface
HalfedgeDSitemsdecorator<HDS>:: Supportsface halfedge
HalfedgeDSitemsdecorator<HDS>:: Supportsremoval
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Creation

HalfedgeDSitemsdecorator<HDS> D; default constructor.

Access Functions

Halfedgehandle D.getvertexhalfedge( Vertexhandle v) returns the incident halfedge ofv if supported,
Halfedgehandle()otherwise.

Vertexhandle D.getvertex( Halfedgehandle h) returns the incident vertex ofh if supported,
Vertexhandle()otherwise.

Halfedgehandle D.getprev( Halfedgehandle h) returns the previous halfedge ofh if sup-
ported,Halfedgehandle()otherwise.

Halfedgehandle D.findprev( Halfedgehandle h) returns the previous halfedge ofh. Uses
theprev()method if supported or performs a
search around the face usingnext().

Halfedgehandle D.findprev around vertex( Halfedgehandle h)

returns the previous halfedge ofh. Uses
theprev()method if supported or performs a
search around the vertex usingnext().

Face handle D.getface( Halfedgehandle h) returns the incident face ofh if supported,
Face handle()otherwise.

Halfedgehandle D.getface halfedge( Facehandle f) returns the incident halfedge off if sup-
ported,Halfedgehandle()otherwise.

Corresponding member functions forconsthandle’s are provided as well.

Modifying Functions (Composed)

void D.closetip( Halfedgehandle h) makesh->opposite()the successor ofh.

void D.closetip( Halfedgehandle h, Vertexhandle v)

makesh->opposite()the successor ofh and
sets the incident vertex ofh to v.

void D.insert tip( Halfedgehandle h, Halfedgehandle v)

inserts the tip of the edgeh into the halfedges
around the vertex pointed to byv. Halfedge
h->opposite()is the new successor ofv andh-
>next()will be set tov->next(). The vertex of
h will be set to the vertexv refers to if vertices
are supported.

void D.removetip( Halfedgehandle h) removes the edgeh->next()->opposite()from
the halfedge circle around the vertex referred
to byh. The new successor halfedge ofh will
beh->next()->opposite()->next().
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void D.inserthalfedge( Halfedgehandle h, Halfedgehandle f)

inserts the halfedgeh between f and f->
next(). The face ofh will be the onef refers
to if faces are supported.

void D.removehalfedge( Halfedgehandle h) removes edgeh->next()from the halfedge cir-
cle around the face referred to byh. The new
successor ofh will be h->next()->next().

void D.setvertex in vertex loop( Halfedgehandle h, Vertexhandle v)

loops around the vertex incident toh and sets
all vertex pointers tov.
Precondition: h != Halfedge handle().

void D.setface in face loop( Halfedgehandle h, Facehandle f)

loops around the face incident toh and sets all
face pointers tof .
Precondition: h != Halfedge handle().

Halfedgehandle D.flip edge( Halfedgehandle h) performs an edge flip. It returnsh after rotat-
ing the edgeh one vertex in the direction of
the face orientation.
Precondition: h != Halfedge handle() and
both incident faces ofh are triangles.

Modifying Functions (Primitives)

void D.setvertexhalfedge( Vertexhandle v, Halfedgehandle g)

sets the incident halfedge ofv to g.

void D.setvertexhalfedge( Halfedgehandle h) sets the incident halfedge of the vertex in-
cident toh to h.

void D.setvertex( Halfedgehandle h, Vertexhandle v) sets the incident vertex ofh to v.
void D.setprev( Halfedgehandle h, Halfedgehandle g) sets the previous link ofh to g.
void D.setface( Halfedgehandle h, Facehandle f) sets the incident face ofh to f .
void D.setface halfedge( Facehandle f, Halfedgehandle g) sets the incident halfedge off to g.
void D.setface halfedge( Halfedgehandle h) sets the incident halfedge of the face inci-

dent toh to h.

See Also

CGAL::HalfedgeDSdecorator<HDS> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page865
CGAL::HalfedgeDSconstdecorator<HDS> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page863
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Example

The following program fragment illustrates how a refined halfedge class for a polyhedron can make use of
the find prev()member function to implement aprev()member function that works regardless of whether the
halfedge data structureHDS provides aprev() member function for its halfedges or not. In the case that not,
the implementation given here runs in time proportional to the size of the incident face. For const-correctness a
second implementation with signatureHalfedgeconsthandle prev() const;is needed.

Note also the use of the static member functionhalfedgehandle()of the halfedge data structure. It converts a
pointer to the halfedge into a halfedge handle. This conversion encapsulates possible adjustments for hidden
data members in the true halfedge type, such as linked-list pointers.

struct Polyhedron_halfedge {
// ...
Halfedge_handle prev() {

CGAL::HalfedgeDS_items_decorator<HDS> decorator;
return decorator.find_prev( HDS::halfedge_handle(this));

}
};
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CGAL::HalfedgeDS min items

Definition

The classHalfedgeDSmin items is a model of theHalfedgeDSItemsconcept. It defines types for vertices,
halfedges, and faces that declare the minimal required incidences for aHalfedgeDS, which are thenext()and
theopposite()member function for halfedges.

#include<CGAL/HalfedgeDSmin items.h>

Is Model for the Concepts

HalfedgeDSItems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page859

See Also

CGAL::HalfedgeDSitems2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page879
CGAL::Polyhedronitems3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page824
HalfedgeDS<Traits,Items,Alloc> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page847
PolyhedronItems3. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page822
CGAL::HalfedgeDSvertexmin base<Refs> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page891
CGAL::HalfedgeDShalfedgemin base<Refs> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page878
CGAL::HalfedgeDSface min base<Refs> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page876

Example

The following example shows the canonical implementation of theCGAL::HalfedgeDSmin itemsclass. It uses
the base classes for the item types that are provided in the library.

struct HalfedgeDS_min_items {
template < class Refs, class Traits>
struct Vertex_wrapper {

typedef CGAL::HalfedgeDS_vertex_min_base< Refs> Vertex;
};
template < class Refs, class Traits>
struct Halfedge_wrapper {

typedef CGAL::HalfedgeDS_halfedge_min_base< Refs> Halfedge;
};
template < class Refs, class Traits>
struct Face_wrapper {

typedef CGAL::HalfedgeDS_face_min_base< Refs> Face;
};

};
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CGAL::HalfedgeDS list<Traits,HalfedgeDSItems,Alloc>

Definition

The class HalfedgeDSlist<Traits,HalfedgeDSItems,Alloc> is a model for the HalfedgeDS concept.
HalfedgeDSlist<Traits,HalfedgeDSItems,Alloc> is a list-based representation with bidirectional iterators that
supports removal.

#include<CGAL/HalfedgeDSlist.h>

Is Model for the Concepts

HalfedgeDS<Traits,Items,Alloc> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page847

Types

typedef bidirectionaliterator tag iterator category;
typedef CGAL::Tagtrue Supportsremoval;

Operations

Besides operations required from the conceptHalfedgeDS<Traits,Items,Alloc>, this class supports additionally:

void hds.verticessplice( Vertexiterator target, Self&source, Vertexiterator first, Vertexiterator last)

inserts elements in the range [first, last) before positiontargetand removes the elements
from source. It takes constant time if&source ==&hds; otherwise, it takes linear time
in the size of the range.
Precondition: [first, last) is a valid range insource. target is not in the range [first, last).

void hds.halfedgessplice( Halfedgeiterator target,
Self&source,
Halfedgeiterator first,
Halfedgeiterator last)

inserts elements in the range [first, last) before positiontargetand removes the elements
from source. It takes constant time if&source ==&hds; otherwise, it takes linear time
in the size of the range.
Precondition: [first, last) is a valid range insource. target is not in the range [first, last).

void hds.facessplice( Faceiterator target, Self&source, Faceiterator first, Faceiterator last)

inserts elements in the range [first, last) before positiontargetand removes the elements
from source. It takes constant time if&source ==&hds; otherwise, it takes linear time
in the size of the range.
Precondition: [first, last) is a valid range insource. target is not in the range [first, last).
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See Also

CGAL::HalfedgeDSdefault . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page872
CGAL::HalfedgeDSvector. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page888
HalfedgeDSItems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page859
CGAL::Polyhedron3<Traits> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page799
CGAL::HalfedgeDSitemsdecorator<HDS> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page881
CGAL::HalfedgeDSdecorator<HDS> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page865
CGAL::HalfedgeDSconstdecorator<HDS> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page863

Implementation

HalfedgeDSlist<Traits,HalfedgeDSItems,Alloc> uses internally theCGAL::In place list container class. The
copy constructor and the assignment operator needO(n) time with n the total number of vertices, halfedges,
and faces. The former suboptimal implementation with anO(nlogn) runtime has been replaced with a faster
implementation based on hashing for the pointer lookup.

CGAL ALLOCATOR(int)is used as default argument for theAlloc template parameter.
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CGAL::HalfedgeDS vector<Traits,HalfedgeDSItems,Alloc>

Definition

The classHalfedgeDSvector<Traits,HalfedgeDSItems,Alloc> is a model for theHalfedgeDS concept.
HalfedgeDSvector<Traits,HalfedgeDSItems,Alloc> is a vector-based representation with random access iter-
ators that does not support removal.

#include<CGAL/HalfedgeDSvector.h>

Is Model for the Concepts

HalfedgeDS<Traits,Items,Alloc> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page847

Types

typedef randomaccessiterator tag iterator category;
typedef CGAL::Tagfalse Supportsremoval;

See Also

CGAL::HalfedgeDSdefault . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page872
CGAL::HalfedgeDSlist . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page886
HalfedgeDSItems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page859
CGAL::Polyhedron3<Traits> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page799
CGAL::HalfedgeDSitemsdecorator<HDS> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page881
CGAL::HalfedgeDSdecorator<HDS> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page865
CGAL::HalfedgeDSconstdecorator<HDS> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page863

Implementation

HalfedgeDSvector<Traits,HalfedgeDSItems,Alloc> uses internally the STLstd::vectorcontainer class. We
require that we can create astd::vector::iteratorfrom a pointer. If this will not be true any longer for any major
STL distribution we might switch to an internal implementation of a vector.

The capacity is restricted to the reserved size. Allocations are not possible beyond the capacity without calling
reserve again. All handles and iterators are invalidated upon a reserve call that increases the capacity.

CGAL ALLOCATOR(int)is used as default argument for theAlloc template parameter.
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CGAL::HalfedgeDS vertex base<Refs>

Definition

The classHalfedgeDSvertexbase<Refs> is a model of theHalfedgeDSVertexconcept.Refsis an instantiation
of a HalfedgeDS. The template declaration ofHalfedgeDSvertexbase<Refs> has three parameters with some
defaults that allow to select various flavors of vertices. The declaration is best explained with the two following
declarations, essentially hiding an implementation dependent default setting:

template<class Refs, class T = CGAL::Tagtrue>
class HalfedgeDSvertexbase;

template<class Refs, class T, class Point>
class HalfedgeDSvertexbase;

HalfedgeDSvertexbase<Refs> defines a vertex including a reference to an incident halfedge.

CGAL::HalfedgeDSvertexbase<Refs,CGAL::Tagfalse> is a vertex without a reference to an incident
halfedge. It is empty besides the required type definitions. It can be used for deriving own vertex imple-
mentations. See alsoCGAL::HalfedgeDSvertexmin base<Refs>.

CGAL::HalfedgeDSvertexbase<Refs,CGAL::Tagtrue,Point> is a vertex with a reference to an incident
halfedge and it stores a point of typePoint. It can be used as a vertex for a model of thePolyhedronItems
3 concept.

CGAL::HalfedgeDSvertexbase<Refs,CGAL::Tagfalse,Point> is a vertex without a reference to an incident
halfedge and it stores a point of typePoint. It can be used as a vertex for a model of thePolyhedronItems3
concept.

#include<CGAL/HalfedgeDSvertexbase.h>

Is Model for the Concepts

HalfedgeDSVertex . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page861

Types

HalfedgeDSvertexbase<Refs>:: Point point type for three argument version.

Creation

HalfedgeDSvertexbase<Refs> v; default constructor.
HalfedgeDSvertexbase<Refs> v( Point p); initialized with pointp.

Operations

Point& v.point()
const Point& v.point() const
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See Also

HalfedgeDS<Traits,Items,Alloc> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page847
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CGAL::HalfedgeDSface base<Refs> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page874
CGAL::HalfedgeDSvertexmin base<Refs> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page891
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CGAL::HalfedgeDS vertex min base<Refs>

Definition

The classHalfedgeDSvertexmin base<Refs> is a model of theHalfedgeDSVertexconcept.Refsis an instan-
tiation of aHalfedgeDS. It is equivalent toCGAL::HalfedgeDSvertexbase< Refs, CGAL::Tagfalse>. It is
empty besides the required type definitions. It can be used for deriving own vertices.

#include<CGAL/HalfedgeDSvertexmin base.h>

Is Model for the Concepts

HalfedgeDSVertex . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page861

Creation

HalfedgeDSvertexmin base<Refs> v; default constructor.

See Also
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Chapter 12

2D Regularized Boolean Set-Operations
Efi Fogel, Ron Wein, Baruch Zukerman, and Dan Halperin

12.1 Introduction

A B intersection(A, B) symmetric-difference(A, B)

Figure 12.1: Examples of Boolean set-operations on general polygons.

This package consists of the implementation of Boolean set-operations on point sets bounded byx-monotone
curves1 in 2-dimensional Euclidean space. In particular, it contains the implementation ofregularizedBoolean
set-operations, intersection predicates, and point containment predicates. Figure12.1shows simple examples
of such operations.

A regularized Boolean set-operation op∗ can be obtained by first taking the interior of the resultant point set
of an ordinary Boolean set-operation(P op Q) and then by taking the closure [Hof04]. That is,P op∗ Q =
closure(interior(P op Q)). Regularized Boolean set-operations appear in Constructive Solid Geometry (CSG),
because regular sets are closed under regularized Boolean set-operations, and because regularization eliminates
lower dimensional features, namely isolated vertices and antennas, thus simplifying and restricting the represen-
tation to physically meaningful solids. Our package provides regularized operations on polygons and general
polygons, where the edges of a general polygon may be generalx-monotone curves, rather than being simple
line segments. Ordinary Boolean set-operations, which distinguish between the interior and the boundary of a
polygon, are not implemented within this package. TheNef 2 package supports these operations for (linear)
polygons; see Chapter13.

1A continuous planar curveC is x-monotoneif every vertical line intersects it at most once. We also allow vertical line segments, which
are consideredweakly x-monotone.
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In the rest of this chapter we use — unless otherwise stated — the traditional notation to designate regularized
operations; e.g.,P∩Q means theregularizedintersection ofP andQ.

A polygonP is said to besimple(or Jordan) if the only points of the plane belonging to two polygon edges ofP
are the polygon vertices ofP. Namely, the polygon edges are pairwise disjoint in their interior. Such a polygon
has a well-defined interior and exterior and is topologically equivalent to a disk. A polygon in our context must
be simple and its vertices must be ordered in a counterclockwise direction around the interior of the polygon.

The counterclockwise cyclic sequence of alternating polygon edges and polygon vertices is
referred to as the polygonboundary. A polygon whose boundary contains the same vertex
twice or more is connected and simple but not necessarily strictly simple, such as the polygon
depicted on the right. We extend the notion of a polygon to a point set in IR2 that has a
topology of a polygon and its boundary edges must map tox-monotone curves, and refer to
it as ageneral polygon. We sometimes use the termpolygoninstead of general polygon for
simplicity hereafter.

Our package supports the following Boolean set-operations on two point setsP andQ that are comprised of
general polygons:

Intersection computes the intersectionR= P∩Q.

Join computes the unionR= P∪Q.

Difference computes the differenceR= P\Q.

Symmetric Difference computes the symmetric differenceP = P⊕Q = (P\Q)∪ (Q\P).

Complement computes the complementR= P.

Intersection predicate tests whether the two setsP andQ overlap, distinguishing three possible scenarios: (i)
the two sets intersect on their interior (that is, their regularized intersection is not emptyP∩Q 6= /0); (ii)
the boundaries of two sets intersect but their interiors are disjoint; namely they have a finite number of
common points or even share a boundary curve (still in this caseP∩Q = /0; and (iii) the two sets are
disjoint.

In general, the setR, resulting from a regularized Boolean set-operation, is considered as being a closed point-
set.

In the rest of this chapter we review the Boolean set-operations package in more depth. In Section12.2we focus
on Boolean set-operations on linear polygons, introducing the notion of polygons with holes and of a general
polygon set. Section12.3introduces general polygons. We first discuss polygons whose edges are either line
segements or circular arcs and then explain how to construct and use general polygons whose edges can be
arbitraryx-monotone curves.

12.2 Boolean Set-Operations on Linear Polygons

The basic library of CGAL includes thePolygon2<Kernel,Container> class-template that represents a lin-
ear polygon in the plane. The polygon is represented by its vertices stored in a container of objects of type
Kernel::Point 2. The polygon edges are line segments (Kenrel::Segment2 objects) between adjacent points in
the container. By default, theContaineris a vector ofKernel::Point 2 objects.

The following function demonstrates how to use the basic access functions of thePolygon2 class. It accepts a
polygonP and prints it in a readable format:
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template<class Kernel, class Container>
void print_polygon (const CGAL::Polygon_2<Kernel, Container>& P)
{

typename CGAL::Polygon_2<Kernel, Container>::Vertex_const_iterator vit;

std::cout << "[ " << P.size() << " vertices:";
for (vit = P.vertices_begin(); vit != P.vertices_end(); ++vit)

std::cout << " (" << *vit << ’)’;
std::cout << " ]" << std::endl;

}

In this section we use the termpolygonto indicate aPolygon2 instance, namely, a polygon having linear edges.
General polygons are only discussed in Section12.3.

The basic components of our package are the free (global) functionscomplement()that accepts a singlePolygon
2 object, andintersection(), join(),2, difference(), symmetricdifference()and the predicatedo intersect()that
accept twoPolygon2 objects as their input. We explain how these functions should be used throught several
examples in the following sections.

A Simple Example
Testing whether two polygons intersect results with a Boolean value, and does not require
any additional data beyond the provision of the two input polygons. The example listed be-
low tests whether the two triangles depicted on the right intersect. It uses, as do the other
example programs in this chapter, the auxiliary header filebso rational nt.h, which defines
the typeNumbertypeas GMP’s rational number-type (CGAL::Gmpq), or as the number type
Quotient<MP Float> that is included in the support library of CGAL, based on whether the
GMP library is installed or not. It also uses the functionprint polygon.hlisted above, which
is located in the header fileprint utils.h.
//! \file examples/Boolean_set_operations_2/ex_do_intersect.C
// Determining whether two triangles intersect.

#include "bso_rational_nt.h"
#include <CGAL/Cartesian.h>
#include <CGAL/Boolean_set_operations_2.h>

typedef CGAL::Cartesian<Number_type> Kernel;
typedef Kernel::Point_2 Point_2;
typedef CGAL::Polygon_2<Kernel> Polygon_2;

#include "print_utils.h"

int main ()
{

Polygon_2 P;
P.push_back (Point_2 (-1,1));
P.push_back (Point_2 (0,-1));
P.push_back (Point_2 (1,1));
std::cout << "P = "; print_polygon (P);

Polygon_2 Q;
Q.push_back(Point_2 (-1,-1));
Q.push_back(Point_2 (1,-1));

2The function that computes the union of two polygons is calledjoin(), since the wordunion is reserved in C++.

897



Q.push_back(Point_2 (0,1));
std::cout << "Q = "; print_polygon (Q);

if ((CGAL::do_intersect (P, Q)))
std::cout << "The two polygons intersect in their interior." << std::endl;

else
std::cout << "The two polygons do not intersect." << std::endl;

return 0;
}

12.2.1 Polygons with Holes

(a) (b) (c)

Figure 12.2: Operations on strictly simple polygons. (a) The union of two polygons, resulting in a point set
whose outer boundary is defined by a simple polygon and contains a polygonal hole in its interior. (b) The
intersection (darkly shaded) of two polygons (lightly shaded), resulting in two disjoint polygons. (c) The com-
plement (darkly shaded) of a strictly simple polygon (lightly shaded).

In many cases a binary operation that operates on two strictly simple polygons that have no holes may result
in a set of polygon that contains holes in their interior (see Figure12.2.1(a)), or a set of disjoint polygons (see
Figure12.2.1(b); a similar set may result from the union, or the symmetric difference, of two disjoint polygons).
Moreover, the complement of a simple polygon is an unbounded set that contains a hole; see Figure12.2.1(c).

Regular sets are closed under regularized Boolean set-operations. These operations accept as input, and may
result as output, polygons with holes. Apolygon with holesrepresents a point set that may be bounded or
unbounded. In case of a bounded set, itsouter boundaryis represented as a simple (but not necessarily strictly
simple) polygon, whose vertices are oriented in a counterclockwise order around the interior of the set. In
addition, the set may containholes, where each hole is represented as a strictly simple polygon, whose vertices
are oriented in a clockwise order around the interior of the hole. Note that an unbounded polygon without holes
spans the entire plane. Vertices of holes may coincide with vertices of the boundary; see below for an example.

A point set represented by a polygon with holes is considered to be closed. Therefore, the boundaries of the
holes are parts of the set (and not part of the holes). The exact definition of the obtained polygon with holes
as a result of a Boolean set-operation or a sequence of such operations is closely related to the definition of
regularized Boolean set-operations, being the closure of the interior of the corresponding ordinary operation as
explained next.
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Consider, for example, the regular set depicted on the right, which is the result of the union
of three small triangles translated appropriately. Alternatively, the same set can be reached by
taking the difference between a large triangle and a small upside-down triangle. In general,
there are many ways to arrive at a particular point set. However, the set of polygons with holes
obtained through the application of any sequence of operations is unique. The set depicted on
the right is represented as a single polygon having a triangular outer boundary with a single
triangluar hole in its interior — and not as three triangles that have no holes at all. As a general
rule, if two point sets are connected, then they belong to the same polygon with holes.

The class templatePolygonwith holes2<Kernel,Container> represents polygons with holes as described
above, where the outer boundary and the hole boundaries are realized asPolygon2<Kernel,Container> ob-
jects. Given an instanceP of the Polygonwith holes2 class, you can use the predicateis unbounded()to
check whetherP is a unbounded set. If it is bounded, you can obtain the counterclockwise-oriented poly-
gon that represents its outer boundary through the member functionouter boundary(). You can also traverse
the holes ofP throughholesbegin()andholesend(). The two functions return iterators of the nested type
Polygonwith holes2::Hole const iterator that defines the valid range ofP’s holes. The value type of this
iterator isPolygon2.

The following function demonstrates how to traverse a polygon with holes. It accepts aPolygonwith holes2
object and uses the auxiliary functionprint polygon()to prints all its components in a readable format:

template<class Kernel, class Container>
void print_polygon_with_holes(const CGAL::Polygon_with_holes_2<Kernel, Container> & pwh)
{

if (! pwh.is_unbounded()) {
std::cout << "{ Outer boundary = ";
print_polygon (pwh.outer_boundary());

}
else

std::cout << "{ Unbounded polygon." << std::endl;

typename CGAL::Polygon_with_holes_2<Kernel,Container>::Holes_const_iterator hit;
unsigned int k = 1;

std::cout << " " << pwh.number_of_holes() << " holes:" << std::endl;
for (hit = pwh.holes_begin(); hit != pwh.holes_end(); ++hit, ++k) {

std::cout << " Hole #" << k << " = ";
print_polygon (*hit);

}
std::cout << " }" << std::endl;

}

The simple versions of the free functions mentioned therefore accept twoPolygon2 objectP andQ as their
input, while their output is given using polygon with holes instances:

• The complement of a simple polygonP is always an unbounded set with a single polygonal hole. The
functioncomplement(P)therefore returns a polygon-with-holes object that represents the complement of
P.

• The union of two polygonsP andQ is always a single connected set, unless of course the two input
polygons are completely disjoint. In the latter caseP∪Q trivially consists of the two input polygons. The
free functionjoin(P, Q, R)therefore returns a Boolean value indicating whetherP∩Q 6= /0. If the two
polygons are not disjoint, it assignes the a polygon with holes objectR (which it accepts by reference)
with the union of the regularized union operationP∪Q.
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• The other three functions, namelyintersection(P, Q, oi), difference(P, Q, oi)andsymmetricdifference(P,
Q, oi), all have a similar interface. As the result of these operation may consist of several disconnected
components, they all accept an output iteratoroi, whose value type isPolygonwith holes2, and add the
output polygons to its associated container.

Example — Joining and Intersecting Simple Polygons

The following example demonstartes the usage of the free functionsjoin() and intersect()for computing the
union and the intersection of the two simple polygons depicted in Figure12.2.1(b). The example uses the
auxiliary functionprint polygonwith holes()listed above, which is located in the header fileprint utils.hunder
the examples folder.

//! \file examples/Boolean_set_operations_2/ex_simple_join_intersect.C
// Computing the union and the intersection of two simple polygons.

#include "bso_rational_nt.h"
#include <CGAL/Cartesian.h>
#include <CGAL/Boolean_set_operations_2.h>
#include <list>

typedef CGAL::Cartesian<Number_type> Kernel;
typedef Kernel::Point_2 Point_2;
typedef CGAL::Polygon_2<Kernel> Polygon_2;
typedef CGAL::Polygon_with_holes_2<Kernel> Polygon_with_holes_2;
typedef std::list<Polygon_with_holes_2> Pwh_list_2;

#include "print_utils.h"

int main ()
{

// Construct the two input polygons.
Polygon_2 P;
P.push_back (Point_2 (0, 0));
P.push_back (Point_2 (5, 0));
P.push_back (Point_2 (3.5, 1.5));
P.push_back (Point_2 (2.5, 0.5));
P.push_back (Point_2 (1.5, 1.5));

std::cout << "P = "; print_polygon (P);

Polygon_2 Q;
Q.push_back (Point_2 (0, 2));
Q.push_back (Point_2 (1.5, 0.5));
Q.push_back (Point_2 (2.5, 1.5));
Q.push_back (Point_2 (3.5, 0.5));
Q.push_back (Point_2 (5, 2));

std::cout << "Q = "; print_polygon (Q);

// Compute the union of P and Q.
Polygon_with_holes_2 unionR;
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if (CGAL::join (P, Q, unionR)) {
std::cout << "The union: ";
print_polygon_with_holes (unionR);

} else
std::cout << "P and Q are disjoint and their union is trivial."

<< std::endl;
std::cout << std::endl;

// Compute the intersection of P and Q.
Pwh_list_2 intR;
Pwh_list_2::const_iterator it;

CGAL::intersection (P, Q, std::back_inserter(intR));

std::cout << "The intersection:" << std::endl;
for (it = intR.begin(); it != intR.end(); ++it) {

std::cout << "--> ";
print_polygon_with_holes (*it);

}

return 0;
}

Operations on Polygons with Holes

Having introduced polygons with holes and explained how the free functions output such objects, it is only natu-
ral to perform operations on sets that are represented as polygon with holes, rather than simple polygons. Indeed,
the Boolean set-operations package provides overriden free functionscomplement(), intersection(), join(), dif-
ference(), symmetricdifference()anddo intersect()that acceptGeneralpolygonwith holes2 objects as their
input. The prototypes of most functions is the same as of their simpler counterparts that operate on simple poly-
gons. The only exception iscomplement(P, oi), which outputs a range of polygons with holes that represents
the complement of the polygon with holesP.

The following example demonstrates how to compute the symmetric difference be-
tween two sets that contain holes. Each set is a rectangle that contains a rectangular
hole in its interior, such that the symmetric difference between the two sets is a single
polygon that contains of five holes:

//! \file examples/Boolean_set_operations_2/ex_symmetric_difference.C
// Computing the symmetric difference of two polygons with holes.

#include "bso_rational_nt.h"
#include <CGAL/Cartesian.h>
#include <CGAL/Boolean_set_operations_2.h>
#include <list>

typedef CGAL::Cartesian<Number_type> Kernel;
typedef Kernel::Point_2 Point_2;
typedef CGAL::Polygon_2<Kernel> Polygon_2;
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typedef CGAL::Polygon_with_holes_2<Kernel> Polygon_with_holes_2;
typedef std::list<Polygon_with_holes_2> Pwh_list_2;

#include "print_utils.h"

int main ()
{

// Construct P - a bounded rectangle that contains a rectangular hole.
Polygon_2 outP;
Polygon_2 holesP[1];

outP.push_back (Point_2 (-3, -5)); outP.push_back (Point_2 (3, -5));
outP.push_back (Point_2 (3, 5)); outP.push_back (Point_2 (-3, 5));
holesP[0].push_back (Point_2 (-1, -3));
holesP[0].push_back (Point_2 (-1, 3));
holesP[0].push_back (Point_2 (1, 3));
holesP[0].push_back (Point_2 (1, -3));

Polygon_with_holes_2 P (outP, holesP, holesP + 1);
std::cout << "P = "; print_polygon_with_holes (P);

// Construct Q - a bounded rectangle that contains a rectangular hole.
Polygon_2 outQ;
Polygon_2 holesQ[1];

outQ.push_back (Point_2 (-5, -3)); outQ.push_back (Point_2 (5, -3));
outQ.push_back (Point_2 (5, 3)); outQ.push_back (Point_2 (-5, 3));
holesQ[0].push_back (Point_2 (-3, -1));
holesQ[0].push_back (Point_2 (-3, 1));
holesQ[0].push_back (Point_2 (3, 1));
holesQ[0].push_back (Point_2 (3, -1));

Polygon_with_holes_2 Q (outQ, holesQ, holesQ + 1);
std::cout << "Q = "; print_polygon_with_holes (Q);

// Compute the symmetric difference of P and Q.
Pwh_list_2 symmR;
Pwh_list_2::const_iterator it;

CGAL::symmetric_difference (P, Q, std::back_inserter(symmR));

std::cout << "The symmetric difference:" << std::endl;
for (it = symmR.begin(); it != symmR.end(); ++it) {

std::cout << "--> ";
print_polygon_with_holes (*it);

}

return 0;
}
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12.2.2 Operating on Polygon Sets

We argue that the result of a regularized operations on two polygons (or polygons with holes)PandQ is typically
a collection of several disconnected polygons with holes. It is only natural to represent such a collection in terms
of a class, making it possible to operate on the set resulting from computing, for example,P\Q.

A central component in the Boolean set-operations package is thePolygonset 2<Kernel, Container> class-
template. An instance of this class represents a point set formed by the collection of several disconnected
polygons with holes. It employs theArrangement2 class to represent this point set in the plane as a planar
arrangement; see Chapter17.

An instanceSof aPolygonset 2 class usually represents the result of a sequence of operations that were applied
on some input polygons. The representation ofS is unique, regardless of the particular sequence of operations
that were applied in order to arrive at it.

In addition, a polygon-set object can be constructed from a single polygon object or from a polygon-with-holes
object. Once constructed, it is possible to insert new polygons (or polygons with holes) into the set using the
insert()method, as long as the inserted polygons and the existing polygons in the set are disjoint. ThePolygon
set 2 class also provides access functions for accessing the polygons with holes it contains, and a few queries.
The most improtant query isS.orientedside(q), which determined whether the query pointq is contained in the
interior of the setS, lies on the boundary of the set, or neither.

TheGeneralpolygonset 2 class defines the predicatedo intersect()and the methodscomplement(), intersec-
tion(), join(), difference()andsymmetricdifference()as member functions. The operands to these functions
may be simple polygons (Polygon2 object), polygons with holes (Generalpolygonwith holes2 objects), or
polygon sets (Generalpolygonset 2 objects). Thus, each of the function mentioned above is actually realized
by a set overriding member functions.

Member functions of theGeneralpolygonset 2 that perform Boolean set-operations come in two flavors: for
example,S.join(P, Q)computes the union ofP andQ and assigned the reuslt toS, while S.join(P)preformes
the operationS←− S∪P. Similarly,S.complement(P)setsSto be the complement ofP, while S.complement()
simply negates the setS.

A Sequence of Set Operations

The free functions reviewed in Section12.2.1serve as a wrapper for the polygon-set class, and are only provided
for convinience. A typical such function constructs a pair ofGeneralpolygonset 2 objects, invokes the appro-
priate method to apply the desired Boolean operation, and transforms the resulting polygon set to the required
output format. Thus, when several operations are performed in a sequence, it is much more efficient to use the
member functions of theGeneralpolygonset 2 type directly, as the extraction of the polygons from the inter-
nal representation for some operation, and the reconstruction of the internal representation for the succeeding
operation could be time consuming.

The next example performs a sequence of three Boolean set-operations. First, it com-
putes the union of two simple polygons depicted in Figure12.2.1(a). It then computes
the complement of the result of the union operation. Finally, it computes the inter-
section of the result of the complement operation with a rectangle, confining the final
result to the area of the rectangle. The resulting setS is comprised of two components:
a polygon with a hole, and a simple polygon contained in the interior of this hole.

//! \file examples/Boolean_set_operations_2/ex_sequence.C
// Performing a sequence of Boolean set-operations.
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#include "bso_rational_nt.h"
#include <CGAL/Cartesian.h>
#include <CGAL/Polygon_2.h>
#include <CGAL/Polygon_with_holes_2.h>
#include <CGAL/Polygon_set_2.h>

#include <list>

typedef CGAL::Cartesian<Number_type> Kernel;
typedef Kernel::Point_2 Point_2;
typedef CGAL::Polygon_2<Kernel> Polygon_2;
typedef CGAL::Polygon_with_holes_2<Kernel> Polygon_with_holes_2;
typedef CGAL::Polygon_set_2<Kernel> Polygon_set_2;

#include "print_utils.h"

int main ()
{

// Construct the two initial polygons and the clipping rectangle.
Polygon_2 P;
P.push_back (Point_2 (0, 1));
P.push_back (Point_2 (2, 0));
P.push_back (Point_2 (1, 1));
P.push_back (Point_2 (2, 2));

Polygon_2 Q;
Q.push_back (Point_2 (3, 1));
Q.push_back (Point_2 (1, 2));
Q.push_back (Point_2 (2, 1));
Q.push_back (Point_2 (1, 0));

Polygon_2 rect;
rect.push_back (Point_2 (0, 0));
rect.push_back (Point_2 (3, 0));
rect.push_back (Point_2 (3, 2));
rect.push_back (Point_2 (0, 2));

// Perform a sequence of operations.
Polygon_set_2 S;
S.insert (P);
S.join (Q); // Compute the union of P and Q.
S.complement(); // Compute the complement.
S.intersection (rect); // Intersect with the clipping rectangle.

// Print the result.
std::list<Polygon_with_holes_2> res;
std::list<Polygon_with_holes_2>::const_iterator it;

std::cout << "The result contains " << S.number_of_polygons_with_holes()
<< " components:" << std::endl;

S.polygons_with_holes (std::back_inserter (res));
for (it = res.begin(); it != res.end(); ++it) {

std::cout << "--> ";
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print_polygon_with_holes (*it);
}

return 0;
}

Inserting Non Intersecting Polygons

If you want to compute the union of a polygonP (P may be a simple polygon or a polygon-with-holes object)
with a general-polygon setR, and store the result inR, you can construct a polygon setS(P), and apply the
unionoperation as follows:

General_polygon_2 S (P);
R.join (S);

As a matter of fact, you can apply the union operation directly:

R.join (P);

However, if you know that the polygon does not intersect any one of the polygons represented byR, you can
use the more efficient methodinsert():

R.insert (P);

As insert() assumes thatP∩R= /0, it does not try to compute intersections between the boundaries ofP and
of R. This fact significantly speeds up the insertion process in comparison with the insertion of a non-disjoint
polygon that intersectsR.

Theinsert()function is also overloaded, so it can also accept a range of polygons. When a range of polygons are
inserted into a polygon setS, all the polygons in the range and the polygons represented bySmust be pairwise
disjoint in their interiors.

12.2.3 Performing Aggregated Operations

There are a few options to compute the union of a set of polygonsP1, . . .Pm. You can do it incrementally as
follows. At each step compute the union ofSk−1 =

Sk−1
i=1 Pi with Pk and obtainSk. Namely, if the polygon set is

given as a pair of iterator[begin, end), the following loop computes their union inS.

InputIterator iter = begin;
Polygon_set_2 S (*iter);

while (++iter != end) {
S.join (*iter);
++iter;

}
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A second option is to use a divide-and-conquer approach. You bisect the set of polygons into two sets. Compute
the union of each set recursively and obtain the partial results inS1 andS2, and finally, you compute the union
S1∪S2. However, the union operation can be done more efficiently for sparse polygons, having a relatively
small number of intersections, using a third option that simultaneously computes the union of all polygons.
This is done by constructing a planar arrangement of all input polygons, utilizing the sweep-line algorithm, then
extracting the result from the arrangement. Similarly, it is also possible to aggregately compute the intersectionTm

i=1Pi of a set of input polygons.

Our package provides the free overloaded functionsjoin() and intersect()that aggregately compute the union
and the intersection of a range of input polygons. There is no restriction on the polygons in the range —
naturally, they may intersect each other. The package provides the overloaded free functiondo intersect(begin,
end)that determines whether the polygons in the range defined by the two input iterators[begin, end)intersect.

The classGeneralpolygonset 2 also provides equivalent member functions that aggragately operate on a range
of input polygons or polygons with holes. When such a member function is called, the general polygons
represented by the current object are considered operands as well. Thus, you can easily compute the union of
our polygon range as follows:

Polygon_set_2 S;
S.join (begin, end);

12.3 Boolean Set-Operations on General Polygons

In previous sections ordinary polygons were dealt with. Namely, closed point sets bounded by
piecewise linear curves. The Boolean set-operations package allows a more general geometric
mapping of the polygon edges. The operations provided by the package operate on point
sets bounded byx-monotone segments of general curves (e.g., conic arcs and segments of
polynomial functions). For example, the point set depicted on the right is general polygon
bounded by twox-monotone circular arcs that correspond to the lower half and the upper half
of a circle.

Using the topological terminology, a general polygon can represent any simply-connected point set whose
boundary is a strictly simple curve. Such a polygon is a model of theGeneralPolygon2 concept. A model of
this concept must fulfill the following requirements:

• A general polygon is constructible from a range of pairwise interior disjointx-monotone curvesc1, . . . ,cn.
The target point of thekth curveck and the source point of the next curve in the range (in a cyclic order)
must coincide, such that this point defines thekth polygon vertex.

• It is possible to traverse thex-monotone curves that form the edges of a general polygon.

The conceptGeneralPolygonWithHoles2 is defined in an analogous way to the definition of
linear polygons with holes. A model of this concept represent a bounded or an unbounded set
that may not be simply connected, and must provide the following operations:

• Construction for a general polygon that represent the outer boundary and a range of general polygons that
represent the holes.

• Accessing the general polygons that represents the outer boundary (in case of a bounded set).
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• Traversing the holes.

In Section 12.2 we introduce the classesPolygon2 and Polygonwith holes2 that model the concepts
GeneralPolygon2 andGeneralPolygonWithHoles2 respectively. In this section we introduce other models
of these two concepts.

The central class-templateGeneralpolygonset 2<Traits> is used to represent point sets that are comprised of
a finite number of general polygons with holes that are pairwise disjoint, and provides various Boolean set-
operations on such sets. It is parameterized by atraits class that defines the type of points used to represent
polygon vertices and the type ofx-monotone curves that represent the polygon edges. The traits class also
provides primitive geometric operations that operate on objects of these types. An instatiatedGeneralpolygon
set 2 class defines the nested typesGeneralpolygonset 2<Traits>::Polygon 2 andGeneralpolygonset 2<
Traits>::Polygon with holes2, which model the conceptsGeneralPolygon2 andGeneralPolygonWithHoles
2 respectively.

12.3.1 The Traits-Class Concepts

The traits class used to instantiate theGeneralpolygonset 2 class template must model the con-
cept GeneralPolygonSetTraits2, and is tailored to handle a specific family of curves. The concept
GeneralPolygonSetTraits2 refines the conceptArrangementDirectionalXMonotoneTraits2 specified next.

The conceptArrangementDirectionalXMonotoneTraits2 refines the conceptArrangementXMonotoneTraits
2 (see Section17.4.1in the 2D Arrangements chapter). Thus, a model of this concept must define the type
X monotonecurve 2, which represents anx-monotone curve, and the typePoint 2, with represents a planar
point. Such a point may be an endpoint of anx-monotone curve or an intersection point between two curves.
It must also provide various geometric predicates and operations on these types listed by the base concept,
such as determining whether a point lies above or below anx-monotone curve, computing the intersections
between two curves, etc. Note that the base concept does not assume thatx-monotone curves are directed: an
x-monotone curve is not required to have a designatedsourceandtarget, it is only required to determine the left
(lexicographically smaller) and the right (lexicographically larger) endpoints of a given curve.

The ArrangementDirectionalXMonotoneTraits2 concept treats itsx-monotone curves as directed objects. It
thus requires two additional operations onx-monotone curves:

• Given anx-monotone curve, compare its source and target points lexicographically.

• Given anx-monotone curve, construct its opposite curve (namely, swap its source and target points).

The traits classesArr segmenttraits 2, Arr non cachingsegmenttraits, Arr circle segmenttraits 2, Arr
conic traits 2 andArr rational arc traits 2, which are bundeled in theArrangement2 package and distributed
with CGAL, are all models of the refined conceptArrangementDirectionalXMonotoneTraits2.3

Just as with the case of computations using models of theArrangementXMonotoneTraits2 concept, operations
are robust only when exact arithmetic is used. When inexact arithmetic is used, (nearly) degenerate configura-
tions may result in abnormal termination of the program or even incorrect results.

3TheArr polyline traits 2 class isnota model of the,ArrangementDirectionalXMonotoneTraits2 concept, as thex-monotone curve it
defines is always directed from left to right. Thus, an opposite curve cannot be constructed. However, it is not very useful to construct a
polygon whose edges are polylines, as an ordinary polygon with linear edges can represent the same entity.
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12.3.2 Operating on Polygons with Circular Arcs

Two traits classes are distributed with CGAL. The first one is namedGps segmenttraits 2, and it is used to
perform Boolean set-operations on oridnary polygons and polygons with holes. In fact, the classPolygonset 2
introduced in Section12.2.2is a specialization ofGeneralpolygonset 2<Gps segmenttraits 2>. This class
defined its polygon and polygon with holes types, such that the usage of this traits class is encapsulated in the
polygon-set class.

The other predefined traits class is namedGps circle segmenttraits 2<Kernel> and is parameterized by a geo-
metric CGAL kernel. By instantiating theGeneralpolygonset 2 with this traits class, we obtain the represen-
tation of a polygon whose boundary may be comprised of line segments and circular arcs. The circle–segment
traits class provides predicates and constructions on non-linear objects; yet, it uses only rational arithmetic and
is very efficient as a consequence.

The following example uses theGps circle segmenttraits 2 class to compute the
union of four rectangles and four circles. Each circle is represented as a general poly-
gon having twox-monotone circular arcs. The union is computed incrementally, re-
sulting with a single polygon with a single hole, as depicted on the right. Note that as
the four circles are disjoint, their union is computed with theinsertmethod, while the
union with the rectangles is computed with thejoin operator.

//! \file examples/Boolean_set_operations_2/ex_circle_segment.C
// Handling circles and linear segments concurrently.

#include "bso_rational_nt.h"
#include <CGAL/Cartesian.h>
#include <CGAL/Gps_circle_segment_traits_2.h>
#include <CGAL/General_polygon_set_2.h>
#include <CGAL/General_polygon_with_holes_2.h>
#include <CGAL/Lazy_exact_nt.h>

#include <list>

typedef CGAL::Lazy_exact_nt<Number_type> Lazy_exact_nt;
typedef CGAL::Cartesian<Lazy_exact_nt> Kernel;
typedef Kernel::Point_2 Point_2;
typedef Kernel::Circle_2 Circle_2;
typedef CGAL::Gps_circle_segment_traits_2<Kernel> Traits_2;

typedef CGAL::General_polygon_set_2<Traits_2> Polygon_set_2;
typedef Traits_2::Polygon_2 Polygon_2;
typedef Traits_2::Polygon_with_holes_2 Polygon_with_holes_2;
typedef Traits_2::Curve_2 Curve_2;
typedef Traits_2::X_monotone_curve_2 X_monotone_curve_2;

// Construct a polygon from a circle.
Polygon_2 construct_polygon (const Circle_2& circle)
{

// Subdivide the circle into two x-monotone arcs.
Traits_2 traits;
Curve_2 curve (circle);
std::list<CGAL::Object> objects;
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traits.make_x_monotone_2_object() (curve, std::back_inserter(objects));
CGAL_assertion (objects.size() == 2);

// Construct the polygon.
Polygon_2 pgn;
X_monotone_curve_2 arc;
std::list<CGAL::Object>::iterator iter;

for (iter = objects.begin(); iter != objects.end(); ++iter) {
CGAL::assign (arc, *iter);
pgn.push_back (arc);

}

return pgn;
}

// Construct a point from a rectangle.
Polygon_2 construct_polygon (const Point_2& p1, const Point_2& p2,

const Point_2& p3, const Point_2& p4)
{

Polygon_2 pgn;
X_monotone_curve_2 s1(p1, p2); pgn.push_back(s1);
X_monotone_curve_2 s2(p2, p3); pgn.push_back(s2);
X_monotone_curve_2 s3(p3, p4); pgn.push_back(s3);
X_monotone_curve_2 s4(p4, p1); pgn.push_back(s4);
return pgn;

}

// The main program:
int main ()
{

// Insert four non-intersecting circles.
Polygon_set_2 S;
Polygon_2 circ1, circ2, circ3, circ4;

circ1 = construct_polygon(Circle_2(Point_2(1, 1), 1)); S.insert(circ1);
circ2 = construct_polygon(Circle_2(Point_2(5, 1), 1)); S.insert(circ2);
circ3 = construct_polygon(Circle_2(Point_2(5, 5), 1)); S.insert(circ3);
circ4 = construct_polygon(Circle_2(Point_2(1, 5), 1)); S.insert(circ4);

// Compute the union with four rectangles incrementally.
Polygon_2 rect1, rect2, rect3, rect4;

rect1 = construct_polygon(Point_2(1, 0), Point_2(5, 0),
Point_2(5, 2), Point_2(1, 2));

S.join (rect1);

rect2 = construct_polygon(Point_2(1, 4), Point_2(5, 4),
Point_2(5, 6), Point_2(1, 6));

S.join (rect2);

rect3 = construct_polygon(Point_2(0, 1), Point_2(2, 1),
Point_2(2, 5), Point_2(0, 5));

S.join (rect3);
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rect4 = construct_polygon(Point_2(4, 1), Point_2(6, 1),
Point_2(6, 5), Point_2(4, 5));

S.join (rect4);

// Print the output.
std::list<Polygon_with_holes_2> res;
S.polygons_with_holes (std::back_inserter (res));

std::copy (res.begin(), res.end(),
std::ostream_iterator<Polygon_with_holes_2>(std::cout, "\n"));

std::cout << std::endl;

return 0;
}

12.3.3 General Polygon Set Traits Adapter

The conceptGeneralPolygon2 and its generic modelGeneralpolygon2<ArrDirectionalXMonotoneTraits>
facilitate the production of general-polygon set traits classes. A model of the conceptGeneralPolygon2 repre-
sents a simple point-set in the plane bounded byx-monotone curves. As opposed to the plainTraits::Polygon2
type defined by any traits class, it must define the typeX monotonecurve 2, which represents anx-monotone
curve of the point-set boundary. It must provide a constructor from a range of such curves, and a pair of methods,
namelycurvesbegin()andcurvesend(), that can be used to iterate over the point-set boundary curves.

The class-template Generalpolygon2<ArrDirectionalXMonotoneTraits> models the concept
GeneralPolygon2. Its template parameter must be instantiated with a model of the concept
ArrangementDirectionalXMonotoneTraits2 from which it obtains theX monotonecurve 2 type, and it
uses the necessary operations on this type provided by such a model to maintain a container of directed curves
of typeX monotonecurve 2, which represents the boundary of the general polygon.

The class-templateGps traits 2<ArrDirectionalXMonotoneTraits,GeneralPolygon> models the concept
GeneralPolygonSetTraits2. Its implementation is rather simple, as it is derived from the instantiated template-
parameterArrXMonotoneTraits2 inheriting its necessary types and methods, and it exploits the methods pro-
vided by the instantiated parameterGeneralPolygon— a model of the conceptGeneralPolygon2. By default,
theGeneralPolygonparameter is defined asGeneralpolygon2<ArrangementDirectionalXMonotoneTraits2>

The code excerpt listed below defines a general-polygon set type that can be used to perform Boolean set-
operations on point sets bounded by linear segments used by theArrangement2 class by default. A model
of theGeneralPolygon2 concept that represents a (linear) polygon bounded by curves of typeArr segment2
is generated. The later is obtained from the instantiated parameterArr segmenttraits 2, which definesArr
segment2 to be its exposed typeX monotonecurve 2.

typedef CGAL::Gmpq Number_type;
typedef CGAL::Cartesian<Number_type> Kernel;
typedef CGAL::Arr_segment_traits_2<Kernel> Arr_traits_2;
typedef CGAL::General_polygon_2<Arr_traits_2> General_polygon_2;
typedef CGAL::Gps_traits_2<Arr_traits_2,General_polygon_2> Traits_2;
typedef CGAL::General_polygon_set_2<Traits_2> General_polygon_set_2;
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Swapping the linear arrangement-traitsArr segmenttraits
2 above with a traits class that handle conic arcs, such as
Arr conic traits 2, results with the definition of a general-
polygon set type that can be used to perform Boolean set-
operations on point sets bounded by conic arcs of typeArr
conic 2. The next example computes the intersection of the
two general polygons depicted on the right. One is an ellipse
given byx2 + 9y2−9 = 0, and the other is bounded by the
two parabolic arcs whose underlying parabola are given by
x2+2y−4= 0, andx2−2y−4= 0. The code in the example
adapts the traits model that handles conics included with the
Arrangement2 package.

1 2 3−1−2−3

1

2

−1

−2

//! \file examples/Boolean_set_operations_2/ex_traits_adaptor.C
// Using the traits adaptor to generate a traits of conics.
#include <CGAL/basic.h>

#ifndef CGAL_USE_CORE
#include <iostream>
int main ()
{

std::cout << "Sorry, this example needs CORE ..." << std::endl;
return (0);

}
#else

#include <CGAL/Cartesian.h>
#include <CGAL/CORE_algebraic_number_traits.h>
#include <CGAL/Arr_conic_traits_2.h>
#include <CGAL/General_polygon_2.h>
#include <CGAL/General_polygon_with_holes_2.h>
#include <CGAL/Gps_traits_2.h>
#include <CGAL/Boolean_set_operations_2.h>

#include <list>

typedef CGAL::CORE_algebraic_number_traits Nt_traits;
typedef Nt_traits::Rational Rational;
typedef Nt_traits::Algebraic Algebraic;
typedef CGAL::Cartesian<Rational> Rat_kernel;
typedef CGAL::Cartesian<Algebraic> Alg_kernel;
typedef CGAL::Arr_conic_traits_2<Rat_kernel,

Alg_kernel,Nt_traits> Conic_traits_2;
typedef CGAL::General_polygon_2<Conic_traits_2> Polygon_2;
typedef CGAL::Gps_traits_2<Conic_traits_2, Polygon_2> Traits_2;
typedef Traits_2::Polygon_with_holes_2 Polygon_with_holes_2;
typedef Traits_2::Curve_2 Curve_2;
typedef Traits_2::X_monotone_curve_2 X_monotone_curve_2;
typedef Traits_2::Point_2 Point_2;

// Insert a conic arc as a polygon edge: Subdivide the arc into x-monotone
// sub-arcs and append these sub-arcs as polygon edges.
void append_conic_arc (Polygon_2& polygon, const Curve_2& arc)
{
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Conic_traits_2 traits;
std::list<CGAL::Object> objects;
std::list<CGAL::Object>::iterator it;
X_monotone_curve_2 xarc;

traits.make_x_monotone_2_object() (arc, std::back_inserter(objects));
for (it = objects.begin(); it != objects.end(); ++it)
{

if (CGAL::assign (xarc, *it))
polygon.push_back (xarc);

}
}

int main ()
{

// Construct a parabolic arc supported by a parabola: xˆ2 + 2y - 4 = 0,
// and whose endpoints lie on the line y = 0:
Curve_2 parabola1 = Curve_2 (1, 0, 0, 0, 2, -4, CGAL::COUNTERCLOCKWISE,

Point_2(2, 0), Point_2(-2, 0));

// Construct a parabolic arc supported by a parabola: xˆ2 - 2y - 4 = 0,
// and whose endpoints lie on the line y = 0:
Curve_2 parabola2 = Curve_2 (1, 0, 0, 0, -2, -4, CGAL::COUNTERCLOCKWISE,

Point_2(-2, 0), Point_2(2, 0));

// Construct a polygon from these two parabolic arcs.
Polygon_2 P;
append_conic_arc (P, parabola1);
append_conic_arc (P, parabola2);

// Construct a polygon that corresponds to the ellipse: xˆ2 + 9yˆ2 - 9 = 0:
Polygon_2 Q;
append_conic_arc (Q, Curve_2 (-1, -9, 0, 0, 0, 9));

// Compute the intersection of the two polygons.
std::list<Polygon_with_holes_2> res;
CGAL::intersection (P, Q, std::back_inserter(res));

std::copy (res.begin(), res.end(), // export to standard output
std::ostream_iterator<Polygon_with_holes_2>(std::cout, "\n"));

std::cout << std::endl;

return (0);
}

#endif

12.3.4 Example - Aggregated Operations

In Section12.2.3we describe how aggragated union and intersection operations can be applied to a collection of
ordinary polygons or polygons with holes. Naturally, the aggregated operations can be applied also to collections
of general polygons. As was the case with ordinary polygons, using aggregated operations is recommended
when the number of intersections of the input polygons is of the same order of magnitude as the complexity of
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the result. If this is not the case, computing the result incrementally may prove faster.

The next example computes the union of eight unit discs whose centers are
placed a unit distance from the origin, as depicted to the right. The example
also allows users to provide a different number of discs through the command
line.

//! \file examples/Boolean_set_operations_2/ex_set_union.C
// Computing the union of a set of circles.

#include "bso_rational_nt.h"
#include <CGAL/Cartesian.h>
#include <CGAL/Gps_circle_segment_traits_2.h>
#include <CGAL/Boolean_set_operations_2.h>
#include <CGAL/Lazy_exact_nt.h>

#include <list>
#include <stdlib.h>
#include <math.h>

typedef CGAL::Lazy_exact_nt<Number_type> Lazy_exact_nt;
typedef CGAL::Cartesian<Lazy_exact_nt> Kernel;
typedef Kernel::Point_2 Point_2;
typedef Kernel::Circle_2 Circle_2;
typedef CGAL::Gps_circle_segment_traits_2<Kernel> Traits_2;

typedef CGAL::General_polygon_set_2<Traits_2> Polygon_set_2;
typedef Traits_2::Polygon_2 Polygon_2;
typedef Traits_2::Polygon_with_holes_2 Polygon_with_holes_2;
typedef Traits_2::Curve_2 Curve_2;
typedef Traits_2::X_monotone_curve_2 X_monotone_curve_2;

// Construct a polygon from a circle.
Polygon_2 construct_polygon (const Circle_2& circle)
{

// Subdivide the circle into two x-monotone arcs.
Traits_2 traits;
Curve_2 curve (circle);
std::list<CGAL::Object> objects;
traits.make_x_monotone_2_object() (curve, std::back_inserter(objects));
CGAL_assertion (objects.size() == 2);

// Construct the polygon.
Polygon_2 pgn;
X_monotone_curve_2 arc;
std::list<CGAL::Object>::iterator iter;

for (iter = objects.begin(); iter != objects.end(); ++iter) {
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CGAL::assign (arc, *iter);
pgn.push_back (arc);

}

return pgn;
}

// The main program:
int main (int argc, char * argv[])
{

// Read the number of circles from the command line.
unsigned int n_circles = 8;
if (argc > 1) n_circles = atoi(argv[1]);

// Create the circles, equally spaced of the circle xˆ2 + yˆ2 = 1.
const double pi = std::atan(1.0) * 4;
const double n_circles_reciep = 1.0 / n_circles;
const double radius = 1;
const double frac = 2 * pi * n_circles_reciep;
std::list<Polygon_2> circles;
unsigned int k;
for (k = 0; k < n_circles; k++) {

const double angle = frac * k;
const double x = radius * std::sin(angle);
const double y = radius * std::cos(angle);
Point_2 center = Point_2(x, y);
Circle_2 circle(center, radius);

circles.push_back (construct_polygon (circle));
}

// Compute the union aggragately.
std::list<Polygon_with_holes_2> res;
CGAL::join (circles.begin(), circles.end(), std::back_inserter (res));

// Print the result.
std::copy (res.begin(), res.end(),

std::ostream_iterator<Polygon_with_holes_2>(std::cout, "\n"));
std::cout << std::endl;

return 0;
}
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CGAL::General polygon set 2<Traits>

Definition

An object of theGeneralpolygonset 2<Traits> class-template represents a point set in the plane bounded byx
monotone curves. Points in the set lie on the boundary or on the positive side of the curves. This class template
provides methods to apply regularized Boolean set-operations and few other utility methods. AnArrangement2
data structure is internally used to represent the point set.

The Traits template-parameter should be instantiated with a model of the conceptGeneralPolygonSetTraits
2. The traits class defines the types of points,x-monotone curves, general polygons, and general polygons
with holes, that isTraits::Point 2, Traits::X monotonecurve 2, Traits::Polygon2, andTraits::Polygonwith
holes2 respectively.Traits::Point 2 must be the type of the endpoints ofTraits::X monotonecurve 2, and
Traits::X monotonecurve 2 must be the type of the curves that comprise the boundaries of the general poly-
gons. The traits class supports geometric operations on the types above. We sometimes use the termpolygon
instead of general polygon for simplicity hereafter.

The input and output of the Boolean set-operations methods consist of one or more general polygons, some of
which may have holes. In particular, these methods operate on pairs of objects of typeGeneralpolygonset
2<Traits>, or directly on objects of typeTraits::Polygon2 or Traits::Polygonwith holes2. An object of type
Traits::Polygon2 is a valid operand, only if it is strictly simple and its boundary is oriented counterclockwise.
An object of typeTraits::Polygonwith holes2 is valid, only if its outer boundary is simple and oriented coun-
terclockwise, and each one of its holes is a strictly simple polygon that oriented clockwise, contained inside its
outer boundary, and they are all together pairwise disjoint, except perhaps at the vertices.

Types

Generalpolygonset 2<Traits>:: Traits 2 the traits class in use.
Generalpolygonset 2<Traits>:: Polygon 2 the general polygon type.
Generalpolygonset 2<Traits>:: Polygon with holes2

the general polygon with holes type.

Generalpolygonset 2<Traits>:: Size number of polygons with holes size type.

Generalpolygonset 2<Traits>:: Arrangement2

the arrangement type used internally.

Creation

Generalpolygonset 2<Traits> gps; constructs an empty set of polygons represented by
an empty arrangement.

Generalpolygonset 2<Traits> gps( Self other); copy constructor.
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Generalpolygonset 2<Traits> gps( Traits& traits); constructs an empty set of polygons that uses the
given traits instance for performing the geometric
operations.

Generalpolygonset 2<Traits> gps( Polygon2 pgn); constructs a set of polygons that consists of the sin-
gle polygonpgn.

Generalpolygonset 2<Traits> gps( Polygonwith holes2 pgn with holes);

constructs a set of polygons that consists of the sin-
gle polygon with holespgn with holes.

Access Functions

template<class OutputIterator>
OutputIterator gps.polygonswith holes( OutputIterator out)

obtains the polygons with holes represented by
gps.

Size gps.numberof polygonswith holes() returns the total number of general polygons rep-
resented bygps.

bool gps.isempty() returnstrue if gpsrepresents an empty set.

bool gps.isplane() returnstrue if gpsrepresents the entire plane.

Traits& gps.traits() obtains an instance of the traits. If the traits was
passed as a parameter to the constructor ofgps, it
is returned. Otherwise, a newly created instance
is returned.

Arrangement2 gps.arrangement() obtains the arrangement data structure that inter-
nally represtns the general-polygon set.

Modifiers

void gps.clear() clearsgps.

void gps.insert( Polygon2 & pgn) insertspgn into gps.
Precondition: pgnand the point set represented bygps
are disjoint. This precondition enbales the use of very
efficient insertion methods. Use the respective over-
loaded method that inserts a polygon of typePolygon
with holes2, if only a relaxed precondition can be
guaranteed. If even the relaxed precondition cannot be
guaranteed, use thejoin method.
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void gps.insert( Polygonwith holes2 & pgn with holes)

insertspgn with holesinto gps.
Precondition: pgn with holesdoes not intersect with
the point set represented bygps, except maybe at the
vertices. If this relaxed precondition cannot be guaran-
teed, use thejoin method.

template<class InputIterator>
void gps.insert( InputIterator begin, InputIterator end)

inserts the range of polygons (or polygons with holes)
into gps. (The value type of the input iterator is used to
distinguish between the two.)
Precondition: If the given range contains objects of
typePolygonwith holes2, then these polygons and the
point set represented bygpsare pairwise disjoint, ex-
cept maybe at the vertices. If the given range contains
objects of typePolygon2, then these polygons and the
point set represented bygpsare pairwise disjoint with-
out any exceptions.

template<class InputIterator1, class InputIterator2>
void gps.insert( InputIterator1 pgnbegin,

InputIterator1 pgnend,
InputIterator2 pgnwith holesbegin,
InputIterator2 pgnwith holesend)

inserts the two ranges of polygons and polygons with
holes intogps.
Precondition: All polygons in the first range, all poly-
gon with holes in the second range, and the point set
represented bygpsare pairwise disjoint, except maybe
at the vertices

void gps.complement() computes the complement ofgps.

void gps.complement( Polygonset 2 other) computes the complement ofother. gpsis overriden by
the result.

Univariate Operations

In the following univariate and bivariate methods the result is placed ingpsafter it is cleared.

void gps.intersection( Generalpolygonset 2 other)

computes the intersection ofgpsandother.

void gps.intersection( Polygon2 pgn) computes the intersection ofgpsandpgn.
void gps.intersection( Polygonwith holes2 pgn)

computes the intersection ofgpsandpgn.
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template<class InputIterator>
void gps.intersection( InputIterator begin, InputIterator end)

computes the intersection of a collection of point sets.
The collection consists of the polygons (or polygons
with holes) in the given range and the point set repre-
sented bygps. (The value type of the input iterator is
used to distinguish between the two options.)

template<class InputIterator1, class InputIterator2>
void gps.intersection( InputIterator1 pgnbegin,

InputIterator1 pgnend,
InputIterator2 pgnwith holesbegin,
InputIterator2 pgnwith holesend)

computes the intersection of a collection of point sets.
The collection consists of the polygons and polygons
with holes in the given two ranges and the point set rep-
resented bygps.

void gps.join( Generalpolygonset 2 other) computes the union ofgpsandother.
void gps.join( Polygon2 pgn) computes the union ofgpsandpgn.
void gps.join( Polygonwith holes2 pgn) computes the union ofgpsandpgn.

template<class InputIterator>
void gps.join( InputIterator begin, InputIterator end)

computes the union of the polygons (or polygons with
holes) in the given range and the point set represented
by gps. (The value type of the input iterator is used to
distinguish between the two options.)

template<class InputIterator1, class InputIterator2>
void gps.join( InputIterator1 pgnbegin,

InputIterator1 pgnend,
InputIterator2 pgnwith holesbegin,
InputIterator2 pgnwith holesend)

computes the union of the polygons and polygons with
holes in the given two ranges and the point set repre-
sented bygps.

void gps.difference( Generalpolygonset 2 other)

computes the difference betweengpsandother.

void gps.difference( Polygon2 pgn) computes the difference betweengpsandpgn.
void gps.difference( Polygonwith holes2 pgn) computes the difference betweengpsandpgn.

void gps.symmetricdifference( Generalpolygonset 2 other)

computes the symmetric difference betweengps and
other.

void gps.symmetricdifference( Polygon2 pgn) computes the symmetric difference betweengps and
pgn.
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void gps.symmetricdifference( Polygonwith holes2 pgn)

computes the symmetric difference betweengps and
pgn.

template<class InputIterator>
void gps.symmetricdifference( InputIterator begin, InputIterator end)

computes the symmetric difference (xor) of a collection
of point sets. The collection consists of the polygons (or
polygons with holes) in the given range and the point set
represented bygps. (The value type of the input iterator
is used to distinguish between the two options.)

template<class InputIterator1, class InputIterator2>
void gps.symmetricdifference( InputIterator1 pgnbegin,

InputIterator1 pgnend,
InputIterator2 pgnwith holesbegin,
InputIterator2 pgnwith holesend)

computes the symmetric difference (xor) of a collection
of point sets. The collection consists of the polygons
and polygons with holes in the given two ranges and the
point set represented bygps.

Bivariate Operations

The following bibariate function replacegpswith the result.

void gps.intersection( Generalpolygonset 2 gps1, Generalpolygonset 2 gps2)

computes the intersection ofgps1andgps2.

void gps.join( Generalpolygonset 2 gps1, Generalpolygonset 2 gps2)

computes the union ofgps1andgps2.

void gps.difference( Generalpolygonset 2 gps1, Generalpolygonset 2 gps2)

computes the difference betweengps1andgps2.

void gps.symmetricdifference( Generalpolygonset 2 gps1, Generalpolygonset 2 gps2)

computes the symmetric difference betweengps1and
gps2.
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Query Functions

bool gps.dointersect( Generalpolygonset 2 other) returnstrue if gpsandother intersect in
their interior, andfalseotherwise.

bool gps.dointersect( Polygon2 pgn) returnstrue if gpsandpgn intersect in
their interior, andfalseotherwise.

bool gps.dointersect( Polygonwith holes2 pgn) returnstrue if gpsandpgn intersect in
their interior, andfalseotherwise.

template<class InputIterator>
void gps.dointersect( InputIterator begin, InputIterator end)

returnstrue if the interior of the point
sets in a collection intersect, andfalse
otherwise. The collection consists of the
polygons (or polygons with holes) in the
given range and the point set represented
by gps. (The value type of the input it-
erator is used to distinguish between the
two options.)

template<class InputIterator1, class InputIterator2>
void gps.dointersect( InputIterator1 pgnbegin,

InputIterator1 pgnend,
InputIterator2 pgnwith holesbegin,
InputIterator2 pgnwith holesend)

returnstrue if the interior of the point
sets in a collection intersect, andfalse
otherwise. The collection consists of the
polygons and polygons with holes in the
given two ranges and the point set rep-
resented bygps.

bool gps.locate( Point2 p, Polygonwith holes2 & pgn)

obtains a polygon with holes that con-
tains the query pointp, if exists, through
pgn, and returnstrue. Otherwise, re-
turnsflase.

Orientedside gps.orientedside( Point2 q) returns either the constantON
ORIENTEDBOUNDARY, ON
POSITIVESIDE, or ON NEGATIVE
SIDE, iff p lies on the boundary,
properly on the positive side, or
properly on the negative side ofgps
respectively.
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Orientedside gps.orientedside( Generalpolygonset 2 other)

returns either the constantON
NEGATIVESIDE, ON ORIENTED
BOUNDARY, or ON POSITIVESIDE,
iff other and gps are completely dis-
joint, in contact, or intersect in their
interior, respectively.

Orientedside gps.orientedside( Polygon2 pgn) returns either the constantON
NEGATIVESIDE, ON ORIENTED
BOUNDARY, or ON POSITIVESIDE,
iff pgnandgpsare completely disjoint,
in contact, or intersect in their interior,
respectively.

Orientedside gps.orientedside( Polygonwith holes2 pgn) returns either the constantON
NEGATIVESIDE, ON ORIENTED
BOUNDARY, or ON POSITIVESIDE,
iff pgnandgpsare completely disjoint,
in contact, or intersect in their interior,
respectively.

Miscellaneous

bool gps.isvalid() returns true if gps represents a valid
point set.

See Also

Arrangement2(page??)
ArrangementXMonotoneTraits2(page1261)
Nef 2(page??)
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GeneralPolygon2

Types

GeneralPolygon2:: X monotonecurve 2 represents a planar (weakly)x-monotone curve. The type of
the geometric mapping of the polygonal edges.

GeneralPolygon2:: Curve iterator an iterator over the geometric mapping of the polygon edges.
Its value type isX monotonecurve 2.

GeneralPolygon2:: Curve const iterator a const iterator over the geometric mapping of the polygon
edges. Its value type isX monotonecurve 2.

Definition

A model of this concept represents a simple general-polygon. The geometric mapping of the edges of the
polygon must bex-monotone curves. The concept requires the ability to access these curves. The general
polygon represented must be simple. That is, the only points of the plane belonging to two curves are the
geometric mapping of the polygon vertices. In addition, the vertices of the represented polygon must be ordered
consistently, and the curved must be directed accordingly. Only counterclockwise orientated polygons are valid
operands of Boolean set-operations. General polygon that represent holes must be clockwise orientated.

Creation

GeneralPolygon2 polygon; default constructor.
GeneralPolygon2 polygon( other); copy constructor.
GeneralPolygon2 polygon= other assignment operator.
template<class InputIterator>
GeneralPolygon2 polygon( InputIterator begin, InputIterator end);

constructs a general polygon from a given range
of curves.

Access Functions

Curve iterator polygon.curvesbegin() returns the begin iterator of the curves.
Curve iterator polygon.curvesend() returns the past-the-end iterator of the curves.

Curve const iterator polygon.curvesbegin() returns the begin const iterator of the curves.
Curve const iterator polygon.curvesend() returns the past-the-end const iterator of the

curves.

Modifiers

template<class Iterator>
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void polygon.init( Iterator begin, Iterator end)

initializes the polygon with the polygonal chain
given by the range. The value type ofIterator
must beX monotonecurve 2.
Precondition: The curves in the range must define
a simple polygon.

Has Models

CGAL::Generalpolygon2<ArrTraits>
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GeneralPolygonWithHoles2

Types

GeneralPolygonWithHoles2:: General polygon2 the general-polygon type used to represent the outer
boundary and each hole.

GeneralPolygonWithHoles2:: Hole const iterator a bidirectional iterator over the polygonal holes. Its
value type isGeneralpolygon2.

Definition

A model of this concept represents a general polygon with holes. The concept requires the ability to access the
general polygon that represents the outer boundary and the general polygons that represent the holes.

Creation

GeneralPolygonWithHoles2 polygon; default constructor.
GeneralPolygonWithHoles2 polygon( other); copy constructor.
GeneralPolygonWithHoles2 polygon= other assignment operator.

template<class InputIterator>
GeneralPolygonWithHoles2 polygon( Generalpolygon2 & outer, InputIterator begin, InputIterator end);

constructs a general polygon with holes us-
ing a given general polygonouteras the outer
boundary and a given range of holes. Ifouter
is an empty general polygon, then an un-
bounded polygon with holes will be created.
The holes must be contained inside the outer
boundary, and the polygons representing the
holes must be strictly simple and pairwise dis-
joint, except perhaps at the vertices.

Predicates

bool polygon.isunbounded() returnstrue if the outer boundary is empty,
andfalseotherwise.

Access Functions

Generalpolygon2 polygon.outerboundary() returns the general polygon that represents the
outer boundary.

Hole const iterator polygon.holesbegin() returns the begin iterator of the holes.
Hole const iterator polygon.holesend() returns the past-the-end iterator of the holes.
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Has Models

CGAL::Generalpolygonwith holes2<Generalpolygon>
CGAL::Polygonwith holes2<Kernel,Container>
CGAL::Gpscircle segmenttraits 2<Kernel>::Polygon with holes2
CGAL::Gps traits 2<ArrTraits,GeneralPolygon>::Polygon with holes2
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ArrangementDirectionalXMonotoneTraits 2

Definition

This concept refines the basic arrangementx-monotone traits concept. A model of this concept is able to
handledirected x-monotone curves that intersect in their interior. Namely, an instance of theX monotone
curve 2 type defined by a model of the conceptArrangementXMonotoneTraits2 is only required to have
a left (lexicographically smaller) endpoint and aright endpoint. If the traits class is also a model of
ArrangementDirectionalXMonotoneTraits2, thex-monotone curve is also required to have a direction, namely
one of these two endpoint is viewed as itssourceand the other as itstarget.

Refines

ArrangementXMonotoneTraits2

Functor Types

ArrangementDirectionalXMonotoneTraits2:: Compareendpointsxy 2

provides the operator :
Comparisonresult operator() (Xmonotonecurve 2 c)
which accepts an input curvec and compare its source and target point. It returns
SMALLERif the curve is directed from left to right (lexicographically — i.e., in case
of a vertical line segment, this means it is directed upward), andLARGERif it is
directed from right to left.

ArrangementDirectionalXMonotoneTraits2:: Constructopposite2

provides the operator :
X monotonecurve 2 operator() (Xmonotonecurve 2 c)
which accepts anx-monotone curvec and returns its oppsite curve, namely a curve
whose graph is the same asc’s, and whose source and target are swapped with respect
to c’s source and target.

In addition, the two following functors, required by the conceptArrangementXMonotoneTraits2 should operate
as follows:

ArrangementDirectionalXMonotoneTraits2:: Intersect2

provides the operator (templated by theOutputIteratortype) :
OutputIterator operator() (Xmonotonecurve 2 c1, X monotonecurve 2 c2, Out-
putIterator oi)
which computes the intersections ofc1 and c2 and inserts themin an ascending
lexicographic xy-order into the output iterator. The value-type ofOutputIterator is
CGAL::Object, where eachObjecteither wraps apair<Point 2,Multiplicity> instance,
which represents an intersection point with its multiplicity (in case the multiplicity is
undefined or not known, it should be set to 0) or anX monotonecurve 2 instance,
representing an overlapping subcurve ofc1 andc2. In the latter case, ifc1 andc2
have the same direction, then the overlapping subcurves should also be directed the
same way; otherwise, they can be associated with an arbitrary direction. The operator
returns a past-the-end iterator for the output sequence.
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ArrangementDirectionalXMonotoneTraits2:: Split 2

provides the operator :
void operator() (Xmonotonecurve 2 c, Point 2 p, X monotonecurve 2& c1, X
monotonecurve 2& c2)
which accepts an input curvec and a split pointp in its interior. It splitsc at the split
point into two subcurvesc1 andc2, such thatp is c1’s right endpoint andc2’s left
endpoint. The direction ofc should be preserved: in casec is directed from left to
right thenp becomesc1’s target andc2’s source; otherwise,p becomesc2’s target and
c1’s source.

Creation

ArrangementDirectionalXMonotoneTraits2 traits; default constructor.
ArrangementDirectionalXMonotoneTraits2 traits( other);

copy constructor

ArrangementDirectionalXMonotoneTraits2

traits = other assignment operator.

Accessing Functor Objects

Compareendpointsxy 2 traits.compareendpointsxy 2 object()
Constructopposite2 traits.constructopposite2 object()

Has Models

CGAL::Arr segmenttraits 2<Kernel>
CGAL::Arr non cachingsegmenttraits 2<Kernel>
CGAL::Arr circle segmenttraits 2<Kernel>
CGAL::Arr conic traits 2<RatKernel,AlgKernel,NtTraits>
CGAL::Arr rational arc traits 2<AlgKernel,NtTraits>

See Also

ArrangementXMonotoneTraits2 (page1261)
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GeneralPolygonSetTraits2

Definition

This concept defines the minimal set of geometric predicates needed to perform the Boolean-set operations.
It refines the directionalx-monotone arrangement-traits concept. In addition to thePoint 2 andX monotone
curve 2 types defined in the generalized concept, it defines a type that represents a general polygon and another
one that represents general polygon with holes. It also requires operations that operate on these types.

Refines

ArrangementDirectionalXMonotoneTraits2

Types

GeneralPolygonSetTraits2:: Polygon 2 represents a general polygon.
GeneralPolygonSetTraits2:: Polygon with holes2 represents a general polygon with holes.

GeneralPolygonSetTraits2:: Curve const iterator A const iterator of curves. Its value type is constX
monotonecurve 2.

Functor Types

GeneralPolygonSetTraits2:: Constructpolygon2 a functor that constructs a general polygon from a
range ofx-monotone curves. It uses the operator
void operator() (InputIterator begin, Input iterator
end, Polygon2 & pgn),
parameterized by theInputIterator type.

GeneralPolygonSetTraits2:: Constructcurves2 a functor that returns a pair that consists of the begin
and past-the-end iterators of thex monotone curves of
the boundary of a given general polygon. It uses the
operator
std:pair<Curve const iterator, Curveconst
iterator> operator() (const Polygon2 & pgn).
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GeneralPolygonSetTraits2:: Is valid 2 provides the operators :
bool operator() (Polygon2 & pgn)
which returnstrue if the pgn is valid, andfalseother-
wise;
and :
bool operator() (Polygonwith holes2 & pgn with
holes)
which returnstrue if pgn with holesis valid, andfalse
otherwise. A polygon of typePolygon2 is valid, if it
is strictly simple and oriented counterclockwise. A
polygon of typePolygonwith holes2 is valid, if its
outer boundary is simple and oriented counterclock-
wise, and each one of its holes is a strictly simple
polygon that oriented clockwise, contained inside its
outer boundary, and they are all together pairwise dis-
joint, except perhaps at the vertices.
This functionality is used to verify precondition of
some of the operations.

Creation

GeneralPolygonSetTraits2 traits; default constructor.
GeneralPolygonSetTraits2 traits( other); copy constructor
GeneralPolygonSetTraits2

traits = other assignment operator.

Accessing Functor Objects

Constructpolygon2 traits.constructpolygon2 object()

returns a functor that constructs a polygon.

Constructcurves2 traits.constructcurves2 object()

returns a functor that obtains the curves of a polygon.

Is valid 2 traits.is valid 2 object() returns a functor that checks the validity of a polygon.

Has Models

CGAL::Gpssegmenttraits 2<Kernel,Container,ArrSegmentTraits>
CGAL::Gpscircle segmenttraits 2<Kernel>
CGAL::Gps traits 2<ArrTraits,GeneralPolygon>

See Also

ArrangementDirectionalXMonotoneTraits2(page928)
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CGAL::General polygon 2<ArrTraits >

Definition

The classGeneralpolygon2<ArrTraits>models the conceptGeneralPolygon2. It represents a simple general-
polygon. It is parameterized with the typeArrTraits that models the conceptArrangementDirectionalXMono-
toneTraits. The latter is a refinment of the conceptArrangementXMonotoneTraits2. In addition to the require-
ments of the conceptArrangementXMonotoneTraits2, a model of the conceptArrangementDirectionalXMono-
toneTraitsmust support the following functions:

• Given anx-monotone curve, contstruct its opposite curve.

• Given anx-monotone curve, compare its two endpoints lexigoraphically.

This class supports a few cenvenient operations in addition to the requirements that the concept
GeneralPolygon2 lists.

#include<CGAL/Generalpolygon2.h>

Types

Generalpolygon2<ArrTraits>:: Size number of edges size type.

Creation

Operations

Size polygon.size() returns the number of edges ofpolygon.

Modifiers

void polygon.clear() clearspolygon.

void polygon.reverseorientation() reverses the orientation of the polygon.
Precondition: is simple().

Predicates

bool polygon.isempty() returnstrue if polygonis empty, andfalseotherwise.

Orientation polygon.orientation() returns the orientation ofpolygon.
Precondition: is simple().

Is Model for the Concepts

GeneralPolygon2
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CGAL::Polygon with holes 2<Kernel,Container>

Definition

The classPolygonwith holes2<Kernel,Container> models the conceptGeneralPolygonWithHoles2. It rep-
resents a linear polygon with holes. It is parameterized with two types (KernelandContainer) that are used to
instantiate the typeCGAL::Polygon2<Kernel,Container>. The latter is used to represents the outer boundary
and the boundary of the holes (if any exist).

#include<CGAL/Polygonwith holes2.h>

Is Model for the Concepts

GeneralPolygonWithHoles2
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CGAL::Polygon set 2<Kernel,Container>

Definition

The classPolygonset 2<Kernel,Container> represents sets of linear polygons with holes. It is param-
eterized with two types (Kernel and Container) that are used to instantiate the typeCGAL::Polygon2<
Kernel,Container>. The latter is used to represents the outer boundary and the boundary of the holes of the
set members.

#include<CGAL/Polygonset 2.h>

Inherits From

Generalpolygonset 2<Gps segmenttraits 2<Kernel,Container> >

See Also

Generalpolygonset 2(page917)
Gps segmenttraits 2(page936)
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CGAL::General polygon with holes 2<Polygon>

Definition

The classGeneralpolygonwith holes2<Polygon> models the conceptGeneralPolygonWithHoles2. It rep-
resents a general polygon with holes. It is parameterized with a typePolygonused to define the exposed type
Generalpolygon2. This type represents the outer boundary of the general polygon and the outer boundaries
of each hole.

#include<CGAL/Generalpolygonwith holes2.h>

typedef Polygon Generalpolygon2;

Is Model for the Concepts

GeneralPolygonWithHoles2
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CGAL::Gps segmenttraits 2<Kernel,Container,ArrSegmentTraits>

Definition

The traits class Gps segmenttraits 2<Kernel,Container,ArrSegmentTraits> models the concept
GeneralPolygonSetTraits2. It enables Boolean set-operations on (linear) polygons. It defines the ex-
posed typePolygon2 to be CGAL::Polygon2<Kernel,Container>. By default, the template parameter
Container is instantiated bystd::vector<Kernel::Point 2> and the template parameterArrSegmentTraitsis
instantiated byCGAL::Arr segmenttraits 2<Kernel>.

#include<CGAL/Gpssegmenttraits 2.h>

typedef CGAL::Polygon2<Kernel,Container>

Polygon2;

Is Model for the Concepts

GeneralPolygonSetTraits2

See Also

CGAL::Arr segmenttraits 2<Kernel>(page??)
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CGAL::Gps circle segmenttraits 2<Kernel>

Definition

The traits classGps circle segmenttraits 2<Kernel> models theGeneralPolygonSetTraits2 concept. It en-
ables Boolean set-operations on general polygons bounded by linear segments or circular arcs. It should be
parameterized with a kernel.

#include<CGAL/Gpscircle segmenttraits 2.h>

Is Model for the Concepts

GeneralPolygonSetTraits2

See Also

CGAL::Arr circle segmenttraits 2<Kernel>(page??)
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CGAL::Gps traits 2<ArrTraits,GeneralPolygon>

Definition

The traits classGps traits 2<ArrTraits,GeneralPolygon> models the conceptGeneralPolygonSetTraits2. It
inherits from the instantiated type of the template parameterArrTraits, which must model the conceptArrange-
mentDirectionalXMonotoneTraits, (which in turn refines the conceptArrangementXMonotoneTraits). The tem-
plate parameterGeneralPolygonmust be instantiated with a model of the concept ofGeneralPolygon2. By
default, the latter is instantiated byCGAL::Generalpolygon2<ArrTraits>.

#include<CGAL/Gpstraits 2.h>

Is Model for the Concepts

GeneralPolygonSetTraits2
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CGAL::complement

Definition

#include<CGAL/Booleanset operations2.h>

void complement( Type pgn, Type& res)

Each one of these functions computes the complement of a given polygonpgn, and stores the resulting polygon
with holes inres.

Arg Type

Polygon2
Generalpolygon2

OutputIterator complement( Type pgn, OutputIterator oi)

Each one of these functions computes the complement of a given polygonpgn, inserts the resulting polygons
with holes into an output container through a given output iteratoroi, and returns the output iterator. The value
type of theOutputIteratoris eitherPolygonwith holes2 or Generalpolygonwith holes2.

Arg Type

Polygonwith holes2
Generalpolygonwith holes2

template<class Kernel, class Container>
void complement( Polygon2<Kernel, Container> pgn,

Polygonwith holes2<Kernel, Container> & res)

template<class Traits>
void complement( Generalpolygon2<Traits> pgn,

Generalpolygonwith holes2<Traits> & res)

template<class Traits, class OutputIterator>
OutputIterator complement( Polygonwith holes2<Kernel, Container> pgn, OutputIterator oi)
template<class Traits, class OutputIterator>
OutputIterator complement( Generalpolygonwith holes2<Generalpolygon2<Traits> > pgn,

OutputIterator oi)

See Also

CGAL::do intersect. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page943
CGAL::intersection. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page945
CGAL::join . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page947
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CGAL::difference. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page941
CGAL::symmetricdifference. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page949
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CGAL::difference

Definition

#include<CGAL/Booleanset operations2.h>

OutputIterator difference( Type1 p1, Type2 p2, OutputIterator oi)

Each one of these functions computes the difference between two given polygonsp1 andp2, and inserts the
resulting polygons with holes into an output container through the output iteratoroi. The value type of the
OutputIteratoris eitherPolygonwith holes2 or Generalpolygonwith holes2.

Arg 1 Type Arg 2 Type

Polygon2 Polygon2
Polygon2 Polygonwith holes2
Polygonwith holes2 Polygon2
Polygonwith holes2 Polygonwith holes2
Generalpolygon2 Generalpolygon2
Generalpolygon2 Generalpolygonwith holes2
Generalpolygonwith holes2 Generalpolygon2
Generalpolygonwith holes2 Generalpolygonwith holes2

template<class Kernel, class Container, class OutputIterator>
OutputIterator difference( Polygon2<Kernel, Container> p1,

Polygon2<Kernel, Container> p2,
OutputIterator oi)

template<class Kernel, class Container, class OutputIterator>
OutputIterator difference( Polygon2<Kernel, Container> p1,

Polygonwith holes2<Kernel,Container> p2,
OutputIterator oi)

template<class Kernel, class Container, class OutputIterator>
OutputIterator difference( Polygonwith holes2<Kernel, Container> p1,

Polygon2<Kernel, Container> p2,
OutputIterator oi)

template<class Kernel, class Container, class OutputIterator>
OutputIterator difference( Polygonwith holes2<Kernel, Container> p1,

Polygonwith holes2<Kernel, Container> p2,
OutputIterator oi)

template<class Traits, class OutputIterator>
OutputIterator difference( Generalpolygon2<Traits> p1,

Generalpolygon2<Traits> p2,
OutputIterator oi)

template<class Traits, class OutputIterator>
OutputIterator difference( Generalpolygonwith holes2<Generalpolygon2<Traits> > p1,

Generalpolygon2<Traits> p2,
OutputIterator oi)

941



template<class Traits, class OutputIterator>
OutputIterator difference( Generalpolygon2<Traits> p1,

Generalpolygonwith holes2<Generalpolygon2<Traits> > p2,
OutputIterator oi)

template<class Polygon, class OutputIterator>
OutputIterator difference( Generalpolygonwith holes2<Polygon> p1,

Generalpolygonwith holes2<Polygon> p2)

See Also

CGAL::do intersect. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page943
CGAL::intersection. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page945
CGAL::join . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page947
CGAL::symmetricdifference. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page949
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CGAL::do intersect

Definition

#include<CGAL/Booleanset operations2.h>

bool do intersect( Type1 p1, Type2 p2)

Each one of these functions returntrue, if the two given polygonsp1andp2 intersect in their interior, andfalse
otherwise.

Arg 1 Type Arg 2 Type

Polygon2 Polygon2
Polygon2 Polygonwith holes2
Polygonwith holes2 Polygon2
Polygonwith holes2 Polygonwith holes2
Generalpolygon2 Generalpolygon2
Generalpolygon2 Generalpolygonwith holes2
Generalpolygonwith holes2 Generalpolygon2
Generalpolygonwith holes2 Generalpolygonwith holes2

template<class Kernel, class Container>
bool do intersect( Polygon2<Kernel, Container> p1, Polygon2<Kernel, Container> p2)
template<class Kernel, class Container>
bool do intersect( Polygon2<Kernel, Container> p1, Polygonwith holes2<Kernel, Container> p2)
template<class Kernel, class Container>
bool do intersect( Polygonwith holes2<Kernel, Container> p1, Polygon2<Kernel, Container> p2)
template<class Kernel, class Container>
bool do intersect( Polygonwith holes2<Kernel, Container> p1,

Polygonwith holes2<Kernel, Container> p2)

template<class Traits>
bool do intersect( Generalpolygon2<Traits> p1, Generalpolygon2<Traits> p2)
template<class Traits>
bool do intersect( Generalpolygon2<Traits> p1,

Generalpolygonwith holes2<Generalpolygon2<Traits> > p2)

template<class Traits>
bool do intersect( Generalpolygonwith holes2<Generalpolygon2<Traits> > p1,

Generalpolygon2<Traits> p2)

template<class Polygon>
bool do intersect( Generalpolygonwith holes2<Polygon> p1,

Generalpolygonwith holes2<Polygon> p2)

template<class InputIterator>
bool do intersect( InputIterator begin, InputIterator end)
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Returnstrue, if the set of general polygons (or general polygons with holes) in the given range intersect in their
interior, andfalseotherwise. (The value type of the input iterator is used to distinguish between the two).

template<class InputIterator1, class InputIterator2>
bool do intersect( InputIterator1 pgnbegin1,

InputIterator1 pgnend1,
InputIterator2 pgnbegin2,
InputIterator2 pgnend2)

Returnstrue, if the set of general polygons and general polygons with holes in the given two ranges respectively
intersect in their interior, andfalseotherwise.

See Also

CGAL::intersection. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page945
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CGAL::intersection

Definition

#include<CGAL/Booleanset operations2.h>

OutputIterator intersection( Type1 p1, Type2 p2, OutputIterator oi)

Each one of these functions computes the intersection of two given polygonsp1 andp2, inserts the resulting
polygons with holes into an output container through a given output iteratoroi, and returns the output iterator.
The value type of theOutputIteratoris eitherPolygonwith holes2 or Generalpolygonwith holes2.

Arg 1 Type Arg 2 Type

Polygon2 Polygon2
Polygon2 Polygonwith holes2
Polygonwith holes2 Polygon2
Polygonwith holes2 Polygonwith holes2
Generalpolygon2 Generalpolygon2
Generalpolygon2 Generalpolygonwith holes2
Generalpolygonwith holes2 Generalpolygon2
Generalpolygonwith holes2 Generalpolygonwith holes2

template<class Kernel, class Container, class OutputIterator>
OutputIterator intersection( Polygon2<Kernel, Container> p1,

Polygon2<Kernel, Container> p2,
OutputIterator oi)

template<class Kernel, class Container, class OutputIterator>
OutputIterator intersection( Polygon2<Kernel, Container> p1,

Polygonwith holes2<Kernel, Container> p2,
OutputIterator oi)

template<class Kernel, class Container, class OutputIterator>
OutputIterator intersection( Polygonwith holes2<Kernel, Container> p1,

Polygon2<Kernel, Container> p2,
OutputIterator oi)

template<class Kernel, class Container, class OutputIterator>
OutputIterator intersection( Polygonwith holes2<Kernel, Container> p1,

Polygonwith holes2<Kernel, Container> p2,
OutputIterator oi)

template<class Traits, class OutputIterator>
OutputIterator intersection( Generalpolygon2<Traits> p1,

Generalpolygon2<Traits> p2,
OutputIterator oi)

template<class Traits, class OutputIterator>
OutputIterator intersection( Generalpolygonwith holes2<Generalpolygon2<Traits> > p1,

Generalpolygon2<Traits> p2,
OutputIterator oi)
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template<class Traits, class OutputIterator>
OutputIterator intersection( Generalpolygon2<Traits> p1,

Generalpolygonwith holes2<Generalpolygon2<Traits> > p2,
OutputIterator oi)

template<class Polygon, class OutputIterator>
OutputIterator intersection( Generalpolygonwith holes2<Polygon> p1,

Generalpolygonwith holes2<Polygon> p2,
OutputIterator oi)

template<class InputIterator, class OutputIterator>
OutputIterator intersection( InputIterator begin, InputIterator end, OutputIterator oi)

Computes the intersection of the general polygons (or general polygons with holes) in the given range. (The
value type of the input iterator is used to distinguish between the two.) The result, represented by a set of general
poygon with holes, is inserted into an output container through a given output iteratoroi. The output iterator is
returned. The value type of theOutputIteratoris Traits::Polygonwith holes2.

template<class InputIterator1, class InputIterator2, class OutputIterator>
OutputIterator intersection( InputIterator1 pgnbegin1,

InputIterator1 pgnend1,
InputIterator2 pgnbegin2,
InputIterator2 pgnend2,
OutputIterator oi)

Computes the intersection of the general polygons and general polygons with holes in the given two ranges. The
result, represented by a set of general poygon with holes, is inserted into an output container through a given
output iteratoroi. The output iterator is returned. The value type of theOutputIteratoris Traits::Polygonwith
holes2.

See Also

CGAL::do intersect. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page943
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CGAL::join

Definition

#include<CGAL/Booleanset operations2.h>

bool join( Type1 p1, Type2 p2, Generalpolygonwith holes2 & p)

Each one of these functions computes the union of two given polygonsp1 andp2. If the two given polygons
overlap, it returnstrue, and places the resulting polygon inp. Otherwise, it returnsfalse.

Arg 1 Type Arg 2 Type

Polygon2 Polygon2
Polygon2 Polygonwith holes2
Polygonwith holes2 Polygon2
Polygonwith holes2 Polygonwith holes2
Generalpolygon2 Generalpolygon2
Generalpolygon2 Generalpolygonwith holes2
Generalpolygonwith holes2 Generalpolygon2
Generalpolygonwith holes2 Generalpolygonwith holes2

template<class Kernel, class Container>
bool join( Polygon2<Kernel, Container> p1,

Polygon2<Kernel, Container> p2,
Generalpolygonwith holes2<Polygon2<Kernel, Container> > & p)

template<class Kernel, class Container>
bool join( Polygon2<Kernel, Container> p1,

Polygonwith holes2<Kernel,Container> p2,
Generalpolygonwith holes2<Polygon2<Kernel, Container> > & p)

template<class Kernel, class Container>
bool join( Polygonwith holes2<Kernel, Container> p2,

Polygon2<Kernel, Container> p1,
Generalpolygonwith holes2<Polygon2<Kernel, Container> > & p)

template<class Kernel, class Container>
bool join( Polygonwith holes2<Kernel, Container> p2,

Polygonwith holes2<Kernel, Container> p1,
Generalpolygonwith holes2<Polygon2<Kernel, Container> > & p)

template<class Traits>
bool join( Generalpolygon2<Traits> p1,

Generalpolygon2<Traits> p2,
Generalpolygonwith holes2<Generalpolygon2<Traits> > & p)

template<class Traits>
bool join( Generalpolygon2<Traits> p1,

Generalpolygonwith holes2<Generalpolygon2<Traits> > p2,
Generalpolygonwith holes2<Generalpolygon2<Traits> > & p)
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template<class Traits>
bool join( Generalpolygonwith holes2<Generalpolygon2<Traits> > p2,

Generalpolygon2<Traits> p1,
Generalpolygonwith holes2<Generalpolygon2<Traits> > & p)

template<class Polygon>
bool join( Generalpolygonwith holes2<Polygon> p1,

Generalpolygonwith holes2<Polygon> p2,
Traits::Polygonwith holes2 & p)

template<class InputIterator, class OutputIterator>
OutputIterator join( InputIterator begin, InputIterator end, OutputIterator oi)

Computes the union of the general polygons (or general polygons with holes) in the given range. (The value
type of the input iterator is used to distinguish between the two.) The result, represented by a set of general
poygon with holes, is inserted into an output container through a given output iteratoroi. The output iterator is
returned. The value type of theOutputIteratoris Traits::Polygonwith holes2.

template<class InputIterator1, class InputIterator2, class OutputIterator>
OutputIterator join( InputIterator1 pgnbegin1,

InputIterator1 pgnend1,
InputIterator2 pgnbegin2,
InputIterator2 pgnend2,
OutputIterator oi)

Computes the union of the general polygons and general polygons with holes in the given two ranges. The
result, represented by a set of general poygon with holes, is inserted into an output container through a given
output iteratoroi. The output iterator is returned. The value type of theOutputIteratoris Traits::Polygonwith
holes2.

See Also

CGAL::do intersect. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page943
CGAL::intersection. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page945
CGAL::difference. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page941
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CGAL::symmetric difference

Definition

#include<CGAL/Booleanset operations2.h>

OutputIterator intersection( Type1 p1, Type2 p2, OutputIterator oi)

Each one of these functions computes the symmetric difference between two given polygonsp1 andp2, and
inserts the resulting polygons with holes into an output container through the output iteratoroi. The value type
of theOutputIteratoris eitherPolygonwith holes2 or Generalpolygonwith holes2.

Arg 1 Type Arg 2 Type

Polygon2 Polygon2
Polygon2 Polygonwith holes2
Polygonwith holes2 Polygon2
Polygonwith holes2 Polygonwith holes2
Generalpolygon2 Generalpolygon2
Generalpolygon2 Generalpolygonwith holes2
Generalpolygonwith holes2 Generalpolygon2
Generalpolygonwith holes2 Generalpolygonwith holes2

template<class Kernel, class Container, class OutputIterator>
OutputIterator symmetricdifference( Polygon2<Kernel, Container> p1,

Polygon2<Kernel, Container> p2,
OutputIterator oi)

template<class Kernel, class Container, class OutputIterator>
OutputIterator symmetricdifference( Polygon2<Kernel, Container> p1,

Polygonwith holes2<Kernel, Container> p2,
OutputIterator oi)

template<class Kernel, class Container, class OutputIterator>
OutputIterator symmetricdifference( Polygonwith holes2<Kernel, Container> p1,

Polygon2<Kernel, Container> p2,
OutputIterator oi)

template<class Kernel, class Container, class OutputIterator>
OutputIterator symmetricdifference( Polygonwith holes2<Kernel, Container> p1,

Polygonwith holes2<Kernel, Container> p2,
OutputIterator oi)

template<class Traits, class OutputIterator>
OutputIterator symmetricdifference( Generalpolygon2<Traits> p1,

Generalpolygon2<Traits> p2,
OutputIterator oi)

template<class Traits, class OutputIterator>
OutputIterator symmetricdifference( Generalpolygonwith holes2<Generalpolygon2<Traits> > p1,

Generalpolygon2<Traits> p2,
OutputIterator oi)
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template<class Traits, class OutputIterator>
OutputIterator symmetricdifference( Generalpolygon2<Traits> p1,

Generalpolygonwith holes2<Generalpolygon2<Traits> > p2,
OutputIterator oi)

template<class Polygon, class OutputIterator>
OutputIterator symmetricdifference( Generalpolygonwith holes2<Polygon> p1,

Generalpolygonwith holes2<Polygon> p2,
OutputIterator oi)

template<class InputIterator, class OutputIterator>
OutputIterator symmetricdifference( InputIterator begin, InputIterator end, OutputIterator oi)

Computes the symmetric difference of the general polygons (or general polygons with holes) in the given range.
A point is contained in the symmetric difference, if and only if it is contained in odd number of input polygons.
(The value type of the input iterator is used to distinguish between the two.) The result, represented by a set of
general poygon with holes, is inserted into an output container through a given output iteratoroi. The output
iterator is returned. The value type of theOutputIteratoris Traits::Polygonwith holes2.

template<class InputIterator1, class InputIterator2, class OutputIterator>
OutputIterator symmetricdifference( InputIterator1 pgnbegin1,

InputIterator1 pgnend1,
InputIterator2 pgnbegin2,
InputIterator2 pgnend2,
OutputIterator oi)

Computes the union of the general polygons and general polygons with holes in the given two ranges. A point is
contained in the symmetric difference, if and only if it is contained in odd number of input polygons. The result,
represented by a set of general poygon with holes, is inserted into an output container through a given output
iteratoroi. The output iterator is returned. The value type of theOutputIteratoris Traits::Polygonwith holes2.

See Also

CGAL::do intersect. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page943
CGAL::intersection. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page945
CGAL::join . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page947
CGAL::difference. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page941
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CGAL::operator <<

Definition

This operator exports a polygon with holes, a general polygon, or a general polygon with holesP to the output
streamout. The output is in ASCII format.

An ASCII and a binary format exist. The format can be selected with the CGAL modifiers for streams,set
ascii modeandset binary moderespectively. The modifierset pretty modecan be used to allow for (a few)
structuring comments in the output. Otherwise, the output would be free of comments. The default for writing
is ASCII without comments.

#include<CGAL/Polygonwith holes2.h> template<class Kernel, class Container>

ostream& ostream& out<< CGAL::Polygonwith holes2<Kernel,Container> P

The number of points of the outer boundary is exported followed by the points themselves in counterclockwise
order. Then, the number of holes is exported, and for each hole, the number of points on its outer boundary is
exported followed by the points themselves in clockwise order.

#include<CGAL/Generalpolygon2.h> template<class ArrTraits>

ostream& ostream& out<< CGAL::Generalpolygon2<ArrTraits> P

The number of curves of the outer boundary is exported followed by the curves themselves in counterclockwise
order.

#include<CGAL/Generalpolygonwith holes2.h> template<class Polygon>

ostream& ostream& out<< CGAL::Generalpolygonwith holes2<Polygon> P

The number of curves of the outer boundary is exported followed by the curves themselves in counterclockwise
order. Then, the number of holes is exported, and for each hole, the number of curves on its outer boundary is
exported followed by the curves themselves in clockwise order.

See Also

CGAL::Polygon2<Kernel,Container> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page??
CGAL::Generalpolygon2<ArrTraits> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page932
CGAL::Generalpolygonwith holes2<Polygon> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page935
operator>> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page952
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CGAL::operator >>

Definition

This operator imports a polygon with holes, a general polygon, or a general polygon with holes from the input
streamin.

An ASCII and a binary format exist. The stream detects the format automatically and can read both.

#include<CGAL/Polygonwith holes2.h> template<class Kernel, Class Container>

istream& istream& in >> CGAL::Polygonwith holes2<Kernel, Container>& P

The format consists of the number of points of the outer boundary followed by the points themselves in counter-
clockwise order, followed by the number of holes, and for each hole, the number of points of the outer boundary
is followed by the points themselves in clockwise order.

#include<CGAL/Generalpolygon2.h> template<class ArrTraits>

istream& istream& in >> CGAL::Generalpolygon2<ArrTraits>& P

The format consists of the number of curves of the outer boundary followed by the curves themselves in coun-
terclockwise order.

#include<CGAL/Generalpolygonwith holes2.h> template<class Polygon>

istream& istream& in >> CGAL::Generalpolygonwith holes2<Polygon>& P

The format consists of the number of curves of the outer boundary followed by the curves themselves in counter-
clockwise order, followed by the number of holes, and for each hole, the number of curves on its outer boundary
is followed by the curves themselves in clockwise order.

See Also

CGAL::Polygon2<Kernel,Container> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page??
CGAL::Generalpolygon2<ArrTraits> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page932
CGAL::Generalpolygonwith holes2<Polygon> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page935
operator<< . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page951
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Chapter 13

2D Boolean Operations on Nef Polygons
Michael Seel
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13.1 Introduction

When working with polygonal and polyhedral sets, the mathematical model determines the kind of point set
that can be represented. Nef polyhedra are the most general rectilinear polyhedral model.

Topological simpler models that are contained in the domain of Nef polyhedra are:

• convex polytopesnormally defined as the convex hull of a nonempty finite set of points. Convex polytopes
are compact closed and manifold sets.

• elementary polyhedranormally defined as the union of a finite number of convex polytopes.

• polyhedral setsnomally defined as the intersection of a finite number of closed halfspaces. Such sets are
closed and convex but need not to be compact.

• linear polyhedranormally defined as the set of all points belonging to the simplices of asimplicial com-
plex.

A planarNef polyhedronis any set that can be obtained from a finite set of open halfspaces by set complement
and set intersection operations. Due to the fact that all other binary set operations like union, difference and
symmetric difference can be reduced to intersection and complement calculations, Nef polyhedra are also closed
under those operations. Apart from the set complement operation there are more topological unary set operations
that are closed in the domain of Nef polyhedra. Given a Nef polyhedron one can determine its interior, its
boundary, and its closure, and also composed operations like regularization (defined to be the closure of the
interior or a point set).
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Figure 13.1: Two Nef polyhedra in the plane. A closed halfspace on the left and a complex polyhedron on the
right. Note that the points on the squared boundary are at infinity.

13.2 Construction and Composition

Following the above definition, the data typeNef polyhedron2<T> allows construction of elementary Nef
polyhedra and the binary and unary composition by the mentioned set operations.

In the following examples skip the typedefs at the beginning at first and take the typesPoint andLine to be
models of the standard two-dimensional CGAL kernel (CGAL::Point 2<K> andCGAL::Line 2<K>). Their
user interface is thus defined in the corresponding reference pages.

// file : examples/Nef_2/construction.C

#include <CGAL/Gmpz.h>
#include <CGAL/Filtered_extended_homogeneous.h>
#include <CGAL/Nef_polyhedron_2.h>

typedef CGAL::Gmpz RT;
typedef CGAL::Filtered_extended_homogeneous<RT> Extended_kernel;
typedef CGAL::Nef_polyhedron_2<Extended_kernel> Nef_polyhedron;
typedef Nef_polyhedron::Point Point;
typedef Nef_polyhedron::Line Line;

int main() {

Nef_polyhedron N1(Nef_polyhedron::COMPLETE);

Line l(2,4,2); // l : 2x + 4y + 2 = 0
Nef_polyhedron N2(l,Nef_polyhedron::INCLUDED);
Nef_polyhedron N3 = N2.complement();
CGAL_assertion(N1 == N2.join(N3));

Point p1(0,0), p2(10,10), p3(-20,15);
Point triangle[3] = { p1, p2, p3 };
Nef_polyhedron N4(triangle, triangle+3);
Nef_polyhedron N5 = N2.intersection(N4);
CGAL_assertion(N5 <= N2 && N5 <= N4);
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return 0;
}

Planar halfspaces (as used in the definition) are modelled by oriented lines. In the previous exampleN1 is the
Nef polyhedron representing the full plane,N2 is the closed halfspace left of the oriented line with equation
2x+4y+2 = 0 including the line,N3 is the complement ofN2and therefore it must hold thatN2∪N3 = N1.

Additionally one can construct Nef polyhedra from iterator ranges that hold simple polygonal chains. In the
exampleN4 is the triangle spanned by the vertices(0,0), (10,10), (−20,15). Note that the construction from a
simple polygonal chain has several cases and preconditions that are described in the reference manual page of
Nef polyhedron2<T>. Theoperator<= in the last assertion is a subset-or-equal comparison of two polyhedra.

Nef polyhedra have input and output operators that allows one to output them via streams and read them from
streams. Graphical output is currently possible to aCGAL::Windowstream. The output operation is defined
in CGAL/IO/Nefpolyhedron2 Windowstream.h. For an elaborate example see the demo programs in the
directorydemo/Nef2.

13.3 Exploration

By recursively composing binary and unary operations one can end with a very complex rectilinear structure.
To explore that structure there is a data typeNef polyhedron2<T>::Explorer that allows read-only exploration
of the rectilinear structure. To understand its usability we need more knowledge about the representation of Nef
polyhedra.

The rectilinear structure underlying a Nef polyhedron is stored in a selective plane map. Plane map here means
a straightline embedded bidirected graph with face objects such that each point in the plane can be uniquely
assigned to an object (vertex, edge, face) of the planar subdivision defined by the graph. Selective means that
each object (vertex, edge, face) has a Boolean value associated with it to indicate set inclusion or exclusion.

The plane map is defined by the interface data typeNef polyhedron2<T>::Topological explorer. Embedding
the vertices by standard affine points does not suffice to model the unboundedness of halfspaces and ray-like
structures. Therefore the planar subdivision is bounded symbolically by an axis-parallel square box of infimax-
imal size centered at the origin of our coordinate system. All structures extending to infinity are pruned by the
box. Lines and rays have symbolic endpoints on the box. Faces are circularly closed. Infimaximal here means
that its geometric extend is always large enough (but finite for our intuition). Assume you approach the box
with an affine point, then this point is always inside the box. The same holds for straight lines; they always
intersect the box. There are more accurate notions of “large enough”, but the previous propositions are enough
at this point. Due to the fact that the infimaximal box is included in the plane map, the vertices and edges are
partitioned with respect to this box.

Vertices inside the box are called standard vertices and they are embedded by affine points of typeEx-
plorer::Point. Vertices on the box are called non-standard vertices and they get their embedding where a ray
intersects the box (their embedding is defined by an object of typeExplorer::Ray). By their straightline embed-
ding, edges represent either segments, rays, lines, or box segments depending on the character of their source
and target vertices.

During exploration, box objects can be tracked down by the interface ofNef polyhedron2<T>::Explorer that
is derived fromNef polyhedron2<T>::Topological explorerand adds just the box exploration functionality to
the interface of the latter. In the following code fragment we iterate over all vertices of a Nef polyhedron and
check whether their embedding is an affine point or a point on the infimaximal frame.
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typedef Nef_polyhedron::Explorer Explorer;
Explorer E = N4.explorer();
Explorer::Vertex_const_iterator v;
for (v = E.vertices_begin(); v != E.vertices_end(); ++v)

if ( E.is_standard(v) )
Explorer::Point p = E.point(v) // affine embedding of v

else /* non-standard */
Explorer::Ray r = E.ray(v) // extended embedding of v

Note that box edges only serve as boundary edges (combinatorically) to close the faces that extend to infinity
(geometrically). Their status can be queried by the following operation:

typedef Nef_polyhedron::Explorer Explorer;
Explorer E = N4.explorer();
Explorer::Halfedge_const_iterator e;
for (e = E.halfedges_begin(); e != E.halfedges_end(); ++e)

if ( E.is_frame_edge(e) ) // e is part of square box.

13.4 Traits Classes

Now finally we clarify what the template parameter of classNef polyhedron2<T> actually models.T carries
the implementation of a so-called extended geometric kernel.

Currently there are three kernel models:CGAL::Extendedcartesian<FT>, CGAL::Extendedhomogeneous<
RT>, andCGAL::Filtered extendedhomogeneous<RT>. The latter is the most optimized one. The former two
are simpler versions corresponding to the simple planar affine kernels. Actually, it holds that (type equality in
pseudo-code notation):

CGAL::Nef_polyhedron_2< CGAL::Extended_cartesian<FT> >::Point
== CGAL::Cartesian<FT>::Point_2

CGAL::Nef_polyhedron_2< CGAL::Extended_homogeneous<RT> >::Point
== CGAL::Homogeneous<RT>::Point_2

CGAL::Nef_polyhedron_2< CGAL::Filtered_extended_homogeneous<RT> >::Point
== CGAL::Homogeneous<RT>::Point_2

Similar equations hold for the typesLineandDirection in the local scope ofNef polyhedron2<...>.

advanced

For its notions and requirements see the desciption of the conceptExtendedKernelTraits2 in the reference
manual.

advanced

13.5 Implementation

The underlying set operations are realized by an efficient and complete algorithm for the overlay of two plane
maps. The algorithm is efficient in the sense that its running time is bounded by the size of the inputs plus the
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size of the output times a logarithmic factor. The algorithm is complete in the sense that it can handle all inputs
and requires no general position assumption.
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CGAL::Nef polyhedron 2<T>

Definition

An instance of data typeNef polyhedron2<T> is a subset of the plane that is the result of forming complements
and intersections starting from a finite setH of halfspaces.Nef polyhedron2 is closed under all binary set
operationsintersection, union, difference, complementand under the topological operationsboundary, closure,
andinterior.

The template parameterT is specified via an extended kernel concept.T must be a model of the concept
ExtendedKernelTraits2.

#include<CGAL/Nefpolyhedron2.h>

Types

Nef polyhedron2<T>:: Line the oriented lines modeling halfplanes

Nef polyhedron2<T>:: Point the affine points of the plane.

Nef polyhedron2<T>:: Direction directions in our plane.

enum Boundary{ EXCLUDED, INCLUDED}; construction selection.

enum Content{ EMPTY, COMPLETE}; construction selection

Creation

Nef polyhedron2<T> N( Content plane = EMPTY);

creates an instanceN of typeNef polyhedron2<T> and initializes it to the empty set
if plane == EMPTYand to the whole plane ifplane == COMPLETE.

Nef polyhedron2<T> N( Line l, Boundary line = INCLUDED);

creates a Nef polyhedronN containing the halfplane left ofl including l if
line==INCLUDED, excludingl if line==EXCLUDED.

template<class Forwarditerator>
Nef polyhedron2<T> N( Forward iterator it, Forward iterator end, Boundary b = INCLUDED);

creates a Nef polyhedronN from the simple polygonP spanned by the list of points
in the iterator range[it,end) and including its boundary ifb = INCLUDED excluding
the boundary otherwise.Forward iterator has to be an iterator with value typePoint.
This construction expects thatP is simple. The degenerate cases whereP contains no
point, one point or spans just one segment (two points) are correctly handled. In all
degenerate cases there’s only one unbounded face adjacent to the degenerate polygon.
If b == INCLUDED thenN is just the boundary. Ifb == EXCLUDED thenN is the
whole plane without the boundary.
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Operations

void N.clear( Content plane = EMPTY)

makesN the empty set ifplane == EMPTYand the
full plane if plane == COMPLETE.

bool N.is empty() returns true ifN is empty, false otherwise.

bool N.is plane() returns true ifN is the whole plane, false otherwise.

Constructive Operations

Nef polyhedron2<T> N.complement() returns the complement ofN in the plane.

Nef polyhedron2<T> N.interior() returns the interior ofN.

Nef polyhedron2<T> N.closure() returns the closure ofN.

Nef polyhedron2<T> N.boundary() returns the boundary ofN.

Nef polyhedron2<T> N.regularization() returns the regularized polyhedron (closure of inte-
rior).

Nef polyhedron2<T> N.intersection( N1) returnsN ∩ N1.

Nef polyhedron2<T> N.join( N1) returnsN ∪ N1. Note that “union” is a keyword of
C++ and cannot be used for this operation.

Nef polyhedron2<T> N.difference( N1) returnsN − N1.

Nef polyhedron2<T> N.symmetricdifference( N1)

returns the symmectric differenceN - T ∪ T - N.

Additionally there are operators*,+,-, ˆ,! which implement the binary operationsintersection, join, difference,
symmetric difference, and the unary operationcomplement, respectively. There are also the corresponding
modification operations*=,+=,-=, ˆ= .

There are also comparison operations like<,<=,>,>=,==,!= which implement the relations subset, subset or
equal, superset, superset or equal, equality, inequality, respectively.

Exploration - Point location - Ray shooting

As Nef polyhedra are the result of forming complements and intersections starting from a setH of halfspaces
that are defined by oriented lines in the plane, they can be represented by an attributed plane mapM = (V,E,F).
For topological queries withinM the following types and operations allow exploration access to this structure.
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Types

Nef polyhedron2<T>:: Explorer

a decorator to examine the underlying plane map. See the manual page ofExplorer.

Nef polyhedron2<T>:: Object handle

a generic handle to an object of the underlying plane map. The kind of object(vertex,
halfedge, face)can be determined and the object can be assigned to a corresponding
handle by the three functions:
bool assign(Vertexconsthandle& h, Objecthandle)
bool assign(Halfedgeconsthandle& h, Objecthandle)
bool assign(Faceconsthandle& h, Objecthandle)
where each function returnstrue iff the assignment toh was done.

enum Locationmode{ DEFAULT, NAIVE, LMWT};

selection flag1 for the point location mode.

Operations

bool N.contains( Objecthandle h)

returns true iff the objecth is contained in the set represented byN.

bool N.containedin boundary( Objecthandle h)

returns true iff the objecth is contained in the 1-skeleton ofN.

Object handle N.locate( Point p, Locationmode m = DEFAULT)

returns a generic handleh to an object (face, halfedge, vertex) of the under-
lying plane map that contains the pointp in its relative interior. The point
p is contained in the set represented byN if N.contains(h)is true. The lo-
cation mode flagm allows one to choose between different point location
strategies.

Object handle N.rayshoot( Point p, Direction d, Locationmode m = DEFAULT)

returns a handleh with N.contains(h), that can be converted to aVertex
/Halfedge/Face consthandleas described above. The object returned is
intersected by the ray starting inp with directiond and has minimal distance
to p. The operation returns the null handleNULL if the ray shoot alongd
does not hit any objecth of N with N.contains(h). The location mode flagm
allows one to choose between different point location strategies.
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Object handle N.rayshoot to boundary( Point p, Direction d, Locationmode m = DEFAULT)

returns a handleh, that can be converted to aVertex /Halfedgeconsthandle
as described above. The object returned is part of the 1-skeleton ofN, inter-
sected by the ray starting inp with directiond and has minimal distance to
p. The operation returns the null handleNULL if the ray shoot alongd does
not hit any 1-skeleton objecth of N. The location mode flagmallows one to
choose between different point location strategies.

Explorer N.explorer()

returns a decorator object that allows read-only access of the underlying
plane map. See the manual pageExplorer for its usage.

Input and Output

A Nef polyhedronN can be visualized in aWindowstream W. The output operator is defined in the file
CGAL/IO/Nefpolyhedron2 Windowstream.h.

Implementation

Nef polyhedra are implemented on top of a halfedge data structure and use linear space in the number of vertices,
edges and facets. Operations likeemptytake constant time. The operationsclear, complement, interior, closure,
boundary, regularization, input and output take linear time. All binary set operations and comparison operations
take timeO(nlogn) wheren is the size of the output plus the size of the input.

The point location and ray shooting operations are implemented in two flavors. TheNAIVE operations run in
linear query time without any preprocessing, theDEFAULT operations (equalsLMWT) run in sub-linear query
time, but preprocessing is triggered with the first operation. Preprocessing takes timeO(N2), the sub-linear
point location time is either logarithmic when LEDA’s persistent dictionaries are present or if not then the point
location time is worst-case linear, but experiments show often sublinear runtimes. Ray shooting equals point
location plus a walk in the constrained triangulation overlayed on the plane map representation. The cost of the
walk is proportional to the number of triangles passed in directiond until an obstacle is met. In a minimum
weight triangulation of the obstacles (the plane map representing the polyhedron) the theory provides aO(

√
n)

bound for the number of steps. Our locally minimum weight triangulation approximates the minimum weight
triangulation only heuristically (the calculation of the minimum weight triangulation is conjectured to be NP
hard). Thus we have no runtime guarantee but a strong experimental motivation for its approximation.

Example

Nef polyhedra are parameterized by a so-called extended geometric kernel. There are three kernels, one based
on a homogeneous representation of extended points calledExtendedhomogeneous<RT> whereRT is a ring
type providing additionally agcdoperation, one based on a Cartesian representation of extended points called
Extendedcartesian<NT> whereNT is a field type, and finallyFiltered extendedhomogeneous<RT> (an op-
timized version of the first). The following example uses the filtered homogeneous kernel to construct the
intersection of two halfspaces.

// file : examples/Nef_2/simple_intersection.C

#include <CGAL/Gmpz.h>
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#include <CGAL/Filtered_extended_homogeneous.h>
#include <CGAL/Nef_polyhedron_2.h>

typedef CGAL::Gmpz RT;
typedef CGAL::Filtered_extended_homogeneous<RT> Extended_kernel;
typedef CGAL::Nef_polyhedron_2<Extended_kernel> Nef_polyhedron;
typedef Nef_polyhedron::Line Line;

int main()
{

Nef_polyhedron N1(Line(1,0,0));
Nef_polyhedron N2(Line(0,1,0), Nef_polyhedron::EXCLUDED);
Nef_polyhedron N3 = N1 * N2; // line (*)
return 0;

}

After line (*) N3 is the intersection ofN1 and N2. The member types ofNef polyhedron2< Extended
homogeneous<NT> > map to corresponding types of the standard CGAL geometry kernel (type equality in
pseudo-code notation):

CGAL::Nef_polyhedron_2< CGAL::Extended_cartesian<FT> >::Point
== CGAL::Cartesian<FT>::Point_2

CGAL::Nef_polyhedron_2< CGAL::Extended_homogeneous<RT> >::Point
== CGAL::Homogeneous<RT>::Point_2

CGAL::Nef_polyhedron_2< CGAL::Filtered_extended_homogeneous<RT> >::Point
== CGAL::Homogeneous<RT>::Point_2

The same holds for the typesLineandDirection in the local scope ofNef polyhedron2<...>.
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CGAL::Topological explorer

Definition

An instanceD of the data typeTopologicalexploreris a decorator for interfacing the topological structure of a
plane mapP (read-only).

A plane mapP consists of a triple(V,E,F) of vertices, edges, and faces. We collectively call them objects. An
edgee is a pair of vertices(v,w) with incidence operationsv = source(e), w = target(e). The list of all edges
with sourcev is called the adjacency listA(v).

Edges are paired into twins. For each edgee = (v,w) there’s an edgetwin(e) = (w,v)andtwin(twin(e)) == e2.

An edgee = (v,w) knows two adjacent edgesen = next(e)andep = previous(e)wheresource(en) = w, pre-
vious(en) = eandtarget(ep) = vandnext(ep) = e. By this symmetricprevious-nextrelationship all edges are
partitioned into face cycles. Two edgese ande′ are in the same face cycle ife= next∗(e′). All edgese in the
same face cycle have the same incident facef = face(e). The cyclic order on the adjacency list of a vertexv =
source(e)is given bycyclic adj succ(e) = twin(previous(e))andcyclic adj pred(e) = next(twin(e)).

A vertexv is embedded via coordinatespoint(v). By the embedding of its source and target an edge corresponds
to a segment.P has the property that the embedding is alwaysorder-preserving. This means a ray fixed in
point(v)of a vertexv and swept around counterclockwise meets the embeddings oftarget(e)(e∈ A(v)) in the
cyclic order defined by the list order ofA.

The embedded face cycles partition the plane into maximal connected subsets of points. Each such set corre-
sponds to a face. A face is bounded by its incident face cycles. For all the edges in the non-trivial face cycles
it holds that the face is left of the edges. There can also be trivial face cycles in form of isolated vertices in the
interior of a face. Each such vertexv knows its surrounding facef = face(v).

Plane maps are attributed, for each objectu ∈ V ∪E∪F we attribute an informationmark(u)of type Mark.
Mark fits the concepts assignable, default-constructible, and equal-comparable.

Types

Topologicalexplorer:: Planemap The underlying plane map type

Topologicalexplorer:: Point The point type of vertices.

Topologicalexplorer:: Mark All objects (vertices, edges, faces) are attributed by aMark
object.

Topologicalexplorer:: Sizetype The size type.

Local types are handles, iterators and circulators of the following kind:Vertexconsthandle, Vertexconst
iterator, Halfedgeconsthandle, Halfedgeconst iterator, Face consthandle, Face const iterator. Addition-
ally the following circulators are defined.

Topologicalexplorer:: Halfedgearound vertexconstcirculator

circulating the outgoing halfedges inA(v).
2The existence of the edge pairs makesP a bidirected graph, thetwin links makeP a map.
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Topologicalexplorer:: Halfedgearound face constcirculator

circulating the halfedges in the face cycle of a facef .

Topologicalexplorer:: Hole const iterator iterating all holes of a facef . The type is convertible to
Halfedgeconsthandle.

Topologicalexplorer:: Isolatedvertexconst iterator

iterating all isolated vertices of a facef . The type generalizes
Vertexconsthandle.

Operations

Vertexconsthandle D.source( Halfedgeconsthandle e)

returns the source ofe.

Vertexconsthandle D.target( Halfedgeconsthandle e)

returns the target ofe.

Halfedgeconsthandle D.twin( Halfedgeconsthandle e)

returns the twin ofe.

bool D.is isolated( Vertexconsthandle v)

returnstrue iff A(v) = /0.

Halfedgeconsthandle D.firstout edge( Vertexconsthandle v)

returns one halfedge with sourcev. It’s the
starting point for the circular iteration over the
halfedges with sourcev.
Precondition: !is isolated(v).

Halfedgeconsthandle D.lastout edge( Vertexconsthandle v)

returns the halfedge with sourcev that is the
last in the circular iteration before encountering
first out edge(v)again.
Precondition: !is isolated(v).

Halfedgeconsthandle D.cyclicadj succ( Halfedgeconsthandle e)

returns the edge aftere in the cyclic ordered
adjacency list ofsource(e).
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Halfedgeconsthandle D.cyclicadj pred( Halfedgeconsthandle e)

returns the edge beforee in the cyclic ordered
adjacency list ofsource(e).

Halfedgeconsthandle D.next( Halfedgeconsthandle e)

returns the next edge in the face cycle contain-
ing e.

Halfedgeconsthandle D.previous( Halfedgeconsthandle e)

returns the previous edge in the face cycle con-
taininge.

Face consthandle D.face( Halfedgeconsthandle e)

returns the face incident toe.

Face consthandle D.face( Vertexconsthandle v)

returns the face incident tov.
Precondition: is isolated(v).

Halfedgeconsthandle D.halfedge( Faceconsthandle f)

returns a halfedge in the bounding face cycle
of f (Halfedgeconsthandle() if there is no
bounding face cycle).

Iteration

Vertexconst iterator D.verticesbegin() iterator over vertices of the map.

Vertexconst iterator D.verticesend() past-the-end iterator for vertices.

Halfedgeconst iterator D.halfedgesbegin() iterator over halfedges of the map.

Halfedgeconst iterator D.halfedgesend() past-the-end iterator for halfedges.

Face const iterator D.facesbegin() iterator over faces of the map.

Face const iterator D.facesend() past-the-end iterator for faces

967



Halfedgearound vertexconstcirculator

D.out edges( Vertexconsthandle v)

returns a circulator for the cyclic adjacency list
of v.

Halfedgearound face constcirculator

D.face cycle( Faceconsthandle f)

returns a circulator for the outer face cycle off .

Hole const iterator D.holesbegin( Faceconsthandle f)

returns an iterator for all holes in the interior
of f . A Hole iterator can be assigned to a
Halfedgearound face constcirculator.

Hole const iterator D.holesend( Faceconsthandle f)

returns the past-the-end iterator off .

Isolatedvertexconst iterator

D.isolatedverticesbegin( Faceconsthandle f)

returns an iterator for all isolated vertices in the
interior of f .

Isolatedvertexconst iterator

D.isolatedverticesend( Faceconsthandle f)

returns the past the end iterator off .

Associated Information

The typeMark is the general attribute of an object.

Point D.point( Vertexconsthandle v)

returns the embedding ofv.

Mark D.mark( Vertexconsthandle v)

returns the mark ofv.
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Mark D.mark( Halfedgeconsthandle e)

returns the mark ofe.

Mark D.mark( Faceconsthandle f)

returns the mark off .

Statistics and Integrity

Sizetype D.numberof vertices() returns the number of vertices.

Sizetype D.numberof halfedges() returns the number of halfedges.

Sizetype D.numberof edges() returns the number of halfedge pairs.

Sizetype D.numberof faces() returns the number of faces.

Sizetype D.numberof face cycles() returns the number of face cycles.

Sizetype D.numberof connectedcomponents()

calculates the number of connected compo-
nents ofP.

void D.print statistics( std::ostream& os = std::cout)

print the statistics ofP: the number of vertices,
edges, and faces.

void D.checkintegrity and topological planarity( bool faces=true)

checks the link structure and the genus ofP.
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CGAL::Explorer

Definition

An instanceE of the data typeExplorer is a decorator to explore the structure of the plane map underlying
the Nef polyhedron. It inherits all topological adjacency exploration operations fromTopologicalexplorer.
Exploreradditionally allows one to explore the geometric embedding.

The position of each vertex is given by a so-called extended point, which is either a standard affine point or
the tip of a ray touching an infinimaximal square frame centered at the origin. A vertexv is called astandard
vertex if its embedding is astandardpoint andnon-standardif its embedding is anon-standardpoint. By the
straightline embedding of their source and target vertices, edges correspond to either affine segments, rays or
lines or are part of the bounding frame.
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Figure 13.2: Extended geometry: standard vertices are marked by S, non-standard vertices are marked by N.
A: The possible embeddings of edges: an affine segment s1, an affine ray s2, an affine line s3.B: A plane
map embedded by extended geometry: note that the frame is arbitrarily large, the 6 vertices on the frame are at
infinity, the two faces represent a geometrically unbounded area, however they are topologically closed by the
frame edges. No standard point can be placed outside the frame.

Inherits From

Topologicalexplorer

Types

Explorer:: Point the point type of finite vertices.

Explorer:: Ray the ray type of vertices on the frame.

Iterators, handles, and circulators are inherited fromTopologicalexplorer.

Creation

Explorer is copy constructable and assignable. An object can be obtained via theNef polyhedron2::explorer()
method ofNef polyhedron2.
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Operations

bool E.is standard( Vertexconsthandle v)

returns true iffv’s position is a standard point.

Point E.point( Vertexconsthandle v)

returns the standard point that is the embedding ofv.
Precondition: E.is standard(v).

Ray E.ray( Vertexconsthandle v)

returns the ray defining the non-standard point on the frame.
Precondition: !E.is standard(v).

bool E.is frame edge( Halfedgeconsthandle e)

returns true iffe is part of the infinimaximal frame.
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ExtendedKernelTraits 2

Definition

ExtendedKernelTraits2 is a kernel concept providing extended geometry3. LetK be an instance of the data type
ExtendedKernelTraits2. The central notion of extended geomtry are extended points. An extended point rep-
resents either a standard affine point of the Cartesian plane or a non-standard point representing the equivalence
class of rays where two rays are equivalent if one is contained in the other.

Let R be an infinimaximal number4, F be the square box with cornersNW(−R,R), NE(R,R), SE(R,−R), and
SW(−R,−R). Let p be a non-standard point and letr be a ray defining it. If the frameF contains the source
point of r then letp(R) be the intersection ofr with the frameF , if F does not contain the source ofr then
p(R) is undefined. For a standard point letp(R) be equal top if p is contained in the frameF and letp(R)
be undefined otherwise. Clearly, for any standard or non-standard pointp, p(R) is defined for any sufficiently
largeR. Let f be any function on standard points, say withk arguments. We callf extensibleif for any k points
p1, . . . , pk the function valuef (p1(R), . . . , pk(R)) is constant for all sufficiently largeR. We define this value as
f (p1, . . . , pk). Predicates like lexicographic order of points, orientation, and incircle tests are extensible.

An extended segment is defined by two extended points such that it is either an affine segment, an affine ray, an
affine line, or a segment that is part of the square box. Extended directions extend the affine notion of direction
to extended objects.

This extended geometry concept serves two purposes. It offers functionality for changing between standard
affine and extended geometry. At the same time it provides extensible geometric primitives on the extended
geometric objects.

Types

Affine kernel types

ExtendedKernelTraits2:: Standardkernel the standard affine kernel.

ExtendedKernelTraits2:: StandardRT the standard ring type.

ExtendedKernelTraits2:: Standardpoint 2 standard points.

ExtendedKernelTraits2:: Standardsegment2 standard segments.

ExtendedKernelTraits2:: Standardline 2 standard oriented lines.

ExtendedKernelTraits2:: Standarddirection 2 standard directions.

ExtendedKernelTraits2:: Standardray 2 standard rays.

3It is called extended geometry for simplicity, though it is not a real geometry in the classical sense.
4A finite but very large number.
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ExtendedKernelTraits2:: Standardaff transformation2

standard affine transformations.

Extended kernel types

ExtendedKernelTraits2:: RT the ring type of our extended kernel.

ExtendedKernelTraits2:: Point 2 extended points.

ExtendedKernelTraits2:: Segment2 extended segments.

ExtendedKernelTraits2:: Direction 2 extended directions.

enum Pointtype{ SWCORNER,
LEFTFRAME,
NWCORNER,
BOTTOMFRAME,
STANDARD,
TOPFRAME,
SECORNER,
RIGHTFRAME,
NECORNER}

a type descriptor for extended points.

Operations

Interfacing the affine kernel types

Point 2 K.constructpoint( Standardpoint 2 p)

creates an extended point and initializes it to the standard
pointp.

Point 2 K.constructpoint( Standardline 2 l)

creates an extended point and initializes it to the equivalence
class of all the rays underlying the oriented linel.

Point 2 K.constructpoint( Standardpoint 2 p1, Standardpoint 2 p2)

creates an extended point and initializes it to the equivalence
class of all the rays underlying the oriented linel(p1,p2).
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Point 2 K.constructpoint( Standardpoint 2 p, Standarddirection 2 d)

creates an extended point and initializes it to the equivalence
class of all the rays underlying the ray starting inp in direc-
tion d.

Point 2 K.constructoppositepoint( Standardline 2 l)

creates an extended point and initializes it to the equivalence
class of all the rays underlying the oriented line opposite tol.

Point type K.type( Point2 p) determines the type ofp and returns it.

bool K.is standard( Point2 p)

returnstrue iff p is a standard point.

Standardpoint 2 K.standardpoint( Point 2 p)

returns the standard point represented byp.
Precondition: K.is standard(p).

Standardline 2 K.standardline( Point 2 p)

returns the oriented line representing the bundle of rays defin-
ing p.
Precondition: !K.is standard(p).

Standardray 2 K.standardray( Point 2 p)

a ray definingp.
Precondition: !K.is standard(p).

Point 2 K.NE() returns the point on the northeast frame corner.

Point 2 K.SE() returns the point on the southeast frame corner.

Point 2 K.NW() returns the point on the northwest frame corner.

Point 2 K.SW() returns the point on the southwest frame corner.

Geometric kernel calls

Point 2 K.source( Segment2 s)

returns the source point ofs.
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Point 2 K.target( Segment2 s)

returns the target point ofs.

Segment2 K.constructsegment( Point2 p, Point 2 q)

constructs a segmentpq.

int K.orientation( Segment2 s, Point2 p)

returns the orientation ofp with respect to the line throughs.

int K.orientation( Point2 p1, Point2 p2, Point2 p3)

returns the orientation ofp3 with respect to the line through
p1p2.

bool K.left turn( Point 2 p1, Point2 p2, Point2 p3)

return true iff thep3 is left of the line throughp1p2.

bool K.is degenerate( Segment2 s)

return true iffs is degenerate.

int K.comparexy( Point 2 p1, Point2 p2)

returns the lexicographic order ofp1andp2.

int K.comparex( Point 2 p1, Point2 p2)

returns the order on thex-coordinates ofp1andp2.

int K.comparey( Point 2 p1, Point2 p2)

returns the order on they-coordinates ofp1andp2.

Point 2 K.intersection( Segment2 s1, Segment2 s2)

returns the point of intersection of the lines supported bys1
ands2.
Precondition: the intersection point exists.

Direction 2 K.constructdirection( Point2 p1, Point2 p2)

returns the direction of the vectorp2 - p1.
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bool K.strictly orderedccw( Direction2 d1, Direction2 d2, Direction2 d3)

returnstrue iff d2 is in the interior of the counterclockwise
angular sector betweend1andd3.

bool K.strictly orderedalong line( Point 2 p1, Point2 p2, Point2 p3)

returnstrue iff p2 is in the relative interior of the segment
p1p3.

bool K.contains( Segment2 s, Point2 p)

returns true iffs containsp.

bool K.first pair closer than second( Point2 p1, Point2 p2, Point2 p3, Point2 p4)

returns true iff‖p1− p2‖< ‖p3− p4‖.

const char* K.outputidentifier() returns a unique identifier for kernel object Input/Output.
Usually this should be the name of the model.

Has Models

CGAL::Extendedcartesian<FT> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page977
CGAL::Extendedhomogeneous<RT> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page978
CGAL::Filtered extendedhomogeneous<RT> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page979
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CGAL::Extended cartesian<FT>

Definition

The classExtendedcartesian<FT> serves as a traits class for the classCGAL::Nef polyhedron2<T>. It uses a
polynomial component representation based on a field number typeFT.

#include<CGAL/Extendedcartesian.h>

Is Model for the Concepts

ExtendedKernelTraits2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page972

Creation

Extendedcartesian<FT> traits; default constructor.

Requirements

To make a field number typeFT modelwork with this class, you must provide a traits class for this number
type: CGAL::Numbertype traits<FT model> (See the support library manual.)

Operations

Fits all operation requirements of the concept.

See Also

CGAL::Extendedhomogeneous<RT> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page978
CGAL::Filtered extendedhomogeneous<RT> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page979
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CGAL::Extended homogeneous<RT>

Definition

The classExtendedhomogeneous<RT> serves as a traits class for the classCGAL::Nef polyhedron2<T>. It
uses a polynomial component representation based on a Euclidean ring number typeRT.

#include<CGAL/Extendedhomogeneous.h>

Is Model for the Concepts

ExtendedKernelTraits2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page972

Creation

Extendedhomogeneous<RT> traits; default constructor.

Requirements

To make an Euclidean ring number typeRT modelwork with this class the number type must support a gcd
computation in namespaceCGAL::NTS. CGAL provides a function template for this, which will be used by
default when your number type is not one of the built-in number types, one of the number types distrubuted
with CGAL or one of the LEDA number types.

Operations

Fits all operation requirements of the concept.

See Also

CGAL::Extendedcartesian<FT> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page977
CGAL::Filtered extendedhomogeneous<RT> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page979
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CGAL::Filtered extendedhomogeneous<RT>

Definition

The classFiltered extendedhomogeneous<RT> serves as a traits class for the classCGAL::Nef polyhedron2<
T>. It uses a polynomial component representation based on a ring number typeRT.

#include<CGAL/Filteredextendedhomogeneous.h>

Is Model for the Concepts

ExtendedKernelTraits2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page972

Creation

Filtered extendedhomogeneous<RT> traits; default constructor.

Operations

Fits all operation requirements of the concept.

See Also

CGAL::Extendedcartesian<FT> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page977
CGAL::Extendedhomogeneous<RT> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page978
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Chapter 14

2D Boolean Operations on Nef Polygons
Embedded on the Sphere
Peter Hachenberger and Lutz Kettner
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14.1 Introduction

Nef polyhedra are defined as a subset of the d-dimensional space obtained by a finite number of set complement
and set intersection operations on halfspaces.

Due to the fact that all other binary set operations like union, difference and symmetric difference can be reduced
to intersection and complement calculations, Nef polyhedra are also closed under those operations. Also, Nef
polyhedra are closed under topological unary set operations. Given a Nef polyhedron one can determine its
interior, its boundary, and its closure.

Additionally, a d-dimensional Nef polyhedron has the property, that its boundary is a (d-1)-dimensional Nef
polyhedron. This property can be used as a way to represent 3-dimensional Nef polyhedra by means of planar
Nef polyhedra. This is done by intersecting the neighborhood of a vertex in a 3D Nef polyhedron with an
ε-sphere. The result is a planar Nef polyhedron embedded on the sphere.

The intersection of a halfspace going through the center of theε-sphere, with theε-sphere, results in a halfsphere
which is bounded by a great circle. A binary operation of two halfspheres cuts the great circles into great arcs.
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Figure 14.1: Two spherical Nef polyhedra. A closed halfspace on the left and a complex polyhedron on the
right. The different colors indicate selected and unselected regions, lines and points.

shalfloopopposite shalfloop

incident sface

The incidence structure of planar Nef polyhedra can be reused. The items are denoted assvertex, shal f edgeand
s f ace, analogous to their counterparts inNef polyhedronS2. Additionally, there is theshalfloopreprsenting
the great circles. The incidences are illustrated in the figure above.

14.2 Restricted Spherical Geometry

We introduce geometric objects that are part of the spherical surfaceS2 and operations on them. We define types
Spherepoint, Spherecircle, Spheresegment, andSpheredirection. Spherepoints are points onS2, Sphere
circles are oriented great circles ofS2, Spheresegments are oriented parts ofSpherecirclesbounded by a pair
of Spherepoints, andSpheredirections are directions that are part of great circles. (a direction is usually
defined to be a vector without length, that floats around in its underlying space and can be used to specify a
movement at any point of the underlying space; in our case we use directions only at points that are part of the
great circle that underlies also the direction.)

Note that we have to consider special geometric properties of the objects. For example two points that are part
of a great circle define twoSpheresegments, and two arbitrarySpheresegments can intersect in two points.

If we restrict our geometric objects to a so-called perfect hemisphere ofS2
1 then the restricted objects behave

like in classical geometry, e.g., two points define exactly one segment, two segments intersect in at most one

1A perfect hemisphere ofS2 is an open half-sphere plus an open half-circle in the boundary of the open half-sphere plus one endpoint
of the half-circle.
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interior point (non-degenerately), or three non-cocircular sphere points can be qualified as being positively or
negatively oriented.

14.3 Example Programs

14.3.1 First Example

In this first exampleNef polyhedronS2is parametrized with a CGAL Kernel as traits class. The types compris-
ing the spherical geometry can be retrieved from the typeNef polyhedronS2<Traits> as is done in the example
with the typeSpherecircle. Then three Nef polyhedra are created:N1 is a halfsphere including the boundary,
N2 is another halfsphere without the boundary, andN3 is the intersection ofN1 andN2.

// examples/Nef_S2/simple.C

#include <CGAL/Gmpz.h>
#include <CGAL/Homogeneous.h>
#include <CGAL/Nef_polyhedron_S2.h>

typedef CGAL::Gmpz RT;
typedef CGAL::Homogeneous<RT> Kernel;
typedef CGAL::Nef_polyhedron_S2<Kernel> Nef_polyhedron;
typedef Nef_polyhedron::Sphere_circle Sphere_circle;

int main()
{

Nef_polyhedron N1(Sphere_circle(1,0,0));
Nef_polyhedron N2(Sphere_circle(0,1,0), Nef_polyhedron::EXCLUDED);
Nef_polyhedron N3 = N1 * N2;
return 0;

}

14.3.2 Construction and Combinations

Th example shows the different types of constructors:N1 is the complete sphere,N2 is a halfsphere which
includes the boundary,N3 is created with the copy constructor,N4 is created as an arrangement of a set of
Spheresegments, andN5 is created as the empty set.

The example also shows the use of unary set operations, binary operations, and binary predicates:N3 is defined
as the complement ofN2, N1 is compared with the union ofN2 andN3, N5 is united withN2 and then
intersected withN4. At last, it is tested ifN5 is a subset ofN2 and ifN5 is not equal toN4.

// examples/Nef_S2/construction.C

#include <CGAL/Gmpz.h>
#include <CGAL/Homogeneous.h>
#include <CGAL/Nef_polyhedron_S2.h>

typedef CGAL::Gmpz RT;
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typedef CGAL::Homogeneous<RT> Kernel;
typedef CGAL::Nef_polyhedron_S2<Kernel> Nef_polyhedron;
typedef Nef_polyhedron::Sphere_point Sphere_point;
typedef Nef_polyhedron::Sphere_segment Sphere_segment;
typedef Nef_polyhedron::Sphere_circle Sphere_circle;

int main() {

Nef_polyhedron N1(Nef_polyhedron::COMPLETE);

Sphere_circle c(1,1,1); // c : x + y + z = 0
Nef_polyhedron N2(c, Nef_polyhedron::INCLUDED);
Nef_polyhedron N3(N2.complement());
CGAL_assertion(N1 == N2.join(N3));

Sphere_point p1(1,0,0), p2(0,1,0), p3(0,0,1);
Sphere_segment s1(p1,p2), s2(p2,p3), s3(p3,p1);
Sphere_segment triangle[3] = { s1, s2, s3 };
Nef_polyhedron N4(triangle, triangle+3);
Nef_polyhedron N5;
N5 += N2;
N5 = N5.intersection(N4);
CGAL_assertion(N5 <= N2 && N5 != N4);

return 0;
}

14.3.3 Exploration

By recursively composing binary and unary operations one can end with a very complex rectilinear structure.
Nef polyhedronS2allows read-only exploration of the structure.

In the following example, a randomNef polyhedronS2 Screated fromn halfspheres is explored. Each sface is
composed of one outer sface cycles and an arbitrary number of inner sfaces cycles. The outer cycle is either an
shalfloop or a cycle of shalfedges. An inner cycles additionally can be an isolated vertex. The example shows
how to get the entry itemit to all sface cycles of an sfacesf and how to find out what type of item it is.

The macroCGAL forall sfacecyclesof is equivalent to a for-loop on the range[sf->sfacecyclesbegin(), sf-
>sfacecyclesend()). An SFacecycle const iterator either represents aSVertexconsthandle, a SHalfede
consthandleor aSHalfloopconsthandle. In order to find out which handle type is represented, the functions
is svertex(), is shafledge()andis shalfloop()are provided. Afterwards the iterator can be casted to the proper
handle type.

// examples/Nef_S2/exploration.C

#include <CGAL/Gmpz.h>
#include <CGAL/Homogeneous.h>
#include <CGAL/Nef_polyhedron_S2.h>
#include <CGAL/Nef_S2/create_random_Nef_S2.h>
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typedef CGAL::Gmpz RT;
typedef CGAL::Homogeneous<RT> Kernel;
typedef CGAL::Nef_polyhedron_S2<Kernel> Nef_polyhedron_S2;
typedef Nef_polyhedron_S2::SVertex_const_handle SVertex_const_handle;
typedef Nef_polyhedron_S2::SHalfedge_const_handle SHalfedge_const_handle;
typedef Nef_polyhedron_S2::SHalfloop_const_handle SHalfloop_const_handle;
typedef Nef_polyhedron_S2::SFace_const_iterator SFace_const_iterator;
typedef Nef_polyhedron_S2::SFace_cycle_const_iterator

SFace_cycle_const_iterator;

int main() {

Nef_polyhedron_S2 S;
CGAL::create_random_Nef_S2(S,5);

int i=0;
SFace_const_iterator sf;
CGAL_forall_sfaces(sf,S) {

SFace_cycle_const_iterator it;
std::cout << "the sface cycles of sface " << i++;
std::cout << " start with an " << std::endl;
CGAL_forall_sface_cycles_of(it,sf) {
if (it.is_svertex()) {

std::cout << " svertex at position ";
std::cout << SVertex_const_handle(it)->point() << std::endl;

}
else if (it.is_shalfedge()) {

std::cout << " shalfedge from ";
std::cout << SHalfedge_const_handle(it)->source()->point() << " to ";
std::cout << SHalfedge_const_handle(it)->target()->point() << std::endl;

}
else if (it.is_shalfloop()) {

std::cout << " shalfloop lying in the plane ";
std::cout << SHalfloop_const_handle(it)->circle() << std::endl;

}
else

std::cout << "something is wrong" << std::endl;
}

}
return 0;

}

14.3.4 Point Location

Using thelocatefunction, it is possible to retrive an item at a certain location on the sphere. In the following
example, the item at locationSpherepoint(1,0,0)in a randomNef polyhedronS2is retrieved.locatereturns an
instance of typeObject handle, which is a container for any handle type. Here, it either aSVertexconsthandle,
a SHalfedgeconsthandle, a SHafloopconsthandleor a SFaceconsthandle. The functionCGAL::assign
performs the cast operation and returns a boolean which indicates whether the cast was successful or not.
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// examples/Nef_S2/point_location.C

#include <CGAL/Gmpz.h>
#include <CGAL/Homogeneous.h>
#include <CGAL/Nef_polyhedron_S2.h>
#include <CGAL/Nef_S2/create_random_Nef_S2.h>

typedef CGAL::Gmpz RT;
typedef CGAL::Homogeneous<RT> Kernel;
typedef CGAL::Nef_polyhedron_S2<Kernel> Nef_polyhedron_S2;
typedef Nef_polyhedron_S2::SVertex_const_handle SVertex_const_handle;
typedef Nef_polyhedron_S2::SHalfedge_const_handle SHalfedge_const_handle;
typedef Nef_polyhedron_S2::SHalfloop_const_handle SHalfloop_const_handle;
typedef Nef_polyhedron_S2::SFace_const_handle SFace_const_handle;
typedef Nef_polyhedron_S2::Object_handle Object_handle;
typedef Nef_polyhedron_S2::Sphere_point Sphere_point;

int main() {

Nef_polyhedron_S2 S;
CGAL::create_random_Nef_S2(S,5);

SVertex_const_handle sv;
SHalfedge_const_handle se;
SHalfloop_const_handle sl;
SFace_const_handle sf;
Object_handle o = S.locate(Sphere_point(1,0,0));
if(CGAL::assign(sv,o))

std::cout << "Locating svertex" << std::endl;
else if(CGAL::assign(se,o))

std::cout << "Locating shalfedge" << std::endl;
else if(CGAL::assign(sl,o))

std::cout << "Locating shalfloop" << std::endl;
else if(CGAL::assign(sf,o))

std::cout << "Locating sface" << std::endl;
else {

std::cout << "something wrong" << std::endl;
return 1;

}
return 0;

}

14.3.5 Visualization

Nef polyhedronS2provides an interface for OpenGL visualization via a Qt widget. The usage is shown in the
following example:

// Copyright (c) 2004 Max-Planck-Institute Saarbruecken (Germany).
// All rights reserved.
//
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// This file is part of CGAL (www.cgal.org); you may redistribute it under
// the terms of the Q Public License version 1.0.
// See the file LICENSE.QPL distributed with CGAL.
//
// Licensees holding a valid commercial license may use this file in
// accordance with the commercial license agreement provided with the software.
//
// This file is provided AS IS with NO WARRANTY OF ANY KIND, INCLUDING THE
// WARRANTY OF DESIGN, MERCHANTABILITY AND FITNESS FOR A PARTICULAR PURPOSE.
//
// $URL: svn+ssh://scm.gforge.inria.fr/svn/cgal/branches/CGAL-3.2-branch/Nef_S2/demo/Nef_S2/visualization.C $
// $Id: visualization.C 29613 2006-03-19 19:35:17Z spion $
//
//
// Author(s) : Peter Hachenberger <hachenberger@mpi-sb.mpg.de>

#include <CGAL/basic.h>

#ifndef CGAL_USE_QT
#include <iostream>
int main(int, char*){

std::cout << "Sorry, this demo needs QT..." << std::endl; return 0;}
#else
#include <CGAL/Gmpz.h>
#include <CGAL/Homogeneous.h>
#include <CGAL/Nef_polyhedron_S2.h>
#include <CGAL/Nef_S2/create_random_Nef_S2.h>
#include <CGAL/IO/Qt_widget_Nef_S2.h>
#include <qapplication.h>

typedef CGAL::Gmpz RT;
typedef CGAL::Homogeneous<RT> Kernel;
typedef CGAL::Nef_polyhedron_S2<Kernel> Nef_polyhedron_S2;

int main(int argc, char* argv[]) {

Nef_polyhedron_S2 S;
create_random_Nef_S2(S,5);

QApplication a(argc, argv);
CGAL::Qt_widget_Nef_S2<Nef_polyhedron_S2>* w =

new CGAL::Qt_widget_Nef_S2<Nef_polyhedron_S2>(S);
a.setMainWidget(w);
w->show();
return a.exec();

}
#endif
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2D Boolean Operations on Nef Polygons
Embedded on the Sphere
Reference Manual
Peter Hachenberger, Lutz Kettner, and Michael Seel

Nef polyhedra are defined as a subset of the d-dimensional space obtained by a finite number of set complement
and set intersection operations on halfspaces.

Due to the fact that all other binary set operations like union, difference and symmetric difference can be reduced
to intersection and complement calculations, Nef polyhedra are also closed under those operations. Also, Nef
polyhedra are closed under topological unary set operations. Given a Nef polyhedron one can determine its
interior, its boundary, and its closure.

Additionally, a d-dimensional Nef polyhedron has the property, that its boundary is a (d-1)-dimensional Nef
polyhedron. This property can be used as a way to represent 3-dimensional Nef polyhedra by means of planar
Nef polyhedra. This is done by intersecting the neighborhood of a vertex in a 3D Nef polyhedron with an
ε-sphere. The result is a planar Nef polyhedron embedded on the sphere.

The intersection of a halfspace going through the center of theε-sphere, with theε-sphere, results in a halfsphere
which is bounded by a great circle. A binary operation of two halfspheres cuts the great circles into great arcs.

The incidence structure of planar Nef polyhedra can be reused. The items are denoted assvertex, shal f edgeand
s f ace, analogous to their counterparts inNef polyhedron2. Additionally, there is theshalflooprepresenting
the great circles.

14.4 Classified Reference Pages
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CGAL::Nef polyhedron S2<Traits>

Definition

An instance of data typeNef polyhedronS2<Traits> is a subset of the sphereS2 that is the result of forming
complements and intersections starting from a finite setH of halfspaces bounded by a plane containing the
origin. Halfspaces correspond to hemispheres ofS2 and are therefore modeled by oriented great circles of
typeSpherecircle. Nef polyhedronS2is closed under all binary set operationsintersection, union, difference,
complementand under the topological operationsboundary, closure, andinterior.

#include<CGAL/NefpolyhedronS2.h>

Parameters

template< class NefpolyhedronTraitsS2,
class NefpolyhedronItemsS2 = CGAL::SMitems,
class NefpolyhedronMarks = bool

class NefpolyhedronS2;

The first parameter requires one of the following exact kernels:Homogeneous, Simplehomogeneous
parametrized withGmpz, leda integeror any other number type modelingZ, or Cartesian, Simplecartesian
parametrized withGmpq, leda rational,Quotient<Gmpz> or any other number type modelingQ.

The second parameter and the third parameter are for future considerations. NeitherNef polyhedronItems
S2nor Nef polyhedronMarksis specifed, yet. Do not use other than the default types for these two template
parameters.

Types

Nef polyhedronS2<Traits>:: Spherepoint points in the sphere surface.
Nef polyhedronS2<Traits>:: Spheresegment segments in the sphere surface.
Nef polyhedronS2<Traits>:: Spherecircle oriented great circles modeling spatial half-

spaces.

Nef polyhedronS2<Traits>:: SVertexconsthandle non-mutable handle to svertex.
Nef polyhedronS2<Traits>:: SHalfedgeconsthandle non-mutable handle to shalfedge.
Nef polyhedronS2<Traits>:: SHalfloop consthandle non-mutable handle to shalfloop.
Nef polyhedronS2<Traits>:: SFaceconsthandle non-mutable handle to sface.

Nef polyhedronS2<Traits>:: SVertexconst iterator non-mutable iterator over all svertices.
Nef polyhedronS2<Traits>:: SHalfedgeconst iterator non-mutable iterator over all shalfedges.
Nef polyhedronS2<Traits>:: SHalfloop const iterator non-mutable iterator over all shalfloops.
Nef polyhedronS2<Traits>:: SFaceconst iterator non-mutable iterator over all sfaces.

Nef polyhedronS2<Traits>:: SHalfedgearound svertexconstcirculator

circulating the adjacency list of an svertexv.
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Nef polyhedronS2<Traits>:: SHalfedgearound sfaceconstcirculator

circulating the sface cycle of an sfacef .

Nef polyhedronS2<Traits>:: SFacecycle const iterator iterating all sface cycles of an sfacef . The iterator
has methodbool is svertex(), bool is shalfedge(),
bool is shalfloop(), and can be converted to
the corresponding handlesSVertexconsthandle,
SHalfedgeconsthandle, or SHalfloopconst
handle.

Nef polyhedronS2<Traits>:: Mark attributes of objects (vertices, edges, faces).

Nef polyhedronS2<Traits>:: size type size type

enum Boundary{ EXCLUDED, INCLUDED}; construction selection.

enum Content{ EMPTY, COMPLETE}; construction selection.

Creation

Nef polyhedronS2<Traits> N( Content sphere = EMPTY);

creates an instanceN of typeNef polyhedronS2<K> and initializes it to the empty set
if sphere == EMPTYand to the whole sphere ifsphere == COMPLETE.

Nef polyhedronS2<Traits> N( Spherecircle c, Boundary circle = INCLUDED);

creates a Nef polyhedronN containing the half-sphere left ofc including c if cir-
cle==INCLUDED, excludingc if circle==EXCLUDED.

template<class Forwarditerator>
Nef polyhedronS2<Traits> N( Forward iterator first,

Forward iterator beyond,
Boundary b = INCLUDED)

creates a Nef polyhedronN from the set of sphere segments in the iterator range
[first,beyond). If the set of sphere segments is a simple polygon that separates the
sphere surface into two regions, then the polygonal region that is left of the segment
*first is selected. The polygonal region includes its boundary ifb = INCLUDED and
excludes the boundary otherwise.Forward iterator has to be an iterator with value
typeSpheresegment.

Operations

void N.clear( Content plane = EMPTY)

makesN the empty set ifplane == EMPTYand the full
plane ifplane == COMPLETE.
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bool N.is empty() returns true ifN is empty, false otherwise.

bool N.is sphere() returns true ifN is the whole sphere, false otherwise.

Constructive Operations

Nef polyhedronS2<K> N.complement() returns the complement ofN in the plane.

Nef polyhedronS2<K> N.interior() returns the interior ofN.

Nef polyhedronS2<K> N.closure() returns the closure ofN.

Nef polyhedronS2<K> N.boundary() returns the boundary ofN.

Nef polyhedronS2<K> N.regularization() returns the regularized polyhedron (closure of interior).

Nef polyhedronS2<K> N.intersection( NefpolyhedronS2<K> N1)

returnsN ∩ N1.

Nef polyhedronS2<K> N.join( Nef polyhedronS2<K> N1)

returnsN ∪ N1.

Nef polyhedronS2<K> N.difference( NefpolyhedronS2<K> N1)

returnsN − N1.

Nef polyhedronS2<K> N.symmetricdifference( NefpolyhedronS2<K> N1)

returns the symmectric differenceN - T ∪ T - N.

Additionally there are operators*,+,-, ˆ,! which implement the binary operationsintersection, union, differ-
ence, symmetric difference, and the unary operationcomplementrespectively. There are also the corresponding
modification operations*=,+=,-=, ˆ= .

There are also comparison operations like<,<=,>,>=,==,!= which implement the relations subset, subset or
equal, superset, superset or equal, equality, inequality, respectively.

Statistics and Integrity

Sizetype N.numberof svertices() returns the number of svertices.
Sizetype N.numberof shalfedges() returns the number of shalfedges.

Sizetype N.numberof sedges() returns the number of sedges.
Sizetype N.numberof shalfloops() returns the number of shalfloops.
Sizetype N.numberof sloops() returns the number of sloops.
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Sizetype N.numberof sfaces() returns the number of sfaces.
Sizetype N.numberof sfacecycles() returns the number of sface cycles.
Sizetype N.numberof connectedcomponents()

calculates the number of connected components ofP.

void N.print statistics( std::ostream& os = std::cout)

print the statistics ofP: the number of vertices, edges, and faces.

void N.checkintegrity and topological planarity( bool faces=true)

checks the link structure and the genus ofP.

Exploration - Point location - Ray shooting

As Nef polyhedra are the result of forming complements and intersections starting from a setH of half-spaces
that are defined by oriented lines in the plane, they can be represented by an attributed plane mapM = (V,E,F).
For topological queries withinM the following types and operations allow exploration access to this structure.

Types

Nef polyhedronS2<Traits>:: Object handle

a generic handle to an object of the underlying plane map. The kind of object(vertex,
halfedge, face)can be determined and the object can be assigned to a corresponding
handle by the three functions:
bool assign(Vertexconsthandle& h, Objecthandle)
bool assign(Halfedgeconsthandle& h, Objecthandle)
bool assign(Faceconsthandle& h, Objecthandle)
where each function returnstrue iff the assignment toh was done.

Operations

bool N.contains( Objecthandle h)

returns true iff the objecth is contained in the set represented byN.

bool N.containedin boundary( Objecthandle h)

returns true iff the objecth is contained in the 1-skeleton ofN.

Object handle N.locate( Spherepoint p)

returns a generic handleh to an object (face, halfedge, vertex) of the under-
lying plane map that contains the pointp in its relative interior. The point
p is contained in the set represented byN if N.contains(h)is true. The lo-
cation mode flagm allows one to choose between different point location
strategies.
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Object handle N.rayshoot( Spherepoint p, Spheredirection d)

returns a handleh with N.contains(h)that can be converted to aVertex
/Halfedge/Face consthandleas described above. The object returned is
intersected by the ray starting inp with directiond and has minimal distance
to p. The operation returns the null handleNULL if the ray shoot alongd
does not hit any objecth of N with N.contains(h).

Object handle N.rayshoot to boundary( Spherepoint p, Spheredirection d)

returns a handleh that can be converted to aVertex /Halfedgeconsthandle
as described above. The object returned is part of the 1-skeleton ofN, inter-
sected by the ray starting inp with directiond and has minimal distance to
p. The operation returns the null handleNULL if the ray shoot alongd does
not hit any 1-skeleton objecth of N. The location mode flagmallows one to
choose between different point location strategies.

Iteration

bool N.hasshalfloop() returns true iff there is a shalfloop.

SHalfloopconsthandle N.shalfloop() returns access to the sloop.

The list of all objects can be accessed via iterator ranges. For comfortable iteration we also provide iterations
macros. The iterator range access operations are of the following kind:
SVertexiterator sverticesbegin()/sverticesend()
SHalfedgeiterator shalfedgesbegin()/shalfedgesend()
SHalfloop iterator shalfloopsbegin()/shalfloopsend()
SFaceiterator sfacesbegin()/sfacesend()

The macros are thenCGAL forall svertices(v,M), CGAL forall shalfedges(e,M), CGAL forall sfaces(f,M),
CGAL forall sfacecyclesof(fc,F)whereM is a sphere map andF is a sface.

Input and Output

A Nef polyhedronN can be visualized in an open GL window. The output operator is defined in the file
CGAL/IO/Nefpolyhedron2 Windowstream.h.

Implementation

Nef polyhedra are implemented on top of a halfedge data structure and use linear space in the number of vertices,
edges and facets. Operations likeemptytake constant time. The operationsclear, complement, interior, closure,
boundary, regularization, input and output take linear time. All binary set operations and comparison operations
take timeO(nlogn) wheren is the size of the output plus the size of the input.

The point location and ray shooting operations are implemented in the naive way. The operations run in linear
query time without any preprocessing.
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Example

Nef polyhedra are parameterized by a standard CGAL kernel. The example computes the intersection of two
Nef polyhedraN1andN2.

// examples/Nef_S2/simple.C

#include <CGAL/Gmpz.h>
#include <CGAL/Homogeneous.h>
#include <CGAL/Nef_polyhedron_S2.h>

typedef CGAL::Gmpz RT;
typedef CGAL::Homogeneous<RT> Kernel;
typedef CGAL::Nef_polyhedron_S2<Kernel> Nef_polyhedron;
typedef Nef_polyhedron::Sphere_circle Sphere_circle;

int main()
{

Nef_polyhedron N1(Sphere_circle(1,0,0));
Nef_polyhedron N2(Sphere_circle(0,1,0), Nef_polyhedron::EXCLUDED);
Nef_polyhedron N3 = N1 * N2;
return 0;

}
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CGAL::Nef polyhedron S2<Traits>::Sphere point

Definition

An objectp of typeSpherepoint<R> is a point on the surface of a unit sphere. Such points correspond to the
nontrivial directions in space and similarly to the equivalence classes of all nontrivial vectors under normaliza-
tion.

Types

Spherepoint:: RT ring number type.

Creation

Spherepoint p; creates some sphere point.

Spherepoint p( RT x, RT y, RT z); creates a sphere point corresponding to the point of intersection of the
ray starting at the origin in direction(x,y,z) and the surface ofS2.

Operations

Access to the coordinates is provided by the following operations. Note that the vector(x,y,z) is not normalized.

RT p.x() thex-coordinate.

RT p.y() they-coordinate.

RT p.z() thez-coordinate.

bool p== q Equality.

bool p! = q Inequality.

Spherepoint p.antipode() returns the antipode ofp.
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CGAL::Nef polyhedron S2<Traits>::Sphere segment

Definition

An objects of type Spheresegmentis a segment in the surface of a unit sphere that is part of a great circle
trough the origin. Sphere segments are represented by two sphere pointsp andq plus an oriented planeh that
containsp andq. The plane determines the sphere segment as follows. Letc be the circle in the intersection of
h andS2. Thens is that part ofc that is swept, when we rotatep into q in counterclockwise rotation around the
normal vector ofh as seen from the positive halfspace.

Creation

Spheresegment s; creates some sphere segment.

Spheresegment s( Spherepoint p1, Spherepoint p2, bool shorterarc=true);

creates a spherical segment spanning the shorter arc fromp1 to p2 if shorter arc
== true. Otherwise the longer arc is created.
Precondition: p1 != p2 andp1 != p2.opposite().

Spheresegment s( Spherepoint p1, Spherepoint p2, Spherecircle c);

creates a spherical segment spanning the arc fromp1 to p2as part of the oriented
circlec (p1 == p2 or p1 == p2.opposite()are possible.)
Precondition: p1andp2are contained inc.

Spheresegment s( Spherecircle c1, Spherecircle c2);

creates the spherical segment as part ofc1 that is part of the halfsphere left of
the oriented circlec2.
Precondition: c1 != c2 as unoriented circles.

Operations

Spherepoint s.source() the source point ofs.

Spherepoint s.target() the target point ofs.

Spherecircle s.spherecircle() the great circle supportings.

Spheresegment s.opposite() returns the sperical segment oriented fromtarget()to source()
with the same point set ass.

Spheresegment s.complement() returns the sperical segment oriented fromtarget()to source()
with the point set completings to a full circle.
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bool s.isshort() a segment is short iff it is shorter than a half-circle.

bool s.is long() a segment is long iff it is longer than a half-circle.

bool s.isdegenerate() return true iffs is degenerate,
i.e. source and target are the same.

bool s.ishalfcircle() return true iffs is a perfect half-circle, i.e.source().antipode
== target().

bool s.hason( Spherepoint p)

return true iffs containsp.

bool s.hasin relative interior( Spherepoint p)

return true iffs containsp in its relative interior.
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CGAL::Nef polyhedron S2<Traits>::Sphere circle

Definition

An objectc of typeSpherecircle is an oriented great circle on the surface of a unit sphere. Such circles corre-
spond to the intersection of an oriented plane (that contains the origin) and the surface ofS2. The orientation
of the great circle is that of a counterclockwise walk along the circle as seen from the positive halfspace of the
oriented plane.

Types

Spherecircle:: RT ring type.

Spherecircle:: Plane 3 plane aSpherecircle lies in.

Creation

Spherecircle c; creates some great circle.

Spherecircle c( Spherepoint p, Spherepoint q);

If pandqare opposite of each other, then we create the unique
great circle onS2 which contains p and q. This circle is ori-
ented such that a walk alongc meetsp just before the shorter
segment betweenp andq. If p andq are opposite of each
other then we create any great circle that containsp andq.

Spherecircle c( Plane3 h); creates the circle corresponding to the planeh.
Precondition: h contains the origin.

Spherecircle c( RT x, RT y, RT z); creates the circle orthogonal to the vector(x,y,z).

Spherecircle c( Spherecircle c, Spherepoint p);

creates a great circle orthogonal toc that containsp.
Precondition: p is not part ofc.

Operations

Spherecircle c.opposite() Returns a sphere circle in the oppostie direction ofc.

bool c.hason( Spherepoint p) returns true iffc containsp.

Plane 3 c.plane() returns the plane supportingc.

Spherepoint c.orthogonalpole() returns the point that is the pole of the hemisphere left ofc.
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Global functions

bool equalas sets( const c1, const c2)

returns true iffc1andc2are equal as unoriented circles.
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CGAL::Nef polyhedron S2<Traits>::SVertex

Definition

The figure on page1003 illustrate the incidence of a svertex on a sphere map.

The member functionout sedgereturns the first outgoing shalfedge, andincident sfacereturns the incident
sface.

#include<CGAL/NefpolyhedronS2.h>

Types

The following types are the same as inNef polyhedronS2<Traits>.

SVertex:: Mark type of mark.

SVertex:: Spherepoint sphere point type stored in SVertex.

SVertex:: SVertexconsthandle const handle to SVertex.
SVertex:: SHalfedgeconsthandle const handle to SHalfedge.
SVertex:: SFaceconsthandle const handle to SFace.

Creation

There is no need for a user to create aSVertexexplicitly. The classNef polyhedronS2<Traits> manages the
needed svertices internally.

Operations

Mark e.mark() the mark ofe .

Spherepoint e.point() the sphere point ofe .

bool e.is isolated() returns —true— ifehas no adjacent sedges.

SVertexconsthandle e.twin() the twin ofe .

SHalfedgeconsthandle e.outsedge() the first out sedege ofe .

SFaceconsthandle e.incidentsface() the incident sface ofe .

See Also

CGAL::Nef polyhedronS2<Traits>::SHalfedge. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1003
CGAL::Nef polyhedronS2<Traits>::SFace. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1007
CGAL::Nef polyhedronS2<Traits>::Spherepoint . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page997
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CGAL::Nef polyhedron S2<Traits>::SHalfedge

Definition

A shalfedge is a great arc on a sphere map. The figure below depicts the relationship between a shalfedge and
its incident shalfedges, svertices, and sfaces on a sphere map. A shalfedge is an oriented sedge between two
svertices. It is always paired with a shalfedge pointing in the opposite direction. Thetwin() member function
returns this shalfedge of opposite orientation.

inciden t svertex

ne
xt 

sh
alf

ed
ge

 

opposite shalfedge

shalfedge previous shalfedge

incident sface

The snext()member function points to the successor shalfedge around this sface while thesprev()member
function points to the preceding shalfedge. An successive assignments of the formse = se->snext()cycles
counterclockwise around the sface (or hole).

Similarly, the successive assignments of the formse = se->snext()->twin() cycle clockwise around the svertex
and traverse all halfedges incident to this svertex. The assignmentse = se->cyclic adj succ()can be used as a
shortcut.

A const circulator is provided for each of the two circular orders. The circulators are bidirectional and assignable
to SHalfedgeconsthandle.

#include<CGAL/NefpolyhedronS2.h>

Types

The following types are the same as inNef polyhedronS2<Traits>.

SHalfedge:: Mark type of mark.

SHalfedge:: Spherecircle sphere circle type stored in SHalfedge.

SHalfedge:: SVertexconsthandle const handle to SVertex.
SHalfedge:: SHalfedgeconsthandle const handle to SHalfedge.
SHalfedge:: SFaceconsthandle const handle to SFace.

Creation

There is no need for a user to create aSHalfedgeexplicitly. The classNef polyhedronS2<Traits> manages the
needed shalfedges internally.
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Operations

Mark se.mark() the mark ofse.

Spherecircle se.circle() the sphere circle ofse.

SHalfedgeconsthandle se.twin() the twin ofse.

SVertexconsthandle se.source() the source svertex ofse.

SVertexconsthandle se.target() equalstwin()->source().

SHalfedgeconsthandle se.sprev() the SHalfedge previous tosein a sface cycle.

SHalfedgeconsthandle se.snext() the next SHalfedge ofsein a sface cycle.

SHalfedgeconsthandle se.cyclicadj pred() the edge beforese in the cyclic ordered adjacency list of
source().

SHalfedgeconsthandle se.cyclicadj succ() the edge afterse in the cyclic ordered adjacency list of
source().

SFaceconsthandle se.incidentsface() the incident sface ofse.

See Also

CGAL::Nef polyhedronS2<Traits>::SVertex. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1002
CGAL::Nef polyhedronS2<Traits>::SFace. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1007
CGAL::Nef polyhedronS2<Traits>::Spherecircle . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1000
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CGAL::Nef polyhedron S2<Traits>::SHalfloop

Definition

A sloop is a great circle on a sphere. A shalfloop is an oriented sloop. It is always paired with a shalfloop
whose supportingSpherecircle is pointing in the opposite direction. Thetwin() member function returns this
shalfloop of opposite orientation. EachNef polyhedronS2can only have one sloop (resp. two shalfloops).

The figure below depicts the relationship between a shalfloop and sfaces on a sphere map.

shalfloopopposite shalfloop

incident sface

#include<CGAL/NefpolyhedronS2.h>

Types

The following types are the same as inNef polyhedronS2<Traits>.

SHalfloop:: Mark type of mark.

SHalfloop:: Spherecircle sphere circle type stored in SHalfloop.

SHalfloop:: SHalfloopconsthandle const handle to SHalfloop.
SHalfloop:: SFaceconsthandle const handle to SFace.

Creation

There is no need for a user to create aSHalfloopexplicitly. The classNef polyhedronS2<Traits> manages the
needed shalfloops internally.

Operations

Mark se.mark() the mark ofse.

Spherecircle se.circle() the sphere circle ofse.

SHalfloopconsthandle se.twin() the twin ofse.

SFaceconsthandle se.incidentsface() the incident sface ofse.
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See Also

CGAL::Nef polyhedronS2<Traits>::SFace. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1007
CGAL::Nef polyhedronS2<Traits>::Spherecircle . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1000
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CGAL::Nef polyhedron S2<Traits>::SFace

Definition

Figure14.4on page1003 and figure14.4on page1005 illustrate the incidences of an sface. An sface is de-
scribed by its boundaries. An entry item to each boundary cycle can be accessed using the iterator range (sface
cyclesbegin()/sfacecyclesend()). Additionally, Nef polyhedronS2provides the macroCGAL forall sface
cylcesof . The iterators are of typeSFacecycle const iterator and represent either a shalfedge, a shalfloop, or
a svertex.

#include<CGAL/NefpolyhedronS2.h>

Types

The following types are the same as inNef polyhedronS2<Traits>.

SFace:: Mark type of mark.

SFace:: Objectlist list of Object handles.

SFace:: Vertexconsthandle const handle to Vertex.
SFace:: Volumeconsthandle const handle to Volume.
SFace:: SFaceconsthandle const handle to SFace.
SFace:: SFacecycle const iterator const iterator over the entries to all sface cycles of a

sface.

Creation

There is no need for a user to create aSFaceexplicitly. The classNef polyhedronS2<Traits> manages the
needed sfaces internally.

Operations

Mark sf .mark() the mark ofsf .

SFacecycle const iterator sf .sfacecycle begin() iterator over the entries to all sface cycles ofsf .

SFacecycle const iterator sf .sfacecycle end() past-the-end iterator.

See Also

CGAL::Nef polyhedronS2<Traits> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page991
CGAL::Nef polyhedronS2<Traits>::SVertex. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1002
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CGAL::Nef polyhedron S2<Traits>::SFace cycle iterator

Definition

The typeSFacecycle iterator iterates over a list ofObject handles. Each item of that list can either be assigned
to SVertexhandle, SHalfedgehandleor SHalfloophandle. To find out which of these assignment works out,
the member functionsis svertex(), is shalfedge()andis shalfloop()are provided.

#include<CGAL/NefpolyhedronS2.h>

Types

SFacecycle iterator:: SVertexhandle const handle to SVertex.
SFacecycle iterator:: SHalfedgehandle const handle to SHalfedge.
SFacecycle iterator:: SHalfloop handle const handle to SHalfloop.

Creation

SFacecycle iterator sfc; default constructor.

Operations

bool sfc.issvertex() returns true ifsfcrepresents aSVertexhandle.
bool sfc.isshalfedge() returns true ifsfcrepresents aSHalfedgehandle.
bool sfc.isshalfloop() returns true ifsfcrepresents aSHalfloophandle.

SVertexhandle SVertexhandle(sfc) castssfcto SVertexhandle.
SHalfedgehandle SHalfedgehandle(sfc) castssfcto SHalfedgehandle.
SHalfloophandle SHalfloophandle(sfc) castssfcto SHalfloophandle.

See Also

CGAL::Nef polyhedronS2<Traits>::SVertex. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1002
CGAL::Nef polyhedronS2<Traits>::SHalfedge. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1003
CGAL::Nef polyhedronS2<Traits>::SHalfloop. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page1005
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CGAL::Qt widget Nef S2<Nef polyhedron S2>

Definition

The classQt widget Nef S2 uses the OpenGL interface of Qt in order to display aNef polyhedronS2. Its
purpose is to provide an easy to use viewer forNef polyhedronS2. There are no means provided to enhance
the functionality of the viewer.

In addition to the functions inherited from the Qt classQGLWidget, Qt widget Nef S2only has a single public
constructor. For the usage ofQt widget Nef S2see the example below.

#include<CGAL/IO/Qt widget Nef S2.h>

Parameters

The template parameter expects an instantiation ofNef polyhedronS2<Traits>.

Creation

Qt widget Nef S2<Nef polyhedronS2> W( NefpolyhedronS2 N);

Creates a widgetW for displaying theNef polyhedronS2N.

See Also

CGAL::Nef polyhedronS2<Traits> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page991

Example

This example create some randomSpheresegmentsand distributes them on twoNef polyhedron2. The two
Nef polyhedra are combined by a symmetric diffrence and the result is displayed in a Qt widget.

// Copyright (c) 2004 Max-Planck-Institute Saarbruecken (Germany).
// All rights reserved.
//
// This file is part of CGAL (www.cgal.org); you may redistribute it under
// the terms of the Q Public License version 1.0.
// See the file LICENSE.QPL distributed with CGAL.
//
// Licensees holding a valid commercial license may use this file in
// accordance with the commercial license agreement provided with the software.
//
// This file is provided AS IS with NO WARRANTY OF ANY KIND, INCLUDING THE
// WARRANTY OF DESIGN, MERCHANTABILITY AND FITNESS FOR A PARTICULAR PURPOSE.
//
// $URL: svn+ssh://scm.gforge.inria.fr/svn/cgal/branches/CGAL-3.2-branch/Nef_S2/demo/Nef_S2/visualization.C $
// $Id: visualization.C 29613 2006-03-19 19:35:17Z spion $
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//
//
// Author(s) : Peter Hachenberger <hachenberger@mpi-sb.mpg.de>

#include <CGAL/basic.h>

#ifndef CGAL_USE_QT
#include <iostream>
int main(int, char*){

std::cout << "Sorry, this demo needs QT..." << std::endl; return 0;}
#else
#include <CGAL/Gmpz.h>
#include <CGAL/Homogeneous.h>
#include <CGAL/Nef_polyhedron_S2.h>
#include <CGAL/Nef_S2/create_random_Nef_S2.h>
#include <CGAL/IO/Qt_widget_Nef_S2.h>
#include <qapplication.h>

typedef CGAL::Gmpz RT;
typedef CGAL::Homogeneous<RT> Kernel;
typedef CGAL::Nef_polyhedron_S2<Kernel> Nef_polyhedron_S2;

int main(int argc, char* argv[]) {

Nef_polyhedron_S2 S;
create_random_Nef_S2(S,5);

QApplication a(argc, argv);
CGAL::Qt_widget_Nef_S2<Nef_polyhedron_S2>* w =

new CGAL::Qt_widget_Nef_S2<Nef_polyhedron_S2>(S);
a.setMainWidget(w);
w->show();
return a.exec();

}
#endif
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Chapter 15

3D Boolean Operations on Nef Polyhedra
Peter Hachenberger and Lutz Kettner
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15.1 Introduction

In solid modeling, two major representation schemes are used:constructive solid geometry(CSG) andboundary
representations(B-rep). Both have inherent strengths and weaknesses, see [Hof89c] for a discussion.
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In CSG a solid is represented as a set-theoretic boolean combination of primitive solid objects, such as blocks,
prisms, cylinders, or toruses. The boolean operations are not evaluated, instead, objects are represented im-
plicitly with a tree structure; leaves represent primitive objects and interior nodes represent boolean operations
or rigid motions, e.g., translation and rotation. Algorithms on such a CSG-tree first evaluate properties on the
primitive objects and propagate the results using the tree structure.

A B-rep describes the incidence structure and the geometric properties of all lower-dimensional features of the
boundary of a solid. Surfaces are oriented to decide between the interior and exterior of a solid.

The class of representable objects in a CSG is usually limited by the choice of the primitive solids. A B-rep is
usually limited by the choice for the geometry of the supporting curves for edges and the supporting surfaces for
surface patches, and, in addition, the connectivity structure that is allowed. In particular, a B-rep is not always
closed under boolean set operations. As an example, the class of orientable 2-manifold objects is a popular
and well understood class of surfaces commonly used for B-reps. They can be represented and manipulated
efficiently, the data structures are compact in storage size, and many algorithms are simple. On the other side,
this object class is not closed under boolean set operations, as many examples can illustrate, such as the Figure
shown above that can be generated using boolean set operations on cubes. The vertices bounding the tunnel, or
the edge connecting the “roof” with the cube are non-manifold situations.

In our implementation of Nef polyhedra in 3D, we offer a B-rep data structure that is closed under boolean
operations and with all their generality. Starting from halfspaces (and also directly from oriented 2-manifolds),
we can work with set union, set intersection, set difference, set complement, interior, exterior, boundary, closure,
and regularization operations (see Section15.4for an explaination of regularized set operations). In essence,
we can evaluate a CSG-tree with halfspaces as primitives and convert it into a B-rep representation.

In fact, we work with two data structures; one that represents the local neighborhoods of vertices, which is in
itself already a complete description, and a data structure that connects these neighborhoods up to a global data
structure with edges, facets, and volumes. We offer a rich interface to investigate these data structures, their
different elements and their connectivity. We provide affine (rigid) transformations and a point location query
operation. We have a custom file format for storing and reading Nef polyhedra from files. We offer a simple
OpenGL-based visualizer for debugging and illustrations.

15.2 Definition

The theory of Nef polyhedra has been developed for arbitrary dimensions. The classCGAL::Nef polyhedron3
implements a boundary representation for the 3-dimensional case.

Definition: A Nef-polyhedronin dimensiond is a point setP⊆ Rd generated from a finite number of open
halfspaces by set complement and set intersection operations.

Set union, difference and symmetric difference can be reduced to intersection and complement. Set comple-
ment changes between open and closed halfspaces, thus the topological operationsboundary, interior, exterior,
closureandregularizationare also in the modeling space of Nef polyhedra.

A face of a Nef polyhedron is defined as an equivalence class oflocal pyramidsthat are a characterization of
the local space around a point.

Definition: A point setK ⊆ Rd is called acone with apex0, if K = R+K (i.e.,∀p∈ K,∀λ > 0 : λp∈ K) and
it is called acone with apex x, x∈Rd, if K = x+R+(K−x). A coneK is called apyramidif K is a polyhedron.

Now let P ∈ Rd be a polyhedron andx ∈ Rd. There is a neighborhoodU0(x) of x such that the pyramid
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Q := x+R+((P∩U(x))−x) is the same for all neighborhoodsU(x)⊆U0(x). Q is called thelocal pyramidof
P in x and denoted PyrP(x).

Definition: Let P∈Rd be a polyhedron andx,y∈Rd be two points. We define an equivalence relationx∼ y iff
PyrP(x) = PyrP(y). The equivalence classes of∼ are thefacesof P. The dimension of a faces is the dimension
of its affine hull, dims := dimaffs.

In other words, aface sof P is a maximal non-empty subset ofRd such that all of its points have the same local
pyramidQ denoted PyrP(s). This definition of a face partitionsRd into faces of different dimension. A faces is
either a subset ofP, or disjoint fromP. We use this later in our data structure and store a selection mark in each
face indicating its set membership.

Faces do not have to be connected. There are only two full-dimensional faces possible, one whose local pyramid
is the spaceRd itself and the other with the empty set as a local pyramid. All lower-dimensional faces form
theboundaryof the polyhedron. As usual, we call zero-dimensional facesverticesand one-dimensional faces
edges. In the case of polyhedra in space we call two-dimensional facesfacetsand the full-dimensional faces
volumes. Faces arerelative opensets, e.g., an edge does not contain its end-vertices.

We illustrate the definitions with an example in the plane. Given the closed halfspaces

h1 : y≥ 0, h2 : x−y≥ 0, h3 : x+y≤ 3, h4 : x−y≥ 1, h5 : x+y≤ 2,

we define our polyhedronP := (h1∩h2∩h3)− (h4∩h5).
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The left figure illustrates the polyhedron with its partially closed and partially open boundary, i.e., vertex
v4,v5,v6, and edgese4 and e5 are not part ofP. The local pyramids for the faces are PyrP( f1) = /0 and
PyrP( f2) = R2. Examples for the local pyramids of edges are the closed halfspaceh2 for the edgee1,
PyrP(e1) = h2, and the open halfspace that is the complement ofh4 for the edgee5, PyrP(e5) = {(x,y)|x−y< 1}.
The edgee3 consists actually of two disconnected parts, both with the same local pyramid PyrP(e3) = h1. In
our data structure, we will represent the two connected components of the edgee3 separately. The figure on the
right lists all local pyramids for this example.

The local pyramids of each vertex are represented by conceptually intersecting the local neighborhood with
a smallε-sphere. This intersection forms a planar map on the sphere (see next two figures), which together
with the set-selection mark for each item (i.e. vertices, edges, loops and faces) forms a two-dimensional Nef
polyhedron embedded in the sphere. We add the set-selection mark for the vertex and call the resulting structure
the sphere mapof the vertex. We use the prefixs to distinguish the elements of the sphere map from the
three-dimensional elements. See Chapter14 for further details.
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Having sphere maps for all vertices of our polyhedron is a sufficient but not easily accessible representation of
the polyhedron. We enrich the data structure with more explicit representations of all the faces and incidences
between them.

edge use

opposite edge use

vertex

sphere map

svertex
se

dg
e

oriented edge

sphere map
vertex

edge use

svertex

svertex

svertex

sedge

oriented facet

We depart slightly from the definition of faces in a Nef polyhedron; we represent the connected components of
a face individually and do not implement additional bookkeeping to recover the original faces (e.g., all edges
on a common supporting line with the same local pyramid) as this is not needed in our algorithms. We discuss
features in the increasing order of dimension.

edges: We store two oppositely oriented edges for each edge and have a pointer from one oriented edge to its
opposite edge. Such an oriented edge can be identified with ansvertexin a sphere map; it remains to link
onesvertexwith the corresponding oppositesvertexin the other sphere map.

edge uses:An edge can have many incident facets (non-manifold situation). We introduce two oppositely
oriented edge-uses for each incident facet; one for each orientation of the facet. An edge-use points to
its corresponding oriented edge and to its oriented facet. We can identify an edge-use with an oriented
sedgein the sphere map, or, in the special case also with ansloop. Without mentioning it explicitly in the
remainder, all references tosedgecan also refer tosloop.

facets: We store oriented facets as boundary cycles of oriented edge-uses. We have a distinguished outer bound-
ary cycle and several (or maybe none) inner boundary cycles representing holes in the facet. Boundary
cycles are linked in one direction. We can access the other traversal direction when we switch to the
oppositely oriented facet, i.e., by using the opposite edge-use.

shells: The volume boundary decomposes into different connected components, theshells. A shell consists
of a connected set of facets, edges, and vertices incident to this volume. Facets around an edge form
a radial order that is captured in the radial order ofsedgesaround ansvertexin the sphere map. Using
this information, we can trace a shell from one entry element with a graph search. We offer this graph
traversal (to the user) in a visitor design pattern.
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volumes: A volume is defined by a set of shells, one outer shell containing the volume and several (or maybe
none) inner shells separating voids which are excluded from the volume.

For each face we store a label, e.g., a set-selection mark, which indicates whether the face is part of the solid or
if it is excluded. We call the resulting data structureSelective Nef Complex, SNCfor short [GHH+03]. However,
in CGAL we identify the names and call theSNCdata structureCGAL::Nef polyhedron3.

15.3 Infimaximal Box

We call a Nef polyhedronboundedif its boundary is bounded, i.e., finite, andunboundedotherwise. Note that
unbounded point sets can have a bounded boundary, for example, the complement of a cube has an unbounded
outer volume, but its boundary remains bounded.

Using a boundary representation, it is convenient (conceptually and in our implementation) to consider bounded
Nef polyhedra only. Bounded Nef polyhedra are also closed under boolean set operations. However, one
needs to start with bounded primitives; the conceptually nice halfspaces cannot be used. Instead, we offer a
construction from oriented 2-manifolds represented in aCGAL::Polyhedron, see Section15.5.4below.

In order to handle unbounded Nef polyhedra conceptually in the same way as we handle bounded Nef polyhedra,
we intersect them with a bounding cubical volume of size[−R,R]3, whereR is a symbolical unspecified value,
which is finite but larger than all coordinate values that may occur in the bounded part of the polyhedron. As a
result, each Nef polyhedron becomes bounded. We call the boundary of the bounding volume theinfimaximal
box [SM00].

We clip lines and rays at the infimaximal box. The intersection points with the infimaximal box are callednon-
standard points, which are points whose coordinates are−Ror R in at least one dimension, and linear functions
f (R) for the other dimensions. Such extended points (and developed from there also extended segments etc) are
provided in CGAL with extended kernels—CGAL::Extendedcartesianand CGAL::Extendedhomogeneous.
They are regular CGAL kernels with a polynomial type as coordinate number type.

As long as an extended kernel is used, the full functionality provided by theCGAL::Nef polyhedron3 class is
available. If a kernel that does not use polynomials to represent coordinates is used, it is not possible to create
or load unbounded Nef polyhedra, but all other operations work as expected. We provided both possibilities,
since the restriction to bounded Nef polyhedra improves considerably space requirements (plain number type
instead of polynomial), and runtime performance.

15.4 Regularized Set Operations

Since manifolds are not closed under boolean operations, Requicha proposes to useregularized set opera-
tions [KM76, Req80]. A set is regular, if it equals the closure of its interior. A regularized set operation is
defined as the standard set operation followed by a regularization of the result. Regularized sets are closed
under regularized set operations.

Regularized set operations are important since they simplify the class of solids to exclude lower dimensional
features and the boundary belongs to the point set. These properties are considered to reflect the nature of
physical solids more closely.

Regularized polyhedral sets are a subclass of Nef polyhedra. We provide theregularizationoperation as a
shortcut for the consecutive execution of theinterior and theclosureoperations.
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15.5 Example Programs

The following example gives a first impression of how to instantiate and useNef polyhedron3. We use the
CGAL::Cartesiankernel. All Cartesian and homogeneous kernels of CGAL are suitable if the number type
parameter follows the usual requirements of being a model of theCGAL::FieldNumberTypeconcept for the
Cartesian kernels, or theCGAL::RingNumberTypeconcept for the homogeneous kernels, respectively. Note
however, that in the current state, the Nef polyhedron works only with CGAL kernels. The implementation
makes use of CGAL specific functions in kernel objects, and does not yet offer a designed interface to a clean
kernel concept that could be offered by an external kernel as well.

The example creates two Nef polyhedra—N0 is the empty set, whileN1 represents the full space, i.e., the set
of all points in the 3-dimensional space. The assertion assures that the empty set is the complement of the full
space.

// file: examples/Nef_3/simple.C

#include <CGAL/Gmpz.h>
#include <CGAL/Homogeneous.h>
#include <CGAL/Nef_polyhedron_3.h>

typedef CGAL::Homogeneous<CGAL::Gmpz> Kernel;
typedef CGAL::Nef_polyhedron_3<Kernel> Nef_polyhedron;

int main() {
Nef_polyhedron N0(Nef_polyhedron::EMPTY);
Nef_polyhedron N1(Nef_polyhedron::COMPLETE);

CGAL_assertion (N0 == N1.complement());
return 0;

}

15.5.1 Construction and Comparison

This example shows the various constructors. We can create the empty set, which is also the default constructor,
and the full space, i.e. all points ofR3 belong to the polyhedron. We can create a halfspace defined by a plane
bounding it. It is only available if an extended kernel is used. The halfspace constructor has a second parameter
that specifies whether the defining plane belongs to the point set (Nef polyhedron::INCLUDED) or not (Nef
polyhedron::EXCLUDED). The default value isNef polyhedron::INCLUDED. Additionally, we can create a
Nef polyhedron3 from aPolyhedron3, see the Section15.5.4below.

We can compute the point sets of two Nef polyhedra for equality and proper subset relationships. We offer the
usual comparison operators== , != , <= , >= , < and>.

Nef polyhedra have the important feature that a representation that is called thereduced Ẅurzburg structureis
unique, i.e., two point sets of Nef polyhedra are equal if and only if the representations are equal. The proof for
the reduced Ẅurzburg structure carries over to our representation and the comparison operators are therefore
trivial to implement.

// file: examples/Nef_3/construction.C

#include <CGAL/Gmpz.h>
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#include <CGAL/Extended_homogeneous.h>
#include <CGAL/Nef_polyhedron_3.h>

typedef CGAL::Extended_homogeneous<CGAL::Gmpz> Kernel;
typedef CGAL::Nef_polyhedron_3<Kernel> Nef_polyhedron;
typedef Nef_polyhedron::Plane_3 Plane_3;

int main() {
Nef_polyhedron N0;
Nef_polyhedron N1(Nef_polyhedron::EMPTY);
Nef_polyhedron N2(Nef_polyhedron::COMPLETE);
Nef_polyhedron N3(Plane_3( 1, 2, 5,-1));
Nef_polyhedron N4(Plane_3( 1, 2, 5,-1), Nef_polyhedron::INCLUDED);
Nef_polyhedron N5(Plane_3( 1, 2, 5,-1), Nef_polyhedron::EXCLUDED);

CGAL_assertion(N0 == N1);
CGAL_assertion(N3 == N4);
CGAL_assertion(N0 != N2);
CGAL_assertion(N3 != N5);

CGAL_assertion(N4 >= N5);
CGAL_assertion(N5 <= N4);
CGAL_assertion(N4 > N5);
CGAL_assertion(N5 < N4);

N5 = N5.closure();
CGAL_assertion(N4 >= N5);
CGAL_assertion(N4 <= N5);

return 0;
}

15.5.2 Point Set Operations

As explained in the introduction, Nef polyhedra are closed under all boolean set operations. The classNef
polyhedron3 provides functions and operators for the most common ones: complement (operator!), union
(operator+), difference (operator-), intersection (operator*) and symmetric difference (operatorˆ). Addition-
ally, the operators*= , -= , *= and ˆ= are defined.

Nef polyhedron3 also provides the topological operationsinterior(), closure()andboundary(). With interior()
one deselects all boundary items, withboundary()one deselects all volumes, and withclosure()one selects all
boundary items.

// file: examples/Nef_3/point_set_operations.C

#include <CGAL/Gmpz.h>
#include <CGAL/Extended_homogeneous.h>
#include <CGAL/Nef_polyhedron_3.h>

typedef CGAL::Extended_homogeneous<CGAL::Gmpz> Kernel;
typedef CGAL::Nef_polyhedron_3<Kernel> Nef_polyhedron;
typedef Kernel::Plane_3 Plane_3;
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int main() {

Nef_polyhedron N1(Plane_3( 1, 0, 0,-1));
Nef_polyhedron N2(Plane_3(-1, 0, 0,-1));
Nef_polyhedron N3(Plane_3( 0, 1, 0,-1));
Nef_polyhedron N4(Plane_3( 0,-1, 0,-1));
Nef_polyhedron N5(Plane_3( 0, 0, 1,-1));
Nef_polyhedron N6(Plane_3( 0, 0,-1,-1));

Nef_polyhedron I1(!N1 + !N2); // open slice in yz-plane
Nef_polyhedron I2(N3 - !N4); // closed slice in xz-plane
Nef_polyhedron I3(N5 ˆ N6); // open slice in yz-plane
Nef_polyhedron Cube1(I2 * !I1);
Cube1 *= !I3;
Nef_polyhedron Cube2 = N1 * N2 * N3 * N4 * N5 * N6;

CGAL_assertion(Cube1 == Cube2); // both are closed cube
CGAL_assertion(Cube1 == Cube1.closure());
CGAL_assertion(Cube1 == Cube1.regularization());
CGAL_assertion((N1 - N1.boundary()) == N1.interior());
CGAL_assertion(I1.closure() == I1.complement().interior().complement());
CGAL_assertion(I1.regularization() == I1.interior().closure());
return 0;

}

15.5.3 Transformation

Using thestd::transformfunction, a Nef polyhedron can be translated, rotated and scaled. The usage is shown
in the following example:

// examples/Nef_3/transformation.C

#include <CGAL/Gmpz.h>
#include <CGAL/Extended_homogeneous.h>
#include <CGAL/Nef_polyhedron_3.h>
#include <CGAL/IO/Nef_polyhedron_iostream_3.h>

typedef CGAL::Extended_homogeneous<CGAL::Gmpz> Kernel;
typedef CGAL::Nef_polyhedron_3<Kernel> Nef_polyhedron;
typedef Nef_polyhedron::Plane_3 Plane_3;
typedef Nef_polyhedron::Vector_3 Vector_3;
typedef Nef_polyhedron::Aff_transformation_3 Aff_transformation_3;

int main() {

Nef_polyhedron N(Plane_3(0,1,0,0));
Aff_transformation_3 transl(CGAL::TRANSLATION, Vector_3(5, 7, 9));
Aff_transformation_3 rotx90(1,0,0,

0,0,-1,
0,1,0,
1);
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Aff_transformation_3 scale(3,0,0,
0,3,0,
0,0,3,
2);

N.transform(transl);
CGAL_assertion(N == Nef_polyhedron(Plane_3(0,1,0,-7)));
N.transform(rotx90);
CGAL_assertion(N == Nef_polyhedron(Plane_3(0,0,1,-7)));
N.transform(scale);
CGAL_assertion(N == Nef_polyhedron(Plane_3(0,0,2,-21)));

return 0;
}

15.5.4 The Interface betweenPolyhedron3 and Nef polyhedron3

Nef polyhedron3 provides an interface for the conversion between polyhedral surfaces represented with the
CGAL::Polyhedron3 class andNef polyhedron3. Polyhedron3 represents orientable 2-manifold objects with
boundaries. However, we exclude surfaces with boundaries from the conversion toNef polyhedron3 since they
have no properly defined volume.

Both conversion directions can only be performed if the boundary of the point set is an oriented closed 2-
manifold. Nef polyhedron3 provides the functionis simple()and Polyhedron3 provides the functionis
closed()to test for this property. The usage is illustrated by the example program below.

The conversion gives us the possibility to use several file formats.Polyhedron3 can read the (.off) file format
and can write the (.off), OpenInventor (.iv), VRML 1.0 and 2.0 (.wrl) and Wavefront Advanced Visualizer
object format (.obj), see Section10.4.

// file: examples/Nef_3/interface_polyhedron.C

#include <CGAL/Gmpz.h>
#include <CGAL/Homogeneous.h>
#include <CGAL/Polyhedron_3.h>
#include <CGAL/IO/Polyhedron_iostream.h>
#include <CGAL/Nef_polyhedron_3.h>
#include <CGAL/IO/Nef_polyhedron_iostream_3.h>
#include <iostream>

typedef CGAL::Homogeneous<CGAL::Gmpz> Kernel;
typedef CGAL::Polyhedron_3<Kernel> Polyhedron;
typedef CGAL::Nef_polyhedron_3<Kernel> Nef_polyhedron;
typedef Kernel::Vector_3 Vector_3;
typedef Kernel::Aff_transformation_3 Aff_transformation_3;

int main() {
Polyhedron P;
std::cin >> P;
if(P.is_closed()) {

Nef_polyhedron N1(P);
Nef_polyhedron N2(N1);
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Aff_transformation_3 aff(CGAL::TRANSLATION, Vector_3(2,2,0,1));
N2.transform(aff);
N1 += N2;

if(N1.is_simple()) {
N1.convert_to_Polyhedron(P);
std::cout << P;

}
else
std::cerr << "N1 is not a 2-manifold." << std::endl;

}
}

15.5.5 Using an Extended Kernel

The provided extended kernels are used the same way as any other CGAL kernel. The essential difference is,
that coordinates are not represented by the number type that was used to parameterize the kernel type, but by a
Nef polynomialparametrized by that number type.

The example iterates all vertices of a given Nef polyhedron and decides whether it is an standard vertex or a
vertex on the infimaximal box. Furthermore, it tests whether any of the vertices is at(R,R,R). Recall thatRwas
the symbolical value, large but finite, for the size of the infimaximal box.

// file: examples/Nef_3/extended_kernel.C

#include <CGAL/Gmpz.h>
#include <CGAL/Extended_homogeneous.h>
#include <CGAL/Nef_polyhedron_3.h>
#include <CGAL/IO/Nef_polyhedron_iostream_3.h>

typedef CGAL::Gmpz NT;
typedef CGAL::Extended_homogeneous<NT> Kernel;
typedef CGAL::Nef_polyhedron_3<Kernel> Nef_polyhedron;
typedef Nef_polyhedron::RT RT;
typedef Nef_polyhedron::Point_3 Point_3;
typedef Nef_polyhedron::Plane_3 Plane_3;
typedef Nef_polyhedron::Vertex_const_iterator Vertex_const_iterator;

int main() {

Nef_polyhedron N;
std::cin >> N;

Vertex_const_iterator v;
for(v = N.vertices_begin(); v != N.vertices_end(); ++v) {

Point_3 p(v->point());
if(p.hx().degree() > 0 || p.hy().degree() > 0 || p.hz().degree() > 0)
std::cout << "extended vertex at " << p << std::endl;

else
std::cout << "standard vertex at " << p << std::endl;

if(p == Point_3(RT(0,1), RT(0,1), RT(0,1)))
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std::cout << " found vertex (right,back,top) of the infimaximal box"
<< std::endl;

}

return 0;
}

15.6 File I/O

Nef polyhedron3 provides an input and an output operator for a proprietary file format. It includes the complete
incidence structure, the geometric data, and the marks of each item. The output depends on the output operators
of the geometric primitives provided by the traits class, and on the output operators of the used number type.
Therefore, it is necessary to use the same kernel and the same number type for input and output operations.

We recommend to use the CGAL kernelsHomogeneous, Simplehomogeneous, or Extendedhomogeneous. We
provide compatibility between the input and output of these kernels. Especially, it is possible to write a bounded
Nef polyhedron using theExtendedhomogeneouskernel and to read it afterwards using one of the two others.

Using CGAL stream modifiers the following output formats can be chosen: ASCII(set ascii mode), binary(set
binary mode) or pretty(set pretty mode). The mandatory format is the ASCII format.

// file: examples/Nef_3/nefIO.C

#include <CGAL/Gmpz.h>
#include <CGAL/Homogeneous.h>
#include <CGAL/Extended_homogeneous.h>
#include <CGAL/Nef_polyhedron_3.h>
#include <CGAL/IO/Nef_polyhedron_iostream_3.h>
#include <fstream>

typedef CGAL::Gmpz NT;
typedef CGAL::Homogeneous<NT> SK;
typedef CGAL::Extended_homogeneous<NT> EK;
typedef CGAL::Nef_polyhedron_3<SK> Nef_polyhedron_S;
typedef CGAL::Nef_polyhedron_3<EK> Nef_polyhedron_E;

int main() {
Nef_polyhedron_E E;
Nef_polyhedron_S S;

std::cin >> E;

if(E.is_bounded()) {
std::ofstream out("temp.nef3");
out << E;
std::ifstream in("temp.nef3");
in >> S;

}
}
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15.7 Further Example Programs

15.7.1 Exploring a Sphere Map

A sphere map is explored by using the functionget spheremap, which returns the sphere map of the specified
vertex as aNef polyhedronS2. Nef polyhedronS2provides the functionality necessary for the exploration.
Note, that one has to use the typeNef polyhedronS2 as specified inNef polyhedron3 as is shown in the
following example.

// file: examples/Nef_3/exploration_SM.C

#include <CGAL/Gmpz.h>
#include <CGAL/Homogeneous.h>
#include <CGAL/Nef_polyhedron_3.h>
#include <CGAL/IO/Nef_polyhedron_iostream_3.h>

typedef CGAL::Homogeneous<CGAL::Gmpz> Kernel;
typedef CGAL::Nef_polyhedron_3<Kernel> Nef_polyhedron_3;

int main() {

// We’ve put the typedefs here as VC7 gives us an ICE if they are global typedefs
typedef Nef_polyhedron_3::Vertex_const_iterator Vertex_const_iterator;
typedef Nef_polyhedron_3::Nef_polyhedron_S2 Nef_polyhedron_S2;
typedef Nef_polyhedron_S2::SVertex_const_handle SVertex_const_handle;
typedef Nef_polyhedron_S2::SHalfedge_const_handle SHalfedge_const_handle;
typedef Nef_polyhedron_S2::SHalfloop_const_handle SHalfloop_const_handle;
typedef Nef_polyhedron_S2::SFace_const_iterator SFace_const_iterator;
typedef Nef_polyhedron_S2::SFace_cycle_const_iterator

SFace_cycle_const_iterator;

Nef_polyhedron_3 N;
std::cin >> N;

Vertex_const_iterator v = N.vertices_begin();
Nef_polyhedron_S2 S(N.get_sphere_map(v));

int i=0;
SFace_const_iterator sf;
for(sf = S.sfaces_begin(); sf != S.sfaces_end(); sf++) {

SFace_cycle_const_iterator it;
std::cout << "the sface cycles of sface " << i++ << " start with an\n";
for(it = sf->sface_cycles_begin(); it != sf->sface_cycles_end(); it++) {
if (it.is_svertex())

std::cout << " svertex at position "
<< SVertex_const_handle(it)->point() << std::endl;

else if (it.is_shalfedge())
std::cout << " shalfedge from "

<< SHalfedge_const_handle(it)->source()->point() << " to "
<< SHalfedge_const_handle(it)->target()->point() << std::endl;

else if (it.is_shalfloop())
std::cout << " shalfloop lying in the plane "
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<< SHalfloop_const_handle(it)->circle() << std::endl;
// other cases can not occur.

}
}

return 0;
}

15.7.2 Exploring Shells

A shellof a Nef polyhedron is the connected part of the surface incident to a certain volume. Each halffacet,
sface and shalfedge belongs to a single shell. The figure below illustrates the notion of a shell. It shows a Nef
polyhedron with two volumes and three shells.

The first volume is the outer volume and the second volume is the interior of the cube. The first shell is the
whole surface of the left object. The second shell is the outer surface of the right object, and the third shell is
the inner surface of the right object.

In detail, the first shell consists of two halffacets, eight halfedges and four vertices. The second shell consists
of the eight vertices of the cube plus the two endpoints of the antenna, all halffacets oriented outwards, and all
halfedges. The third shell consists of the same eight vertices of the cube, plus the endpoint of the antenna that
is in contact with the cube, all halffacets oriented inwards, and all halfedges (the same as for the second shell).

shalfloop

shalfloop

svertex

We discuss how sfaces, shalfedges, and sloops belong to the shells with a closeup view of the situation at the
antenna foot. As you can see, there are three items on the sphere map - a shalfloop for each halffacet which
intersects the sphere, and an svertex where the antenna intersects the sphere. The upper shalfloop lies on the
halffacet which is oriented outwards and is therefore also oriented outwards. This shalfloop and the svertex
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belong to the second shell. The other shalfloop lies on the inwards oriented halffacet and is oriented inwards,
too. This shalfloop belongs to the third shell.

Nef polyhedron3 offers a visitor interface to explore a shell following the well-known visitor pat-
tern [GHJV95]. The interface is illustrated by the following example.

// file: examples/Nef_3/shell_exploration.C

#include <CGAL/Gmpz.h>
#include <CGAL/Homogeneous.h>
#include <CGAL/Nef_polyhedron_3.h>
#include <CGAL/IO/Nef_polyhedron_iostream_3.h>

typedef CGAL::Homogeneous<CGAL::Gmpz> Kernel;
typedef CGAL::Nef_polyhedron_3<Kernel> Nef_polyhedron;
typedef Nef_polyhedron::Vertex_const_handle Vertex_const_handle;
typedef Nef_polyhedron::Halfedge_const_handle Halfedge_const_handle;
typedef Nef_polyhedron::Halffacet_const_handle Halffacet_const_handle;
typedef Nef_polyhedron::SHalfedge_const_handle SHalfedge_const_handle;
typedef Nef_polyhedron::SHalfloop_const_handle SHalfloop_const_handle;
typedef Nef_polyhedron::SFace_const_handle SFace_const_handle;
typedef Nef_polyhedron::Volume_const_iterator Volume_const_iterator;
typedef Nef_polyhedron::Shell_entry_const_iterator Shell_entry_const_iterator;
typedef Kernel::Point_3 Point_3;

class Shell_explorer {
bool first;
const Nef_polyhedron& N;
Vertex_const_handle v_min;

public:
Shell_explorer(const Nef_polyhedron& N_)

: first(true), N(N_) {}

void visit(Vertex_const_handle v) {
if(first || CGAL::lexicographically_xyz_smaller(v->point(),v_min->point())) {
v_min = v;
first=false;

}
}

void visit(Halfedge_const_handle e) {}
void visit(Halffacet_const_handle f) {}
void visit(SHalfedge_const_handle se) {}
void visit(SHalfloop_const_handle sl) {}
void visit(SFace_const_handle sf) {}

Vertex_const_handle& minimal_vertex() { return v_min; }
void reset_minimal_vertex() { first = true; }

};

int main() {
Nef_polyhedron N;
std::cin >> N;
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int ic = 0;
Volume_const_iterator c;
Shell_explorer SE(N);
CGAL_forall_volumes(c,N) {

std::cout << "Volume " << ic++ << std::endl;
int is = 0;
Shell_entry_const_iterator it;
CGAL_forall_shells_of(it,c) {
SE.reset_minimal_vertex();
N.visit_shell_objects(SFace_const_handle(it),SE);
Point_3 p(SE.minimal_vertex()->point());
std::cout << " minimal vertex of shell " << is++

<< " is at " << p << std::endl;
}

}
}

The functionvisit shell objects(SFaceconsthandle sf, Visitor& V) explores a shell starting at thesf. The
second argument expects any class providing the (possibly empty) functionsvisit(Vertexconsthandle),
visit(Halfedgeconsthandle) (remember that Halfedge is the same type as SVertex),visit(Halffacetconst
handle), visit(SHalfedgeconsthandle), visit(SHalfloopconsthandle) and visit(SFaceconsthandle). The
visit shell objectsfunction will call visit for each item belonging to the shell once. There are no further re-
quirements on that class.

In the example, the classShell explorer is passed as second argument tovisit shell objects. Its task is to find
the lexicographically smallest vertex of a shell. Its internal state consists of three variables. The first one is a
reference to the explored Nef polyhedron. This reference is often necessary to retrieve information from the
Nef polyhedron. The second variablev minstores the smallest vertex found so far, and the third variablefirst is
initialized to falseto signal that no vertex has been visited so far. After the first vertex has been visitedfirst is
changed totrue.

Shell explorerprovides further member functions. After the exploration of a shell theminimal vertexfunc-
tion retrieves the smallest vertex. Theresetminimal vertexfunction allows one to use the same instance of
Shell exploreron multiple shells. In this case, theresetminimal vertexfunction has to be called between the
exploration of two shells.

The example program uses theShell explorerfor each shell of the given Nef polyhedron once and reports the
smallest vertex of each shell to the standard output.

15.7.3 Point Location

The locate(Point3 p) function locates the pointp in the Nef polyhedron and returns the item the point belongs
to. Thelocatefunction returns an instance ofObject handle, which is a polymorphic handle type representing
any handle type, no matter if it is mutable or const. For further usage of the result, theObject handlehas to be
casted to the concrete handle type. TheCGAL::assignfunction performs such a cast. It returns a boolean that
reports the success or the failure of of the cast. Looking at the possible return values of thelocatefunction, the
Object handlecan represent aVertexconsthandle, aHalfedgeconsthandle, aHalffacet handle, or aVolume
consthandle. One of the four casts will succeed.

// file: examples/Nef_3/point_location.C
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#include <CGAL/Gmpz.h>
#include <CGAL/Homogeneous.h>
#include <CGAL/Nef_polyhedron_3.h>
#include <CGAL/IO/Nef_polyhedron_iostream_3.h>

typedef CGAL::Homogeneous<CGAL::Gmpz> Kernel;
typedef CGAL::Nef_polyhedron_3<Kernel> Nef_polyhedron_3;

typedef Kernel::Point_3 Point_3;

int main() {
//We’ve put the typedefs here as VC7 gives us an ICE if they are global typedefs
typedef Nef_polyhedron_3::Vertex_const_handle Vertex_const_handle;
typedef Nef_polyhedron_3::Halfedge_const_handle Halfedge_const_handle;
typedef Nef_polyhedron_3::Halffacet_const_handle Halffacet_const_handle;
typedef Nef_polyhedron_3::Volume_const_handle Volume_const_handle;
typedef Nef_polyhedron_3::Object_handle Object_handle;

Nef_polyhedron_3 N;
std::cin >> N;

Vertex_const_handle v;
Halfedge_const_handle e;
Halffacet_const_handle f;
Volume_const_handle c;
Object_handle o = N.locate(Point_3(0,0,0));
if(CGAL::assign(v,o))

std::cout << "Locating vertex" << std::endl;
else if(CGAL::assign(e,o))

std::cout << "Locating edge" << std::endl;
else if(CGAL::assign(f,o))

std::cout << "Locating facet" << std::endl;
else if(CGAL::assign(c,o))

std::cout << "Locating volume" << std::endl;
//other cases can not occur

return 0;
}

15.8 Visualization

With the Qt widget OpenGLclass an interface to OpenGL visualization via Qt is offered. The class knows
how to handle mouse movements and clicks and how to move and scale the 3D object displayed in the widget.
Qt widget OpenGLis a basis for writing Qt widgets displaying 3D objects. A user can derive a new class from
Qt widget OpenGLwhich implements the drawing method and configures the context menus.
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15.8.1 Visualizing a 3D Nef polyhedron

Qt widget Nef 3 implements the drawing methods for displaying instances ofNef polyhedron3. The following
example shows how to set up an QApplication with a main widget of typeQt widget Nef 3 and how to start the
viewer.

// Copyright (c) 2002 Max-Planck-Institute Saarbruecken (Germany)
// All rights reserved.
//
// This file is part of CGAL (www.cgal.org); you may redistribute it under
// the terms of the Q Public License version 1.0.
// See the file LICENSE.QPL distributed with CGAL.
//
// Licensees holding a valid commercial license may use this file in
// accordance with the commercial license agreement provided with the software.
//
// This file is provided AS IS with NO WARRANTY OF ANY KIND, INCLUDING THE
// WARRANTY OF DESIGN, MERCHANTABILITY AND FITNESS FOR A PARTICULAR PURPOSE.
//
// $URL: svn+ssh://scm.gforge.inria.fr/svn/cgal/branches/CGAL-3.2-branch/Nef_3/demo/Nef_3/visualization_SNC.C $
// $Id: visualization_SNC.C 29577 2006-03-17 12:11:37Z hachenb $
//
//
// Author(s) : Peter Hachenberger

#include <CGAL/basic.h>
#ifndef CGAL_USE_QT
#include <iostream>
int main(int, char*){

std::cout << "Sorry, this demo needs QT..." << std::endl; return 0;}
#else
#include <CGAL/Gmpz.h>
#include <CGAL/Homogeneous.h>
#include <CGAL/Nef_polyhedron_3.h>
#include <CGAL/IO/Nef_polyhedron_iostream_3.h>
#include <CGAL/IO/Qt_widget_Nef_3.h>
#include <qapplication.h>

typedef CGAL::Homogeneous<CGAL::Gmpz> Kernel;
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typedef CGAL::Nef_polyhedron_3<Kernel> Nef_polyhedron_3;

int main(int argc, char* argv[]) {
Nef_polyhedron_3 N;
std::cin >> N;

QApplication a(argc, argv);
CGAL::Qt_widget_Nef_3<Nef_polyhedron_3>* w =

new CGAL::Qt_widget_Nef_3<Nef_polyhedron_3>(N);
a.setMainWidget(w);
w->show();
return a.exec();

}
#endif

15.8.2 Visualizing a Sphere Map

Qt widget Nef S2 is a widget implemented on the basis ofQt widget OpenGL. It can be used to visualize
the sphere map of a vertex in aNef polyhedron3 using the interface betweenNef polyhedronS2andNef
polyhedron3.

// Copyright (c) 2002 Max-Planck-Institute Saarbruecken (Germany)
// All rights reserved.
//
// This file is part of CGAL (www.cgal.org); you may redistribute it under
// the terms of the Q Public License version 1.0.
// See the file LICENSE.QPL distributed with CGAL.
//
// Licensees holding a valid commercial license may use this file in
// accordance with the commercial license agreement provided with the software.
//
// This file is provided AS IS with NO WARRANTY OF ANY KIND, INCLUDING THE
// WARRANTY OF DESIGN, MERCHANTABILITY AND FITNESS FOR A PARTICULAR PURPOSE.
//
// $URL: svn+ssh://scm.gforge.inria.fr/svn/cgal/branches/CGAL-3.2-branch/Nef_3/demo/Nef_3/visualization_SM.C $
// $Id: visualization_SM.C 29697 2006-03-22 17:09:45Z afabri $
//
//
// Author(s) : Peter Hachenberger

#include <CGAL/basic.h>
#ifndef CGAL_USE_QT
#include <iostream>
int main(int, char*){

std::cout << "Sorry, this demo needs QT..." << std::endl; return 0;}
#else
#include <CGAL/Gmpz.h>
#include <CGAL/Homogeneous.h>
#include <CGAL/Nef_polyhedron_3.h>
#include <CGAL/IO/Nef_polyhedron_iostream_3.h>
#include <CGAL/IO/Qt_widget_Nef_S2.h>
#include <qapplication.h>
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typedef CGAL::Homogeneous<CGAL::Gmpz> Kernel;
typedef CGAL::Nef_polyhedron_3<Kernel> Nef_polyhedron_3;

int main(int argc, char* argv[]) {

// We’ve put the typedefs here as VC7 gives us an ICE if they are global typedefs
typedef Nef_polyhedron_3::Vertex_const_iterator Vertex_const_iterator;
typedef Nef_polyhedron_3::Nef_polyhedron_S2 Nef_polyhedron_S2;

Nef_polyhedron_3 N;
std::cin >> N;
Vertex_const_iterator v = N.vertices_begin();
Nef_polyhedron_S2 S(N.get_sphere_map(v));

QApplication a(argc, argv);
CGAL::Qt_widget_Nef_S2<Nef_polyhedron_S2>* w =

new CGAL::Qt_widget_Nef_S2<Nef_polyhedron_S2>(S);
a.setMainWidget(w);
w->show();
return a.exec();

}
#endif
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3D Boolean Operations on Nef Polyhedra
Reference Manual
Peter Hachenberger, Lutz Kettner, and Michael Seel

A Nef polyhedron is any point set generated from a finite number of open halfspaces by set complement and
set intersection operations. In our implementation of Nef polyhedra in 3-dimensional space, we offer a B-rep
data structures that is closed under boolean operations and with all their generality. Starting from halfspaces
(and also directly from oriented 2-manifolds), we can work with set union, set intersection, set difference, set
complement, interior, exterior, boundary, closure, and regularization operations. In essence, we can evaluate a
CSG-tree with halfspaces as primitives and convert it into a B-rep representation.

In fact, we work with two data structures; one that represents the local neighborhoods of vertices, which is in
itself already a complete description, and a data structure that connects these neighborhoods up to a global data
structure with edges, facets, and volumes. We offer a rich interface to investigate these data structures, their
different elements and their connectivity. We provide affine (rigid) tranformations and a point location query
operation. We have a custom file format for storing and reading Nef polyhedra from files. We offer a simple
OpenGL visualization for debugging and illustrations.

15.9 Classified Reference Pages

Classes

CGAL::Nef polyhedron3<Traits> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1033
CGAL::Nef polyhedron3<Traits>::Vertex. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1039
CGAL::Nef polyhedron3<Traits>::Halfedge. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page1040
CGAL::Nef polyhedron3<Traits>::Halffacet . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1042
CGAL::Nef polyhedron3<Traits>::Volume. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1044
CGAL::Nef polyhedron3<Traits>::SHalfedge. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1045
CGAL::Nef polyhedron3<Traits>::SHalfloop. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1047
CGAL::Nef polyhedron3<Traits>::SFace. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1049
CGAL::Nef polyhedron3<Traits>::SFacecycle iterator . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1051

Functions

template<class Nefpolyhedron3>
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std::sizet

OFF to nef 3( std::istream& in, Nef polyhedron3& N)
page1053

template<class Traits>
ostream& ostream& out<< CGAL::Nef polyhedron3<Traits> N

page1053

template<class Traits>
istream& istream& in >> CGAL::Nef polyhedron3<Traits>& N

page1054
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CGAL::Nef polyhedron 3<Traits>

Definition

A 3D Nef polyhedron is a subset of the 3-dimensional space that is the result of forming complements and
intersections starting from a finite setH of 3-dimensional halfspaces. Nef polyhedra are closed under all binary
set operations, i.e., intersection, union, difference, complement, and under the topological operations boundary,
closure, and interior.

A 3D Nef polyhedron can be represented by the local pyramids of the minimal elements of its incidence struc-
ture. Without going into to much detail, a local pyramid essentially reflects the topologic and geometric situation
at a certain location in a point set. For finite polyhedra the minimal elements of the incidence structure are ver-
tices only. This means, that it suffices to model the topological and geometric situation of the vertices. For 3D
Nef polyhedra, the local pyramid of a vertex is represented by a planar Nef polyhedra embedded on a sphere.

A Nef polyhedron3 consists of verticesV, a sphere map for each vertex inV, edgesE, facetsF, volumesC,
a mark for every item, and an incidence relation on them. Each edge and each facet is represented by two
halfedges or two halffacets, respectively.

#include<CGAL/Nefpolyhedron3.h>

Parameters

template< class NefpolyhedronTraits3,
class NefpolyhedronItems3 = CGAL::SNCitems,
class NefpolyhedronMarks = bool>

class Nefpolyhedron3;

The first parameter requires one of the following exact kernels:Homogeneous, Simplehomogeneous, Extended
homogeneous3 parametrized withGmpz, leda integer or any other number type modelingZ, or Cartesian,
Simplecartesian, Extendedcartesian3 parametrized withGmpq, leda rational, Quotient<Gmpz> or any other
number type modelingQ.

The second parameter and the third parameter are for future considerations. NeitherNef polyhedronItems3
nor Nef polyhedronMarksis specifed, yet. Do not use any other than the default types for these two template
parameters.

Types

Nef polyhedron3<Traits>:: Traits traits class selected forNef polyhedronTraits3.
Nef polyhedron3<Traits>:: Mark All object (vertices, edges, etc.) are attributed by a

Mark. Mark equals bool.

Nef polyhedron3<Traits>:: size type size type ofNef polyhedron3.

Nef polyhedron3<Traits>:: Vertex consthandle non-mutable handle to a vertex.
Nef polyhedron3<Traits>:: Halfedge consthandle non-mutable handle to a halfedge.
Nef polyhedron3<Traits>:: Halffacet consthandle non-mutable handle to a halffacet.
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Nef polyhedron3<Traits>:: Volume consthandle non-mutable handle to a volume.
Nef polyhedron3<Traits>:: SVertexconsthandle non-mutable handle to a svertex.
Nef polyhedron3<Traits>:: SHalfedgeconsthandle non-mutable handle to a shalfedge.
Nef polyhedron3<Traits>:: SHalfloop consthandle non-mutable handle to a shalfloop.
Nef polyhedron3<Traits>:: SFaceconsthandle non-mutable handle to a sface.

Nef polyhedron3<Traits>:: Vertex const iterator non-mutable iterator over all vertices.
Nef polyhedron3<Traits>:: Halfedge const iterator non-mutable iterator over all halfeges.
Nef polyhedron3<Traits>:: Halffacet const iterator non-mutable iterator over all halffacets.
Nef polyhedron3<Traits>:: Volume const iterator non-mutable iterator over all volumes.
Nef polyhedron3<Traits>:: SVertexconst iterator non-mutable iterator over all svertices.
Nef polyhedron3<Traits>:: SHalfedgeconst iterator non-mutable iterator over all shalfedges.
Nef polyhedron3<Traits>:: SHalfloop const iterator non-mutable iterator over all shalfloops.
Nef polyhedron3<Traits>:: SFaceconst iterator non-mutable iterator over all sfaces.

Nef polyhedron3<Traits>:: SHalfedgearound svertexconstcirculator

non-mutable circulator of shalfedges around a svertex (cw).

Nef polyhedron3<Traits>:: SHalfedgearound sfaceconstcirculator

non-mutable circulator of shalfedges around a sface (ccw).

Nef polyhedron3<Traits>:: SHalfedgearoud facet constcirculator

non-mutable circulator of shalfedges around a halffacet (ccw).

Nef polyhedron3<Traits>:: SFacecycle const iterator

non-mutable iterator over the cylces of a sface.

Nef polyhedron3<Traits>:: Halffacet cycle const iterator

non-mutable iterator over the cylces of a halffacet.

Nef polyhedron3<Traits>:: Shell entry const iterator

non-mutable iterator providing an entry to each shell.

Nef polyhedron3<Traits>:: Object handle a generic handle to an object. The kind of object(ver-
tex, halfedge, halffacet, volume, svertex, shalfedge, shalfloop,
sface)can be determined and the object can be assigned to a
corresponding constant handle by one of the following func-
tions:
bool assign(Vertexconsthandle& h, Objecthandle)
bool assign(Halfedgeconsthandle& h, Objecthandle)
bool assign(Halffacetconsthandle& h, Objecthandle)
bool assign(Volumeconsthandle& h, Objecthandle)
bool assign(SVertexconsthandle& h, Objecthandle)
bool assign(SHalfedgeconsthandle& h, Objecthandle)
bool assign(SHalfloopconsthandle& h, Objecthandle)
bool assign(SFaceconsthandle& h, Objecthandle)
where each function returnstrue iff the assignment toh could
be accomplished.

Nef polyhedron3<Traits>:: Point 3 location of vertices.
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Nef polyhedron3<Traits>:: Segment3 segment represented by a halfedge.
Nef polyhedron3<Traits>:: Vector 3 direction of a halfedge.
Nef polyhedron3<Traits>:: Plane 3 plane of a halffacet lies in.
Nef polyhedron3<Traits>:: Aff transformation3

affine transformation.

enum Boundary{ EXCLUDED, INCLUDED};

construction selection.

enum Content{ EMPTY, COMPLETE}; construction selection.

Nef polyhedron3<Traits>:: Nef polyhedronS2

a sphere map.

Nef polyhedron3<Traits>:: Polyhedron a polyhedral surface.

Creation

Nef polyhedron3<Traits> N( Content space = EMPTY);

creates a Nef polyhedron and initializes it to the empty set ifplane ==
EMPTYand to the whole space ifspace == COMPLETE.

Nef polyhedron3<Traits> N( Plane3 p, Boundary b = INCLUDED);

creates a Nef polyhedron containing the halfspace left ofp including p if
b==INCLUDED, excludingp if b==EXCLUDED.

Nef polyhedron3<Traits> N( Polyhedron& P);

creates a Nef polyhedron, which represents the same point set as the poly-
hedral surfaceP does.

Nef polyhedron3<Traits> N( Input iterator begin, Inputiterator end);

creates a Nef polyhedron consisting of a single polygon spanned by the
list of points in the iterator range[begin,end). If the points do not on a
common supporting plane, the constructor tries to triangulate the polygon
into multiple facets.If the construction does not succeed, the empty set is
created.

Access Member Functions

bool N.is simple() returns true, ifN is a 2-manifold.
bool N.is valid() checks the integrity ofN .

Sizetype N.numberof vertices() returns the number of vertices.
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Sizetype N.numberof halfedges() return the number of halfedges.
Sizetype N.numberof edges() returns the number of halfedge pairs.
Sizetype N.numberof halffacets() returns the number of halffacets.
Sizetype N.numberof facets() returns the number of halffacet pairs.
Sizetype N.numberof volumes() returns the number of volumes.

Vertexconst iterator N.verticesbegin() iterator over all vertices.
Vertexconst iterator N.verticesend() past-the-end iterator.

Halfedgeconst iterator N.halfedgesbegin() iterator over all halfedges.
Halfedgeconst iterator N.halfedgesend() past-the-end iterator.

Halffacet const iterator N.halffacetsbegin() iterator over all halffacets.
Halffacet const iterator N.halffacetsend() past-the-end iterator.

Volumeconst iterator N.volumesbegin() iterator over all volumes.
Volumeconst iterator N.volumesend() past-the-end iterator.

The following macros are provided:CGAL forall vertices(v,N), CGAL forall halfedges(e,N), CGAL forall
edges(e,N), CGAL forall halffacets(f,N), CGAL forall facets(f,N), CGAL forall volumes(c,N)where N is a
Nef polyhedron3.

Object handle N.locate( Point3 p) returns a generic handle to the object (vertex, edge,
facet or volume) which contains the point p in its
relative interior.

Nef polyhedronS2 N.getspheremap( Vertexconst iterator v)

returns the neighborhood of a vertex modeled by a
Nef polyhedronS2.

Point Set Predicates

bool N.is empty() returns true, ifN is the empty point set.
bool N.is space() returns true, ifN is the complete 3D space.

bool N== N1 returns true, ifN and N1 comprise the same point sets.
bool N ! = N1 returns true, ifN and N1 comprise different point sets.
bool N< N1 returns true, ifN is a proper subset of N1.
bool N> N1 returns true, ifN is a proper superset of N1.
bool N<= N1 returns true, ifN is a subset of N1.
bool N>= N1 returns true, ifN is a superset of N1.

Unary Set Operations

Nef polyhedron3<Traits> N.complement() returns the complement ofN .
Nef polyhedron3<Traits> N.interior() returns the interior ofN .
Nef polyhedron3<Traits> N.boundary() returns the boundary ofN .
Nef polyhedron3<Traits> N.closure() returns the closure ofN .
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Nef polyhedron3<Traits> N.regularization() returns the regularization, i.e. the closure of the interior,
of N .

Nef polyhedron3<Traits> ! N returns the complement ofN .

Binary Set Operations

Nef polyhedron3<Traits> N.intersection( N1) return the intersection ofN and N1.
Nef polyhedron3<Traits> N.join( N1) return the union ofN and N1. (Note that ”union” is a C++

keyword and cannot be used for this operation.)

Nef polyhedron3<Traits> N.difference( N1) return the difference betweenN and N1.
Nef polyhedron3<Traits> N.symmetricdifference( N1)

return the symmetric difference ofN and N1.

Nef polyhedron3<Traits> N∗N1 return the intersection ofN and N1.
Nef polyhedron3<Traits> N+N1 return the union ofN and N1.
Nef polyhedron3<Traits> N−N1 return the difference betweenN and N1.
Nef polyhedron3<Traits> N ˆN1 return the symmetric difference ofN and N1.

void N∗= N1 intersectsN and N1.
void N+= N1 unitesN with N1.
void N−= N1 subtracts N1 fromN .
void Nˆ= N1 performs a symmetric intersection ofN and N1.

Operations

void N.clear( Content space = EMPTY)

makeN the empty set ifspace == EMPTYand the complete 3D space ifspace == COMPLETE.

void N.transform( Afftransformation3 aff)

applies an affine transformation toN .

void N.convertto Polyhedron( Polyhedron& P)

convertsN into a Polyhedron.
Precondition: N is simple.

void N.visit shell objects( SFaceconsthandle f, Visitor& V)

calls the visit function of V for every item which belongs to the same shell as sf.
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See Also

CGAL::Nef polyhedron3<Traits>::Vertex. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1039
CGAL::Nef polyhedron3<Traits>::Halfedge. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page1040
CGAL::Nef polyhedron3<Traits>::Halffacet . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1042
CGAL::Nef polyhedron3<Traits>::Volume. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1044
CGAL::Nef polyhedron3<Traits>::SHalfedge. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1045
CGAL::Nef polyhedron3<Traits>::SHalfloop. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1047
CGAL::Nef polyhedron3<Traits>::SFace. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1049
CGAL::Nef polyhedronS2<Traits> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page991
CGAL::Polyhedron<Traits> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page??

Example

This example program creates two Nef polyhedra - one representing the empty point set, one representing the
whole 3D space. The complement of the latter one is computeted and compared with the first one.

// file: examples/Nef_3/simple.C

#include <CGAL/Gmpz.h>
#include <CGAL/Homogeneous.h>
#include <CGAL/Nef_polyhedron_3.h>

typedef CGAL::Homogeneous<CGAL::Gmpz> Kernel;
typedef CGAL::Nef_polyhedron_3<Kernel> Nef_polyhedron;

int main() {
Nef_polyhedron N0(Nef_polyhedron::EMPTY);
Nef_polyhedron N1(Nef_polyhedron::COMPLETE);

CGAL_assertion (N0 == N1.complement());
return 0;

}
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CGAL::Nef polyhedron 3<Traits>::Vertex

Definition

A vertex is a point in the 3-dimensional space. Its incidence structure can be accessed creating a sphere map of
the vertex. This is done by the member functionget spheremapof the classNef polyhedron3.

#include<CGAL/Nefpolyhedron3.h>

Types

The following types are the same as inNef polyhedron3<Traits>.

Vertex:: Mark type of mark.

Vertex:: Point3 point type stored in Vertex.

Creation

There is no need for a user to create aVertexexplicitly. The classNef polyhedron3<Traits> manages the
needed vertices internally.

Operations

Mark v.mark() the mark ofv .

Point 3 v.point() the point ofv .

CGAL::Nef polyhedron3<Traits> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1033
CGAL::Nef polyhedronS2<Traits> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page991
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CGAL::Nef polyhedron 3<Traits>::Halfedge

Definition

A Halfedge has a double meaning. In the global incidence structure of aNef polyhedron3 it is an oriented
edge going from one vertex to another. A halfedge also coincides with an svertex of the sphere map of its
source vertex. Because of this, we offer the typesHalfedgeandSVertexwhich are the same. Furthermore, the
redundant functionscentervertex()andsource()are provided. The reason is, that we get the same vertex either
if we want to have the source vertex of a halfedge, or if we want to have the vertex in the center of the sphere
map a svertex lies on. Figure15.9on page1045 and figure15.9on page1042 illustrate the incidence of a
svertex on a sphere map and of a halfedge in the global structure.

As part of the global incidence structure, the member fuctionssourceand target return the source and target
vertex of an edge. The member functiontwin() returns the opposite halfedge.

Looking at the incidence structure on a sphere map, the member functionout sedgereturns the first outgoing
shalfedge, andincident sfacereturns the incident sface.

#include<CGAL/Nefpolyhedron3.h>

Types

The following types are the same as inNef polyhedron3<Traits>.

Halfedge:: Mark type of mark.

Halfedge:: Spherepoint sphere point type stored in Halfedge.

Halfedge:: Vertexconsthandle const handle to vertex.
Halfedge:: Halfedgeconsthandle const handle to halfedge.
Halfedge:: SHalfedgeconsthandle const handle to SHalfedge.
Halfedge:: SFaceconsthandle const handle to SFace.

Creation

There is no need for a user to create aHalfedgeexplicitly. The classNef polyhedron3<Traits> manages the
needed halfedges internally.

Operations

Mark e.mark() the mark ofe .

Spherepoint e.point() the sphere point ofe .

bool e.is isolated() returns —true— ifehas no adjacent sedges.

Vertexconsthandle e.centervertex() the center vertex of the sphere mapebelongs to.
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Vertexconsthandle e.source() the source vertex ofe .

Vertexconsthandle e.target() the target vertexe.

Halfedgeconsthandle e.twin() the twin ofe .

SHalfedgeconsthandle

e.out sedge() the first out sedege ofe .

SFaceconsthandle e.incidentsface() the incident sface ofe .

See Also

CGAL::Nef polyhedron3<Traits>::Vertex. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1039
CGAL::Nef polyhedron3<Traits>::SHalfedge. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1045
CGAL::Nef polyhedron3<Traits>::SFace. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1049
CGAL::Nef polyhedronS2<Traits>::Spherepoint . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page997

1041



C
la

ss

CGAL::Nef polyhedron 3<Traits>::Halffacet

Definition

A halffacet is an oriented, rectilinear bounded part of a plane. The following figure depicts the incidences to
halfedges, vertices and the notion of facet cycles.
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The member functiontwin returns the opposite halffacet,incident volumereturns the incident volume. A
Halffacet cycle either consists of consecutive shalfedges along the border (or a hole) of the halffacet, or of
a single shalfloop on the sphere map of a vertex isolated on the halffacet. The iterator range (halffacetcycles
begin()/halffacetcyclesend()) provides an entry element for each halffacet cycle of a halffacet.

#include<CGAL/Nefpolyhedron3.h>

Types

The following types are the same as inNef polyhedron3<Traits>.

Halffacet:: Mark type of mark.

Halffacet:: Plane3 plane type stored in Halffacet.

Halffacet:: Objectlist list of Object handles.

Halffacet:: Halffacetconsthandle const handle to Halffacet.
Halffacet:: Volumeconsthandle const handle to volume.
Halffacet:: Halffacetcycle const iterator const iterator over the entries to all halffacet cycles of a

halffacet.

Creation

There is no need for a user to create aHalffacetexplicitly. The classNef polyhedron3<Traits> manages the
needed halffacets internally.
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Operations

Mark f .mark() the mark off .

Plane 3 f .plane() the supporting plane off .

Halffacet consthandle f .twin() the twin off .

Volumeconsthandle f .incidentvolume() the incident volume off .

Halffacet cycle const iterator f .facetcycle begin()

iterator over the entries to all halffacet cycles off .

Halffacet cycle const iterator f .facetcycle end() past-the-end iterator.

See Also

CGAL::Nef polyhedron3<Traits>::Volume. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1044
CGAL::Nef polyhedron3<Traits>::Halfedge. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page1040
CGAL::Nef polyhedron3<Traits>::SHalfedge. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1045
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CGAL::Nef polyhedron 3<Traits>::Volume

Definition

A volume is a full-dimensional connected point set inR3. It is bounded by several shells, i.e. a connected part
of the boundary incident to a single volume. An entry element to each shell is provided by the iterator range
(shellsbegin()/shellsend()). A Shell entry iterator is assignable toSFacehandle.

#include<CGAL/Nefpolyhedron3.h>

Types

The following types are the same as inNef polyhedron3<Traits>.

Volume:: Mark type of mark.

Volume:: Objectlist list of Object handles.

Volume:: Volumeconsthandle const handle to Volume.
Volume:: Shellentry const iterator const iterator over the entries to all shells adjacent to a

volume.

Creation

There is no need for a user to create aVolumeexplicitly. The classNef polyhedron3<Traits> manages the
needed volumes internally.

Operations

Mark c.mark() the mark ofc .

Shell entry const iterator c.shellsbegin() const iterator over the entries to all shells adjacent toc .

Shell entry const iterator c.shellsend() past-the-end iterator.

See Also

CGAL::Nef polyhedron3<Traits>::SFace. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1049
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CGAL::Nef polyhedron 3<Traits>::SHalfedge

Definition

A shalfedge is a great arc on a sphere map. Figure15.9 on page1045 depicts the relationship between a
shalfedge and its incident shalfedges, svertices, and sfaces on a sphere map. A shalfedge is an oriented sedge
between two svertices. It is always paired with a shalfedge pointing in the opposite direction. Thetwin()
member function returns this shalfedge of opposite orientation.
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The snext()member function points to the successor shalfedge around this sface while thesprev()member
function points to the preceding shalfedge. An successive assignments of the formse = se->snext()cycles
counterclockwise around the sface (or hole).

Similarly, the successive assignments of the formse = se->snext()->twin() cycle clockwise around the svertex
and traverse all halfedges incident to this svertex. The assignmentse = se->cyclic adj succ()can be used as a
shortcut.

The role of shalfedges in a facet is illustrated in Figure15.9on page1042. Thefacet()member function returns
the facet in which the shalfedge is part of one of the facet cycles. The successive assignment of the formse =
se->next()cycles counterclockwise around the facet (or a hole of the facet).

A const circulators is provided for each of the three circular orders. The circulators are bidirectional and
assignable toSHalfedgeconsthandle.

#include<CGAL/Nefpolyhedron3.h>

Types

The following types are the same as inNef polyhedron3<Traits>.

SHalfedge:: Mark type of mark.

SHalfedge:: Spherecircle sphere circle type stored in SHalfedge.

SHalfedge:: Halffacetconsthandle const handle to Halffacet.
SHalfedge:: SVertexconsthandle const handle to SVertex.
SHalfedge:: SHalfedgeconsthandle const handle to SHalfedge.
SHalfedge:: SFaceconsthandle const handle to SFace.
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Creation

There is no need for a user to create aSHalfedgeexplicitly. The classNef polyhedron3<Traits> manages the
needed shalfedges internally.

Operations

Mark se.mark() the mark ofse.

Spherecircle se.circle() the sphere circle ofse.

SHalfedgeconsthandle se.twin() the twin ofse.

SVertexconsthandle se.source() the source svertex ofse.

SVertexconsthandle se.target() equalstwin()->source().

SHalfedgeconsthandle se.prev() the SHalfedge previous tosein a facet cycle.

SHalfedgeconsthandle se.next() the next SHalfedge ofsein a facet cycle.

SHalfedgeconsthandle se.sprev() the SHalfedge previous tosein a sface cycle.

SHalfedgeconsthandle se.snext() the next SHalfedge ofsein a sface cycle.

SHalfedgeconsthandle se.cyclicadj pred() the edge beforese in the cyclic ordered adjacency list of
source().

SHalfedgeconsthandle se.cyclicadj succ() the edge afterse in the cyclic ordered adjacency list of
source().

Halffacet consthandle se.facet() the facet that corresponds tosein the 3D incidence struc-
ture.

SFaceconsthandle se.incidentsface() the incident sface ofse.

See Also

CGAL::Nef polyhedron3<Traits>::Halfedge. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page1040
CGAL::Nef polyhedron3<Traits>::Halffacet . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1042
CGAL::Nef polyhedron3<Traits>::SFace. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1049
CGAL::Nef polyhedronS2<Traits>::Spherecircle . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1000
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CGAL::Nef polyhedron 3<Traits>::SHalfloop

Definition

A shalfloop is a great circle on a sphere map. Figure15.9on page1047 depicts the relationship between a
shalfloop and its incident shalfloops, and sfaces on a sphere map. A shalfloop is an oriented sloop. It is always
paired with a shalfloop whose supportingSpherecircle is pointing in the opposite direction. Thetwin() member
function returns this shalfloop of opposite orientation.

shalfloopopposite shalfloop

incident sface

A sphere map having a shalfloop models the neighborhood of a vertex which is isolated on a facet. That facet is
returned by the member functionfacet.

#include<CGAL/Nefpolyhedron3.h>

Types

The following types are the same as inNef polyhedron3<Traits>.

SHalfloop:: Mark type of mark.

SHalfloop:: Spherecircle sphere circle type stored in SHalfloop.

SHalfloop:: Halffacetconsthandle const handle to Halffacet.
SHalfloop:: SHalfloopconsthandle const handle to SHalfloop.
SHalfloop:: SFaceconsthandle const handle to SFace.

Creation

There is no need for a user to create aSHalfloopexplicitly. The classNef polyhedron3<Traits> manages the
needed shalfloops internally.

Operations

Mark se.mark() the mark ofse.

Spherecircle se.circle() the sphere circle ofse.
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SHalfloopconsthandle se.twin() the twin ofse.

Halffacet consthandle se.facet() the facet that corresponds tosein the 3D incidence struc-
ture.

SFaceconsthandle se.incidentsface() the incident sface ofse.

See Also

CGAL::Nef polyhedron3<Traits>::Halffacet . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1042
CGAL::Nef polyhedron3<Traits>::SFace. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1049
CGAL::Nef polyhedronS2<Traits>::Spherepoint . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page997
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CGAL::Nef polyhedron 3<Traits>::SFace

Definition

Figure15.9on page1045 and figure15.9on page1047 illustrate the incidences of an sface. An sface is de-
scribed by its boundaries. An entry item to each boundary cycle can be accessed using the iterator range (sface
cyclesbegin()/sfacecyclesend()). Additionally, Nef polyhedronS2provides the macroCGAL forall sface
cylcesof . The iterators are of typeSFacecycle const iterator and represent either a shalfedge, a shalfloop, or
a svertex.

#include<CGAL/Nefpolyhedron3.h>

Types

The following types are the same as inNef polyhedron3<Traits>.

SFace:: Mark type of mark.

SFace:: Objectlist list of Object handles.

SFace:: Vertexconsthandle const handle to Vertex.
SFace:: Volumeconsthandle const handle to Volume.
SFace:: SFaceconsthandle const handle to SFace.
SFace:: SFacecycle const iterator const iterator over the entries to all sface cycles of a

sface.

Creation

There is no need for a user to create aSFaceexplicitly. The classNef polyhedron3<Traits> manages the
needed sfaces internally.

Operations

Mark sf .mark() the mark ofsf .

Vertexconsthandle sf .centervertex() the center vertex of the sphere mapsf belongs to.

Volumeconsthandle sf .volume() the volume that corresponds tosf in the 3D incidence
structure.

SFacecycle const iterator sf .sfacecycle begin() iterator over the entries to all sface cycles ofsf .

SFacecycle const iterator sf .sfacecycle end() past-the-end iterator.

See Also

CGAL::Nef polyhedron3<Traits>::Vertex. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1039
CGAL::Nef polyhedron3<Traits>::Volume. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1044
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CGAL::Nef polyhedron 3<Traits>::Halffacet cycle iterator

Definition

The typeHalffacet cycle iterator iterates over a list ofObject handles. Each item of that list can either be
assigned toSHalfedgehandleor SHalfloophandle. To find out which of these assignment works out, the
member functionsis shalfedge()andis shalfloop()are provided.

#include<CGAL/Nefpolyhedron3.h>

Types

Halffacet cycle iterator:: SHalfedgehandle const handle to SHalfedge.
Halffacet cycle iterator:: SHalfloop handle const handle to SHalfloop.

Creation

Halffacet cycle iterator hfc; default constructor.

Operations

bool hfc.isshalfedge() returns true ifhfc represents aSHalfedgehandle.
bool hfc.isshalfloop() returns true ifhfc represents aSHalfloophandle.

SHalfedgehandle SHalfedgehandle(hfc) castshfc to SHalfedgehandle.
SHalfloophandle SHalfloophandle(hfc) castshfc to SHalfloophandle.

See Also

CGAL::Nef polyhedron3<Traits>::SHalfedge. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1045
CGAL::Nef polyhedron3<Traits>::SHalfloop. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1047
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CGAL::Nef polyhedron 3<Traits>::SFace cycle iterator

Definition

The typeSFacecycle iterator iterates over a list ofObject handles. Each item of that list can either be assigned
to SVertexhandle, SHalfedgehandleor SHalfloophandle. To find out which of these assignment works out,
the member functionsis svertex(), is shalfedge()andis shalfloop()are provided.

#include<CGAL/Nefpolyhedron3.h>

Types

SFacecycle iterator:: SVertexhandle const handle to SVertex.
SFacecycle iterator:: SHalfedgehandle const handle to SHalfedge.
SFacecycle iterator:: SHalfloop handle const handle to SHalfloop.

Creation

SFacecycle iterator sfc; default constructor.

Operations

bool sfc.issvertex() returns true ifsfcrepresents aSVertexhandle.
bool sfc.isshalfedge() returns true ifsfcrepresents aSHalfedgehandle.
bool sfc.isshalfloop() returns true ifsfcrepresents aSHalfloophandle.

SVertexhandle SVertexhandle(sfc) castssfcto SVertexhandle.
SHalfedgehandle SHalfedgehandle(sfc) castssfcto SHalfedgehandle.
SHalfloophandle SHalfloophandle(sfc) castssfcto SHalfloophandle.

See Also

CGAL::Nef polyhedron3<Traits>::Halfedge. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page1040
CGAL::Nef polyhedron3<Traits>::SHalfedge. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1045
CGAL::Nef polyhedron3<Traits>::SHalfloop. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1047
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CGAL::OFF to nef 3

Definition

This constructor creates a 3D Nef polyhedron from OFF file. OFF file is read from input streamin. The purpose
of OFF to nef 3 is to create a Nef polyhedron from an OFF file that cannot be handled by theNef polyhedron
3 constructors. It handles double coordinates while using a homogenous kernel, non-coplanar facets, surfaces
with boundaries, self-intersecting surfaces, and single facets. Every closed volume gets marked. The function
returns the number of facets it could not handle.

template<class Nefpolyhedron3>
std::sizet OFF to nef 3( std::istream& in, Nef polyhedron3& N)

See Also

CGAL::Nef polyhedron3<Traits> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1033
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CGAL::operator <<

Definition

This operator writes The Nef polyhedronN to the output streamout using a propriatary file format. It includes
the complete incidence structure, the geometric data, and the marks of each item.

Using CGAL stream modifiers the following output formats can be chosen: ASCII(set ascii mode), binary(set
binary mode) or pretty(set pretty mode). The mandatory format is the ASCII format. It is recommended to use
this format for file input and output.

As the output depends on the output operators of the geometric primitives provided by the traits class, it
might not be possible that the input operator and output operators of different traits classes are not compati-
ble. We recommend to use the CGAL kernelsHomogeneous, Simplehomogeneous, or Extendedhomogeneous
parametrized with any exact number type that modelsmathbbZ(e.g.Gmpzor leda integer).

A boundedNef polyhedron3<Extendedhomogeneous> is automatically written as thoughNef polyhedron
3<CGAL::Homogeneous> or Nef polyhedron3<CGAL::Simplehomogeneous> is used. As a result, the input
operator of each of these types can read the output.

#include<CGAL/IO/Nefpolyhedroniostream3.h>

template<class NefpolyhedronTraits3>
ostream& ostream& out<< CGAL::Nef polyhedron3<Nef polyhedronTraits3> N

See Also

CGAL::Nef polyhedron3<Traits> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1033
operator>> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1054
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CGAL::operator >>

Definition

This operator reads a Nef polyhedron, which is given in the proprietary file format written by the input operator
in and assigns it toN. It includes the complete incidence structure, the geometric data, and the marks of each
item.

It is recommended to use the CGAL kernelsHomogeneous, Simplehomogeneous, or Extendedhomogeneous
parametrized with any exact number type that modelsZ (e.g.Gmpzor leda integer). The input and output
iterators of Nef polyhedra parametrized with either of these kernels are compatible as long as the Nef polyhedron
is bounded. An unbounded Nef polyhedron can only be read by a Nef polyhedron parametrized with an extended
kernel. It is also recommended to use the CGAL stream modifierset ascii mode.

The input operator and output operators of N

#include<CGAL/IO/Nefpolyhedroniostream3.h>

template<class NefpolyhedronTraits3>
istream& istream& in >> CGAL::Nef polyhedron3<Nef polyhedronTraits3>& N

See Also

CGAL::Nef polyhedron3<Traits> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1033
operator<< . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1053
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CGAL::Qt widget Nef 3<Nef polyhedron 3

Definition

The classQt widget Nef 3 uses the OpenGL interface of Qt to display aNef polyhedron3. Its purpose is to
provide an easy to use viewer forNef polyhedron3. There are no means provided to enhance the functionality
of the viewer.

In addition to the functions inherited from the Qt classOGLWidgetvia, Qt widget Nef 3 only has a single
public constructor. For the usage ofQt widget Nef 3 see the example below.

#include<CGAL/IO/Qt widget Nef 3.h>

Parameters

The template parameter expects an instantiation ofNef polyhedron3<Traits>.

Creation

Qt widget Nef 3<Nef polyhedron3 W( Nefpolyhedron3 N);

Creates a widgetW for displaying the 3D Nef polyhedron N.

See Also

CGAL::Nef polyhedron3<Traits> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1033

Example

This example reads a 3D Nef polyhedron from standard input and displays it in a Qt widget.

// Copyright (c) 2002 Max-Planck-Institute Saarbruecken (Germany)
// All rights reserved.
//
// This file is part of CGAL (www.cgal.org); you may redistribute it under
// the terms of the Q Public License version 1.0.
// See the file LICENSE.QPL distributed with CGAL.
//
// Licensees holding a valid commercial license may use this file in
// accordance with the commercial license agreement provided with the software.
//
// This file is provided AS IS with NO WARRANTY OF ANY KIND, INCLUDING THE
// WARRANTY OF DESIGN, MERCHANTABILITY AND FITNESS FOR A PARTICULAR PURPOSE.
//
// $URL: svn+ssh://scm.gforge.inria.fr/svn/cgal/branches/CGAL-3.2-branch/Nef_3/demo/Nef_3/visualization_SNC.C $
// $Id: visualization_SNC.C 29577 2006-03-17 12:11:37Z hachenb $
//
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//
// Author(s) : Peter Hachenberger

#include <CGAL/basic.h>
#ifndef CGAL_USE_QT
#include <iostream>
int main(int, char*){

std::cout << "Sorry, this demo needs QT..." << std::endl; return 0;}
#else
#include <CGAL/Gmpz.h>
#include <CGAL/Homogeneous.h>
#include <CGAL/Nef_polyhedron_3.h>
#include <CGAL/IO/Nef_polyhedron_iostream_3.h>
#include <CGAL/IO/Qt_widget_Nef_3.h>
#include <qapplication.h>

typedef CGAL::Homogeneous<CGAL::Gmpz> Kernel;
typedef CGAL::Nef_polyhedron_3<Kernel> Nef_polyhedron_3;

int main(int argc, char* argv[]) {
Nef_polyhedron_3 N;
std::cin >> N;

QApplication a(argc, argv);
CGAL::Qt_widget_Nef_3<Nef_polyhedron_3>* w =

new CGAL::Qt_widget_Nef_3<Nef_polyhedron_3>(N);
a.setMainWidget(w);
w->show();
return a.exec();

}
#endif
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Chapter 16

2D Straight Skeleton and Polygon
Offsetting
Fernando Cacciola
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16.1 Definitions

16.1.1 2D Contour

A 2D contouris a closed sequence (a cycle) of 3 or moreconnected 2D oriented straight line segmentscalled
contour edges. The endpoints of the contour edges are calledvertices. Each contour edge shares its endpoints
with at least two other contour edges.
If the edges intersect only at the vertices and at most are coincident along a line but do notcrossone another,
the contour is classified assimple.
A contour is topologically equivalent to adiskand if it is simple, is said to be aJordan Curve.
Contours partition the plane in two open regions: one bounded and one unbounded. If the bounded region of a
contour is asingly-connected set, the contour is said to bestrictly-simple.
The Orientationof a contour is given by the order of the vertices around the region they bound. It can be
Clockwise(CCW) orCounter-clockwise(CW).
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The bounded sideof a contour edge is the side facing the bounded region of the contour. If the contour is
oriented CCW, the bounded side of an edge is its left side.

A contour with a null edge (a segment of length zero given by two consecutive coincident vertices), or with
edges not connected to the bounded region (an antenna: 2 consecutive edges going forth and back along the
same line), is said to bedegenerate(collinear edges arenot considered a degeneracy).

16.1.2 2D Polygon with Holes

A 2D polygonis a contour.
A 2D polygon with holesis a contour, called theouter contour, having zero or more contours, calledinner
contours, or holes, in its bounded region. The intersection of the bounded region of the outer contour and
the unbounded regions of each inner contour is theinterior of the polygon with holes. The orientation of the
holes must be opposite to the orientation of the outer contour and there cannot be any intersection among any
contour. A hole cannot be in the bounded region of any other hole.
A polygon with holes is strictly-simple if its interior is a singly-connected set.
The orientation of a polygon with holes is the orientation of its outer contour. The bounded side ofanyedge,
whether of the outer contour or a hole, is thesamefor all edges. That is, if the outer contour is oriented CCW
and the holes CW, both contour and hole edges face the polygon interior to their left.

Throughout the rest of this chapter the termpolygonwill be used as a shortcut forpolygon with holes.

Figure 16.1: Examples of strictly simple polygons: One with no holes and two edges coincident (left) and one
with 2 holes (right).

16.1.3 Inward Offset of a Non-degenerate Strictly-Simple Polygon with Holes

For any 2D non-degenerate strictly-simple polygon with holes called thesource, there can exist asetof 0, 1
or moreinward offset polygons with holes, or just offset polygons for short, at some euclidean distancet > 0
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Figure 16.2: Examples of non-simple polygons: One folding into itself, that is, non-planar (left), one with a
vertex touching an edge (right), and one with a hole crossing into the outside (bottom)

(each being strictly simple and non-degenerate). Any contour edge of such offset polygon, called anoffset edge
corresponds tosomecontour edge of the source polygon, called itssource edge. An offset edge is parallel to its
source edge and has the same orientation. The Euclidean distance between thelinessupporting an offset edge
and its source edge is exactlyt.
An offset edge is always located to the bounded side of its source edge (which is an oriented straight line
segment).
An offset polygon can have less, equal or more sides as its source polygon.
If the source polygon has no holes, no offset polygon has holes. If the source polygon has holes, any of the
offset polygons can have holes itself, but it might as well have no holes at all (if the distance is sufficiently
large).
Each offset polygon has the same orientation as the source polygon.

16.1.4 Straight Skeleton of a 2D Non-degenerate Strictly-Simple Polygon with Holes

The2D straight skeletonof a non-degenerate strictly-simple polygon with holes [AAAG95] is a special parti-
tioning of the polygon interior intostraight skeleton regionscorresponding to the monotone areas traced by a
continuousinward offsettingof the contour edges. Each region corresponds to exactly 1 contour edge.
These regions are bounded by angular bisectors of the supporting lines of the contour edges and each such
region is itself a non-convex non-degenerate strictly-simple polygon.

Angular Bisecting Lines and Offset Bisectors

Given two points and a line passing through them, the perpendicular line passing through the midpoint is the
bisecting line (or bisector) of those points.
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Figure 16.3: Offset contours of a sample polygon

Two non-parallel lines, intersecting at a point, are bisected by two other lines passing through that intersection
point.

Two parallel lines are bisected by another parallel line placed halfway in between.

Given just one line, any perpendicular line can be considered the bisecting line (any bisector of any two points
along the single line).

The bisecting lines of two edges are the lines bisecting the supporting lines of the edges (if the edges are parallel
or collinear, there is just one bisecting line).

The halfplane to the bounded side of the line supporting a contour edge is called theoffset zoneof the contour
edge.

Given any number of contour edges (not necessarily consecutive), the intersection of their offset zones is called
theircombined offset zone.

Any two contour edges define anoffset bisector, as follows: If the edges are non-parallel, their bisecting lines
can be decomposed as 4 rays originating at the intersection of the supporting lines. Only one of these rays
is contained in the combined offset zone of the edges (which one depends on the possible combinations of
orientations). This ray is the offset bisector of the non-parallel contour edges.

If the edges are parallel (but not collinear) and have opposite orientation, the entire and unique bisecting line is
their offset bisector. If the edges are parallel but have the same orientation, there is no offset bisector between
them.

If the edges are collinear and have the same orientation, their offset bisector is given by a perpendicular ray to the
left of the edges which originates at the midpoint of the combined complement of the edges. (Thecomplement
of an edge/segment are the two rays along its supporting line which are not the segment and thecombined
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Figure 16.4: Straight skeleton of a complex shaggy contour
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Figure 16.5: Other examples: A vertex-event (left), the case of several collinear edges (middle), and the case of
a validly simple polygon with tangent edges (right).
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complementof N collinear segments is the intersection of the complements of each segment). If the edges are
collinear but have opposite orientation, there is no offset bisector between them.

Faces, Edges and Vertices

Each region of the partitioning defined by a straight skeleton is called aface. Each face is bounded by straight
line segments, callededges. Exactly one edge per face is acontour edge(corresponds to a side of the polygon)
and the rest of the edges, located in the interior of the polygon, are calledskeleton edges, or bisectors.

The bisectors of the straight skeleton are segments of the offset bisectors as defined previously. Since an offset
bisector is a ray of a bisecting line of 2 contour edges, each skeleton edge (or bisector) is uniquely given by two
contour edges. These edges are called thedefining contour edgesof the bisector.

The intersection of the edges are calledvertices. Although in a simple polygon, only 2 edges intersect at a
vertex, in a straight skeleton, 3 or more edges intersect a any given vertex. That is, vertices in a straight skeleton
have degree>= 3.

A contour vertexis a vertex for which 2 of its incident edges are contour edges.

A skeleton vertexis a vertex who’s incident edges are all skeleton edges.

A contour bisectoris a bisector who’s defining contour edges are consecutive. Such a bisector is incident upon
1 contour vertex and 1 skeleton vertex and touches the input polygon at exactly 1 endpoint.

An inner bisectoris a bisector who’s defining contour edges are not consecutive. Such a bisector is incident
upon 2 skeleton vertices and is strictly contained in the interior of the polygon.

16.2 Representation

This CGAL package represents a straight skeleton as a specializedHalfedge Data Structure(HDS) whose ver-
tices embeds 2D Points (see theStraightSkeleton2 concept in the reference manual for details).

Its halfedges, by considering the source and target points, implicitly embeds 2D oriented straight line segments
(each halfedge per see does not embed a segment explicitly).

A face of the straight skeleton is represented as a face in the HDS. Both contour and skeleton edges are rep-
resented by pairs of opposite HDS halfedges, and both contour and skeleton vertices are represented by HDS
vertices.

In a HDS, a border halfedge is a halfedge which is incident upon an unbounded face. In the case of the straight
skeleton HDS, such border halfedges are oriented such that their left side faces outwards the polygon. Therefore,
the opposite halfedge of any border halfedge is oriented such that its left side faces inward the polygon.

This CGAL package requires the input polygon (with holes) to be non-degenerate, strictly-simple, and oriented
counter-clockwise.

The skeleton halfedges are oriented such that theirleft side faces inward the region they bound. That is, the
vertices (both contour and skeleton) of a face are circulated in counter-clockwise order. There is one and only
one contour halfedge incident upon any face.

The contours of the input polygon are traced by the border halfedges of the HDS (those facing outward), but in
the opposite direction. That is, the vertices of the contours can only by traced from the straight skeleton data
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structure by circulating the border halfedges, and the resulting vertex sequence will be reversed w.r.t the input
vertex sequence.

A skeleton edge, according to the definition given in the previous section, is defined by 2 contour edges. In
the representation, each one of the opposite halfedges that represent a skeleton edge is associated with one of
the opposite halfedges that correspond to one of its defining contour edges. Thus, the 2 opposite halfedges of a
skeleton edge link the edge to its 2 defining contour edges.

Starting from any border contour halfedge, circulating the structure walks through border counter halfedges and
traces the vertices of the polygon’s contours (in opposite order).

Starting from any non-border but contour halfedge, circulating the structure walks counter-clockwise around
the face corresponding to that contour halfedge. The vertices around a face always describe a non-convex
non-degenerate strictly-simple polygon.

A vertex is the intersection of contour and/or skeleton edges. Since a skeleton edge is defined by 2 contour
edges, any vertex is itself defined by a unique set of contour edges. These are called thedefining contour edges
of the vertex.

A vertex is identified by it’s set of defining contour edges. Two vertices are distinct if they have differing sets of
defining contour edges. Note that vertices can be distinct even if they are geometrically embedded at the same
point.

Thedegreeof a vertex is the number of halfedges around the vertex incident upon (pointing to) the vertex. As
with any halfedge data structure, there is one outgoing halfedge for each incoming (incident) halfedge around a
vertex. The degree of the vertex counts only incoming (incident) halfedges.

In a straight skeleton, the degree of a vertex is not only the number of incident halfedges around the vertex but
also the number of defining contour halfedges. The vertex itself is the point where all the defining contour edges
simultaneously collide.

Contour vertices have exactly two defining contour halfedges, which are the contour edges incident upon the
vertex; and 3 incident halfedges. One and only one of the incident halfedges is a skeleton halfedge. The degree
of a contour vertex is exactly 3.

Skeleton vertices have at least 3 defining contour halfedges and 3 incident skeleton halfedges. If more than 3
edges collide simultaneously at the same point and time (like in any regular polygon with more than 3 sides), the
corresponding skeleton vertex will have more than 3 defining contour halfedges and incident skeleton halfedges.
That is, the degree of a skeleton vertex is>= 3 (the algorithm initially produces nodes of degree 3 but in the
end all coincident nodes are merged to form higher degree nodes). All halfedges incident upon a skeleton vertex
are skeleton halfedges.

The defining contour halfedges and incident halfedges around a vertex can be traced using the circulators pro-
vided by the vertex class. The degree of a vertex is not cached and cannot be directly obtained from the vertex,
but you can calculate this number by manually counting the number of incident halfedges around the vertex.

Each vertex stores a 2D point and atime, which is the euclidean distance from the vertex’s point to thelines
supporting each of the defining contour edges of the vertex (the distance is the same to each line). Unless the
polygon is convex, this distance is not equidistant to the edges, as in the case of a Medial Axis, therefore, the
time of a skeleton vertex does not correspond to the distance from the polygon to the vertex (so it cannot be
used to obtain the deep of a region in a shape, for instance).
If the polygonis convex, the straight skeleton is exactly equivalent to the polygon’s voronoi diagram and each
vertex time is the equidistance to the defining edges.
Contour vertices have time zero.
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Figure 16.6: Straight Skeleton Data Structure
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16.3 API

The straight skeleton data structure is defined by theStraightSkeleton2 concept and modeled in theStraight
skeleton2<Traits,Items,Alloc> class.

The straight skeleton construction algorithm is encapsulated in the classStraight skeletonbuilder 2<Gt,Ss>
which is parameterized on a geometric traits (classStraight skeletonbuilder traits<Kernel>) and the Straight
Skeleton class (Ss).

The offset contours construction algorithm is encapsulated in the classPolygonoffsetbuilder 2<
Ss,Gt,Container> which is parameterized on the Straight Skeleton class (Ss), a geometric traits (classPolygon
offsetbuilder traits<Kernel>) and a container type where the resulting offset polygons are generated.

To construct the straight skeleton of a polygon with holes the user must:

(1) Instantiate the straight skeleton builder.

(2) Enter one contour at a time, starting from the outer contour, via the methodenter contour. The input
polygon with holes must be non-degenerate, strictly-simple and counter-clockwise oriented (see the definitions
at the beginning of this chapter). Collinear edges are allowed. The insertion order of each hole is unimportant
but the outer contour must be entered first.

(3) Call constructskeletononceall the contours have been entered. You cannot enter another contour once the
skeleton has been constructed.

To construct a set of inward offset contours the user must:

(1) Construct the straight skeleton of the source polygon with holes.

(2) Instantiate the polygon offset builder passing in the straight skeleton as a parameter.

(3) Call constructoffsetcontourspassing the desired offset distance and an output iterator that can store a
boost::sharedptr of Containerinstances into a resulting sequence (typically, a back insertion iterator)

Each element in the resulting sequence is anoffset contour, given by aboost::sharedptr holding a dynamically
allocated instance of the Container type. Such a container can be any model of theVertexContainer2 concept,
for example, aCGAL::Polygon2, or just astd::vectorof 2D points.

The resulting sequence of offset contours can contain both outer and inner contours. Each offset hole (inner
offset contour) would logically belong in the interior of some of the outer offset contours. However, this al-
gorithm returns a sequence of contours in arbitrary order and there is no indication whatsoever of the parental
relationship between inner and outer contours.

On the other hand, each outer contour is counter-clockwise oriented while each hole is clockwise-oriented. And
since offset contours do form simple polygons with holes, it is guaranteed that no hole will be inside another
hole, no outer contour will be inside any other contour, and each hole will be inside exactly 1 outer contour.

Parental relationships arenot automatically reconstructed by this algorithm because this relation is not directly
given by the input polygon with holes and doing itrobustlyis a time-consuming operation.

A user can reconstruct the parental relationships as a post processing operation by testing each inner contour
(which is identified by being clockwise) against each outer contour (identified as being counter-clockwise) for
insideness.

This algorithm requires exact predicates but not exact constructions Therefore, theExact predicatesinexact
constructionskernelshould be used.
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16.3.1 Exterior Skeletons and Exterior Offset contours

This CGAL package can only construct the straight skeleton and offset contours in theinterior of a polygon with
holes. However, constructing exterior skeletons and exterior offsets is possible:

Say you have some polygon made of 1 outer contour C0 and 1 hole C1, and you need to obtain some exterior
offset contours.
The interior region of a polygon with holes is connected while the exterior region is not: there is an unbounded
region outside the outer contour, and one bounded region inside each hole. To construct an offset contour you
need to construct an straight skeleton. Thus, to construct exterior offset contours for a polygon with holes, you
need to construct,separately, the exterior skeleton of the outer contour and the interior skeleton of each hole.
Constructing the interior skeleton of a hole is directly supported by this CGAL package; you just need to input
the hole’s vertices in reversed order as if it were an outer contour.
Constructing the exterior skeleton of the outer contour is possible by means of the following trick: place the
contour as a hole of a big rectangle (call itframe). If the frame is sufficiently separated from the contour, the
resulting skeleton will be practically equivalent to areal exterior skeleton.
To construct exterior offset contours in the inside of each hole you just use the skeleton constructed in the
interior, and, if required, revert the orientation of each resulting offset contour.
Constructing exterior offset contours in the outside of the outer contour is just a little bit more involved: Since
the contour is placed as a hole of a frame, you will always obtain 2 offset contours for any given distance; one
is the offseted frame and the other is the offseted contour. Thus, from the resulting offset contour sequence, you
always need to discard the offsetted frame, easily identified as the offset contour with the largest area.
It is necessary to place the frame sufficiently away from the contour. If it is not, it could occur that the outward
offset contour collides and merges with the inward offset frame, resulting in 1 instead of 2 offset contours.
However, the proper separation between the contour and the frame is not directly given by the offset distance at
which you want the offset contour. That distance must be at least the desired offset plus the largest euclidean
distance between an offset vertex and its original.
This CGAL packages provides a helper function to compute the required separation:computeouter frame
margin
If you use this function to place the outer frame you are guaranteed to obtain an offset contour corresponding
exclusively to the frame, which you can always identify as the one with the largest area and which you can
simple remove from the result (to keep just the relevant outer contours).

16.3.2 Example

#include<vector>
#include<iterator>
#include<iostream>
#include<iomanip>
#include<string>

#include<boost/shared_ptr.hpp>

#include<CGAL/basic.h>
#include<CGAL/Cartesian.h>
#include<CGAL/Polygon_2.h>
#include<CGAL/Exact_predicates_inexact_constructions_kernel.h>
#include<CGAL/Straight_skeleton_builder_2.h>
#include<CGAL/Polygon_offset_builder_2.h>
#include<CGAL/compute_outer_frame_margin.h>

//
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Figure 16.7: Exterior skeleton obtained using a frame (left) and 2 sample exterior offset contours (right)
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// This example illustrates how to use the CGAL Straight Skeleton package
// to construct an offset contour on the outside of a polygon
//

// This is the recommended kernel
typedef CGAL::Exact_predicates_inexact_constructions_kernel Kernel;

typedef Kernel::Point_2 Point_2;
typedef CGAL::Polygon_2<Kernel> Contour;
typedef boost::shared_ptr<Contour> ContourPtr;
typedef std::vector<ContourPtr> ContourSequence ;

typedef CGAL::Straight_skeleton_2<Kernel> Ss;

typedef Ss::Halfedge_iterator Halfedge_iterator;
typedef Ss::Halfedge_handle Halfedge_handle;
typedef Ss::Vertex_handle Vertex_handle;

typedef CGAL::Straight_skeleton_builder_traits_2<Kernel> SsBuilderTraits;
typedef CGAL::Straight_skeleton_builder_2<SsBuilderTraits,Ss> SsBuilder;

typedef CGAL::Polygon_offset_builder_traits_2<Kernel> OffsetBuilderTraits;
typedef CGAL::Polygon_offset_builder_2<Ss,OffsetBuilderTraits,Contour> OffsetBuilder;

int main()
{

// A start-shaped polygon, oriented counter-clockwise as required for outer contours.
Point_2 pts[] = { Point_2(-1,-1)

, Point_2(0,-12)
, Point_2(1,-1)
, Point_2(12,0)
, Point_2(1,1)
, Point_2(0,12)
, Point_2(-1,1)
, Point_2(-12,0)
} ;

std::vector<Point_2> star(pts,pts+8);

// We want an offset contour in the outside.
// Since the package doesn’t support that operation directly, we use the following trick:
// (1) Place the polygon as a hole of a big outer frame.
// (2) Construct the skeleton on the interior of that frame (with the polygon as a hole)
// (3) Construc the offset contours
// (4) Identify the offset contour that corresponds to the frame and remove it from the result

double offset = 3 ; // The offset distance

// First we need to determine the proper separation between the polygon and the frame.
// We use this helper function provided in the package.
boost::optional<double> margin = CGAL::compute_outer_frame_margin(star.begin(),star.end(),offset);

// Proceed only if the margin was computed (an extremely sharp corner might cause overflow)
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if ( margin )
{

// Get the bbox of the polygon
CGAL::Bbox_2 bbox = CGAL::bbox_2(star.begin(),star.end());

// Compute the boundaries of the frame
double fxmin = bbox.xmin() - *margin ;
double fxmax = bbox.xmax() + *margin ;
double fymin = bbox.ymin() - *margin ;
double fymax = bbox.ymax() + *margin ;

// Create the rectangular frame
Point_2 frame[4]= { Point_2(fxmin,fymin)

, Point_2(fxmax,fymin)
, Point_2(fxmax,fymax)
, Point_2(fxmin,fymax)
} ;

// Instantiate the skeleton builder
SsBuilder ssb ;

// Enter the frame
ssb.enter_contour(frame,frame+4);

// Enter the polygon as a hole of the frame (NOTE: as it is a hole we insert it in the opposite orientation)
ssb.enter_contour(star.rbegin(),star.rend());

// Construct the skeleton
boost::shared_ptr<Ss> ss = ssb.construct_skeleton();

// Proceed only if the skeleton was correctly constructed.
if ( ss )
{
// Instantiate the container of offset contours
ContourSequence offset_contours ;

// Instantiate the offset builder with the skeleton
OffsetBuilder ob(*ss);

// Obtain the offset contours
ob.construct_offset_contours(offset, std::back_inserter(offset_contours));

// Locate the offset contour that corresponds to the frame
// That must be the outmost offset contour, which in turn must be the one
// with the largetst unsigned area.
ContourSequence::iterator f = offset_contours.end();
double lLargestArea = 0.0 ;
for (ContourSequence::iterator i = offset_contours.begin(); i != offset_contours.end(); ++ i )
{

double lArea = CGAL_NTS abs( (*i)->area() ) ; //Take abs() as Polygon_2::area() is signed.
if ( lArea > lLargestArea )
{

f = i ;
lLargestArea = lArea ;
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}
}

// Remove the offset contour that corresponds to the frame.
offset_contours.erase(f);

// Print out the skeleton
Halfedge_handle null_halfedge ;
Vertex_handle null_vertex ;

// Dump the edges of the skeleton
for ( Halfedge_iterator i = ss->halfedges_begin(); i != ss->halfedges_end(); ++i )
{

std::string edge_type = (i->is_bisector())? "bisector" : "contour";
Vertex_handle s = i->opposite()->vertex();
Vertex_handle t = i->vertex();
std::cout << "(" << s->point() << ")->(" << t->point() << ") " << edge_type << std::endl;

}

// Dump the generated offset polygons

std::cout << offset_contours.size() << " offset contours obtained\n" ;

for (ContourSequence::const_iterator i = offset_contours.begin(); i != offset_contours.end(); ++ i )
{

// Each element in the offset_contours sequence is a shared pointer to a Polygon_2 instance.

std::cout << (*i)->size() << " vertices in offset contour\n" ;

for (Contour::Vertex_const_iterator j = (*i)->vertices_begin(); j != (*i)->vertices_end(); ++ j )
std::cout << "(" << j->x() << "," << j->y() << ")" << std::endl ;

}
}

}

return 0;
}

16.4 Straight Skeletons, Medial Axis and Voronoi Diagrams

The straight skeleton of a polygon is similar to the medial axis and the voronoi diagram of a polygon in the
way it partitions it; however, unlike the medial axis and voronoi diagram, the bisectors are not equidistant to
its defining edges but to the supporting lines of such edges. As a result, Straight Skeleton bisectors might not
be located in the center of the polygon and so cannot be regarded as a proper Medial Axis in its geometrical
meaning.

On the other hand, only reflex vertices (whose internal angle> pi) are the source of deviations of the bisectors
from its center location. Therefore, for convex polygons, the straight skeleton, the medial axis and the Voronoi
diagram are exactly equivalent, and, if a non-convex polygon contains only vertices of low reflexivity, the
straight skeleton bisectors will be placed nearly equidistant to their defining edges, producing a straight skeleton
pretty much alike a proper medial axis.
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16.5 Usages of the Straight Skeletons

The most natural usage of straight skeletons is offsetting: growing and shrinking polygons (provided by this
CGAL package).

Anther usage, perhaps its very first, is roof design: The straight skeleton of a polygonal roof directly gives
the layout of each tent. If each skeleton edge is lifted from the plane a height equal to its offset distance, the
resulting roof is ”correct” in that water will always fall down to the contour edges (roof border) regardless of
were in the roof it falls. [LD03] gives an algorithm for roof design based on the straight skeleton.

Just like medial axes, 2D straight skeletons can also be used for 2D shape description and matching. Essen-
tially, all the applications of image-based skeletonization (for which there is a vast literature) are also direct
applications of the straight skeleton, specially since skeleton edges are simply straight line segments.

Consider the subgraph formed only byinner bisectors(that is, only the skeleton halfeges which are not incident
upon a contour vertex). Call this subgraph askeleton axis. Each node in the skeleton axis whose degree is>= 3
roots more than one skeleton tree. Each skeleton tree roughly corresponds to a region in the input topologically
equivalent to a rectangle; that is, without branches. For example, a simple letter ”H” would contain 2 higher
degree nodes separating the skeleton axis in 5 trees; while the letter ”@” would contain just 1 higher degree
node separating the skeleton axis in 2 curly trees.

Since a skeleton edge is a 2D straight line, each branch in a skeleton tree is a polyline. Thus, the path-length of
the tree can be directly computed. Furthermore, the polyline for a particular tree can be interpolated to obtain
curve-related information.

Pruning each skeleton tree cutting off branches whose length is below some threshold; or smoothing a given
branch, can be used to reconstruct the polygon without undesired details, or fit into a particular canonical shape.

Each skeleton edge in a skeleton branch is associated with 2 contour edges which are facing each other. If the
polygon has a bottleneck (it almost touches itself), a search in the the skeleton graph measuring the distance
between each pair of contour edges will reveal the location of the bottleneck, allowing you to cut the shape in
two. Likewise, if two shapes are too close to each other along some part of their boundaries (a near contact zone),
a similar search in an exterior skeleton of the two shapes at once would reveal the parts of near contact, allowing
you to stitch the shapes. Thesecut and stitchoperations can be directly executed in the straight skeleton itself
instead of the input polygon (because the straight skeleton contains a graph of the connected contour edges).

16.6 Straight Skeleton of a General Figure in the Plane

A straight skeleton can also be defined for a general multiply-connected planar directed straight-line graph
[AA95] by considering all the edges as embedded in an unbounded region. The only difference is that in this
case some faces will be only partially bounded.

The current version of this CGAL package can only construct the straight skeleton in the interior of a simple
polygon with holes, that is it doesn’t handle general polygonal figures in the plane.
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StraightSkeleton 2

Definition

The concept StraightSkeleton2 describes the requirements for the data structure used to represent a straight
skeleton.

Refines

HalfedgeDS

Types

StraightSkeleton2:: Vertex A model of theStraightSkeletonVertex2 concept used to
represent the vertices of the straight skeleton

StraightSkeleton2:: Halfedge A model of theStraightSkeletonHalfedge2 concept used to
represent the halfedges of the straight skeleton

StraightSkeleton2:: Face Any model of theHalfedgeDSFaceconcept

Has Models

CGAL::Straightskeleton2<Traits,Items,Alloc>.

This concept explicitly protects all the modifying operations of the baseHalfedgeDSconcept. Only the algo-
rithm classes, or clients explicitly bypassing the protection mechanism, can modify a straight skeleton.
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StraightSkeletonVertex 2

Definition

The concept StraightSkeletonVertex2 describes the requirements for the vertex type of theStraightSkeleton2
concept. It is a refinement of theHalfedgeDSVertexconcept with support for storage of the incident halfedge.
The StraightSkeletonVertex2 concept requires the geometric embedding to be a 2D point.

Refines

HalfedgeDSVertex

Types

StraightSkeletonVertex2:: Point 2 The type of the 2D point being the geometric embedding of
the vertex

StraightSkeletonVertex2:: FT A model of theSqrtFieldNumberTypeconcept representing
the time of a vertex (an Euclidean distance)

StraightSkeletonVertex2:: Halfedgearound vertexconstcirculator
StraightSkeletonVertex2:: Halfedgearound vertexcirculator

The circulator type used to visit all the incident halfedges
around a vertex

StraightSkeletonVertex2:: Defining contour halfedgeconstcirculator
StraightSkeletonVertex2:: Defining contour halfedgecirculator

The circulator type used to visit all the defining contour
halfedges of a vertex

Creation

StraightSkeletonVertex2 v; Default constructor
StraightSkeletonVertex2 v( int id, Point 2 p); Constructs a contour vertex with ID numberid, at the pointp

StraightSkeletonVertex2 v( int id, Point 2 p, FT time);

Constructs a skeleton vertex with ID numberid, at pointp
and timetime.

Access Functions

int v.id() The ID of the vertex.
Point 2 v.point() The vertex point.
FT v.time() The time of the vertex: the distance from the vertex point to

the lines supporting the defining contour edges

Halfedgehandle v.primarybisector()
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Halfedgeconsthandle

v.primary bisector() Returns the skeleton halfedge incident upon the vertex
(called theprimarybisector).

Halfedgearound vertexcirculator

v.halfedgearound vertexbegin()
Halfedgearound vertexconstcirculator

v.halfedgearound vertexbegin()

Returns a bi-directional circulator pointing to one of the in-
cident halfedges (which one is unspecified).
There will always be as many incident halffedges as the de-
gree of the vertex.
If this is a contourvertex, its degree is exactly 3, and from
the halfedges pointed to by the circulator, 2 are contour and
1 is a bisector.
If this is anskeletonvertex, its degree is at least 3 and all of
the halfedges pointed to by the circulator are bisectors.
Each halfedge pointed to by this circulator is the one which
is oriented towards the vertex (according to the geometric
embedding).

Defining contour halfedgecirculator

v.definingcontour halfedgesbegin()
Defining contour halfedgeconstcirculator

v.definingcontour halfedgesbegin()

Returns a bi-directional circulator pointing to one of the
defining contour halfedges of the vertex (which one is un-
specified).
There will always be as many incident defining contour
halfedges as the degree of the vertex.
Each halfedge pointed to by this circulator is the one having
its left side facing inwards (which happens to be the contour
halfedge for whichis border() is false).

Queries

bool v.is contour() Returnstrue iff this is a contour vertex.
bool v.is skeleton() Returnstrue iff this is a skeleton vertex.

Has Models

CGAL::Straightskeletonvertexbase2<Refs,Point,FT>.

See Also

StraightSkeleton2
StraightSkeletonHalfedge2
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CGAL::Straightskeletonvertexbase2<Refs,Point,FT>
CGAL::Straightskeletonhalfedgebase2<Refs>
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StraightSkeletonHalfedge2

Definition

The concept StraightSkeletonHalfedge2 describes the requirements for the halfedge type of
the StraightSkeleton2 concept. It is a refinement of theHalfedgeDSHalfedgeconcept. The
StraightSkeletonHalfedge2 concept requires no geometric embedding at all. The only geometric em-
bedding used by the Straight Skeleton Data Structure are the 2D points in the contour and skeleton vertices.
However, for any halfedge, there is a 2D segment implicitly given by itssourceandtargetvertices.

Refines

HalfedgeDSHalfedge

Creation

StraightSkeletonHalfedge2 h; Default Constructor.

StraightSkeletonHalfedge2 h( int id); Constructs a halfedge with IDid.
It is the links to other halfedges what determines if this is a
contour edge, a contour-skeleton edge or an inner-skeleton
edge.

Access Functions

Halfedgehandle h.definingcontour edge()
Halfedgeconsthandle

h.definingcontour edge()

If this is a bisector halfedge, returns a handle to the inward-
facing (non-border) contour halfedge corresponding to the
defining contour edge which is to its left; if this is a contour
halfedge, returns a handle to itself ifis border() is false, or
to its opposite if it istrue.

Queries

bool h.is bisector() Returnstrue iff this is a bisector (or skeleton) halfedge (i.e.
is not a contour halfedge).

bool h.is inner bisector() Returnstrue iff this is a bisector and is inner (i.e. is not
incident upon a contour vertex).

Has Models

CGAL::Straightskeletonhalfedge2<Refs>.

1079



See Also

StraightSkeleton2
StraightSkeletonHalfedge2
CGAL::Straightskeletonvertexbase2<Refs,Point,FT>
CGAL::Straightskeletonhalfedgebase2<Refs>
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StraightSkeletonBuilderTraits 2

Definition

The concept StraightSkeletonBuilderTraits2 describes the requirements for the geometric traits class required
by the algorithm classStraight skeletonbuilder 2<Gt,Ss>.

Types

StraightSkeletonBuilderTraits2:: Kernel A model of theKernelconcept.
StraightSkeletonBuilderTraits2:: FT A SqrtFieldNumberTypeprovided by the kernel. This type

is used to represent the coordinates of the input points, of the
skeleton nodes and as the event time stored in the skeleton
nodes.

boost::tuple<FT,FT> Vertex; A pair of (x,y) coordinates representing a 2D cartesian point.

boost::tuple<Vertex,Vertex>

Edge; A pair of vertices representing an edge
boost::tuple<Edge,Edge,Edge>

EdgeTriple; A triple of edges representing an event

StraightSkeletonBuilderTraits2:: Equal 2

A predicate object type being a model of theKernel::Equal 2 function ob-
ject concept.

StraightSkeletonBuilderTraits2:: Left turn 2

A predicate object type being a model of theKernel::LeftTurn2 function
object concept.

StraightSkeletonBuilderTraits2:: Collinear 2

A predicate object type being a model of theKernel::Collinear 2 function
object concept.

StraightSkeletonBuilderTraits2:: Do ss eventexist 2

A predicate object type.
Must providebool operator()( EdgeTriple const& et) const, which deter-
mines if, given the 3orientedlines defined by the 3 input edges (3 pair of
points), there exist an Euclidean distancet ≥ 0 for which the corresponding
3 offset lines at t(parallel lines at an Euclidean distance oft) intersect in a
single point.

Precondition: each edge in the triple must properly define an oriented line,
that is, such points cannot be coincident.
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StraightSkeletonBuilderTraits2:: Comparess eventtimes2

A predicate object type.
Must provide Comparisonresult operator()( EdgeTriple const& x, Ed-
geTriple const& y) const, which compares thetimes for the events
determined by the edge-triplesx andy.
The time of an event given by an edge triple (which defines 3 oriented
lines) is the Euclidean distancet at which the corresponding offset lines att
intersect in a single point.

Precondition: x and y must be edge-triples corresponding to events that
actually exist (as determined by the predicateExist sls event2).

StraightSkeletonBuilderTraits2:: Comparess eventdistanceto seed2

A predicate object type.
Must provideComparisonresult operator()( Point2 const& p, EdgeTriple
const& x, EdgeTriple const& y), which compares the Euclidean distance of
the points of event forx andy to the pointp.
The point of an event given by an edge triple (which defines 3 oriented
lines) is the intersection point of the 3 corresponding offset lines at the time
t of the event.
It must also provideComparisonresult operator( EdgeTriple const&
seed, EdgeTriple const& x, EdgeTriple const& y)() which makes the same
comparison as the first overload but where the seed point is given implicitly
as the point of event forseed.

Precondition: seed, x andy must be edge-triples corresponding to events
that actually exist (as determined by the predicateExist sls event2).

StraightSkeletonBuilderTraits2:: Is ss eventinside offsetzone2

A predicate object type.
Must provide bool operator()( EdgeTriple const& e, EdgeTriple const&
zone), which determines if the point of event fore is inside theoffset zone
defined by the 3orientedlines given byzone.
An offset zone given by 3orientedlines is the intersection of the halfplanes
to the left of each oriented line.

Precondition: e must be an edge-triple corresponding to an event that ac-
tually exist (as determined by the predicateExist sls event2), and the 3
oriented lines given byzonemust be well defined (no point-pair can have
coincident points).

StraightSkeletonBuilderTraits2:: Are ss eventssimultaneous2

A predicate object type.
Must providebool operator()( EdgeTriple const& x, EdgeTriple const& y),
which determines if the events given byx andy are coincident in time and
space; that is, both triples of offset lines intersect at the same point and at
the same Euclidean distance from their sources.

Precondition: x and y must be edge-triples corresponding to events that
actually exist (as determined by the predicateExist sls event2).
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StraightSkeletonBuilderTraits2:: Constructss eventtime and point 2

A construction object type.
Must provideboost::tuple< boost::optional<FT>, boost::optional<Point
2> > operator()( EdgeTriple const& e), which given the 3oriented lines
defined by the 3 input edges (3 pair of points), returns the Euclidean
distancet ≥ 0 and intersection point at which the corresponding 3offset
lines at tintersect.
If the values cannot be computed, not even approximately (because of
overflow for instance), an empty optional must be returned.

Precondition: e must be an edge-triple corresponding to an event that actu-
ally exist (as determined by the predicateExist sls event2).

StraightSkeletonBuilderTraits2:: Constructss vertex2

A construction object type.
Must provideVertex operator()( Point2 const& p), which given aPoint 2
p returns a Vertex encapsulating the corresponding (x,y) pair ofcartesian
coordinates.

StraightSkeletonBuilderTraits2:: Constructss edge2

A construction object type.
Must provideEdge operator()( Point2 const& s, Point 2 const& t), which
given source and target pointss and t returns an Edge encapsulating the
corresponding input segment (incartesiancoordinates.)

StraightSkeletonBuilderTraits2:: Constructss triedge 2

A construction object type.
Must provideTriedge operator()( Edge const& e0, Edge const& e1, Edge
const& e2), which given the 3 edges that define an event,e0, e1 and e2,
returns a Triedge encapsulating them.

Has Models

CGAL::Straightskeletonbuilder traits 2<K>.

See Also

CGAL::Straightskeletonbuilder 2<Gt,Ss>
CGAL::Straightskeletonbuilder traits 2<K>
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PolygonOffsetBuilderTraits 2

Definition

The concept PolygonOffsetBuilderTraits2 describes the requirements for the geometric traits class required by
the algorithm classPolygonoffsetbuilder 2<Ss,Gt,Polygon2>.

Types

PolygonOffsetBuilderTraits2:: Kernel A model of theKernelconcept.
PolygonOffsetBuilderTraits2:: FT A SqrtFieldNumberTypeprovided by the kernel. This type

is used to represent the coordinates of the input points and to
specify the desired offset distance.

PolygonOffsetBuilderTraits2:: Point 2 A 2D point type
boost::tuple<FT,FT> Vertex; A pair of (x,y) coordinates representing a 2D Cartesian point.

boost::tuple<Vertex,Vertex>

Edge; A pair of vertices representing an edge
boost::tuple<Edge,Edge,Edge>

EdgeTriple; A triple of edges representing an event

PolygonOffsetBuilderTraits2:: Compareoffsetagainsteventtime 2

A predicate object type.
Must provideComparisonresult operator()( FT d, EdgeTriple const& et)
const, which compares the Euclidean distanced with the event time foret.
Such event time is the Euclidean distance at which theoffset linesintersect in
a single point. The source of such offset lines is given by the 3orientedlines
defined by the edge-tripleet
Precondition: etmust be an edge-triple corresponding to an event that actually
exist (that is, there must exist an offset distancet > 0 at which the offset lines
do intersect at a single point.

PolygonOffsetBuilderTraits2:: Constructoffsetpoint 2

A construction object type.
Must provide boost::optional<Point 2> operator()( FT t, Edge const& x,
Edge const& y) const, which constructs the point of intersection of the lines
obtained by offsetting the oriented lines given byx and y an Euclidean
distancet. If the point cannot be computed, not even approximately (because
of overflow for instance), an empty optional must be returned.

Precondition: x andy must intersect in a single point

PolygonOffsetBuilderTraits2:: Constructss vertex2

A construction object type.
Must provideVertex operator()( Point2 const& p), which given aPoint 2 p
returns a Vertex encapsulating the corresponding (x,y) pair of Cartesian coor-
dinates.

1084



PolygonOffsetBuilderTraits2:: Constructss edge2

A construction object type.
Must provideEdge operator()( Point2 const& s, Point 2 const& t), which
given source and target pointss andt returns an Edge encapsulating the cor-
responding input segment (in Cartesian coordinates.)

PolygonOffsetBuilderTraits2:: Constructss triedge 2

A construction object type.
Must provideTriedge operator()( Edge const& e0, Edge const& e1, Edge
const& e2), which given the 3 edges that define an event,e0, e1 ande2, re-
turns a Triedge encapsulating them.

Has Models

CGAL::Polygonoffsetbuilder traits 2<K>.

See Also

CGAL::Polygonoffsetbuilder 2<Ss,Gt,Polygon2>
CGAL::Polygonoffsetbuilder traits 2<K>
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VertexContainer 2

Introduction

A model for the VertexContainer2 concept defines the requirements for a resizable container of 2D points. It
is used to output the offset polygons generated by thePolygonoffsetbuilder 2<Ssds,Gt,Container> class.

Types

VertexContainer2:: Point 2 A 2D point type used to represent a vertex. Must be a model
of theKernel::Point 2 concept

VertexContainer2:: size type A unsigned integral type that can represent the number of
vertices in the container.

Creation

VertexContainer2 c; Default constructor

size type c.size() Returns the number of vertices in the container.

void c.pushback( Point2 v)

Adds the vertex v to the container, resizing its capacity if
required.

Has Models

CGAL::Polygon2

Any standard BackInsertionSequence, such asvector, list or deque, with a value typebeing a model of the
Kernel::Point 2 concept.
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CGAL::Straight skeleton 2<Traits,Items,Alloc>

Definition

The classStraight skeleton2<Traits,Items,Alloc> provides a model for theStraightSkeleton2 concept which
is the class type used to represent a straight skeleton.
It inherits fromHalfedgeDSvector<Traits,Items,Alloc>

#include<CGAL/Straightskeleton2.h>

Is Model for the Concepts

StraightSkeleton2
DefaultConstructible
CopyConstructible
Assignable

See Also

StraightSkeletonVertex2
StraightSkeletonHalfedge2
StraightSkeleton2

The only purpose of this class is to protect all the modifying operations in aHalfedgeDS. Normal users should
not modify a straight skeleton. If an advanced user needs to get access to the modifying operations, it must call
the required methods through the::Baseclass.
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CGAL::Straight skeleton vertex base2<Refs,Point,FT>

Definition

The classStraight skeletonvertexbase2<Refs,Point,FT> provides a model for theStraightSkeletonVertex2
concept which is the vertex type required by theStraightSkeleton2 concept. The classStraight skeletonvertex
base2<Refs,Point,FT> has three template arguments: the first is the model of theStraightSkeleton2 concept
(the vertex container), the second is a Point type, and the third is a model of theSqrtFieldNumberType, which
is the numeric type used to represent the time of a vertex (a Euclidean distance).

This class can be used as a base class allowing users of the straight skeleton data structure to decorate a vertex
with additional data. The concrete vertex class must be given in theHalfedgeDSItemstemplate parameter of the
instantiation of theHalfedgeDSdefaultclass used as the model for theStraight skeleton2 concept.

#include<CGAL/Straightskeletonvertexbase2.h>

Is Model for the Concepts

StraightSkeletonVertex2
DefaultConstructible
CopyConstructible
Assignable

See Also

StraightSkeletonVertex2
StraightSkeletonHalfedge2
StraightSkeleton2
CGAL::Straightskeletonhalfedgebase2<Refs>
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CGAL::Straight skeleton halfedge base2<Refs>

Definition

The classStraight skeletonhalfedgebase2<Refs> provides a model for theStraightSkeletonHalfedge2 con-
cept which is the halfedge type required by theStraightSkeleton2 concept. The classStraight skeleton
halfedgebase2<Refs> has only one template arguments: a model of theStraightSkeleton2 concept (the
halfedge container).

This class can be used as a base class allowing users of the straight skeleton data structure to decorate a halfedge
with additional data. The concrete halfedge class must be given in theHalfedgeDSItemstemplate parameter of
the instantiation of theHalfedgeDSdefaultclass used as the model for theStraight skeleton2 concept.

#include<CGAL/Straightskeletonhalfedgebase2.h>

Is Model for the Concepts

StraightSkeletonHalfedge2
DefaultConstructible
CopyConstructible
Assignable

See Also

StraightSkeletonHalfedge2
StraightSkeletonVertex2
StraightSkeleton2
CGAL::Straightskeletonvertexbase2<Refs,Point,FT>
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CGAL::Straight skeleton builder traits 2<Kernel>

Definition

The classStraight skeletonbuilder traits 2<Kernel> provides a model for theStraightSkeletonBuilderTraits2
concept which is the traits class required by theStraight skeletonbuilder 2 algorithm class. The classStraight
skeletonbuilder traits 2<Kernel> has one template argument: a 2D CGAL Kernel. This parameter must be a
model for theKernelconcept, such as theExact predicatesinexactconstructionskernel, which is the recom-
mended one.
It is unspecified which subset of the kernel is usedd into the output sequence and the returned iterator will be
equal toout.

For any given input polygon, it in this traits class (and by extension in the builder class). This is to avoid
restricting the choices in the implementation.

#include<CGAL/Straightskeletonbuilder traits 2.h>

Is Model for the Concepts

StraightSkeletonBuilderTraits2
DefaultConstructible
CopyConstructible

See Also

CGAL::Straightskeletonbuilder 2<Gt,Ssds>
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CGAL::Straight skeleton builder 2<Gt,Ss>

Definition

The classStraight skeletonbuilder 2<Gt,Ss> encapsulates the construction of the 2D straight skeleton
in the interior of a polygon with holes. Its first template parameter,Gt, must be a model of the
StraightSkeletonBuilderTraits2 concept, and its second template parameter,Ss, must be a model of the
StraightSkeleton2 concept.

#include<CGAL/Straightskeletonbuilder 2.h>

Types

Straight skeletonbuilder 2<Gt,Ss>:: Gt The geometric traits (first template parameter)
Straight skeletonbuilder 2<Gt,Ss>:: Ss The straight skeleton (second template parameter)
Straight skeletonbuilder 2<Gt,Ss>:: Point 2 The 2D point type as defined by the geometric traits

Creation

Straight skeletonbuilder 2<Gt,Ss> b; Default constructs the builder class.

Methods

template<class InputPointIterator>
Straight skeletonbuilder 2&

b.entercontour( InputPointIterator aBegin, InputPointIterator aEnd)

Defines thecontoursthat form thenon-degenerate strictly-
simple polygon with holeswhosestraight skeletonis to be
built.
Each contour must be input in turn starting with theouter
contour and following with the holes (if any). The order
of the holes is unimportant but the outer contour must be
entered first. The outer contour must be oriented counter-
clockwise while holes must be oriented clockwise.
It is an error to enter more than one outer contour or to enter
a hole which is not inside the outer contour or inside another
hole. It is also an error to enter a contour which crosses or
touches any one another. It is possible however to enter a
contour that touches itself in such a way that its interior re-
gion is still well defined and singly-connected (see the User
Manual for examples).
The sequence [aBegin,aEnd) must iterate over each 2D point
that corresponds to a vertex of the contour being entered.
Vertices cannot be coincident (except consecutively since the
method simply skip consecutive coincident vertices). Con-
secutive collinear edges are allowed.
InputPointIterator must be anInputIteratorwhosevalue type
is Point 2.
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boost::sharedptr<Ss>

b.constructskeleton()

Constructs and returns the 2D straight skeleton in the inte-
rior of the polygon with holes as defined by the contours en-
tered first by callingenter contour. All the contours of the
polygon with holes must be entered before callingconstruct
skeleton.
After constructskeletoncompletes, you cannot enter more
contours and/or callconstructskeleton()again. If you need
another straight skeleton for another polygon you must in-
stantiate and use another builder.
The result is a dynamically allocated instance of theSsclass,
wrapped in aboost::sharedptr.
If the construction process fails for whatever reason (such as
a nearly-degenerate vertex whose internal or external angle
is almost zero), the return value will benull, represented by
a default constructedsharedptr.
The algorithm automatically checks the consistency of the
result, thus, if it is notnull, it is guaranteed to be valid.

Algorithm

The implemented algorithm is closely based on [FO98] with the addition ofvertex eventsas described in [EE98].

It simulates a grassfire propagation of moving polygon edges as they move inward at constant and equal speed.
That is, the continuous inward offsetting of the polygon.
Since edges move at equal speed their movement can be characterized in a simpler setup as the movement of
vertices. Vertices move along the angular bisector of adjacent edges.
The trace of a moving vertex is described by the algorithm as abisector. Every position along a bisector
corresponds to the vertex between two offset (moved) edges. Since edges move at constant speed, every position
along a bisector also corresponds to the distance those two edges moved so far.
From the perspective of a dynamic system of moving edges, such a distance can be regarded as aninstant
(in time). Therefore, every distinct position along a bisector corresponds to a distinct instant in the offsetting
process.
As they move inward, edges can expand or contract w.r.t to the endpoints sharing a vertex. If a vertex has
an internal angle< pi, its incident edges will contract but if its internal angle> pi, they will expand. The
movement of the edges, along with their extent change, result in collisions between non-adjacent edges. These
collisions are calledevents, and they occur when the colliding edges have moved a certain distance, that is, at
certaininstants.
If non-consecutive edgesE(j),E(k)move while edgeE(i) contracts, they can collide at the point whenE(i) shrinks
to nothing (that is, the three edges might meet at a certain offset). This introduces atopological changein the
polygon: EdgesE(j),E(k) are now adjacent, edgeE(i) disappears, and a new vertex appears. This topological
change is called anedge event.
Similarly, consecutive expanding edgesE(i),E(i+1) sharing a reflex vertex (internal angle>= pi) might collide
with any edgeE(j) on the rest of the same connected component of the polygon boundary (even far away from
the initial edge’s position). This also introduces a topological change:E(j) gets split in two edges and the
connected component havingE(i),E(i+1) and E(j) is split in two unconnected parts: one havingE(i) and the
corresponding subsegment ofE(j) and the other withE(i+1) and the rest ofE(j). This is called asplit event.
If a reflex vertex hits not an edgeE(j) but another reflex vertexE(j),E(j+1), and viceversa (the reflex vertex V(j)
hits V(i)), there is no actual split and the two unconnected parts haveE(i),E(j) andE(i+1),E(j+1) (or E(i),E(j+1)
andE(i+1),E(j)). This topological change is called avertex event. Although similar to a split event in the sense
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that two new unconnected contours emerge introducing two new contour vertices, in the case of a vertex event
one of the new contour vertices might be reflex; that is, a vertex eventmayresult in one of the offset polygons
having areflexcontour vertex which was not in the original polygon.

Edges movement is described by vertices movement, and these by bisectors. Therefore, the collision between
edgesE(j),E(i),E(k) (all in the same connected component) occurs when the moving verticesE(j)->E(i) and
E(i)->E(k) meet ; that is, when the two bisectors describing the moving verticesintersect(Note: as the edges
move inward and events occur, a vertex between edges A and B might exist even if A and B are not consecutive;
that is, j and k are not necessarily i-1 and i+1 respectively, although initially they are).
Similarly, the collision betweenE(i),E(i+1) with E(j) (all in the same connected component) occurs when the
bisector corresponding to the moving vertexE(i)->E(i+1) hits the moving edgeE(j).
Since each event changes the topology of the moving polygon, it is not possible or practical to forsee all events
at once. Rather, the algorithm starts by estimating an initial set of potential events and from there it computes
one next event at a time based on the previous one. The chaining of events is governed by their relative instants:
events that occur first are processed first.
An initial set ofpotentialsplit events is first computed independently (the computation of a potential split event
is based solely on a reflex vertex and all other edges in the same connected component); and an initial set of
potentialedge events between initially consecutive bisectors is first computed independently (based solely on
each bisector pair under consideration).
Events occur at certain instants and the algorithm must be able to order them accordingly. The correctness of
the algorithm is uniquely and directly governed by the correct computation and ordering of the events. Any
potential event might no longer be applicable after the topological change introduced by a prior event.
A grassfire propagation picks the next unprocessed event (starting from the first) and if it is still applicable
processes it. Processing an event involves connecting edges, adding a new skeleton vertex (which corresponds
the a contour vertex of the offset polygon) and calculating one new potential future event (which can be either
an edge event or a split event -because of a prior vertex event-), based on the topological change just introduced.
The propagation finishes when there are no new future events.

See Also

StraightSkeletonBuilderTraits2
StraightSkeletonVertex2
StraightSkeletonHalfedge2
StraightSkeleton2
CGAL::Straightskeletonbuilder traits 2<K>
CGAL::Straightskeletonvertexbase2<Refs,P,FT>
CGAL::Straightskeletonhalfedgebase2<Refs>
CGAL::Straightskeleton2<Traits,Items,Alloc>
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CGAL::Polygon offset builder traits 2<Kernel>

Definition

The classPolygonoffsetbuilder traits 2<Kernel> provides a model for thePolygonOffsetBuilderTraits2 con-
cept which is the traits class required by thePolygonoffsetbuilder 2 algorithm class. The classPolygonoffset
builder traits 2<Kernel> has one template argument: a 2D CGALŁKernel. This parameter must be a model for
theKernelconcept, such as theExact predicatesinexactconstructionskernel, which is the recommended one.
It is unspecified which subset of the kernel is used in this traits class (and by extension in the builder class).
This is to avoid restricting the choices in the implementation.

#include<CGAL/Polygonoffsetbuilder traits 2.h>

Is Model for the Concepts

PolygonOffsetBuilderTraits2
DefaultConstructible
CopyConstructible

See Also

CGAL::Polygonoffsetbuilder 2<Ss,Gt,Polygon2>
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CGAL::Polygon offset builder 2<Ss,Gt,Container>

Definition

The classPolygonoffsetbuilder 2<Ss,Gt,Container> encapsulates the construction of inward offset contours
of a 2D simple polygon with holes. The construction is based on the straight skeleton of the interior of the
polygon. Its first template parameter,Ss, must be a model of theStraightSkeleton2 concept, its second template
parameter,Gt, must be a model of theStraightSkeletonBuilderTraits2 concept, and its third template parameter
must be a model of theVertexContainer2 concept.

#include<CGAL/Polygonoffsetbuilder 2.h>

Types

Polygonoffsetbuilder 2<Ss,Gt,Container>:: Ss

The straight skeleton (first template parameter)

Polygonoffsetbuilder 2<Ss,Gt,Container>:: Gt

The geometric traits (second template parameter)

Polygonoffsetbuilder 2<Ss,Gt,Container>:: Container

The container of 2D vertices that represents each offset con-
tour generated by the algorithm (third template parameter)

Polygonoffsetbuilder 2<Ss,Gt,Container>:: FT

TheSqrtFieldNumberTypeused to specify the desired offset
distance, provided by the geometric traitsGt.

Creation

Polygonoffsetbuilder 2<Ss,Gt,Container> b( Ss ss);

Constructs the builder class using the given Straight Skeleton
instance.

Methods

template<class OutputIterator>
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OutputIterator b.constructoffsetcontours( FT t, OutputIterator out)

Given the straight skeleton passed in the constructor
which corresponds to the interior of a non-degenerate
strictly-simple polygon with holesP, returnsall the offset
contours ofP at the Euclidean distancet.
Such offset contours are simple polygons in the interior
of P.
For any offset distancet there are 0, 1 or more offset con-
tours.
For each resulting offset contour, a default constructed
instance ofContainer type (which must be a model of
theVertexContainer2 concept), is dynamically allocated
and each offset vertex is added to it.
A boost::sharedptr holding onto the dynamically allo-
cated container is inserted into the output sequence via
the OutputIteratorout.
OutputIterator must be a model of theOutputIteratorcat-
egory whosevalue type is a boost::sharedptr holding
the dynamically allocated instances of type Container.
The method returns an OutputIterator past-the-end of the
resulting sequence, which contains each offset contour
generated.
You can callconstructoffsetcontourswith different off-
set distances (there is no need to construct the builder
again). If you call it with an offset distance so large that
there are no offset contours at that distance, no contour is
inserted into the output sequence and the returned iterator
will be equal toout.
For any given input polygon, its offset polygons at a cer-
tain distance are composed of several contours. This
method returns all such contours in an unspecified or-
der and with no parental relationship between them (that
is why it is called constructoffsetcontours and not
constructoffsetpolygons).
Those offset contours in the resulting sequence which are
oriented counter-clockwise are outer contours and those
oriented clockwise are holes. It is up to the user to match
each hole to its parent in order to reconstruct the parent-
hole relationship of the conceptual output. It is sufficient
to test each hole against each parent as there won’t be a
hole inside a hole, a parent inside any other contour, or a
hole inside more than one parent. The recommended insi-
deness test is to perform a regularized Boolean set opera-
tion. do intersectfrom theBoolean Set Operationspack-
age will work fine in our case since it is guaranteed that
no hole would cross halfway outside any parent (in the
presence of such cases, subtracting the parent from the
hole works better as it correctly rejects halfway holes).
If there are degenerate, or nearly degenerate vertices; that
is, vertices whose internal or external angle approaches
0, numerical overflow may prevent some of the polygon
contours to be constructed. If that happens, the failed
contour just won’t be added into the resulting sequence.

1096



See Also

VertexContainer2
PolygonOffsetBuilderTraits2
CGAL::Polygonoffsetbuilder traits 2<Kernel>
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CGAL::compute outer frame margin

Definition

The functioncomputeouter frame margincomputes the separation required between a polygon and the outer
frame used to obtain an exterior skeleton suitable for the computation of outer offset polygons at a given dis-
tance.

#include<CGAL/computeouter frame margin.h>

template<class InputIterator, class Traits>
boost::optional< typename Traits::FT>

computeouter frame margin( InputIterator first,
InputIterator beyond,
typename Traits::FT offset,
Traits traits = Default traits)

Given a non-degenerate strictly-simple 2D polygon whose
vertices are passed in the range [first,beyond), calculates the
largest euclidean distanced between each input vertex and
its corresponding offset vertex at a distanceoffset.
If such a distance can be approximately computed, returns
an optional<FT> with the valued + (offset * 1.05). If the
distance cannot be computed, not even approximately, due
to overflow for instance, returns an emptyoptional<FT> (an
absent result).
This result is the required separation between the input
polygon and the rectangular frame used to construct an
exterior offset contour at distanceoffset(which is done by
placing the polygon as a hole of that frame).
Such a separation must be computed in this way because
if the frame is too close to the polygon, the inward offset
contour from the frame could collide with the outward offset
contour of the polygon, resulting in a merged contour offset
instead of two contour offsets, one of them corresponding to
the frame.
Simply using2*offset as the separation is incorrect since
offsetis the distance between an offset line and its original,
not between an offset vertex and its original. The later,
which is calculated by this function and needed to place the
frame sufficiently away from the polygon, can be thousands
of times larger thanoffset.
If the result isabsent, any attempt to construct an exterior
offset polygon at distanceoffsetwill fail. This will occur
whenever the polygon has a vertex with an internal angle
approaching0 (because the offset vertex of a vertex whose
internal angle equals 0 is atinfinity ).

Precondition: offset> 0.
Precondition: The range [first,beyond) contains the vertices
of a non-degenerate strictly-simple 2D polygon.
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The default traits classDefault traits is an instance of the classPolygonoffsetbuilder traits 2<Kernel> pa-
rameterized on the kernel in which the typeInputIterator::value typeis defined.

Requirements

1. InputIterator::value typeis equivalent toTraits::Point 2.

2. Traits must be a model forPolygonOffsetBuilderTraits2

See Also

PolygonOffsetBuilderTraits2
CGAL::Polygonoffsetbuilder traits 2<Kernel>
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17.1 Introduction

Given a setC of planar curves, thearrangementA(C ) is the subdivision of the plane into zero-dimensional,
one-dimensional and two-dimensional cells, calledvertices, edgesandfaces, respectively induced by the curves
in C . Arrangements are ubiquitous in the computational-geometry literature and have many applications; see,
e.g., [AS00, Hal04].

The curves inC can intersect each other (a single curve may also be self-intersecting or may be comprised
of several disconnected branches) and are not necessarilyx-monotone.1 We construct a collectionC ′′ of x-
monotone subcurves that are pairwise disjoint in their interiors in two steps as follows. First, we decompose
each curve inC into maximalx-monotone subcurves (and possibly isolated points), obtaining the collectionC ′.
Note that anx-monotone curve cannot be self-intersecting. Then, we decompose each curve inC ′ into maximal
connected subcurves not intersecting any other curve (or point) inC ′. The collectionC ′′ may also contain
isolated points, if the curves ofC contain such points. The arrangement induced by the collectionC ′′ can be
conveniently embedded as a planar graph, whose vertices are associated with curve endpoints or with isolated
points, and whose edges are associated with subcurves. It is easy to see thatA(C ) = A(C ′′). This graph can be
represented using adoubly-connected edge listdata-structure (DCEL for short), which consists of containers of
vertices, edges and faces and maintains the incidence relations among these objects.

The main idea behind the DCEL data-structure is to represent each edge using a pair of directedhalfedges,
one going from thexy-lexicographically smaller (left) endpoint of the curve toward its thexy-lexicographically
larger (right) endpoint, and the other, known as itstwin halfedge, going in the opposite direction. As each
halfedge is directed, we say it has asourcevertex and atargetvertex. Halfedges are used to separate faces, and
to connect vertices (with the exception ofisolated vertices, which are unconnected).

If a vertexv is the target of a halfedgee, we say thatv ande areincidentto each other. The halfedges incident
to a vertexv form a circular list oriented in a clockwise order around this vertex. (An isolated vertex has no
incident halfedges.)

Each halfedgeestores a pointer to itsincident face, which is the face lying to its left. Moreover, every halfedge
is followed by another halfedge sharing the same incident face, such that the target vertex of the halfedge is the
same as the source vertex of the next halfedge. The halfedges are therefore connected in circular lists, and form
chains, such that all edges of a chain are incident to the same face and wind along its boundary. We call such a
chain aconnected component of the boundary(or CCB for short).

The unique CCB of halfedges winding in a counterclockwise orientation along a face boundary is referred to as
theouter CCBof the face. Exactly one unbounded face exists in every arrangement, as the arrangement package
supports only bounded curves at this point. The unbounded face does not have an outer boundary. Any other
connected component of the boundary of the face is called ahole (or inner CCB), and can be represented as a
circular chain of halfedges winding in a clockwise orientation around it. Note that a hole does not necessarily

1A continuous planar curveC is x-monotoneif every vertical line intersects it at most once. For example, a non-vertical line segment
is alwaysx-monotone and so is the graph of any continuous functiony = f (x). For convenience, we treat vertical line segments asweakly
x-monotone, as there exists a single vertical line that overlaps them. A circle of radiusr centered at(x0,y0) is notx-monotone, as the vertical
line x = x0 intersects it at(x0,y0− r) and at(x0,y0 + r).
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Figure 17.1: An arrangement of interior-disjoint line segments with some of the DCEL records that represent it.
The unbounded facef0 has a single connected component that forms a hole inside it, and this hole is comprised
if several faces. The half-edgee is directed from its source vertexv1 to its target vertexv2. This edge, together
with its twin e′, correspond to a line segment that connects the points associated withv1 andv2 and separates the
face f1 from f2. The predecessoreprev and successorenext of eare part of the chain that form the outer boundary
of the facef2. The facef1 has a more complicated structure as it contains two holes in its interior: One hole
consists of two adjacent facesf3 and f4, while the other hole is comprised of two edges.f1 also contains two
isolated verticesu1 andu2 in its interior.

correspond to a single face, as it may have no area, or alternatively it may consist of several connected faces.
Every face can have several holes contained in its interior (or no holes at all). In addition, every face may contain
isolated vertices in its interior. See Figure17.1for an illustration of the various DCEL features. For more details
on the DCEL data structure see [dBvKOS00, Chapter 2].

The rest of this chapter is organized as follows: In Section17.2 we review in detail the interface of the
Arrangement2 class-template, which is the central component in the arrangement package. In Section17.3
we show how queries on an arrangement can be issued. In Section17.4we review some important free (global)
functions that operate on arrangements, the most important ones being the free insertion-functions. Section17.5
contains detailed descriptions of the various geometric traits classes included in the arrangement package. Us-
ing these traits classes it is possible to construct arrangements of different families of curves. In Section17.6we
review the notification mechanism that allows external classes to keep track of the changes that an arrangement
instance goes through. Section17.7explains how to extend the DCEL records, to store extra data with them,
and to efficiently update this data. In Section17.8we introduce the fundamental operation of overlaying two
arrangements. Section17.9describes theArrangementwith history 2 class-template that extends the arrange-
ment by storing additional history records with its curves. Finally, in Section17.10we review the arrangement
input/output functions.

17.2 The Main Arrangement Class

The classArrangement2<Traits,Dcel> is the main class in the arrangement package. It is used to represent
planar arrangements and provides the interface needed to construct them, traverse them, and maintain them.
An arrangement is defined by a geometrictraits class that determines the family of planar curves that form the
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arrangement, and a DCEL class, which represents thetopological structureof the planar subdivision. It supplies
a minimal set of geometric operations (predicates and constructions) required to construct and maintain the
arrangement and to operate on it.

The design of the arrangement package is guided by the need to separate between the representation of the
arrangements and the various geometric algorithms that operate on them, and by the need to separate between
the topological and geometric aspects of the planar subdivision. The separation is exhibited by the two template
parameters of theArrangement2 template:

• TheTraits template-parameter should be instantiated with a model of theArrangementBasicTraits2 con-
cept. The traits class defines the types ofx-monotone curves and two-dimensional points,X monotone
curve 2 andPoint 2 respectively, and supports basic geometric predicates on them.

In the first sections of this chapter we always useArr segmenttraits 2 as our traits class, to construct ar-
rangements of line segments. However, the arrangement package contains several other traits classes that
can handle also polylines (continuous piecewise-linear curves), conic arcs, and arcs of rational functions.
We exemplify the usage of these traits classes in Section17.5.

• TheDcel template-parameter should be instantiated with a class that is a model of theArrangementDcel
concept. The value of this parameter isArr default dcel<Traits> by default. However, in many applica-
tions it is necessary to extend the DCEL features; see Section17.7for further explanations and examples.

17.2.1 A Simple Program

The simple program listed below constructs a planar map of three line segments forming
a triangle. The constructed arrangement is instantiated with theArr segmenttraits 2 traits
class to handle segments only. The resulting arrangement consists of two faces, a bounded
triangular face and the unbounded face. The program is not very useful as it is, since it ends
immediately after the arrangement is constructed. We give more enhanced examples in the
rest of this chapter. p1 p3

p2

#include <CGAL/Cartesian.h>
#include <CGAL/MP_Float.h>
#include <CGAL/Quotient.h>
#include <CGAL/Arr_segment_traits_2.h>
#include <CGAL/Arrangement_2.h>

typedef CGAL::Quotient<CGAL::MP_Float> Number_type;
typedef CGAL::Cartesian<Number_type> Kernel;
typedef CGAL::Arr_segment_traits_2<Kernel> Traits_2;
typedef Traits_2::Point_2 Point_2;
typedef Traits_2::X_monotone_curve_2 Segment_2;
typedef CGAL::Arrangement_2<Traits_2> Arrangement_2;

int main()
{

Arrangement_2 arr;
Segment_2 cv[3];
Point_2 p1 (0, 0), p2 (0, 4), p3 (4, 0);

cv[0] = Segment_2 (p1, p2);
cv[1] = Segment_2 (p2, p3);
cv[2] = Segment_2 (p3, p1);
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insert (arr, &cv[0], &cv[3]);

return (0);
}

17.2.2 Traversing the Arrangement

The simplest and most fundamental arrangement operations are the various traversal methods, which allow users
to systematically go over the relevant features of the arrangement at hand.

As mentioned above, the arrangement is represented as a DCEL, which stores three containers of vertices,
halfedges and faces. Thus, theArrangement2 class supplies iterators for these containers. For example, the
methodsverticesbegin()andverticesend()returnArrangement2::Vertex iterator objects that define the valid
range of arrangement vertices. The value type of this iterator isArrangement2::Vertex. Moreover, the vertex-
iterator type is equivalent toArrangement2::Vertex handle, which serves as a pointer to a vertex. As we show
next, all functions related to arrangement features accept handle types as input parameters and return handle
types as their output.

In addition to the iterators for arrangement vertices, halfedges and faces, the arrangement class also provides
edgesbegin() and edgesend() that returnArrangement2::Edge iterator objects for traversing the arrange-
ment edges. Note that the value type of this iterator isArrangement2::Halfedge, representing one of the twin
halfedges that represent the edge.

All iterator, circulator2 and handle types also have non-mutable (const) counterparts. These non-mutable itera-
tors are useful to traverse an arrangement without changing it. For example, the arrangement has a non-constant
member function calledverticesbegin()that returns aVertex iterator object and another const member func-
tion that returns aVertexconst iterator object. In fact, all methods listed in this section that return an iterator,
a circulator or a handle have non-mutable counterparts. It should be noted that, for example,Vertexhandlecan
be readily converted into aVertexconsthandle, but not vice-verse.

Conversion of a non-mutable handle to a corresponding mutable handle are nevertheless possible, and can be
performed using the static functionArrangement2::non consthandle()(see, e.g., Section17.3.1). There are
three variant of this function, one for each type of handle.

Traversal Methods for an Arrangement Vertex

A vertex is always associated with a geometric entity, namely with aPoint 2 object, which can be obtained by
thepoint()method of theVertexclass nested withinArrangement2.

The is isolated()method determines whether a vertex is isolated or not. Recall that the halfedges incident to
a non-isolated vertex, namely the halfedges that share a common target vertex, form a circular list around this
vertex. Theincident halfedges()method returns a circulator of typeArrangement2::Halfedgearound vertex
circulator that enables the traversal of this circular list in a clockwise direction. The value type of this circulator
is Halfedge.

The following function prints all the neighbors of a given arrangement vertex (assuming that thePoint 2 type
can be inserted into the standard output using the<< operator). The arrangement type is the same as in the
simple example above.

void print_neighboring_vertices (Arrangement_2::Vertex_const_handle v)

2A circulator is used to traverse a circular list, such as the list of halfedges incident to a vertex — see below.
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{
if (v->is_isolated()) {

std::cout << "The vertex (" << v->point() << ") is isolated" << std::endl;
return;

}

Arrangement_2::Halfedge_around_vertex_const_circulator first, curr;
first = curr = v->incident_halfedges();

std::cout << "The neighbors of the vertex (" << v->point() << ") are:";
do {
// Note that the current halfedge is directed from u to v:
Arrangement_2::Vertex_const_handle u = curr->source();
std::cout << " (" << u->point() << ")";

} while (++curr != first);
std::cout << std::endl;

}

In case of an isolated vertex, it is possible to obtain the face that contains this vertex using theface()method.

Traversal Methods for an Arrangement Halfedge

Each arrangement edge, realized as a pair of twin halfedges, is associated with anX monotonecurve 2 object,
which can be obtained by thecurve()method of theHalfedgeclass nested in theArrangement2 class.

Thesource()andtarget()methods return handles to the halfedge source and target vertices respectively. We can
obtain a handle to the twin halfedge using thetwin() method. From the definition of halfedges, it follows that if
he is a halfedge handle, then:

• he->curve()is equivalent tohe->twin()->curve(),

• he->source()is equivalent tohe->twin()->target(), and

• he->target() is equivalent tohe->twin()->source().

Every halfedge has an incident face that lies to its left, which can be obtained by theface()method. Recall that
a halfedge is always one link in a connected chain of halfedges that share the same incident face, known as a
CCB. Theprev()andnext()methods return handles to the previous and next halfedges in the CCB respectively.

As the CCB is a circular list of halfedges, it is only natural to traverse it using a circulator. Theccb()method
returns aArrangement2::Ccb halfedgecirculator object for the halfedges along the CCB.

The functionprint ccb()listed below prints allx-monotone curves along a given CCB (assuming that thePoint
2 and theX monotonecurve 2 types can be inserted into the standard output using the<< operator).

void print_ccb (Arrangement_2::Ccb_halfedge_const_circulator circ)
{

Ccb_halfedge_const_circulator curr = circ;
std::cout << "(" << curr->source()->point() << ")";
do {
Arrangement_2::Halfedge_const_handle he = curr->handle();
std::cout << " [" << he->curve() << "] "
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<< "(" << he->target()->point() << ")";
} while (++curr != circ);
std::cout << std::endl;

}

Traversal Methods for an Arrangement Face

An arrangement of bounded curves always has a single unbounded face. The functionunboundedface()returns
a handle to this face. (Note that an empty arrangement contains nothingbut the unbounded face.)

Given aFaceobject, we can use theis unbounded()method to determine whether it is unbounded. Bounded
faces have an outer CCB, and theouter ccb()method returns a circulator for the halfedges along this CCB. Note
that the halfedges along this CCB wind in a counterclockwise orientation around the outer boundary of the face.

A face can also contain disconnected components in its interior, namely holes and isolated vertices:

• Theholesbegin()andholesend()methods returnArrangement2::Hole iterator iterators that define the
range of holes inside the face. The value type of this iterator isCcb halfedgecirculator, defining the
CCB that winds in a clockwise orientation around a hole.

• The isolatedverticesbegin() and isolatedverticesend() methods returnArrangement2::Isolated
vertex iterator iterators that define the range of isolated vertices inside the face. The value type of this
iterator isVertex.

The functionprint face()listed below prints the outer and inner boundaries of a given face, using the function
print ccb(), which was introduced in the previous subsection.

void print_face (Arrangement_2::Face_const_handle f)
{

// Print the outer boundary.
if (f->is_unbounded())

std::cout << "Unbounded face. " << std::endl;
else {

std::cout << "Outer boundary: ";
print_ccb (f->outer_ccb());

}

// Print the boundary of each of the holes.
Arrangement_2::Hole_const_iterator hi;
int index = 1;
for (hi = f->holes_begin(); hi != f->holes_end(); ++hi, ++index) {

std::cout << " Hole #" << index << ": ";
print_ccb (*hi);

}

// Print the isolated vertices.
Arrangement_2::Isolated_vertex_const_iterator iv;
for (iv = f->isolated_vertices_begin(), index = 1;

iv != f->isolated_vertices_end(); ++iv, ++index)
{

std::cout << " Isolated vertex #" << index << ": "
<< "(" << iv->point() << ")" << std::endl;
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}
}

Additional Example

The function listed below prints the current setting of a given arrangement. This concludes the preview of the
various traversal methods.3

void print_arrangement (const Arrangement_2& arr)
{

// Print the arrangement vertices.
Vertex_const_iterator vit;
std::cout << arr.number_of_vertices() << " vertices:" << std::endl;
for (vit = arr.vertices_begin(); vit != arr.vertices_end(); ++vit) {

std::cout << "(" << vit->point() << ")";
if (vit->is_isolated())
std::cout << " - Isolated." << std::endl;

else
std::cout << " - degree " << vit->degree() << std::endl;

}

// Print the arrangement edges.
Edge_const_iterator eit;
std::cout << arr.number_of_edges() << " edges:" << std::endl;
for (eit = arr.edges_begin(); eit != arr.edges_end(); ++eit)

std::cout << "[" << eit->curve() << "]" << std::endl;

// Print the arrangement faces.
Face_const_iterator fit;
std::cout << arr.number_of_faces() << " faces:" << std::endl;
for (fit = arr.faces_begin(); fit != arr.faces_end(); ++fit)

print_face (fit);
}

17.2.3 Modifying the Arrangement

In this section we review the various member functions of theArrangement2 class that allow users to modify
the topological structure of the arrangement by introducing new edges or vertices, modifying them, or removing
them.

The arrangement member-functions that insert new curves into the arrangement, thus enabling the construction
of a planar subdivision, are rather specialized, as they require a-priori knowledge on the location of the inserted
curve. Indeed, for most purposes it is more convenient to construct an arrangement using the free (global)
insertion-functions.

3The file arr print.h, which can be found under the examples folder, includes this function and the rest of the functions listed in this
section. Over there they are written in a more generic fashion, where the arrangement type serves as a template parameter for these functions,
so different instantiations of theArrangement2<Traits,Dcel> template can be provided to the same function templates.
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Figure 17.2: The various specialized insertion procedures. The insertedx-monotone curve is drawn with a
light dashed line, surrounded by two solid arrows that represent the pair of twin half-edges added to the DCEL.
Existing vertices are shown as black dots while new vertices are shown as light dots. Existing half-edges that
are affected by the insertion operations are drawn as dashed arrows. (a) Inserting a curve as a new hole inside
the facef . (b) Inserting a curve from an existing vertexu that corresponds to one of its endpoints. (c) Inserting
anx-monotone curve whose endpoints are the already existing verticesu1 andu2. In our case, the new pair of
half-edges close a new facef ′, where the holeh1, which used to belong tof , now becomes an enclave in this
new face.

Inserting Non-Intersecting x-Monotone Curves

The most important functions that allow users to modify the arrangement, and perhaps the most frequently used
ones, are the specialized insertion functions ofx-monotone curves whose interior is disjoint from any other
curve in the existing arrangement and do not contain any vertex of the arrangement. In addition, these function
require that the location of the curve in the arrangement is known.

The motivation behind these rather harsh restrictions on the nature of the inserted curves is the decoupling of
the topological arrangement representation from the various algorithms that operate on it. While the insertion
of anx-monotone curve whose interior is disjoint from all existing arrangement features is quite straightforward
(as we show next), inserting curves that intersect with the curves already inserted into the arrangement is much
more complicated and requires the application of non-trivial geometric algorithms. These insertion operations
are therefore implemented as free functions that operate on the arrangement and the inserted curve(s); see
Section17.4for more details and examples.4

When anx-monotone curve is inserted into an existing arrangement, such that the interior of this curve is disjoint
from any arrangement feature, only the following three scenarios are possible, depending on the status of the
endpoints of the inserted subcurve:

1. In case both curve endpoints do not correspond to any existing arrangement vertex we have to create two
new vertices corresponding to the curve endpoints and connect them using a pair of twin halfedges. This
halfedge pair initiates a new hole inside the face that contains the curve in its interior.

2. If exactly one endpoint corresponds to an existing arrangement vertex (we distinguish between a vertex
that corresponds to the left endpoint of the inserted curve and a vertex corresponding to its right endpoint),
we have to create a new vertex that corresponds to the other endpoint of the curve and to connect the
two vertices by a pair of twin halfedges that form an “antenna” emanating from the boundary of an
existing connected component (note that if the existing vertex used to be isolated, this operation is actually
equivalent to forming a new hole inside the face that contains this vertex).

4You may skip to Section17.4, and return to this subsection at a later point in time.
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Figure 17.3: The arrangement of the line segmentss1, . . . ,s5 constructed inex edgeinsertion.C. The arrows
mark the direction of the halfedges returned from the various insertion functions.

3. If both endpoints correspond to existing arrangement vertices, we connect
these vertices using a pair of twin halfedges. (If one or both vertices are
isolated this case reduces to one of the two previous cases respectively.)
The two following subcases may occur:

• Two disconnected components are merged into a single connected
component (as is the case with the segments1 in the figure to the
left).

• A new face is created, a face that splits from an existing arrangement
face. In this case we also have to examine the holes and isolated
vertices in the existing face and move the relevant ones inside the
new face (as is the case with the segments2 in the figure to the left).

s2

s1

The Arrangement2 class offers insertion functions namedinsert in face interior(), insert from left vertex(),
insert from right vertex()and insert at vertices()that perform the special insertion procedures listed above.
The first function accepts anx-monotone curvec and an arrangement facef that contains this curve in its
interior. The other functions accept anx-monotone curvec and handles to the existing vertices that correspond
to the curve endpoint(s). Each of the four functions returns a handle to one of the twin halfedges that have been
created, where:

• insert in face interior(c, f) returns a halfedge directed from the vertex corresponding to the left endpoint
of c toward the vertex corresponding to its right endpoint.

• insert from left vertex(c, v)and insert from right vertex(c, v)returns a halfedge whose source is the
vertexv that and whose target is the new vertex that has just been created.

• insert at vertices(c, v1, v2)returns a halfedge directed fromv1 to v2.

The following program demonstrates the usage of the four insertion functions. It creates an arrangement of five
line segments, as depicted in Figure17.3.5 As the arrangement is very simple, we use the simple Cartesian
kernel of CGAL with integer coordinates for the segment endpoints. We also use theArr segmenttraits 2 class
that enables the efficient maintenance of arrangements of line segments; see more details on this traits class

5Notice that in all figures in the rest of this chapter the coordinate axes are drawn only for illustrative purposes and arenot part of the
arrangement.
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in Section17.5. This example, as many others in this chapter, uses some print-utility functions from the file
print arr.h; these functions are also listed in Section17.2.2.

//! \file examples/Arrangement_2/ex_edge_insertion.C
// Constructing an arrangement using the simple edge-insertion functions.

#include <CGAL/Simple_cartesian.h>
#include <CGAL/Arr_segment_traits_2.h>
#include <CGAL/Arrangement_2.h>
#include <CGAL/IO/Arr_iostream.h>

#include "arr_print.h"

typedef int Number_type;
typedef CGAL::Simple_cartesian<Number_type> Kernel;
typedef CGAL::Arr_segment_traits_2<Kernel> Traits_2;
typedef Traits_2::Point_2 Point_2;
typedef Traits_2::X_monotone_curve_2 Segment_2;
typedef CGAL::Arrangement_2<Traits_2> Arrangement_2;
typedef Arrangement_2::Vertex_handle Vertex_handle;
typedef Arrangement_2::Halfedge_handle Halfedge_handle;

int main ()
{

Arrangement_2 arr;

Segment_2 s1 (Point_2 (1, 3), Point_2 (3, 5));
Segment_2 s2 (Point_2 (3, 5), Point_2 (5, 3));
Segment_2 s3 (Point_2 (5, 3), Point_2 (3, 1));
Segment_2 s4 (Point_2 (3, 1), Point_2 (1, 3));
Segment_2 s5 (Point_2 (1, 3), Point_2 (5, 3));

Halfedge_handle e1 = arr.insert_in_face_interior (s1, arr.unbounded_face());
Vertex_handle v1 = e1->source();
Vertex_handle v2 = e1->target();
Halfedge_handle e2 = arr.insert_from_left_vertex (s2, v2);
Vertex_handle v3 = e2->target();
Halfedge_handle e3 = arr.insert_from_right_vertex (s3, v3);
Vertex_handle v4 = e3->target();
Halfedge_handle e4 = arr.insert_at_vertices (s4, v4, v1);
Halfedge_handle e5 = arr.insert_at_vertices (s5, v1, v3);

print_arrangement (arr);
return (0);

}

Observe that the first line segment is inserted in the interior of the unbounded face. The other line segments are
inserted using the vertices created by the insertion of previous segments. The resulting arrangement consists of
three faces, where the two bounded faces form together a hole in the unbounded face.
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Figure 17.4: An arrangement of line segments containing three isolated vertices, as constructed inex isolated
vertices.C. The verticesu2 andu3 are eventually removed from the arrangement.

Manipulating Isolated Vertices

Isolated points are in general simpler geometric entities than curves and indeed the member functions that
manipulate them are easier to understand.

The functioninsert in face interior(p, f) inserts an isolated pointp, located in the interior of a given facef , into
the arrangement and returns a handle to the arrangement vertex it has created and associated withp. Naturally,
this function has a precondition thatp is really an isolated point, namely it does not coincide with any existing
arrangement vertex and does not lie on any edge. As mentioned in Section17.2.2, it is possible to obtain the
face containing an isolated vertex handlev by callingv->face().

The functionremoveisolatedvertex(v)receives a handle to an isolated vertex and removes it from the arrange-
ment.

The following program demonstrates the usage of the arrangement member-functions for manipulating isolated
vertices. It first inserts three isolated vertices located inside the unbounded face, then it inserts four line segments
that form a rectangular hole inside the unbounded face (see Figure17.4for an illustration). Finally, it traverses
the vertices and removes those isolated vertices that are still contained in the unbounded face (u2 andu3 in this
case):

//! \file examples/Arrangement_2/ex_isolated_vertices.C
// Constructing an arrangement with isolated vertices.

#include <CGAL/Simple_cartesian.h>
#include <CGAL/Arr_segment_traits_2.h>
#include <CGAL/Arrangement_2.h>

#include "arr_print.h"

typedef int Number_type;
typedef CGAL::Simple_cartesian<Number_type> Kernel;
typedef CGAL::Arr_segment_traits_2<Kernel> Traits_2;
typedef Traits_2::Point_2 Point_2;
typedef Traits_2::X_monotone_curve_2 Segment_2;
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typedef CGAL::Arrangement_2<Traits_2> Arrangement_2;
typedef Arrangement_2::Vertex_handle Vertex_handle;
typedef Arrangement_2::Halfedge_handle Halfedge_handle;
typedef Arrangement_2::Face_handle Face_handle;

int main ()
{

Arrangement_2 arr;

// Insert some isolated points:
Face_handle uf = arr.unbounded_face();
Vertex_handle u1 = arr.insert_in_face_interior (Point_2 (3, 3), uf);
Vertex_handle u2 = arr.insert_in_face_interior (Point_2 (1, 5), uf);
Vertex_handle u3 = arr.insert_in_face_interior (Point_2 (5, 5), uf);

// Insert four segments that form a rectangular face:
Segment_2 s1 (Point_2 (1, 3), Point_2 (3, 5));
Segment_2 s2 (Point_2 (3, 5), Point_2 (5, 3));
Segment_2 s3 (Point_2 (5, 3), Point_2 (3, 1));
Segment_2 s4 (Point_2 (3, 1), Point_2 (1, 3));

Halfedge_handle e1 = arr.insert_in_face_interior (s1, uf);
Vertex_handle v1 = e1->source();
Vertex_handle v2 = e1->target();
Halfedge_handle e2 = arr.insert_from_left_vertex (s2, v2);
Vertex_handle v3 = e2->target();
Halfedge_handle e3 = arr.insert_from_right_vertex (s3, v3);
Vertex_handle v4 = e3->target();
Halfedge_handle e4 = arr.insert_at_vertices (s4, v4, v1);

// Remove the isolated vertices located in the unbounded face.
Arrangement_2::Vertex_iterator curr_v, next_v;

for (curr_v = arr.vertices_begin();
curr_v != arr.vertices_end(); curr_v = next_v)

{
// Store an iterator to the next vertex (as we may delete curr_v and
// invalidate the iterator).
next_v = curr_v;
++next_v;

if (curr_v->is_isolated() && curr_v->face() == uf)
arr.remove_isolated_vertex (curr_v);

}

print_arrangement (arr);
return (0);

}
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Figure 17.5: An arrangement of line segments as constructed inex edgemanipulation.C. Note that the edges
e7 ande8 and the verticesw1 andw2, introduced in step (b) are eventually removed in step (c).

Manipulating Halfedges

In the previous subsection we showed how to introduce new isolated vertices in the arrangement. But how does
one create a vertex that lies on an existing arrangement edge (more precisely, on anx-monotone curve that is
associated with an arrangement edge)?

It should be noted that such an operation involves the splitting of a curve at a given point in its interior, while
the traits class used byArrangement2 does not necessarily have the ability to perform such a split operation.
However, if users have the ability to split anx-monotone curve into two at a given pointp (this is usually the
case when employing a more sophisticated traits class; see Section17.5for more details) they can use thesplit
edge(e, c1, c2)function, werec1 andc2 are the two subcurves resulting from splitting thex-monotone curve
associated with the halfedgee at some point (call itp) in its interior. The function splits the halfedge pair into
two pairs, both incident to a new vertexv associated withp, and returns a handle to a halfedge whose source
equalse’s source vertex and whose target is the new vertexv.

The reverse operation is also possible. Suppose that we have a vertexv of degree 2, whose two incident
halfedges,e1 ande2, are associated with the curvesc1 andc2. Suppose further that it is possible to merge
these two curves into a single continuousx-monotone curvec. Calling mergeedge(e1, e2, c)will merge the
two edges into a single edge associated with the curvec, essentially removing the vertexv from the arrangement.

Finally, the functionremoveedge(e)removes the edgee from the arrangement. Note that this operation is the
reverse of an insertion operation, so it may cause a connected component to split into two, or two faces to merge
into one, or a hole to disappear. By default, if the removal ofecauses one of its end-vertices to become isolated,
we remove this vertex as well. However, users can control this behavior and choose to keep the isolated vertices
by supplying additional Boolean flags toremoveedge()indicating whether the source and the target vertices
are to be removed should they become isolated.

In the following example program we show how the edge-manipulation functions can be used. The program
works in three steps, as demonstrated in Figure17.5. Note that here we still stick to integer coordinates, but
as we work on a larger scale we use an unbounded integer number-type (in this case, theGmpztype taken
from the GMP library) instead of the built-inint type.6 In case the GMP library is not installed (as indicated

6As a rule of thumb, one can use a bounded integer type for representing line segments whose coordinates are bounded byb 3
√

Mc, where
M is the maximal representable integer value. This guarantees that no overflows occur in the computations carried out by the traits class,
hence all traits-class predicates always return correct results.
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by theCGAL USE GMP flag defined inCGAL/basic.h), we useMP Float, a number-type included in CGAL ’s
support library that is capable of storing floating-point numbers with unbounded mantissa. We also use the
standard Cartesian kernel of CGAL as our kernel. This is recommended when the kernel is instantiated with a
more complex number type, as we demonstrate in other examples in this chapter.

//! \file examples/Arrangement_2/ex_edge_manipulation.C
// Using the edge-manipulation functions.

#include <CGAL/basic.h>

#ifdef CGAL_USE_GMP
#include <CGAL/Gmpz.h>
typedef CGAL::Gmpz Number_type;

#else
#include <CGAL/MP_Float.h>
typedef CGAL::MP_Float Number_type;

#endif

#include <CGAL/Cartesian.h>
#include <CGAL/Arr_segment_traits_2.h>
#include <CGAL/Arrangement_2.h>

#include "arr_print.h"

typedef CGAL::Cartesian<Number_type> Kernel;
typedef CGAL::Arr_segment_traits_2<Kernel> Traits_2;
typedef Traits_2::Point_2 Point_2;
typedef Traits_2::X_monotone_curve_2 Segment_2;
typedef CGAL::Arrangement_2<Traits_2> Arrangement_2;
typedef Arrangement_2::Vertex_handle Vertex_handle;
typedef Arrangement_2::Halfedge_handle Halfedge_handle;

int main ()
{

// Step (a) - construct a triangular face.
Arrangement_2 arr;

Segment_2 s1 (Point_2 (667, 1000), Point_2 (4000, 5000));
Segment_2 s2 (Point_2 (4000, 0), Point_2 (4000, 5000));
Segment_2 s3 (Point_2 (667, 1000), Point_2 (4000, 0));

Halfedge_handle e1 = arr.insert_in_face_interior (s1, arr.unbounded_face());
Vertex_handle v1 = e1->source();
Vertex_handle v2 = e1->target();
Halfedge_handle e2 = arr.insert_from_right_vertex (s2, v2);
Vertex_handle v3 = e2->target();
Halfedge_handle e3 = arr.insert_at_vertices (s3, v3, v1);

// Step (b) - create additional two faces inside the triangle.
Point_2 p1 (4000, 3666), p2 (4000, 1000);
Segment_2 s4 (Point_2 (4000, 5000), p1);
Segment_2 s5 (p1, p2);
Segment_2 s6 (Point_2 (4000, 0), p2);
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Halfedge_handle e4 = arr.split_edge (e2, s4,
Segment_2 (Point_2 (4000, 0), p1));

Vertex_handle w1 = e4->target();
Halfedge_handle e5 = arr.split_edge (e4->next(), s5, s6);
Vertex_handle w2 = e5->target();
Halfedge_handle e6 = e5->next();

Segment_2 s7 (p1, Point_2 (3000, 2666));
Segment_2 s8 (p2, Point_2 (3000, 1333));
Segment_2 s9 (Point_2 (3000, 2666), Point_2 (2000, 1666));
Segment_2 s10 (Point_2 (3000, 1333), Point_2 (2000, 1666));
Segment_2 s11 (Point_2 (3000, 1333), Point_2 (3000, 2666));

Halfedge_handle e7 = arr.insert_from_right_vertex (s7, w1);
Vertex_handle v4 = e7->target();
Halfedge_handle e8 = arr.insert_from_right_vertex (s8, w2);
Vertex_handle v5 = e8->target();
Vertex_handle v6 = arr.insert_in_face_interior (Point_2 (2000, 1666),

e8->face());

arr.insert_at_vertices (s9, v4, v6);
arr.insert_at_vertices (s10, v5, v6);
arr.insert_at_vertices (s11, v4, v5);

// Step (c) - remove and merge faces to form a single hole in the traingle.
arr.remove_edge (e7);
arr.remove_edge (e8);

e5 = arr.merge_edge (e5, e6, Segment_2 (e5->source()->point(),
e6->target()->point()));

e2 = arr.merge_edge (e4, e5, s2);

print_arrangement (arr);
return (0);

}

Note how we use the halfedge handles returned fromsplit edge()andmergeedge(). Also note the insertion of
the isolated vertexv6 located inside the triangular face (the incident face ofe7). This vertex seizes from being
isolated, as it is gets connected to other vertices.

In this context, we should mention the two member functionsmodify vertex(v, p), which setsp to be the point
associated with the vertexv, andmodify edge(e, c), which setsc to be thex-monotone curve associated with
the halfedgee. These functions have preconditions thatp is geometrically equivalent tov->point() andc is
equivalent toe->curve() (i.e., the two curves have the same graph), respectively, to avoid the invalidation of
the geometric structure of the arrangement. At a first glance it may seen as these two functions are of little
use. However, we should keep in mind that there may be extraneous data (probably non-geometric) associated
with the point objects or with the curve objects, as defined by the traits class. With these two functions we can
modify this data; see more details in Section17.5.

In addition, we can use these functions to replace a geometric object (a point or a curve) with an equivalent
object that has a more compact representation. For example, we can replace the point(20

40,
99
33) associated with

some vertexv, by (1
2,3).
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Figure 17.6: An arrangement of line segments, as constructed inex specialedgeinsertion.C. Note thatp0 is
initially inserted as an isolated point and later on connected to the other four vertices.

advanced

Advanced Insertion Functions

Assume that the specialized insertion functioninsert from left vertex(c,v)is invoked
for a curvec, whose left endpoint is already associated with a non-isolated vertexv.
Namely,v has already several incident halfedges. It is necessary in this case to locate
the exact place for the new halfedge mapped to the inserted new curvec in the circular
list of halfedges incident tov. More precisely, it is sufficient to locate one of the
halfedgespreddirected towardv such thatc is located betweenpredandpred->next()
in clockwise order aroundv, in order to complete the insertion (see Figure17.2for an
illustration). This may takeO(d) time whered is the degree of the vertex. However,
if the halfedgepred is known in advance, the insertion can be carried out in constant
time.

epred

cv

The Arrangement2 class provides the advanced versions of the specialized insertion functions for a curvec
— namely we haveinsert from left vertex(c,pred)andinsert from right vertex(c,pred)that accept a halfedge
predas specified above, instead of a vertexv. These functions are more efficient, as they take constant time and
do not perform any geometric operations. Thus, they should be used when the halfedgepred is known. In case
that the vertexv is isolated or that the predecessor halfedge for the new inserted curve is not known, the simpler
versions of these insertion functions should be used.

Similarly, there exist two overrides of theinsert at vertices()function: One that accept the two predecessor
halfedges around the two verticesv1 and v2 that correspond to the curve endpoints, and one that accepts a
handle for one vertex and a predecessor halfedge around the other vertex.

The following program shows how to construct the arrangement depicted in Figure17.6using the specialized
insertion functions that accept predecessor halfedges:

//! \file examples/Arrangement_2/ex_special_edge_insertion.C
// Constructing an arrangement using the specialized edge-insertion functions.

#include <CGAL/Simple_cartesian.h>
#include <CGAL/Arr_segment_traits_2.h>
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#include <CGAL/Arrangement_2.h>

#include "arr_print.h"

typedef int Number_type;
typedef CGAL::Simple_cartesian<Number_type> Kernel;
typedef CGAL::Arr_segment_traits_2<Kernel> Traits_2;
typedef Traits_2::Point_2 Point_2;
typedef Traits_2::X_monotone_curve_2 Segment_2;
typedef CGAL::Arrangement_2<Traits_2> Arrangement_2;
typedef Arrangement_2::Vertex_handle Vertex_handle;
typedef Arrangement_2::Halfedge_handle Halfedge_handle;

int main ()
{

Arrangement_2 arr;

Point_2 p0 (3, 3);
Point_2 p1 (1, 3), p2 (3, 5), p3 (5, 3), p4 (3, 1);
Segment_2 s1 (p1, p2);
Segment_2 s2 (p2, p3);
Segment_2 s3 (p3, p4);
Segment_2 s4 (p4, p1);
Segment_2 s5 (p1, p0);
Segment_2 s6 (p0, p3);
Segment_2 s7 (p4, p0);
Segment_2 s8 (p0, p2);

Vertex_handle v0 = arr.insert_in_face_interior (p0, arr.unbounded_face());
Halfedge_handle e1 = arr.insert_in_face_interior (s1, arr.unbounded_face());
Halfedge_handle e2 = arr.insert_from_left_vertex (s2, e1);
Halfedge_handle e3 = arr.insert_from_right_vertex (s3, e2);
Halfedge_handle e4 = arr.insert_at_vertices (s4, e3, e1->twin());
Halfedge_handle e5 = arr.insert_at_vertices (s5, e1->twin(), v0);
Halfedge_handle e6 = arr.insert_at_vertices (s6, e5, e3->twin());
Halfedge_handle e7 = arr.insert_at_vertices (s7, e4->twin(), e6->twin());
Halfedge_handle e8 = arr.insert_at_vertices (s8, e5, e2->twin());

print_arrangement (arr);
return (0);

}

It is possible to perform even more refined operations on anArrangement2 instance given specific topological
information. As most of these operations are very fragile and perform no precondition testing on their input
in order to gain efficiency, they are not included in the public interface of the arrangement class. Instead, the
Arr accessor<Arrangement> class allows access to these internal arrangement operations — see more details
in the Reference Manual.

advanced
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17.3 Issuing Queries on an Arrangement

One of the most important query types defined on arrangements is thepoint-locationquery: Given a point, find
the arrangement cell that contains it. Typically, the result of a point-location query is one of the arrangement
faces, but in degenerate situations the query point can be located on an edge or coincide with a vertex.

Point-location queries are not only common in many applications, they also play an important role in the free
insertion-functions (see Section17.4). Therefore, it is crucial to have the ability to answer such queries effec-
tively for any arrangement instance.

17.3.1 Point-Location Queries

The arrangement package includes several classes (more precisely, class templates parameterized by an arrange-
ment class) that model theArrangementPointLocation2 concept. Namely, they all have a member function
calledlocate(q)that accepts a query pointq and result with a CGAL Objectthat wraps a handle to the arrange-
ment cell containing the query point. This object can be assigned to either aFace consthandle, Halfedge
consthandleor a Vertexconsthandle, depending on whether the query point is located inside a face, on an
edge or on a vertex.

Note that the handles returned by thelocate()functions areconst(non-mutable) handles. If necessary, such han-
dles may be casted to mutable handles using the static functionsArrangement2::non consthandle()provided
by the arrangement class.

An instance of any point-location class must be attached to anArrangement2 instance so we can use it to issue
point-location queries. This attachment can be performed when the point-location instance is constructed, or at
a later time, using theinit(arr) method, wherearr is the attachedArrangement2 instance. In this chapter we
always use the first option.

The following function template, which can be found in the example filepoint location utils.h, accepts a point-
location object (whose type can be any of the models to theArrangementPointLocation2 concept) and a query
point, and prints out the result of the point-location query for the given point. Observe how we use the function
CGAL::assign()is order to cast the resultingCGAL::Objectinto a handle to an arrangement feature. The point-
location objectpl is assumed to be already associated with an arrangement:

template <class PointLocation>
void point_location_query

(const PointLocation& pl,
const typename PointLocation::Arrangement_2::Point_2& q)

{
// Perform the point-location query.
CGAL::Object obj = pl.locate (q);

// Print the result.
typedef typename PointLocation::Arrangement_2 Arrangement_2;

typename Arrangement_2::Vertex_const_handle v;
typename Arrangement_2::Halfedge_const_handle e;
typename Arrangement_2::Face_const_handle f;

std::cout << "The point " << q << " is located ";
if (CGAL::assign (f, obj)) {
// q is located inside a face:
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if (f->is_unbounded())
std::cout << "inside the unbounded face." << std::endl;

else
std::cout << "inside a bounded face." << std::endl;

}
else if (CGAL::assign (e, obj)) {
// q is located on an edge:
std::cout << "on an edge: " << e->curve() << std::endl;

}
else if (CGAL::assign (v, obj)) {

// q is located on a vertex:
if (v->is_isolated())
std::cout << "on an isolated vertex: " << v->point() << std::endl;

else
std::cout << "on a vertex: " << v->point() << std::endl;

}
else {

CGAL_assertion_msg (false, "Invalid object.");
}

}

Choosing a Point-Location Strategy

Each of the various point-location classes employs a different algorithm orstrategy7 for answering queries:

• Arr naive point location<Arrangement> locates the query point naı̈vely, by exhaustively scanning all
arrangement cells.

• Arr walk along a line point location<Arrangement> simulates a traversal, in reverse order, along an
imaginary vertical ray emanating from the query point: It starts from the unbounded face of the arrange-
ment and moves downward toward the query point until locating the arrangement cell containing it.

• Arr landmarkspoint location<Arrangement,Generator> uses a set of “landmark” points whose location
in the arrangement is known. Given a query point, it uses a KD-tree to find the nearest landmark and then
traverses the straight line segment connecting this landmark to the query point.

There are various ways to select the landmark set in the arrangement, determined by theGeneratortem-
plate parameter. By default, the generator classArr landmarksverticesgeneratoris used and the ar-
rangement vertices are the selected landmarks, but other landmark generators, such as sampling random
points or choosing points on a grid, are also available; see the Reference Manual for more details.

• Arr trapezoidric point location<Arrangement> implements Mulmuley’s point-location algo-
rithm [Mul90] (see also [dBvKOS00, Chapter 6]). The arrangement faces are decomposed into
simpler cells of constant complexity known aspseudo-trapezoidsand a search-structure (a directed
acyclic graph) is constructed on top of these cells, allowing to locate the pseudo-trapezoid (hence the
arrangement cell) containing a query point in expected logarithmic time.

The main advantage of the first two strategies is that they do not require any extra data, so the respective classes
just store a pointer to an arrangement object and operate directly on it. Attaching such point-location objects to
an existing arrangement has virtually no running-time cost at all, but the query time is linear in the size of the
arrangement (the performance of the “walk” strategy is much better in practice, but its worst-case performance

7We use the termstrategyfollowing the design pattern taxonomy [GHJV95].
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Figure 17.7: The arrangement of line segments, as constructed inex point location.C, ex vertical ray
shooting.C, andex batchedpoint location.C. The arrangement vertices are drawn as small discs, while the
query pointsq1, . . . ,q6 are marked with crosses.

is linear). Using these strategies is therefore recommended only when a relatively small number of point-
location queries are issued by the application, or when the arrangement is constantly changing (i.e., changes in
the arrangement structure are more frequent than point-location queries).

On the other hand, the landmarks and the trapezoid RIC strategies require auxiliary data structures on top of the
arrangement, which they need to construct once they are attached to an arrangement object and need to keep
up-to-date as this arrangement changes. The data structures needed by both strategies can be constructed in
O(N logN) time (whereN is the overall number of edges in the arrangement), but the construction needed by
the landmark algorithm is in practice significantly faster. In addition, although both resulting data structures are
asymptotically linear in size, the KD-tree that the landmark algorithm stores needs significantly less memory.
We note that Mulmuley’s algorithm guarantees a logarithmic query time, while the query time for the landmark
strategy is only logarithmic on average — and we may have scenarios where the query time can be linear. In
practice however, the query times of both strategies are competitive. For a detailed experimental comparison,
see [HH05]

The main drawback in the current implementation of the landmark strategy, compared to the trapezoidal RIC
strategy, is that while the updating the auxiliary data structures related to the trapezoidal decomposition is
done very efficiently, the KD-tree maintained by the landmark algorithm needs to be frequently rebuilt as the
arrangement changes. In addition, using the landmark point-location class adds some extra requirement from
the traits class (that is, the traits class should be a model of a refined conceptArrangementLandmarkTraits2;
see Section17.5for the details). However, most built-in traits classes that come with the CGAL public release
support these extra operations.

It is therefore recommended to use theArr landmarkspoint location class when the application frequently
issues point-location queries on an arrangement that only seldom changes. If the arrangement is more dynamic
and is frequently going through changes, theArr trapezoidric point location class should be the selected
point-location strategy.

An Example

The following program constructs a simple arrangement of five line segments that form a pentagonal face, with
a single isolated vertex in its interior, as depicted in Figure17.7(the arrangement construction is performed by
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the functionconstructsegmentarr() whose listing is omitted here and can be found inpoint location utils.h).
It then employs the naı̈ve and the landmark strategies to issue several point-location queries on this arrangement:

//! \file examples/Arrangement_2/ex_point_location.C
// Answering point-location queries.

#include <CGAL/Simple_cartesian.h>
#include <CGAL/Arr_segment_traits_2.h>
#include <CGAL/Arrangement_2.h>
#include <CGAL/Arr_naive_point_location.h>
#include <CGAL/Arr_landmarks_point_location.h>

#include "point_location_utils.h"

typedef int Number_type;
typedef CGAL::Simple_cartesian<Number_type> Kernel;
typedef CGAL::Arr_segment_traits_2<Kernel> Traits_2;
typedef Traits_2::Point_2 Point_2;
typedef CGAL::Arrangement_2<Traits_2> Arrangement_2;
typedef CGAL::Arr_naive_point_location<Arrangement_2> Naive_pl;
typedef CGAL::Arr_landmarks_point_location<Arrangement_2> Landmarks_pl;

int main ()
{

// Construct the arrangement.
Arrangement_2 arr;
Naive_pl naive_pl (arr);
Landmarks_pl landmarks_pl;

construct_segments_arr (arr);

// Perform some point-location queries using the naive strategy.
Point_2 q1 (1, 4);
Point_2 q2 (4, 3);
Point_2 q3 (6, 3);

point_location_query (naive_pl, q1);
point_location_query (naive_pl, q2);
point_location_query (naive_pl, q3);

// Attach the landmarks object to the arrangement and perform queries.
Point_2 q4 (3, 2);
Point_2 q5 (5, 2);
Point_2 q6 (1, 0);

landmarks_pl.attach (arr);

point_location_query (landmarks_pl, q4);
point_location_query (landmarks_pl, q5);
point_location_query (landmarks_pl, q6);

return (0);
}
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Note that the program uses the auxiliarypoint location query()function template to nicely print the result of
each query. This function can be found in the header filepoint location utils.h.

17.3.2 Vertical Ray Shooting

Another important query issued on arrangements is the vertical ray-shooting query: Given a query point, which
arrangement feature do we encounter if we shoot a vertical ray emanating upward (or downward) from this
point? In the general case the ray hits an edge, but it is possible that it hits a vertex, or that the arrangement does
not have any feature lying directly above (or below) the query point.

All point-location classes listed in the previous section are also models of theArrangementVerticalRayShoot2
concept. That is, they all have member functions calledray shootup(q) and ray shootdown(q)that accept
a query pointq and output a CGAL Object. This can be assigned to either aHalfedgeconsthandleor to a
Vertexconsthandle. Alternatively, the returned value is aFace consthandlefor the unbounded face of the
arrangement, in case there is no edge or vertex lying directly above (or below)q.

The following function template,vertical ray shootingquery(), which also located in the header filepoint
location utils.h, accepts a vertical ray-shooting object, whose type can be any of the models to the
ArrangementVerticalRayShoot2 concept and prints out the result of the upward vertical ray-shooting oper-
ations from a given query point. The ray-shooting objectvrs is assumed to be already associated with an
arrangement:

template <class VerticalRayShoot>
void vertical_ray_shooting_query

(const VerticalRayShoot& vrs,
const typename VerticalRayShoot::Arrangement_2::Point_2& q)

{
// Perform the point-location query.
CGAL::Object obj = vrs.ray_shoot_up (q);

// Print the result.
typedef typename VerticalRayShoot::Arrangement_2 Arrangement_2;

typename Arrangement_2::Vertex_const_handle v;
typename Arrangement_2::Halfedge_const_handle e;
typename Arrangement_2::Face_const_handle f;

std::cout << "Shooting up from " << q << " : ";
if (CGAL::assign (e, obj)) {
// We hit an edge:
std::cout << "hit an edge: " << e->curve() << std::endl;

}
else if (CGAL::assign (v, obj)) {

// We hit a vertex:
if (v->is_isolated())

std::cout << "hit an isolated vertex: " << v->point() << std::endl;
else

std::cout << "hit a vertex: " << v->point() << std::endl;
}
else if (CGAL::assign (f, obj)) {
// We did not hit anything:
CGAL_assertion (f->is_unbounded());
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std::cout << "hit nothing." << std::endl;
}
else {

CGAL_assertion_msg (false, "Invalid object.");
}

}

The following program uses the auxiliary function listed above to perform vertical ray-shooting queries on
an arrangement. The arrangement and the query points are exactly the same as inex point location.C (see
Figure17.7):

//! \file examples/Arrangement_2/ex_vertical_ray_shooting.C
// Answering vertical ray-shooting queries.

#include <CGAL/MP_Float.h>
#include <CGAL/Cartesian.h>
#include <CGAL/Arr_segment_traits_2.h>
#include <CGAL/Arrangement_2.h>
#include <CGAL/Arr_walk_along_line_point_location.h>
#include <CGAL/Arr_trapezoid_ric_point_location.h>

#include "point_location_utils.h"

typedef CGAL::MP_Float Number_type;
typedef CGAL::Cartesian<Number_type> Kernel;
typedef CGAL::Arr_segment_traits_2<Kernel> Traits_2;
typedef Traits_2::Point_2 Point_2;
typedef CGAL::Arrangement_2<Traits_2> Arrangement_2;
typedef CGAL::Arr_walk_along_line_point_location<Arrangement_2> Walk_pl;
typedef CGAL::Arr_trapezoid_ric_point_location<Arrangement_2> Trap_pl;

int main ()
{

// Construct the arrangement.
Arrangement_2 arr;
Walk_pl walk_pl (arr);
Trap_pl trap_pl;

construct_segments_arr (arr);

// Perform some vertical ray-shooting queries using the walk strategy.
Point_2 q1 (1, 4);
Point_2 q2 (4, 3);
Point_2 q3 (6, 3);

vertical_ray_shooting_query (walk_pl, q1);
vertical_ray_shooting_query (walk_pl, q2);
vertical_ray_shooting_query (walk_pl, q3);

// Attach the trapezoid-RIC object to the arrangement and perform queries.
Point_2 q4 (3, 2);
Point_2 q5 (5, 2);
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Point_2 q6 (1, 0);

trap_pl.attach (arr);
vertical_ray_shooting_query (trap_pl, q4);
vertical_ray_shooting_query (trap_pl, q5);
vertical_ray_shooting_query (trap_pl, q6);

return (0);
}

The number type we use in this example is CGAL ’s built-in MP Float type which is a floating-point number
with an unbounded mantissa and a 32-bit exponent. It supports construction from an integer or from a machine
float or doubleand performs additions, subtractions and multiplications in an exact number.

17.3.3 Batched Point-Location

Suppose that at a given moment our application has to issue a relatively large numbermof point-location queries
on a specific arrangement instance. It is possible of course to define a point-location object and to issue separate
queries on the arrangement. However, as explained in Section17.3.1, choosing a simple point-location strategy
(either the näıve or the walk strategy) means inefficient queries, while the more sophisticated strategies need to
construct auxiliary structures that incur considerable overhead in running time.

On the other hand, the arrangement package includes a freelocate() function that accepts an arrangement a
range of query points as its input and sweeps through the arrangement to locate all query points in one pass.
The function outputs the query results as pairs, where each pair is comprised of a query point and a CGAL Object
that represents the cell containing the point (see Section17.3.1). The output pairs are sorted in increasingxy-
lexicographical order of the query point.

The batched point-location operation can be performed inO((m+N) log(m+N)) time, whereN is the number
of edges in the arrangement. This means that when the numberm of point-location queries is of the same order
of magnitude asN, this operation is more efficient than issuing separate queries. This suggestion is also backed
up by experimental results. Moreover, the batched point-location operation is also advantageous as it does not
have to construct and maintain additional data structures.

The following program issues a batched point-location query, which is essentially equivalent to the six separate
queries performed inex point location.C(see Section17.3.1):

//! \file examples/Arrangement_2/ex_batched_point_location.C
// Answering a batched point-location query.

#include <CGAL/MP_Float.h>
#include <CGAL/Cartesian.h>
#include <CGAL/Arr_segment_traits_2.h>
#include <CGAL/Arrangement_2.h>
#include <CGAL/Arr_batched_point_location.h>
#include <list>

#include "point_location_utils.h"

typedef CGAL::MP_Float Number_type;
typedef CGAL::Cartesian<Number_type> Kernel;
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typedef CGAL::Arr_segment_traits_2<Kernel> Traits_2;
typedef Traits_2::Point_2 Point_2;
typedef CGAL::Arrangement_2<Traits_2> Arrangement_2;
typedef std::pair<Point_2, CGAL::Object> Query_result;

int main ()
{

// Construct the arrangement.
Arrangement_2 arr;

construct_segments_arr (arr);

// Perform a batched point-location query.
std::list<Point_2> query_points;
std::list<Query_result> results;

query_points.push_back (Point_2 (1, 4));
query_points.push_back (Point_2 (4, 3));
query_points.push_back (Point_2 (6, 3));
query_points.push_back (Point_2 (3, 2));
query_points.push_back (Point_2 (5, 2));
query_points.push_back (Point_2 (1, 0));

locate (arr, query_points.begin(), query_points.end(),
std::back_inserter (results));

// Print the results.
std::list<Query_result>::const_iterator res_iter;
Arrangement_2::Vertex_const_handle v;
Arrangement_2::Halfedge_const_handle e;
Arrangement_2::Face_const_handle f;

for (res_iter = results.begin(); res_iter != results.end(); ++res_iter)
{

std::cout << "The point (" << res_iter->first << ") is located ";
if (CGAL::assign (f, res_iter->second))
{
// The current qeury point is located inside a face:
if (f->is_unbounded())

std::cout << "inside the unbounded face." << std::endl;
else

std::cout << "inside a bounded face." << std::endl;
}
else if (CGAL::assign (e, res_iter->second))
{
// The current qeury point is located on an edge:
std::cout << "on an edge: " << e->curve() << std::endl;

}
else if (CGAL::assign (v, res_iter->second))
{
// The current qeury point is located on a vertex:
if (v->is_isolated())

std::cout << "on an isolated vertex: " << v->point() << std::endl;
else
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std::cout << "on a vertex: " << v->point() << std::endl;
}

}

return (0);
}

17.4 Free Functions in the Arrangement Package

In Section17.2we reviewed in details theArrangement2 class, which represents two-dimensional subdivisions
induced by bounded planar curves, and mentioned that its interface is minimal in the sense that the member func-
tions hardly perform any geometric algorithms and are mainly used for maintaining the topological structure
of the subdivision. In this section we explain how to utilize the free (global) functions that operate on arrange-
ments. The implementation of these operations typically require non-trivial geometric algorithms or load some
extra requirements on the traits class.

17.4.1 Incremental Insertion Functions

Inserting Non-Intersecting Curves

In Section17.2we explained how to construct arrangements ofx-monotone curves that are pairwise disjoint
in their interior, when the location of the segment endpoints in the arrangement is known. Here we relax this
constraint, and allow the location of the insertedx-monotone curve endpoints to be arbitrary, as it may be
unknown at the time of insertion. We retain, for the moment, the requirement that the interior of the inserted
curve is disjoint from all existing arrangement edges and vertices.

The free functioninsert non intersectingcurve(arr, c, pl)inserts thex-monotone curvec into the arrangement
arr, with the precondition that the interior ofc is disjoint from allarr ’s existing edges and vertices. The third
argumentpl is a point-location object attached to the arrangement, which is used for performing the insertion.
It locates both curve endpoints in the arrangement, where each endpoint is expected to either coincide with
an existing vertex or lie inside a face. It is possible to invoke one of the specialized insertion functions (see
Section17.2), based on the query results, and insertc at its proper position.8 The insertion operation thus hardly
requires any geometric operations on top on the ones needed to answer the point-location queries. Moreover, it is
sufficient that the arrangement class is instantiated with a traits class that models theArrangementBasicTraits2
concept (or theArrangementLandmarkTraits2 concept, if the landmark point-location strategy is used), which
does not have to support the computation of intersection points between curves.

The variantinsert non intersectingcurve(arr, c) is also available. Instead of accepting a user-defined point-
location object, it defines a local instance of the walk point-location class and uses it to insert the curve.

Inserting x-Monotone Curves

The insert non intersectingcurve()function is very efficient, but its preconditions on the input curves are still
rather restricting. Let us assume that the arrangement is instantiated with a traits class that models the refined
ArrangementXMonotoneTraits2 concept and supports intersection computations (see Section17.5for the exact

8The insert non intersectingcurve()function, as all other functions reviewed in this section, is a function template, parameterized by
an arrangement class and a point-location class (a model of theArrangementPointLocation2 concept).
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details). Given anx-monotone curve, it is sufficient to locate its left endpoint in the arrangement and to trace its
zone, namely the set of arrangement features crossing the curve, until the right endpoint is reached. Each time
the new curvec crosses an existing vertex or an edge, the curve is split into subcurves (in the latter case, we
have to split the curve associated with the existing halfedge as well) and associate new edges with the resulting
subcurves. Recall that an edge is represented by a pair of twin halfedges, so we split it into two halfedge pairs.

The free functioninsert x monotonecurve(arr, c, pl) performs this insertion operation. It accepts anx-
monotone curvec, which may intersect some of the curves already in the arrangementarr, and inserts it into the
arrangement by computing its zone. Users may supply a point-location objectpl, or use the default walk point-
location strategy (namely, the variantinsert x monotonecurve(arr, c)is also available). The running-time of
this insertion function is proportional to the complexity of the zone of the curvec.

advanced

In some cases users may have a prior knowledge of the location of the left endpoint of thex-monotone curve
c they wish to insert, so they can perform the insertion without issuing any point-location queries. This can be
done by callinginsert x monotonecurve(arr, c, obj), whereobj is an object represents the location ofc’s left
endpoint in the arrangement — namely it wraps aVertexconsthandle, a Halfedgeconsthandleor a Face
consthandle(see also Section17.3.1).

advanced

Inserting General Curves

So far all our examples were of arrangements of line segments, where theArrangement2 template was in-
stantiated with theArr segmenttraits 2 class. In this case, the fact thatinsert x monotonecurve()accepts an
x-monotone curve does not seem to be a restriction, as all line segments arex-monotone (note that we consider
vertical line segments to beweakly x-monotone).

Suppose that we construct an arrangement of circles. A circle is obviously notx-monotone, so we cannot use
insert x monotonecurve()in this case.9 However, it is possible to subdivide each circle into twox-monotone
circular arcs (its upper half and its lower half) and to insert eachx-monotone arc separately.

The free functioninsert curve()requires that the traits class used by the arrangementarr to be a model of the
conceptArrangementTraits2, which refines theArrangementXMonotoneTraits2 concept. It has to define an
additionalCurve 2 type (which may differ from theX monotonecurve 2 type), and support the subdivision of
curves of this new type intox-monotone curves (see the exact details in Section17.5). The insert curve(arr, c,
pl) function performs the insertion of the curvec, which does not need to bex-monotone, into the arrangement by
subdividing it intox-monotone subcurves and inserting each one separately. Users may supply a point-location
objectpl, or use the default walk point-location strategy by callinginsert curve(arr, c).

Inserting Points

The arrangement class enables us to insert a point as an isolated vertex in a given face. The free functioninsert
point(arr, p, pl) inserts a vertex intoarr that corresponds to the pointp at an arbitrary location. It uses the
point-location objectpl to locate the point in the arrangement (by default, the walk point-location strategy is
used), and acts according to the result as follows:

• If p is located inside a face, it is inserted as an isolated vertex inside this face.

9Note that a key operation performed byinsert x monotonecurve() is to locate the left endpoint of the curve in the arrangement. A
circle, however, does not have any endpoints!
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Figure 17.8: An arrangement of five intersecting line segments, as constructed inex incrementalinsertion.C
andex aggregatedinsertion.C. The segment endpoints are marked by black disks and the arrangement vertices
that correspond to intersection points are marked by circles. The query pointq is marked with a cross and the
face that contains it is shaded.

• If p lies on an edge, the edge is split to create a vertex associated withp.

• Otherwise,p coincides with an existing vertex and we are done.

In all cases, the function returns a handle to the vertex associated withp.

The arrangementarr should be instantiated with a traits class that models theArrangementXMonotoneTraits2
concept, as the insertion operation may involve splitting curves.

An Example

The program below constructs an arrangement of intersecting line-segments. We know thats1 ands2 do not
intersect, so we useinsert non intersectingcurve()to insert them into the empty arrangement. The rest of the
segments are inserted usinginsert x monotonecurve()or insert curve(), which are equivalent in case of line
segments. The resulting arrangement consists of 13 vertices, 16 edges, and 5 faces, as can be seen in Figure17.8.

In the earlier examples, all arrangement vertices corresponded to segment endpoints. In this example we have
additional vertices that correspond to intersection points between two segments. The coordinates of these inter-
section points are rational numbers, if the input coordinates are rational (or integer). Therefore, theQuotient<
int> number type is used to represent the coordinates:

//! \file examples/Arrangement_2/ex_incremental_insertion.C
// Using the global incremental insertion functions.

#include <CGAL/Cartesian.h>
#include <CGAL/Quotient.h>
#include <CGAL/Arr_segment_traits_2.h>
#include <CGAL/Arrangement_2.h>
#include <CGAL/Arr_walk_along_line_point_location.h>

#include "arr_print.h"
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typedef CGAL::Quotient<int> Number_type;
typedef CGAL::Cartesian<Number_type> Kernel;
typedef CGAL::Arr_segment_traits_2<Kernel> Traits_2;
typedef Traits_2::Point_2 Point_2;
typedef Traits_2::X_monotone_curve_2 Segment_2;
typedef CGAL::Arrangement_2<Traits_2> Arrangement_2;
typedef CGAL::Arr_walk_along_line_point_location<Arrangement_2> Walk_pl;

int main ()
{

// Construct the arrangement of five intersecting segments.
Arrangement_2 arr;
Walk_pl pl(arr);

Segment_2 s1 (Point_2(1, 0), Point_2(2, 4));
Segment_2 s2 (Point_2(5, 0), Point_2(5, 5));
Segment_2 s3 (Point_2(1, 0), Point_2(5, 3));
Segment_2 s4 (Point_2(0, 2), Point_2(6, 0));
Segment_2 s5 (Point_2(3, 0), Point_2(5, 5));

insert_non_intersecting_curve (arr, s1, pl);
insert_non_intersecting_curve (arr, s2, pl);
insert_x_monotone_curve (arr, s3, pl);
insert_x_monotone_curve (arr, s4, pl);
insert_curve (arr, s5, pl);

// Print the size of the arrangement.
std::cout << "The arrangement size:" << std::endl

<< " V = " << arr.number_of_vertices()
<< ", E = " << arr.number_of_edges()
<< ", F = " << arr.number_of_faces() << std::endl;

// Perform a point-location query on the resulting arrangement and print
// the boundary of the face that contains it.
Point_2 q (4, 1);
CGAL::Object obj = pl.locate (q);

Arrangement_2::Face_const_handle f;
bool success = CGAL::assign (f, obj);

CGAL_assertion (success);
std::cout << "The query point (" << q << ") is located in: ";
print_face<Arrangement_2> (f);

return (0);
}

17.4.2 Aggregated Insertion Functions

Let us assume that we have to insert a set ofm input curves into an arrangement. It is possible to do this
incrementally, inserting the curves one by one, as shown in the previous section. However, the arrangement
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package provides three free functions that aggregately insert a range of curves into an arrangement:

• insert non intersectingcurves(arr, begin, end)inserts a range ofx-monotone curves given by the input
iterators[begin, end)into an arrangementarr. Thex-monotone curves should be pairwise disjoint in their
interior and also interior-disjoint from all existing edges and vertices ofarr.

• insert x monotonecurves(arr, begin, end)operates on a range ofx-monotone curves that may intersect
one another.

• insert curves(arr, begin, end)inserts a range of of general (not necessarilyx-monotone) curves of type
Curve 2, given by the input iterators[begin, end), into the arrangementarr.

We distinguish between two cases: (i) The given arrangementarr is empty (has only an unbounded face), so we
have to construct it from scratch. (ii) We have to insertm input curves to a non-empty arrangementarr.

In the first case, we sweep over the input curves, compute their intersection points and construct the DCEL that
represents their planar arrangement. This process is performed inO((m+k) logm) time, wherek is the total
number of intersection points. The running time is asymptotically better than the time needed for incremental
insertion, if the arrangement is relatively sparse (whenk is bounded by m2

logm), but in practice it is recommended
to use this aggregated construction process even for dense arrangements, since the sweep-line algorithm needs
less geometric operations compared to the incremental insertion algorithms and hence typically runs much faster
in practice.

Another important advantage the aggregated insertion functions have is that they do not issue point-location
queries. Thus, no point-location object needs to be attached to the arrangement. As explained in Section17.3.1,
there is a trade-off between construction time and query time in each of the point-location strategies, which
affects the running times of the incremental insertion process. Naturally, this trade-off is irrelevant in case of
aggregated insertion as above.

The example below shows how to construct the arrangement of line segments depicted in Figure17.8and built
incrementally inex incrementalinsertion.C, as shown in the previous section. We use the aggregated insertion
function insert x monotonecurves()as we deal with line segments. Note that no point-location object needs to
be defined and attached to the arrangement:

//! \file examples/Arrangement_2/ex_aggregated_insertion.C
// Using the global aggregated insertion functions.

#include <CGAL/Cartesian.h>
#include <CGAL/Quotient.h>
#include <CGAL/Arr_segment_traits_2.h>
#include <CGAL/Arrangement_2.h>
#include <list>

typedef CGAL::Quotient<int> Number_type;
typedef CGAL::Cartesian<Number_type> Kernel;
typedef CGAL::Arr_segment_traits_2<Kernel> Traits_2;
typedef Traits_2::Point_2 Point_2;
typedef Traits_2::X_monotone_curve_2 Segment_2;
typedef CGAL::Arrangement_2<Traits_2> Arrangement_2;

int main ()
{

// Construct the arrangement of five intersecting segments.
Arrangement_2 arr;
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Figure 17.9: An arrangement of intersecting line segments, as constructed inex global insertion.C. The seg-
ments ofS1 are drawn in solid lines and the segments ofS2 are drawn in dark dashed lines. Note that the segment
s (light dashed line) overlaps one of the segments inS1.

std::list<Segment_2> segments;;

segments.push_back (Segment_2 (Point_2(1, 0), Point_2(2, 4)));
segments.push_back (Segment_2 (Point_2(5, 0), Point_2(5, 5)));
segments.push_back (Segment_2 (Point_2(1, 0), Point_2(5, 3)));
segments.push_back (Segment_2 (Point_2(0, 2), Point_2(6, 0)));
segments.push_back (Segment_2 (Point_2(3, 0), Point_2(5, 5)));

insert_x_monotone_curves (arr, segments.begin(), segments.end());

// Print the size of the arrangement.
std::cout << "The arrangement size:" << std::endl

<< " V = " << arr.number_of_vertices()
<< ", E = " << arr.number_of_edges()
<< ", F = " << arr.number_of_faces() << std::endl;

return (0);
}

In case we have to insert a set ofm curves into an existing arrangement, where we denote the number of edges
in the arrangement byN. As a rule of thumb, ifm= o(

√
N), we insert the curves one by one. For larger input

sets, we use the aggregated insertion procedures.

In the example below we aggregately construct an arrangement of a setS1 containing five line segments. Then
we insert a single segment using the incremental insertion function. Finally, we add a setS2 with five more
line segments in an aggregated fashion. Notice that the line segments ofS1 are pairwise interior-disjoint, so we
useinsert non intersectingcurves(). S2 also contain pairwise interior-disjoint segments, but as they intersect
the existing arrangement, we have to useinsert x monotonecurves()to insert them. Also note that the single
segments we insert incrementally overlaps an existing arrangement edge:

//! \file examples/Arrangement_2/ex_global_insertion.C
// Using the global insertion functions (incremental and aggregated).
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#include <CGAL/Cartesian.h>
#include <CGAL/Quotient.h>
#include <CGAL/MP_Float.h>
#include <CGAL/Arr_segment_traits_2.h>
#include <CGAL/Arrangement_2.h>
#include <CGAL/Arr_naive_point_location.h>

#include "arr_print.h"

typedef CGAL::Quotient<CGAL::MP_Float> Number_type;
typedef CGAL::Cartesian<Number_type> Kernel;
typedef CGAL::Arr_segment_traits_2<Kernel> Traits_2;
typedef Traits_2::Point_2 Point_2;
typedef Traits_2::X_monotone_curve_2 Segment_2;
typedef CGAL::Arrangement_2<Traits_2> Arrangement_2;
typedef CGAL::Arr_naive_point_location<Arrangement_2> Naive_pl;

int main ()
{

// Construct the arrangement of five intersecting segments.
Arrangement_2 arr;
Segment_2 S1 [5];

S1[0] = Segment_2 (Point_2 (1, 2.5), Point_2 (4, 5));
S1[1] = Segment_2 (Point_2 (1, 2.5), Point_2 (6, 2.5));
S1[2] = Segment_2 (Point_2 (1, 2.5), Point_2 (4, 0));
S1[3] = Segment_2 (Point_2 (4, 5), Point_2 (6, 2.5));
S1[4] = Segment_2 (Point_2 (4, 0), Point_2 (6, 2.5));

insert_non_intersecting_curves (arr, S1, S1 + 5);

// Perform an incremental insertion of a single overlapping segment.
Naive_pl pl (arr);

insert_x_monotone_curve (arr,
Segment_2 (Point_2 (0, 2.5), Point_2 (4, 2.5)),
pl);

// Aggregately insert an additional set of five segments.
Segment_2 S2 [5];

S2[0] = Segment_2 (Point_2 (0, 4), Point_2 (6, 5));
S2[1] = Segment_2 (Point_2 (0, 3), Point_2 (6, 4));
S2[2] = Segment_2 (Point_2 (0, 2), Point_2 (6, 1));
S2[3] = Segment_2 (Point_2 (0, 1), Point_2 (6, 0));
S2[4] = Segment_2 (Point_2 (6, 1), Point_2 (6, 4));

insert_x_monotone_curves (arr, S2, S2 + 5);

// Print the size of the arrangement.
std::cout << "The arrangement size:" << std::endl

<< " V = " << arr.number_of_vertices()
<< ", E = " << arr.number_of_edges()
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<< ", F = " << arr.number_of_faces() << std::endl;

return (0);
}

The number type used in the example above,Quotient<MP Float>, is comprised of a numerator and a de-
nominator of typeMP Float, namely floating-point numbers with unbounded mantissa. This number type is
therefore capable of exactly computing the intersection points as long as the segment endpoints are given as
floating-point numbers.

17.4.3 Removing Vertices and Edges

The free functionsremovevertex()and removeedge()handle the removal of vertices and edges from an ar-
rangement. The difference between these functions and the member functions of theArrangement2 template
having the same name is that they allow the merger of two curves associated with adjacent edges to form a
single edge. Thus, they require that the traits class that instantiates the arrangement instance is a model of the
refinedArrangementXMonotoneTraits2 concept (see Section17.5).

The functionremovevertex(arr, v)removes the vertexv from the given arrangementarr, wherev is either an
isolated vertex or is aredundantvertex — namely, it has exactly two incident edges that are associated with two
curves that can be merged to form a singlex-monotone curve. If neither of the two cases apply, the function
returns an indication that it has failed to remove the vertex.

The functionremoveedge(arr, e)removes the edgee from the arrangement by simply callingarr.remove
edge(e)(see Section17.2.3). In addition, if either of the end vertices ofe becomes isolated or redundant after
the removal of the edge, it is removed as well.

The following example demonstrates the usage of the free removal functions. In creates an
arrangement of four line segment forming an H-shape with a double horizontal line. Then
it removes the two horizontal edges and clears all redundant vertices, such that the final
arrangement consists of just two edges associated with the vertical line segments:

s3 s4s1

s2

//! \file examples/Arrangement_2/ex_global_removal.C
// Using the global removal functions.

#include <CGAL/Cartesian.h>
#include <CGAL/Arr_segment_traits_2.h>
#include <CGAL/Arrangement_2.h>
#include <CGAL/Arr_naive_point_location.h>

#include "arr_print.h"

typedef int Number_type;
typedef CGAL::Cartesian<Number_type> Kernel;
typedef CGAL::Arr_segment_traits_2<Kernel> Traits_2;
typedef Traits_2::Point_2 Point_2;
typedef Traits_2::X_monotone_curve_2 Segment_2;
typedef CGAL::Arrangement_2<Traits_2> Arrangement_2;
typedef Arrangement_2::Vertex_handle Vertex_handle;
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typedef Arrangement_2::Halfedge_handle Halfedge_handle;
typedef CGAL::Arr_naive_point_location<Arrangement_2> Naive_pl;

int main ()
{

// Create an arrangement of four line segments forming an H-shape.
Arrangement_2 arr;
Naive_pl pl (arr);

Segment_2 s1 (Point_2 (1, 3), Point_2 (4, 3));
Halfedge_handle e1 = arr.insert_in_face_interior (s1, arr.unbounded_face());
Segment_2 s2 (Point_2 (1, 4), Point_2 (4, 4));
Halfedge_handle e2 = arr.insert_in_face_interior (s2, arr.unbounded_face());
Segment_2 s3 (Point_2 (1, 1), Point_2 (1, 6));
Segment_2 s4 (Point_2 (4, 1), Point_2 (4, 6));

insert_curve (arr, s3, pl);
insert_curve (arr, s4, pl);

std::cout << "The initial arrangement:" << std::endl;
print_arrangement (arr);

// Remove the horizontal edge e1 from the arrangement using the member
// function remove_edge(), then remove its end vertices.
Vertex_handle v1 = e1->source(), v2 = e1->target();

arr.remove_edge (e1);
remove_vertex (arr, v1);
remove_vertex (arr, v2);

// Remove the second horizontal edge e2 from the arrangement using the
// free remove_edge() function.
remove_edge (arr, e2);

std::cout << "The final arrangement:" << std::endl;
print_arrangement (arr);
return (0);

}

17.5 Traits Classes

As mentioned in the introduction of this chapter, the traits class encapsulates the definitions of the geometric
entities and implements the geometric predicates and constructions needed by theArrangement2 class and by
its peripheral algorithms. We also mention throughout the chapter that there are different levels of requirements
from the traits class, namely the traits class can model different concept refinement-levels.

A model of the basic concept,ArrangementBasicTraits2, needs to define the typesPoint 2 andX monotone
curve 2, where objects of the first type are the geometric mapping of arrangement vertices, and objects of the
latter type are the geometric mapping of edges. In addition, it has to support the following set of predicates:

• Compare thex-coordinates of two pointsp andq.
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• Compare two pointsp andq lexicographically, by theirx-coordinates then by theiry-coordinates.

• Return the left endpoint (similarly, the right endpoint) of anx-monotone curvec.

• Given anx-monotone curvec and a pointp that lies in itsx-range, determine whetherp lies below, above
or onc.

• Given twox-monotone curvesc1 andc2 that share a common left endpoint (similarly, right endpoint)p,
determine whetherc1 lies above or underc2 immediately to the right (to the left) ofp, or whether the two
curves coincide there.

• Check two curves for equality (two curves are equal if their graph is the same).

This basic set of predicates is sufficient for constructing arrangements ofx-monotone curves and points that are
pairwise disjoint in their interiors and for performing point-location queries and vertical ray-shooting queries.

The landmark point-location strategy (see Section17.3.1) needs its associated arrangement to be instantiated
with a model of the refinedArrangementLandmarkTraits2 traits concept. A model of this concept must define
a fixed precision number type (typicallydouble) and support the additional operations:

• Given a pointp, approximate thex andy-coordinates ofp using the fixed precision number type. We use
this operation for approximate computations — there are certain operations in the search for the location
of the point that need not be exact and we can perform them faster than other operations.

• Given two pointsp1 andp2, construct anx-monotone curve connectingp1 andp2.

A traits class that models theArrangementXMonotoneTraits2 concept, which refines the
ArrangementBasicTraits2 concept, has to support the following functions:

• Compute all intersection points and overlapping sections of two givenx-monotone curves. If possible,
compute also the multiplicity of each intersection point.10 Knowing the multiplicity of an intersection
point is not required, but it can speed up the arrangement construction.

• Split anx-monotone curvec into two subcurves at a pointp lying in the interior ofc.

• Given twox-monotone curvec1 andc2 that share a common endpoint, determine whetherc1 andc2 are
mergeable, that is, whether they can be merged to form a single continuousx-monotone curve of the type
supported by the traits class.

• Merge two mergeablex-monotone curvec1 andc2.

Using a model of theArrangementXMonotoneTraits2, it is possible to construct arrangements of sets ofx-
monotone curves (and points) that may intersect one another.

The conceptArrangementTraits2 refines theArrangementXMonotoneTraits2 concept by adding the notion of
a general, not necessarilyx-monotone (and not necessarily connected) curve. A model of this concept must
define theCurve 2 type and support the division of a curve into a set of continuousx-monotone curves and
isolated points. For example, the curveC : (x2 +y2)(x2 +y2−1) = 0 is the unit circle (the loci of all points for
which x2 + y2 = 1) with the origin(0,0) as a singular point in its interior.C should therefore be divided into
two circular arcs (the upper part and the lower part of the unit circle) and a single isolated point.

Note that the refined modelArrangementTraits2 is required only when using the freeinsert curve() and
insert curves()functions (see Section17.4), which accept aCurve 2 object in the incremental version, or a

10If the two curves intersect at a pointp but have different tangents,p is of multiplicity 1. If the tangents are also equal but the their
curvatures are not the same,p is of multiplicity 2, etc.
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range ofCurve 2 objects in the aggregated version. In all other cases it is sufficient to use a model of the
ArrangementXMonotoneTraits2 concept.

In the rest of this section we review the traits classes included in the public distribution of CGAL, that handle
line segments, polylines and conic arcs. The last subsection overviews decorators for geometric traits classes
distributed with CGAL, which extend other geometric traits-class by attaching auxiliary data with the geometric
objects.

17.5.1 Traits Classes for Line Segments

TheArr segmenttraits 2<Kernel> class used so far in all example programs in this chapter is parameterized by
a geometric kernel and uses theKernel::Point 2 type as it point type. However, neither theCurve 2 nor theX
monotonecurve 2 types are identical to theKernel::Segment2 type. A kernel segment is typically represented
by its two endpoints, and these may have a large bit-size representation, if the segment is intersected and
split several times (in comparison with the representation of its original endpoints). The large representation
may significantly slow down the various traits-class operations involving such a segment. In contrast, the
Arr segmenttraits 2 represents a segment using its supporting line and the two endpoints, such that most
computations are performed on the supporting line, which never changes as the segment is split. It also caches
some additional information with the segment to speed up various predicates. AnX monotonecurve 2 object
can still be constructed from two endpoints or from a kernel segment. Moreover, anX monotonecurve 2
instance can also be casted or assigned to aKernel::Segment2 object. The two types are thus fully convertible
to one another.

TheArr segmenttraits 2<Kernel> class is very efficient for maintaining arrangements of a large number of in-
tersecting line segments, especially if it is instantiated with the appropriate geometric kernel. UsingCartesian<
Gmpq> as the kernel type is generally a good choice; the coordinates of the segment endpoints are represented
as exact rational numbers, and this ensures the robustness and correctness of any computation. However, if the
GMP library is not installed, it is possible to use theQuotient<MP Float> number-type, provided by the support
library of CGAL, which is somewhat less efficient.11

Exact computations are of course less efficient, compared to machine-precision floating-point arithmetic, so
constructing an arrangement using theCartesian<Gmpq> kernel (or, similarly,Cartesian<Quotient<MP Float>
>) is several times slower in comparison to aSimplecartesian<double> kernel. However, in the latter case the
correctness of the computation results is not guaranteed. In many cases it is possible to usefilteredcomputations
and benefit from both approaches, namely achieve fast running times with guaranteed results. In case we handle
a set of line segments that have no degeneracies, namely no two segments share a common endpoint, and no
three segments intersect at a common point — or alternatively, degeneracies exist but their number is relatively
small — then filtered computation incur only a minor overhead compared to the floating-point arithmetic, while
ensuring the correctness of the computation results.

In the following example we use the predefinedExact predicatesexactconstructionskernelfor instantiating
our segment-traits class. This kernel use interval arithmetic to filter the exact computations. The program reads
a set of line segments with integer coordinates from a file and computes their arrangement. By default it opens
the fan grids.dat input-file, located in the examples folder, which contains 104 line segments that form four
“fan-like” grids and induce a dense arrangement, as illustrated in Figure17.10(a):

//! \file examples/Arrangement_2/ex_predefined_kernel.C
// Constructing an arrangements of intersecting line segments using the
// predefined kernel with exact constructions and exact predicates.

11Many of the example programs in the rest of the chapter include a header file namedarr rational nt.h, which defines a type named
Numbertypeas eitherGmpqor Quotient<MP Float>, depending on whether GMP is installed or not.

1139



(a) (b)

Figure 17.10: (a) An arrangement of 104 line segments from the input filefan grids.dat. (b) An arrangement of
more than 3000 interior disjoint line segments, defined in the input fileEurope.dat.

#include <CGAL/Exact_predicates_exact_constructions_kernel.h>
#include <CGAL/Arr_segment_traits_2.h>
#include <CGAL/Arrangement_2.h>
#include <CGAL/Timer.h>
#include <list>
#include <fstream>

typedef CGAL::Exact_predicates_exact_constructions_kernel Kernel;
typedef Kernel::FT Number_type;
typedef CGAL::Arr_segment_traits_2<Kernel> Traits_2;
typedef Traits_2::Point_2 Point_2;
typedef Traits_2::X_monotone_curve_2 Segment_2;
typedef CGAL::Arrangement_2<Traits_2> Arrangement_2;

int main (int argc, char **argv)
{

// Get the name of the input file from the command line, or use the default
// fan_grids.dat file if no command-line parameters are given.
char *filename = "fan_grids.dat";

if (argc > 1)
filename = argv[1];

// Open the input file.
std::ifstream in_file (filename);

if (! in_file.is_open())
{

std::cerr << "Failed to open " << filename << " ..." << std::endl;
return (1);

}
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// Read the segments from the file.
// The input file format should be (all coordinate values are integers):
// <n> // number of segments.
// <sx_1> <sy_1> <tx_1> <ty_1> // source and target of segment #1.
// <sx_2> <sy_2> <tx_2> <ty_2> // source and target of segment #2.
// : : : :
// <sx_n> <sy_n> <tx_n> <ty_n> // source and target of segment #n.
int n;
std::list<Segment_2> segments;
int sx, sy, tx, ty;
int i;

in_file >> n;
for (i = 0; i < n; i++)
{

in_file >> sx >> sy >> tx >> ty;

segments.push_back (Segment_2 (Point_2 (Number_type (sx),
Number_type (sy)),

Point_2 (Number_type (tx),
Number_type (ty))));

}
in_file.close();

// Construct the arrangement by aggregately inserting all segments.
Arrangement_2 arr;
CGAL::Timer timer;

std::cout << "Performing aggregated insertion of "
<< n << " segments." << std::endl;

timer.start();
insert_curves (arr, segments.begin(), segments.end());
timer.stop();

// Print the arrangement dimensions.
std::cout << "V = " << arr.number_of_vertices()

<< ", E = " << arr.number_of_edges()
<< ", F = " << arr.number_of_faces() << std::endl;

std::cout << "Construction took " << timer.time()
<< " seconds." << std::endl;

return 0;
}

The arrangement package also offers a simpler alternative segment-traits class. The traits class
Arr non cachingsegmentbasic traits 2<Kernel> models theArrangementBasicTraits2 concept. It uses
Kernel::Point 2 as its point type andKernel::Segment2 as itsx-monotone curve type. As this traits class does
not support intersecting and splitting segments, the kernel representation is sufficient. It is still less efficient
thanArr segmenttraits 2 for constructing arrangements of pairwise disjoint line segments in many cases, as it
performs no caching at all, but using this traits class may be preferable as it reduces the memory consumption a
bit, since no extra data is stored with the line segments.
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The classArr non cachingsegmenttraits 2<Kernel> inherits fromArr non cachingsegmentbasic traits 2<
Kernel> and extends it to be a model of theArrangementTraits2 concept. It may thus be used to construct
arrangement of intersecting line segments, but as explained above, for efficiency reasons it is recommended to
use it only when the arrangement is very sparse and contains hardly any intersection points.

In the following example we read an input file containing a set of line segments that are pairwise disjoint
in their interior. As the segments do not intersect, no new points are constructed and we can instantiate
the Arr non cachingsegmenttraits basic 2<Kernel> class-template with the predefinedExact predicates
inexactconstructionskernel. Note that we use theinsert non intersectingcurves()function to construct the
arrangement. By default, the example opens theEurope.datinput-file, located in the examples folder, which
contains more than 3000 line segments with floating-point coordinates that form the map of Europe, as depicted
in Figure17.10(b):

//! \file examples/Arrangement_2/ex_predefined_kernel_non_intersecting.C
// Constructing an arrangement of non-intersecting line segments using the
// predefined kernel with exact predicates.

#include <CGAL/Exact_predicates_inexact_constructions_kernel.h>
#include <CGAL/Arr_non_caching_segment_basic_traits_2.h>
#include <CGAL/Arrangement_2.h>
#include <CGAL/Timer.h>
#include <list>
#include <fstream>

typedef CGAL::Exact_predicates_inexact_constructions_kernel Kernel;
typedef Kernel::FT Number_type;
typedef CGAL::Arr_non_caching_segment_basic_traits_2<Kernel> Traits_2;
typedef Traits_2::Point_2 Point_2;
typedef Traits_2::X_monotone_curve_2 Segment_2;
typedef CGAL::Arrangement_2<Traits_2> Arrangement_2;

int main (int argc, char **argv)
{

// Get the name of the input file from the command line, or use the default
// Europe.dat file if no command-line parameters are given.
char *filename = "Europe.dat";

if (argc > 1)
filename = argv[1];

// Open the input file.
std::ifstream in_file (filename);

if (! in_file.is_open())
{

std::cerr << "Failed to open " << filename << " ..." << std::endl;
return (1);

}

// Read the segments from the file.
// The input file format should be (all coordinate values are double
// precision floating-point numbers):
// <n> // number of segments.
// <sx_1> <sy_1> <tx_1> <ty_1> // source and target of segment #1.
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// <sx_2> <sy_2> <tx_2> <ty_2> // source and target of segment #2.
// : : : :
// <sx_n> <sy_n> <tx_n> <ty_n> // source and target of segment #n.
int n;
std::list<Segment_2> segments;
double sx, sy, tx, ty;
int i;

in_file >> n;
for (i = 0; i < n; i++)
{

in_file >> sx >> sy >> tx >> ty;

segments.push_back (Segment_2 (Point_2 (Number_type (sx),
Number_type (sy)),

Point_2 (Number_type (tx),
Number_type (ty))));

}
in_file.close();

// Construct the arrangement by aggregately inserting all segments.
Arrangement_2 arr;
CGAL::Timer timer;

std::cout << "Performing aggregated insertion of "
<< n << " segments." << std::endl;

timer.start();
insert_non_intersecting_curves (arr, segments.begin(), segments.end());
timer.stop();

// Print the arrangement dimensions.
std::cout << "V = " << arr.number_of_vertices()

<< ", E = " << arr.number_of_edges()
<< ", F = " << arr.number_of_faces() << std::endl;

std::cout << "Construction took " << timer.time()
<< " seconds." << std::endl;

return 0;
}

17.5.2 The Polyline-Traits Class

TheArr polyline traits 2<SegmentTraits> class can be used to maintain arrangements of polylines (a.k.a. poly-
segments), which are continuous piecewise linear curves. A polyline can be created from a range of points,
where thei-th and(i +1)-st points in the range represent the endpoints of thei-th segment of the polyline. The
polyline traits class is parameterized with a segment-traits class that supports the basic operations on segments.

Polylines are the simplest form of a curves that are not necessarilyx-monotone. They can be used to approximate
more complicated curves in a convenient manner, as the algebra needed to handle them is elementary — rational
arithmetic is sufficient to construct an arrangement of polylines is an exact and robust manner. Note, however,

1143



π1

π3

π2

Figure 17.11: An arrangement of three polylines, as constructed inex polylines.C. Disks mark vertices associ-
ated with polyline endpoints, while circles mark vertices that correspond to intersection points. Note thatπ2 is
split into threex-monotone polylines, and thatπ1 andπ3 have two overlapping sections.

that a single polyline can be split into manyx-monotone polylines, and that the number of intersection points
(or overlapping sections) between two polylines can also be large.

The polyline-traits class is a model of theArrangementTraits2 concept and of the
ArrangementLandmarkTraits2 concept. It inherits its point type from the segment-traits class, and de-
fines the polyline type, which serves as itsCurve 2. Polyline curve objects can be constructed from a range of
points. They also enable the traversal over the range of defining points, whose first and past-the-end iterators
can be obtained through the methodsbegin()andend(). The nestedX monotonecurve 2 type inherits from
Curve 2. The points in anx-monotone curve are always stored in lexicographically increasing order of their
coordinates.

The following example program constructs an arrangement of three polylines, as depicted in Figure17.11. Note
that most points defining the polylines are not associated with arrangement vertices. The arrangement vertices
are either the extreme points of eachx-monotone polyline or the intersection points between two polylines:

//! \file examples/Arrangement_2/ex_polylines.C
// Constructing an arrangement of polylines.

#include <CGAL/Cartesian.h>
#include <CGAL/Quotient.h>
#include <CGAL/MP_Float.h>
#include <CGAL/Arr_segment_traits_2.h>
#include <CGAL/Arr_polyline_traits_2.h>
#include <CGAL/Arrangement_2.h>
#include <vector>
#include <list>

#include "arr_print.h"

typedef CGAL::Quotient<CGAL::MP_Float> Number_type;
typedef CGAL::Cartesian<Number_type> Kernel;
typedef CGAL::Arr_segment_traits_2<Kernel> Segment_traits_2;
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typedef CGAL::Arr_polyline_traits_2<Segment_traits_2> Traits_2;
typedef Traits_2::Point_2 Point_2;
typedef Traits_2::Curve_2 Polyline_2;
typedef CGAL::Arrangement_2<Traits_2> Arrangement_2;

int main ()
{

Arrangement_2 arr;

Point_2 points1[5];
points1[0] = Point_2 (0, 0);
points1[1] = Point_2 (2, 4);
points1[2] = Point_2 (3, 0);
points1[3] = Point_2 (4, 4);
points1[4] = Point_2 (6, 0);
Polyline_2 pi1 (&points1[0], &points1[5]);

std::list<Point_2> points2;
points2.push_back (Point_2 (1, 3));
points2.push_back (Point_2 (0, 2));
points2.push_back (Point_2 (1, 0));
points2.push_back (Point_2 (2, 1));
points2.push_back (Point_2 (3, 0));
points2.push_back (Point_2 (4, 1));
points2.push_back (Point_2 (5, 0));
points2.push_back (Point_2 (6, 2));
points2.push_back (Point_2 (5, 3));
points2.push_back (Point_2 (4, 2));
Polyline_2 pi2 (points2.begin(), points2.end());

std::vector<Point_2> points3 (4);
points3[0] = Point_2 (0, 2);
points3[1] = Point_2 (1, 2);
points3[2] = Point_2 (3, 6);
points3[3] = Point_2 (5, 2);
Polyline_2 pi3 (points3.begin(), points3.end());

insert_curve (arr, pi1);
insert_curve (arr, pi2);
insert_curve (arr, pi3);

print_arrangement (arr);
return 0;

}

17.5.3 A Traits Class for Circular Arcs and Line Segments

Circles and circular arcs are the simplest form of non-linear curves. We handle circles whose centers have
rational coordinates and whose squared radii is also rational. If we denote the circle center by(x0,y0) and its
radius byr, then the equation of the circle — that is,(x−x0)2 +(y−y0)2 = r2 — has rational coefficients. The
intersection points of two such circles are therefore solutions of a quadratic equation with rational coefficients,
or algebraic numbers of degree 2. The same applies for intersection points between such a rational circle and a
line, or a line segment, with rational coefficients (a line whose equation isax+by+c = 0, wherea, b andc are
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Figure 17.12: An arrangement of three circles constructed inex circles.C. Each circle is split into twox-
monotone circular arcs, whose endpoints are drawn as disks. Circles mark vertices that correspond to intersec-
tion points. The vertexvmax is a common intersection point of all three circles.

rational). Such numbers can be expressed asα+β√γ, whereα, β andγ are all rational numbers.

Arrangement of circular arcs and of line segment are very useful, as they occur in many applications. For
example, when dilating a polygon by some radius we obtain a shape whose boundary is comprised of line
segments, which correspond to dilated polygon edges, and circular arcs, which result from dilated polygon
vertices. Using the arrangement of the boundary curves it is possible, for example, to compute the union of a
set of dilated polygons.

TheArr circle segmenttraits 2<Kernel> class-template is designed for efficient handling of arrangements of
circular arcs and line segments. It is parameterized by a geometric kernel, and can handle arrangements of
segments ofKernel::Circle 2 objects (full circles are also supported) or ofKernel::Line 2 objects — namely
circular arcs and line segments. It is important to observe that the nestedPoint 2 type defined by the traits class,
whose coordinates are typically algebraic numbers of degree 2, isnot the same as theKernel::Point 2 type,
which is capable of representing a point with rational coordinates. The coordinates of a point are represented
using the nestedCoordNTnumber-type.

In the following example an arrangement of three full circles is constructed, as shown in Figure17.12. Then,
the vertex of maximal degree is searched for. The geometric mapping of this vertex is the point(4,3), as all
three circles intersect at this point and the associated vertex has six incident edges:

//! \file examples/Arrangement_2/ex_circles.C
// Constructing an arrangement of circles using the conic-arc traits.

#include "arr_rational_nt.h"
#include <CGAL/Cartesian.h>
#include <CGAL/Arr_circle_segment_traits_2.h>
#include <CGAL/Arrangement_2.h>

typedef CGAL::Cartesian<Number_type> Kernel;
typedef Kernel::Circle_2 Circle_2;
typedef CGAL::Arr_circle_segment_traits_2<Kernel> Traits_2;
typedef Traits_2::CoordNT CoordNT;
typedef Traits_2::Point_2 Point_2;
typedef Traits_2::Curve_2 Curve_2;
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typedef CGAL::Arrangement_2<Traits_2> Arrangement_2;

int main ()
{

// Create a circle centered at the origin with radius 5.
Kernel::Point_2 c1 = Kernel::Point_2 (0, 0);
Number_type sqr_r1 = Number_type (25); // = 5ˆ2
Circle_2 circ1 = Circle_2 (c1, sqr_r1, CGAL::CLOCKWISE);
Curve_2 cv1 = Curve_2 (circ1);

// Create a circle centered at (7,7) with radius 5.
Kernel::Point_2 c2 = Kernel::Point_2 (7, 7);
Number_type sqr_r2 = Number_type (25); // = 5ˆ2
Circle_2 circ2 = Circle_2 (c2, sqr_r2, CGAL::CLOCKWISE);
Curve_2 cv2 = Curve_2 (circ2);

// Create a circle centered at (4,-0.5) with radius 3.5 (= 7/2).
Kernel::Point_2 c3 = Kernel::Point_2 (4, Number_type (-1,2));
Number_type sqr_r3 = Number_type (49, 4); // = 3.5ˆ2
Circle_2 circ3 = Circle_2 (c3, sqr_r3, CGAL::CLOCKWISE);
Curve_2 cv3 = Curve_2 (circ3);

// Construct the arrangement of the three circles.
Arrangement_2 arr;

insert_curve (arr, cv1);
insert_curve (arr, cv2);
insert_curve (arr, cv3);

// Locate the vertex with maximal degree.
Arrangement_2::Vertex_const_iterator vit;
Arrangement_2::Vertex_const_handle v_max;
unsigned int max_degree = 0;

for (vit = arr.vertices_begin(); vit != arr.vertices_end(); ++vit)
{

if (vit->degree() > max_degree)
{
v_max = vit;
max_degree = vit->degree();

}
}

std::cout << "The vertex with maximal degree in the arrangement is: "
<< "v_max = (" << v_max->point() << ") "
<< "with degree " << max_degree << "." << std::endl;

return (0);
}

The Curve 2 type nested inArr circle segmenttraits 2 can be used to represent circles, circular arcs,
or line segments. Curve objects can therefore be constructed from aKernel::Circle 2 object or from a
Kernel::Segment2 object. A circular arc is typically defined by a supporting circle and two endpoints, where
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the endpoints are instances of thePoint 2 type, with rational or irrational coordinates. The orientation of the
arc is determined by the orientation of the supporting circle. Similarly, we also support the construction of lines
segments given their supporting line (of typeKernel::Line 2) and two endpoints, which may have irrational
coordinates (unlike theKernel::Segment2 type).

Note that theKernel::Circle 2 type represents a circle whosesquared radiusis rational, where the radius itself
may be irrational. However, if the radius is known to be rational, it is advisable to use it, for efficiency reasons.
It is therefore also possible to construct a circle, or a circular arc specifying the circle center (aKernel::Point 2),
its rational radius, and its orientation. Finally, we also support the construction of a circular arcs that is defined
by two endpoints and an arbitrary midpoint that lies on the arc in between its endpoint. In this case, all three
points are required to have rational coordinates (to be kernel points).

The following example demonstrates the usage of the various construction methods for circular arcs and line
segments. Note the usage of the constructor ofCoordNT (alpha, beta, gamma), which creates a degree-2
algebraic number whose value isα+β√γ.

//! \file examples/Arrangement_2/ex_circular_arc.C
// Constructing an arrangement of various circular arcs and line segments.

#include "arr_rational_nt.h"
#include <CGAL/Cartesian.h>
#include <CGAL/Arr_circle_segment_traits_2.h>
#include <CGAL/Arrangement_2.h>

typedef CGAL::Cartesian<Number_type> Kernel;
typedef Kernel::Circle_2 Circle_2;
typedef Kernel::Segment_2 Segment_2;
typedef CGAL::Arr_circle_segment_traits_2<Kernel> Traits_2;
typedef Traits_2::CoordNT CoordNT;
typedef Traits_2::Point_2 Point_2;
typedef Traits_2::Curve_2 Curve_2;
typedef CGAL::Arrangement_2<Traits_2> Arrangement_2;

int main ()
{

std::list<Curve_2> curves;

// Create a circle centered at the origin with squared radius 2.
Kernel::Point_2 c1 = Kernel::Point_2 (0, 0);
Circle_2 circ1 = Circle_2 (c1, Number_type (2));

curves.push_back (Curve_2 (circ1));

// Create a circle centered at (2,3) with radius 3/2 - note that
// as the radius is rational we use a different curve constructor.
Kernel::Point_2 c2 = Kernel::Point_2 (2, 3);

curves.push_back (Curve_2 (c2, Number_type(3, 2)));

// Create a segment of the line (y = x) with rational endpoints.
Kernel::Point_2 s3 = Kernel::Point_2 (-2, -2);
Kernel::Point_2 t3 = Kernel::Point_2 (2, 2);
Segment_2 seg3 = Segment_2 (s3, t3);
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curves.push_back (Curve_2 (seg3));

// Create a line segment with the same supporting line (y = x), but
// having one endpoint with irrational coefficients.
CoordNT sqrt_15 = CoordNT (0, 1, 15); // = sqrt(15)
Point_2 s4 = Point_2 (3, 3);
Point_2 t4 = Point_2 (sqrt_15, sqrt_15);

curves.push_back (Curve_2 (seg3.supporting_line(), s4, t4));

// Create a circular arc that correspond to the upper half of the
// circle centered at (1,1) with squared radius 3. We create the
// circle with clockwise orientation, so the arc is directed from
// (1 - sqrt(3), 1) to (1 + sqrt(3), 1).
Kernel::Point_2 c5 = Kernel::Point_2 (1, 1);
Circle_2 circ5 = Circle_2 (c5, 3, CGAL::CLOCKWISE);
CoordNT one_minus_sqrt_3 = CoordNT (1, -1, 3);
CoordNT one_plus_sqrt_3 = CoordNT (1, 1, 3);
Point_2 s5 = Point_2 (one_minus_sqrt_3, CoordNT (1));
Point_2 t5 = Point_2 (one_plus_sqrt_3, CoordNT (1));

curves.push_back (Curve_2 (circ5, s5, t5));

// Create a circular arc of the unit circle, directed clockwise from
// (-1/2, sqrt(3)/2) to (1/2, sqrt(3)/2). Note that we orient the
// supporting circle accordingly.
Kernel::Point_2 c6 = Kernel::Point_2 (0, 0);
CoordNT sqrt_3_div_2 = CoordNT (0, Number_type(1,2), 3);
Point_2 s6 = Point_2 (Number_type (-1, 2), sqrt_3_div_2);
Point_2 t6 = Point_2 (Number_type (1, 2), sqrt_3_div_2);

curves.push_back (Curve_2 (c6, 1, CGAL::CLOCKWISE, s6, t6));

// Create a circular arc defined by two endpoints and a midpoint,
// all having rational coordinates. This arc is the upper-right
// quarter of a circle centered at the origin with radius 5.
Kernel::Point_2 s7 = Kernel::Point_2 (0, 5);
Kernel::Point_2 mid7 = Kernel::Point_2 (3, 4);
Kernel::Point_2 t7 = Kernel::Point_2 (5, 0);

curves.push_back (Curve_2 (s7, mid7, t7));

// Construct the arrangement of the curves.
Arrangement_2 arr;

insert_curves (arr, curves.begin(), curves.end());

// Print the size of the arrangement.
std::cout << "The arrangement size:" << std::endl

<< " V = " << arr.number_of_vertices()
<< ", E = " << arr.number_of_edges()
<< ", F = " << arr.number_of_faces() << std::endl;

return (0);
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}

It is also possible to constructx-monotone curve objects, which representx-monotone circular arcs or line seg-
ments, using similar constructors. Construction from a full circle is obviously not supported. See the Reference
Manual for more details.

17.5.4 A Traits Class for Conic Arcs

A conic curveis an algebraic curve of degree 2. Namely, it is the locus of all points(x,y) satisfying the equation
C : rx2+sy2+ txy+ux+vy+w= 0, where the six coefficients〈r,s, t,u,v,w〉 completely characterize the curve.
The sign of the expression∆C = 4rs− t2 determines the type of curve:

• If ∆C > 0 the curve is an ellipse. A circle is a special case of an ellipse, wherer = s andt = 0.

• If ∆C = 0 the curve is a parabola — an unbounded conic curve with a single connected branch. When
r = s= t = 0 we have a line, which can be considered as a degenerate parabola.

• If ∆C < 0 the curve is a hyperbola. That is, it is comprised of two disconnected unbounded branches.

As the arrangement package is suitable for bounded curves, we consider bounded segments of conic curves,
referred to asconic arcs. A conic arca may be either (i) a full ellipse, or (ii) defined by the tuple〈C, ps, pt ,o〉,
whereC is a conic curve andps andpt are two points onC (namelyC(ps) = C(pt) = 0) that define thesource
and target of the arc, respectively. The arc is formed by traversingC from the source to the target going in
the orientation specified byo, which is typically clockwise or counterclockwise orientation (but may also be
collinear in case of degenerate conic curves).

We always assume that the conic coefficients〈r,s, t,u,v,w〉 are rational. When dealing with linear curves (line
segments and polylines), similar assumptions guarantee that all intersection points also have rational coordi-
nates, such that the arrangement of such curves can be constructed and maintained using only rational arith-
metic. Unfortunately, this does not hold for conic curves, as the coordinates of intersection points of two conic
curves with rational coefficients are in general algebraic numbers of degree 4.12 In addition, conic arcs may not
necessarily bex-monotone, and must be split at points where the tangent to the arc is vertical. In the general
case, such points typically have coordinates that are algebraic numbers of degree 2. It is therefore clear that we
have to use different number types to represent the conic coefficients and the point coordinates. Note that as
arrangement vertices induced by intersection points and points with vertical tangents are likely to have algebraic
coordinates, we also allow the original endpoints of the input arcsps andpt to have algebraic coordinates.

The Arr conic traits 2<RatKernel, AlgKernel, NtTraits> class template is designed for efficient handling of
arrangements of bounded conic arcs. The template has three parameters, defined as follows:

• TheRatKernelclass is a geometric kernel, whose field type is an exact rational type. It is used to define
basic geometric entities (e.g., a line segment or a circle) with rational coefficients. Typically we use one
of the standard CGAL kernels, instantiated with the number typeNtTraits::Rational(see below).

• TheAlgKernelclass is a geometric kernel whose field type is an exact algebraic type. It is used to define
points with algebraic coordinates. Typically we use one of the standard CGAL kernels, instantiated with
the number typeNtTraits::Algebraic(see below).

12Namely, they are roots of polynomials with integer coefficients of degree 4. However, in some special cases, for example when
handling only circles and circular arcs, the coordinates of the intersection points are only of degree 2, namely they are solutions of quadratic
equations.
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Figure 17.13: An arrangement of mixed conic arcs, as constructed inex conics.C.

• TheNtTraitsclass (the number-type traits class) encapsulates all the numeric operations needed for per-
forming the geometric computation carried out by the geometric traits class. It defines theInteger, Ra-
tional andAlgebraicnumber-types, and supports several operations on these types, such as conversion
between number types, solving quadratic equations and extracting the real roots of a polynomial with
integer coefficients. It is highly recommended to use theCOREalgebraic numbertraits class, which
is included in the arrangement package. It relies on the exact number types implemented in the CORE

library and performs exact computations on the number types it defines.

TheArr conic traits 2 models theArrangementTraits2 and theArrangementLandmarkTraits2 concepts. (It
supports the landmark point-location strategy). ItsPoint 2 type is derived fromAlgKernel::Point 2, while the
Curve 2 type represents a bounded, not necessarilyx-monotone, conic arc. TheX monotonecurve 2 type
is derived fromCurve 2, but its constructors are to be used only by the traits class. Users should therefore
construct onlyCurve 2 objects and insert them into the arrangement using theinsert curve()or insert curves()
functions.

Conic arcs can be constructed from full ellipses or by specifying a supporting curve, two endpoints and an
orientation. However, several constructors ofCurve 2 are available to allow for some special cases, such as
circular arcs or line segments. TheCurve 2 (and the derivedX monotonecurve 2) classes also support basic
access functions such assource(), target()andorientation().

Examples for Arrangements of Conics

The following example demonstrates the usage of the various constructors for conic arcs. The resulting ar-
rangement is depicted in Figure17.13. Especially noteworthy are the constructor of a circular arc that accepts
three points and the constructor that allows specifying approximate endpoints, where the exact endpoints are
given explicitly as intersections of the supporting conic with two other conic curves. Also note that as the
preconditions required by some of these constructors are rather complicated (see the Reference Manual for the
details), a precondition violation does not cause the program to terminate — instead, aninvalid arc is created.
We can verify the validity of an arc by using theis valid() method. Needless to say, inserting invalid arcs into
an arrangement is not allowed.

//! \file examples/Arrangement_2/ex_conics.C
// Constructing an arrangement of various conic arcs.
#include <CGAL/basic.h>
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#ifndef CGAL_USE_CORE
#include <iostream>
int main ()
{

std::cout << "Sorry, this example needs CORE ..." << std::endl;
return (0);

}
#else

#include <CGAL/Cartesian.h>
#include <CGAL/CORE_algebraic_number_traits.h>
#include <CGAL/Arr_conic_traits_2.h>
#include <CGAL/Arrangement_2.h>

typedef CGAL::CORE_algebraic_number_traits Nt_traits;
typedef Nt_traits::Rational Rational;
typedef Nt_traits::Algebraic Algebraic;
typedef CGAL::Cartesian<Rational> Rat_kernel;
typedef Rat_kernel::Point_2 Rat_point_2;
typedef Rat_kernel::Segment_2 Rat_segment_2;
typedef Rat_kernel::Circle_2 Rat_circle_2;
typedef CGAL::Cartesian<Algebraic> Alg_kernel;
typedef CGAL::Arr_conic_traits_2<Rat_kernel,

Alg_kernel,
Nt_traits> Traits_2;

typedef Traits_2::Point_2 Point_2;
typedef Traits_2::Curve_2 Conic_arc_2;
typedef CGAL::Arrangement_2<Traits_2> Arrangement_2;

int main ()
{

Arrangement_2 arr;

// Insert a hyperbolic arc, supported by the hyperbola y = 1/x
// (or: xy - 1 = 0) with the endpoints (1/5, 4) and (2, 1/2).
// Note that the arc is counterclockwise oriented.
Point_2 ps1 (Rational(1,4), 4);
Point_2 pt1 (2, Rational(1,2));
Conic_arc_2 c1 (0, 0, 1, 0, 0, -1, CGAL::COUNTERCLOCKWISE, ps1, pt1);

insert_curve (arr, c1);

// Insert a full ellipse, which is (x/4)ˆ2 + (y/2)ˆ2 = 0 rotated by
// phi=36.87 degree (such that sin(phi) = 0.6, cos(phi) = 0.8),
// yielding: 58xˆ2 + 72yˆ2 - 48xy - 360 = 0.
Conic_arc_2 c2 (58, 72, -48, 0, 0, -360);

insert_curve (arr, c2);

// Insert the segment (1, 1) -- (0, -3).
Rat_point_2 ps3 (1, 1);
Rat_point_2 pt3 (0, -3);
Conic_arc_2 c3 (Rat_segment_2 (ps3, pt3));
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insert_curve (arr, c3);

// Insert a circular arc supported by the circle xˆ2 + yˆ2 = 5ˆ2,
// with (-3, 4) and (4, 3) as its endpoints. We want the arc to be
// clockwise oriented, so it passes through (0, 5) as well.
Rat_point_2 ps4 (-3, 4);
Rat_point_2 pm4 (0, 5);
Rat_point_2 pt4 (4, 3);
Conic_arc_2 c4 (ps4, pm4, pt4);

CGAL_assertion (c4.is_valid());
insert_curve (arr, c4);

// Insert a full unit circle that is centered at (0, 4).
Rat_circle_2 circ5 (Rat_point_2(0,4), 1);
Conic_arc_2 c5 (circ5);

insert_curve (arr, c5);

// Insert a parabolic arc that is supported by a parabola y = -xˆ2
// (or: xˆ2 + y = 0) and whose endpoints are (-sqrt(3), -3) ˜ (-1.73, -3)
// and (sqrt(2), -2) ˜ (1.41, -2). Notice that since the x-coordinates
// of the endpoints cannot be acccurately represented, we specify them
// as the intersections of the parabola with the lines y = -3 and y = -2.
// Note that the arc is clockwise oriented.
Conic_arc_2 c6 =

Conic_arc_2 (1, 0, 0, 0, 1, 0, // The parabola.
CGAL::CLOCKWISE,
Point_2 (-1.73, -3), // Approximation of the source.
0, 0, 0, 0, 1, 3, // The line: y = -3.
Point_2 (1.41, -2), // Approximation of the target.
0, 0, 0, 0, 1, 2); // The line: y = -2.

CGAL_assertion (c6.is_valid());
insert_curve (arr, c6);

// Insert the right half of the circle centered at (4, 2.5) whose radius
// is 1/2 (therefore its squared radius is 1/4).
Rat_circle_2 circ7 (Rat_point_2(4, Rational(5,2)), Rational(1,4));
Point_2 ps7 (4, 3);
Point_2 pt7 (4, 2);
Conic_arc_2 c7 (circ7, CGAL::CLOCKWISE, ps7, pt7);

insert_curve (arr, c7);

// Print out the size of the resulting arrangement.
std::cout << "The arrangement size:" << std::endl

<< " V = " << arr.number_of_vertices()
<< ", E = " << arr.number_of_edges()
<< ", F = " << arr.number_of_faces() << std::endl;

return (0);
}
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#endif

The last example in this section demonstrates how the conic-traits class can handle intersection points with
multiplicity. The supporting curves of the two arcs, a circle centered at(0, 1

2) with radius1
2, and the hyperbola

y = x2

1−x,13 intersect at the origin such that the intersection point has multiplicity 3 (note that they both have the
same horizontal tangent at(0,0) and the same curvature 1). In addition, they have another intersection point at
(1

2, 1
2) of multiplicity 1:

//! \file examples/Arrangement_2/ex_conic_multiplicities.C
// Handling intersection points with multiplicity between conic arcs.
#include <CGAL/basic.h>

#ifndef CGAL_USE_CORE
#include <iostream>
int main ()
{

std::cout << "Sorry, this example needs CORE ..." << std::endl;
return (0);

}
#else

#include <CGAL/Cartesian.h>
#include <CGAL/CORE_algebraic_number_traits.h>
#include <CGAL/Arr_conic_traits_2.h>
#include <CGAL/Arrangement_2.h>
#include <CGAL/Arr_naive_point_location.h>

#include "arr_print.h"

typedef CGAL::CORE_algebraic_number_traits Nt_traits;
typedef Nt_traits::Rational Rational;
typedef Nt_traits::Algebraic Algebraic;
typedef CGAL::Cartesian<Rational> Rat_kernel;
typedef Rat_kernel::Point_2 Rat_point_2;
typedef Rat_kernel::Segment_2 Rat_segment_2;
typedef Rat_kernel::Circle_2 Rat_circle_2;
typedef CGAL::Cartesian<Algebraic> Alg_kernel;
typedef CGAL::Arr_conic_traits_2<Rat_kernel,

Alg_kernel,
Nt_traits> Traits_2;

typedef Traits_2::Point_2 Point_2;
typedef Traits_2::Curve_2 Conic_arc_2;
typedef CGAL::Arrangement_2<Traits_2> Arrangement_2;
typedef CGAL::Arr_naive_point_location<Arrangement_2> Naive_pl;

int main ()
{

Arrangement_2 arr;
Naive_pl pl (arr);

13This curve can also be written asC : x2 +xy−y = 0. It is a hyperbola since∆C =−1.
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// Insert a hyperbolic arc, supported by the hyperbola y = xˆ2/(1-x)
// (or: xˆ2 + xy - y = 0) with the endpoints (-1, 1/2) and (1/2, 1/2).
// Note that the arc is counterclockwise oriented.
Point_2 ps1 (-1, Rational(1,2));
Point_2 pt1 (Rational(1,2), Rational(1,2));
Conic_arc_2 cv1 (1, 0, 1, 0, -1, 0, CGAL::COUNTERCLOCKWISE, ps1, pt1);

insert_curve (arr, cv1, pl);

// Insert the bottom half of the circle centered at (0, 1/2) whose radius
// is 1/2 (therefore its squared radius is 1/4).
Rat_circle_2 circ2 (Rat_point_2(0, Rational(1,2)), Rational(1,4));
Point_2 ps2 (-Rational(1,2), Rational(1,2));
Point_2 pt2 (Rational(1,2), Rational(1,2));
Conic_arc_2 cv2 (circ2, CGAL::COUNTERCLOCKWISE, ps2, pt2);

insert_curve (arr, cv2, pl);

// Print the resulting arrangement.
print_arrangement (arr);

return (0);
}

#endif

17.5.5 A Traits Class for Arcs of Rational Functions

A rational functionis given by the equationy = P(x)
Q(x) , whereP andQ are polynomials of arbitrary degrees. In

particular, ifQ(x) = 1, then the function is a simple polynomial function. A boundedrational arc is defined
by the graph of a rational function over some interval[xmin,xmax], whereQ does not have any real roots in this
interval (Thus, the arc does not contain any poles). Rational functions, and polynomial functions in particular,
are not only interesting in their own right, they are also very useful for approximating or interpolating more
complicated curves; see, e.g., [PTVF02, Chapter 3].

The computations with rational arcs are guaranteed to be robust and exact, assuming that the coefficient of the
polynomialsP andQ are rational numbers. Thex-values that determine the interval over which the arc is defined
can however be arbitrary algebraic numbers.

Using theArr rational traits 2<AlgKernel, NtTraits> class template it is possible to construct and maintain
arrangement of rational arcs. The template parameters are very similar to the ones used by theArr conic
traits 2 class template; see the previous section. However, no rational kernel is needed. Also in this case it
is recommended to use theCOREalgebraic numbertraits class, with a kernel instantiated with theAlgebraic
type defined by this class.

The Arr rational traits 2 is a model of the ArrangementTraits2 concept (but not of the
ArrangementLandmarkTraits2 concept, so it is not possible to use the landmark point-location strategy
for arrangements of rational arcs). ItsPoint 2 type is derived fromAlgKernel::Point 2, while theCurve 2
andX monotonecurve 2 types refer to the same class (note that a rational arc is alwaysx-monotone). The
traits class also defines theRat vector type, representing a vector of rational coefficients, (whose type is
NtTraits::Rational). A rational arc can be constructed from a single vector of coefficients, specifying the
polynomialP alone (andQ(x) = 1), or from two vectors of coefficients, specifying bothP andQ.
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Figure 17.14: An arrangement of four arcs of rational functions, as constructed inex rational functions.C.

The following example demonstrates the construction of an arrangement of rational arcs depicted in Fig-
ure17.14. Note the usage of the two constructors, for polynomial arcs and for rational arcs:

//! \file examples/Arrangement_2/ex_rational_functions.C
// Constructing an arrangement of arcs of rational functions.
#include <CGAL/basic.h>

#ifndef CGAL_USE_CORE
#include <iostream>
int main ()
{

std::cout << "Sorry, this example needs CORE ..." << std::endl;
return (0);

}
#else

#include <CGAL/Cartesian.h>
#include <CGAL/CORE_algebraic_number_traits.h>
#include <CGAL/Arr_rational_arc_traits_2.h>
#include <CGAL/Arrangement_2.h>

typedef CGAL::CORE_algebraic_number_traits Nt_traits;
typedef Nt_traits::Rational Rational;
typedef Nt_traits::Algebraic Algebraic;
typedef CGAL::Cartesian<Algebraic> Alg_kernel;
typedef CGAL::Arr_rational_arc_traits_2<Alg_kernel,

Nt_traits> Traits_2;
typedef Traits_2::Point_2 Point_2;
typedef Traits_2::Curve_2 Rational_arc_2;
typedef Traits_2::Rat_vector Rat_vector;
typedef std::list<Rational_arc_2> Rat_arcs_list;
typedef CGAL::Arrangement_2<Traits_2> Arrangement_2;

int main ()
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{
// Create an arc supported by the polynomial y = xˆ4 - 6xˆ2 + 8,
// defined over the interval [-2.1, 2.1]:
Rat_vector P1(5);
P1[4] = 1; P1[3] = 0; P1[2] = -6; P1[1] = 0; P1[0] = 8;

Rational_arc_2 a1 (P1, Algebraic(-2.1), Algebraic(2.1));

// Create an arc supported by the function y = x / (1 + xˆ2),
// defined over the interval [-3, 3]:
Rat_vector P2(2);
P2[1] = 1; P2[0] = 0;

Rat_vector Q2(3);
Q2[2] = 1; Q2[1] = 0; Q2[0] = 1;

Rational_arc_2 a2 (P2, Q2, Algebraic(-3), Algebraic(3));

// Create an arc supported by the parbola y = 8 - xˆ2,
// defined over the interval [-2, 3]:
Rat_vector P3(5);
P3[2] = -1; P3[1] = 0; P3[0] = 8;

Rational_arc_2 a3 (P3, Algebraic(-2), Algebraic(3));

// Create an arc supported by the line y = -2x,
// defined over the interval [-3, 0]:
Rat_vector P4(2);
P4[1] = -2; P4[0] = 0;

Rational_arc_2 a4 (P4, Algebraic(-3), Algebraic(0));

// Construct the arrangement of the four arcs.
Arrangement_2 arr;
std::list<Rational_arc_2> arcs;

arcs.push_back (a1);
arcs.push_back (a2);
arcs.push_back (a3);
arcs.push_back (a4);
insert_curves (arr, arcs.begin(), arcs.end());

// Print the arrangement size.
std::cout << "The arrangement size:" << std::endl

<< " V = " << arr.number_of_vertices()
<< ", E = " << arr.number_of_edges()
<< ", F = " << arr.number_of_faces() << std::endl;

return 0;
}

#endif
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17.5.6 Traits-Class Decorators

Geometric traits-class decorators allow users to attach auxiliary data to curves and to points. The data is automat-
ically manipulated by the decorators and distributed to the constructed geometric entities. Note that additional
information can alternatively be maintained by extending the vertex, halfedge, or face types provided by the
DCEL class used by the arrangement; see the details in Section17.7.

The arrangement package includes a generic traits-class decorator template namedArr curve data traits 2<
BaseTraits, XMonotoneCurveData, Merge, CurveData, Convert>. This decorator is used to attach a data field
to curves and tox-monotone curves. It is parameterized by a base-traits class, which is one of the geometric
traits classes described in the previous subsections, or a user-defined traits class. The curve-data decorator
derives itself from the base-traits class, and in particular inherits itsPoint 2 type. In addition:

• Curve 2 is derived from the basicBaseTraits::Curve2 class, extending it by an extra field of typeCurve-
Data.

• X monotonecurve 2 is derived from the basicBaseTraits::Xmonotonecurve 2 class, extending it by an
extra field of typeXMonotoneCurveData.

Note that theCurve 2 and X monotonecurve 2 are not the same, even if theBaseTraits::Curve2 and
BaseTraits::Xmonotonecurve 2 are (as in the case of the segment-traits class for example). The extended
curve types support the additional methodsdata()andset data()for accessing and modifying the data field.

Users can create an extended curve (or an extendedx-monotone curve) from a basic curve and a curve-data
object. When curves are inserted into an arrangement, they may be split, and the decorator handles their data
fields automatically:

• When a curve is subdivided intox-monotone subcurves, its data field of typeCurveDatais converted to
an XMonotoneCurveDataobjectd using theConvertfunctor. The objectd is automatically associated
with each of the resultingx-monotone subcurves.

Note that by default, theCurveDatatype is identical to theXMonotoneCurveDatatype (and the conver-
sion functorConvertis trivially defined). Thus, the data field associated with the original curve is just
duplicated and stored with thex-monotone subcurves.

• When anx-monotone curve is split into two, the decorator class automatically copies its data field to both
resulting subcurves.

• When intersecting twox-monotone curvesc1 andc2, the result may include overlapping sections, repre-
sented asx-monotone curves. In this case the data fields ofc1 andc2 are merged into a singleXMono-
toneCurveDataobject, using theMerge functor, which is supplied as a parameter to the traits class-
template. The resulting object is assigned to the data field of the overlapping subcurves.

• Merging twox-monotone curves is allowed only when (i) the two curves are geometrically mergeable —
that is, the base-traits class allows to merge them — and (ii) the two curves store the same data field.

TheArr consolidatedcurve data traits 2<BaseTraits, Data> decorator specializes the generic curve-data dec-
orator. It extends the basicBaseTraits::Curve2 by a singleDatafield, and the basicBaseTraits::Xmonotone
curve 2 with a setof (distinct) data objects. TheData type is required to support the equality operator, used to
ensure that each set contains only distinct data objects with no duplicates. When a curve with a data fieldd is
subdivided intox-monotone subcurves, each subcurve is associated with a setS= {d}. In case of an overlap
between twox-monotone curvesc1 andc2 with associated data setsS1 andS2, respectively, the overlapping
subcurve is associated with the consolidated setS1∪S2.
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Figure 17.15: An arrangement of six red and blue segments, as constructed inex consolidatedcurve data.C.
Disks correspond to red–blue intersection points, while circles mark the endpoints of red–blue overlaps.

Examples

In the following example, we useArr segmenttraits 2 as our base-traits class, attaching an additionalcolor
field to the segments using the consolidated curve-data traits class. A color may be eitherblueor red. Having
constructed the arrangement of colored segments, as depicted in Figure17.15, we detect the vertices that have
incident edges mapped to both blue and red segments. Thus, they correspond to red–blue intersection points.
We also locate the edge that corresponds to overlaps between red and blue line segments:

//! \file examples/Arrangement_2/ex_consolidated_curve_data.C
// Associating a color attribute with segments using the consolidated
// curve-data traits.

#include "arr_rational_nt.h"
#include <CGAL/Cartesian.h>
#include <CGAL/Arr_segment_traits_2.h>
#include <CGAL/Arr_consolidated_curve_data_traits_2.h>
#include <CGAL/Arrangement_2.h>
#include <CGAL/Arr_landmarks_point_location.h>

enum Segment_color
{

RED,
BLUE

};

typedef CGAL::Cartesian<Number_type> Kernel;
typedef CGAL::Arr_segment_traits_2<Kernel> Segment_traits_2;
typedef Segment_traits_2::Curve_2 Segment_2;
typedef CGAL::Arr_consolidated_curve_data_traits_2

<Segment_traits_2, Segment_color> Traits_2;
typedef Traits_2::Point_2 Point_2;
typedef Traits_2::Curve_2 Colored_segment_2;
typedef CGAL::Arrangement_2<Traits_2> Arrangement_2;
typedef CGAL::Arr_landmarks_point_location<Arrangement_2> Landmarks_pl;
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int main ()
{

// Construct an arrangement containing three RED line segments.
Arrangement_2 arr;
Landmarks_pl pl (arr);

Segment_2 s1 (Point_2(-1, -1), Point_2(1, 3));
Segment_2 s2 (Point_2(2, 0), Point_2(3, 3));
Segment_2 s3 (Point_2(0, 3), Point_2(2, 5));

insert_curve (arr, Colored_segment_2 (s1, RED), pl);
insert_curve (arr, Colored_segment_2 (s2, RED), pl);
insert_curve (arr, Colored_segment_2 (s3, RED), pl);

// Insert three BLUE line segments.
Segment_2 s4 (Point_2(-1, 3), Point_2(4, 1));
Segment_2 s5 (Point_2(-1, 0), Point_2(4, 1));
Segment_2 s6 (Point_2(-2, 1), Point_2(1, 4));

insert_curve (arr, Colored_segment_2 (s4, BLUE), pl);
insert_curve (arr, Colored_segment_2 (s5, BLUE), pl);
insert_curve (arr, Colored_segment_2 (s6, BLUE), pl);

// Go over all vertices and print just the ones corresponding to intersection
// points between RED segments and BLUE segments. Note that we skip endpoints
// of overlapping sections.
Arrangement_2::Vertex_const_iterator vit;
Segment_color color;

for (vit = arr.vertices_begin(); vit != arr.vertices_end(); ++vit)
{

// Go over the incident halfedges of the current vertex and examine their
// colors.
bool has_red = false;
bool has_blue = false;

Arrangement_2::Halfedge_around_vertex_const_circulator eit, first;

eit = first = vit->incident_halfedges();
do
{
// Get the color of the current half-edge.
if (eit->curve().data().size() == 1)
{

color = eit->curve().data().front();

if (color == RED)
has_red = true;

else if (color == BLUE)
has_blue = true;

}

++eit;
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} while (eit != first);

// Print the vertex only if incident RED and BLUE edges were found.
if (has_red && has_blue)
{
std::cout << "Red-blue intersection at (" << vit->point() << ")"

<< std::endl;
}

}

// Locate the edges that correspond to a red-blue overlap.
Arrangement_2::Edge_iterator eit;

for (eit = arr.edges_begin(); eit != arr.edges_end(); ++eit)
{

// Go over the incident edges of the current vertex and examine their
// colors.
bool has_red = false;
bool has_blue = false;

Traits_2::Data_container::const_iterator dit;

for (dit = eit->curve().data().begin();
dit != eit->curve().data().end(); ++dit)

{
if (*dit == RED)

has_red = true;
else if (*dit == BLUE)

has_blue = true;
}

// Print the edge only if it corresponds to a red-blue overlap.
if (has_red && has_blue)
{
std::cout << "Red-blue overlap at [" << eit->curve() << "]"

<< std::endl;
}

}

return (0);
}

In the following example, we useArr polyline traits 2 as our base-traits class, attaching an additionalname
field to each polyline using the generic curve-data traits class. In case of overlaps, we simply concatenate
the names of the overlapping polylines. Also notice how we replace the curve associated with the edges that
correspond to overlapping polylines with geometrically equivalent curves, but with a different data fields:

//! \file examples/Arrangement_2/ex_generic_curve_data.C
// Associating a name attribute with segments using the generic curve-data
// traits.

#include "arr_rational_nt.h"
#include <CGAL/Cartesian.h>
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Figure 17.16: An arrangement of four polylines, named A–D, as constructed inex genericcurve data.C.

#include <CGAL/Arr_segment_traits_2.h>
#include <CGAL/Arr_polyline_traits_2.h>
#include <CGAL/Arr_curve_data_traits_2.h>
#include <CGAL/Arrangement_2.h>
#include <string>

// Define a functor for concatenating name fields.
typedef std::string Name;

struct Merge_names
{

Name operator() (const Name& s1, const Name& s2) const
{

return (s1 + " " + s2);
}

};

typedef CGAL::Cartesian<Number_type> Kernel;
typedef CGAL::Arr_segment_traits_2<Kernel> Segment_traits_2;
typedef CGAL::Arr_polyline_traits_2<Segment_traits_2> Polyline_traits_2;
typedef Polyline_traits_2::Curve_2 Polyline_2;
typedef CGAL::Arr_curve_data_traits_2

<Polyline_traits_2, Name, Merge_names> Traits_2;
typedef Traits_2::Point_2 Point_2;
typedef Traits_2::Curve_2 Curve_2;
typedef Traits_2::X_monotone_curve_2 X_monotone_curve_2;
typedef CGAL::Arrangement_2<Traits_2> Arrangement_2;

int main ()
{

// Construct an arrangement of four polylines named A--D.
Arrangement_2 arr;

Point_2 points1[5] = {Point_2(0,0), Point_2(2,4), Point_2(3,3),
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Point_2(4,4), Point_2(6,0)};
insert_curve (arr, Curve_2 (Polyline_2 (points1, points1 + 5), "A"));

Point_2 points2[3] = {Point_2(1,5), Point_2(3,3), Point_2(5,5)};
insert_curve (arr, Curve_2 (Polyline_2 (points2, points2 + 3), "B"));

Point_2 points3[4] = {Point_2(1,0), Point_2(2,2),
Point_2(4,2), Point_2(5,0)};

insert_curve (arr, Curve_2 (Polyline_2 (points3, points3 + 4), "C"));

Point_2 points4[2] = {Point_2(0,2), Point_2(6,2)};
insert_curve (arr, Curve_2 (Polyline_2 (points4, points4 + 2), "D"));

// Print all edges that correspond to an overlapping polyline.
Arrangement_2::Edge_iterator eit;

for (eit = arr.edges_begin(); eit != arr.edges_end(); ++eit)
{

if (eit->curve().data().length() > 1)
{
std::cout << "[" << eit->curve() << "] "

<< "named: " << eit->curve().data() << std::endl;

// Rename the curve associated with the edge.
arr.modify_edge (eit,
X_monotone_curve_2 (eit->curve(), "overlap"));

}
}

return (0);
}

17.6 The Notification Mechanism

For some applications it is essential to know exactly what happens inside a specific arrangement-instance. For
example, when a new curve is inserted into an arrangement, it might be desired to keep track of the faces
that are split due to this insertion operation. Other important examples are the point-location strategies that
require auxiliary data-structures (see Section17.3.1), which must be notified on various local changes in the
arrangement, in order to keep their data structures up-to-date. The arrangement package offers a mechanism
that usesobservers(see [GHJV95]) that can be attached to an arrangement instance and receive notifications
about the changes this arrangement goes through.

TheArr observer<Arrangement> class-template is parameterized with an arrangement class. It stores a pointer
to an arrangement object, and is capable of receiving notificationsjust beforea structural change occurs in the
arrangement andimmediately aftersuch a change takes place.Arr observerserves as a base class for other
observer classes and defines a set of virtual notification functions, with default empty implementations.

The set of functions can be divided into three categories, as follows:

1. Notifiers of changes that affect the entire topological structure of the arrangement. This category consists
of two pairs that notify the observer of the following changes:
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• The arrangement is cleared.

• The arrangement is assigned with the contents of another arrangement.

2. Pairs of notifiers of a local change that occurs in the topological structure. Most notifier functions belong
to this category. The relevant local changes include:

• A new vertex is constructed and associated with a point.

• An edge14 is constructed and associated with anx-monotone curve.

• An edge is split into two edges.

• An existing face is split into two faces, as a consequence of the insertion of a new edge.

• A hole is created in the interior of a face.

• Two holes are merged to form a single hole, as a consequence of the insertion of a new edge.

• A hole is moved from one face to another, as a consequence of a face split.

• Two edges are merged into one edge.

• Two faces are merged into one face, as a consequence of the removal of an edge that used to separate
them.

• One hole is split into two, as a consequence of the deletion of an edge that used to connect the two
components.

• A vertex is removed.

• An edge is removed.

• A hole is deleted from the interior of a face.

3. Notifiers about a change applied by a free (global) function. This category consists of a single pair
of notifiers, namelybeforeglobal change()and after global change(). Neither of these functions is
invoked by methods of theArrangement2 class. Instead, they are called by the free functions themselves.
It is implied that no point-location queries (or any other queries for that matter) are issued between the
calls to the notification functions above.

See the Reference Manual for a detailed specification of theArr observerclass along with the exact prototypes
of all notification functions.

Each arrangement object stores a (possibly empty) list of pointers toArr observerobjects, and whenever one
of the structural changes listed in the first two categories above is about to take place, the arrangement ob-
ject performs aforward traversal on this list and invokes the appropriate function of each observer. After the
change takes place the observer list is traversed in abackwardmanner (from tail to head), and the appropriate
notification function is invoked for each observer. This allows the nesting of observer objects.

Concrete arrangement-observer classes should inherit fromArr observer. When an observer is constructed,
it is attached to a valid arrangement supplied to the observed constructor, or alternatively the observer can be
attached to the arrangement at a later time. When this happens, the observer instance inserts itself into the
observer list of the associated arrangement and starts receiving notifications whenever this arrangement changes
thereafter. Naturally, the observer object unregisters itself by removing itself from this list just before it is
destroyed.

The trapezoidal RIC and the landmark point-location strategies both use observers to keep their auxiliary data
structures up-to-date. Besides them, users can define their own observer classes, by inheriting from the base
observer class and overriding the relevant notification functions, as required by their applications.

The following example shows how to define and use an observer class. The observer in the example keeps track
of the arrangement faces, and prints a message whenever a face is split into two due to the insertion of an edge,
and whenever two faces merge into one due to the removal of an edge. The layout of the arrangement is depicted
in Figure17.17:

14The term “edge” refers here to a pair of twin half-edges.
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Figure 17.17: An arrangement of five line segments, as constructed inex observer.C. The halfedgeev (dashed)
is eventually removed, so that the final arrangement consists of four faces (one unbounded and three bounded
ones).

//! \file examples/Arrangement_2/ex_observer.C
// Using a simple arrangement observer.

#include <CGAL/Cartesian.h>
#include <CGAL/Quotient.h>
#include <CGAL/MP_Float.h>
#include <CGAL/Arr_segment_traits_2.h>
#include <CGAL/Arrangement_2.h>
#include <CGAL/Arr_observer.h>

typedef CGAL::Quotient<CGAL::MP_Float> Number_type;
typedef CGAL::Cartesian<Number_type> Kernel;
typedef CGAL::Arr_segment_traits_2<Kernel> Traits_2;
typedef Traits_2::Point_2 Point_2;
typedef Traits_2::X_monotone_curve_2 Segment_2;
typedef CGAL::Arrangement_2<Traits_2> Arrangement_2;

// An arrangement observer, used to receive notifications of face splits and
// face mergers.
class My_observer : public CGAL::Arr_observer<Arrangement_2>
{
public:

My_observer (Arrangement_2& arr) :
CGAL::Arr_observer<Arrangement_2> (arr)

{}

virtual void before_split_face (Face_handle,
Halfedge_handle e)

{
std::cout << "-> The insertion of : [ " << e->curve()

<< " ] causes a face to split." << std::endl;
}

virtual void before_merge_face (Face_handle,
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Face_handle,
Halfedge_handle e)

{
std::cout << "-> The removal of : [ " << e->curve()

<< " ] causes two faces to merge." << std::endl;
}

};

int main ()
{

// Construct the arrangement containing one diamond-shaped face.
Arrangement_2 arr;
My_observer obs (arr);

Segment_2 s1 (Point_2(-1, 0), Point_2(0, 1));
Segment_2 s2 (Point_2(0, 1), Point_2(1, 0));
Segment_2 s3 (Point_2(1, 0), Point_2(0, -1));
Segment_2 s4 (Point_2(0, -1), Point_2(-1, 0));

insert_non_intersecting_curve (arr, s1);
insert_non_intersecting_curve (arr, s2);
insert_non_intersecting_curve (arr, s3);
insert_non_intersecting_curve (arr, s4);

// Insert a vertical segment dividing the diamond into two, and a
// a horizontal segment further dividing the diamond into four:
Segment_2 s_vert (Point_2(0, -1), Point_2(0, 1));
Arrangement_2::Halfedge_handle

e_vert = insert_non_intersecting_curve (arr, s_vert);

Segment_2 s_horiz (Point_2(-1, 0), Point_2(1, 0));

insert_curve (arr, s_horiz);

std::cout << "The initial arrangement size:" << std::endl
<< " V = " << arr.number_of_vertices()
<< ", E = " << arr.number_of_edges()
<< ", F = " << arr.number_of_faces() << std::endl;

// Now remove a portion of the vertical segment.
remove_edge (arr, e_vert);

std::cout << "The final arrangement size:" << std::endl
<< " V = " << arr.number_of_vertices()
<< ", E = " << arr.number_of_edges()
<< ", F = " << arr.number_of_faces() << std::endl;

return (0);
}

Observers are especially useful when the DCEL records are extended and store additional data, as they help
updating this data on-line. See Section17.7for more details and examples.
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17.7 Extending theDCEL

For many applications of the arrangement package it is necessary to store additional information (perhaps of
non-geometric nature) with the arrangement cells. As vertices are associated withPoint 2 objects and edges
(halfedge pairs) are associated withX monotonecurve 2 objects, both defined by the traits class, it is possible
to extend the traits-class type by using a traits-class decorator, as explained in Section17.5.6, which may be
a sufficient solution for some applications. However, the DCEL faces are not associated with any geometric
object, so it is impossible to extend them using a traits-class decorator. Extending the DCEL face records comes
handy is such cases. As a matter of fact, it is possible to conveniently extend all DCEL records (namely vertices,
halfedges and faces), which can also be advantageous for some applications.

All examples presented so far use the defaultArr default dcel<Traits>. This is done implicitly, as this class
serves as a default parameter for theArrangement2 template. The default DCEL class just associates points
with vertices andx-monotone curves with halfedge, but nothing more. In this section we show how to use
alternative DCEL types to extend the desired DCEL records.

17.7.1 Extending theDCEL Faces

TheArr face extendeddcel<Traits, FaceData> class-template is used to associate auxiliary data field of type
FaceDatato each face record in the DCEL.

When anArrangement2 object is parameterized by this DCEL class, its nestedFace type is extended with
the access functiondata()and with the modifierset data(). Using these extra functions it is straightforward to
access and maintain the auxiliary face-data field.

Note that the extra data fields must be maintained by the application programmers. They may choose to construct
their arrangement, and only then go over the faces and attach the appropriate data fields to the arrangement faces.
However, in some cases the face data can only be computed when the face is created (split from another face,
or merged with another face). In such cases one can use an arrangement observer tailored for this task, which
receives updates whenever a face is modified and sets its data field accordingly.

The next example constructs an arrangement that contains seven bounded faces induced by six line segments
(see Figure17.18). An observer gets notified each time a new facef is created and it associatesf with a
running index, (where the index of the unbounded face is 0). As a result, the faces are numbered according to
their creation order, as one can easily verify by examining the insertion order of the segments:15

//! \file examples/Arrangement_2/ex_face_extension.C
// Extending the arrangement-face records.

#include "arr_rational_nt.h"
#include <CGAL/Cartesian.h>
#include <CGAL/Arr_segment_traits_2.h>
#include <CGAL/Arrangement_2.h>
#include <CGAL/Arr_extended_dcel.h>
#include <CGAL/Arr_observer.h>

typedef CGAL::Cartesian<Number_type> Kernel;
typedef CGAL::Arr_segment_traits_2<Kernel> Traits_2;
typedef Traits_2::Point_2 Point_2;

15For simplicity, the particular observer used must be attached to an empty arrangement. It is not difficult however to modify the program
to handle the general case of attaching a similar observer to a non-empty arrangement.
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Figure 17.18: An arrangement of six line segments, as constructed inex face extension.Cand ex dcel
extension.C(in ex dcel extension.Cwe treat the segments as directed, so they are drawn as arrows directed
from the source to the target). The indices associated with the halfedges inex face extension.Care shown in
brackets.

typedef Traits_2::X_monotone_curve_2 Segment_2;
typedef CGAL::Arr_face_extended_dcel<Traits_2, int> Dcel;
typedef CGAL::Arrangement_2<Traits_2, Dcel> Arrangement_2;

// An arrangement observer, used to receive notifications of face splits and
// to update the indices of the newly created faces.
class Face_index_observer : public CGAL::Arr_observer<Arrangement_2>
{
private:

int n_faces; // The current number of faces.

public:

Face_index_observer (Arrangement_2& arr) :
CGAL::Arr_observer<Arrangement_2> (arr),
n_faces (0)

{
CGAL_precondition (arr.is_empty());

arr.unbounded_face()->set_data (0);
n_faces++;

}

virtual void after_split_face (Face_handle old_face,
Face_handle new_face, bool )

{
// Assign index to the new face.
new_face->set_data (n_faces);
n_faces++;

}
};

1168



int main ()
{

// Construct the arrangement containing two intersecting triangles.
Arrangement_2 arr;
Face_index_observer obs (arr);

Segment_2 s1 (Point_2(4, 1), Point_2(7, 6));
Segment_2 s2 (Point_2(1, 6), Point_2(7, 6));
Segment_2 s3 (Point_2(4, 1), Point_2(1, 6));
Segment_2 s4 (Point_2(1, 3), Point_2(7, 3));
Segment_2 s5 (Point_2(1, 3), Point_2(4, 8));
Segment_2 s6 (Point_2(4, 8), Point_2(7, 3));

insert_non_intersecting_curve (arr, s1);
insert_non_intersecting_curve (arr, s2);
insert_non_intersecting_curve (arr, s3);
insert_x_monotone_curve (arr, s4);
insert_x_monotone_curve (arr, s5);
insert_x_monotone_curve (arr, s6);

// Go over all arrangement faces and print the index of each face and it
// outer boundary. The face index is stored in its data field in our case.
Arrangement_2::Face_const_iterator fit;
Arrangement_2::Ccb_halfedge_const_circulator curr;

std::cout << arr.number_of_faces() << " faces:" << std::endl;
for (fit = arr.faces_begin(); fit != arr.faces_end(); ++fit)
{

std::cout << "Face no. " << fit->data() << ": ";
if (fit->is_unbounded())
{
std::cout << "Unbounded." << std::endl;

}
else
{
curr = fit->outer_ccb();
std::cout << curr->source()->point();
do
{

std::cout << " --> " << curr->target()->point();
++curr;

} while (curr != fit->outer_ccb());
std::cout << std::endl;

}
}

return (0);
}
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17.7.2 Extending AllDCEL Records

TheArr extendeddcel<Traits, VertexData, HalfedgeData, FaceData> class-template is used to associate aux-
iliary data fields of typesVertexData HalfedgeData, andFaceDatato each DCEL vertex, halfedge, and face
record types, respectively.

When anArrangement2 object is injected with this DCEL class, each one of its nestedVertex, Halfedgeand
Faceclasses is extended by the access functiondata()and by the modifierset data().

The next example shows how to use a DCEL with extended vertex, halfedge, and face records. In this example
each vertex is associated with a color, which may be blue, red, or white, depending on whether the vertex is
isolated, represents a segment endpoint, or whether it represents an intersection point. Each halfedge is associ-
ated with Boolean flag indicating whether its direction is the same as the direction of its associated segment (in
this example segments are treated as directed objects). Each face is also extended to store the size of its outer
boundary.

The constructed arrangement, depicted in Figure17.18, is similar to the arrangement constructed in the previous
example. Note that all auxiliary data fields are set during the construction phase. Also note that the data fields
are properly maintained when the arrangement is copied to another arrangement instance:

//! \file examples/Arrangement_2/ex_dcel_extension.C
// Extending all DCEL records (vertices, edges and faces).

#include "arr_rational_nt.h"
#include <CGAL/Cartesian.h>
#include <CGAL/Arr_segment_traits_2.h>
#include <CGAL/Arrangement_2.h>
#include <CGAL/Arr_extended_dcel.h>

enum Color {BLUE, RED, WHITE};

typedef CGAL::Cartesian<Number_type> Kernel;
typedef CGAL::Arr_segment_traits_2<Kernel> Traits_2;
typedef Traits_2::Point_2 Point_2;
typedef Traits_2::X_monotone_curve_2 Segment_2;
typedef CGAL::Arr_extended_dcel<Traits_2,

Color, bool, int> Dcel;
typedef CGAL::Arrangement_2<Traits_2, Dcel> Arrangement_2;

int main ()
{

// Construct the arrangement containing two intersecting triangles.
Arrangement_2 arr;

Segment_2 s1 (Point_2(4, 1), Point_2(7, 6));
Segment_2 s2 (Point_2(1, 6), Point_2(7, 6));
Segment_2 s3 (Point_2(4, 1), Point_2(1, 6));
Segment_2 s4 (Point_2(1, 3), Point_2(7, 3));
Segment_2 s5 (Point_2(1, 3), Point_2(4, 8));
Segment_2 s6 (Point_2(4, 8), Point_2(7, 3));

insert_non_intersecting_curve (arr, s1);
insert_non_intersecting_curve (arr, s2);
insert_non_intersecting_curve (arr, s3);
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insert_x_monotone_curve (arr, s4);
insert_x_monotone_curve (arr, s5);
insert_x_monotone_curve (arr, s6);

// Go over all arrangement vertices and set their colors according to our
// coloring convention.
Arrangement_2::Vertex_iterator vit;
unsigned int degree;

for (vit = arr.vertices_begin(); vit != arr.vertices_end(); ++vit)
{

degree = vit->degree();
if (degree == 0)
vit->set_data (BLUE); // Isolated vertex.

else if (degree <= 2)
vit->set_data (RED); // Vertex represents an endpoint.

else
vit->set_data (WHITE); // Vertex represents an intersection point.

}

// Go over all arrangement edges and set their flags.
Arrangement_2::Edge_iterator eit;
bool flag;

for (eit = arr.edges_begin(); eit != arr.edges_end(); ++eit)
{

// Check if the halfegde has the same diretion as its associated
// segment. Note that its twin always has an opposite direction.
flag = (eit->source()->point() == eit->curve().source());
eit->set_data (flag);
eit->twin()->set_data (!flag);

}

// For each arrangement face, print the outer boundary and its size.
Arrangement_2::Face_iterator fit;
Arrangement_2::Ccb_halfedge_circulator curr;
int boundary_size;

for (fit = arr.faces_begin(); fit != arr.faces_end(); ++fit)
{

boundary_size = 0;
if (! fit->is_unbounded())
{
curr = fit->outer_ccb();
do
{

++boundary_size;
++curr;

} while (curr != fit->outer_ccb());
}
fit->set_data (boundary_size);

}

// Copy the arrangement and print the vertices.
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Arrangement_2 arr2 = arr;

std::cout << "The arrangement vertices:" << std::endl;
for (vit = arr2.vertices_begin(); vit != arr2.vertices_end(); ++vit)
{

std::cout << ’(’ << vit->point() << ") - ";
switch (vit->data())
{
case BLUE : std::cout << "BLUE." << std::endl; break;
case RED : std::cout << "RED." << std::endl; break;
case WHITE : std::cout << "WHITE." << std::endl; break;
}

}

return (0);
}

advanced

The various DCEL classes presented in this section are perfectly sufficient for most applications based on the
arrangement package. However, users may also use their own implementation of a DCEL class to instantiate the
Arrangement2 class-template, in case they need special functionality from their DCEL. Such a class must be a
model of the conceptArrangementDcel, whose exact specification is listed in the Reference Manual.

advanced

17.8 Overlaying Arrangements

Assume that we are given two geographic maps represented as arrangements with some data objects attached
to their faces, representing some geographic information — for example, a map of the annual precipitation in
some country and a map of the vegetation in the same country. It is interesting to overlay the two maps to
locate, for example, the regions where there is a pine forest and the annual precipitation is between 1000 mm
and 1500 mm.

Computing the overlay of two planar arrangement is also useful for supporting Boolean set operations on poly-
gons (or generalized polygons, see, e.g., [BEH+02]).

The functionoverlay (arr a, arr b, ovl arr, ovl traits) accepts two input arrangement instancesarr a andarr
b, and constructs their overlay instanceovl arr. All three arrangements must use the same geometric primitives.
In other words, their types must be defined using the same geometric traits-class. Let us assume thatarr a is of
typeArrangement2<Traits,Dcel A>, arr b is of typeArrangement2<Traits,Dcel B> and the resultingovl arr
is of typeArrangement2<Traits,Dcel R>. Theovl traits parameter is an instance of anoverlay traits-class,
which enables the creation ofDcel R records in the overlaid arrangement from the DCEL features ofarr a and
arr b that they correspond to.

In principle, we distinguish between three levels of overlay:

Simple overlay: An overlay of two arrangements that store no additional data with their DCEL records. That
is, they are defined using the default DCEL classArr default dcel. Typically, the overlaid arrangement
in this case stores no extra data with its DCEL records as well (or if it does, the additional data fields
cannot be computed by the overlay operation), so by overlaying the two arrangement we just compute the
arrangement of all curves that inducearr a andarr b. Note that the same result can be obtained using the

1172



��������
��������
��������
��������
��������
��������
��������
��������
��������

��������
��������
��������
��������
��������
��������
��������
��������
��������

������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������

������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������
������������

��������
��������
��������
��������
��������
��������
��������
��������
��������

��������
��������
��������
��������
��������
��������
��������
��������
��������

f0

Figure 17.19: Overlaying two simple arrangements of line segments, as done inex overlay.Cand ex face
extensionoverlay.C. In ex face extensionoverlay.Cthe two bounded faces are considered asmarked, and the
octagonal face which is the intersection of the two marked faces is denoted byf0.

standard insertion operations, but users may choose to use overlay computation in order to achieve better
running times.

The Arr default overlay traits class should be used as an overlay traits-class for such simple overlay
operations.

Face overlay: An overlay of two arrangements that store additional data fields with their faces (e.g., the
geographic-map example given in the beginning of this section). The resulting overlaid arrangement typ-
ically also stores extraneous data fields with its faces, where the data field that is attached to an overlaid
face can be computed from the data fields of the two faces (inarr a andarr b) that induce the overlaid
face.

The Arr face overlay traits class should be used as an overlay traits-class for face-overlay operations.
It operates on arrangement, whose DCEL representation is based on theArr face extendeddcel class-
template (see Section17.7.1). The face-overlay traits-class is parameterized by a functor that is capable
of combining two face-data fields of typesDcel A::Face data andDcel B::Face data, and computing
the outputDcel R::Face dataobject. The overlay traits-class uses this functor to properly construct the
overlaid faces.

Full overlay: An overlay of two arrangements that store additional data fields with all their DCEL records.
That is, their DCEL classes are instantiations of theArr extendeddcelclass-template (see Section17.7.2),
where the resulting arrangement also extends it DCEL records with data fields computed on the basis of
the overlapping DCEL features of the two input arrangements.

In the following subsections we give some examples for the simple and the face-overlay operations and demon-
strate how to use the auxiliary overlay traits-classes. For the full overlay operations users need to implement
their specialized overlay traits-class, which models theOverlayTraitsconcept. The details of this concept are
given in the Reference Manual.

17.8.1 Example for a Simple Overlay

The next program constructs two simple arrangements, as depicted in Figure17.19and computes their overlay:

//! \file examples/Arrangement_2/ex_overlay.C
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// A simple overlay of two arrangements.

#include "arr_rational_nt.h"
#include <CGAL/Cartesian.h>
#include <CGAL/Arr_segment_traits_2.h>
#include <CGAL/Arrangement_2.h>
#include <CGAL/Arr_overlay.h>
#include <CGAL/Arr_default_overlay_traits.h>

typedef CGAL::Cartesian<Number_type> Kernel;
typedef CGAL::Arr_segment_traits_2<Kernel> Traits_2;
typedef Traits_2::Point_2 Point_2;
typedef Traits_2::X_monotone_curve_2 Segment_2;
typedef CGAL::Arrangement_2<Traits_2> Arrangement_2;
typedef CGAL::Arr_default_overlay_traits<Arrangement_2> Overlay_traits;

int main ()
{

// Construct the first arrangement, containing a square-shaped face.
Arrangement_2 arr1;

Segment_2 s1 (Point_2(2, 2), Point_2(6, 2));
Segment_2 s2 (Point_2(6, 2), Point_2(6, 6));
Segment_2 s3 (Point_2(6, 6), Point_2(2, 6));
Segment_2 s4 (Point_2(2, 6), Point_2(2, 2));

insert_non_intersecting_curve (arr1, s1);
insert_non_intersecting_curve (arr1, s2);
insert_non_intersecting_curve (arr1, s3);
insert_non_intersecting_curve (arr1, s4);

// Construct the second arrangement, containing a rhombus-shaped face.
Arrangement_2 arr2;

Segment_2 t1 (Point_2(4, 1), Point_2(7, 4));
Segment_2 t2 (Point_2(7, 4), Point_2(4, 7));
Segment_2 t3 (Point_2(4, 7), Point_2(1, 4));
Segment_2 t4 (Point_2(1, 4), Point_2(4, 1));

insert_non_intersecting_curve (arr2, t1);
insert_non_intersecting_curve (arr2, t2);
insert_non_intersecting_curve (arr2, t3);
insert_non_intersecting_curve (arr2, t4);

// Compute the overlay of the two arrangements.
Arrangement_2 overlay_arr;
Overlay_traits overlay_traits;

overlay (arr1, arr2, overlay_arr, overlay_traits);

// Print the size of the overlaid arrangement.
std::cout << "The overlaid arrangement size:" << std::endl

<< " V = " << overlay_arr.number_of_vertices()
<< ", E = " << overlay_arr.number_of_edges()
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<< ", F = " << overlay_arr.number_of_faces() << std::endl;

return (0);
}

17.8.2 Example for a Face Overlay

The following example shows how to compute the intersection of two polygons using theoverlay()function. It
uses a face-extended DCEL class to define our arrangement class. The DCEL extends each face with a Boolean
flag. A polygon is represented as amarked arrangement face, (whose flag is set). The example uses a face-
overlay traits class, instantiated with a functor that simply performs a logicalandoperations on Boolean flags.
As a result, a face in the overlaid arrangement is marked only when it corresponds to an overlapping region of
two marked cells in the input arrangements. Namely, it is part of the intersection of the two polygons.

The example computes the intersection between a square and a rhombus, (which is actually also a square). The
resulting polygon is an octagon, denoted byf0 in Figure17.19:

//! \file examples/Arrangement_2/ex_face_extension_overlay.C
// A face overlay of two arrangement with extended face records.

#include "arr_rational_nt.h"
#include <CGAL/Cartesian.h>
#include <CGAL/Arr_segment_traits_2.h>
#include <CGAL/Arrangement_2.h>
#include <CGAL/Arr_extended_dcel.h>
#include <CGAL/Arr_overlay.h>
#include <CGAL/Arr_default_overlay_traits.h>

typedef CGAL::Cartesian<Number_type> Kernel;
typedef CGAL::Arr_segment_traits_2<Kernel> Traits_2;
typedef Traits_2::Point_2 Point_2;
typedef Traits_2::X_monotone_curve_2 Segment_2;
typedef CGAL::Arr_face_extended_dcel<Traits_2, bool> Dcel;
typedef CGAL::Arrangement_2<Traits_2, Dcel> Arrangement_2;
typedef CGAL::Arr_face_overlay_traits<Arrangement_2,

Arrangement_2,
Arrangement_2,
std::logical_and<bool> > Overlay_traits;

int main ()
{

// Construct the first arrangement, containing a square-shaped face.
Arrangement_2 arr1;

Segment_2 s1 (Point_2(2, 2), Point_2(6, 2));
Segment_2 s2 (Point_2(6, 2), Point_2(6, 6));
Segment_2 s3 (Point_2(6, 6), Point_2(2, 6));
Segment_2 s4 (Point_2(2, 6), Point_2(2, 2));

insert_non_intersecting_curve (arr1, s1);
insert_non_intersecting_curve (arr1, s2);
insert_non_intersecting_curve (arr1, s3);
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insert_non_intersecting_curve (arr1, s4);

// Mark just the bounded face.
Arrangement_2::Face_iterator fit;

CGAL_assertion (arr1.number_of_faces() == 2);
for (fit = arr1.faces_begin(); fit != arr1.faces_end(); ++fit)

fit->set_data (fit != arr1.unbounded_face());

// Construct the second arrangement, containing a rhombus-shaped face.
Arrangement_2 arr2;

Segment_2 t1 (Point_2(4, 1), Point_2(7, 4));
Segment_2 t2 (Point_2(7, 4), Point_2(4, 7));
Segment_2 t3 (Point_2(4, 7), Point_2(1, 4));
Segment_2 t4 (Point_2(1, 4), Point_2(4, 1));

insert_non_intersecting_curve (arr2, t1);
insert_non_intersecting_curve (arr2, t2);
insert_non_intersecting_curve (arr2, t3);
insert_non_intersecting_curve (arr2, t4);

// Mark just the bounded face.
CGAL_assertion (arr2.number_of_faces() == 2);
for (fit = arr2.faces_begin(); fit != arr2.faces_end(); ++fit)

fit->set_data (fit != arr2.unbounded_face());

// Compute the overlay of the two arrangements, marking only the faces that
// are intersections of two marked faces in arr1 and arr2, respectively.
Arrangement_2 overlay_arr;
Overlay_traits overlay_traits;

overlay (arr1, arr2, overlay_arr, overlay_traits);

// Go over the faces of the overlaid arrangement and print just the marked
// ones.
Arrangement_2::Ccb_halfedge_circulator curr;

std::cout << "The union is: ";
for (fit = overlay_arr.faces_begin(); fit != overlay_arr.faces_end(); ++fit)
{

if (! fit->data())
continue;

curr = fit->outer_ccb();
std::cout << curr->source()->point();
do
{
std::cout << " --> " << curr->target()->point();
++curr;

} while (curr != fit->outer_ccb());
std::cout << std::endl;

}
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return (0);
}

17.9 Storing the Curve History

As stated at the beginning of this chapter (Section17.1), when one constructs an arrangement induced by a set
C of arbitrary planar curves, she or he constructs a collectionC ′′ of x-monotone subcurves ofC that are pairwise
disjoint in their interior, and these subcurves are associated with the arrangement edges (more precisely, with
the DCEL halfedges). Doing so, the connection between the originating input curves and the arrangement edges
is lost. This loss might be acceptable for some applications. However, in many practical cases it is important to
determine the input curves that give rise to the final subcurves.

TheArrangementwith history 2<Traits,Dcel> class-template extends theArrangement2 class by keeping an
additional container of input curves representingC , and by maintaining a cross-mapping between these curves
and the arrangement edges they induce. The traits class that is used for instantiating the template should be a
model of theArrangementTraits2 concept (see Section17.4.1). That is, it should define theCurve 2 type (and
not just theX monotonecurve 2 type). TheDcelparameter should model theArrangementDcelconcept. Users
can use the default DCEL class or an extended DCEL class according to their needs.

17.9.1 Traversing an Arrangement with History

The Arrangementwith history 2 class extends theArrangement2 class, thus all the iterator and circulator
types that are defined by the arrangement class are also available inArrangementwith history 2. The reader is
referred to Section17.2.2for a comprehensive review of these functions.

As mentioned above, theArrangementwith history 2 class maintains a container of input curves, which can be
accessed using curve handles. The member functionnumberof curves()returns the number of input curves
stored in the container, whilecurvesbegin() and curvesend() return Arrangementwith history 2::Curve
iterator objects that define the valid range of curves that induce the arrangement. The value type of this iterator is
Curve 2. Moreover, the curve-iterator type is equivalent toArrangementwith history 2::Curve handle, which
is used for accessing the stored curves. Conveniently, the corresponding constant-iterator and constant-handle
types are also defined.

As mentioned in the previous paragraph, aCurve handleobject ch serves as a pointer to a curve stored in
an arrangement-with-history instancearr. Using this handle, it is possible to obtain the number of arrange-
ment edges this curve induces by callingarr.numberof inducededges(ch). The functionsarr.inducededges
begin(ch)andarr.inducededgesend(ch)return iterators of typeArrangementwith history 2::Inducededges
iterator that define the valid range of edges induced bych. The value type of these iterators isHalfedgehandle.
It is thus possible to traverse all arrangement edges induced by an input curve.

It is also important to be able to perform the inverse mapping. Given an arrangement edge, we would
like to be able to determine which input curve induces it. In case the edge represents an overlap of sev-
eral curves, we should be able to trace all input curves that overlap over this edge. TheArrangement
with history 2 class is extended by several member functions that enable such an inverse mapping. Given a
halfedge handlee in an arrangement with historyarr, thenarr.numberof originating curves(e)returns the
number of curves that induce the edge (which should be 1 in non-degenerate cases, and 2 or more in case of
overlaps), whilearr.originating curvesbegin(e)andarr.originating curvesend(e)returnArrangementwith
history 2::Originating curve iterator objects that define the range of curves that inducee. The value type of
these iterator isCurve 2.
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It is possible to overlay twoArrangementwith history 2 instances instantiated by the same traits class. In this
case, the resulting arrangement will store a consolidated container of input curves, and automatically preserve
the cross-mapping between the arrangement edges and the consolidated curve set. Users can employ an overlay-
traits class to maintain any type of auxiliary data stored with the DCEL features (see Section17.8).

17.9.2 Modifying an Arrangement with History

As theArrangementwith history 2 class extends theArrangement2 class, it inherits the fundamental modi-
fication operations, such asassign()andclear(), from it. The vertex-manipulation functions are also inherited
and supported (see Sections17.2.3and17.4.1for the details). However, there are some fundamental differences
between the interfaces of the two classes, which we highlight in this subsection.

The most significant difference between the arrangement-with-history class and the basic arrangement class
is the way they handle their input curves.Arrangementwith history 2 always stores theCurve 2 objects
that induce it, thus it is impossible to insertx-monotone curves into an arrangement with history. The free
insert non intersectingcurve()andinsert x monotonecurve()(as well as their aggregated versions) are there-
fore not available for arrangement-with-history instances and only the freeinsert curve()and insert curves()
functions (the incremental insertion function and the aggregated insertion function) are supported — see
also Section17.4.1. Notice however that while the incremental insertion functioninsert curve(arr,c) for an
Arrangement2 objectarr does not have a return value, the corresponding arrangement-with-history function
returns aCurve handleto the inserted curve.

As we are able to keep track of all edges induced by an input curve, we also provide a free function that removes
a curve from an arrangement. By callingremove(arr,ch), wherech is a valid curve handle, the given curve is
deleted from the curve container, and all edges induced solely by this curve (i.e., excluding overlapping edges)
are removed from the arrangement. The function returns the number of edges that have been removed.

In some cases, users may need to operate directly on the arrangement edges. We first mention that the specialized
insertion functions (see Section17.2.3) are not supported, as they acceptx-monotone curves. Insertion can only
be performed via the free insertion-functions. The other edge-manipulation functions (see Section17.2.3) are
however available, but have a different interface that does not usex-monotone curves:

• Invokingsplit edge(e,p)splits the edgeeat a given pointp that lies in its interior.

• Invoking mergeedge(e1,e2)merges the two given edges. There is a precondition thate1ande2shared
a common end-vertex of degree 2, and that thex-monotone subcurves associated with these edges are
mergeable.

• It is possible to remove an edge by simply invokingremoveedge(e).

In all cases, the maintenance of cross-pointers for the appropriate input curves will be done automatically.

It should be noted that it is possible to attach observers to an arrangement-with-history instance in order to get
detailed notifications of the changes the arrangements undergoes (see Section17.6for the details).

17.9.3 Examples

In the following example we construct a simple arrangement of six line segments, as depicted in Figure17.20,
while maintaining the curve history. The example demonstrates the usage of the special traversal functions.
It also shows how to issue point-location queries on the resulting arrangement, using the auxiliary function
point location query()defined in the header filepoint location utils.h (see also Section17.3.1).
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Figure 17.20: An arrangement with history as constructed inex curve history.C. Note thats1 ands3 overlap
over two edges. The point-location query points are drawn as lightly shaded dots.

// file: examples/Arrangement_2/ex_curve_history.C
// Constructing an arrangement with curve history.

#include "arr_rational_nt.h"
#include <CGAL/Cartesian.h>
#include <CGAL/Arr_segment_traits_2.h>
#include <CGAL/Arrangement_with_history_2.h>
#include <CGAL/Arr_trapezoid_ric_point_location.h>

#include "point_location_utils.h"

typedef CGAL::Cartesian<Number_type> Kernel;
typedef CGAL::Arr_segment_traits_2<Kernel> Traits_2;
typedef Traits_2::Point_2 Point_2;
typedef Traits_2::Curve_2 Segment_2;
typedef CGAL::Arrangement_with_history_2<Traits_2> Arr_with_hist_2;
typedef Arr_with_hist_2::Curve_handle Curve_handle;
typedef CGAL::Arr_trapezoid_ric_point_location<Arr_with_hist_2>

Point_location;

int main ()
{

Arr_with_hist_2 arr;

// Insert s1, s2 and s3 incrementally:
Segment_2 s1 (Point_2 (0, 3), Point_2 (4, 3));
Curve_handle c1 = insert_curve (arr, s1);
Segment_2 s2 (Point_2 (3, 2), Point_2 (3, 5));
Curve_handle c2 = insert_curve (arr, s2);
Segment_2 s3 (Point_2 (2, 3), Point_2 (5, 3));
Curve_handle c3 = insert_curve (arr, s3);

// Insert three additional segments aggregately:
Segment_2 segs[3];
segs[0] = Segment_2 (Point_2 (2, 6), Point_2 (7, 1));
segs[1] = Segment_2 (Point_2 (0, 0), Point_2 (2, 6));
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segs[2] = Segment_2 (Point_2 (3, 4), Point_2 (6, 4));
insert_curves (arr, segs, segs + 3);

// Print out the curves and the number of edges each one induces.
Arr_with_hist_2::Curve_iterator cit;

std::cout << "The arrangement contains "
<< arr.number_of_curves() << " curves:" << std::endl;

for (cit = arr.curves_begin(); cit != arr.curves_end(); ++cit)
{

std::cout << "Curve [" << *cit << "] induces "
<< arr.number_of_induced_edges(cit) << " edges." << std::endl;

}

// Print the arrangement edges, along with the list of curves that
// induce each edge.
Arr_with_hist_2::Edge_iterator eit;
Arr_with_hist_2::Originating_curve_iterator ocit;

std::cout << "The arrangement is comprised of "
<< arr.number_of_edges() << " edges:" << std::endl;

for (eit = arr.edges_begin(); eit != arr.edges_end(); ++eit)
{

std::cout << "[" << eit->curve() << "]. Originating curves: ";
for (ocit = arr.originating_curves_begin (eit);

ocit != arr.originating_curves_end (eit); ++ocit)
{
std::cout << " [" << *ocit << "]" << std::flush;

}
std::cout << std::endl;

}

// Perform some point-location queries:
Point_location pl (arr);

Point_2 p1 (4, 6);
point_location_query (pl, p1);
Point_2 p2 (6, 2);
point_location_query (pl, p2);
Point_2 p3 (2, 4);
point_location_query (pl, p3);

return (0);
}

The following example demonstrates the usage of the freeremove()function. We construct an arrangement of
nine circles, while keeping a handle to each inserted circle. We then remove the large circleC0, which induces
18 edges, as depicted in Figure17.21. The example also shows how to use thesplit edge()andmergeedge()
functions when operating on an arrangement-with-history instance:

//! \file examples/Arrangement_2/ex_edge_manipulation_curve_history.C
// Removing curves and manipulating edges in an arrangement with history.
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Figure 17.21: An arrangement with history of nine circle as constructed inex edgemanipulationcurve
history.C. Note the vertical tangency points ofC0, marked as dark dots, which subdivide this circle into an
upper half and a lower half, each consists of 9 edges. The large circleC0 is eventually removed from the
arrangement, with all 18 edges it induces.

#include "arr_rational_nt.h"
#include <CGAL/Cartesian.h>
#include <CGAL/Arr_circle_segment_traits_2.h>
#include <CGAL/Arrangement_with_history_2.h>

typedef CGAL::Cartesian<Number_type> Kernel;
typedef Kernel::Point_2 Rat_point_2;
typedef Kernel::Circle_2 Circle_2;
typedef CGAL::Arr_circle_segment_traits_2<Kernel> Traits_2;
typedef Traits_2::Point_2 Point_2;
typedef Traits_2::Curve_2 Curve_2;
typedef CGAL::Arrangement_with_history_2<Traits_2> Arr_with_hist_2;
typedef Arr_with_hist_2::Curve_handle Curve_handle;
typedef CGAL::Arr_walk_along_line_point_location<Arr_with_hist_2>

Point_location;

int main ()
{

// Construct an arrangement containing nine circles: C[0] of radius 2 and
// C[1], ..., C[8] of radius 1.
const Number_type _7_halves = Number_type (7, 2);
Arr_with_hist_2 arr;
Curve_2 C[9];
Curve_handle handles[9];
int k;

C[0] = Circle_2 (Rat_point_2 (_7_halves, _7_halves), 4, CGAL::CLOCKWISE);
C[1] = Circle_2 (Rat_point_2 (_7_halves, 6), 1, CGAL::CLOCKWISE);
C[2] = Circle_2 (Rat_point_2 (5, 6), 1, CGAL::CLOCKWISE);
C[3] = Circle_2 (Rat_point_2 (6, _7_halves), 1, CGAL::CLOCKWISE);
C[4] = Circle_2 (Rat_point_2 (5, 2), 1, CGAL::CLOCKWISE);
C[5] = Circle_2 (Rat_point_2 (_7_halves, 1), 1, CGAL::CLOCKWISE);
C[6] = Circle_2 (Rat_point_2 (2, 2), 1, CGAL::CLOCKWISE);

1181



C[7] = Circle_2 (Rat_point_2 (1, _7_halves), 1, CGAL::CLOCKWISE);
C[8] = Circle_2 (Rat_point_2 (2, 5), 1, CGAL::CLOCKWISE);

for (k = 0; k < 9; k++)
handles[k] = insert_curve (arr, C[k]);

std::cout << "The initial arrangement size:" << std::endl
<< " V = " << arr.number_of_vertices()
<< ", E = " << arr.number_of_edges()
<< ", F = " << arr.number_of_faces() << std::endl;

// Remove the large circle C[0].
std::cout << "Removing C[0] : ";
std::cout << remove_curve (arr, handles[0])

<< " edges have been removed." << std::endl;

std::cout << "The arrangement size:" << std::endl
<< " V = " << arr.number_of_vertices()
<< ", E = " << arr.number_of_edges()
<< ", F = " << arr.number_of_faces() << std::endl;

// Locate the point q, which should be on an edge e.
Point_location pl (arr);
const Point_2 q = Point_2 (_7_halves, 7);
CGAL::Object obj = pl.locate (q);
Arr_with_hist_2::Halfedge_const_handle e;
bool success = CGAL::assign (e, obj);

CGAL_assertion (success);

// Split the edge e to two edges e1 and e2;
Arr_with_hist_2::Halfedge_handle e1, e2;

e1 = arr.split_edge (arr.non_const_handle (e), q);
e2 = e1->next();

std::cout << "After edge split: "
<< "V = " << arr.number_of_vertices()
<< ", E = " << arr.number_of_edges()
<< ", F = " << arr.number_of_faces() << std::endl;

// Merge back the two split edges.
arr.merge_edge (e1, e2);

std::cout << "After edge merge: "
<< "V = " << arr.number_of_vertices()
<< ", E = " << arr.number_of_edges()
<< ", F = " << arr.number_of_faces() << std::endl;

return (0);
}
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17.10 Input/Output Functions

In some cases, we would like to reuse an arrangement instance constructed by our application in the future
— for example, our arrangement may represent a very complicated geographical map and we have various
applications that need to answer point-location queries on this map. Naturally, we can store the set of curves
that induces the arrangement, but this implies that we need to construct the arrangement from scratch each time
we need to reuse it. A more efficient solution would be to save the arrangement to a file, so that other application
can reread it from there.

We provide aninserter(the<< operator) and anextractor(the>> operator) for theArrangement2<Traits,Dcel>
class, such that an arrangement instance can be inserted into an output stream or read from an input stream. The
arrangement is written using a simple predefined textual format that encodes the arrangement topology, as well
as all geometric entities associated with vertices and edges.

To use the input/output operators, we require that thePoint 2 type and theX monotonecurve 2 type defined by
the traits class both support the<< and>> operators. TheArr conic traits 2 class (see Section17.5.4) and the
Arr rational arc traits 2 class (see Section17.5.5) currently do not provide these operator for the geometric
types they define, so only arrangements of line segments or of polylines can be written or read.

The following example constructs the arrangement depicted in Figure17.7and writes it to an output file. It also
demonstrates how to re-read the arrangement from a file:

//! \file examples/Arrangement_2/ex_io.C
// Using the arrangement I/O operators.

#include "arr_rational_nt.h"
#include <CGAL/Cartesian.h>
#include <CGAL/Arr_segment_traits_2.h>
#include <CGAL/Arrangement_2.h>
#include <CGAL/IO/Arr_iostream.h>
#include <fstream>

#include "point_location_utils.h"

typedef CGAL::Cartesian<Number_type> Kernel;
typedef CGAL::Arr_segment_traits_2<Kernel> Traits_2;
typedef CGAL::Arrangement_2<Traits_2> Arrangement_2;

int main ()
{

// Construct the arrangement.
Arrangement_2 arr;

construct_segments_arr (arr);

std::cout << "Writing an arrangement of size:" << std::endl
<< " V = " << arr.number_of_vertices()
<< ", E = " << arr.number_of_edges()
<< ", F = " << arr.number_of_faces() << std::endl;

// Write the arrangement to a file.
std::ofstream out_file ("arr_ex_io.dat");
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out_file << arr;
out_file.close();

// Read the arrangement from the file.
Arrangement_2 arr2;
std::ifstream in_file ("arr_ex_io.dat");

in_file >> arr2;
in_file.close();

std::cout << "Read an arrangement of size:" << std::endl
<< " V = " << arr2.number_of_vertices()
<< ", E = " << arr2.number_of_edges()
<< ", F = " << arr2.number_of_faces() << std::endl;

return (0);
}

advanced

17.10.1 Arrangements with Auxiliary Data

The inserter and extractor both ignore any auxiliary data stored with the arrangement features, thus they are
ideal for arrangements instantiated using theArr default dcel class. However, as explained in Section17.7,
one can easily extend the arrangement faces by using theArr face extendeddcel template, or extend all DCEL

records by using theArr extendeddcel template. In such cases, it may be crucial that the auxiliary data fields
are written to the file or read from there.

The arrangement package includes the free functionswrite(arr, os, formatter), which writes the arrangement
arr to an output streamos, andread(arr, os, formatter), which reads the arrangementarr from an input stream
is. Both operations are performed using aformatterobject, which defines the I/O format. The package contains
three formatter classes:

• Arr text formatter<Arrangement> defines a simple textual I/O format for the arrangement topology and
geometry, disregarding any auxiliary data that may be associated with the arrangement features. This is
the default formatter used by the arrangement inserter and the arrangement extractor, as defined above.

• Arr face extendedtext formatter<Arrangement> operates on arrangements whose DCEL representation
is based on theArr face extendeddcel<Traits,FaceData> class (see Section17.7.1). It supports reading
and writing the auxiliary data objects stored with the arrangement faces provided that theFaceDataclass
supports an inserter and an extractor.

• Arr extendeddcel text formatter<Arrangement> operates on arrangements whose DCEL representa-
tion is based on theArr extendeddcel<Traits,VertexData,HalfedgeData,FaceData> class (see Sec-
tion 17.7.2). It supports reading and writing the auxiliary data objects stored with the arrangement
vertices, edges and faces, provided that theVertexData, HalfedgeDataandFaceDataclassed all have
inserters and extractors.

The following example constructs the same arrangement as the exampleex dcel extensiondoes (see Sec-
tion 17.7.2) which is depicted in Figure17.18, and writes it to an output file. It also demonstrates how to
re-read the arrangement from a file:
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//! \file examples/Arrangement_2/ex_dcel_extension_io.C
// Using the I/O operators for arrangements with extended DCEL records.

#include "arr_rational_nt.h"
#include <CGAL/Cartesian.h>
#include <CGAL/Arr_segment_traits_2.h>
#include <CGAL/Arr_extended_dcel.h>
#include <CGAL/Arrangement_2.h>
#include <CGAL/IO/Arr_text_formatter.h>
#include <CGAL/IO/Arr_iostream.h>
#include <fstream>

enum Color {BLUE, RED, WHITE};

std::ostream& operator<< (std::ostream& os, const Color& color)
{

switch (color)
{
case BLUE: os << "BLUE"; break;
case RED: os << "RED"; break;
case WHITE: os << "WHITE"; break;
default: os << "ERROR!";
}
return (os);

}

std::istream& operator>> (std::istream& is, Color& color)
{

std::string str;
is >> str;

if (str == "BLUE")
color = BLUE;

else if (str == "RED")
color = RED;

else if (str == "WHITE")
color = WHITE;

return (is);
}

typedef CGAL::Cartesian<Number_type> Kernel;
typedef CGAL::Arr_segment_traits_2<Kernel> Traits_2;
typedef Traits_2::Point_2 Point_2;
typedef Traits_2::X_monotone_curve_2 Segment_2;
typedef CGAL::Arr_extended_dcel<Traits_2,

Color, bool, int> Dcel;
typedef CGAL::Arrangement_2<Traits_2, Dcel> Arrangement_2;
typedef CGAL::Arr_extended_dcel_text_formatter<Arrangement_2> Formatter;

int main ()
{

// Construct the arrangement containing two intersecting triangles.
Arrangement_2 arr;
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Segment_2 s1 (Point_2(4, 1), Point_2(7, 6));
Segment_2 s2 (Point_2(1, 6), Point_2(7, 6));
Segment_2 s3 (Point_2(4, 1), Point_2(1, 6));
Segment_2 s4 (Point_2(1, 3), Point_2(7, 3));
Segment_2 s5 (Point_2(1, 3), Point_2(4, 8));
Segment_2 s6 (Point_2(4, 8), Point_2(7, 3));

insert_non_intersecting_curve (arr, s1);
insert_non_intersecting_curve (arr, s2);
insert_non_intersecting_curve (arr, s3);
insert_x_monotone_curve (arr, s4);
insert_x_monotone_curve (arr, s5);
insert_x_monotone_curve (arr, s6);

// Go over all arrangement vertices and set their colors.
Arrangement_2::Vertex_iterator vit;
unsigned int degree;

for (vit = arr.vertices_begin(); vit != arr.vertices_end(); ++vit)
{

degree = vit->degree();
if (degree == 0)
vit->set_data (BLUE); // Isolated vertex.

else if (degree <= 2)
vit->set_data (RED); // Vertex represents an endpoint.

else
vit->set_data (WHITE); // Vertex represents an intersection point.

}

// Go over all arrangement edges and set their flags.
Arrangement_2::Edge_iterator eit;
bool flag;

for (eit = arr.edges_begin(); eit != arr.edges_end(); ++eit)
{

// Check if the halfegde has the same diretion as its associated
// segment. Note that its twin always has an opposite direction.
flag = (eit->source()->point() == eit->curve().source());
eit->set_data (flag);
eit->twin()->set_data (!flag);

}

// Go over all arrangement faces and print their outer boundary and indices.
Arrangement_2::Face_iterator fit;
Arrangement_2::Ccb_halfedge_circulator curr;
int boundary_size;

for (fit = arr.faces_begin(); fit != arr.faces_end(); ++fit)
{

boundary_size = 0;
if (! fit->is_unbounded())
{
curr = fit->outer_ccb();
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do
{

++boundary_size;
++curr;

} while (curr != fit->outer_ccb());
}
fit->set_data (boundary_size);

}

// Write the arrangement to a file.
std::ofstream out_file ("arr_ex_dcel_io.dat");
Formatter formatter;

write (arr, out_file, formatter);
out_file.close();

// Read the arrangement from the file.
Arrangement_2 arr2;
std::ifstream in_file ("arr_ex_dcel_io.dat");

read (arr2, in_file, formatter);
in_file.close();

std::cout << "The arrangement vertices: " << std::endl;
for (vit = arr2.vertices_begin(); vit != arr2.vertices_end(); ++vit)

std::cout << ’(’ << vit->point() << ") - " << vit->data() << std::endl;

return (0);
}

External users may write their own formatter classes by implementing models to theArrangementInputFormat-
ter and theArrangementOutputFormatter, as defined in the Reference Manual. Doing so, they can define other
I/O formats, such as an XML-based format or a binary format.

advanced

17.10.2 Arrangements with Curve History

In Section17.9we introduced theArrangementwith history 2<Traits,Dcel> class that stores the set of curves
inducing the arrangement and maintains the relations between these curves and the edges they induce. Naturally,
when reading or writing an arrangement-with-history instance we would like this information to be written to
the output stream or retrieved from the input stream alongside with the basic arrangement structure.

The arrangement package supplies an inserter and an extractor for theArrangementwith history 2<
Traits,Dcel> class. The arrangement is represented using a simple predefined textual format, where we require
that theCurve 2 type defined by the traits class — as well as thePoint 2 type and theX monotonecurve 2
types — support the<< and>> operators.

The following example constructs the same arrangement as exampleex curve historydoes (see Section17.9.3)
which is depicted in Figure17.20, and writes it to an output file. It also demonstrates how to re-read the
arrangement-with-history from a file:
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//! \file examples/Arrangement_2/ex_io_curve_history.C
// Using the arrangement-with-history I/O operators.

#include "arr_rational_nt.h"
#include <CGAL/Cartesian.h>
#include <CGAL/Arr_segment_traits_2.h>
#include <CGAL/Arrangement_with_history_2.h>
#include <CGAL/IO/Arr_with_history_iostream.h>
#include <fstream>

typedef CGAL::Cartesian<Number_type> Kernel;
typedef CGAL::Arr_segment_traits_2<Kernel> Traits_2;
typedef Traits_2::Point_2 Point_2;
typedef Traits_2::Curve_2 Segment_2;
typedef CGAL::Arrangement_with_history_2<Traits_2> Arr_with_hist_2;

int main ()
{

Arr_with_hist_2 arr;

// Insert six additional segments aggregately:
Segment_2 segs[6];
segs[0] = Segment_2 (Point_2 (2, 6), Point_2 (7, 1));
segs[1] = Segment_2 (Point_2 (3, 2), Point_2 (3, 5));
segs[2] = Segment_2 (Point_2 (2, 3), Point_2 (5, 3));
segs[3] = Segment_2 (Point_2 (2, 6), Point_2 (7, 1));
segs[4] = Segment_2 (Point_2 (0, 0), Point_2 (2, 6));
segs[5] = Segment_2 (Point_2 (3, 4), Point_2 (6, 4));
insert_curves (arr, segs, segs + 6);

std::cout << "Writing an arrangement of "
<< arr.number_of_curves() << " input segments:" << std::endl
<< " V = " << arr.number_of_vertices()
<< ", E = " << arr.number_of_edges()
<< ", F = " << arr.number_of_faces() << std::endl;

// Write the arrangement to a file.
std::ofstream out_file ("arr_ex_io_hist.dat");

out_file << arr;
out_file.close();

// Read the arrangement from the file.
Arr_with_hist_2 arr2;
std::ifstream in_file ("arr_ex_io_hist.dat");

in_file >> arr2;
in_file.close();

std::cout << "Read an arrangement of "
<< arr2.number_of_curves() << " input segments:" << std::endl
<< " V = " << arr2.number_of_vertices()
<< ", E = " << arr2.number_of_edges()
<< ", F = " << arr2.number_of_faces() << std::endl;
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return (0);
}

advanced

The arrangement package also includes the free functionswrite(arr, os, formatter)andread(arr, os, formatter)
that operate on a given arrangement-with-history instancearr. Both functions are parameterized by aformatter
object, which define the I/O format. The package contains a template called,Arr with hist text formatter<
ArranagmentFormatter>, which extends an arrangement formatter class (see Section17.10.1) and defines a
simple textual input/output format.

advanced

17.11 Adapting toBOOSTGraphs

BOOST16 is a collection of portable C++ libraries that extend the Standard Template Library (STL). The BOOST

Graph Library (BGL), which one of the libraries in the collection, offers an extensive set of generic graph
algorithms parameterized through templates. As our arrangements are embedded as planar graphs, it is only
natural to extend the underlying data structure with the interface that the BGL expects, and gain the ability to
perform the operations that the BGL supports, such as shortest-path computation. This section describes how
apply the graph algorithms implemented in the BGL to Arrangement2 instances.

An instance ofArrangement2 is adapted to a BOOSTgraph through the provision of a set of free functions that
operate on the arrangement features and conform with the relevant BGL concepts. Besides the straightforward
adaptation, which associates a vertex with each DCEL vertex and an edge with each DCEL halfedge, the package
also offer adual adaptor, which associates a graph vertex with each DCEL face, such that two vertices are
connected, iff there is a DCEL halfedge that connects the two corresponding faces.

17.11.1 The Primal Arrangement Representation

Arrangement instances are adapted to BOOST graphs by specializing theboost:graphtraits template for
Arrangement2 instances. The graph-traits states the graph concepts that the arrangement class models (see
below) and defines the types required by these concepts.

In this specialization theArrangement2 vertices correspond to the graph vertices, where two vertices are ad-
jacent if there is at least one halfedge connecting them. More precisely,Arrangement2::Vertex handleis the
graph-vertex type, whileArrangement2::Halfedgehandleis the graph-edge type. As halfedges are directed,
we consider the graph to be directed as well. Moreover, as several interior-disjointx-monotone curves (say
circular arcs) may share two common endpoints, inducing an arrangement with two vertices that are connected
with several edges, we allow parallel edges in our BOOSTgraph.

Given anArrangement2 instance, we can efficiently traverse its vertices and halfedges. Thus, the arrangement
graph is a model of the conceptsVertexListGraphandEdgeListGraphintroduced by the BGL. At the same
time, we use an iterator adapter of the circulator over the halfedges incident to a vertex (Halfedgearound
vertexcirculator — see Section17.2.2), so it is possible to go over the ingoing and outgoing edges of a vertex
in linear time. Thus, our arrangement graph is a model of the conceptBidirectionalGraph(this concept refines
IncidenceGraph, which requires only the traversal of outgoing edges).

16See also BOOST’s homepage at:www.boost.org.
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Figure 17.22: An arrangement of 7 line segments, as constructed byex bgl primal adapter.Candex bgl dual
adapter.C. The breadth-first visit times for the arrangement faces, starting from the unbounded facef0, are
shown is brackets.

It is important to notice that the vertex descriptors we use areVertexhandleobjects andnot vertex indices.
However, in order to gain more efficiency in most BGL algorithm, it is better to have them indexed 0,1, . . . ,(n−
1), wheren is the number of vertices. We therefore introduce theArr vertex index map<Arrangement> class-
template, which maintains a mapping of vertex handles to indices, as required by the BGL. An instance of this
class must be attached to a valid arrangement vertex when it is created. It uses the notification mechanism (see
Section17.6) to automatically maintain the mapping of vertices to indices, even when new vertices are inserted
into the arrangement or existing vertices are removed.

In most algorithm provided by the BGL, the output is given byproperty maps, such that each map entry cor-
responds to a vertex. For example, when we compute the shortest paths from a given source vertexs to all
other vertices we can obtain a map of distances and a map of predecessors — namely for eachv vertex we
have its distance froms and a descriptor of the vertex that precedesv in the shortest path froms. If the vertex
descriptors are simply indices, one can use vectors to efficiently represent the property maps. As this is not the
case with the arrangement graph, we offer theArr vertexproperty map<Arrangement,Type> template allows
for an efficient mapping ofVertexhandleobjects to properties of typeType. Note however that unlike the
Arr vertex index mapclass, the vertex property-map class is not kept synchronized with the number of vertices
in the arrangement, so it should not be reused in calls to BGL functions in case the arrangement is modified in
between these calls.

In the following example we construct an arrangement of 7 line segments, as shown in Figure17.22, then use
Dijkstra’s shortest-paths algorithm from the BGL to compute the graph distance of all vertices from the leftmost
vertex in the arrangementv0. Note the usage of theArr vertex index mapand theArr vertexproperty map
classes. The latter one, instantiated by the typedoubleis used to map vertices to their distances fromv0.

//! \file examples/Arrangement_2/ex_bgl_primal_adapter.C
// Adapting an arrangement to a BGL graph.

#include "arr_rational_nt.h"
#include <CGAL/Cartesian.h>
#include <CGAL/Arr_segment_traits_2.h>
#include <CGAL/Arrangement_2.h>

#include <boost/graph/dijkstra_shortest_paths.hpp>
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#include <CGAL/graph_traits_Arrangement_2.h>
#include <CGAL/Arr_vertex_map.h>

typedef CGAL::Cartesian<Number_type> Kernel;
typedef CGAL::Arr_segment_traits_2<Kernel> Traits_2;
typedef Traits_2::Point_2 Point_2;
typedef Traits_2::X_monotone_curve_2 Segment_2;
typedef CGAL::Arrangement_2<Traits_2> Arrangement_2;

// A functor used to compute the length of an edge.
class Edge_length_func
{
public:

// Boost property type definitions:
typedef boost::readable_property_map_tag category;
typedef double value_type;
typedef value_type reference;
typedef Arrangement_2::Halfedge_handle key_type;

double operator() (Arrangement_2::Halfedge_handle e) const
{

const double x1 = CGAL::to_double (e->source()->point().x());
const double y1 = CGAL::to_double (e->source()->point().y());
const double x2 = CGAL::to_double (e->target()->point().x());
const double y2 = CGAL::to_double (e->target()->point().y());
const double diff_x = x2 - x1;
const double diff_y = y2 - y1;

return (std::sqrt (diff_x*diff_x + diff_y*diff_y));
}

};

double get (Edge_length_func edge_length, Arrangement_2::Halfedge_handle e)
{

return (edge_length (e));
}

int main ()
{

Arrangement_2 arr;

// Construct an arrangement of seven intersecting line segments.
// We keep a handle for the vertex v_0 that corresponds to the point (1,1).
Arrangement_2::Halfedge_handle e =

insert_non_intersecting_curve (arr, Segment_2 (Point_2 (1, 1),
Point_2 (7, 1)));

Arrangement_2::Vertex_handle v0 = e->source();
insert_curve (arr, Segment_2 (Point_2 (1, 1), Point_2 (3, 7)));
insert_curve (arr, Segment_2 (Point_2 (1, 4), Point_2 (7, 1)));
insert_curve (arr, Segment_2 (Point_2 (2, 2), Point_2 (9, 3)));
insert_curve (arr, Segment_2 (Point_2 (2, 2), Point_2 (4, 4)));
insert_curve (arr, Segment_2 (Point_2 (7, 1), Point_2 (9, 3)));
insert_curve (arr, Segment_2 (Point_2 (3, 7), Point_2 (9, 3)));
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// Create a mapping of the arrangement vertices to indices.
CGAL::Arr_vertex_index_map<Arrangement_2> index_map (arr);

// Perform Dijkstra’s algorithm from the vertex v0.
Edge_length_func edge_length;
CGAL::Arr_vertex_property_map<Arrangement_2,

double> dist_map (index_map);

boost::dijkstra_shortest_paths (arr, v0,
boost::vertex_index_map (index_map).
weight_map (edge_length).
distance_map (dist_map));

// Print the results:
Arrangement_2::Vertex_iterator vit;

std::cout << "The distances of the arrangement vertices from ("
<< v0->point() << ") :" << std::endl;

for (vit = arr.vertices_begin(); vit != arr.vertices_end(); ++vit)
{

std::cout << "(" << vit->point() << ") at distance "
<< dist_map[vit] << std::endl;

}

return (0);
}

17.11.2 The Dual Arrangement Representation

It is possible to give a dual graph representation for an arrangement instance, such that each arrangement face
corresponds to a graph vertex and two vertices are adjacent iff the corresponding faces share a common edge
on their boundaries. This is done by specializing theboost:graphtraits template forDual<Arrangement2>
instances, whereDual<Arrangement2> is a template specialization that gives a dual interpretation to an ar-
rangement instance.

In dual representation,Arrangement2::Face handleis the graph-vertex type, whileArrangement2::Halfedge
handleis the graph-edge type. We treat the graph edges as directed, such that a halfedgee is directed fromf1,
which is its incident face, tof2, which is the incident face of its twin halfedge. As two arrangement faces may
share more than a single edge on their boundary, we allow parallel edges in our BOOSTgraph. As is the case in
the primal graph, the dual arrangement graph is also a model of the conceptsVertexListGraph, EdgeListGraph
andBidirectionalGraph(thus also ofIncidenceGraph).

Since we useFace handleobjects as the vertex descriptors, we define theArr face index map<Arrangement>
class-template, which maintains an efficient mapping of face handles to indices. We also provide the template
Arr face property map<Arrangement,Type> for associating arbitrary data with the arrangement faces.

In the following example we construct the same arrangement as in exampleex bgl primal adapter.C(see Fig-
ure17.22), and perform breadth-first search on the graph faces, starting from the unbounded face. We extend
the DCEL faces with an unsigned integer, marking the discover time of the face and use a breadth-first-search
visitor to obtain these times and update the faces accordingly:

//! \file examples/Arrangement_2/ex_bgl_dual_adapter.C
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// Adapting the dual of an arrangement to a BGL graph.

#include "arr_rational_nt.h"
#include <CGAL/Cartesian.h>
#include <CGAL/Arr_segment_traits_2.h>
#include <CGAL/Arr_extended_dcel.h>
#include <CGAL/Arrangement_2.h>

#include <boost/graph/dijkstra_shortest_paths.hpp>

#include <CGAL/graph_traits_Dual_Arrangement_2.h>
#include <CGAL/Arr_face_map.h>

#include "arr_print.h"

typedef CGAL::Cartesian<Number_type> Kernel;
typedef CGAL::Arr_segment_traits_2<Kernel> Traits_2;
typedef Traits_2::Point_2 Point_2;
typedef Traits_2::X_monotone_curve_2 Segment_2;
typedef CGAL::Arr_face_extended_dcel<Traits_2,

unsigned int> Dcel;
typedef CGAL::Arrangement_2<Traits_2, Dcel> Arrangement_2;
typedef CGAL::Dual<Arrangement_2> Dual_arrangement_2;

// A BFS visitor class that associates each vertex with its discover time.
// In our case graph vertices represent arrangement faces.
template <class IndexMap>
class Discover_time_bfs_visitor : public boost::default_bfs_visitor
{
private:

const IndexMap *index_map; // Mapping vertices to indices.
unsigned int time; // The current time stamp.

public:

// Constructor.
Discover_time_bfs_visitor (const IndexMap& imap) :

index_map (&imap),
time (0)

{}

// Write the discover time for a given vertex.
template <typename Vertex, typename Graph>
void discover_vertex (Vertex u, const Graph& g)
{

u->set_data (time);
time++;

}
};

int main ()
{

Arrangement_2 arr;
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// Construct an arrangement of seven intersecting line segments.
insert_curve (arr, Segment_2 (Point_2 (1, 1), Point_2 (7, 1)));
insert_curve (arr, Segment_2 (Point_2 (1, 1), Point_2 (3, 7)));
insert_curve (arr, Segment_2 (Point_2 (1, 4), Point_2 (7, 1)));
insert_curve (arr, Segment_2 (Point_2 (2, 2), Point_2 (9, 3)));
insert_curve (arr, Segment_2 (Point_2 (2, 2), Point_2 (4, 4)));
insert_curve (arr, Segment_2 (Point_2 (7, 1), Point_2 (9, 3)));
insert_curve (arr, Segment_2 (Point_2 (3, 7), Point_2 (9, 3)));

// Create a mapping of the arrangement faces to indices.
CGAL::Arr_face_index_map<Arrangement_2> index_map (arr);

// Perform breadth-first search from the unbounded face, and use the BFS
// visitor to associate each arrangement face with its discover time.
Discover_time_bfs_visitor<CGAL::Arr_face_index_map<Arrangement_2> >

bfs_visitor (index_map);
Arrangement_2::Face_handle uf = arr.unbounded_face();

boost::breadth_first_search (Dual_arrangement_2 (arr), uf,
boost::vertex_index_map (index_map).
visitor (bfs_visitor));

// Print the results:
Arrangement_2::Face_iterator fit;

for (fit = arr.faces_begin(); fit != arr.faces_end(); ++fit)
{

std::cout << "Discover time " << fit->data() << " for ";
if (fit != uf)
{
std::cout << "face ";
print_ccb<Arrangement_2> (fit->outer_ccb());

}
else
std::cout << "the unbounded face." << std::endl;

}

return (0);
}

17.12 How To Speed Up Your Computation

Before the specific tips, we remind you that compiling programs with debug flags disabled and with optimization
flags enabled significantly reduces the running time.

1. When the curves to be inserted into an arrangement arex-monotone and pairwise disjoint in their interior
to start with, then it is more efficient (in running time) and less demanding (in traits-class functionality) to
use the non-intersection insertion-functions instead of the general ones; e.g.,insert x monotonecurve().

2. When the curves to be inserted into an arrangement are segments that are pairwise disjoint in their interior,
it is more efficient to use the traits classArr non cachingsegmenttraits 2 rather then the default one
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(Arr segmenttraits 2).

If the segments may intersect each other, the default traits classArr segmenttraits 2 can be safely used
with the somehow limited number typeQuotient<MP float>.

On rare occasions the traits classArr non cachingsegmenttraits 2 exhibits slightly better performance
than the default one (Arr segmenttraits 2 even when the segments intersect each other, due to the small
overhead of the latter (optimized) traits class. (For example, when the the so called LEDA rational kernel
is used).

3. Prior knowledge of the combinatorial structure of the arrangement can be used to accelerate operations
that insertx-monotone curves, whose interior is disjoint from existing edges and vertices of the arrange-
ment. The specialized insertion functions, i.e.,insert in face interior(), insert from left vertex(), insert
from right vertex(), and insert at vertices()can be used according to the available information. These
functions hardly involve any geometric operations, if at all. They accept topologically related parame-
ters, and use them to operate directly on the DCEL records, thus saving algebraic operations, which are
especially expensive when high-degree curves are involved.

A polygon, represented by a list of segments along its boundary, can be inserted into an empty arrange-
ment as follows. First, one segment is inserted usinginsert in face interior() into the unbounded face.
Then, a segment with a common end point is inserted using eitherinsert from left vertex()or insert
from right vertex(), and so on with the rest of the segments except for the last, which is inserted using
insert at vertices(), as both endpoints of which are the mapping of known vertices.

4. The main trade-off among point-location strategies, is between time and storage. Using the naive or
walk strategies, for example, takes more query time but does not require preprocessing or maintenance of
auxiliary structures and saves storage space.

5. If point-location queries are not performed frequently, but other modifying functions, such as removing,
splitting, or merging edges are, then using a point-location strategy that does not require the maintenance
of auxiliary structures, such as the the naive or walk strategies, is preferable.

6. There is a trade-off between two modes of the trapezoidal RIC strategy that enables the user to choose
whether preprocessing should be performed or not. If preprocessing is not used, the creation of the
structure is faster. However, for some input sequences the structure might be unbalanced and therefore
queries and updates might take longer, especially, if many removal and split operations are performed.

7. When the curves to be inserted into an arrangement are available in advance (as opposed to supplied
on-line), it is advised to use the more efficient aggregate (sweep-based) insertion over the incremental
insertion; e.g.,insert curves().

8. The various traits classes should be instantiated with an exact number type to ensure robustness, when
the input of the operations to be carried out might be degenerate, although inexact number types could be
used at the user’s own risk.

9. Maintaining short bit-lengths of coordinate representations may drastically decrease the time consumption
of arithmetic operations on the coordinates. This can be achieved by caching certain information or
normalization (of rational numbers). However, both solutions should be used cautiously, as the former
may lead to an undue space consumption, and indiscriminate normalization may considerably slow down
the overall process.

10. Geometric functions (e.g., traits methods) dominate the time consumption of most operations. Thus, calls
to such function should be avoided or at least their number should be decreased, perhaps at the expense
of increased combinatorial-function calls or increased space consumption. For example, repetition of
geometric-function calls could be avoided by storing the results obtained by the first call, and reusing
them when needed.
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Design and Implementation History

The code of this package is the result of a long development process. Initially (and until version 3.1), the code
was spread among several packages, namelyTopologicalmap, Planar map 2, Planar map with intersections
2 andArrangement2, that were developed by :
Ester Ezra, Eyal Flato, Efi Fogel, Dan Halperin, Iddo Hanniel, Idit Haran, Shai Hirsch, Eugene Lipovetsky,
Oren Nechushtan, Sigal Raab, Ron Wein, Baruch Zukerman and Tali Zvi.

In version 3.2, as part of the ACS project, the packages have gone through a major re-design, resulting in an
improvedArrangement2 package. The code of the new package was restructured and developed by :
Efi Fogel, Idit Haran, Ron Wein and Baruch Zukerman.
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Given a setC of planar curves, thearrangementA(C ) is the subdivision of the plane induced by the curves
in C into maximally connected cells. The cells can be 0-dimensional (vertices), 1-dimensional (edges) or 2-
dimensional (faces).

The classArrangement2<Traits,Dcel> encapsulates a data structure that maintains arrangements of arbitrary
bounded planar curves. It comes with a variety of algorithms that operate on planar arrangement, such as point-
location queries and overlay computations, which are implemented as peripheral classes or as free (global)
functions.
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CGAL::Arrangement 2<Traits,Dcel>

Definition

An objectarr of the classArrangement2<Traits,Dcel> represents the planar subdivision induced by a set of
x-monotone curves and isolated points into maximally connected cells. The arrangement is represented as a
doubly-connected edge-list (DCEL) such that each DCEL vertex is associated with a point of the plane and each
edge is associated with anx-monotone curve whose interior is disjoint from all other edges and vertices. Recall
that an arrangement edge is always comprised of a pair of twin DCEL halfedges.

TheArrangement2<Traits,Dcel> template has two parameters:

• The Traits template-parameter should be instantiated with a model of theArrangementBasicTraits2
concept. The traits class defines the types ofx-monotone curves and two-dimensional points, namely
X monotonecurve 2 andPoint 2, respectively, and supports basic geometric predicates on them.

• TheDcel template-parameter should be instantiated with a class that is a model of theArranagementDcel
concept. The value of this parameter is by defaultArr default dcel<Traits>.

The available traits classes and DCEL classes are described below.

Self is an abbreviation of theArrangement2<Traits,Dcel> type hereafter.

#include<CGAL/Arrangement2.h>

Types

Arrangement2<Traits,Dcel>:: Traits 2 the traits class in use.
Arrangement2<Traits,Dcel>:: Dcel the DCEL representation of the arrangement.

typedef Arrangement2<Traits 2,Dcel> Self;

typedef typename Traits2::Point 2 Point 2; the point type, as defined by the traits class.
typedef typename Traits2::X monotonecurve 2 X monotonecurve 2;

the x-monotone curve type, as defined by the
traits class.

typedef typename Dcel::Size Size; the size type (equivalent tosize t).

Arrangement2<Traits,Dcel>:: Vertex represents a 0-dimensional cell in the subdivision. A
vertex is always associated with a point.

Arrangement2<Traits,Dcel>:: Halfedge represents (together with its twin — see below) a 1-
dimensional cell in the subdivision. A halfedge is al-
ways associated with anx-monotone curve.

Arrangement2<Traits,Dcel>:: Face represents a 2-dimensional cell in the subdivision.
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The following handles, iterators, and circulators all have respective constant counterparts (for example, in addi-
tion to Vertex iterator the typeVertexconst iterator is also defined). See [MS96] for a discussion of constant
versus mutable iterator types. The mutable types are assignable to their constant counterparts.

Vertex iterator, Halfedgeiterator, andFace iterator are equivalent to the respective handle types (namely,
Vertexhandle, Halfedgehandle, andFace handle). Thus, wherever the handles appear in function parameter
lists, the respective iterators can be passed as well.

Arrangement2<Traits,Dcel>:: Vertex handle a handle for an arrangement vertex.
Arrangement2<Traits,Dcel>:: Halfedge handle a handle for a halfedge. The halfedge and its twin form

together an arrangement edge.

Arrangement2<Traits,Dcel>:: Face handle a handle for an arrangement face.

Arrangement2<Traits,Dcel>:: Vertex iterator a bidirectional iterator over the vertices of the arrange-
ment. Its value-type isVertex.

Arrangement2<Traits,Dcel>:: Halfedge iterator a bidirectional iterator over the halfedges of the ar-
rangement. Its value-type isHalfedge.

Arrangement2<Traits,Dcel>:: Edge iterator a bidirectional iterator over the edges of the arrange-
ment. (That is, it skips every other halfedge.) Its value-
type isHalfedge.

Arrangement2<Traits,Dcel>:: Face iterator a bidirectional iterator over the faces of arrangement.
Its value-type isFace.

Arrangement2<Traits,Dcel>:: Halfedge around vertexcirculator

a bidirectional circulator over the halfedges that have a
given vertex as their target. Its value-type isHalfedge.

Arrangement2<Traits,Dcel>:: Ccb halfedgecirculator

a bidirectional circulator over the halfedges of a CCB
(connected component of the boundary). Its value-type
is Halfedge. Each bounded face has a single CCB rep-
resenting it outer boundary, and may have several inner
CCBs representing its holes.

Arrangement2<Traits,Dcel>:: Hole iterator a bidirectional iterator over the holes (i.e., inner CCBs)
contained inside a given face. Its value type isCcb
halfedgecirculator.

Arrangement2<Traits,Dcel>:: Isolated vertex iterator

a bidirectional iterator over the isolated vertices con-
tained inside a given face. Its value type isVertex.

Creation

Arrangement2<Traits,Dcel> arr; constructs an empty arrangement containing one un-
bounded face, which corresponds to the entire plane.

Arrangement2<Traits,Dcel> arr( Self other); copy constructor.

Arrangement2<Traits,Dcel> arr( Traits 2 *traits); constructs an empty arrangement that uses the given
traits instance for performing the geometric predicates.
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Assignment Methods

Self& arr = other assignment operator.

void arr.assign( Self other) assigns the contents of another arrangement.

void arr.clear() clears the arrangement.

Access Functions

Traits 2* arr.get traits() returns the traits object used by the arrangement instance.
A constversion is also available.

bool arr.is empty() determines whether the arrangement is empty (contains
only the unbounded face, with no vertices or edges).

All begin()and end()methods listed below also haveconstcounterparts, returning constant iterators instead
of mutable ones:

• Accessing the Arrangement Vertices:

Size arr.numberof vertices() returns the number of vertices in the arrangement.

Size arr.numberof isolatedvertices()

returns the total number of isolated vertices in the arrange-
ment.

Vertex iterator arr.verticesbegin() returns the begin-iterator of the vertices in the arrange-
ment.

Vertex iterator arr.verticesend() returns the past-the-end iterator of the vertices in the ar-
rangement.

• Accessing the Arrangement Edges:

Size arr.numberof halfedges() returns the number of halfedges in the arrangement.

Halfedgeiterator arr.halfedgesbegin() returns the begin-iterator of the halfedges in the arrange-
ment.

Halfedgeiterator arr.halfedgesend() returns the past-the-end iterator of the halfedges in the ar-
rangement.

Size arr.numberof edges() returns the number of edges in the arrangement (equivalent
to arr.numberof halfedges() / 2).

Edge iterator arr.edgesbegin() returns the begin-iterator of the edges in the arrangement.

Edge iterator arr.edgesend() returns the past-the-end iterator of the edges in the arrange-
ment.
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• Accessing the Arrangement Faces:

Face handle arr.unboundedface() returns a handle for the unbounded face of the arrange-
ment.

Size arr.numberof faces() returns the number of faces in the arrangement.

Face iterator arr.facesbegin() returns the begin-iterator of the faces in the arrangement.

Face iterator arr.facesend() returns the past-the-end iterator of the faces in the arrange-
ment.

advanced

Casting away Constness

It is sometime necessary to convert a constant (non-mutable) handle to a mutable handle. For example, the result
of a point-location query is a non-mutable handle for the arrangement cell containing the query point. Assume
that the query point lies on a edge, so we obtain aHalfedgeconsthandle; if we wish to use this handle and
remove the edge, we first need to cast away its “constness”.

Vertexhandle arr.nonconsthandle( Vertexconsthandle v)

casts the given constant vertex handle to an equivalent mu-
table handle.

Halfedgehandle arr.nonconsthandle( Halfedgeconsthandle e)

casts the given constant halfedge handle to an equivalent
mutable handle.

Face handle arr.nonconsthandle( Halfedgeconsthandle f)

casts the given constant face handle to an equivalent muta-
ble handle.

advanced

Modifiers

• Specialized Insertion Methods:

Vertexhandle arr.insertin face interior( Point 2 p, Facehandle f)

inserts the pointp into the arrangement as an isolated ver-
tex in the interior of the facef and returns a handle for the
newly created vertex.
Precondition: p lies in the interior of the facef .
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Halfedgehandle arr.insertin face interior( X monotonecurve 2 c, Facehandle f)

inserts the curvec as a new hole (inner component) of the
face f . As a result, two new vertices that correspond to
c’s endpoints are created and connected with a newly cre-
ated halfedge pair. The function returns a handle for one of
the new halfedges corresponding to the inserted curve, di-
rected in lexicographic increasing order (from left to right).
Precondition: c lies entirely in the interior of the facef and
is disjoint from all existing arrangement vertices and edges
(in particular, both its endpoints are not already associated
with existing arrangement vertices).

Halfedgehandle arr.insertfrom left vertex( Xmonotonecurve 2 c, Vertexhandle v)

inserts the curvec into the arrangement, such that its left
endpoint corresponds to a given arrangement vertex. As
a result, a new vertex that correspond toc’s right end-
point is created and connected tov with a newly created
halfedge pair. The function returns a handle for one of
the new halfedges corresponding to the inserted curve, di-
rected towards the newly created vertex — that is, directed
in lexicographic increasing order (from left to right).
Precondition: The interior ofc is disjoint from all existing
arrangement vertices and edges.
Precondition: v is associated with the left endpoint ofc.
Precondition: The right endpoint ofc is not already asso-
ciated with an existing arrangement vertex.

Halfedgehandle arr.insertfrom right vertex( Xmonotonecurve 2 c, Vertexhandle v)

inserts the curvec into the arrangement, such that its right
endpoint corresponds to a given arrangement vertex. As a
result, a new vertex that correspond toc’s left endpoint is
created and connected tov with a newly created halfedge
pair. The function returns a handle for one of the new
halfedges corresponding to the inserted curve, directed to
the newly created vertex — that is, directed in lexico-
graphic decreasing order (from right to left).
Precondition: The interior ofc is disjoint from all existing
arrangement vertices and edges.
Precondition: v is associated with the right endpoint ofc.
Precondition: The left endpoint ofc is not already associ-
ated with an existing arrangement vertex.
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Halfedgehandle arr.insertat vertices( Xmonotonecurve 2 c, Vertexhandle v1, Vertexhandle v2)

inserts the curvec into the arrangement, such that both
c’s endpoints correspond to existing arrangement vertices,
given byv1 andv2. The function creates a new halfedge
pair that connects the two vertices, and returns a handle for
the halfedge directed fromv1 to v2.
Precondition: The interior ofc is disjoint from all existing
arrangement vertices and edges.
Precondition: v1andv2are associated withc’s endpoints.
Precondition: If v1 and v2 are already connected by an
edge, this edge represents anx-monotone curve that is
interior-disjoint fromc).

advanced

Halfedgehandle arr.insertfrom left vertex( Xmonotonecurve 2 c, Halfedgehandle pred)

inserts the curvec into the arrangement, such that its left
endpoint corresponds to a given arrangement vertex. This
vertex is the target vertex of the halfedgepred, such that
c is inserted to the circular list of halfedges aroundpred->
target()right betweenpredand its successor. The function
returns a handle for one of the new halfedges directed (lex-
icographically) from left to right.
Precondition: The interior ofc is disjoint from all existing
arrangement vertices and edges.
Precondition: pred->target() is associated with the left
endpoint ofc, and c should be inserted afterpred in a
clockwise order around this vertex.
Precondition: The right endpoint ofc is not already asso-
ciated with an existing arrangement vertex.

Halfedgehandle arr.insertfrom right vertex( Xmonotonecurve 2 c, Halfedgehandle pred)

inserts the curvec into the arrangement, such that its right
endpoint corresponds to a given arrangement vertex. This
vertex is the target vertex of the halfedgepred, such that
c is inserted to the circular list of halfedges aroundpred->
target()right betweenpredand its successor. The function
returns a handle for one of the new halfedges directed (lex-
icographically) from right to left.
Precondition: The interior ofc is disjoint from all existing
arrangement vertices and edges.
Precondition: pred->target() is associated with the right
endpoint ofc, and c should be inserted afterpred in a
clockwise order around this vertex.
Precondition: The left endpoint ofc is not already associ-
ated with an existing arrangement vertex.

Halfedgehandle arr.insertat vertices( Xmonotonecurve 2 c,
Halfedgehandle pred1,
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Vertexhandle v2)

inserts the curvec into the arrangement, such that both
c’s endpoints correspond to existing arrangement vertices,
given bypred1->target() andv2. The function creates a
new halfedge pair that connects the two vertices (where
the corresponding halfedge is inserted right betweenpred1
and its successor aroundpred1’s target vertex) and returns
a handle for the halfedge directed frompred1->target() to
v2.
Precondition: The interior ofc is disjoint from all existing
arrangement vertices and edges.
Precondition: pred1->target() andv2 are associated with
c’s endpoints.
Precondition: If pred1->target and v2 are already con-
nected by an edge, this edge represents anx-monotone
curve that is interior-disjoint fromc).

Halfedgehandle arr.insertat vertices( Xmonotonecurve 2 c,
Halfedgehandle pred1,
Halfedgehandle pred2)

inserts the curvec into the arrangement, such that both
c’s endpoints correspond to existing arrangement vertices,
given bypred1->target() andpred2->target(). The func-
tion creates a new halfedge pair that connects the two ver-
tices (with pred1 and pred2 indicate the exact place for
these halfedges around the two target vertices) and returns
a handle for the halfedge directed frompred1->target() to
pred2->target().
Precondition: The interior ofc is disjoint from all existing
arrangement vertices and edges.
Precondition: pred1->target()andpred2->target()are as-
sociated withc’s endpoints.
Precondition: If pred1->targetandpred2->target()are al-
ready connected by an edge, this edge represents anx-
monotone curve that is interior-disjoint fromc).

advanced

•Modifying Vertices and Edges:

Vertexhandle arr.modifyvertex( Vertexhandle v, Point2 p)

setsp to be the point associated with the vertexv. The
function returns a handle for the modified vertex (same as
v).
Precondition: p is geometrically equivalent to the point
currently associated withv.

1207



Face handle arr.removeisolatedvertex( Vertexhandle v)

removes the isolated vertexv from the arrangement. The
function returns the facef that used to contain the isolated
vertex.
Precondition: v is an isolated vertex (has no incident
edges).

Halfedgehandle arr.modifyedge( Halfedgehandle e, Xmonotonecurve c)

setsc to be thex-monotone curve associated with the edge
e. The function returns a handle for the modified edge
(same ase).
Precondition: c is geometrically equivalent to the curve
currently associated withe.

Halfedgehandle arr.splitedge( Halfedgehandle e, Xmonotonecurve 2 c1, X monotonecurve 2 c2)

splits the edgee into two edges (more precisely, into two
halfedge pairs), associated with the given subcurvesc1
andc2, and creates a vertex that corresponds to the split
point. The function returns a handle for the halfedge,
whose source is the same ase->source()and whose target
vertex is the split point.
Precondition: Eitherc1’s left endpoint andc2’s right end-
point correspond toe’s end-vertices such thatc1’s right
endpoint andc2’s left endpoint are equal and define the
split point — or vice-versa (with change of roles between
c1andc2).

Halfedgehandle arr.mergeedge( Halfedgehandle e1, Halfedgehandle e2, Xmonotonecurve 2 c)

merges the edges represented bye1 ande2 into a single
edge, associated with the given merged curvec. Denote
e1’s end-vertices asu1 andv, while e2’s end-vertices are
denotedu2 andv. The function removes the common ver-
tex v returns a handle for one of the merged halfedges, di-
rected fromu1 to u2.
Precondition: e1ande2share a common end-vertex, such
that the two other end-vertices of the two edges are associ-
ated withc’s endpoints.

Face handle arr.removeedge( Halfedgehandle e,
bool removesource = true,
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bool removetarget = true)

removes the edgee from the arrangement. Since thee
may be the only edge incident to its source vertex (or its
target vertex), this vertex can be removed as well. The
flags removesourceand removetarget indicate whether
the endpoints ofe should be removed, or whether they
should be left as isolated vertices in the arrangement. If
the operation causes two faces to merge, the merged face
is returned. Otherwise, the face to which the edge was in-
cident is returned.

Miscellaneous

bool arr.is valid() returns true if arr represents a valid instance of
Arrangement2<Traits,Dcel>. In particular, the functions
checks the topological structure of the arrangement and as-
sures that it is valid. In addition, the function performs sev-
eral simple geometric tests to ensure the validity of some
of the geometric properties of the arrangement. Namely,
it checks that all arrangement vertices are associated with
distinct points, and that the halfedges around every vertex
are ordered clockwise.

See Also

ArrangementDcel(page1236)
Arr default dcel<Traits> (page1250)
ArrangementBasicTraits2(page1256)
CGAL::is valid(page1219)
Insertion functions (page1220, page1221, page1222, page1223, page1224, page1225, page1226)
Removal functions (page1227, page1228)
CGAL::overlay(page1229)
Input/output functions (page1234,page1235)
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CGAL::Arr accessor<Arrangement>

Definition

Arr accessor<Arrangement> provides an access to some of the privateArrangementfunctions. Users may use
these functions to achieve more efficient programs when they have the exact topological information required
by the specialized functions.

It is however highly recommended to be very careful when using the accessor functions that modify the ar-
rangement. As we have just mentioned, these functions have very specific requirement on their input on one
hand, and perform no preconditions on the other hand, so providing incorrect topological input may invalidate
the arrangement.

#include<CGAL/Arr accessor.h>

Types

Arr accessor<Arrangement>:: Arrangement2 the type of the associated arrangement.

typedef typename Arrangement2::Point 2

Point 2; the point type.
typedef typename Arrangement2::X monotonecurve 2

X monotonecurve 2;

thex-monotone curve type.

typedef typename Arrangement2::Vertex handle

Vertexhandle;
typedef typename Arrangement2::Halfedgehandle

Halfedgehandle;
typedef typename Arrangement2::Face handle

Face handle;
typedef typename Arrangement2::Ccb halfedgecirculator

Ccb halfedgecirculator;

represents the boundary of a connected component (CCB).

Creation

Arr accessor<Arrangement> acc( Arrangement2& arr);

constructs an accessor attached to the given arrangementarr.
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Accessing the notification functions

void acc.notifybeforeglobal change()

notifies the arrangement observer that a global change is go-
ing to take place (for the usage of the global functions that
operate on arrangements).

void acc.notifyafter global change()

notifies the arrangement observer that a global change has
taken place (for the usage of the global functions that operate
on arrangements).

advanced

Arrangement Predicates

Halfedgehandle acc.locatearound vertex( Vertexhandle v, Xmonotonecurve 2 c)

locates a place for the curvec around the vertexv and re-
turns a halfedge whose target isv, where c should be inserted
between this halfedge and the next halfedge aroundv in a
clockwise order.

int acc.halfedgedistance( Halfedgeconsthandle e1, Halfedgeconsthandle e2)

counts the number of edges along the path frome1 to e2. In
case the two halfedges do not belong to the same connected
component, the function returns (-1).

bool acc.isinside new face( Halfedgehandle pred1,
Halfedgehandle pred2,
X monotonecurve 2 c)

determines whether a new halfedge we are about to create,
which is to be associated with the curvec and directed from
pred1->target() to pred2->target(), lies on the inner CCB of
the new face that will be created, introducing this new edge.
Precondition: pred1->target()andpred2->target()are asso-
ciated withc’s endpoints.
Precondition: pred1andpred2belong to the same connected
component, such that a new face is created by connecting
pred1->target()andpred2->target().

bool acc.pointis in( Point 2 p, Halfedgeconsthandle he)

determines whether a given point lies within the region
bounded by a boundary of the connected component thathe
belongs to. Note that if the function returnstrue, thenp is
contained withinhe->face()(but not on its boundary), or in-
side one of the holes inside this face, or it may coincide with
an isolated vertex in this face.
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bool acc.ison outer boundary( Halfedgeconsthandle he)

determines whetherhe lies on the outer boundary of its inci-
dent face.

bool acc.ison inner boundary( Halfedgeconsthandle he)

determines whetherhe lies on the inner boundary of its inci-
dent face (that is, whether it lies on the boundary of one of
the holes in this face).

Arrangement Modifiers

Vertexhandle acc.createvertex( Point2 p)

creates a new vertex an associates it with the pointp. It is the
user’s responsibility that there is no existing vertex already
associated withp.

Halfedgehandle acc.insertin face interior ex( X monotonecurve 2 c,
Face handle f,
Vertexhandle v1,
Vertexhandle v2,
Comparisonresult res)

inserts the curvec as a new hole (inner component) of the
facef , connecting the two isolated verticesv1 andv2. res is
the comparison result between these two end-vertices. The
function returns a handle for one of the new halfedges corre-
sponding to the inserted curve, directed fromv1 to v2.
Precondition: It is the user’s responsibility thatv1andv2are
associated withc’s endpoints, that they lie off ’s interior and
that and that they have no incident edges.

Halfedgehandle acc.insertfrom vertexex( X monotonecurve 2 c,
Halfedgehandle pred,
Vertexhandle v,
Comparisonresult res)

inserts the curvec into the arrangement, such that one of its
endpoints corresponds to an arrangement, which is the tar-
get vertex of the halfedgepred, such thatc is inserted to the
circular list of halfedges aroundpred->target()right between
pred and its successor. The other end-vertex is given by an
isolated vertexv, whereres is the comparison result between
pred->target()andv. The function returns a handle for one
of the new halfedges directed frompred->target()to v.
Precondition: It is the user’s responsibility thatpred->
target()andv are associated withc’s endpoints and that and
thatv has no incident edges.
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Halfedgehandle acc.insertat verticesex( X monotonecurve 2 c,
Halfedgehandle pred1,
Halfedgehandle pred2,
Comparisonresult res,
bool& new face)

inserts the curvec into the arrangement, such that bothc’s
endpoints correspond to existing arrangement vertices, given
by pred1->target()andpred2->target(). res is the compari-
son result between these two end-vertices. The function cre-
ates a new halfedge pair that connects the two vertices (with
pred1andpred2indicate the exact place for these halfedges
around the two target vertices) and returns a handle for the
halfedge directed frompred1->target() to pred2->target().
The output flagnew face indicates whether a new face has
been created following the insertion of the new curve.
Precondition: It is the user’s responsibility thatpred1->
target()andpred2->target()are associated withc’s endpoints
and that if a new face is created, thenis inside new face
(pred1, pred2, c)is true.

void acc.insertisolatedvertex( Facehandle f, Vertexhandle v)

insertsv as an isolated vertex insidef .
Precondition: It is the user’s responsibility thatv->point() is
contained in the interior of the given face.

void acc.movehole( Facehandle f1, Facehandle f2, Ccbhalfedgecirculator hole)

moves the given hole from the interior of the facef1 inside
the facef2.
Precondition: It is the user’s responsibility thathole is cur-
renly contained inf1 and should be moved tof2.

bool acc.moveisolatedvertex( Facehandle f1, Facehandle f2, Vertexhandle v)

moves the given isolated vertex from the interior of the face
f1 inside the facef2.
Precondition: It is the user’s responsibility thatv is indeed an
isolated vertex currently contained inf1 and should be moved
to f2.

void acc.relocatein new face( Halfedgehandle he)

relocates all holes and isolated vertices to their proper po-
sition immediately after a face has split due to the insertion
of a new halfedge, namely afterinsert at verticesex() was
invoked and indicated that a new face has been created.he
is the halfegde returned byinsert at verticesex(), such that
he->twin()->faceis the face that has just been split andhe->
face()is the newly created face.
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void acc.relocateholes in new face( Halfedgehandle he)

relocates all holes in a new face, as detailed above.

void acc.relocateisolatedverticesin new face( Halfedgehandle he)

relocates all isolated vertices in a new face, as detailed above.

Vertexhandle acc.modifyvertexex( Vertexhandle v, Point2 p)

modifies the point associated with the vertexv (the point may
be geometrically different than the one currently associated
with v). The function returns a handle to the modified vertex
(same asv).
Precondition: It is the user’s responsibility that no other ar-
rangement vertex is already associated withp.

Halfedgehandle acc.modifyedgeex( Halfedgehandle e, Xmonotonecurve 2 c)

modifies thex-monotone curve associated with the edgee
(the curvec may be geometrically different than the one cur-
rently associated withe). The function returns a handle to
the modified edge (same ase).
Precondition: It is the user’s responsibility that the interior of
c is disjoint from all existing arrangement vertices and edges.

Halfedgehandle acc.splitedgeex( Halfedgehandle he,
Point 2 p,
X monotonecurve 2 c1,
X monotonecurve 2 c2)

splits a given edge into two at the split pointp, and associate
the x-monotone curvesc1 andc2 with the resulting edges,
such thatc1 connectshe->source()with p andc2 connectsp
with he->target(). The function return a handle to the split
halfedge directed fromhe->source()to the split pointp.
Precondition: It is the user’s responsibility that the endpoints
of c1 andc2 correspond top and tohe’s end-vertices, as in-
dicated above.

Halfedgehandle acc.splitedgeex( Halfedgehandle he,
Vertexhandle v,
X monotonecurve 2 c1,
X monotonecurve 2 c2)

splits a given edge into two at by the vertexv, and associate
the x-monotone curvesc1 andc2 with the resulting edges,
such thatc1 connectshe->source()with v andc2 connectsv
with he->target(). The function return a handle to the split
halfedge directed fromhe->source()to v.
Precondition: It is the user’s responsibility that the endpoints
of c1andc2correspond tov and tohe’s end-vertices, as indi-
cated above. It is also assumed thatv has no incident edges.
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Face handle acc.removeedgeex( Halfedgehandle he,
bool removesource = true,
bool removetarget = true)

removes the edgehe from the arrangement, such that if the
edge removal causes the creation of a new hole,he->target()
lies on the boundary of this hole. The flagsremovesource
and removetarget indicate whether the end-vertices ofhe
should be removed as well, in case they have no other inci-
dent edges. If the operation causes two faces to merge, the
merged face is returned. Otherwise, the face to which the
edge was incident is returned.

advanced
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CGAL::Arrangement 2<Traits,Dcel>::Vertex

Definition

An objectv of the classVertexrepresents an arrangement vertex, that is — a 0-dimensional cell, associated with
a point on the plane.

Inherits From

typename Dcel::Vertex

Creation

Vertex v; default constructor.

Access Functions

All non-const methods listed below also haveconstcounterparts that return constant handles, iterators or circu-
lators:

bool v.is isolated() checks whether the vertex is isolated. (It has no incident edges.)

typename Dcel::Size v.degree() returns the number of edges incident tov.

Halfedgearound vertexcirculator v.incidenthalfedges()

returns a circulator circulator that allows going over the
halfedges incident tov (that havev as their target). The edges
are traversed in a clockwise direction aroundv.
Precondition: v is notan isolated vertex.

Face handle v.face() returns a handle to the face that containsv in its interior.
Precondition: v is an isolated vertex.

typename Traits::Point2 v.point() returns the point associated with the vertex.
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CGAL::Arrangement 2<Traits,Dcel>::Halfedge

Definition

An objecte of the classHalfedgerepresents a halfedge in the arrangement. A halfedge is directed from its
sourcevertex to itstargetvertex, and has anincident facelying to its right. Each halfedge has atwin halfedge
directed in the opposite direction, where the pair of twin halfedges form together an arrangement edge, that is
— a 1-dimensional cell, associated with planarx-monotone curve.

Halfedges are sotred in doubly-connected lists and form chains. These chains define the inner and outer bound-
aries of connceted components.

Inherits From

typename Dcel::Halfedge

Creation

Halfedge e; default constructor.

Access Functions

All non-const methods listed below also haveconstcounterparts that return constant handles, iterators or circu-
lators:

Vertexhandle e.source() returns a handle for the source vertex ofe.
Vertexhandle e.target() returns a handle for the target vertex ofe.

Comparisonresult e.direction() returns the direction of the halfedge:SMALLERif e’s source ver-
tex is lexicographically smaller than it target (so the halfedge is
directed from left to right), andLARGERif it is lexicographically
larger than the target (so the halfedge is directed from right to left).

Face handle e.face() returns the face thate is incident to (The face lies to the left ofe).

Halfedgehandle e.twin() returns the twin halfedge.

Halfedgehandle e.prev() returnse’s predecessor in the connected component it belongs to.
Halfedgehandle e.next() returnse’s successor in the connected component it belongs to.

Ccb halfedgecirculator e.ccb() returns a circulator that allows traversing the halfedges of the con-
nected component boundary (CCB) that containse. The circulator
is initialized to point toe.

typename Traits::Xmonotonecurve 2

e.curve() returns thex-monotone curve associated withe.
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CGAL::Arrangement 2<Traits,Dcel>::Face

Definition

An objecteof the classFacerepresents an arrangement edge, namely a 2-dimensional arrangement cell. Every
arrangement contains exactly oneunboundedface, an a number of bounded face. Each bounded face has a
boundary comprised of a halfedge chain winding in a counterclockwise orientation around it. A face may also
contain holes, which are defined by clockwise-oriented halfedge chains, and isolated vertices.

Inherits From

typename Dcel::Face

Creation

Face f; default constructor.

Access Functions

All non-const methods listed below also haveconstcounterparts that return constant handles, iterators or circu-
lators:

bool f .is unbounded() returns whether the face is unbounded.

Ccb halfedgecirculator

f .outer ccb() returns a circulator that allows going over the outer boundary
of f . The edges along the CCB are traversed in a counter-
clockwise direction.
Precondition: f is not an unbounded face.

Hole iterator f .holesbegin() returns an iterator for traversing all the holes (inner CCBs) of
f .

Hole iterator f .holesend() returns a past-the-end iterator for the holes off .

Isolatedvertex iterator

f .isolatedverticesbegin()

returns an iterator for traversing all the isolated vertices con-
tained in the interior off .

Isolatedvertex iterator

f .isolatedverticesend()

returns a past-the-end iterator for the isolated vertices con-
tained insidef .
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CGAL::is valid

#include<CGAL/Arrangement2.h>

template<class Traits, class Dcel>
bool is valid( Arrangement2<Traits, Dcel> arr)

Checks the validity of the given arrangement. It first invokes
the member functionarr.is valid() to ensure the topologi-
cal correctness of the arrangement. Then it performs ad-
ditional validity tests. First, it checks that allx-monotone
curves associated with arrangement edges are pairwise dis-
joint in their interior. Then it makes sure that all holes and all
isolated vertices are located within the proper arrangement
faces. The traits class in use must be a model of the concept
ArranagmentXMonotoneTraits2. Note that the test carried
out by this functions may take a considerable amount of time;
it should therefore be used only for debugging purposes.
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CGAL::insert curve

#include<CGAL/Arrangement2.h>

template<class Traits, class Dcel, class PointLocation>
void insert curve( Arrangement2<Traits,Dcel>& arr,

typename Traits::Curve2 c,
PointLocation pl = walkpl)

Inserts the given curvec into the arrangementarr, where no
restrictions are made on the nature of the inserted curve. The
Traitsparameter must be a model of theArrangementTraits
2 concept. That is, it should define theCurve 2 type and
support its subdivision intox-monotone subcurves (and per-
haps isolated points). Each subcurve is in turn inserted
into the arrangement by locating its left endpoint and com-
puting its zone until reaching the right endpoint. The
point-location objectpl, which must be a model of the
ArrangementPointLocation2 concept, is used for answering
point-location queries during the insertion process. By de-
fault, the function uses the “walk along line” point-location
strategy — namely an instance of the classArr walk along
line point location<Arrangement2<Traits,Dcel> >.
Precondition: If provided, pl must be attached to the given
arrangementarr.

#include<CGAL/Arrangementwith history 2.h>

template<class Traits, class Dcel, class PointLocation>
typename Arrangementwith history 2<Traits,Dcel>::Curve handle

insert curve( Arrangementwith history 2<Traits,Dcel>& arr,
typename Traits::Curve2 c,
PointLocation pl = walkpl)

Inserts the given curvec into the arrangementarr, and returns
a handle to the inserted curve. The point-location objectpl,
which should be a model of theArrangementPointLocation
2 concept, is used for answering point-location queries dur-
ing the insertion process. By default, the function uses
the “walk along line” point-location strategy — namely an
instance of the classArr walk along line point location<
Arrangementwith history 2<Traits,Dcel> >.
Precondition: If provided,pl is attached to the given arrange-
mentarr.
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CGAL::insert curves

#include<CGAL/Arrangement2.h>

template<class Traits, class Dcel, InputIterator>
void insert curves( Arrangement2<Traits,Dcel>& arr,

InputIterator first,
InputIterator last)

Aggregately inserts the given range of curves[first,last) into
the arrangementarr, where no restrictions are made on the
nature of the inserted curves. TheTraitsparameter must be a
model of theArrangementTraits2 concept. The input curves
are subdivided intox-monotone subcurves (and perhaps iso-
lated points), which are inserted into the arrangement using
the sweep-line algorithm.
Precondition: The value-type of InputIterator is
Traits::Curve 2.

#include<CGAL/Arrangementwith history 2.h>

template<class Traits, class Dcel, InputIterator>
void insert curves( Arrangementwith history 2<Traits,Dcel>& arr,

InputIterator first,
InputIterator last)

Aggregately inserts the given range of curves[first,last) into
the arrangementarr.
Precondition: The value-type of InputIterator is
Traits::Curve 2.
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CGAL::insert x monotone curve

#include<CGAL/Arrangement2.h>

template<class Traits, class Dcel, class PointLocation>
void insert x monotonecurve( Arrangement2<Traits,Dcel>& arr,

typename Traits::Xmonotonecurve 2 xc,
PointLocation pl = walkpl)

Inserts the givenx-monotone curvexc into the arrange-
ment arr. The Traits parameter must be a model of the
ArrangementXMonotoneTraits2 concept. xc is inserted
into the arrangement by locating its left endpoint and com-
puting its zone until reaching the right endpoint. The
point-location objectpl, which must be a model of the
ArrangementPointLocation2 concept, is used for locating
the left endpoint ofxc in the exising arrangemnt. By de-
fault, the function uses the “walk along line” point-location
strategy — namely an instance of the classArr walk along
line point location<Arrangement2<Traits,Dcel> >.
Precondition: If provided, pl must be attached to the given
arrangementarr.

template<class Traits, class Dcel>
void insert x monotonecurve( Arrangement2<Traits,Dcel>& arr,

typename Traits::Xmonotonecurve 2 xc,
Object obj)

Inserts the givenx-monotone curvexc into the arrange-
ment arr. The Traits parameter must be a model of the
ArrangementXMonotoneTraits2 concept. The objectobj,
which either wraps aVertexconsthandle, a Halfedge
consthandleor a Face consthandle, represents the loca-
tion of xc’s left endpoint in the arrangement.xc is thus in-
serted into the arrangement from the feature represented by
obj by computing its zone until reaching the right endpoint
(no point-location query is issued).
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CGAL::insert x monotone curves

#include<CGAL/Arrangement2.h>

template<class Traits, class Dcel, InputIterator>
void insert x monotonecurves( Arrangement2<Traits,Dcel>& arr,

InputIterator first,
InputIterator last)

Inserts the given range ofx-monotone curves[first,last)
into the arrangementarr. The insertion is performed
in an aggregated manner, using the sweep-line algo-
rithm. The Traits parameter must be a model of the
ArrangementXMonotoneTraits2 concept.
Precondition: The value-type ofInputIterator is Traits::X
monotonecurve 2.
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CGAL::insert non intersecting curve

#include<CGAL/Arrangement2.h>

template<class Traits, class Dcel, class PointLocation>
typename Arrangement2<Traits,Dcel>::Halfedge handle

insert non intersectingcurve( Arrangement2<Traits,Dcel>& arr,
typename Traits::Xmonotonecurve 2 xc,
PointLocation pl = walkpl)

inserts the givenx-monotone curvexc into the arrangement
arr, where the interior ofxc is disjoint from all existing ar-
rangement vertices and edges. Under this assumption, it is
possible to locate the endpoints ofxc in the arrangement
and use one of the specialized insertion member-functions
of arr according to the results. As no intersection are
computed, theTraits parameter must model the restricted
ArrangementBasicTraits2 concept. The point-location ob-
ject pl, which must model theArrangementPointLocation2
concept, is used for answering the two point-location queries
on xc’s endpoints. The insertion operations creates a sin-
gle new edge, that is, two twin halfedges, and the function
returns a handle for the one directed lexicographically in in-
creasing order (from left to right). By default, the function
uses the “walk along line” point-location strategy — namely,
an instance of the classArr walk along line point location<
Arrangement2<Traits,Dcel> >.
Precondition: If provided, pl must be attached to the given
arrangementarr.
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CGAL::insert non intersecting curves

#include<CGAL/Arrangement2.h>

template<class Traits, class Dcel, InputIterator>
void insertnon intersectingcurves( Arrangement2<Traits,Dcel>& arr,

InputIterator first,
InputIterator last)

Aggregately inserts the given range ofx-monotone curves
[first,last) into the arrangementarr. The input curves
should be pairwise disjoint in their interior and pairwise
interrior-disjoint from all existing arrangement vertices and
edges. TheTraits parameter must be a model of the
ArrangementBasicTraits2 concept.
Precondition: The value-type ofInputIterator is Traits::X
monotonecurve 2.
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CGAL::insert point

#include<CGAL/Arrangement2.h>

template<class Traits, class Dcel, class PointLocation>
typename Arrangement2<Traits,Dcel>::Vertex handle

insert point( Arrangement2<Traits,Dcel>& arr,
typename Traits::Point2 p,
PointLocation pl = walkpl)

inserts the pointp as an arrangement vertex intoarr. The
function uses the point-location objectpl (a model of the
ArrangementPointLocation2 concept) to locatep in arr. If
it conincides with an existing vertex, there is nothing left to
do; if it lies on an edge, the edge is split atp; otherwise,p is
contained inside a face, and is inserted as an isolated vertex
inside this face. At any case, the function returns a handle
for the vertex associated withp. TheTriats parameter must
model the refined conceptArrangementXMonotoneTraits2,
which requires split operations. By default, the function
uses the “walk along line” point-location strategy — namely,
an instance of the classArr walk along line point location<
Arrangement2<Traits,Dcel> >.
Precondition: If provided, pl must be attached to the given
arrangementarr.
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CGAL::remove edge

#include<CGAL/Arrangement2.h>

template<class Traits, class Dcel>
typename Arrangement2<Traits,Dcel>::Face handle

removeedge( Arrangement2<Traits,Dcel>& arr,
typename Arrangement2<Traits,Dcel>::Halfedge handle e)

removes an edge given by one of the twin halfedgese
that forms it, from the arrangementarr. Using this func-
tion is equivalent to invokingarr.removeedge (e, true,
true) — that is, to remove the edge and its end-vertices,
in case they become isolated. However, this free func-
tion requires thatTraits be a model of the refined concept
ArrangementXMonotoneTraits2, which requires merge op-
erations onx-monotone curves. If one of the end-vertices ofe
becomes redundant aftere is removed (seeremovevertex()
for the definition of a redundant vertex), it is removed and
its incident edges are merged. If the edge-removal operation
causes two faces to merge, the merged face is returned. Oth-
erwise, the face to which the edge was incident is returned.
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CGAL::remove vertex

#include<CGAL/Arrangement2.h>

template<class Traits, class Dcel>
bool removevertex( Arrangement2<Traits,Dcel>& arr,

typename Arrangement2<Traits,Dcel>::Vertex handle v)

Tries to removed the vertexv from the given arrangement
arr. The vertex can be removed if it is either an isolated
vertex and has no incident edge, or if it is aredundant ver-
tex — that is, it has exactly two incident edges whose as-
sociated curves can be merged to form a singlex-monotone
curve. The assumption is thatTraits is a model of the re-
finesArrangementXMonotoneTraits2, such that it supports
merge operations onx-monotone curves. The function re-
turns whether it succeeded in deletingv from the arrange-
ment.
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CGAL::overlay

#include<CGAL/Arr overlay.h>

template<class Traits, class Dcel1, class Dcel2, class RedDcel, class OverlayTraits>
void overlay( Arrangement2<Traits,Dcel1> arr1,

Arrangement2<Traits,Dcel2> arr2,
Arrangement2<Traits,ResDcel>& res,
OverlayTraits ovltr)

Computes the overlay of two input arrangement instances
arr1 and arr2 and sets the output arrangementres to rep-
resent the overlaid arrangement. All three arrangements are
instantiated using the same geometric traits class, but may
be represented using different DCEL classes. In order to
properly construct the overlaid DCEL that representsres, the
function uses the overlay-traits objectovl tr, which should be
a model of theOverlayTraitsconcept, which is able to con-
struct records of theResDcelclass on the basis of theDcel1
andDcel2records that induce them.
Precondition: res does not refer to eitherarr1 or arr2 (that
is, “self overlay” is not supported).

#include<CGAL/Arrangementwith history 2.h>

template<class Traits, class Dcel1, class Dcel2, class RedDcel, class OverlayTraits>
void overlay( Arrangementwith history 2<Traits,Dcel1> arr1,

Arrangementwith history 2<Traits,Dcel2> arr2,
Arrangement2<Traits,ResDcel>& res,
OverlayTraits ovltr)

Computes the overlay of two input arrangement-with-history
instancesarr1 andarr2 and sets the output arrangementres
to represent the overlaid arrangement. All three arrange-
ments are instantiated using the same geometric traits class,
but may be represented using different DCEL classes. In or-
der to properly construct the overlaid DCEL that represents
res, the function uses the overlay-traits objectovl tr, which
should be a model of theOverlayTraitsconcept, which is
able to construct records of theResDcelclass on the basis of
theDcel1andDcel2records that induce them. The function
also constructs a consolidated set of curves that induceres.

See Also

OverlayTraits(page1230)
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OverlayTraits

A model for the OverlayTraits should be able to operate on records (namely, vertices, halfedges and faces) of
two input DCEL classes, namedDcel A andDcel B, and construct the records of an output DCEL class, referred
to asDcel R.

Models for the concept are used by the globaloverlay()function to maintain the auxiliary data stored with the
DCEL records of the resulting overlaid arrangement, based on the contents of the input records.

Types

OverlayTraits:: VertexhandleA a constant handle a vertex inDcel A.
OverlayTraits:: HalfedgehandleA a constant handle to a halfedge inDcel A.
OverlayTraits:: FacehandleA a constant handle to a faceDcel A.

OverlayTraits:: VertexhandleB a constant handle to a vertex inDcel B.
OverlayTraits:: HalfedgehandleB a constant handle to a halfedge inDcel B.
OverlayTraits:: FacehandleB a constant handle to a face inDcel B.

OverlayTraits:: VertexhandleR a handle to a vertex inDcel R.
OverlayTraits:: HalfedgehandleR a handle to a halfedge inDcel R.
OverlayTraits:: FacehandleR a handle to a faces inDcel R.

Functions

Whenever a vertex in the overlaid arrangement is created, one of the following functions is called in order to
attach the appropriate auxiliary data to this vertex:

void ovl tr.create vertex( VertexhandleA v1, VertexhandleB v2, VertexhandleR v)

constructs the vertexv induced by the coinciding verticesv1
andv2.

void ovl tr.create vertex( VertexhandleA v1, HalfedgehandleB e2, VertexhandleR v)

constructs the vertexv induced by the vertexv1 that lies on
the halfedgee2.

void ovl tr.create vertex( VertexhandleA v1, FacehandleB f2, VertexhandleR v)

constructs the vertexv induced by the vertexv1 that lies in-
side the facef2.

void ovl tr.create vertex( HalfedgehandleA e1, VertexhandleB v2, VertexhandleR v)

constructs the vertexv induced by the vertexv2 that lies on
the halfedgee1.
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void ovl tr.create vertex( FacehandleA f1, VertexhandleB v2, VertexhandleR v)

constructs the vertexv induced by the vertexv2 that lies in-
side the facef1.

void ovl tr.create vertex( HalfedgehandleA e1,
HalfedgehandleB e2,
VertexhandleR v)

constructs the vertexv induced by the intersection of the
halfedgese1ande2.

Whenever an edge in the overlaid arrangement is created, one of the following functions is called in order to
attach the appropriate auxiliary data to this vertex. Note that an edge is created after both its end-vertices are
created, (and the correspondingcreatevertex()methods were invoked). In all cases, the edge is represented by
a halfedgee directed in lexicographic decreasing order (from right to left). Thecreateedge()method should
attach auxiliary data to the twin halfedge (namely toe->twin()) as well:

void ovl tr.create edge( HalfedgehandleA e1,
HalfedgehandleB e2,
HalfedgehandleR e)

constructs the halfedgee induced by an overlap between the
halfedgese1ande2.

void ovl tr.create edge( HalfedgehandleA e1, FacehandleB f2, HalfedgehandleR e)

constructs the halfedgee induced by the halfedgee1that lies
inside the facef2.

void ovl tr.create edge( FacehandleA f1, HalfedgehandleB e2, HalfedgehandleR e)

constructs the halfedgee induced by the halfedgee2that lies
inside the facef1.

The following function is invoked whenever a new face is created. It is guaranteed that all halfedges along the
face boundary have already been created an have their auxiliary data fields attached to them:

void ovl tr.create face( FacehandleA f1, FacehandleB f2, FacehandleR f)

constructs the facef induced by the an overlap between the
facesf1 andf2.

Has Models

Arr default overlay traits<Arrangement> (page1232)
Arr face overlay traits<Arr1,Arr2,ResArr,OvlFaceData> (page1233)

See Also

overlay(page1229)
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CGAL::Arr default overlay traits<Arrangement>

Definition

An instance ofArr default overlay traits<Arrangement> should be used for overlaying two arrangements of
type Arrangementthat store no auxiliary data with their DCEL records, where the resulting overlaid arrange-
ment stores no auxiliary DCEL data as well. This class simply gives empty implementation for all traits-class
functions.

#include<CGAL/Arr default overlay traits.h>

Is Model for the Concepts

OverlayTraits

See Also

overlay(page1229)
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CGAL::Arr face overlay traits<Arr A,Arr B,Arr R,OvlFaceData>

Definition

An instance ofArr face overlay traits<Arr A,Arr B,Arr R,OvlFaceData> should be used for overlaying two
arrangements of typesArr A andArr B, which are instantiated using the same geometric traits-class and with
the DCEL classesDcel A andDcel B respetively, in order to store their overlay in an arrangement of typeArr R,
which is instantiated using a third DCEL classDcel R. All three DCEL classes are assumed to be instantiations
of theArr face extendeddceltemplate with typesFaceDataA, FaceDataB andFaceDataR, respectively.

This class gives empty implementation for all overlay traits-class functions, except the function that computes
the overlay of two faces. In this case, it uses the functorOvlFaceData, which accepts aFaceDataA object and
aFaceDataB object and computes a correspondingFaceDataRobject, in order to set the auxiliary data of the
overlay face.

#include<CGAL/Arr default overlay traits.h>

Is Model for the Concepts

OverlayTraits

See Also

overlay(page1229)
CGAL::Arr face extendeddcel<Traits,FData,V,H,F> (page1251)
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CGAL::read

#include<CGAL/IO/Arr iostream.h>

template<class Traits, class Dcel, class Formatter>
std::istream& read( Arrangement2<Traits,Dcel>& arr, std::istream& is, Formatter& formatter)

Reads the arrangementarr from the given input stream using
a specific input format.formatter, which must be a model of
theArrangementInputFormatter, defines the input format.

template<class Traits, class Dcel>
std::istream& std::ostream& is >> Arrangement2<Traits,Dcel>& arr

Reads the arrangementarr from the given input stream using
the input format defined by theArr text formatterclass —
that is, only the basic geometric and topological features of
the arrangement are read and no auxiliary data is attached to
the DCEL features.

#include<CGAL/IO/Arr with history iostream.h>

template<class Traits, class Dcel, class Formatter>
std::istream& read( Arrangementwith history 2<Traits,Dcel>& arr,

std::istream& is,
Formatter& formatter)

Reads the arrangement-with-history instancearr from the
given input stream using a specific input format.formatter,
which must be a model of theArrWithHistoryInputFormat-
ter, defines the input format.

template<class Traits, class Dcel>
std::istream& std::ostream& is >> Arrangementwith history 2<Traits,Dcel>& arr

Reads the arrangement-with-history instancearr from the
given input stream using the default input format.

See Also

write(page1235)
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CGAL::write

#include<CGAL/IO/Arr iostream.h>

template<class Traits, class Dcel, class Formatter>
std::ostream& write( Arrangement2<Traits,Dcel> arr, std::ostream& os, Formatter& formatter)

Writes the arrangementarr into the given output stream us-
ing a specific output format.formatter, which must be a
model of theArrangementOutputFormatter, defines the out-
put format.

template<class Traits, class Dcel>
std::ostream& std::ostream& os<< Arrangement2<Traits,Dcel> arr

Writes the arrangementarr into the given output stream us-
ing the output format defined by theArr text formatterclass
— that is, only the basic geometric and topological features
of the arrangement are written, without any auxiliary data
that may be attached to the DCEL features.

#include<CGAL/IO/Arr with history iostream.h>

template<class Traits, class Dcel, class Formatter>
std::ostream& write( Arrangementwith history 2<Traits,Dcel> arr,

std::ostream& os,
Formatter& formatter)

Writes the arrangement-with-history instancearr into the
given output stream using a specific output format.format-
ter, which must be a model of theArrWithHistoryOutputFor-
matter, defines the output format.

template<class Traits, class Dcel>
std::ostream& std::ostream& os<< Arrangementwith history 2<Traits,Dcel> arr

Writes the arrangement-with-history instancearr into the
given output stream using the default output format.

See Also

read(page1234)
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ArrangementDcel

A doubly-connected edge-list (DCEL for short) data-structure. It consists of three containers of records: vertices
V, halfedgesE, and facesF . It maintains the incidence relation among them. The halfedges are ordered in pairs
sometimes referred to as twins, such that each halfedge pair represent an edge.

A model of the ArrangementDcel concept must provide the following types and operations. (In addition to
the requirements here, the local typesVertex,Halfedge, Face Holeand Isolatedvertexmust be models of the
conceptsArrangementDcelVertex(page1239), ArrangementDcelHalfedge(page1241), ArrangementDcelFace
(page1244), ArrangementDcelHole(page1246) andArrangementDcelIsolatedVertex(page1247) respectively.)

Types

ArrangementDcel:: Vertex the vertex type.
ArrangementDcel:: Halfedge the halfedge type.
ArrangementDcel:: Face the face type.
ArrangementDcel:: Hole the hole type.
ArrangementDcel:: Isolatedvertex the isolated vertex type.

ArrangementDcel:: Size used to represent size values (e.g.,size t).

ArrangementDcel:: Vertexiterator a bidirectional iterator over the vertices. Its value-type isVer-
tex.

ArrangementDcel:: Halfedgeiterator a bidirectional iterator over the halfedges. Its value-type is
Halfedge.

ArrangementDcel:: Faceiterator a bidirectional iterator over the faces. Its value-type isFace.

The non-mutable iteratorsVertexconst iterator, Halfedgeconst iterator andFace const iterator are also de-
fined.

Creation

ArrangementDcel dcel; constructs an empty DCEL with one unbouned face.

Face* dcel.assign( Self other, const Face *uf)

assigns the contents of theother DCEL whose unbounded
face is given byuf , to dcel. The function returns a pointer to
the unbounded face ofdcelafter the assignment.

Access Functions

Size dcel.sizeof vertices() returns the number of vertices.
Size dcel.sizeof halfedges()

returns the number of halfedges (always even).

Size dcel.sizeof faces() returns the number of faces.
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Size dcel.sizeof holes() returns the number of holes (the number of connected com-
ponents).

Size dcel.sizeof isolatedvertices()

returns the number of isolated vertices.

The following operations have an equivalentconstoperations that return the corresponding non-mutable itera-
tors:

Vertex iterator dcel.verticesbegin() returns a begin-iterator of the vertices indcel.
Vertex iterator dcel.verticesend() returns a past-the-end iterator of the vertices indcel.

Halfedgeiterator dcel.halfedgesbegin()

returns a begin-iterator of the halfedges indcel.

Halfedgeiterator dcel.halfedgesend() returns a past-the-end iterator of the halfedges indcel.

Vertex iterator dcel.facesbegin() returns a begin-iterator of the faces indcel.
Vertex iterator dcel.facesend() returns a past-the-end iterator of the faces indcel.

Modifiers

The following operations allocate a new element of the respective type. Halfedges are always allocated in pairs
of opposite halfedges. The and their opposite pointers are automatically set.

Vertex* dcel.newvertex() creates a new vertex.
Halfedge* dcel.newedge() creates a new pair of twin halfedges.
Face* dcel.newface() creates a new face.
Hole* dcel.newhole() creates a new hole record.
Isolatedvertex* dcel.newisolatedvertex()

creates a new isolated vertex record.

void dcel.deletevertex( Vertex* v)

deletes the vertexv.

void dcel.deleteedge( Halfedge* e)

deletes the halfedgeeas well as its twin.

void dcel.deleteface( Face* f)

deletes the facef .

void dcel.deletehole( Hole* ho)

deletes the holeho.

void dcel.deleteisolatedvertex( Isolatedvertex* iv)

deletes the isolated vertexiv.
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Has Models

Arr dcel base<V,H,F> (page1248)
Arr default dcel<Traits> (page1250)
Arr face extendeddcel<Traits,FData,V,H,F> (page1251)
Arr extendeddcel<Traits,VData,HData,FData,V,H,F> (page1252)

See Also

ArrangementDcelVertex(page1239)
ArrangementDcelHalfedge(page1241)
ArrangementDcelFace(page1244)
ArrangementDcelHole(page1246)
ArrangementDcelIsolatedVertex(page1247)
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ArrangementDcelVertex

Definition

A vertex record in a DCEL data structure. A vertex is always associated with a point. However, the vertex record
only stores a pointer to the associated point, and the actualPoint object is stored elsewhere.

A vertex usually has several halfedges incident to it, such that it is possible to access one of these halfedges
directly and to traverse all incident halfedges around the vertex. However, the DCEL may also contain isolated
vertices that have no incident halfedges. In this case, the vertex stores an isolated vertex-information record,
indicating the face that contains this vertex in its interior.

Types

ArrangementDcelVertex:: Halfedge the corresponding DCEL halfedge type.
ArrangementDcelVertex:: Isolatedvertex the corresponding DCEL isolated vertex-information type.

ArrangementDcelVertex:: Point the point type associated with the vertex.

Creation

ArrangementDcelVertex v; default constructor.

void v.assign( Self other) assignsv with the contents of theothervertex.

Access Functions

All functions below also haveconstcounterparts, returning non-mutable pointers or references:

bool v.is isolated() returns whether the vertex is isolated (has no incident
halfedges).

Halfedge* v.halfedge() returns an incident halfedge that hasv as its target.
Precondition: v is notan isolated vertex.

Isolatedvertex* v.isolatedvertex() returns the isolated vertex-information record.
Precondition: v is an isolated vertex.

Point& v.point() returns the associated point.

Modifiers

void v.sethalfedge( Halfedge* e)

sets the incident halfedge, markingv as a regular vertex.
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void v.setisolatedvertex( Isolatedvertex* iv)

sets the isolated vertex-information record, markingv as an
isolated vertex.

void v.setpoint( Point* p) sets the associated point.

See Also

ArrangementDcel(page1236)
ArrangementDcelHalfedge(page1241)
ArrangementDcelIsolatedVertex(page1247)
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ArrangementDcelHalfedge

Definition

A halfedge record in a DCEL data structure. Two halfedges with opposite directions always form an edge (a
halfedge pair). The halfedges form together chains, defining the boundaries of connected components, such that
all halfedges along a chain have the same incident face. Note that the chain the halfedge belongs to may form
the outer boundary of a bounded face (an outer CCB) or the boundary of a hole inside a face (an inner CCB).

An edge is always associated with a curve, but the halfedge records only store a pointer to the associated curve,
and the actual curve objects are stored elsewhere. Two opposite halfedges are always associated with the same
curve.

Types

ArrangementDcelHalfedge:: Vertex the corresponding DCEL halfedge type.
ArrangementDcelHalfedge:: Face the corresponding DCEL face type.
ArrangementDcelHalfedge:: Hole the corresponding DCEL hole type.

ArrangementDcelHalfedge:: Xmonotonecurve

the curve type associated with the edge.

Creation

ArrangementDcelHalfedge e; default constructor.

void e.assign( Self other) assignsewith the contents of theotherhalfedge.

Access Functions

Comparisonresult e.direction() returnsSMALLERif e’s source vertex is lexicographically
smaller than it target, andLARGERif it is lexicographically
larger than the target.

bool e.ison hole() determines whether thee lies on an outer CCB of a bounded
face, or on an inner CCB (a hole inside a face). The function
returnstrue if e lies on a hole.

All functions below also haveconstcounterparts, returning non-mutable pointers or references:

Halfedge* e.opposite() returns the twin halfedge.

Halfedge* e.prev() returns the previous halfedge along the chain.

Halfedge* e.next() returns the next halfedge along the chain.
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Vertex* e.vertex() returns the target vertex.

Face* e.face() returns the incident face.
Precondition: e lies on the outer boundary of this face.

Hole* e.hole() returns the hole (inner CCB)ebelongs to.
Precondition: e lies on a hole inside its incident face.

X monotonecurve& e.curve() returns the associated curve.

Modifiers

void e.setopposite( Halfedge* opp)

sets the opposite halfedge.

void e.setdirection( Comparisonresult dir)

sets the lexicographical order betweene’s source and target
vertices to bedir. The direction of the opposite halfedge is
also set to the opposite direction.
Precondition: dir is eitherSMALLERor LARGER(and not
EQUAL).

void e.setprev( Halfedge* prev)

sets the previous halfedge ofe along the chain, and updates
the cross-pointerprev->next().

void e.setnext( Halfedge* next)

sets the next halfedge ofe along the chain, and updates the
cross-pointernext->prev().

void e.setvertex( Vertex* v)

sets the target vertex.

void e.setface( Face* f) sets the incident face, marking thate lies on the outer CCB
of the facef .

void e.sethole( Hole* ho) sets the incident hole, marking thate lies on an inner CCB.

void e.setcurve( Xmonotonecurve* c)

sets the associated curve ofeand its opposite halfedge.

1242



See Also

ArrangementDcel(page1236)
ArrangementDcelVertex(page1239)
ArrangementDcelFace(page1244)
ArrangementDcelHole(page1246)
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ArrangementDcelFace

Definition

A face record in a DCEL data structure. A face may either be unbounded, otherwise it has an incident halfedge
along the chain defining its outer boundary. A face may also contain holes and isolated vertices in its interior.

Types

ArrangementDcelFace:: Vertex the corresponding DCEL vertex type.
ArrangementDcelFace:: Halfedge the corresponding DCEL halfedge type.

ArrangementDcelFace:: Holeiterator a bidirectional iterator over the holes in inside the face. Its
value-type isHalfedge*.

ArrangementDcelFace:: Isolatedvertex iterator

a bidirectional iterator over the isolated vertices in inside the
face. Its value-type isVertex*.

The non-mutable iteratorsHole const iterator, andIsolatedvertexconst iterator are also defined.

Creation

ArrangementDcelFace f; default constructor.

void f .assign( Self other) assignsf with the contents of theother face.

Access Functions

All functions below also haveconstcounterparts, returning non-mutable pointers or iterators:

Halfedge* f .halfedge() returns an incident halfedge along the outer boundary of the
face. If f is the unbounded face, the function returnsNULL.

size t f .numberof holes() returns the number of holes insidef .
Hole iterator f .holesbegin() returns a begin-iterator for the holes insidef .
Hole iterator f .holesend() returns a past-the-end iterator for the holes insidef .

size t f .numberof isolatedvertices()

returns the number of isolated vertices insidef .

Isolatedvertex iterator

f .isolatedverticesbegin()

returns a begin-iterator for the isolated vertices insidef .
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Isolatedvertex iterator

f .isolatedverticesend()

returns a past-the-end iterator for the isolated vertices inside
f .

Modifiers

void f .sethalfedge( Halfedge* e)

sets the incident halfedge.

void f .addhole( Halfedge* e)

addseas a hole insidef .

void f .erasehole( Hole iterator it)

removes the hole thatit points to from insidef .

void f .addisolatedvertex( Vertex* v)

addsv as an isolated vertex insidef .

void f .eraseisolatedvertex( Isolatedvertex iterator it)

removes the isolated vertex thatit points to from insidef .

See Also

ArrangementDcel(page1236)
ArrangementDcelVertex(page1239)
ArrangementDcelHalfedge(page1241)
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ArrangementDcelHole

Definition

A hole record in a DCEL data structure, which stores the face that contains the hole in its interior, along with an
iterator for the hole in the holes’ container of this face.

Types

ArrangementDcelHole:: Face the corresponding DCEL face type.

typedef Face::Holeiterator

Hole iterator;

Creation

ArrangementDcelHole ho; default constructor.

Access Functions

All functions below also haveconstcounterparts, returning non-mutable pointers or iterators:

Face* ho.face() returns the incident face, which containsho in its interior.

Hole iterator ho.iterator() returns an iterator for the hole.

Modifiers

void ho.setface( Face* f) sets the incident face.

void ho.setiterator( Hole iterator it)

sets the hole iterator.

See Also

ArrangementDcel(page1236)
ArrangementDcelFace(page1244)
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ArrangementDcelIsolatedVertex

Definition

An isolated vertex-information record in a DCEL data structure, which stores the face that contains the isolated
vertex in its interior, along with an iterator for the isolated vertex in the isolated vertices’ container of this face.

Types

ArrangementDcelIsolatedVertex:: Face the corresponding DCEL face type.

typedef Face::Isolatedvertex iterator

Isolatedvertex iterator;

Creation

ArrangementDcelIsolatedVertex iv; default constructor.

Access Functions

All functions below also haveconstcounterparts, returning non-mutable pointers or iterators:

Face* iv.face() returns the incident face, which containsiv in its interior.

Isolatedvertex iterator

iv.iterator() returns an iterator for the isolated vertex.

Modifiers

void iv.setface( Face* f) sets the incident face.

void iv.setiterator( Isolatedvertex iterator it)

sets the isolated vertex iterator.

See Also

ArrangementDcel(page1236)
ArrangementDcelFace(page1244)
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CGAL::Arr dcel base<V,H,F>

Definition

TheArr dcel base<V,H,F> class is an inportant ingredient in the definition of DCEL data structures. It serves
as a basis class for any instance of theDcel template parameter of theArrangement2 template. In particular
it is the basis class of the defaultDcel template parameter, and the basis class of any extended DCEL. The
template parametersV, H, andF must be instantiated with models of the conceptsArrangementDcelVertex,
ArrangementDcelHalfedge, andArrangementDcelFacerespectively.

#include<CGAL/Arr dcel base.h>

Is Model for the Concepts

ArrangementDcel

Class Arr vertex base<Point>

Definition

The basic DCEL vertex type. Serves as a basis class for an extended vertex record with auxiliary data fields.
ThePoint parameter is the type of points associated with the vertices.

Is Model for the Concepts

ArrangementDcelVertex

Class Arr halfedgebase<Curve>

Definition

The basic DCEL halfedge type. Serves as a basis class for an extended halfedge record with auxiliary data fields.
TheCurveparameter is the type ofx-monotone curves associated with the vertices.

Is Model for the Concepts

ArrangementDcelHalfedge

Class Arr face base
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Definition

The basic DCEL face type. Serves as a basis class for an extended face record with auxiliary data fields.

Is Model for the Concepts

ArrangementDcelFace
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CGAL::Arr default dcel<Traits>

Definition

The default DCEL class used by theArrangement2 class-template is parameterized by a traits class, which is
a model of theArrangementBasicTraits2 concept. It simply uses the nestedTraits::Point 2 andTraits::X
monotonecurve 2 to instantiate the base vertex and halfedge types, respectively. Thus, the default DCEL

records store no other information, except for the topological incidence relations and the geometric data at-
tached to vertices and edges.

#include<CGAL/Arr default dcel.h>

Is Model for the Concepts

ArrangementDcel

Inherits From

Arr dcel base<Arr vertexbase<typename Traits::Point 2>,
Arr halfedgebase<typename Traits::X monotonecurve 2>,
Arr face base>

Types

Arr default dcel<Traits>:: template<class T> rebind

allows the rebinding of the DCEL with a different traits class
T.

See Also

Arr dcel base<V,H,F> (page1248)
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CGAL::Arr face extendeddcel<Traits,FData,V,H,F>

Definition

The Arr face extendeddcel<Traits,FData,V,H,F> class-template extends the DCEL face-records, making it
possible to store extra (non-geometric) data with the arrangement faces. The class should be instantiated by an
FData type which represents the extra data stored with each face.

Note that all types of DCEL features (namely vertex, halfedge and face) are provided as template parameters.
However, by default they are defined as follows:

V = Arr vertexbase<typename Traits::Point2>
H = Arr halfedgebase<typename Traits::Xmonotonecurve 2>
F = Arr face base

#include<CGAL/Arr extendeddcel.h>

Is Model for the Concepts

ArrangementDcel

Inherits From

Arr dcel base<V, H, Arr extendedface<F, FData> >

Types

Arr face extendeddcel<Traits,FData,V,H,F>:: template<class T> rebind

allows the rebinding of the DCEL with a different traits class
T.

See Also

Arr dcel base<V,H,F> (page1248)
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CGAL::Arr extendeddcel<Traits,VData,HData,FData,V,H,F>

Definition

TheArr extendeddcel<Traits,VData,HData,FData,V,H,F> class-template extends the topological-features of
the DCEL namely the vertex, halfedge, and face types. While it is possible to maintain extra (non-geometric)
data with the curves or points of the arrangement by extending their types respectively, it is also possi-
ble to extend the vertex, halfedge, or face types of the DCEL through inheritance. As the technique to
extend these types is somewhat cumbersome and difficult for inexperienced users, theArr extendeddcel<
Traits,VData,HData,FData,V,H,F> class-template provides a convenient way to do that. Each one of the three
features is extended with a corresponding data type provided as parameters. This class template is also parame-
terized with a traits class used to extract default values for the vertex, halfedge, and face base classes, which are
the remaining three template parameters respectively. The default values follow:

V = Arr vertexbase<typename Traits::Point2>
H = Arr halfedgebase<typename Traits::Xmonotonecurve 2>
F = Arr face base

#include<CGAL/Arr extendeddcel.h>

Is Model for the Concepts

ArrangementDcel

Inherits From

Arr dcel base<Arr extendedvertex<V, VData>,
Arr extendedhalfedge<H, HData>,
Arr extendedface<F, FData> >

Types

Arr extendeddcel<Traits,VData,HData,FData,V,H,F>:: template<class T> rebind

allows the rebinding of the DCEL with a different traits class
T.

See Also

Arr dcel base<V,H,F> (page1248)
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CGAL::Arr extendedvertex<VertexBase,VData>

Definition

The Arr extendedvertex<VertexBase,VData> class-template extends the vertex topological-features of the
DCEL. It is parameterized by a vertex base-typeVertexBaseand a data typeVData used to extend the ver-
tex base-type.

#include<CGAL/Arr extendeddcel.h>

Is Model for the Concepts

ArrangementDcelVertex

Inherits From

VertexBase

Creation

void v.assign( Self other) assignsv with the contents of theothervertex.

Access Functions

VData v.data() obtains the auxiliary data (a non-const version, returning a ref-
erence to a mutable data object is also available).

Modifiers

void v.setdata( VData data) sets the auxiliary data.

See Also

Arr dcel base<V,H,F> (page1248)
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CGAL::Arr extendedhalfedge<HalfedgeBase,HData>

Definition

TheArr extendedhalfedge<HalfedgeBase,HData> class-template extends the halfedge topological-features of
the DCEL. It is parameterized by a halfedge base-typeHalfedgeBaseand a data typeHData used to extend the
halfedge base-type.

#include<CGAL/Arr extendeddcel.h>

Is Model for the Concepts

ArrangementDcelHalfedge

Inherits From

HalfedgeBase

Creation

void he.assign( Self other) assignshewith the contents of theothervertex.

Access Functions

HData he.data() obtains the auxiliary data (a non-const version, returning a ref-
erence to a mutable data object is also available).

Modifiers

void he.setdata( HData data) sets the auxiliary data.

See Also

Arr dcel base<V,H,F> (page1248)
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CGAL::Arr extended face<FaceBase,FData>

Definition

TheArr extendedface<FaceBase,FData> class-template extends the face topological-features of the DCEL. It
is parameterized by a face base-typeFaceBaseand a data typeFDataused to extend the face base-type.

#include<CGAL/Arr extendeddcel.h>

Is Model for the Concepts

ArrangementDcelFace

Inherits From

FaceBase

Creation

void f .assign( Self other) assignsf with the contents of theothervertex.

Access Functions

FData f .data() obtains the auxiliary data (a non-const version, returning a ref-
erence to a mutable data object is also available).

Modifiers

void f .setdata( FData data) sets the auxiliary data.

See Also

Arr dcel base<V,H,F> (page1248)
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ArrangementBasicTraits 2

Definition

The basic arrangement-traits concept defines the minimal set of geometric predicates needed for the constrcution
and maintenance of instances of theArrangement2 class, as well as performing simple queries (such as point-
location queries) on such arrangements.

A model of this concept must define nestedPoint 2 andX monotonecurve 2 types, which represent planar
points andx-monotone curves (a vertical segment is also considered to beweakly x-monotone), respectively.
Thex-monotone curves are assumed to be pairwise disjoint in their interiors, so they do not intersect, and their
endpoints are representable asPoint 2 objects.

Types

ArrangementBasicTraits2:: Point 2 represents a point on the plane.

ArrangementBasicTraits2:: X monotonecurve 2

represents a planar (weakly)x-monotone curve.

Tags

ArrangementBasicTraits2:: Has left category

indicates whether the nested functorCompareat x left 2 is
provided.

Functor Types

ArrangementBasicTraits2:: Comparex 2

provides the operator :
Comparisonresult operator() (Point2 p1, Point2 p2)
which returnsSMALLER, EQUALor LARGERaccording to thex-ordering of points
p1andp2.

ArrangementBasicTraits2:: Comparexy 2

provides the operator :
Comparisonresult operator() (Point2 p1, Point2 p2)
which returnsSMALLER, EQUAL, or LARGERaccording to the lexicographicxy-
order of the pointsp1andp2.
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ArrangementBasicTraits2:: Constructmin vertex2

provides the operator :
Point 2 operator() (Xmonotonecurve 2 c)
which returns the lexicographically smaller (left) endpoint ofc.

ArrangementBasicTraits2:: Constructmax vertex2

provides the operator :
Point 2 operator() (Xmonotonecurve 2 c)
which returns the lexicographically larger (right) endpoint ofc.

ArrangementBasicTraits2:: Is vertical 2

provides the operator :
bool operator() (Xmonotonecurve 2 c)
which determines whetherc is a vertical segment.

ArrangementBasicTraits2:: Comparey at x 2

provides the operator :
Comparisonresult operator() (Point2 p, X monotonecurve 2 c)
which compares they-coordinates ofp and the vertical projection ofp onc, and returns
SMALLER, EQUALor LARGERaccording to the result.

ArrangementBasicTraits2:: Comparey at x left 2

provides the operator :
Comparisonresult operator() (Xmonotonecurve 2 c1, X monotonecurve 2 c2,
Point 2 p)
which accepts twox-monotone curvesc1 andc2 that have a common right endpoint
p, and returnsSMALLER, EQUALor LARGERaccording to the relative position of
the two curves immediately to the left ofp. Note that in case one of thex-monotone
curves is a vertical segment (emanating downward fromp), it is always considered to
bebelow the other curve.

ArrangementBasicTraits2:: Comparey at x right 2

provides the operator :
Comparisonresult operator() (Xmonotonecurve 2 c1, X monotonecurve 2 c2,
Point 2 p)
which accepts twox-monotone curvesc1 andc2 that have a common left endpointp,
and returnsSMALLER, EQUALor LARGERaccording to the relative position of the
two curves immediately to the right ofp. Note that in case one of thex-monotone
curves is a vertical segment emanating upward fromp, it is always considered to be
above the other curve.
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ArrangementBasicTraits2:: Equal 2

provides the operators :
bool operator() (Point2 p1, Point2 p2)
which determines whetherp1andp2are geometrically equivalent; and :
bool operator() (Xmonotonecurve 2 c1, X monotonecurve 2 c2)
which determines whetherc1 and c2 are geometrically equivalent (have the same
graph).

Creation

ArrangementBasicTraits2 traits; default constructor.
ArrangementBasicTraits2 traits( other); copy constructor
ArrangementBasicTraits2 traits= other assignment operator.

Accessing Functor Objects

Comparex 2 traits.comparex 2 object()
Comparexy 2 traits.comparexy 2 object()
Constructmin vertex2 traits.constructmin vertex2 object()
Constructmax vertex2 traits.constructmax vertex2 object()
Is vertical 2 traits.is vertical 2 object()
Comparey at x 2 traits.comparey at x 2 object()
Comparey at x left 2 traits.comparey at x left 2 object()
Comparey at x right 2 traits.comparey at x right 2 object()
Equal 2 traits.equal2 object()

Has Models

CGAL::Arr segmenttraits 2<Kernel>
CGAL::Arr non cachingsegmentbasic traits 2<Kernel>
CGAL::Arr non cachingsegmenttraits 2<Kernel>
CGAL::Arr polyline traits 2<SegmentTraits>
CGAL::Arr circle segmenttraits 2<Kernel>
CGAL::Arr conic traits 2<RatKernel,AlgKernel,NtTraits>
CGAL::Arr rational arc traits 2<AlgKernel,NtTraits>
CGAL::Arr curve data traits 2<Tr,XData,Mrg,CData,Cnv>
CGAL::Arr consolidatedcurve data traits 2<Traits,Data>
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ArrangementLandmarkTraits 2

Definition

The landmark-traits concept refines the basic traits concept by adding operations needed for the landmarks
point-location strategy, namely — approximating points and connecting points with a simplex-monotone curve.

A model of this concept must define theApproximatenumbertype, which is used to approximate the coordi-
nates ofPoint 2 instances. It is recommended to define the approximated number type as the built-indouble
type.

Refines

ArrangementBasicTraits2

Types

ArrangementLandmarkTraits2:: Approximatenumbertype

the number type used to approximate point coordinates.

Functor Types

ArrangementLandmarkTraits2:: Approximate2

provides the operator :
Approximatenumbertype operator() (Point2 p, int i)
which returns an approximation ofp’s x-coordinate (ifi == 0 ), or of p’s y-coordinate
(if i == 1 ).

ArrangementLandmarkTraits2:: Constructx monotonecurve 2

provides the operator :
X monotonecurve 2 operator() (Point2 p1, Point2 p2)
returns anx-monotone curve connectingp1 andp2 (i.e., the two input points are its
endpoints).

Creation

ArrangementLandmarkTraits2 traits; default constructor.
ArrangementLandmarkTraits2 traits( other); copy constructor.
ArrangementLandmarkTraits2 traits= other assignment operator.

1259



Accessing Functor Objects

Approximate2 traits.approximate2 object()
Constructx monotonecurve 2 traits.constructx monotonecurve 2 object()

Has Models

CGAL::Arr non cachingsegmentbasic traits 2<Kernel>
CGAL::Arr segmenttraits 2<Kernel>
CGAL::Arr polyline traits 2<SegmentTraits>
CGAL::Arr conic traits 2<RatKernel,AlgKernel,NtTraits>

See Also

ArrangementBasicTraits2 (page1256)
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ArrangementXMonotoneTraits 2

Definition

This concept refines the basic arrangement-traits concept. A model of this concept is able to handlex-monotone
curves that intersect in their interior (and points that conincide with curve interiors). This is necessary for
constructing arrangements of sets of intersectingx-monotone curves.

As the resulting structure, represented by theArrangement2 class, stores pairwise interior-disjoint curves, the
input curves are split at the intersection points before being inserted into the arrangement. A model of this
refined concept therefore needs to compute the intersections (and possibly overlaps) between twox-monotone
curves and to support curve splitting. The reverse merge operation is optionally supported.

Refines

ArrangementBasicTraits2

Tags

ArrangementXMonotoneTraits2:: Has mergecategory indicates whether the nested functorsAre
mergeable2 andMerge 2 are provided.

Types

ArrangementXMonotoneTraits2:: Multiplicity the multiplicity type.

Functor Types

ArrangementXMonotoneTraits2:: Intersect2

provides the operator (templated by theOutputIteratortype) :
OutputIterator operator() (Xmonotonecurve 2 c1, X monotonecurve 2 c2, Out-
putIterator oi)
which computes the intersections ofc1 and c2 and inserts themin an ascending
lexicographic xy-order into the output iterator. The value-type ofOutputIterator is
CGAL::Object, where eachObjecteither wraps apair<Point 2,Multiplicity> instance,
which represents an intersection point with its multiplicity (in case the multiplicity is
undefined or not known, it should be set to 0) or anX monotonecurve 2 instance, rep-
resenting an overlapping subcurve ofc1 andc2. The operator returns a past-the-end
iterator for the output sequence.

ArrangementXMonotoneTraits2:: Split 2

provides the operator :
void operator() (Xmonotonecurve 2 c, Point 2 p, X monotonecurve 2& c1, X
monotonecurve 2& c2)
which accepts an input curvec and a split pointp in its interior. It splitsc at the split
point into two subcurvesc1 andc2, such thatp is c1’s right endpoint andc2’s left
endpoint.
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The two following functor types are optional. If they are supported, theHas mergecategorytag should be
defined asTag true (andTag falseotherwise):

ArrangementXMonotoneTraits2:: Are mergeable2

provides the operator :
bool operator() (Xmonotonecurve 2 c1, X monotonecurve 2 c2)
which accepts twox-monotone curvesc1 andc2 that share a common endpoint, and
determines whether they can be merged to form a single continuousx-monotone curve.

ArrangementXMonotoneTraits2:: Merge 2

provides the operator :
void operator() (Xmonotonecurve 2 c1, X monotonecurve 2 c2, X monotone
curve 2& c)
which accepts twomergeable x-monotone curvesc1 andc2 (see above), and setsc to
be the merged curve.

Creation

ArrangementXMonotoneTraits2 traits; default constructor.
ArrangementXMonotoneTraits2 traits( other); copy constructor
ArrangementXMonotoneTraits2 traits= other assignment operator.

Accessing Functor Objects

Intersect2 traits.intersect2 object()
Split 2 traits.split 2 object()
Are mergeable2 traits.are mergeable2 object()
Merge 2 traits.merge2 object()

Has Models

CGAL::Arr segmenttraits 2<Kernel>
CGAL::Arr non cachingsegmenttraits 2<Kernel>
CGAL::Arr polyline traits 2<SegmentTraits>
CGAL::Arr circle segmenttraits 2<Kernel>
CGAL::Arr conic traits 2<RatKernel,AlgKernel,NtTraits>
CGAL::Arr rational arc traits 2<AlgKernel,NtTraits>
CGAL::Arr curve data traits 2<Tr,XData,Mrg,CData,Cnv>
CGAL::Arr consolidatedcurve data traits 2<Traits,Data>

See Also

ArrangementBasicTraits2 (page1256)
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ArrangementTraits 2

Definition

This refined arrangement-traits concept allows the construction of arrangement ofgeneral planar curves. Models
of this concept are used by the freeinsert()functions of the arrangement package and by theArrangementwith
history 2 class.

A model of this concept must define the nestedCurve 2 type, which represents a general planar curve that is
not necessarilyx-monotone and is not necessarily connected. Such curves are eventually subdivided intox-
monotone subcurves and isolated points (represented by thePoint 2 andX monotonecurve 2 types, defined in
the basic traits concept).

Refines

ArrangementXMonotoneTraits2

Types

ArrangementTraits2:: Curve 2 represents a general planar curve.

Functor Types

ArrangementTraits2:: Make x monotone2

provides the operator (parameterized by theOutputIteratortype) :
OutputIterator operator() (Curve2 c, OutputIterator oi)
which subdivides the input curvec into x-monotone subcurves and isolated points, and
inserts the results into a container through the given output iterator. The value type
of OutputIteratoris CGAL::Object, where eachObjectwraps either anX monotone
curve 2 instance or aPoint 2 instance. The operator returns a past-the-end iterator for
the output sequence.

Creation

ArrangementTraits2 traits; default constructor.
ArrangementTraits2 traits( other); copy constructor
ArrangementTraits2 traits= other assignment operator.

Accessing Functor Objects

Make x monotone2 traits.makex monotone2 object()
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Has Models

CGAL::Arr segmenttraits 2<Kernel>
CGAL::Arr non cachingsegmenttraits 2<Kernel>
CGAL::Arr polyline traits 2<SegmentTraits>
CGAL::Arr circle segmenttraits 2<Kernel>
CGAL::Arr conic traits 2<RatKernel,AlgKernel,NtTraits>
CGAL::Arr rational arc traits 2<AlgKernel,NtTraits>
CGAL::Arr curve data traits 2<Tr,XData,Mrg,CData,Cnv>
CGAL::Arr consolidatedcurve data traits 2<Traits,Data>

See Also

ArrangementBasicTraits2 (page1256)
ArrangementXMonotoneTraits2 (page1261)
ArrangementLandmarkTraits2 (page1259)
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CGAL::Arr segmenttraits 2<Kernel>

Definition

The traits classArr segmenttraits 2<Kernel> is a model of theArrangementTraits2 concept that allow the
construction and maintenance of arrangements of line segments. It should be parameterized with a CGAL-kernel
model that is templated in turn with a number type. To avoid numerical errors and robustness problems, the
number type should support exact rational arithmetic — that is, the number type should support the arithmetic
operations+,−,× and÷ that should be carried out without loss of precision.

For example, instatiating the traits template with kernels such asCartesian<Quotient<MP Float> >, or Homo-
geneous<Gmpz> ensures the exact and robust operation of the application. In particular, theCartesian<Gmpq>
achieves the fastest running times in most cases. Using other (inexact) number types (for example, instatiating
the template withSimplecartesian<double>) is possible at the user’s own risk: selecting an inexact number
type usually leads to faster running time at the expence of possible robustness problems.

For optimal performance, we recommend instantiating the traits class with the defaultExact predicatesexact
constructionskernelprovided by CGAL. Using this kernel guarantees exactness and robustness, while it incurs
only a minor overhead (in comparison to working with a fast, inexact number type) for most inputs.

Arr segmenttraits 2<Kernel> defines Kernel::Point 2 as its point type. However, it doesnot define
Kernel::Segment2 as its curve type, as one may expect. The reason is that the kernel segment is represented
by its two endpoints only, while the traits class needs to store extra data with its segments, in order to effi-
ciently operate on them. Nevertheless, the nestedX monotonecurve 2 andCurve 2 types (in this case both
types refer to the same class, asevery line segement is (weakly)x-monotone) are however convertable to the
Kernel::Segment2.

Arr segmenttraits 2<Kernel> achieves faster running times than theArr non cachingsegmenttraits 2<
Kernel> traits-class, when arrangements with relatively many intersection points are constructed. It also allows
for working with less accurate, yet computationally efficient number types, such asQuotient<MP Float>, which
represents floating-point numbers with an unbounded mantissa, but with a bounded exponent. Using this traits
class is therefore highly recommended for almost all applications that rely on arrangements of line segments.
On the other hand,Arr segmenttraits 2<Kernel> uses more space and stores extra data with each segment, so
constructing arrangements of huge sets of non-intersecting segments (or segments that intersect very sparsely)
could be more efficient with theArr non cachingsegmenttraits 2 traits-class.

#include<CGAL/Arr segmenttraits 2.h>

Is Model for the Concepts

ArrangementTraits2
ArrangementLandmarkTraits2
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CGAL::Arr non caching segmentbasic traits 2<Kernel>

Definition

The traits classArr non cachingsegmentbasic traits 2<Kernel> is a model of theArrangementTraits2 con-
cept that allow the construction and maintenance of arrangements of sets of pairwise interior-disjoint line seg-
ments. It is templated with a CGAL-Kernel model, and it is derived from it. This traits class is a thin layer above
the parameterized kernel. It inherits thePoint 2 from the kernel and itsX monotonecurve 2 type is defined
asKernel::Segment2. Most traits-class functor are inherited from the kernel functor, and the traits class only
supplies the necessary functors that are not provided by the kernel. The kernel is parameterized with a number
type, which should support the arithmetic operations+, − and× in an exact manner in order to avoid robust-
ness problems. UsingCartesian<MP Float> or Cartesian<Gmpz> are possible instantiations for the kernel.
Using other (inexact) number types (for example, instatiating the template withSimplecartesian<double>) is
also possible, at the user’s own risk.

#include<CGAL/Arr non cachingsegmentbasic traits 2.h>

Is Model for the Concepts

ArrangementLandmarkTraits2
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CGAL::Arr non caching segmenttraits 2<Kernel>

Definition

The traits classArr non cachingsegmenttraits 2<Kernel> is a model of theArrangementTraits2 concept
that allows the construction and maintenance of arrangements of line segments. It is parameterized with a
CGAL-Kernel type, and it is derived from it. This traits class is a thin layer above the parameterized kernel.
It inherits thePoint 2 from the kernel and itsX monotonecurve 2 and Curve 2 types are both defined as
Kernel::Segment2. Most traits-class functor are inherited from the kernel functor, and the traits class only
supplies the necessary functors that are not provided by the kernel. The kernel is parameterized with a number
type, which should support exact rational arithmetic in order to avoid robustness problems, although other
number types could be used at the user’s own risk.

The traits-class implementation is very simple, yet may lead to a cascaded representation of intersection points
with exponentially long bit-lengths, especially if the kernel is parameterized with a number type that does not
perform normalization (e.g.Quotient<MP Float>). TheArr segmenttraits 2 traits class avoids this cascading
problem, and should be the default choice for implementing arrangements of line sgements. It is recommended
to useArr non cachingsegmenttraits 2<Kernel> only for very sparse arrangements of huge sets of input
segments.

#include<CGAL/Arr non cachingsegmenttraits 2.h>

Is Model for the Concepts

ArrangementTraits2
ArrangementLandmarkTraits2

Inherits From

Arr non cachingsegmentbasic traits 2<Kernel>

See Also

Arr segmenttraits 2<Kernel>
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CGAL::Arr polyline traits 2<SegmentTraits>

Definition

The traits classArr polyline traits 2<SegmentTraits> is a model of theArrangementTraits2 concept. It han-
dles piecewise linear curves, commonly referred to as polylines. Each polyline is a chain of segments, where
each two neighboring segments in the chain share a common endpoint. The traits class exploits the functionality
of theSegmentTraitstemplate-parameter to handle the segments that comprise the polyline curves.

The class instantiated for the template parameterSegmentTraitsmust be a model of theArrangementTraits2
concept that handles line segments (e.g.,Arr segmenttraits 2<Kernel> or Arr non cachingsegmentcached
traits 2<Kernel>, where the first alternative is recommended).

The number type used by the injected segment traits should support exact rational arithmetic (that is, the number
type should support the arithmetic operations+,−,× and÷ that should be carried out without loss of precision),
in order to avoid robustness problems, although other inexact number types could be used at the user’s own risk.

#include<CGAL/Arr polyline traits 2.h>

Is Model for the Concepts

ArrangementTraits2
ArrangementLandmarkTraits2

Class Arr polyline traits 2<SegmentTraits>::Curve 2

The Curve 2 class nested within the polyline traits is used to represent general continuous piecewise-linear
curves (a polyline can be self-intersecting) and support their construction from any range of points.

The copy and default constructor as well as the assignment operator are provided for polyline curves. In addition,
anoperator<< for the curves is defined for standard output streams, and anoperator>> for the curves is defined
for standard input streams.

Types

Arr polyline traits 2<SegmentTraits>::Curve 2:: const iterator

A bidirectional iterator that allows traversing the points that
comprise a polyline curve.

Arr polyline traits 2<SegmentTraits>::Curve 2:: const reverseiterator

A bidirectional iterator that allows traversing the points that
comprise a polyline curve.
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Creation

Arr polyline traits 2<SegmentTraits>::Curve 2 pi;

default constructor that constructs an empty polyline.

template<class InputIterator>
Arr polyline traits 2<SegmentTraits>::Curve 2 pi( Iterator first, Iterator last);

constructs a polyline defined by the given range of
points [first, last) (the value-type ofInputIterator must be
SegmentTraits::Point2. If the range contains(n+1) points
labeled(p0, p1, . . . , pn), the generated polyline consists ofn
segments, where thekth segment is defined by the endpoints
[pk−1, pk]. The first point in the range is considered as the
source point of the polyline while the last point is considered
as its target.
Precondition: There are at least two points in the range.

Access Functions

size t pi.points() returns the number of points that comprise the polyline. Note
that if there aren points in the polyline, it is comprised of
(n−1) segments.

const iterator pi.begin() returns an iterator pointing at the source point of the polyline.

const iterator pi.end() returns an iterator pointing after the end of the polyline.

const iterator pi.rbegin() returns an iterator pointing at the target point of the polyline.

const iterator pi.rend() returns an iterator pointing before the beginning of the poly-
line.

size t pi.size() returns the number of line segments comprising the polyline
(equivalent topi.points() - 1).

typename SegmentTraits::Xmonotonecurve 2

pi[ size t k] returns thekth segment of the polyline.
Precondition: k is not greater or equal topi.size() - 1.

Bbox 2 pi.bbox() return a bounding box of the polylinepi.

Operations

void pi.pushback( Point2 p)

adds a new point to the polyline, which becomes the new
target point ofpi.
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void pi.clear() resets the polyline.

Class Arr polyline traits 2<SegmentTraits>::X monotonecurve 2

TheX monotonecurve 2 class nested within the polyline traits is used to representx-monotone piecewise linear
curves. It inherits from theCurve 2 type. It has a default constructor and a constructor from a range of points,
just like theCurve 2 class. However, there is precondition that the point range define anx-monotone polyline.

The points that define thex-monotone polyline are always stored in an ascending lexicographicalxy-order, so
their order may be reversed with respect to the input sequence. Also note that thex-monotonicity ensures that
anx-monotone polyline is never self-intersecting (thus, a self-intersecting polyline will be subdivided to several
interior-disjointx-monotone subcurves).

See Also

Arr segmenttraits 2<Kernel>
Arr non cachingsegmenttraits 2<Kernel>
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CGAL::Arr circle segmenttraits 2<Kernel>

Definition

The classArr circle segmenttraits 2<Kernel> is a model of theArrangementTraits2 concept and can be used
to construct and maintain arrangements of circular arcs and line segments.

The traits class must be instantiated with a geometric kernel, such that the supporting circles of the circular arcs
are of typeKernel::Circle 2 and the supporting lines of the line segments are of typeKernel::Line 2. Thus, the
coordinates of the center of supporting circles, and its squared radius are of typeKernel::FT, which should be
an exact rational number-type; similarly, the coefficients of each supporting lineax+by+c= 0 are also of type
Kernel::FT. Note however that the intersection point between two such arcs do not have rational coordinates
in general. For this reason, we do not require the endpoints of the input arcs and segments to have rational
coordinates.

The nestedPoint 2 type defined by the traits class is thereforedifferent than theKernel::Point 2 type. Its
coordinates are of typeCoordNT, and represent real numbers obtained from solving quadratic equations with
rational coordinates. A number of typeCoordNTcan therefore be expressed asα + β√γ, whereα, β andγ
are all rational numbers. The definition of the curve andx-monotone curve types nested in the traits class are
detailed below.

#include<CGAL/Arr circle segmenttraits 2.h>

Is Model for the Concepts

ArrangementTraits2

Class Arr circle segmenttraits 2<Kernel>::CoordNT

TheCoordNTnumber-type nested within the traits class represents an algebraic number of degree 2; it can be
represented asα+β√γ, whereα, β andγ are all rational numbers of typeKernel::FT.

Types

Arr circle segmenttraits 2<Kernel>::CoordNT:: Rational

theKernel::FT type.

Creation

Arr circle segmenttraits 2<Kernel>::CoordNT x;

creates a variable whose value is 0.

Arr circle segmenttraits 2<Kernel>::CoordNT x( Rational alpha);

creates a variable whose value is the rational numberα.
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Arr circle segmenttraits 2<Kernel>::CoordNT x( Rational alpha, Rational beta, Rational gamma);

creates a variable whose value is the algebraic numberα +
β√γ.

Access Functions

bool x.is rational() determines whetherx is rational.

Rational x.alpha() returnsα.
Rational x.beta() returnsβ (0 if x is rational).
Rational x.gamma() returnsγ (0 if x is rational).

Operators

The CoordNTnumber-type supports all arithmetic operations with rational numbers of typeKernel::FT. For
example, it is possible to computex + q, q - x, x += q, etc. whereq is rational.

The global functionsCGAL::sign(x), CGAL::square(x), CGAL::to double(x)andCGAL::compare(x,y), where
x andy are of typeCoordNT, are also supported.

Class Arr circle segmenttraits 2<Kernel>::Point 2

ThePoint 2 number-type nested within the traits class represents a Cartesian point whose coordinates are alge-
braic numbers of typeCoordNT.

Types

Arr circle segmenttraits 2<Kernel>::Point 2:: Rational

theKernel::FT type.

Arr circle segmenttraits 2<Kernel>::Point 2:: CoordNT

the algebraic number-type.

Creation

Arr circle segmenttraits 2<Kernel>::Point 2 p;

default constructor.

Arr circle segmenttraits 2<Kernel>::Point 2 p( Rational x, Rational y);

creates the point(x,y).
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Arr circle segmenttraits 2<Kernel>::Point 2 p( CoordNT x, CoordNT y);

creates the point(x,y).

Access Functions

CoordNT p.x() returns thex-coordinate.
CoordNT p.y() returns they-coordinate.

Class Arr circle segmenttraits 2<Kernel>::Curve 2

The Curve 2 class nested within the traits class can represent arbitrary circular arcs, full circles and line seg-
ments and support their construction in various ways. The copy and default constructor as well as the assignment
operator are provided. In addition, anoperator<< for the curves is defined for standard output streams.

Creation

Arr circle segmenttraits 2<Kernel>::Curve 2 cv( typename Kernel::Segment2 seg);

constructs an curve corresponding to the line segmentseg.

Arr circle segmenttraits 2<Kernel>::Curve 2 cv( typename Kernel::Point2 source,
typename Kernel::Point2 target)

constructs an curve corresponding to the line segment di-
rected fromsourceto target, both having rational coordi-
nates.

Arr circle segmenttraits 2<Kernel>::Curve 2 cv( typename Kernel::Line2 line,
Point 2 source,
Point 2 target)

constructs an curve corresponding to the line segment sup-
ported by the given line, directed fromsourceto target. Note
that the two endpoints may have one-root coordinates.
Precondition: Both endpoints must lie on the given support-
ing line.

Arr circle segmenttraits 2<Kernel>::Curve 2 cv( typename Kernel::Circle2 circ);

constructs an curve corresponding to the given circle.circ
has a center point with rational coordinates and itssquared
radius is rational.

Arr circle segmenttraits 2<Kernel>::Curve 2 cv( typename Kernel::Point2 c,
typename Kernel::FT r,
Orientation orient = COUNTERCLOCKWISE)

constructs an curve corresponding to a circle centered at the
rational pointc whose radiusr is rational.
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Arr circle segmenttraits 2<Kernel>::Curve 2 cv( typename Kernel::Circle2 circ,
Point 2 source,
Point 2 target)

constructs a circular arc supported bycirc, which has a center
point with rational coordinates and whosesquaredradius is
rational, with the given endpoints. The orientation of the arc
is the same as the orientation ofcirc.
Precondition: Both endpoints must lie on the given support-
ing circle.

Arr circle segmenttraits 2<Kernel>::Curve 2 cv( typename Kernel::Point2 c,
typename Kernel::FT r,
Orientation orient,
Point 2 source,
Point 2 target)

constructs a circular arc supported by a circle centered at
the rational pointc whose radiusr is rational, directed from
sourceto targetwith the given orientation.
Precondition: Both endpoints must lie on the supporting cir-
cle.

Arr circle segmenttraits 2<Kernel>::Curve 2 cv( typename Kernel::Point2 source,
typename Kernel::Point2 mid,
typename Kernel::Point2 target)

constructs an circular arc whose endpoints aresourceand
target that passes throughmid. All three points have rational
coordinates.
Precondition: The three points must not be collinear.

Access Functions

bool cv.is full() indicates whether the curve represents a full circle.

Point 2 cv.source() returns the source point.
Precondition: cv is not a full circle.

Point 2 cv.target() returns the target point.
Precondition: cv is not a full circle.

Orientation cv.orientation() returns the orientation of the curve (COLLINEARin case of
line segments).

bool cv.is linear() determines whethercv is a line segment.
bool cv.iscircular() determines whethercv is a circular arc.

typename Kernel::Line2

cv.supportingline() returns the supporting line ofcv.
Precondition: cv is a line segment.
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typename Kernel::Circle2

cv.supportingcircle()

returns the supporting circle ofcv.
Precondition: cv is a circular arc.

Class Arr circle segmenttraits 2<Kernel>::X monotonecurve 2

TheX monotonecurve 2 class nested within the traits class can representx-monotone and line segments (which
are always weaklyx-monotone). The copy and default constructor as well as the assignment operator are
provided. In addition, anoperator<< for the curves is defined for standard output streams.

Creation

Arr circle segmenttraits 2<Kernel>::X monotonecurve 2 xcv( typename Kernel::Point2 source,
typename Kernel::Point2 target)

constructs an curve corresponding to the line segment di-
rected fromsourceto target, both having rational coordi-
nates.

Arr circle segmenttraits 2<Kernel>::X monotonecurve 2 xcv( typename Kernel::Line2 line,
Point 2 source,
Point 2 target)

constructs an curve corresponding to the line segment sup-
ported by the given line, directed fromsourceto target. Note
that the two endpoints may have one-root coordinates.
Precondition: Both endpoints must lie on the given support-
ing line.

Arr circle segmenttraits 2<Kernel>::X monotonecurve 2 xcv( typename Kernel::Circle2 circ,
Point 2 source,
Point 2 target,
Orientation orient)

constructs a circular arc supported bycirc, which has a center
point with rational coordinates and whosesquaredradius is
rational, with the given endpoints. The orientation of the arc
is determined byorient.
Precondition: Both endpoints must lie on the given support-
ing circle.
Precondition: The circular arc isx-monotone.

Access Functions

Point 2 xcv.source() returns the source point ofxcv.
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Point 2 xcv.target() returns the target point ofxcv.

Point 2 xcv.left() returns the left (lexicographically smaller) endpoint ofxcv.
Point 2 xcv.right() returns the right (lexicographically larger) endpoint ofxcv.

Orientation xcv.orientation() returns the orientation of the curve (COLLINEARin case of
line segments).

bool xcv.islinear() determines whetherxcv is a line segment.
bool xcv.iscircular() determines whetherxcv is a circular arc.

typename Kernel::Line2

xcv.supportingline() returns the supporting line ofxcv.
Precondition: xcv is a line segment.

typename Kernel::Circle2

xcv.supportingcircle()

returns the supporting circle ofxcv.
Precondition: xcv is a circular arc.

Bbox 2 xcv.bbox() returns a bounding box of the arcxcv.
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CGAL::Arr conic traits 2<RatKernel,AlgKernel,NtTraits >

Definition

The classArr conic traits 2<RatKernel,AlgKernel,NtTraits> is a model of theArrangementTraits2 concept
and can be used to construct and maintain arrangements of bounded segments of algebraic curves of degree 2 at
most, also known asconic curves.

A general conic curveC is the locus of all points(x,y) satisfying the equation:rx2+sy2+ txy+ux+vy+w= 0,
where:

• If 4rs− t2 > 0,C is an ellipse. A special case occurs whenr = s andt = 0, whenC becomes a circle.

• If 4rs− t2 < 0,C is a hyperbola.

• If 4rs− t2 = 0,C is a parabola. A degenerate case occurs whenr = s= t = 0, whenC is a line.

A bounded conic arc is defined as either of the following:

• A full ellipse (or a circle)C.

• The tuple〈C, ps, pt ,o〉, whereC is the supporting conic curve, with the arc endpoints beingps andpt (the
source and target points, respectively). The orientationo indicates whether we proceed fromps to pt in a
clockwise or in a counterclockwise direction. Note thatC may also correspond to a line or to pair of lines
— in this caseo may specify aCOLLINEARorientation.

A very useful subset of the set of conic arcs are line segments and circular arcs, as arrangements of circular arcs
and line segments have some interesting applications (e.g. offsetting polygons, motion planning for a disc robot,
etc.). Circular arcs and line segment are simpler objects and can be dealt with more efficiently than arbitrary arcs.
For these reasons, it is possible to construct conic arcs from segments and from circles. Using these constructors
is highly recommended: It is more straightforward and also speeds up the arrangement construction. However,
in case the set of input curves contain only circular arcs and line segments, it is recommended to use theArr
circle segment2 class to achieve faster running times.

In our representation, all conic coefficients (namelyr,s, t,u,v,w) must be rational numbers. This guarantees
that the coordinates of all arrangement vertices (in particular, those representing instersection points) are al-
gebraic numbers of degree 4 (a real numberα is an algebraic number of degreed if there exist a polynomial
p with integer coefficient of degreed such thatp(α) = 0). We therefore require separate representations of
the curve coefficients and the point coordiantes. TheNtTraits should be instantiated with a class that defines
nestedInteger, RationalandAlgebraicnumber types and supports various operations on them, yielding certified
computation results (for example, it can convert rational numbers to algebraic numbers and can compute roots
of polynomials with integer coefficients). The other template parameters,RatKernelandAlgKernelshould be
geometric kernels templated with theNtTraits::RationalandNtTraits::Algebraicnumber types, repectively. It
is recommended to instantiate theCOREalgebraic numbertraits class as theNtTraitsparameter, withCarte-
sian<NtTraits::Rational> andCartesian<NtTraits::Algebraic> instantiating the two kernel types, respectively.
The number types in this case are provided by theCORE library, with its ability to exactly represent simple
algebraic numbers.

The traits class inherits its point type fromAlgKernel::Point 2, and defines a curve andx-monotone curve types,
as detailed below.

#include<CGAL/Arr conic traits 2.h>
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Is Model for the Concepts

ArrangementTraits2
ArrangementLandmarkTraits2

Class Arr conic traits 2<RatKernel,AlgKernel,NtTraits >::Curve 2

The Curve 2 class nested within the conic-arc traits can represent arbitrary conic arcs and support their con-
struction in various ways. The copy and default constructor as well as the assignment and equality operators are
provided for conic arcs. In addition, anoperator<< for the curves is defined for standard output streams.

Types

Arr conic traits 2<RatKernel,AlgKernel,NtTraits>::Curve 2:: Rational

the NtTraits::Rational type (and also theRatKernel::FT
type).

Arr conic traits 2<RatKernel,AlgKernel,NtTraits>::Curve 2:: Algebraic

the NtTraits::Algebraic type (and also theAlgKernel::FT
type).

Creation

Arr conic traits 2<RatKernel,AlgKernel,NtTraits>::Curve 2 a( typename RatKernel::Segment2 seg);

constructs an arc corresponding to the line segmentseg.

Arr conic traits 2<RatKernel,AlgKernel,NtTraits>::Curve 2 a( typename RatKernel::Circle2 circ);

constructs an arc corresponding to the full circlecirc (note
that this circle has a center point with rational coordinates
and rational squared radius).

Arr conic traits 2<RatKernel,AlgKernel,NtTraits>::Curve 2 a( typename RatKernel::Circle2 circ,
Orientation o,
Point 2 ps,
Point 2 pt)

constructs a circular arc supported by the circlecirc, going in
the given orientationo from the source pointps to its target
pointpt.
Precondition: psandpt both lie on the circlecirc.
Precondition: o is notCOLLINEAR.
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Arr conic traits 2<RatKernel,AlgKernel,NtTraits>::Curve 2 a( typename RatKernel::Point2 p1,
typename RatKernel::Point2 p2,
typename RatKernel::Point2 p3)

constructs a circular arc going fromp1 (its source point)
throughp2 to p3 (its target point). Note that all three points
have rational coordinates. The orientation of the arc is deter-
mined automatically.
Precondition: The three points are not collinear.

Arr conic traits 2<RatKernel,AlgKernel,NtTraits>::Curve 2 a( Rational r,
Rational s,
Rational t,
Rational u,
Rational v,
Rational w)

constructs a conic arc that corresponds to the full conic curve
rx2 +sy2 + txy+ux+vy+w = 0.
Precondition: As a conic arc must be bounded, the given
curve must be an ellipse, that is 4rs− t2 > 0.

Arr conic traits 2<RatKernel,AlgKernel,NtTraits>::Curve 2 a( Rational r,
Rational s,
Rational t,
Rational u,
Rational v,
Rational w,
Orientation o,
Point 2 ps,
Point 2 pt)

constructs a conic arc supported by the conic curverx2 +
sy2 + txy+ux+vy+w = 0, going in the given orientationo
from the source pointpsto its target pointpt.
Precondition: psandpt both satisfy the equation of the sup-
porting conic curve and define a bounded segment of this
curve (e.g. in case of a hyperbolic arc, both point should be
located on the same branch of the hyperbola).
Precondition: o is not COLLINEARif the supporting conic
is curves, and must beCOLLINEARif it is not curved (a line
or a line-pair).

Arr conic traits 2<RatKernel,AlgKernel,NtTraits>::Curve 2 a( typename RatKernel::Point2 p1,
typename RatKernel::Point2 p2,
typename RatKernel::Point2 p3,
typename RatKernel::Point2 p4,
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typename RatKernel::Point2 p5)

constructs a conic arc going fromp1 (its source point)
throughp2, p3 andp4 (in this order) top5 (its target point).
Note that all five points have rational coordinates. The orien-
tation of the arc is determined automatically.
Precondition: No three points of the five are not collinear.
Precondition: The five points define a valid arc, in their given
order.

Arr conic traits 2<RatKernel,AlgKernel,NtTraits>::Curve 2 a( Rational r,
Rational s,
Rational t,
Rational u,
Rational v,
Rational w,
Orientation o,
Point 2 app ps,
Rational r1,
Rational s1,
Rational t1,
Rational u1,
Rational v1,
Rational w1,
Point 2 app pt,
Rational r2,
Rational s2,
Rational t2,
Rational u2,
Rational v2,
Rational w2)

constructs a conic arc supported by the conic curverx2 +
sy2 + txy+ ux+ vy+ w = 0, going in the given orientation
o from its source point to its target point. In this case only
some approximations of the endpoints (app ps andapp pt,
repsectively) is available, and their exact locations are given
implicitly, specified by the intersections of the supporting
conic curve withr1x2 +s1y2 + t1xy+u1x+v1y+w1 = 0 and
r2x2 +s2y2 + t2xy+u2x+v2y+w2 = 0, repsectively.
Precondition: The two auxiliary curves specifying the end-
points really intersect with the supporting conic curve, such
that the arc endpoints define a bounded segment of the sup-
porting curve (e.g. in case of a hyperbolic arc, both point
should be located on the same branch of the hyperbola).
Precondition: o is not COLLINEARif the supporting conic
is curves, and must beCOLLINEARif it is not curved (a line
or a line-pair).

Access Functions
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bool a.is valid() indicates whethera is a valid conic arc. As the precondition
to some of the constructor listed above are quite complicated,
their violation does not cause the program to abort. Instead,
the constructed arc is invalid (a defaultly constructed arc is
also invalid). It is however recommended to check that a
constructed arc is valid before inserting it to an arrangement,
as this operationwill cause the program to abort.

bool a.is x monotone() determines whether the arc isx-monotone, namely each ver-
tical line intersects it at most once. A vertical line segment is
also considered (weakly)x-monotone.

bool a.is y monotone() determines whether the arc isy-monotone, namely each hor-
izontal line intersects it at most once. A horizontal line seg-
ment is also considered (weakly)x-monotone.

bool a.is full conic() indicates whether the arc represents a full conic curve (en
ellipse or a circle).

The six following methods return the coefficients of the supported conic, after their conversion to integer number
(reprsented by theIntegertype of theNtTraitsclass):

typename NtTraits::Integer a.r() returns the coefficient ofx2.
typename NtTraits::Integer a.s() returns the coefficient oft2.
typename NtTraits::Integer a.t() returns the coefficient ofxy.
typename NtTraits::Integer a.u() returns the coefficient ofx.
typename NtTraits::Integer a.v() returns the coefficient ofy.
typename NtTraits::Integer a.w() returns the free coefficient.

Point 2 a.source() returns the source point of the arc.
Precondition: a is not a full conic curve.

Point 2 a.target() returns the target point of the arc.
Precondition: a is not a full conic curve.

Orientation a.orientation() returns the orientation of the arc.

Bbox 2 a.bbox() return a bounding box of the arca.

Operations

void a.setsource( Point2 ps) sets a new source point for the conic arc.
Precondition: ps lies on the supporting conic ofa.

void a.settarget( Point2 pt) sets a new target point for the conic arc.
Precondition: pt lies on the supporting conic ofa.

Class Arr conic traits 2<RatKernel,AlgKernel,NtTraits >::X monotonecurve 2

TheX monotonecurve 2 class nested within the conic-arc traits is used to representx-monotone conic arcs. It
inherits from theCurve 2 type, therefore supports the access methods and the operations listed above.
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For efficiency reasons, we recommend users not to constructx-monotone conic arc directly, but rather use the
Make x monotone2 functor supplied by the conic-arc traits class to convert conic curves tox-monotone curves.

Creation

Arr conic traits 2<RatKernel,AlgKernel,NtTraits>:: X monotonecurve 2 xa( Curve2 arc);

converts the given arc to anx-monotone arc.
Precondition: arc is x-monotone.

Access Functions

Point 2 xa.left() returns the left (lexicographically smaller) endpoint ofxa.
Point 2 xa.right() returns the right (lexicographically larger) endpoint ofxa.
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CGAL::Arr rational arc traits 2<AlgKernel,NtTraits >

Definition

The traits classArr rational arc traits 2<AlgKernel,NtTraits> is a model of theArrangementTraits2 concept.
It handles bounded segments of rational functions, referred to asrational arcs, and enables the construction and
maintenance of arrangements of such arcs. A rational functiony = P(x)

Q(x) is defined by two polynomialsP and

Q of arbitrary degrees. In particular, ifQ(x) = 1 then the function is a simple polynomial function. A bounded
rational arc is defined by the graph of a rational function over some internal[xmin,xmax], whereQ does not have
any real roots in this interval (thus the arc does not contain any poles). Rational functions, and polynomial
functions in particular, are not only interesting in their own right, they are also very useful for approximating or
interpolating more complicated curves.

In our representation, all polynomial coefficients (the coefficients ofP andQ) must be rational numbers. This
guarantees that thex-coordinates of all arrangement vertices (in particular, those representing instersection
points) can be represneted as roots of polynomials with integer coefficients — namely, algebraic numbers. The
y-coordinates can be obtained by simple arithmetic operations on thex-coordinates, hence they are also algebraic
numbers.

We therefore require separate representations of the curve coefficients and the point coordiantes. TheNtTraits
should be instantiated with a class that defines nestedInteger, RationalandAlgebraicnumber types and sup-
ports various operations on them, yielding certified computation results (for example, in can convert rational
numbers to algebraic numbers and can compute roots of polynomials with integer coefficients). TheAlgKer-
nel template-parameter should be a geometric kernel templated with theNtTraits::Algebraicnumber-type. It
is recommended to instantiate theCOREalgebraic numbertraits class as theNtTraitsparameter, withCarte-
sian<NtTraits::Algebraic> instantiating the kernel. The number types in this case are provided by theCORE

library, with its ability to exactly represent simple algebraic numbers.

The traits class defined its point type to beAlgKernel::Point 2, and defines a curve type (and an identical
x-monotone curve type, as a rational arc is alwaysx-monotone by definition) as detailed below.

#include<CGAL/Arr rational arc traits 2.h>

Is Model for the Concepts

ArrangementTraits2

Class Arr rational arc traits 2<AlgKernel,NtTraits >::Curve 2

TheCurve 2 class nested within the rational-arc traits is used to represent rational arcs and support their con-
struction from a single polynomial and the range where the arc is defined or a pair of polynomials and a pair
of corresponding ranges. The copy and default constructor as well as the assignment operator are provided for
polyline curves. In addition, anoperator<< for the curves is defined for standard output streams.

Types

Arr rational arc traits 2<AlgKernel,NtTraits>::Curve 2:: Rat vector

A vector of rational numbers (equivalent tostd::vector<
typename NtTraits::Rational).
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Arr rational arc traits 2<AlgKernel,NtTraits>::Curve 2:: Polynomial

theNtTraits::Polynomialtype (a polynomial with integer co-
efficients).

Creation

Arr rational arc traits 2<AlgKernel,NtTraits>::Curve 2 a;

default constructor.

Arr rational arc traits 2<AlgKernel,NtTraits>::Curve 2 a( Ratvector pcoeffs,
typename NtTraits::Algebraic sx,
typename NtTraits::Algebraic tx)

constructs an arc supported by the polynomialy = P(x), de-
fined over the interval[x s, x t] , given by thex-coordinates
of the arc’s source and target. The vectorp coeffsspecifies
the coefficients ofP(x), where the polynomial degree isp
coeffs.size() - 1andp[k] is the coefficient ofxk in P.
Precondition: s x != t x.

Arr rational arc traits 2<AlgKernel,NtTraits>::Curve 2 a( Ratvector pcoeffs,
Rat vector qcoeffs,
typename NtTraits::Algebraic sx,
typename NtTraits::Algebraic tx)

constructs an arc supported by the rational functiony= P(x)
Q(x) ,

defined over the internal[s x, t x], given by thex-coordinates
of the arc’s source and target. The vectorsp coeffsandq
coeffsspecify the coefficients ofP(x) andQ(x), respectively
(see above).
Precondition: x min< x max.
Precondition: For eachx min≤ x≤ x max, Q(x) 6= 0.

Access Functions

bool a.is valid() indicates whethera is a valid rational arc. As the precon-
dition Q(x) 6= 0 to the constructor from two polynomials is
quite complicated, its violation does not cause the program
to abort. Instead, the constructed arc is invalid (a defaultly
constructed arc is also invalid). It is however recommended
to check that a constructed arc is valid before inserting it to
an arrangement, as this operationwill cause the program to
abort.

Polynomial a.numerator() returns a polynomial with integer coefficients equivalent to
P(x).
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Polynomial a.denominator() returns a polynomial with integer coefficients equivalent to
Q(x).

Point 2 a.source() returns the source point of the arc.
Precondition: a is not a full conic curve.

Point 2 a.target() returns the target point of the arc.
Precondition: a is not a full conic curve.

Point 2 a.left() returns the left (lexicographically smaller) endpoint ofa.
Point 2 a.right() returns the right (lexicographically larger) endpoint ofa.

1285



C
la

ss

CGAL::Arr curve data traits 2<Tr,XData,Mrg,CData,Cnv >

Definition

The classArr curve data traits 2<Tr,XData,Mrg,CData,Cnv> is a model of theArrangementTraits2 concept
and serves as a decorator class that allows the extension of the curves defined by the base traits-class (the
Tr parameter), which serves as a geometric traits-class (a model of theArrangementTraits2 concept), with
extraneous (non-geometric) data fields.

The traits class inherits its point type fromTraits::Point 2, and defines an extendedCurve 2 andX monotone
curve 2 types, as detailed below.

EachCurve 2 object is associated with a single data field of typeCData, and eachX monotonecurve 2 object
is associated with a single data field of typeXData. When a curve is subdivided intox-monotone subcurves, its
data field is converted using the conversion functor, which is specified by theCnv template-parameter, and the
resulting objects is copied to allX monotonecurve 2 objects induced by this curve. The conversion functor
should provide an operator with the following prototype:
XData operator() (const CData& d) const;

By default, the two data types are the same, so the conversion operator is trivial:

CData= XData
Cnv= Default convert functor<CData,XData>

In case two (or more)x-monotone curves overlap, their data fields are merged to a single field, using the merge
functor functor, which is specified by theMrg template-parameter. This functor should provide an operator with
the following prototype:
XData operator() (const XData& d1, const XData& d2) const;
which returns a single data object that represents the merged data field ofd1andd2. Thex-monotone curve that
represents the overlap is associated with the output of this functor.

#include<CGAL/Arr curve data traits 2.h>

Is Model for the Concepts

ArrangementTraits2

Types

typedef Tr Basetraits 2; the base traits-class.
typedef typename Basetraits 2::Curve 2

Basecurve 2; the base curve.
typedef typename Basetraits 2::X monotonecurve 2

Basex monotonecurve 2;

the basex-monotone curve curve.
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typedef Mrg Merge; the merge functor.
typedef Cnv Convert; the conversion functor.

typedef CData Curvedata; the type of data associated with curves.
typedef XData Xmonotonecurve data;

the type of data associated withx-monotone curves.

Inherits From

Basetraits 2

Class Arr curve data traits 2<Tr,XData,Mrg,CData,Cnv >::Curve 2

TheCurve 2 class nested within the curve-data traits extends theBasetraits 2::Curve 2 type with an extra data
field of typeData.

Inherits From

Basecurve 2

Creation

Arr curve data traits 2<Tr,XData,Mrg,CData,Cnv>::Curve 2 cv;

default constructor.

Arr curve data traits 2<Tr,XData,Mrg,CData,Cnv>::Curve 2 cv( Basecurve 2 base);

constructs curve from the givenbasecurve with uninitialized
data field.

Arr curve data traits 2<Tr,XData,Mrg,CData,Cnv>::Curve 2 cv( Basecurve 2 base, Data data);

constructs curve from the givenbasecurve with an attached
datafield.

Access Functions

Curve data cv.data() returns the data field (a non-const version, which returns a
reference to the data object, is also available).

void cv.setdata( Curvedata data)

sets the data field.
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Class Arr curve data traits 2<Tr,XData,Mrg,CData,Cnv >::X monotonecurve 2

The X monotonecurve 2 class nested within the curve-data traits extends theBasetraits 2::X monotone
curve 2 type with an extra data field.

Inherits From

Basex monotonecurve 2

Creation

Arr curve data traits 2<Tr,XData,Mrg,CData,Cnv>::X monotonecurve 2 xcv;

default constructor.

Arr curve data traits 2<Tr,XData,Mrg,CData,Cnv>::X monotonecurve 2 xcv( Basex monotonecurve 2
base)

constructs anx-monotone curve from the givenbasecurve
with uninitialized data field.

Arr curve data traits 2<Tr,XData,Mrg,CData,Cnv>::X monotonecurve 2 xcv( Basex monotonecurve 2
base,

X monotonecurve data
data)

constructs anx-monotone curve from the givenbase x-
monotone curve with an attacheddatafield.

Access Functions

X monotonecurve data

xcv.data() returns the field (a non-const version, which returns a refer-
ence to the data object, is also available).

void xcv.setdata( X monotonecurve data data)

sets the data field.
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CGAL::Arr consolidatedcurve data traits 2<Traits,Data>

Definition

The classArr consolidatedcurve data traits 2<Traits,Data> is a model of theArrangementTraits2 con-
cept and serves as a decorator class that allows the extension of the curves defined by theTraits parameter,
which serves as a geometric traits-class (a model of theArrangementTraits2 concept), with extraneous (non-
geometric) data fields of typeData.

The traits class inherits its point type fromTraits::Point 2, and defines an extendedCurve 2 andX monotone
curve 2 types, as detailed below.

EachCurve 2 object is associated with a single data field of typeData, and eachX monotonecurve 2 object
is associated with a set of unique data objects. When a curve is subdivided intox-monotone subcurves, all
these subcurves are associated with a list containing a single data object, copies from the inducing curve. When
an x-monotone curve is split, its data set is duplicated two both resulting subcurves. In case two (or more)
x-monotone curves overlap, their data sets are consolidated and are associated with thex-monotone curve that
represents the overlap.

#include<CGAL/Arr consolidatedcurve data traits 2.h>

Is Model for the Concepts

ArrangementTraits2

Inherits From

Arr curve data traits 2<Traits,
Unique list<Data>,
Consolidateunique lists<Data>,

Data>

Types

typedef Traits Basetraits 2; the base traits-class.
typedef typename Basetraits 2::Curve 2

Basecurve 2; the base curve.
typedef typename Basetraits 2::X monotonecurve 2

Basex monotonecurve 2;

the basex-monotone curve curve.

Arr consolidatedcurve data traits 2<Traits,Data>:: typedef Datacontainer

a set of data objects that is associated with anx-monotone
curve.
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Arr consolidatedcurve data traits 2<Traits,Data>:: typedef Dataiterator

a non-mutable iterator for the data objects in the data con-
tainer.

Class Arr consolidatedcurve data traits 2<Traits,Data>::Data container

The Data containerclass nested within the consolidated curve-data traits and associated with theTraits::X
monotonecurve 2 type is maintained as a list with unique data objects. This representation is simple and effi-
cient in terms of memory consumption. It also requires that theData class supports only the equality operator.
Note however that most set operations require linear time.

Creation

Arr consolidatedcurve data traits 2<Traits,Data>:: Data container dset;

default constructor.

Arr consolidatedcurve data traits 2<Traits,Data>:: Data container dset( Data data);

constructs set containing a singledataobject.

Access Functions

std::sizet dset.size() returns the number of data objects in the set.

Data iterator dset.begin() returns an iterator pointing to the first data object.

Data iterator dset.end() returns a past-the-end iterator for the data objects.

Data dset.front() returns the first data object inserted into the set.
Precondition: The number of data objects is not 0.

Data dset.back() returns the last data object inserted into the set.
Precondition: The number of data objects is not 0.

Predicates

bool dset== Data container other

check if the two sets contain the same data objects (regardless
of order).

Data iterator dset.find( Data data) find the givendataobject in the set and returns an iterator for
this object, orend()if it is not found.
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Modifiers

bool dset.insert( Data data)

inserts the givendata object into the set. Returnstrue on
success, orfalseif the set already contains the object.

bool dset.erase( Data data)

erases the givendata object from the set. Returnstrue on
success, orfalseif the set does not contain the object.

void dset.clear() clears the set.
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ArrangementInputFormatter

A model for the ArrangementInputFormatter concept supports a set of functions that enable reading an arrange-
ment from an input stream using a specific format.

Types

ArrangementInputFormatter:: Arrangement2 the type of arrangement to input.

typedef typename Arrangement2::Point 2

Point 2; the point type.
typedef typename Arrangement2::X monotonecurve 2

X monotonecurve 2;

thex-monotone curve type.

typedef typename Arrangement2::Size

Size;
typedef typename Arrangement2::Vertex handle

Vertexhandle;
typedef typename Arrangement2::Halfedgehandle

Halfedgehandle;
typedef typename Arrangement2::Face handle

Face handle;

Creation

ArrangementInputFormatter inf; default constructor.

ArrangementInputFormatter inf ( std::istream& is);

constructs a formatter that reads fromis.

void inf .setin( std::istream& is)

directsinf to read fromis.

Access Functions

std::istream& inf .in() returns the stream thatinf reads from.
Precondition: inf is directed to a valid output stream.
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Formatted Input Functions

void inf .readarrangementbegin()

reads a message indicating the beginning of the arrangement.

void inf .readarrangementend()

reads a message indicating the end of the arrangement.

Size inf .readsize( const char *label = NULL)

reads a size value, which is supposed to be preceeded by the
given label.

void inf .readverticesbegin()

reads a message indicating the beginning of the vertex
records.

void inf .readverticesend()

reads a message indicating the end of the vertex records.

void inf .readedgesbegin()

reads a message indicating the beginning of the edge records.

void inf .readedgesend() reads a message indicating the end of the edge records.

void inf .readfacesbegin()

reads a message indicating the beginning of the face records.

void inf .readfacesend() reads a message indicating the end of the face records.

void inf .readvertexbegin()

reads a message indicating the beginning of a single vertex
record.

void inf .readvertexend() reads a message indicating the end of a single vertex record.

std::sizet inf .read vertex index()

reads and returns a vertex index.

void inf .readpoint( Point 2& p)

reads a point.
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void inf .readvertexdata( Vertexhandle v)

reads an auxiliary vertex-data object and associates it with
the vertexv.

void inf .readedgebegin()

reads a message indicating the beginning of a single edge
record.

void inf .readedgeend() reads a message indicating the end of a single edge record.

std::sizet inf .read halfedgeindex()

reads and returns halfedge index.

void inf .readx monotonecurve( Xmonotonecurve 2& c)

reads anx-monotone curve.

void inf .readhalfegdedata( Halfedgehandle he)

reads an auxiliary halfedge-data object and associates it with
the halfedgehe.

void inf .readface begin() reads a message indicating the beginning of a single face
record.

void inf .readface end() reads a message indicating the end of a single face record.

void inf .readouter ccb begin()

reads a message indicating the beginning of the outer CCB
of the current face.

void inf .readouter ccb end()

reads a message indicating the end of the outer CCB of the
current face.

void inf .readholesbegin()

reads a message indicating the beginning of the container of
holes inside the current face.

void inf .readholesend() reads a message indicating the end of the container of holes
inside the current face.

void inf .readinner ccb begin()

reads a message indicating the beginning of an inner CCB of
the current face.
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void inf .readinner ccb end()

reads a message indicating the end of an inner CCB of the
current face.

void inf .readccb halfedgesbegin()

reads a message indicating the beginning a connected com-
ponent boundary.

void inf .readccb halfedgesend()

reads a message indicating the end of a connected component
boundary.

void inf .readisolatedverticesbegin()

reads a message indicating the beginning of the container of
isolated vertices inside the current face.

void inf .readisolatedverticesend()

reads a message indicating the end of the container of iso-
lated vertices inside the current face.

void inf .readface data( Facehandle f)

reads an auxiliary face-data object and associates it with the
facef .

Has Models

Arr text formatter<Arrangement> (page1300)
Arr face extendedtext formatter<Arrangement> (page1301)
Arr extendeddcel text formatter<Arrangement> (page1302)
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ArrangementOutputFormatter

A model for the ArrangementOutputFormatter concept supports a set of functions that enable writing an ar-
rangement to an output stream using a specific format.

Types

ArrangementOutputFormatter:: Arrangement2

the type of arrangement to output.

typedef typename Arrangement2::Point 2

Point 2; the point type.
typedef typename Arrangement2::X monotonecurve 2

X monotonecurve 2;

thex-monotone curve type.

typedef typename Arrangement2::Size

Size;
typedef typename Arrangement2::Vertex consthandle

Vertexconsthandle;
typedef typename Arrangement2::Halfedgeconsthandle

Halfedgeconsthandle;
typedef typename Arrangement2::Face consthandle

Face consthandle;

Creation

ArrangementOutputFormatter outf; default constructor.

ArrangementOutputFormatter outf ( std::ostream& os);

constructs a formatter that writes toos.

void outf .setout( std::ostream& os)

directsoutf to write toos.
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Access Functions

std::ostream& outf .out() returns the stream thatoutf writes to.
Precondition: outf is directed to a valid output stream.

Formatted Output Functions

void outf .writearrangementbegin()

writes a message indicating the beginning of the arrange-
ment.

void outf .writearrangementend()

writes a message indicating the end of the arrangement.

void outf .writesize( const char *label, Size size)

writes a size value, preceeded by a given label.

void outf .writeverticesbegin()

writes a message indicating the beginning of the vertex
records.

void outf .writeverticesend()

writes a message indicating the end of the vertex records.

void outf .writeedgesbegin()

writes a message indicating the beginning of the edge
records.

void outf .writeedgesend()

writes a message indicating the end of the edge records.

void outf .writefacesbegin()

writes a message indicating the beginning of the face records.

void outf .writefacesend()

writes a message indicating the end of the face records.

void outf .writevertexbegin()

writes a message indicating the beginning of a single vertex
record.

void outf .writevertexend()

writes a message indicating the end of a single vertex record.
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void outf .writevertex index( std::sizet idx)

writes a vertex index.

void outf .writepoint( Point 2 p)

writes a point.

void outf .writevertexdata( Vertexconsthandle v)

writes the auxiliary data associated with the vertex.

void outf .writeedgebegin()

writes a message indicating the beginning of a single edge
record.

void outf .writeedgeend()

writes a message indicating the end of a single edge record.

void outf .writehalfedgeindex( std::sizet idx)

writes a halfedge index.

void outf .writex monotonecurve( Xmonotonecurve 2 c)

writes anx-monotone curve.

void outf .writehalfegdedata( Halfedgeconsthandle he)

writes the auxiliary data associated with the halfedge.

void outf .writeface begin()

writes a message indicating the beginning of a single face
record.

void outf .writeface end() writes a message indicating the end of a single face record.

void outf .writeouter ccb begin()

writes a message indicating the beginning of the outer CCB
of the current face.

void outf .writeouter ccb end()

writes a message indicating the end of the outer CCB of the
current face.
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void outf .writeholesbegin()

writes a message indicating the beginning of the container of
holes inside the current face.

void outf .writeholesend()

writes a message indicating the end of the container of holes
inside the current face.

void outf .writeccb halfedgesbegin()

writes a message indicating the beginning a connected com-
ponent’s boundary.

void outf .writeccb halfedgesend()

writes a message indicating the end of a connected compo-
nent’s boundary.

void outf .write isolatedverticesbegin()

writes a message indicating the beginning of the container of
isolated vertices inside the current face.

void outf .write isolatedverticesend()

writes a message indicating the end of the container of iso-
lated vertices inside the current face.

void outf .writeface data( Faceconsthandle f)

writes the auxiliary data associated with the face.

Has Models

Arr text formatter<Arrangement> (page1300)
Arr face extendedtext formatter<Arrangement> (page1301)
Arr extendeddcel text formatter<Arrangement> (page1302)
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CGAL::Arr text formatter <Arrangement>

Definition

Arr text formatter<Arrangement> defines the format of an arrangement in an input or output stream (typically
a file stream), thus enabling reading and writing anArrangementinstance using a simple text format. The
arrangement is assumed to store no auxiliary data with its DCEL records (and if there are such records they will
not be written or read by the formatter).

TheArr text formatter<Arrangement> class assumes that the nestedPoint 2 and theCurve 2 types defined by
theArrangementtemplate-parameter can both be written to an input stream using the<< operator and read from
an input stream using the>> operator.

#include<CGAL/IO/Arr text formatter.h>

Is Model for the Concepts

ArrangementInputFormatter
ArrangementOutputFormatter

See Also

read (page1234)
write (page1235)
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CGAL::Arr face extended text formatter <Arrangement>

Definition

Arr face extendedtext formatter<Arrangement> defines the format of an arrangement in an input or output
stream (typically a file stream), thus enabling reading and writing anArrangementinstance using a simple text
format. TheArrangementclass should be instantiated with a DCEL class which in turn instatiates theArr
face extendeddceltemplate with aFaceDatatype. The formatter supports reading and writing the data objects
attached to the arrangement faces as well.

The Arr face extendedtext formatter<Arrangement> class assumes that the nestedPoint 2 and theCurve 2
types defined by theArrangementtemplate-parameter and that theFaceDatatype can all be written to an input
stream using the<< operator and read from an input stream using the>> operator.

#include<CGAL/IO/Arr text formatter.h>

Is Model for the Concepts

ArrangementInputFormatter
ArrangementOutputFormatter

See Also

read (page1234)
write (page1235)
Arr face extendeddcel<Traits,FData,V,H,F> (page1251)
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CGAL::Arr extendeddcel text formatter <Arrangement>

Definition

Arr extendeddcel text formatter<Arrangement> defines the format of an arrangement in an input or output
stream (typically a file stream), thus enabling reading and writing anArrangementinstance using a simple
text format. TheArrangementclass should be instantiated with a DCEL class which in turn instatiates the
Arr extendeddcel template with theVertexData, HalfedgeDataandFaceDatatypes. The formatter supports
reading and writing the data objects attached to the arrangement vertices, halfedges and faces.

The Arr extendeddcel text formatter<Arrangement> class assumes that the nestedPoint 2 and theCurve 2
types defined by theArrangementtemplate-parameter, as well as theVertexData, HalfedgeDataandFaceData
types, can all be written to an input stream using the<< operator and read from an input stream using the>>
operator.

#include<CGAL/IO/Arr text formatter.h>

Is Model for the Concepts

ArrangementInputFormatter
ArrangementOutputFormatter

See Also

read (page1234)
write (page1235)
Arr extendeddcel<Traits,VData,HData,FData,V,H,F> (page1252)
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ArrangementPointLocation 2

Definition

A model of the ArrangementPointLocation2 concept can be attached to anArrangement2 instance and answer
point-location queries on this arrangement. Namely, given aArrangement2::Point 2 object, representing a
point in the plane, it returns the arrangement cell containing it. In the general case, the query point is contained
inside an arrangement face, but in degenerate situations it may lie on an edge or coincide with an arrangement
vertex.

Types

ArrangementPointLocation2:: Arrangement2

the associated arrangement type.

ArrangementPointLocation2:: Point 2 equivalent toArrangement2::Point 2.

Creation

ArrangementPointLocation2 pl; default constructor.

ArrangementPointLocation2 pl( Arrangement2 arr);

constructs a point-location objectpl attached to the given ar-
rangementarr.

Query Functions

Object pl.locate( Point2 q) locates the arrangement cell that contains the query point
q and returns a handle for this cell. The function returns
an Object instance that wraps either of the following types:

• Arrangement2::Face consthandle, in caseq is con-
tained inside an arrangement face;

• Arrangement2::Halfedgeconsthandle, in caseq lies
on an arrangement edge;

• Arrangement2::Vertex consthandle, in caseq coin-
cides with an arrangement vertex.

Precondition: pl is attached to a valid arrangement instance.
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Operations

void pl.attach( Arrangement2 arr)

attachespl to the given arrangementarr.

void pl.detach() detachespl from the arrangement it is currently attached to.

Has Models

Arr naive point location<Arrangement>
Arr walk along a line point location<Arrangement>
Arr trapezoidric point location<Arrangement>
Arr landmarkspoint location<Arrangement,Generator>
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ArrangementVerticalRayShoot 2

Definition

A model of the ArrangementVerticalRayShoot2 concept can be attached to anArrangement2 instance and
answer vertical ray-shooting queries on this arrangement. Namely, given aArrangement2::Point 2 object,
representing a point in the plane, it returns the arrangement feature (edge or vertex) that lies strictly above it
(or below it). By “strictly” we mean that if the query point lies on an arrangement edge (or on an arrangement
vertex) this edge willnot be the query result, but the feature lying above or below it. (An exception to this rule
is the degenerate situation where the query point lies in the interior of a vertical edge.) Note that it may happen
that the query point lies above the upper envelope (or below the lower envelope) of the arrangement, so that the
vertical ray emanating from it may go to infinity without hitting any arrangement feature on its way. In this case
the unbounded face is returned.

Types

ArrangementVerticalRayShoot2:: Arrangement2

the associated arrangement type.

ArrangementVerticalRayShoot2:: Point 2 equivalent toArrangement2::Point 2.

Creation

ArrangementVerticalRayShoot2 rs; default constructor.

ArrangementVerticalRayShoot2 rs( Arrangement2 arr);

constructs a ray-shooting objectrs attached to the given ar-
rangementarr.

Query Functions

Object rs.rayshootup( Point 2 q)

locates the arrangement feature that is first hit by an upward-
directed vertical ray emanating from the query pointq, and
returns a handle for this feature. The function returns anOb-
ject instance that is a wrapper for one of the following types:

• Arrangement2::Halfedgeconsthandle, in case the
vertical ray hits an arrangement edge;

• Arrangement2::Vertex consthandle, in case the ver-
tical ray hits an arrangement vertex.

• Arrangement2::Face consthandle for the un-
bounded arrangement face, in caseq lies above the
upper envelope of the arrangement.

Precondition: rs is attached to a valid arrangement instance.
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Object rs.rayshootdown( Point2 q)

locates the arrangement feature that is first hit by a
downward-directed vertical ray emanating from the query
point q, and returns a handle for this feature. The function
returns anObject instance that is a wrapper for one of the
following types:

• Arrangement2::Halfedgeconsthandle, in case the
vertical ray hits an arrangement edge;

• Arrangement2::Vertex consthandle, in case the ver-
tical ray hits an arrangement vertex.

• Arrangement2::Face consthandle for the un-
bounded arrangement face, in caseq lies below the
lower envelope of the arrangement.

Precondition: rs is attached to a valid arrangement instance.

Operations

void rs.attach( Arrangement2 arr)

attachesrs to the given arrangementarr.

void rs.detach() detachesrs from the arrangement it is currently attached to.

Has Models

Arr naive point location<Arrangement>
Arr walk along a line point location<Arrangement>
Arr trapezoidric point location<Arrangement>
Arr landmarkspoint location<Arrangement,Generator>
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CGAL::Arr naive point location<Arrangement>

Definition

TheArr naive point location<Arrangement> class implements a naı̈ve algorithm that traverses all the vertices
and halfedges in the arrangement in search for an answer to a point-location query. The query time is therefore
linear in the complexity of the arrangement. Naturally, this point-location strategy could turn into a heavy
time-consuming process when applied to dense arrangements.

#include<CGAL/Arr naive point location.h>

Is Model for the Concepts

ArrangementPointLocation2
ArrangementVerticalRayShoot2
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CGAL::Arr walk along line point location<Arrangement>

Definition

The Arr walk along line point location<Arrangement> class implements a very simple point-location (and
vertical ray-shooting) strategy that improves the naı̈ve one. The algorithm considers an imaginary vertical ray
emanating from the query point, and simulates a walk along the zone of this ray, starting from the unbounded
face until reaching the query point. In dense arrangements this walk can considerably reduce the number of
traversed arrangement edges, with respect to the naı̈ve alogrithm.

The walk-along-a-line point-location object (just like the naı̈ve one) does not use any auxiliary data structures.
Thus, attaching it to an existing arrangement takes constant time, and any ongoing updates to this arrangement
do not affect the point-location object. It is therefore recommended to use the “walk” point-location strategy for
arrangements that are constantly changing, especially if the number of issued queries is not large.

#include<CGAL/Arr walk along line point location.h>

Is Model for the Concepts

ArrangementPointLocation2
ArrangementVerticalRayShoot2
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CGAL::Arr trapezoid ric point location<Arrangement>

Definition

TheArr trapezoidric point location<Arrangement> class implements the incremental randomized algorithm
introduced by Mulmuley [Mul90] as presented by Seidel [Sei91] (see also [dBvKOS00, Chapter 6]). It sub-
divides each arrangement face to pseuso-trapezoidal cells, each of constant complexity, and constructs and
maintains a search structure on top of these cells, such that each query can be answered inO(logn) time, where
n is the complexity of the arrangement.

Constructing the search structures takesO(nlogn) time, such that attaching a trapezoidal point-location object
to an existing arrangement may incur some overhead in running times. In addition, the point-location object
needs to keep its auxiliary data structures up-to-date as the arrangement goes thorugh structural changes. It is
therefore recommended to use this point-location strategy for static arrangements (or arrangement that do not
alter frequently), and when the number of issued queries is relatively large.

#include<CGAL/Arr trapezoidric point location.h>

Is Model for the Concepts

ArrangementPointLocation2
ArrangementVerticalRayShoot2
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CGAL::Arr landmarks point location<Arrangement,Generator>

The Arr landmarkspoint location<Arrangement,Generator> class implements a Jump & Walk algorithm,
where special points, referred to as “landmarks”, are chosen in a preprocessing stage, their place in the ar-
rangement is found, and they are inserted into a data-structure that enables efficient nearest-neighbor search
(a KD-tree). Given a query point, the nearest landmark is located and a “walk” strategy is applied from the
landmark to the query point.

There are various strategies to select the landmark set in the arrangement, where the strategy is determined by
theGeneratortemplate parameter. The following landmark-generator classes are available:

Arr landmarksverticesgenerator— The arrangement vertices are used as the landmarks set.

Arr randomlandmarksgenerator— n random points in the bounding box of the arrangement are chosen as
the landmarks set.

Arr halton landmarksgenerator— n Halton points in the bounding box of the arrangement are chosen as the
landmarks set.

Arr middle edgeslandmarksgenerator— The midpoint of each arrangement edge is computed, and the re-
sulting set of points is used as the landmarks set. This generator can be applied only for arrangements of
line segments.

Arr grid landmarksgenerator— A set of n landmarks are chosen on ad
√

ne × d
√

ne grid that covers the
bounding box of the arrangement.

The Arr landmarksverticesgeneratorclass is the default generator and used if noGeneratorparameter is
specified.

It is recommended to use the landmarks point-location strategy when the application frequently issues point-
location queries on a rather static arrangement that the changes applied to it are mainly insertions of curves and
not deletions of them.

#include<CGAL/Arr landmarkspoint location.h>

Is Model for the Concepts

ArrangementPointLocation2
ArrangementVerticalRayShoot2
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CGAL::locate

#include<CGAL/Arr batchedpoint location.h>

template<class Arrangement, class PointsIterator, class OutputIterator>
OutputIterator locate( Arrangement arr,

PointsIterator pointsbegin,
PointsIterator pointsend,
OutputIterator oi)

Performs a batched point-location operation on an arrange-
ment. The function accepts a range of query points, de-
fined by[points begin, pointsend)and locates each point in
the arrangement. The query-results are returned in through
the output iterator, whose value type isstd::pair<Point
2,Object>. Namely, each result is given as a point and an
object represneting the arrangement feature that contains it
(anObjectthat may be eitherFace consthandle, Halfedge
consthandleor Vertexconsthanlde). The result pair in out-
put sequence are sorted by an increasingxy-lexicographical
order on the query points. The function returns a past-the-
end iterator for the output sequence.
Precondition: The value-type of PointsIterator is
Traits::Point 2.
Precondition: The value-type ofOutputIteratoris std::pair<
Traits::Point 2,Object>.
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CGAL::Arr observer<Arrangement>

Definition

Arr observer<Arrangement> serves as an abstract base class for all observer classes that are attached to an
arrangement instance of typeArrangementand recieve notifications from the arrangement. This base class
handles the attachment of the observer to a given arrangement instance or to the detachment of the observer
from this arrangement instance. It also gives a default empty implementation to all notification functions that
are invoked by the arrangement to notify the observer on local or global changes it undergoes. The notification
functions are all virtual functions, so they can be overridden by the concrete observer classes that inherit from
Arr observer<Arrangement>.

In order to implement a concrete arrangement observer-class, one simply needs to derive fromArr observer<
Arrangement> and override the relevant notification functions. For example, if only face-split events are of
interest, it is sufficient to override justbeforesplit face()(or justafter split face()).

#include<CGAL/Arr observer.h>

Types

Arr observer<Arrangement>:: Arrangement2 the type of the associated arrangement.

typedef typename Arrangement2::Point 2

Point 2; the point type.
typedef typename Arrangement2::X monotonecurve 2

X monotonecurve 2;

thex-monotone curve type.

typedef typename Arrangement2::Vertex handle

Vertexhandle;
typedef typename Arrangement2::Halfedgehandle

Halfedgehandle;
typedef typename Arrangement2::Face handle

Face handle;
typedef typename Arrangement2::Ccb halfedgecirculator

Ccb halfedgecirculator;

represents the boundary of a connected component (CCB).
In particular, holes are represented by a circulator for their
outer CCB.
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Creation

Arr observer<Arrangement> obs; constructs an observer that is unattached to any arrangement
instance.

Arr observer<Arrangement> obs( Arrangement2& arr);

constructs an observer and attaches it to the given arrange-
mentarr.

Modifiers

void obs.attach( Arrangement2& arr)

attaches the observer to the given arrangementarr.

void obs.detach() detaches the observer from its arrangement.

Notifications on Global Arrangement Operations

virtual void obs.beforeassign( Arrangement2 arr)

issued just before the attached arrangement is assigned with
the contents of another arrangementarr.

virtual void obs.afterassign() issued immediately after the attached arrangement has been
assigned with the contents of another arrangement.

virtual void obs.beforeclear() issued just before the attached arrangement is cleared.
virtual void obs.afterclear( Facehandle uf)

issued immediately after the attached arrangement has been
cleared, so it now consists only of a the unbounded faceuf .

virtual void obs.beforeglobal change()

issued just before a global function starts to modify the at-
tached arrangement. It is guaranteed that no queries (espe-
cially no point-location queries) are issued until the termi-
nation of the global function is indicated byafter global
change().

virtual void obs.afterglobal change()

issued immediately after a global function has stopped mod-
ifying the attached arrangement.
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Notifications on Attachment or Detachment

virtual void obs.beforeattach( Arrangement2 arr)

issued just before the observer is attached to the arrangement
instancearr.

virtual void obs.afterattach() issued immediately after the observer has been attached to an
arrangement instance.

virtual void obs.beforedetach() issued just before the observer is detached from its arrange-
ment instance.

virtual void obs.afterattach() issued immediately after the observer has been detached
from its arrangement instance.

Notifications on Local Changes in the Arrangement

virtual void obs.beforecreatevertex( Point2 p)

issued just before a new vertex that corresponds to the point
p is created.

virtual void obs.aftercreatevertex( Vertexhandle v)

issued immediately after a new vertexv has been created.
Note that the vertex still has no incident edges and is not
connected to any other vertex.

virtual void obs.beforecreateedge( Xmonotonecurve 2 c, Vertexhandle v1, Vertexhandle v2)

issued just before a new edge that corresponds to thex-
monotone curvec and connects the verticesv1andv2 is cre-
ated.

virtual void obs.aftercreateedge( Halfedgehandle e)

issued immediately after a new edgeehas been created. The
halfedge that is sent to this function is always directed from
v1 to v2 (see above).

virtual void obs.beforemodify vertex( Vertexhandle v, Point2 p)

issued just before a vertexv is modified to be associated with
the pointp.

virtual void obs.aftermodify vertex( Vertexhandle v)

issued immediately after an existing vertexv has been modi-
fied.

virtual void obs.beforemodify edge( Halfedgehandle e, Xmonotonecurve 2 c)

issued just before an edgee is modified to be associated with
thex-monotone curvec.
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virtual void obs.aftermodify edge( Halfedgehandle e)

issued immediately after an existing edgee has been modi-
fied.

virtual void obs.beforesplit edge( Halfedgehandle e,
Vertexhandle v,
X monotonecurve 2 c1,
X monotonecurve 2 c2)

issued just before an edgee is split into two edges that should
be associated with thex-monotone curvesc1 and c2. The
vertexv corresponds to the split point, and will be used to
separate the two resulting edges.

virtual void obs.aftersplit edge( Halfedgehandle e1, Halfedgehandle e2)

issued immediately after an existing edge has been split into
the two given edgese1ande2.

virtual void obs.beforesplit face( Facehandle f, Halfedgehandle e)

issued just before a facef is split into two, as a result of the
insertion of the edgee into the arrangement.

virtual void obs.aftersplit face( Facehandle f1, Facehandle f2, bool ishole)

issued immediately after the existing facef1 has been split,
such that a portion of it now forms a new facef2. The flag
is holedesignates whetherf2 forms a hole insidef1.

virtual void obs.beforesplit hole( Facehandle f, Ccbhalfedgecirculator h, Halfedgehandle e)

issued just before a holeh inside a facef is split into two, as
a result of the removal of the edgee from the arrangement.

virtual void obs.aftersplit hole( Facehandle f,
Ccb halfedgecirculator h1,
Ccb halfedgecirculator h2)

issued immediately after a hole inside the facef has been
split, resulting in the two holesh1andh2.

virtual void obs.beforeadd hole( Facehandle f, Halfedgehandle e)

issued just before the edgee is inserted as a new hole inside
the facef .

virtual void obs.afteradd hole( Ccbhalfedgecirculator h)

issued immediately after a new holeh has been created. The
hole always consists of a single pair of twin halfedges.
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virtual void obs.beforeadd isolatedvertex( Facehandle f, Vertexhandle v)

issued just before the vertexv is inserted as an isolated vertex
inside the facef .

virtual void obs.afteradd isolatedvertex( Vertexhandle v)

issued immediately after the vertexv has been set as an iso-
lated vertex.

virtual void obs.beforemergeedge( Halfedgehandle e1,
Halfedgehandle e2,
X monotonecurve 2 c)

issued just before the two edgese1ande2are merged to form
a single edge that will be associated with thex-monotone
curvec.

virtual void obs.aftermergeedge( Halfedgehandle e)

issued immediately after two edges have been merged to
form the edgee.

virtual void obs.beforemergeface( Facehandle f1, Facehandle f2, Halfedgehandle e)

issued just before the two edgesf1 andf2 are merged to form
a single face, following the removal of the edgee from the
arrangement.

virtual void obs.aftermergeface( Facehandle f)

issued immediately after two faces have been merged to form
the facef .

virtual void obs.beforemergehole( Facehandle f,
Ccb halfedgecirculator h1,
Ccb halfedgecirculator h2,
Halfedgehandle e)

issued just before two holesh1 andh2 inside the facef are
merged to form a single connected component, following the
insertion of the edgee into the arrangement.

virtual void obs.aftermergehole( Facehandle f, Ccbhalfedgecirculator h)

issued immediately after two holes have been merged to form
a single holeh inside the facef .

virtual void obs.beforemovehole( Facehandle fromf,
Face handle tof,
Ccb halfedgecirculator h)

issued just before the holeh is moved from one face to an-
other. This can happen if the faceto f containing the hole
has just been split fromfrom f .
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virtual void obs.aftermovehole( Ccbhalfedgecirculator h)

issued immediately after the holeh has been moved to a new
face.

virtual void obs.beforemoveisolatedvertex( Facehandle fromf,
Face handle tof,
Vertexhandle v)

issued just before the isolated vertexv is moved from one
face to another. This can happen if the faceto f containing
the isolated vertex has just been split fromfrom f .

virtual void obs.aftermoveisolatedvertex( Vertexhandle v)

issued immediately after the isolated vertexv has been
moved to a new face.

virtual void obs.beforeremovevertex( Vertexhandle v)

issued just before the vertexv is removed from arrangement.

virtual void obs.afterremovevertex()

issued immediately after a vertex has been removed (and
deleted) from the arrangement.

virtual void obs.beforeremoveedge( Halfedgehandle e)

issued just before the edgee is removed from arrangement.

virtual void obs.afterremoveedge()

issued immediately after an edge has been removed (and
deleted) from the arrangement.

virtual void obs.beforeremovehole( Facehandle f, Ccbhalfedgecirculator h)

issued just before the holef is removed from inside the face
f .

virtual void obs.afterremovehole( Facehandle f)

issued immediately after a hole has been removed (and
deleted) from inside the facef .
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CGAL::Arrangement with history 2<Traits,Dcel>

Definition

An objectarr of the classArrangementwith history 2<Traits,Dcel> represents the planar subdivision induced
by a set of input curvesC . The arrangement is represented as a doubly-connected edge-list (DCEL). As is
the case for theArrangement2<Traits,Dcel>, each DCEL vertex is associated with a point and each edge is
associated with anx-monotone curve whose interior is disjoint from all other edges and vertices. Each such
x-monotone curve is a subcurve of someC∈ C — or may represent an overlap among several curves inC .

The Arrangementwith history 2<Traits,Dcel> class-template extends theArrangement2 class-template by
keeping an additional container of input curves representingC , and by maintaining a cross-mapping between
these curves and the arrangement edges they induce. This way it is possible to determine the inducing curve(s)
of each arrangement edge. This mapping also allows the traversal of input curves, and the traversal of edges
induced by each curve.

TheArrangementwith history 2<Traits,Dcel> template has two parameters:

• TheTraits template-parameter should be instantiated with a model of theArrangementTraits2 concept.
The traits class defines theCurve 2 type, which represents an input curve. It also defines the types of
x-monotone curves and two-dimensional points, namelyX monotonecurve 2 andPoint 2, respectively,
and supports basic geometric predicates on them.

• TheDcel template-parameter should be instantiated with a class that is a model of theArranagementDcel
concept. The value of this parameter is by defaultArr default dcel<Traits>.

Self is an abbreviation of theArrangementwith history 2<Traits,Dcel> type hereafter.

#include<CGAL/Arrangementwith history 2.h>

Types

Arrangementwith history 2<Traits,Dcel>:: Traits 2

the traits class in use.

Arrangementwith history 2<Traits,Dcel>:: Dcel

the DCEL representation of the arrangement.

typedef typename Traits2::Point 2

Point 2; the point type, as defined by the traits class.
typedef typename Traits2::X monotonecurve 2

X monotonecurve 2;

thex-monotone curve type, as defined by the traits class.
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typedef typename Traits2::Curve 2

Curve 2; the curve type, as defined by the traits class.

In addition, the nested typesVertex, HalfedgeandFaceare defined, as well as all handle, iterator and circualtor
types, as defined by theArrangement2 class-template (page1201).

Arrangementwith history 2<Traits,Dcel>:: Curve handle

a handle for an input curve.

Arrangementwith history 2<Traits,Dcel>:: Curve iterator

a bidirectional iterator over the curves that induce the ar-
rangement. Its value-type isCurve 2.

Arrangementwith history 2<Traits,Dcel>:: Induced edgeiterator

an iterator over the edges induced by an input curve. Its value
type isHalfedgehandle.

Arrangementwith history 2<Traits,Dcel>:: Originating curve iterator

an iterator for the curves that originate a given arrangement
edge. Its value type isCurve handle.

Creation

Arrangementwith history 2<Traits,Dcel> arr;

constructs an empty arrangement containing one unbounded
face, which corresponds to the whole plane.

Arrangementwith history 2<Traits,Dcel> arr( Self other);

copy constructor.

Arrangementwith history 2<Traits,Dcel> arr( Traits 2 *traits);

constructs an empty arrangement that uses the giventraits
instance for performing the geometric predicates.

Assignment Methods

Self& arr = other assignment operator.

void arr.assign( Self other)

assigns the contents of another arrangement.
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void arr.clear() clears the arrangement.

Access Functions

See theArrangement2 referrence pages (page1201) for the full list.

• Accessing the Input Curves:

Size arr.numberof curves()

returns the number of input curves that induce the arrange-
ment.

Curve iterator arr.curvesbegin() returns the begin-iterator of the curves inducing the arrange-
ment.

Curve iterator arr.curvesend() returns the past-the-end iterator of the curves inducing the
arrangement.

Size arr.numberof inducededges( Curvehandle ch)

returns the number of arrangement edges induced by the
curvech.

Inducededgeiterator

arr.inducededgesbegin( Curvehandle ch)

returns the begin-iterator of the edges induced by the curve
ch.

Inducededgeiterator

arr.inducededgesend( Curvehandle ch)

returns the past-the-end iterator of the edges induced by the
curvech.

Size arr.numberof originating curves( Halfedgehandle e)

returns the number of input curves that originate the edgee.

Originating curve iterator

arr.originating curvesbegin( Halfedgehandle e)

returns the begin-iterator of the curves originating the edge
e.

Originating curve iterator

arr.originating curvesend( Halfedgehandle e)

returns the past-the-end iterator of the curves originating the
edgee.
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Modifiers

See theArrangement2 referrence pages (page1201) for the full list of functions for modifying arrangement
vertices.

•Modifying Arrangement Edges:

The following functions override their counterparts in theArrangement2 class, as they also maintain the cross-
relationships between the input curves and the edges they induce.

Halfedgehandle arr.splitedge( Halfedgehandle e, Point2 p)

splits the edgee into two edges (more precisely, into two
halfedge pairs), at a given split pointp. The function returns
a handle for the halfedge whose source is the same ase->
source()and whose target vertex is the split point.
Precondition: p lies in the interior of the curve associated
with e.

Halfedgehandle arr.mergeedge( Halfedgehandle e1, Halfedgehandle e2)

merges the edges represented bye1 and e2 into a single
edge. The function returns a handle for one of the merged
halfedges.
Precondition: e1ande2share a common end-vertex, of de-
gree 2, and thex-monotone curves associated withe1ande2
are mergeable into a singlex-monotone curves.

Face handle arr.removeedge( Halfedgehandle e,
bool removesource = true,
bool removetarget = true)

removes the edgee from the arrangement. Since theemay be
the only edge incident to its source vertex (or its target ver-
tex), this vertex can be removed as well. The flagsremove
sourceandremovetarget indicate whether the endpoints of
e should be removed, or whether they should be left as iso-
lated vertices in the arrangement. If the operation causes two
faces to merge, the merged face is returned. Otherwise, the
face to which the edge was incident is returned.

See Also

ArrangementDcel(page1236)
Arr default dcel<Traits> (page1250)
ArrangementTraits2 (page1263)
Arrangement2<Traits,Dcel> (page1201)
insertion functions(page1220, page1221)
removal functions(page1322)
overlaying arrangements(page1229)
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CGAL::remove curve

#include<CGAL/Arrangementwith history 2.h>

template<class Traits, class Dcel>
Size removecurve( Arrangementwith history 2<Traits,Dcel>& arr,

typename Arrangementwith history 2<Traits,Dcel>::Curve handle ch)

Removes a curve, specified by its handlech, from the ar-
rangement, by deleting all the edges it induces. The function
returns the number of deleted edges.
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ArrWithHistoryInputFormatter

A model for the ArrWithHistoryInputFormatter concept supports a set of functions that enable reading an
arrangement-with-history instance from an input stream using a specific format.

Refines

ArrangementInputFormatter

Types

ArrWithHistoryInputFormatter:: Arrwith history 2

the type of arrangement to input.

typedef typename Arrangement2::Curve 2

Curve 2; the inducing curve type.

Formatted Input Functions

void inf .readcurvesbegin()

reads a message indicating the beginning of the inducing
curves.

void inf .readcurvesend()

reads a message indicating the end of the inducing curves.

void inf .readcurve begin()

reads a message indicating the beginning of a single curve
record.

void inf .readcurve end() reads a message indicating the end of a single curve record.

void inf .readcurve( Curve2& c)

reads a curve.

void inf .readinducededgesbegin()

reads a message indicating the beginning of the set of edges
induced by the current curve.

void inf .readinducededgesend()

reads a message indicating the end of the induced edges set.
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Has Models

Arr with history text formatter<ArrFormatter> (page1327)
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ArrWithHistoryOutputFormatter

A model for the ArrWithHistoryOutputFormatter concept supports a set of functions that enable writing an
arrangement-with-history instance to an output stream using a specific format.

Refines

ArrangementOutputFormatter

Types

ArrWithHistoryOutputFormatter:: Arrwith history 2

the type of arrangement to output.

typedef typename Arrangement2::Curve 2

Curve 2; the inducing curve type.

Formatted Output Functions

void outf .writecurvesbegin()

writes a message indicating the beginning of the inducing
curves.

void outf .writecurvesend()

writes a message indicating the end of the inducing curves.

void outf .writecurve begin()

writes a message indicating the beginning of a single curve
record.

void outf .writecurve end()

writes a message indicating the end of a single curve record.

void outf .writecurve( Curve2 c)

writes a curve.

void outf .write inducededgesbegin()

writes a message indicating the beginning of the set of edges
induced by the current curve.
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void outf .write inducededgesend()

writes a message indicating the end of the induced edges set.

Has Models

Arr with history text formatter<ArrFormatter> (page1327)
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CGAL::Arr with history text formatter <ArrFormatter >

Definition

Arr with history text formatter<ArrFormatter> defines the format of an arrangement in an input or output
stream (typically a file stream), thus enabling reading and writing an arrangement-with-history instance using a
simple text format.

The ArrFormatter parameter servers as a base class forArr with history text formatter<ArrFormatter> and
must be a model of theArrangementInputFormatterand theArrangementOutputFormatterconcepts. It is used
to read or write the base arrangement, while the derived class is reponsible for reading and writing the set of
curves inducing the arrangement and maintaining the relations between these curves and the edges they induce.

#include<CGAL/IO/Arr with history text formatter.h>

Is Model for the Concepts

ArrWithHistoryInputFormatter
ArrWithHistoryOutputFormatter

See Also

read (page1234)
write (page1235)
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Chapter 18

2D Intersection of Curves
Baruch Zukerman, Ron Wein, and Efi Fogel
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18.1 Introduction

Let C = {C1,C2, . . . ,Cn} be a set of curves. We wish to compute all intersection points between two curves in
the set in an output-sensitive manner, without having to go over allO(n2) curve pairs. To this end, we sweep an
imaginary linel from x =−∞ to x = ∞ over the plane. While sweeping the plane, we keep track of the order of
curves intersecting it. This order changes at a finite number ofevent points, such that we only have to calculate
the intersection points between two curves when they become contiguous. For more details on thesweep-line
algorithmsee, for example, [dBvKOS00, Chapter 2].

This chapter describes three functions implemented using the sweep-line algorithm: given a collection of input
curves, compute all intersection points, compute the set of subcurves that are pairwise interior-disjoint induced
by them, and checking whether there is at least one pair of curves among them that intersect in their interior.

The implementation is robust. It supports general curves and handles all degenerate cases, including overlapping
curves, vertical segments, and tangency between curves. The robustness of the algorithm is guaranteed if the
functions are instantiated with a traits class that employs certified computations. This traits class must be a
model of theArrangementTraits2 concept — see the Chapter17 for more details.

The complexity of the sweep-line algorithm isO((n+k) logn) wheren is the number of the input curves andk
is the number of intersection points induced by these curves.

18.1.1 A Simple Program

The simple program listed below computes intersection points induced by a set of four input segments illustrated
in figure18.1.
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Figure 18.1: Four input segments
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//! \file examples/Arrangement_2/ex_sweep_line.C
// Computing intersection points among curves using the sweep line.

#include <CGAL/Cartesian.h>
#include <CGAL/MP_Float.h>
#include <CGAL/Quotient.h>
#include <CGAL/Sweep_line_2_algorithms.h>
#include <list>

typedef CGAL::Quotient<CGAL::MP_Float> NT;
typedef CGAL::Cartesian<NT> Kernel;
typedef Kernel::Point_2 Point_2;
typedef Kernel::Segment_2 Segment_2;

int main()
{

// Construct the input segments.
Segment_2 segments[] = {Segment_2 (Point_2 (1, 5), Point_2 (8, 5)),

Segment_2 (Point_2 (1, 1), Point_2 (8, 8)),
Segment_2 (Point_2 (3, 1), Point_2 (3, 8)),
Segment_2 (Point_2 (8, 5), Point_2 (8, 8))};

// Compute all intersection points.
std::list<Point_2> pts;

CGAL::get_intersection_points (segments, segments + 4,
std::back_inserter (pts));

// Print the result.
std::copy (pts.begin(), pts.end(),

std::ostream_iterator<Point_2>(std::cout, "\n"));

return (0);
}

Design and Implementation History

The current version of the sweep-line algorithm was written by Baruch Zukerman, based on previous imple-
mentations by Ester Ezra and Tali Zvi.
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This chapter describes three functions implemented using the sweep-line algorithm: given a collectionC of
planar curves, compute all intersection points among them, obtain the set of maximal pairwise interior-disjoint
subcurves of the curves inC , or check whether there is at least one pair of curves inC that intersect in their
interior.

The first two operations are performed in an output-sensitive manner.

Functions

CGAL::get intersectionpoints. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1334
CGAL::get subcurves. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1335
CGAL::do curvesintersect. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1336

18.2 Alphabetical List of Reference Pages

do curvesintersect. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1336
get intersectionpoints. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1334
get subcurves. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1335
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CGAL::get intersection points

#include<CGAL/Sweepline 2 algorithms.h>

template<class InputIterator, class OutputIterator, class Traits>
OutputIterator getintersectionpoints( InputIterator curvesbegin,

InputIterator curvesend,
OutputIterator points,
bool report endpoints = false,
Traits traits = Default traits())

given a range of curves, compute all intersection points
between two (or more) input curves. If the flagreport
endpointsis true, then the curve endpoints are reported
as well. The Traits type must be a model of the
ArrangementTraits2 concept, such that the value-type of
InputIterator is Traits::Curve 2, and the value-type ofOut-
putIterator is Traits::Point 2. The output points are reported
in an increasingxy-lexicographical order.
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CGAL::get subcurves

#include<CGAL/Sweepline 2 algorithms.h>

template<class InputIterator, class OutputIterator, class Traits>
OutputIterator getsubcurves( InputIterator curvesbegin,

InputIterator curvesend,
OutputIterator subcurves,
bool multipleoverlaps = false,
Traits traits = Default traits())

given a range of curves, compute allx-monotone sub-
curves that are pairwise disjoint in their interior, as in-
duced by the input curves. If the flagmultiple overlapsis
true, then a subcurve that represents an overlap ofk input
curves is reportedk times; otherwise, each subcurve is re-
ported only once. TheTraits type must be a model of the
ArrangementTraits2 concept, such that the value-type of
InputIterator is Traits::Curve 2, and the value-type ofOut-
putIterator is Traits::X monotonecurve 2.
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CGAL::do curves intersect

#include<CGAL/Sweepline 2 algorithms.h>

template<class InputIterator, class Traits>
bool do curvesintersect( InputIterator curvesbegin,

InputIterator curvesend,
Traits traits = Default traits())

given a range of curves, check whether there is at least one
pair of curves that intersect in their interior. The function
returnstrue if such a pair is found, andfalse if all curves
are pairwise disjoint in their interior.TheTraits type must be
a model of theArrangementTraits2 concept, such that the
value-type ofInputIterator is Traits::Curve 2.
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2D Snap Rounding
Eli Packer

Contents
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19.4 Four Line Segment Example . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .1338

19.1 Introduction

Snap Rounding (SR, for short) is a well known method for converting arbitrary-precision arrangements of
segments into a fixed-precision representation [GGHT97, GM98, Hob99]. In the study of robust geometric
computing, it can be classified as a finite precision approximation technique. Iterated Snap Rounding (ISR, for
short) is a modification of SR in which each vertex is at least half-the-width-of-a-pixel away from any non-
incident edge [HP02]. This package supports both methods. Algorithmic details and experimental results are
given in [HP02].

(a) (b)

Figure 19.1: An arrangement of segments before (a) and after (b) SR (hot pixels are shaded)
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19.2 What is Snap Rounding/Iterated Snap Rounding

Given a finite collectionS of segments in the plane, the arrangement ofS denotedA(S) is the subdivision of
the plane into vertices, edges, and faces induced byS . A vertexof the arrangement is either a segment endpoint
or the intersection of two segments. Given an arrangement of segments whose vertices are represented with
arbitrary-precision coordinates, the SR proceduresnaprounding 2<Traits,InputIterator,OutputContainer>
proceeds as follows. We tile the plane with a grid of unit squares,pixels, each centered at a point with in-
teger coordinates. A pixel ishot if it contains a vertex of the arrangement. Each vertex of the arrangement is
replaced by the center of the hot pixel containing it and each edgee is replaced by the polygonal chain through
the centers of the hot pixels met bye, in the same order as they are met bye. Figure19.1demonstrates the
results of SR.

In a snap-rounded arrangement, the distance between a vertex and a non-incident edge can be extremely small
compared with the width of a pixel in the grid used for rounding. ISR is a modification of SR which makes a
vertex and a non-incident edge well separated (the distance between each is at least half-the-width-of-a-pixel).
However, the guaranteed quality of the approximation in ISR degrades. Figure19.2depicts the results of SR
and ISR on the same input. Conceptually, the ISR procedure is equivalent to repeated application of SR, namely
we apply SR to the original set of segments, then we use the output of SR as input to another round of SR and
so on until all the vertices are well separated from non-incident edges. Algorithmically we operate differently,
as this repeated application of SR would have resulted in an efficient overall process. The algorithmic details
are given in [HP02].

19.3 Terms and Software Design

Our package supports both schemes, implementing the algorithm described in [HP02]. Although the paper only
describes an algorithm for ISR, it is easy to derive an algorithm for SR, by performing only the first rounding
level for each segment.

The input to the program is a setSof n segments,S= {s1, . . . ,sn} and the output is a setG of n polylines, with
a polylinegi for each input segmentssi . An input segment is given by the coordinates of its endpoints. An
output polyline is given by the ordered set of verticesv0, . . . ,vk along the polyline. The polyline consists of the
segments(v0v1), . . . ,(vk−1vk).

There are three template parameters:Traits is the underlying geometry, i.e., the number type used and the coor-
dinate representation.InputIterator is the type of the iterators that point to the first and after-the-last elements
of the input. Finally,OutputContaineris the type of the output container.

Since the algorithm requires kernel functionalities such as the rounding to the center of a pixel, a spe-
cial traits class must be provided. The precise description of the requirements is given by the concept
SnapRoundingTraits2. The classSnaprounding traits 2 is a model of this concept.

19.4 Four Line Segment Example

The following example generates an ISR representation of an arrangement of four line segments. In particular
it produces a list of points that are the vertices of the resulting polylines in a plane tiled with one-unit square
pixels.

#include <CGAL/basic.h>
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(b) (c)(a)

Figure 19.2: An arrangement of segments before (a), after SR (b) and ISR (c) (hot pixels are shaded).

#include <CGAL/Cartesian.h>
#include <CGAL/Quotient.h>
#include <CGAL/MP_Float.h>
#include <CGAL/Snap_rounding_traits_2.h>
#include <CGAL/Snap_rounding_2.h>

typedef CGAL::Quotient<CGAL::MP_Float> Number_type;
typedef CGAL::Cartesian<Number_type> Kernel;
typedef CGAL::Snap_rounding_traits_2<Kernel> Traits;
typedef Kernel::Segment_2 Segment_2;
typedef Kernel::Point_2 Point_2;
typedef std::list<Segment_2> Segment_list_2;
typedef std::list<Point_2> Polyline_2;
typedef std::list<Polyline_2> Polyline_list_2;

int main()
{

Segment_list_2 seg_list;
Polyline_list_2 output_list;

seg_list.push_back(Segment_2(Point_2(0, 0), Point_2(10, 10)));
seg_list.push_back(Segment_2(Point_2(0, 10), Point_2(10, 0)));
seg_list.push_back(Segment_2(Point_2(3, 0), Point_2(3, 10)));
seg_list.push_back(Segment_2(Point_2(7, 0), Point_2(7, 10)));

// Generate an iterated snap-rounding representation, where the centers of
// the hot pixels bear their original coordinates, using 5 kd trees:
CGAL::snap_rounding_2<Traits,Segment_list_2::const_iterator,Polyline_list_2>

(seg_list.begin(), seg_list.end(), output_list, 1.0);

int counter = 0;
Polyline_list_2::const_iterator iter1;
for (iter1 = output_list.begin(); iter1 != output_list.end(); ++iter1) {

std::cout << "Polyline number " << ++counter << ":\n";
Polyline_2::const_iterator iter2;
for (iter2 = iter1->begin(); iter2 != iter1->end(); ++iter2)
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std::cout << " (" << iter2->x() << ":" << iter2->y() << ")\n";
}

return(0);
}

This program generates four polylines, one for each input segment. The exact output follows:

Polyline number 1:
(0/4:0/4)
(12/4:12/4)
(20/4:20/4)
(28/4:28/4)
(40/4:40/4)

Polyline number 2:
(0/4:40/4)
(12/4:28/4)
(20/4:20/4)
(28/4:12/4)
(40/4:0/4)

Polyline number 3:
(12/4:0/4)
(12/4:12/4)
(12/4:28/4)
(12/4:40/4)

Polyline number 4:
(28/4:0/4)
(28/4:12/4)
(28/4:28/4)
(28/4:40/4)

The package is supplied with a graphical demo program that opens a window, allows the user to edit segments
dynamically, applies a selected snap-rounding procedures, and displays the result onto the same window (see
<CGAL ROOT>/demo/Snaprounding 2/demo.C).
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Snap Rounding is a method for converting arbitrary-precision arrangements of segments into a fixed-precision
representation.

19.5 Alphabetical List of Reference Pages

SnapRoundingTraits2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1344
snaprounding 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1342
Snaprounding traits 2<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1347
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CGAL::snap rounding 2

Definition

Snap Rounding (SR, for short) is a well known method for converting arbitrary-precision arrangements of
segments into a fixed-precision representation [GGHT97, GM98, Hob99]. In the study of robust geometric
computing, it can be classified as a finite precision approximation technique. Iterated Snap Rounding (ISR, for
short) is a modification of SR in which each vertex is at least half-the-width-of-a-pixel away from any non-
incident edge [HP02]. This package supports both methods. Algorithmic details and experimental results are
given in [HP02].

Given a finite collectionS of segments in the plane, the arrangement ofS denotedA(S) is the subdivision of
the plane into vertices, edges, and faces induced byS . A vertexof the arrangement is either a segment endpoint
or the intersection of two segments. Given an arrangement of segments whose vertices are represented with
arbitrary-precision coordinates, SR proceeds as follows. We tile the plane with a grid of unit squares,pixels,
each centered at a point with integer coordinates. A pixel ishot if it contains a vertex of the arrangement. Each
vertex of the arrangement is replaced by the center of the hot pixel containing it and each edgee is replaced by
the polygonal chain through the centers of the hot pixels met bye, in the same order as they are met bye.

In a snap-rounded arrangement, the distance between a vertex and a non-incident edge can be extremely small
compared with the width of a pixel in the grid used for rounding. ISR is a modification of SR which makes a
vertex and a non-incident edge well separated (the distance between each is at least half-the-width-of-a-pixel).
However, the guaranteed quality of the approximation in ISR degrades. For more details on ISR see [HP02].

The traits used here must support (arbitrary-precision) rational number type as this is a basic requirement of SR.

#include<CGAL/Snaprounding 2.h>

template< class Traits, class InputIterator, class OutputContainer>
void snaprounding 2( InputIterator begin,

InputIterator end,
OutputContainer& output container,
typename Traits::FT pixelsize,
bool do isr = true,
bool int output = true,
unsigned int numberof kd trees = 1)

The first two parameters denote the first and after-the-last iterators of the input segments. The third parameter
is a reference to a container of the output polylines. Since a polyline is composed of a sequence of points, a
polyline is a container itself. The fifth parameter determines whether to apply ISR or SR.

The forth parameter denotes the pixel sizew. The plane will be tiled with square pixels of widthw such that
the origin is the center of a pixel. The sixth parameter denotes the output representation. If the value of the
sixth parameter istrue then the centers of pixels constitute the integer grid, and hence the vertices of the output
polylines will be integers. For example, the coordinates of the center of the pixel to the right of the pixel
containing the origin will be(1,0) regardless of the pixel width. If the value of the sixth parameter isfalse,
then the centers of hot pixels (and hence the vertices of the output polylines) will bear their original coordinates,
which may not necessarily be integers. In the latter case, the coordinates of the center of the pixel to the right
of the pixel containing the origin, for example, will be(w,0).

The seventh (and last) parameter is briefly described next; for a detailed description see [HP02].
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A basic query used in the algorithm is to report the hot pixels of sizew that a certain segments intersects. An
alternative way to do the same is to query the hot pixels’ centers contained in a Minkowski sum ofswith a pixel
of width w centered at the origin; we denote this Minkowski sum byM(s). Since efficiently implementing this
kind of query is difficult, we use an orthogonal range-search structure instead. We query with the bounding box
B(M(s)) of M(s) in a two-dimensional kd-tree which stores the centers of hot pixels. SinceB(M(s)) in general
is larger thanM(s), we still need to filter out the hot pixels which do not intersects.

While this approach is easy to implement with CGAL, it may incur considerable overhead since the area of
B(M(s)) may be much larger than the area ofM(s), possibly resulting in many redundant hot pixels to filter out.
Our heuristic solution, which we describe next, is to use a cluster of kd-trees rather than just one. The cluster
includes several kd-trees, each has the plane, and hence the centers of hot pixels, rotated by a different angle
in the first quadrant of the plane; for our purpose, a rotation by angles outside this quadrant is symmetric to a
rotation by an angle in the first quadrant.

Given a parameterc, the angles of rotation are(i−1) π
2c, i = 1, . . . ,c, and we construct a kd-tree corresponding

to each of these angles. Then for a query segments, we choose the kd-tree for which the area ofB(M(s)) is
the smallest, in order to (potentially) get less hot pixels to filter out. Since constructing many kd-trees may be
costly, our algorithm avoids building a kd-tree which it expects to be queried a relatively small number of times
(we estimate this number in advance). How many kd-trees should be used? It is difficult to provide a simple
answer for that. There are inputs for which the time to build more than one kd-tree is far greater than the time
saved by having to filter out less hot pixels (sparse arrangements demonstrate this behavior), and there are inputs
which benefit from using several kd-trees. Thus, the user can control the number of kd-trees with the parameter
numberof kd trees. Typically, but not always, one kd-tree (the default) is sufficient.

advanced

Precondition: pixel sizemust have a positive value andnumberof kd treesmust be a positive integer.
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SnapRoundingTraits 2

Definition

The concept SnapRoundingTraits2 lists the set of requirements that must be fulfilled by an instance of theTraits
template-parameter of the functionsnaprounding 2<Traits,InputIterator,OutputContainer>(). This concept
provides the types of the geometric primitives used in this class and some function object types for the required
predicates on those primitives.

Refines

This concept refines the standard concepts DefaultConstructible, Assignable and CopyConstructible. It also
refines the conceptSweepLineTraits2 (page??). An instance of this concept is used as the traits class for the
Sweepline 2.get intersectionpoints()operation. The requirements listed below are induced by compnents of
thesnaprounding 2() function other than the call toSweepline 2.get intersectionpoints(). Naturally, some
of them may already be listed inSweepLineTraits2.

Types

SnapRoundingTraits2:: FT The number type. This type must fulfill the requirements on
FieldNumberType

SnapRoundingTraits2:: Point 2 The point type.
SnapRoundingTraits2:: Segment2 The segment type.
SnapRoundingTraits2:: Iso rectangle2 The iso-rectangle type.

SnapRoundingTraits2:: Constructvertex2 Function object. Must provide the operatorPoint 2
operator()(Segment2 seg, int i), which returns the source
or target ofseg. If i modulo 2 is 0, the source is returned,
otherwise the target is returned.

SnapRoundingTraits2:: Constructsegment2 Function object. Must provide the operatorSegment2
operator()(Point2 p, Point 2 q), which introduces a seg-
ment with sourcep and targetq. The segment is directed
from the source towards the target.

SnapRoundingTraits2:: Construct iso rectangle2

Function object. Must provide the operatorIso rectangle
2 operator()(Point2 left, Point 2 right, Point 2 bottom,
Point 2 top), which introduces an iso-oriented rectangle fo
whose minimalx coordinate is the one ofleft, the maximalx
coordinate is the one ofright, the minimaly coordinate is the
one ofbottom, the maximaly coordinate is the one oftop.

SnapRoundingTraits2:: To double Function object. Must provide the operatordouble opera-
tor()(FT), which computes an approximation of a given num-
ber of typeFT. The precision of this operation is of not high
significance, as it is only used in the implementation of the
heuristic technique to exploit a cluster of kd-trees rather than
just one.
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SnapRoundingTraits2:: Comparex 2 Function object. Must provide the operatorComparison
result operator()(Point2 p, Point 2 q) which returns
SMALLER, EQUALor LARGERaccording to thex-ordering
of pointsp andq.

SnapRoundingTraits2:: Comparey 2 Function object. Must provide the operatorComparison
result operator()(Point2 p, Point 2 q) which returns
SMALLER, EQUALor LARGERaccording to they-ordering
of pointsp andq.

SnapRoundingTraits2:: Snap2 Rounds a point to a center of a pixel (unit square) in the grid
used by the Snap Rounding algorithm. Note that no conver-
sion to an integer grid is done yet. Must have the syntaxvoid
operator()(Point2 p,FT pixelsize,FT&x,FT &y) wherep is
the input point,pixel sizeis the size of the pixel of the grid,
andx andy are thex andy-coordinates of the rounded point
respectively.

SnapRoundingTraits2:: Integer grid point 2 Convert coordinates into an integer representation where one
unit is equal to pixel size. For instance, if a point has the
coordinates(3.7,5.3) and the pixel size is 0.5, then the new
point will have the coordinates of(7,10). Note, however, that
the number type remains the same here, although integers are
represented. Must have the syntaxPoint 2 operator()(Point
2 p,NT pixelsize)wherep is the converted point andpixel
sizeis the size of the pixel of the grid.

SnapRoundingTraits2:: Minkowski sumwith pixel 2

Returns the vertices of a polygon, which is the Minkowski
sum of a segment and a square centered at the origin with
edge sizepixel edge. Must have the syntaxvoid opera-
tor()(std::list<Point 2>& verticeslist, Segment2 s, NT unit
square)whereverticeslist is the list of the vertices of the
Minkowski sum polygon,s is the input segment andunit
squareis the edge size of the pixel.

Creation

This concept refines the standard concepts DefaultConstructible, Assignable and CopyConstructible.

Operations

The following functions construct the required function objects occasionally referred as functors listed above.

Constructvertex2 traits.constructvertex2 object()
Constructsegment2 traits.constructsegment2 object()
Constructiso rectangle2 traits.constructiso rectangle2 object()

Comparex 2 traits.comparex 2 object()
Comparey 2 traits.comparey 2 object()
Snap2 traits.snap2 object()
Integer grid point 2 traits.integergrid point 2 object()
Minkowskisumwith pixel 2 traits.minkowskisumwith pixel 2 object()
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Has Models

CGAL::Snaprounding traits<Kernel>

See Also

CGAL::Snaprounding 2<Traits>
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CGAL::Snap rounding traits 2<Kernel>

The classSnaprounding traits 2<Kernel> is a model of theSnapRoundingTraits2 concept, and is the only
traits class supplied with the package. This class should be instantiated with an exact geometric kernel that
conforms to the CGAL kernel-concept, such as theCartesian<gmpq> kernel.

This geometric kernel must provide an (arbitrary-precision) rational number type (FT), Point 2, Segment2 and
Iso rectangle2. It should be possible to cast numbers of the number typeFT to double-precision representation.
That is, the functionCGAL::to double(FT)must be supported.

The CGAL::to double()function is used to implement the operation that rounds the coordinates of a point to
a center of a pixel. This operation is one of the traits-concept requirement. The coordinates are converted to
double, rounded down to the nearest grid point, and finally adjusted to lie on a center of a pixel. Notice that
if CGAL::to double()returns the closet value, then when it rounds up a given coordinate, the resulting ISR,
may be imprecise, and the distance between some vertex and a non-incident edge can be slightly less than the
guaranteed half-the width-of-a-pixel.

#include<CGAL/Snaprounding traits 2.h>

Is Model for the Concepts

SnapRoundingTraits2
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Part VII

Triangulations and Delaunay
Triangulations
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This chapter describes the two dimensional triangulations of CGAL. Section20.1recalls the main definitions
about triangulations. Sections20.2discusses the way two-dimensional triangulations are represented in CGAL

. Section20.3presents the overall software design of the 2D triangulations package. The next sections present
the different two dimensional triangulations classes available in CGAL : basic triangulations (section20.4),
Delaunay triangulations (Section20.5), regular triangulations (Section20.6), constrained triangulations (Sec-
tion 20.7), and constrained Delaunay triangulations (Section20.8). Section20.9describes a class which imple-
ments a constrained or constrained Delaunay triangulation with an additional data structure to describe how the
constraints are refined by the edges of the triangulations. Section20.10describes a hierarchical data structure
for fast point location queries. At last, Section20.11explains how the user can benefit from the flexibility of
CGAL triangulations using customized classes for faces and vertices.

20.1 Definitions

A two dimensional triangulation can be roughly described as a setT of triangular facets such that :
- two facets either are disjoint or share a lower dimensional face (edge or vertex).
- the set of facets inT is connected for the adjacency relation.
- the domainUT which is the union of facets inT has no singularity.

More precisely, a triangulation can be described as a simplicial complex. Let us first record a few definitions.

A simplicial complex is a setT of simplices such that
- any face of a simplex inT is a simplex inT
- two simplices inT either are disjoint or share a common subface.

The dimensiond of a simplicial complex is the maximal dimension of its simplices.
A simplicial complexT is pure if any simplex ofT is included in a simplex ofT with maximal dimension.
Two simplexes inT with maximal dimensiond are said to be adjacent if they share a(d− 1) dimensional
subface. A simplicial complex is connected if the adjacency relation defines a connected graph over the set of
simplices ofT with maximal dimension.
The unionUT of all simplices inT is called the domain ofT. A point p in the domain ofT is said to singular if
its surrounding inUT is neither a topological ball nor a topological disc.

Then, a two dimensional triangulation can be described as a two dimensional simplicial complex that is pure,
connected and without singularity.
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Each facet of a triangulation can be given an orientation which in turn induces an orientation on the edges
incident to that facet. The orientation of two adjacent facets are said to be consistent if they induce opposite
orientations on their common incident edge. A triangulation is said to be orientable if the orientation of each
facet can be chosen in such a way that all pairs of incident facets have consistent orientations.

The data stucture underlying CGAL triangulations allows to represent the combinatorics of any orientable two
dimensional triangulations without boundaries. On top of this data structure, the 2D triangulations classes take
care of the geometric embedding of the triangulation and are designed to handle planar triangulations. The plane
of the tiangulation may be embedded in a higher dimensional space.

The triangulations of CGAL are complete triangulations which means that their domain is the convex hull of
their vertices. Because any planar triangulation can be completed, this is not a real restriction. For instance, a
triangulation of a polygonal region can be constructed and represented as a subset of a constrained triangulation
in which the region boundary edges have been input as constrained edges (see Section20.7, 20.8and20.9).

Strictly speaking, the termfaceshould be used to design a face of any dimension, and the two-dimensional faces
of a triangulation should be properly calledfacets. However, following a common usage, we hereafter often call
faces, the facets of a two dimensional triangulation.

20.2 Representation

The set of faces

A 2D triangulation of CGAL can be viewed as a planar partition whose bounded faces are triangular and cover
the convex hull of the set of vertices. The single unbounded face of this partition is the complementary of the
convex hull. In many applications, such as Kirkpatrick’s hierarchy or incremental Delaunay construction, it is
convenient to deal with only triangular faces. Therefore, a fictitious vertex, called theinfinite vertexis added
to the triangulation as well asinfinite edgesand infinite facesincident to it.. Each infinite edge is incident to
the infinite vertex and to a vertex of the convex hull. Each infinite face is incident to the infinite vertex and to a
convex hull edge.

Therefore, each edge of the triangulation is incident to exactly two faces and the set of faces of a triangula-
tion is topologically equivalent to a two-dimensional sphere. This extends to lower dimensional triangulations
arising in degenerate cases or when the triangulations as less than three vertices. Including the infinite faces,
a one dimensional triangulation is a ring of edges and vertices topologically equivalent to a 1-sphere. A zero
dimensional triangulation, whose domain is reduced to a single point, is represented by two vertices that is
topologically equivalent to a 0-sphere.

Note that theinfinite vertexhas no significant coordinates and that no geometric predicate can be applied on it
nor on an infinite face.

A representation based on faces and vertices

Because a triangulation is a set of triangular faces with constant-size complexity, triangulations are not im-
plemented as a layer on top of a planar map. CGAL uses a proper internal representation of triangulations
based on faces and vertices rather than on edges. Such a representation saves storage space and results in faster
algorithms [BDTY00].

The basic elements of the representation are vertices and faces. Each triangular face gives access to its three
incident vertices and to its three adjacent faces. Each vertex gives access to one of its incident faces and through
that face to the circular list of its incident faces.
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Figure 20.1: Infinite vertex and infinite faces

i

f

neighbor(ccw(i))

cw(i)

neighbor(i)
ccw(i)

neighbor(cw(i))

Figure 20.2: Vertices and neighbors.

The three vertices of a face are indexed with 0, 1 and 2 in counterclockwise order. The neighbors of a face are
also indexed with 0,1,2 in such a way that the neighbor indexed byi is opposite to the vertex with the same
index. See Figure20.2, the functionsccw(i)andcw(i) shown on this figure compute respectivelyi +1 andi−1
modulo 3.

The edges are not explicitly represented, they are only implicitely represented through the adjacency relations
of two faces. Each edge has two implicit representations : the edge of a facef which is opposed to the vertex
indexedi, can be represented as well as an edge of theneighbor(i)of f .

20.3 Software Design

The triangulations classes of CGAL provide high-level geometric functionalities such as location of a point in
the triangulation, insertion or removal of a point. They are build as a layer on top of a data structure called
the triangulation data structure. The triangulation data structure can be thought of as a container for the faces
and vertices of the triangulation. This data structure also takes care of all the combinatorial aspects of the
triangulation.

This separation between the geometric aspect and the combinatorial part is reflected in the software design by
the fact that the triangulation classes have two template parameters :

• the first parameter stands for ageometric traitsclass providing the geometric primitives (points, segments
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Figure 20.3: The triangulations software design.

and triangles) of the triangulation and the elementary operations (predicate or constructions) on those
objects.

• the second parameter stands for atriangulation data structure class. The concept of triangulation data
structure is described in Section21.2of Chapter21. The triangulation data structure defines the types
used to represent the faces and vertices of the triangulation, as well as additional types (handles, iterators
and circulators) to access and visit the faces and vertices.

CGAL provides the classTriangulation data structure2<Vb,Fb> as a default model of triangulation data
structure. The classTriangulation data structure2<Vb,Fb> has two template parameters standing for a
vertex class and a face class. CGAL defines concepts for these template parameters and provide default
models for these concepts. The vertex and base classes are templated by the geometric traits which allows
them to have some knowledge of the geometric primitives of the triangulation. Those default vertex and
face base classes can be replaced by user customized base classes in order, for example, to deal with
additional properties attached to the vertices or faces of a triangulation. See section20.11 for more
details on the way to make use of this flexibility.

The Figure20.3 summarizes the design of the triangulation package, showing the three layers (base classes,
triangulation data structure and triangulation) forming this design.

The top triangulation level, responsible for the geometric embedding of the triangulation comes in different
flavors according to the different kind of triangulations: basic, Delaunay, regular, constrained or constrained
Delaunay. Each kind of triangulations correspond to a different class. Figure20.4summarizes the derivation
dependencies of CGAL 2D triangulations classes. Any 2D triangulation class is parametrized by a geometric
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Figure 20.4: The derivation tree of 2D triangulations.

traits and a triangulation data structure. While a unique conceptTriangulationDataStructure2 describes the
triangulation data structure requirements for any triangulation class, the concept of geometric traits actually
depends on the triangulation class. In general, the requirements for the vertex and face base classes are described
by the basic conceptsTriangulationVertexBase2 andTriangulationFaceBase2. However, some triangulation
classes requires base classes implementing refinements of the basic concepts.

20.4 Basic Triangulations

20.4.1 Description

The classTriangulation 2<Traits,Tds> serves as a base class for the other 2D triangulations classes and imple-
ments the user interface to a triangulation.

The vertices and faces of the triangulations are accessed throughhandles, iteratorsandcirculators. A handle
is a model of the conceptHandlewhich basically offers the two dereference operators* and-> . A circulator
is a type devoted to visit circular sequences. Handles are used whenever the accessed element is not part of a
sequence. Iterators and circulators are used to visit all or parts of the triangulation.

The iterators and circulators are all bidirectional and non mutable. The circulators and iterators are convertible
to the handles with the same value type, so that when calling a member function, any handle type argument can
be replaced by an iterator or a circulator with the same value type.

The triangulation class allows to visit the vertices and neighbors of a face in clockwise or counterclockwise
order.

There are circulators to visit the edges or faces incident to a given vertex or the vertices adjacent to it. Another
circulator type allows to visit all the faces traversed by a given line. Circulators step through infinite features as
well as through finite ones.

The triangulation class offers some iterators to visit all the faces, edges or vertices and also iterators to visit
selectively the finite faces, edges or vertices.
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Figure 20.5: Flip.

Figure 20.6: Flip.

The triangulation class provides methods to test the infinite character of any feature, and also methods to test
the presence in the triangulation of a particular feature (edge or face) given its vertices.

The triangulation class provides a method to locate a given point with respect to a triangulation. In particular,
this method reports wether the point coincides with a vertex of the triangulation, lies on an edge, in a face or
outside of the convex hull. In case of a degenerate lower dimensional triangulation, the query point may also lie
outside the triangulation affine hull.

The triangulation class also provides methods to locate a point with respect to a given finite face of the tri-
angulation or with respect to its circumcircle. The faces of the triangulation and their circimcircles have the
counterclockwise orientation.

The triangulation can be modified by several functions : insertion of a point, removal of a vertex, flipping of an
edge. The flipping of an edge is possible when the union of the two incident faces forms a convex quadrilateral
(see Figure20.6).

Implementation

Locate is implemented by a line walk. The walk begins at a vertex of the face which is given as an optional
argument or at an arbitrary vertex of the triangulation if no optional argument is given. It takes timeO(n)
in the worst case, but onlyO(

√
n) on average if the vertices are distributed uniformly at random. The class

Triangulation hierarchy 2<Traits,Tds>, described in section20.10, implements a data structure designed to
offer an alternate more efficient point location algorithm.

Insertion of a point is done by locating a face that contains the point, and splitting this face into three new faces.
If the point falls outside the convex hull, the triangulation is restored by flips. Apart from the location, insertion
takes a timeO(1). This bound is only an amortized bound for points located outside the convex hull.

Removal of a vertex is done by removing all adjacent triangles, and retriangulating the hole. Removal takes
a time at most proportionnal tod2, whered is the degree of the removed vertex, which isO(1) for a random
vertex.

The face, edge, and vertex iterators on finite features are derived from their counterparts visiting all (finite
and infinite) features which are themselves derived from the corresponding iterators of the triangulation data
structure.
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Geometric Traits

The geometric traits of a triangulation is required to provide the geometric objects (points, segments and tri-
angles) building up the triangulation together with the geometric predicates on those objects. The required
predicates are:
- comparison of thex or y coordinates of two points.
- the orientation test which computes the order type of three given point.

The conceptTriangulationTraits2 describes the requirements for the geometric traits class of a triangulation.
The CGAL kernel classes are models for this concept. The CGAL library also provides dedicated models of
TriangulationTraits2 using the kernel geometric objects and predicates. These classes are themselves tem-
plated with a CGAL kernel and extract the required types and predicates from the kernel. The traits class
Triangulation euclideantraits 2<R> is designed to deal with ordinary two dimensional points. The class
Triangulation euclideantraits xy 3<R> is a geometric traits class to build the triangulation of a terrain. Such
a triangulation is a two-dimensional triangulation embedded in three dimensional space. The data points are
three-dimensional points. The triangulation is build according to the projections of those points on thexyplane
and then lifted up to the original three-dimensional data points. This is especially usefull to deal with GIS
terrains. Instead of really projecting the three-dimensional points and maintaining a mapping between each
point and its projection (which costs space and is error prone), the traits class supplies geometric predicates that
ignore thez-coordinates of the points. See Section20.5 for an example. CGAL provides also the geometric
traits classesTriangulation euclideantraits yz 3<R> andTriangulation euclideantraits zx 3<R> to deal with
projections on thexzplane andyz-plane, respectively.

20.4.2 Example of a Basic Triangulation

The following program creates a triangulation of 2D points using the default kernelExact predicateinexact
constructionskernelas geometric traits and the default triangulation data structure. The input points are read
from a file and inserted in the triangulation. Finally points on the convex hull are written tocout.

// file: examples/Triangulation_2/triangulation_prog1.C

#include <fstream>

#include <CGAL/Exact_predicates_inexact_constructions_kernel.h>
#include <CGAL/Triangulation_2.h>

struct K : CGAL::Exact_predicates_inexact_constructions_kernel {};

typedef CGAL::Triangulation_2<K> Triangulation;
typedef Triangulation::Vertex_circulator Vertex_circulator;
typedef Triangulation::Point Point;

int main() {
std::ifstream in("data/triangulation_prog1.cin");
std::istream_iterator<Point> begin(in);
std::istream_iterator<Point> end;

Triangulation t;
t.insert(begin, end);

Vertex_circulator vc = t.incident_vertices(t.infinite_vertex()),
done(vc);
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if (vc != 0) {
do { std::cout << vc->point() << std::endl;
}while(++vc != done);

}
return 0;

}

20.5 Delaunay Triangulations

20.5.1 Description

The classDelaunaytriangulation 2<Traits,Tds> is designed to represent the Delaunay triangulation of a set
of data points in the plane. A Delaunay triangulation fulfills the followingempty circle property(also called
Delaunay property): the circumscribing circle of any facet of the triangulation contains no data point in its
interior. For a point set with no subset of four cocircular points the Delaunay triangulation is unique, it is dual
to the Voronoi diagram of the set of points.

The classDelaunaytriangulation 2<Traits,Tds> derives from the classTriangulation 2<Traits,Tds>.

The classDelaunaytriangulation 2<Traits,Tds> inherits the types defined by the basic classTriangulation 2<
Traits,Tds>. Additional types, provided by the traits class, are defined to represent the dual Voronoi diagram.

The classDelaunaytriangulation 2<Traits,Tds> overwrites the member functions that insert a new point in
the triangulation or remove a vertex from it to maintain the Delaunay property. It also has a member function
(Vertexhandle nearestvertex(const Point& p)) to answer nearest neighbor queries and member functions to
construct the elements (vertices and edges) of the dual Voronoi diagram.

Geometric traits

The geometric traits has to be a model of the conceptDelaunayTriangulationTraits2 which refines the concept
TriangulationTraits2. In particular this concept provides theside of orientedcircle predicate which, given
four pointsp,q,r,sdecides the position of the points with respect to the circle passing throughp, q andr. The
side of orientedcircle predicate actually defines the Delaunay triangulation. Changing this predicate allows to
build variant of Delaunay triangulations for different metrics such thatL1 or L∞ metric or any metric defined by
a convex object. However, the user of an exotic metric must be careful that the constructed triangulation has to
be a triangulation of the convex hull which means that convex hull edges have to be Delaunay edges. This is
granted for any smooth convex metric (likeL2) and can be ensured for other metrics (likeL∞) by the addition to
the point set of well chosen sentinel points.

The CGAL kernel classes and the classTriangulation euclideantraits 2<R> are models of the concept
DelaunayTriangulationTraits2 for the euclidean metric. The traits class for terrains,Triangulation euclidean
traits xy 3<R>,
Triangulation euclideantraits yz 3<R>, and
Triangulation euclideantraits zx 3<R>
are also models ofDelaunayTriangulationTraits2 excapt that they do not fulfills the requirements for the du-
ality functions and nearest vertex queries.

Implementation

The insertion of a new point in the Delaunay triangulation is performed using first the insertion member function
of the basic triangulation and second performing a sequence of flips to restore the Delaunay property. The
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number of flips that have to be performed isO(d) if the new vertex has degreed in the updated Delaunay
triangulation. For points distributed uniformly at random, each insertion takes timeO(1) on average, once the
point has been located in the triangulation.

Removal calls the removal in the triangulation and then retriangulates the hole created in such a way that the
Delaunay criterion is satisfied. Removal of a vertex of degreed takes timeO(d2). The degreed is O(1) for a
random vertex in the triangulation.

After having performed a point location, the nearest neighbor of a point is found in timeO(n) in the worst case,
but in timeO(1) for vertices distributed uniformly at random and any query point.

20.5.2 Example : a Delaunay Terrain

The following code creates a Delaunay triangulation with the usual Euclidean metric for the vertical projection
of a terrain model. The points have elevation, that is they are 3D points, but the predicates used to build the
Delaunay triangulation are computed using only thex andy coordinates of these points.

// file: examples/Triangulation_2/terrain.C

#include <CGAL/Exact_predicates_inexact_constructions_kernel.h>
#include <CGAL/Triangulation_euclidean_traits_xy_3.h>
#include <CGAL/Delaunay_triangulation_2.h>

#include <fstream>

struct K : CGAL::Exact_predicates_inexact_constructions_kernel {};

typedef CGAL::Triangulation_euclidean_traits_xy_3<K> Gt;
typedef CGAL::Delaunay_triangulation_2<Gt> Delaunay;

typedef K::Point_3 Point;

int main()
{

std::ifstream in("data/terrain.cin");
std::istream_iterator<Point> begin(in);
std::istream_iterator<Point> end;

Delaunay dt;
dt.insert(begin, end);
std::cout << dt.number_of_vertices() << std::endl;
return 0;

}

20.5.3 Example : Voronoi Diagram

The following code computes the edges of Voronoi diagram of a set of data points and counts the number of
finite edges and the number of rays of this diagram

// file: examples/Triangulation_2/Voronoi.C
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#include <CGAL/Exact_predicates_inexact_constructions_kernel.h>
#include <CGAL/Delaunay_triangulation_2.h>

#include <fstream>

struct K : CGAL::Exact_predicates_inexact_constructions_kernel {};

typedef CGAL::Delaunay_triangulation_2<K> Triangulation;
typedef Triangulation::Edge_iterator Edge_iterator;
typedef Triangulation::Point Point;

int main( )
{

std::ifstream in("data/voronoi.cin");
std::istream_iterator<Point> begin(in);
std::istream_iterator<Point> end;
Triangulation T;
T.insert(begin, end);

int ns = 0;
int nr = 0;
Edge_iterator eit =T.edges_begin();
for ( ; eit !=T.edges_end(); ++eit) {

CGAL::Object o = T.dual(eit);
K::Segment_2 s;
K::Ray_2 r;
if (CGAL::assign(s,o)) {++ns;}
if (CGAL::assign(r,o)) {++nr;}

}
std::cout << "The voronoi diagram as " << ns << "finite edges "

<< " and " << nr << " rays" << std::endl;
return 0;

}

20.6 Regular Triangulations

20.6.1 Description

Let PW = {(pi ,wi), i = 1, . . . ,n} be a set of weighted points where eachpi is a point and eachwi is a scalar
called the weight of pointpi . Alternatively, each weighted point(pi ,wi) can be regarded as a sphere (or a circle,
depending on the dimensionality ofpi) with centerpi and radiusr i =

√
wi .

The power diagram of the setPW is a space partition in which each cell corresponds to a sphere(pi ,wi) of PW
and is the locus of pointsp whose power with respect to(pi ,wi) is less than its power with respect to any other
sphere inPW. In the two-dimensional space, the dual of this diagram is a triangulation whose domain covers
the convex hull of the setP = {pi , i = 1, . . . ,n} of center points and whose vertices form a subset ofP. Such
a triangulation is called a regular triangulation. Three pointspi , p j and pk of P form a triangle in the regular
triangulation ofPW iff there is a pointp of the plane with equal powers with respect to(pi ,wi), (p j ,w j) and
(pk,wk) and such that this power is less than the power ofp with respect to any other sphere inPW.
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Let us defined the power product of two weighted points(pi ,wi) and(p j ,w j) as:

Π(pi ,wi , p j ,w j) = pi p
2
j −wi−w j .

Π(pi ,wi , p j ,0) is simply the power of pointp j with respect to the sphere(pi ,wi), and two weighted points are
said to be orthogonal if their power product is null. The power circle of three weighted points(pi ,wi), (p j ,w j)
and(pk,wk) is defined as the unique circle(π,ω) orthogonal to(pi ,wi), (p j ,w j) and(pk,wk).

The regular triangulation of the setsPW satisfies the followingregular property(which just reduces to the
Delaunay property when all the weights are null): a trianglepi p j pk is a face of the regular triangulation of
PW iff the power product of any weighted point(pl ,wl ) of PW with the power circle of(pi ,wi), (p j ,w j) and
(pk,wk) is positive or null. We call power test of(pi ,wi), (p j ,w j), (pk,wk), and(pl ,wl ), the predicates which
amount to compute the sign of the power product of(pl ,wl ) with respect to the power circle of(pi ,wi), (p j ,w j)
and(pk,wk). This predicate amounts to computing the sign of the following determinant∣∣∣∣∣∣∣∣

1 xi yi x2
i +y2

i −wi

1 x j y j x2
j +y2

j −w j

1 xk yk x2
k +y2

k−wk

1 xl yl x2
l +y2

l −wl

∣∣∣∣∣∣∣∣
A pair of neighboring facespi p j pk andpi p j pl is said to be locally regular (with respect to the weights inPW) if
the power test of(pi ,wi), (p j ,w j), (pk,wk), and(pl ,wl ) is positive. A classical result of computational geometry
establishes that a triangulation of the convex hull ofP such that any pair of neighboring faces is regular with
respect toPW, is a regular triangulation ofPW.

Alternatively, the regular triangulation of the weighted points setPW can be obtained as the projection on the
two dimensional plane of the convex hull of the set of three dimensional pointsP′ = {(pi , p2

i −wi), i = 1, . . . ,n}.

The classRegular triangulation 2<Traits, Tds> is designed to maintain the regular triangulation of a set of 2d
weighted points. It derives from the classTriangulation 2<Traits, Tds>. The functionsinsert andremoveare
overwritten to handle weighted points and maintain the regular property. The vertices of the regular triangulation
of a set of weighted pointsPW correspond only to a subset ofPW. Some of the input weigthed points have no
cell in the dual power diagrams and therefore do not correspond to a vertex of the regular triangulation. Such a
point is called a hidden point. Because hidden points can reappear later on as vertices when some other point
is removed, they have to be stored somewhere. The regular triangulation store those points in special vertices,
called hidden vertices. A hidden point can reappear as vertex of the triangulation only when the two dimensional
face that hides it is removed from the triangulation. To deal with this feature, each face of a regular triangulation
stores a list of hidden vertices. The points in those vertices are reinserted in the triangulation when the face is
removed.

Regular triangulation have member functions to construct the vertices and edges of the dual power diagrams.

The geometric traits

The geometric traits of a regular triangulation must provide a weighted point type and a power test
on these weighted points. The conceptRegularTriangulationTraits2, is a refinement of the concept
TriangulationTraits2. CGAL provides the classRegular triangulation euclideantraits 2<Rep,Weight> which
is a model for the traits conceptRegularTriangulationTraits2. The classRegular triangulation euclidean
traits 2<Rep,Weight> derives from the classTriangulation euclideantraits 2<Rep> and uses aWeightedpoint
type derived from the typePoint 2 of Triangulation euclideantraits 2<Rep>.

Note that, since the typeWeightedpoint is not defined in CGAL kernels, plugging a filtered kernel such
as Exact predicatesexactconstructionskernel in Regular triangulation euclideantraits 2<K,Weight> will
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in fact not provide exact predicates on weighted points.To solve this, there is also another model of the
traits concept,Regular triangulation filtered traits 2<FK>, which is providing filtered predicates (exact and
efficient). The argumentFK must be a model of theKernelconcept, and it is also restricted to be a instance of
theFiltered kerneltemplate.

The Vertex type and Face Type of a Regular Triangulation

The base vertex type of a regular triangulation includes a boolean to mark the hidden state of the ver-
tex. Therefore CGAL defines the conceptRegularTriangulationVertexBase2 which refine the concept
TriangulationVertexBase2 and provides a default model for this concept.

The base face type of a regular triangulation is required to provide a list of hidden vertices, designed to store
the points hidden by the face. It has to be a model of the conceptRegularTriangulationFaceBase2. CGAL

provides the templated classRegular triangulation face base2<Traits> as a default base class for faces of
regular triangulations.

20.6.2 Example : a Regular Triangulation

The following code creates a regular triangulation of a set of weighted points and ouput the number of vertices
and the number of hidden vertices.

// file: examples/Triangulation_2/regular.C

#include <CGAL/Exact_predicates_inexact_constructions_kernel.h>
#include <CGAL/Regular_triangulation_euclidean_traits_2.h>
#include <CGAL/Regular_triangulation_filtered_traits_2.h>
#include <CGAL/Regular_triangulation_2.h>

#include <fstream>

typedef CGAL::Exact_predicates_inexact_constructions_kernel K;
typedef CGAL::Regular_triangulation_filtered_traits_2<K> Traits;
typedef CGAL::Regular_triangulation_2<Traits> Regular_triangulation;

int main()
{

Regular_triangulation rt;
std::ifstream in("data/regular.cin");

Regular_triangulation::Weighted_point wp;
int count = 0;
while(in >> wp){

count++;
rt.insert(wp);

}
rt.is_valid();
std::cout << "number of inserted points : " << count << std::endl;
std::cout << "number of vertices : " ;
std::cout << rt.number_of_vertices() << std::endl;
std::cout << "number of hidden vertices : " ;
std::cout << rt.number_of_hidden_vertices() << std::endl;
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return 0;
}

20.7 Constrained Triangulations

A constrained triangulation is a triangulation of a set of points that has to include among its edges a given set of
segments joining the points. The corresponding edges are calledconstrained edges.

The endpoints of constrained edges are of course vertices of the triangulation. However the triangulation may
include include other vertices as well. There are three versions of constrained triangulations.

• In the basic version, the constrained triangulation does not handle intersecting constraints, and the set of
input constraints is required to be a set of segments that do not intersect except possibly at their endpoints.
Any number of constrained edges are allowed to share the same endpoint. Vertical constrained edges or
constrained edges with null length are allowed.

• The two other versions support intersecting input constraints. In those versions, input constraints are al-
lowed to be intersecting, overlapping or partially overlapping segments. The triangulation introduces ad-
ditional vertices at each point that is the proper intersection points of two constraints. A single constraint
intersecting other constraints will then appear as several edges in the triangulation. The two versions
dealing with intersecting constraints differ in the way intersecting constraints are dealt with.

– One of them is designed to be robust when predicates are evaluated exactly but constructions (i. e.
intersection computations) are approximative.

– The other one is designed to be used with exact arithmetic (meaning exact evaluation of predi-
cates and exact computation of intersections.) This last version finds its full efficiency when used
in conjunction with a constraint hierarchy data structure (which allows one to avoid the cascad-
ing of intersection computations) as provided in the classConstrainedtriangulation plus 2. See
section20.9.

A constrained triangulation is represented in the CGAL library as an object of the classConstrained
triangulation 2<Traits,Tds,Itag>. The third parameterItag is the intersection tag which serves to choose how
intersecting constraints are dealt with. This parameter has to be instantiated by one of the following classes :
CGAL::No intersectiontagwhen input constraints do not intersect
CGAL::Exactpredicatestag if the geometric traits provides exact predicates but approximative constructions
CGAL::Exact intersectionstagwhen an exact predicates and exact constructions are provided.

The classConstrainedtriangulation 2<Traits,Tds, Itag> inherits fromTriangulation 2<Traits,Tds>. It defines
an additional typeConstraintto represent the constraints. A constraint is represented as a pair of points.

A constrained triangulation can be created from a list of constrained edges. The classConstrained
triangulation 2<Traits,Tds,Itag> overrides the insertion and removal of a point to take care of the information
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Figure 20.7: Constrained and Constrained Delaunay triangulation : the constraining edges are the green edges,
a constrained triangulation is shown on the left, the constrained Delaunay triangulation with two examples of
circumcircles is shown on the right.

about constrained edges. The class also allows inline insertion of a new constraint, given by its two endpoints
or the removal of a constraint.

The Geometric Traits

The geometric traits of a constraint triangulation has to be a model of the conceptTriangulationTraits2. When
intersections of input constraints are supported, the geometric traits class has to be a model of the concept
ConstrainedTriangulationTraits2 which refines the conceptTriangulationTraits2 providing additional func-
tion object types to compute the intersection of two segments.

The Base Face of a Constrained Triangulation

The information about constrained edges is stored in the faces of the triangulation. The base face of a Con-
strained Triangulation has to be a model for the conceptConstrainedTriangulationFaceBase2 which refines
the conceptTriangulationFaceBase2. The conceptConstrainedTriangulationFaceBase2 requires member
functions the get and set the constrained status of the edges.

CGAL provides a default base face class for constrained triangulations. This class, namedConstrained
triangulation face base2<Traits>, derives from the classTriangulation face base2<Traits> and adds three
booleans to store the status of its edges.

20.8 Constrained Delaunay Triangulations

A constrained Delaunay triangulation is a triangulation with constrained edges which tries to be as much De-
launay as possible. As constrained edges are not necessarily Delaunay edges, the triangles of a constrained
Delaunay triangulation do not necessarily fulfill the empty circle property but they fulfill a weakerconstrained
empty circle property. To state this property, it is convenient to think of constrained edges as blocking the view.
Then, a triangulation is constrained Delaunay iff the circumscribing circle of any facet encloses no vertex visible
from the interior of the facet. As in the case of constrained triangulations, three different versions of Delaunay
constrained triangulations are provided. The first version handle set of constraints which do not intersect except
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possibly at the endpoints. The two other versions handle intersecting input constraints. One of them is designed
to be designed to be robust when used in conjunction with a geometric traits providing exact predicates and ap-
proximative constructions (such as aCGAL::Filtered Kernelor any kernel providing filtered exact predicates).
The third version is designed to be used with an exact arithmetic number type.

The CGAL classConstrainedDelaunaytriangulation 2<Traits,Tds,Itag> is designed to represent constrained
Delaunay triangulations.

As in the case of constraints triangulation, the third parameterItag is the intersection tag and serves to choose
how intersecting constraints are dealt with. It can be instantiated with one of the following class :CGAL::No
intersectiontag, CGAL::Exactpredicatestag, CGAL::Exact intersectionstag (see Section20.7.

A constrained Delaunay triangulation is not a Delaunay triangulation but it is a constrained triangulation. There-
fore the classConstrainedDelaunaytriangulation 2<Traits,Tds,Itag> derives from the classConstrained
triangulation 2<Traits,Tds,Itag>.

The constrained Delaunay triangulation has member functions to override the insertion and removal of a point
or of a constraint. Each of those member function takes care to restore the constrained empty circle property.

The Geometric Traits

The geometric traits of a constrained Delaunay triangulation is required to provide theside of oriented
circle predicate as the geometric traits of a Delaunay triangulation and has to a model of the concept
DelaunayTriangulationTraits2. When intersecting input constraints are supported the geometric traits is fur-
ther required to provide function objects to compute constraints intersections. Then the geometric traits has to
be at the same time a model of the conceptConstrainedTriangulationTraits2.

The face base class

Information about the status (constrained or not) of the edges of the triangulation has to be stored in
the face class and the base face class of a constrained Delaunay triangulation has to be a model of
ConstrainedTriangulationFaceBase2.

20.8.1 Example : a constrained Delaunay triangulation

The following code inserts a set of intersecting constraint segments into a triangulation and counts the number
of constrained edges of the resulting triangulation.

// file : examples/Triangulation_2/constrained.C

#include <CGAL/Exact_predicates_inexact_constructions_kernel.h>
#include <CGAL/Constrained_Delaunay_triangulation_2.h>

struct K : CGAL::Exact_predicates_inexact_constructions_kernel {};

typedef CGAL::Triangulation_vertex_base_2<K> Vb;
typedef CGAL::Constrained_triangulation_face_base_2<K> Fb;
typedef CGAL::Triangulation_data_structure_2<Vb,Fb> TDS;
typedef CGAL::Exact_predicates_tag Itag;
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typedef CGAL::Constrained_Delaunay_triangulation_2<K, TDS, Itag> CDT;
typedef CDT::Point Point;

int
main( )
{

CDT cdt;
std::cout << "Inserting a grid of 5x5 constraints " << std::endl;
for (int i = 1; i < 6; ++i)

cdt.insert_constraint( Point(0,i), Point(6,i));
for (int j = 1; j < 6; ++j)

cdt.insert_constraint( Point(j,0), Point(j,6));

assert(cdt.is_valid());
int count = 0;
for (CDT::Finite_edges_iterator eit = cdt.finite_edges_begin();

eit != cdt.finite_edges_end();
++eit)

if (cdt.is_constrained(*eit)) ++count;
std::cout << "The number of resulting constrained edges is ";
std::cout << count << std::endl;
return 0;

}

20.9 Constrained Triangulations Plus

The classConstrainedtriangulation plus 2<Tr> provides a constrained triangulation with an additional data
structure called the constraint hierarchy that keeps track of the input constraints and of their refinement in the
triangulation. The classConstrainedtriangulation plus 2<Tr> inherits from its template parameter Tr, which
has to be instantiated by a constrained or constrained Delaunay triangulation. According to its intersection
tag, the base class will support intersecting input constraints or not. When intersections of input constraints
are supported, the base class constructs a triangulation of the arrangement of the constraints, introducing new
vertices at each proper intersection points and refining the input constraints into subconstraints which appear as
edges (more precisely as constrained edges) of the triangulation. The data structure maintains for each input
constraint the sequence of intersection vertices added on this constraint. The constraint hierarchy also allows
the user to retrieve the set of constrained edges of the triangulation, and for each constrained edge, the set of
input constraints that overlap it.

The classConstrainedtriangulation plus 2<Tr> is especially useful when the base constrained triangulation
class handles intersections of constraints and uses an exact number type, i.e. when its intersection tag is
CGAL::Exact intersectionstag. Indeed in this case, theConstrainedtriangulation plus 2<Tr> is specially
designed to avoid cascading in the computations of intersection points.

20.9.1 Example : Building a triangulated arrangement of segments

The following code inserts a set of intersecting constraint segments into a triangulation and counts the number
of constrained edges of the resulting triangulation.

// file: examples/Triangulation_2/constrained_plus.C
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#include <CGAL/Exact_predicates_exact_constructions_kernel.h>
#include <CGAL/intersections.h>
#include <CGAL/Constrained_Delaunay_triangulation_2.h>
#include <CGAL/Constrained_triangulation_plus_2.h>

struct K : CGAL::Exact_predicates_exact_constructions_kernel {};

typedef CGAL::Triangulation_vertex_base_2<K> Vb;
typedef CGAL::Constrained_triangulation_face_base_2<K> Fb;
typedef CGAL::Triangulation_data_structure_2<Vb,Fb> TDS;
typedef CGAL::Exact_intersections_tag Itag;
typedef CGAL::Constrained_Delaunay_triangulation_2<K,TDS,Itag> CDT;
typedef CGAL::Constrained_triangulation_plus_2<CDT> CDTplus;
typedef CDTplus::Point Point;

int
main( )
{

CDTplus cdt;
std::cout << "Inserting a grid 5 x 5 of constraints " << std::endl;
for (int i = 1; i < 6; ++i)

cdt.insert_constraint( Point(0,i), Point(6,i));
for (int j = 1; j < 6; ++j)

cdt.insert_constraint( Point(j,0), Point(j,6));

assert(cdt.is_valid());
int count = 0;
for (CDTplus::Subconstraint_iterator scit = cdt.subconstraints_begin();

scit != cdt.subconstraints_end();
++scit) ++count;

std::cout << "The number of resulting constrained edges is "
<< count << std::endl;

return 0;
}

20.10 The Triangulation Hierarchy

The classTriangulation hierarchy 2<Tr> implements a triangulation augmented with a data structure to answer
efficiently point location queries. The data structure is a hierarchy of triangulations. The triangulation at the
lowest level is the original triangulation where operations and point location are to be performed. Then at
each succedding level, the data structure stores a triangulation of a small random sample of the vertices of the
triangulation at the preceeding level. Point location is done through a top down nearest neighbor query. The
nearest neighbor query is first performed naively in the top level triangulation. Then, at each following level,
the nearest neighbor at that level is found through a linear walk performed from the nearest neighbor found at
the preceeding level. Because the number of vertices in each triangulation is only a small fraction of the number
of vertices of the preceeding triangulation, the data structure remains small and achieves fast point location
queries on real data. As proved in [Dev98], this structure has an optimal behaviour when it is built for Delaunay
triangulations. However it can be used as well for other triangulations and the classTriangulation hierarchy
2<Tr> is templated by a parameter which is to be instantiated by one of the CGAL triangulation classes.

The classTriangulation hierarchy 2<Tr> inherits from the triangulation type passed as template parameterTr.
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The insert and remove member functions are overwritten to update the data structure at each operation. The
locate queries are also overwritten to take advantage of the data structure for a fast processing.

The Vertex of a Triangulation Hierarchy

The base vertex class of a triangulation hierarchy has to be a model of the concept
TriangulationHierarchyVertexBase2 which extends the conceptTriangulationVertexBase2. This ex-
tension adds access and setting member functions for two pointers to the corresponding vertices in the
triangulations of the next and preceeding levels.

CGAL provides the classTriangulation hierarchy vertexbase2<Vb> which is a model for the concept
TriangulationHierarchyVertexBase2. This class is templated by a parameterVb which is to be instantiated
by a model of the conceptTriangulationVertexBase2. The classTriangulation hierarchy vertexbase2<Vb>
inherits from its template parameterVb. This design allows to use forVbeither the default vertex class or a user
customized vertex class with additional functionalities.

20.10.1 Examples of the Use of a Triangulation Hierarchy

The following program is example of the standard use of a triangulation hierarchy to enhance the efficiency of
a Delaunay triangulation. The program output the number of vertices at the different levels of the hierarchy.

// file: examples/Triangulation_2/hierarchy.C

#include <CGAL/Exact_predicates_inexact_constructions_kernel.h>
#include <CGAL/Delaunay_triangulation_2.h>
#include <CGAL/Triangulation_hierarchy_2.h>
#include <CGAL/point_generators_2.h>
#include <CGAL/algorithm.h>
#include <cassert>

struct K : CGAL::Exact_predicates_inexact_constructions_kernel {};

typedef CGAL::Triangulation_vertex_base_2<K> Vbb;
typedef CGAL::Triangulation_hierarchy_vertex_base_2<Vbb> Vb;
typedef CGAL::Triangulation_face_base_2<K> Fb;
typedef CGAL::Triangulation_data_structure_2<Vb,Fb> Tds;
typedef CGAL::Delaunay_triangulation_2<K,Tds> Dt;
typedef CGAL::Triangulation_hierarchy_2<Dt> Triangulation;
typedef Triangulation::Point Point;
typedef CGAL::Creator_uniform_2<double,Point> Creator;

int main( )
{

std::cout << "insertion of 1000 random points" << std::endl;
Triangulation t;
CGAL::Random_points_in_square_2<Point,Creator> g(1.);
CGAL::copy_n( g, 1000, std::back_inserter(t));

//verbose mode of is_valid ; shows the number of vertices at each level
std::cout << "The number of vertices at successive levels" << std::endl;
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assert(t.is_valid(true));

return 0;
}

The following program shows how to use a triangulation hierachy in conjunction with a constrained triangulation
plus.

// file: examples/Triangulation_2/constrained_hierarchy_plus.C

#include <CGAL/Exact_predicates_inexact_constructions_kernel.h>
#include <CGAL/Constrained_Delaunay_triangulation_2.h>
#include <CGAL/Triangulation_hierarchy_2.h>
#include <CGAL/Constrained_triangulation_plus_2.h>

struct K : CGAL::Exact_predicates_inexact_constructions_kernel {};

typedef CGAL::Triangulation_vertex_base_2<K> Vbb;
typedef CGAL::Triangulation_hierarchy_vertex_base_2<Vbb> Vb;
typedef CGAL::Constrained_triangulation_face_base_2<K> Fb;
typedef CGAL::Triangulation_data_structure_2<Vb,Fb> TDS;
typedef CGAL::Exact_predicates_tag Itag;
typedef CGAL::Constrained_Delaunay_triangulation_2<K,TDS,Itag> CDT;
typedef CGAL::Triangulation_hierarchy_2<CDT> CDTH;
typedef CGAL::Constrained_triangulation_plus_2<CDTH> Triangulation;

typedef Triangulation::Point Point;

int
main( )
{

Triangulation cdt;
std::cout << "Inserting a grid 5 x 5 of constraints " << std::endl;

for (int i = 1; i < 6; ++i)
cdt.insert_constraint( Point(0,i), Point(6,i));
for (int j = 1; j < 6; ++j)
cdt.insert_constraint( Point(j,0), Point(j,6));

int count = 0;
for (Triangulation::Subconstraint_iterator scit = cdt.subconstraints_begin();

scit != cdt.subconstraints_end();
++scit) ++count;

std::cout << "The number of resulting constrained edges is ";
std::cout << count << std::endl;

//verbose mode of is_valid ; shows the number of vertices at each level
std::cout << "The number of vertices at successive levels" << std::endl;
assert(cdt.is_valid(true));

return 0;
}
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Figure 20.8: The cyclic dependency in triangulations software design.

20.11 Flexibility: Using Customized Vertices and Faces

To be able to adapt to various needs, a highly flexible design has been selected for 2D triangulations. We have
already seen that the triangulation classes have two parameters : a geometric traits class and a triangulation data
structure class which the user can instantiate with his own customized classes.

The most useful flexibility however comes from the fact that the triangulation data structure itself has two
template parameters to be instantiated by classes for the vertices and faces of the triangulation. Using his own
customized classes to instantiate these parameters, the user can easily build up a triangulation with additional
information or functionality in the vertices and faces.

A cyclic dependency

To insure flexibility, the triangulation data structure is templated by the vertex and face base classes. Also since
incidence and adjacency relations are stored in vertices and faces, the base classes have to know the types of
handles on vertices and faces provided by the triangulation data structure. Thus the vertex and base classes have
to be themselves parameterized by the triangulation data structure, and there is a cyclic dependency on template
parameter.

Previously, this cyclic dependency was avoided by using onlyvoid* pointers in the interface of base classes.
Thesevoid* were converted to appropriate types at the triangulation data structure levels. This solution had
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some drawbacks : mainly the user could not add in the vertices or faces of the triangulation a functionality
related to types defined by the triangulation data structure, for instance a handle to a vertex, and he was lead
to use himselfvoid* pointers). The new solution to resolve the template dependency is based on a rebind
mechanism similar to the mechanism used in the standard allocator class std::allocator. The rebind mechanism
is described in Section21.3of Chapter21. For now, we will just notice that the design requires the existence
in the vertex and face base classes of a nested template classRebindTDSdefining a typeOther used by the
rebinding mechanism.

The two following examples show how the user can put in use the flexibility offered by the base classes param-
eters.

Adding colors

The first example corresponds to a case where the user wishes to add in the vertices or faces of the triangu-
lation an additional information that does not depend on types provided by the triangulation data structure.
In that case, predefined classesTriangulation vertexbasewith info 2<Info,Traits,Vb> or Triangulation face
basewith info 2<Info,Traits,Vb> can be used. Those classes have a template parameterInfo devoted to handle
additional information. The following examples shows how to add aCGAL::Color in the triangulation faces.

// file : examples/Triangulation_2/colored_face.C

#include <CGAL/Exact_predicates_inexact_constructions_kernel.h>
#include <CGAL/IO/Color.h>
#include <CGAL/Triangulation_2.h>
#include <CGAL/Triangulation_face_base_with_info_2.h>

struct K : CGAL::Exact_predicates_inexact_constructions_kernel {};

typedef CGAL::Triangulation_vertex_base_2<K> Vb;
typedef CGAL::Triangulation_face_base_with_info_2<CGAL::Color,K> Fb;
typedef CGAL::Triangulation_data_structure_2<Vb,Fb> Tds;
typedef CGAL::Triangulation_2<K,Tds> Triangulation;

typedef Triangulation::Face_handle Face_handle;
typedef Triangulation::Finite_faces_iterator Finite_faces_iterator;
typedef Triangulation::Point Point;

int main() {
Triangulation t;
t.insert(Point(0,1));
t.insert(Point(0,0));
t.insert(Point(2,0));
t.insert(Point(2,2));

Finite_faces_iterator fc = t.finite_faces_begin();
for( ; fc != t.finite_faces_end(); ++fc) fc->info() = CGAL::BLUE;

Point p(0.5,0.5);
Face_handle fh = t.locate(p);
fh->info() = CGAL::RED;

return 0;
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}

Adding handles

The second example shows how the user can still derive and plug in his own vertex or face class when he would
like to have additional functionalities depending on types provided by the triangulation data structure.

// file : examples/Triangulation_2/adding_handles.C

#include <CGAL/Exact_predicates_inexact_constructions_kernel.h>
#include <CGAL/Triangulation_2.h>
#include <cassert>

/* A facet with an additionnal handle */
template < class Gt, class Vb = CGAL::Triangulation_vertex_base_2<Gt> >
class My_vertex_base

: public Vb
{

typedef Vb Base;
public:

typedef typename Vb::Vertex_handle Vertex_handle;
typedef typename Vb::Face_handle Face_handle;
typedef typename Vb::Point Point;

template < typename TDS2 >
struct Rebind_TDS {

typedef typename Vb::template Rebind_TDS<TDS2>::Other Vb2;
typedef My_vertex_base<Gt,Vb2> Other;

};

private:
Vertex_handle va_;

public:
My_vertex_base() : Base() {}
My_vertex_base(const Point & p) : Base(p) {}
My_vertex_base(const Point & p, Face_handle f) : Base(f,p) {}
My_vertex_base(Face_handle f) : Base(f) {}

void set_associated_vertex(Vertex_handle va) { va_ = va;}
Vertex_handle get_associated_vertex() {return va_ ; }

};

struct K : CGAL::Exact_predicates_inexact_constructions_kernel {};

typedef My_vertex_base<K> Vb;
typedef CGAL::Triangulation_data_structure_2<Vb> Tds;
typedef CGAL::Triangulation_2<K,Tds> Triangulation;

typedef Triangulation::Vertex_handle Vertex_handle;
typedef Triangulation::Finite_faces_iterator Finite_faces_iterator;
typedef Triangulation::Point Point;
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int main() {
Triangulation t;
Vertex_handle v0 = t.insert(Point(0,1));
Vertex_handle v1 = t.insert(Point(0,0));
Vertex_handle v2 = t.insert(Point(2,0));
Vertex_handle v3 = t.insert(Point(2,2));

// associate vertices as you like
v0->set_associated_vertex(v1);
v1->set_associated_vertex(v2);
v2->set_associated_vertex(v3);
v3->set_associated_vertex(v0);
assert( v0->get_associated_vertex() == v1);

return 0;
}

20.12 Design and Implementation History

The code of this package is the result of a long development process. Here follows a tentative list of people
who added their stone to this package : Jean-Daniel Boissonnat, Hervé Brönnimann, Olivier Devillers, Andreas
Fabri, Fŕed́eric Fichel, Julia Fl̈ototto, Monique Teillaud and Mariette Yvinec.
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A triangulation is a 2-dimensional simplicial complex which is pure connected and without singularities. Thus
a triangulation can be viewed as a collection of triangular faces, such that two faces either have an empty
intersection or share an edge or a vertex.

The basic elements of the representation are vertices and faces. Each triangular face gives access to its three
incident vertices and to its three adjacent faces. Each vertex gives access to one of its incident faces and
through that face to the circular list of its incident faces. The edges are not explicitely represented, they are only
represented through the adjacencies relations of two faces.

The triangulation classes of CGAL depend on two template parameters. The first template parameter stands
for a geometric traits class which is assumed to provide the geometric objects (points, segments and triangles)
forming the triangulation and the geometric predicates on those objects. The second template parameter stands
for a model of triangulation data structure acting as a container for faces and vertices while taking care of the
combinatorial aspects of the triangulation. The concepts and models relative to the triangulation data structure
are described in Chapter21.
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ConstrainedDelaunayTriangulationTraits 2

Definition

The concept ConstrainedDelaunayTriangulationTraits2 defines the requirements for the geometric traits
class of a constrained Delaunay triangulation that supports intersections of input constraints. This is
the case when the template parameterItag of ( ConstrainedDelaunaytriangulation 2<Traits,Tds,Itag>)
is instantiated by one of the tag classesExact intersectionstag or Exact predicatestag). The concept
ConstrainedDelaunayTriangulationTraits2 refines both the conceptDelaunayTriangulationTraits2 and the
conceptConstrainedTriangulationTraits2.

Refines

DelaunayTriangulationTraits2
ConstrainedTriangulationTraits2

Has Models

The kernels of CGAL are models for this traits class.

See Also

TriangulationTraits2
ConstrainedTriangulationTraits2
Constrainedtriangulation 2<Gt,Tds,Itag>
ConstrainedDelaunaytriangulation 2<Gt,Tds,Itag>
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ConstrainedTriangulationFaceBase2

Definition

In a constrained triangulation, the information about constrained edges is stored in the faces of
the triangulation. The base face of a constrained triangulation has to be a model of the concept
ConstrainedTriangulationFaceBase2 which refines the conceptTriangulationFaceBase2 providing function-
alities to deal with constraints.

Refines

TriangulationFaceBase2

Types

Defines the same types as theTriangulationFaceBase2 concept

Access Functions

bool f .is constrained( int i)

returns true if the edge betweenf and its neighborf .neighbor(i)is constrained.
Precondition: 0≤ i ≤ 2.

advanced

Modifiers

void f .setconstraint( int i, bool b)

sets the edge betweenf and its neighborf .neighbor(i)as a constrained or un-
constrained edge according tob.

void f .setconstraints( bool c0, bool c1, bool c2)

sets the status (constrained or unconstrained) of the three edges off .

void f .reorient() Changes the orientation off by exchangingvertex(0)with vertex(1)andneigh-
bor(0)with neighbor(1)and the corresponding constrained status.

void f .ccwpermute() performs a counterclockwise permutation of the vertices, neighbors and con-
strained status off .

void f .cw permute() performs a clockwise permutation of the vertices and neighbors and con-
strained status off .
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Miscelleanous

bool f .is valid() tests the validity of facef as a face of a plain triangulation and additionally
checks if the edges off are consistently marked as constrained or uncon-
strained edges in facef and its neighbors.

advanced

Has Models

CGAL::Constrainedtriangulation face base2<Traits>

See Also

TriangulationFaceBase2
CGAL::Constrainedtriangulation 2<Traits,Tds>
CGAL::Constrainedtriangulation face base2<Traits>
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ConstrainedTriangulationTraits 2

Definition

The concept ConstrainedTriangulationTraits2 defines the requirements for the geometric traits class of a con-
strained triangulation (ConstrainedTriangulation 2<Traits,Tds,Itag>) that supports intersections of input con-
straints (i. e. when the template parameterItag is instantiated by one of the tag classesExact intersectionstag
or Exact predicatestag). This concept refines the conceptTriangulationTraits2, adding requirements for
function objects to compute the intersection points of two constraints. WhenExact predicatestag is used, the
traits class is also required to provide additional types to compute the squared distance between a point and a
line

Refines

TriangulationTraits2

Types

ConstrainedTriangulationTraits2:: Intersect2

A function object whose operator() computes the intersection
of two segments :
Object 2 operator()(Segment2 s1, Segment2 s2); Returns
the intersection ofs1ands2.

When the constrained triangulation is instantiated with the intersection tagExact
predicatestag, the used agorithms needs to be able to compare some dis-
tances between points and lines and the following types are further required.
ConstrainedTriangulationTraits2:: RT A number type supporting the comparison operator<.

ConstrainedTriangulationTraits2:: Line 2 The line type.
ConstrainedTriangulationTraits2:: Construct line 2

A function object whose operator() constructs a line from
two points :
Line 2 operator()(Point2 p1, Point2 p2).

ConstrainedTriangulationTraits2:: Computesquareddistance2

A function object with an operator() designed to compute
the squared distance between a line and a point :RT
operator()(Point2 p1, Line2); Return the squared distance
betwenp andl.

Access to constructor object

Intersect2 traits.intersect2 object()
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Constructline 2 traits.constructline 2 object()

required when the intersection tag isExact predicatestag.

Computesquareddistance2

traits.computesquareddistance2 object()

required when the intersection tag isExact predicatestag.

Has Models

The kernels of CGAL are models for this traits class.

See Also

TriangulationTraits2
ConstrainedDelaunayTriangulationTraits2
CGAL:ConstrainedTriangulation 2<Traits,Tds,Itag>
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CGAL::Constrained Delaunay triangulation 2<Traits,Tds,Itag>

Definition

A constrained Delaunay triangulation is a triangulation with constrained edges which tries to be as much De-
launay as possible. Constrained edges are not necessarily Delaunay edges, therefore a constrained Delaunay
triangulation is not a Delaunay triangulation. A constrained Delaunay is a triangulation whose faces do not nec-
essarily fulfill the empty circle property but fulfill a weaker property called theconstrained empty circle. To state
this property, it is convenient to think of constrained edges as blocking the view. Then, a triangulation is con-
strained Delaunay if the circumscribing circle of any of its triangular faces includes in its interior no vertex that
is visible from the interior of the triangle. The classConstrainedDelaunaytriangulation 2<Traits,Tds,Itag> is
designed to represent constrained Delaunay triangulations.

As in the case of constrained triangulations, three different versions of Delaunay constrained triangulations are
offered depending on wether the user wishes to handle intersecting input constraints or not. The desired version
can be selected through the instantation of the third template parameterItag which can be one of the following :
CGAL::No intersectiontag if intersections of input constraints are disallowed,
CGAL::Exactpredicatestag allows intersections between input constraints and is to be used when the traits
class provides exact predicates but approximate constructions of the intersection points.CGAL::Exact
intersectionstag allows intersections between input constraints and is to be used in conjunction with an exact
arithmetic type.

The template parametersTdshas to be instantiate with a model ofTriangulationDataStructure2. The geo-
metric traits of a constrained Delaunay triangulation is required to provide theside of orientedcircle test as
the geometric traits of a Delaunay triangulation and theTraits parameter has to be instantiated with a model
DelaunayTriangulationTraits2. When intersection of input constraints are supported, the geometric traits class
is required to provide additional function object types to compute the intersection of two segments. and has then
to be also a model of the conceptConstrainedTriangulationTraits2.

A constrained Delaunay triangulation is not a Delaunay triangulation but it is a constrained triangulation. There-
fore the classConstrainedDelaunaytriangulation 2<Traits,Tds,Itag> derives from the classConstrained
triangulation 2<Traits,Tds>. Also, information about the status (constrained or not) of the edges of the triangu-
lation is stored in the faces. Thus the nestedFacetype of a constrained triangulation offers additonnal function-
alities to deal with this information. These additional functionalities induce additional requirements on the base
face class plugged into the triangulation data structure of a constrained Delaunay triangulation. The base face of
a constrained Delaunay triangulation has to be a model of the conceptConstrainedTriangulationFaceBase2.

CGAL provides a default for the template parameters. IfGt is the geometric traits parameter, the default
for ConstrainedTriangulationFaceBase2 is the classCGAL::Constrainedtriangulation face base2<Gt> and
the default for the triangulation data structure parameter is the classCGAL::Triangulationdata structure2<
CGAL::Triangulationvertexbase2<Gt>, CGAL::Constrainedtriangulation face base2<Gt> >. The default
intersection tag isCGAL::No intersectiontag.

#include<CGAL/ConstrainedDelaunaytriangulation 2.h>

Inherits From

Constrainedtriangulation 2<Traits,Tds,Itag>
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Types

All types used in this class are inherited from the base classConstrainedtriangulation 2<Traits,Tds,Itag>.

Creation

ConstrainedDelaunaytriangulation 2<Traits,Tds,Itag> cdt( Traits t = Traits());

Introduces an empty constrained Delaunay triangulationcdt.

ConstrainedDelaunaytriangulation 2<Traits,Tds,Itag> cdt( ConstrainedDelaunaytriangulation 2 cdt1);

Copy constructor, all faces and vertices are duplicated and
the constrained status of edges is copied.

ConstrainedDelaunaytriangulation 2<Traits,Tds,Itag> cdt( list<Constrained>& lc, Traits t = Traits());

Introduces a constrained triangulation, the constrained edges
of which are the edges of the listlc.

template<class InputIterator>
ConstrainedDelaunaytriangulation 2<Traits,Tds,Itag> cdt( InputIterator first,

InputIterator last,
Traits t=Traits())

A templated constructor which introduces and builds a con-
strained triangulation with constrained edges in the range
[ first, last).
Precondition: Thevalue typeof first andlast is Constraint.

Insertion and Removal

The following member functions overwrite the corresponding members of the base class to include a step
restoring the Delaunay constrained property after modification of the triangulation.

Vertexhandle cdt.insert( Point p, Facehandle f = Facehandle())

Inserts pointp in the triangulation. If presentf is used as an
hint for the location ofp.

Vertexhandle cdt.insert( Point p, Locatetype& lt, Face handle loc, int li)

Same as above except that the location of the pointp to be
inserted is assumed to be given by(lt,loc,i).

Vertexhandle cdt.pushback( Point p)

Equivalent toinsert(p).

1384



template< class InputIterator>
int cdt.insert( InputIterator first, InputIterator last)

Inserts the points in the range[ first, last). Returns the num-
ber of inserted points.
Precondition: Thevalue typeof first andlast is Point.

void cdt.insertconstraint( Point a, Point b)

Inserts segment ab as a constrained edge in the triangulation.

void cdt.pushback( Constraint c)

Inserts constraintsc as above.

void cdt.insertconstraint( Vertexhandle va, Vertexhandle vb)

Inserts the line segment whose endpoints are the vertices va
and vb as a constrained edge e in the triangulation.

void cdt.remove( Vertexhandle& v)

Removes vertex v.
Precondition: Vertexv is not incident to a constrained edge.

void cdt.removeincident constraints( Vertexhandle v)

Make the edges incident to vertexv unconstrained edges.

void cdt.removeconstraint( Facehandle f, int i)

Edge(f,i) is no longer constrained.

Queries

The following template member functions query the set of faces in conflict with a pointp. The notion of conflict
refers here to a constrained Delaunay setting which means the following. Constrained edges are considered as
visibility obstacles and a pointp is considered to be in conflict with a facef iff it is visible from the interior off
and included in the circumcircle off .

template<class OutputItFaces, class OutputItBoundaryEdges>
std::pair<OutputItFaces,OutputItBoundaryEdges>

cdt.getconflicts and boundary( Point p,
OutputItFaces fit,
OutputItBoundaryEdges eit,
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Face handle start)

OutItFacesis an output iterator withFace handleas value
type. OutItBoundaryEdgesstands for an output iterator with
Edgeas value type. This members function outputs in the
container pointed to byfit the faces which are in conflict
with point p. It outputs in the container pointed to byeit the
boundary of the zone in conflict withp. The boundary edges
of the conflict zone are ouput in counterclockwise order and
each edge is described through its incident face which is not
in conflict with p. The function returns in a std::pair the re-
sulting output iterators.

template<class OutputItFaces>
OutputItFaces cdt.getconflicts( Point p, OutputItFaces fit, Facehandle start)

Same as above except that only the faces in conflict withp
are output. The function returns the resulting output iterator.

template<class OutputItBoundaryEdges>
OutputItBoundaryEdges

cdt.getboundaryof conflicts( Point p,
OutputItBoundaryEdges eit,
Face handle start)

OutputItBoundaryEdgesstands for an output iterator with
Edgeas value type. This functions outputs in the container
pointed to byeit, the boundary of the zone in conflict withp.
The boundary edges of the conflict zone are ouput in counter-
clockwise order and each edge is described through the inci-
dent face which is not in conflict withp. The function returns
the resulting output iterator.

Checking

bool cdt.isvalid() Checks if the triangulation is valid and if each constrained
edge is consistently marked constrained in its two incident
faces.

advanced

Flips

bool cdt.is flipable( Facehandle f, int i)

Determines if edge(f,i) can be flipped. Returns true if edge
(f,i) is not constrained and the circle circumscribing f con-
tains the vertex off->neighbor(i)opposite to edge(f,i).
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void cdt.flip( Facehandle& f, int i)

Flip f andf->neighbor(i).

void cdt.propagatingflip( List edges& edges)

Makes the triangulation constrained Delaunay by flipping
edges. List edges contains an initial list of edges to be
flipped. The returned triangulation is constrained Delaunay
if the initial list contains at least all the edges of the input tri-
angulation that failed to be constrained Delaunay. (An edge
is said to be constrained Delaunay if it is either constrained
or locally Delaunay.)

advanced

See Also

CGAL::Constrainedtriangulation 2<Traits,Tds,Itag>
TriangulationDataStructure2
DelaunayTriangulationTraits2
ConstrainedTriangulationTraits2
ConstrainedDelaunayTriangulationTraits2
ConstrainedTriangulationFaceBase2
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CGAL::Constrained triangulation 2<Traits,Tds,Itag>

Definition

A constrained triangulation is a triangulation of a set of points which has to include among its edges a given set
of segments joining the points. The given segments are calledconstraintsand the corresponding edges in the
triangulation are calledconstrained edges.

The endpoints of constrained edges are of course vertices of the triangulation. However the triangulation may
include include other vertices as well. There are three versions of constrained triangulations

• In the basic version, the constrained triangulation does not handle intersecting constraints, and the set of
input constraints is required to be a set of segments that do not intersect except possibly at their endpoints.
Any number of constrained edges are allowed to share the same endpoint. Vertical constrained edges are
allowed as well as constrained edges with null length.

• The two other versions support intersecting input constraints. In those versions, input constraints are
allowed to be intersecting, overlapping or partially overlapping segments. The triangulation introduce ad-
ditional vertices at each point which is a proper intersection point of two constraints. A single constraint
intersecting other constraints will then appear as the union of several constrained edges of the trian-
gulation. The two versions dealing with intersecting constraints, slightly differ in the way intersecting
constraints are dealt with.

– One of them is designed to be robust when predicates are evaluated exactly but constructions (i. e.
intersection computations) are approximative.

– The other one is designed to be used with an exact arithmetic (meaning exact evaluation of predi-
cates and exact computation of intersections.) This last version finds its full efficiency when used
in conjunction with a constraint hierarchy data structure as provided in the classConstrained
triangulation plus 2. See section20.9.

The classConstrainedtriangulation 2<Traits,Tds,Itag> of the CGAL library implements constrained triangu-
lations. The template parameterTraits stands for a geometric traits class. It has to be a model of the concept
TriangulationTraits2. When intersection of input constraints are supported, the geometric traits class is re-
quired to provide additional function object types to compute the intersection of two segments. It has then to
be a model of the conceptConstrainedTriangulationTraits2. The template parameterTdsstands for a trian-
gulation data structure class that has to be a model of the conceptTriangulationDataStructure2. The third
parameterItag is the intersection tag which serves to choose between the different strategies to deal with con-
straints intersections. CGAL provides three valid types for this parameter :
CGAL::No intersectiontagdisallows intersections of input constraints,
CGAL::Exactpredicatestag is to be used when the traits class provides exact predicates but approximate con-
structions of the intersection points.
CGAL::Exact intersectionstag is to be used in conjunction with an exact arithmetic type.

The information about constrained edges is stored in the faces of the triangulation. Thus the nestedFacetype
of a constrained triangulation offers additonnal functionalities to deal with this information. These additional
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functionalities induce additional requirements on the base face class plugged into the triangulation data structure
of a constrained Delaunay triangulation. The base face of a constrained Delaunay triangulation has to be a model
of the conceptConstrainedTriangulationFaceBase2.

CGAL provides default instantiations for the template parametersTds and Itag, and for the
ConstrainedTriangulationFaceBase2. If Gt is the geometric traits parameter, the default for
ConstrainedTriangulationFaceBase2 is the classCGAL::Constrainedtriangulation face base2<Gt> and the
default for the triangulation data structure parameter is the classCGAL::Triangulationdata structure2 <
CGAL::Triangulationvertexbase2<Gt>, CGAL::Constrainedtriangulation face base2<Gt> >. The default
intersection tag isCGAL::No intersectiontag.

#include<CGAL/Constrainedtriangulation 2.h>

Inherits From

Triangulation 2<Traits,Tds>

Types

typedef std::pair<Point,Point>

Constraint; The type of input constraints

typedef Itag Intersectiontag; The intersection tag which decides how intersections be-
tween input constraints are dealt with.

Creation

Constrainedtriangulation 2<Traits,Tds,Itag> ct;

default constructor.

Constrainedtriangulation 2<Traits,Tds,Itag> ct( Constrainedtriangulation 2 ct1);

Copy constructor, all faces and vertices are duplicated and
the constrained status of edges is copied.

Constrainedtriangulation 2<Traits,Tds,Itag> ct( std::list<Constraint>& lc, Traits t = Traits());

Introduces a constrained triangulation, the constrained edges
of which are the edges of the listlc.

template<class InputIterator>
Constrainedtriangulation 2<Traits,Tds,Itag> ct( InputIterator first, InputIterator last, Traits t=Traits());

A templated constructor which introduces and builds a con-
strained triangulation with constrained edges in the range
[ first, last).
Precondition: Thevalue typeof first andlast is Constraint.
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Queries

bool ct.is constrained( Edge e)

Returns true if edgee is a constrained edge.

bool ct.arethere incident constraints( Vertexhandle v)

Returns true if at least one of the edges incident to vertexv is
constrained.

template<class OutputItEdges>
OutputItEdges ct.incidentconstraints( Vertexhandle v, OutputItEdges out)

OutputItEdges is an ouput iterator withEdgeas value type.
Outputs the constrained edges incident tov in the sequence
pointed to byout and returns the resulting output iterator.

Insertion and removal

Vertexhandle ct.insert( Point p, Facehandle f = Facehandle())

Inserts pointp and restores the status (constrained or not) of
all the touched edges. If presentf is used as an hint for the
location ofp.

Vertexhandle ct.insert( Point p, Locatetype& lt, Face handle loc, int li)

Same as above except that the location of the pointp to be
inserted is assumed to be given by(lt,loc,i).

Vertexhandle ct.pushback( Point p)

Equivalent toinsert(p).

template< class InputIterator>
int ct.insert( InputIterator first, InputIterator last)

Inserts the points in the range[ first, last). Returns the num-
ber of inserted points.
Precondition: Thevalue typeof first andlast is Point.

void ct.insertconstraint( Point a, Point b)

Inserts points a and b, and inserts segment ab as a constraint.
Removes the faces crossed by segment ab and creates new
faces instead. If a vertex c lies on segment ab, constraint ab
is replaced by the two constraints ac and cb. Apart from the
insertion of a and b, the algorithm runs in time proportionnal
to the number of removed triangles.
Precondition: The relative interior of segmentab does not
intersect the relative interior of another constrained edge.
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void ct.pushback( Constraint c)

Inserts constraintsc as above.

void ct.insertconstraint( Vertexhandle va, Vertexhandle vb)

Inserts the line segmentswhose endpoints are the verticesva
andvb as a constrained edgee. The triangles intersected by
s are removed and new ones are created.

void ct.remove( Vertexhandle v)

Removes a vertex v.
Precondition: Vertexv is not incident to a constrained edge.

void ct.removeincident constraints( Vertexhandle v)

Make the edges incident to vertexv unconstrained edges.

void ct.removeconstrainededge( Facehandle f, int i)

Make edge(f,i) no longer constrained.

advanced

bool ct.is valid( bool verbose = false, int level = 0)

Checks the validity of the triangulation and the consistency
of the constrained marks in edges.

advanced

I/O

ostream& ostream& os<< Constrainedtriangulation 2<Traits,Tds> Ct

Writes the triangulation and, for each face f, and integers
i=0,1,2, write “C” or “N” depending whether edge(f,i) is
constrained or not.

See Also

CGAL::Triangulation2<Traits,Tds>,
TriangulationDataStructure2,
TriangulationTraits2
ConstrainedTriangulationTraits2
ConstrainedTriangulationFaceBase2

1391



Implementation

The insertion of a constrained edge runs in time proportionnal to the number of triangles intersected by this
edge.
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CGAL::Constrained triangulation face base2<Traits,Fb>

Definition

The class Constrainedtriangulation face base2<Traits,Fb> is the default model for the concept
ConstrainedTriangulationFaceBase2 to be used as base face class of constrained triangulations.

#include<CGAL/Constrainedtriangulation face base2.h>

Is Model for the Concepts

ConstrainedTriangulationFaceBase2

Parameters

The first template parameter is a geometric traits.

The second template parameter has to be a model of the conceptTriangulationFaceBase2. Its default is
CGAL::Triangulation face base2<Traits>

Inherits From

The classConstrainedtriangulation face base2<Traits,Fb> derives from its parameterFb. and add three
boolean to deal with information about constrained edges.

The member functionscw(int i), ccw(int i)andreorientare overloaded to update information about constrained
edges.

See Also

TriangulationFaceBase2
ConstrainedTriangulationFaceBase2
CGAL::Constrainedtriangulation 2<Traits,Tds>
CGAL::Triangulation face base2<Traits>
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CGAL::Constrained triangulation plus 2<Tr >

The classConstrainedtriangulation plus 2<Tr> implements a constrained triangulation with an additional data
structure called the constraint hierarchy that keeps track of the input constraints and of their refinement in the
triangulation.

The classConstrainedtriangulation plus 2<Tr> inherits from its template parameter Tr, which has to be in-
stantiated by a constrained or constrained Delaunay triangulation.

According to its intersection tag, the base class will support intersecting input constraints or not. When inter-
sections of input constraints are supported, the base class constructs a triangulation of the arrangement of the
constraints, introducing new vertices at each proper intersection point and refining the input constraints into
subconstraints which are edges (more precisely constrained edges) of the triangulation. In this context, the
constraint hierarchy keeps track of the input constraints and of their refinement in the triangulation. This data
structure maintains for each input constraints the sequence of intersection vertices added on this constraint. The
constraint hierarchy also allows the user to retrieve the set of constrained edges of the triangulation, and for
each constrained edge, the set of input constraints that overlap it.

#include<CGAL/Constrainedtriangulation plus 2.h>

Inherits From

Tr

Types

typedef Tr Triangulation; the triangulation base class.
typedef Itag Intersectiontag; the intersection tag.s

Constrainedtriangulation plus 2<Tr>:: Constraint iterator;

An iterator to visit all the input constraints. The order of
visit is arbitrary. The value type of this iterator is a pair
std::pair<Vertexhandle, Vertexhandle> corresponding to
the endpoints of the constraint.

Constrainedtriangulation plus 2<Tr>:: Subconstraintiterator;

An iterator to visit all the subconstraints of the triangulation.
The order of visit is arbitrary. The value type of this itera-
tor is a pairstd::pair<Vertexhandle, Vertexhandle> corre-
ponding to the vertices of the subconstraint.

Constrainedtriangulation plus 2<Tr>:: Vertices in constraint iterator;

An iterator on the vertices of the chain of triangulation edges
representing a constraint. The value type of this iterator is
Vertexhandle.
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typedef Context; This type is intended to describe a constraint enclosing a sub-
constraint and the position of the subconstraint in this con-
straint. It provides three member functionsverticesbegin(),
verticesend() and current() returning iterators of the type
Verticesin constraint iterator on the sequence of vertices
of the enclosing constraint. These iterators point respectively
on the first vertex of the enclosing constraint, past the last
vertex and on the first vertex of the subconstraint.

typedef Contextiterator; An iterator on constraints enclosing a given subconstraint.
The value type of this iterator isContext.

Creation

Constrainedtriangulation plus 2<Tr> ctp( Geomtraits gt=Geomtraits());

Introduces an empty triangulation.

Constrainedtriangulation plus 2<Tr> ctp( Constrainedtriangulation plus 2 ct);

Copy constructor.

Constrainedtriangulation plus 2<Tr> ctp( std::list<Constrained>& lc, Geomtraits t = Geomtraits());

Introduces and builds a constrained triangulation from the list
of constraintslc.

template<class InputIterator>
Constrainedtriangulation plus 2<Tr> ctp( InputIterator first,

InputIterator last,
Geomtraits gt= Geomtraits())

Introduces and builds a constrained triangulation from the
constraints in the range[ first, last).
Precondition: Thevalue typeof first andlast is Constraint.

void ˜ctp() Destructor. All vertices and faces are deleted. The constraint
hierarchy is deleted.

Assignment

Constrainedtriangulation plus 2

ctp= Constrainedtriangulation plus 2 tr

Assignment. All the vertices and faces are duplicated. The
constraint hierarchy is also duplicated.

1395



void ctp.swap( Constrainedtriangulation plus 2 tr)

The triangulationstr and ctp are swapped. This operation
should be preferred toctp = tr or to t(tr) if tr is deleted after
that.

Insertion and Removal

The classConstrainedtriangulation plus 2<Tr> overwrites the following insertion and removal member func-
tions for points and constraints.

Vertexhandle ctp.insert( Point p, Facehandle start = Facehandle())

Inserts pointp as a vertex of the triangulation.

Vertexhandle ctp.insert( Point p, Locatetype lt, Facehandle loc, int li)

inserts a pointp whose location is assumed to be given by
(lt,loc,li).

Vertexhandle ctp.pushback( Point p)

Equivalent toinsert(p).

template< class InputIterator>
int ctp.insert( InputIterator first, InputIterator last)

Inserts the points in the range[ first, last). Returns the num-
ber of inserted points.
Precondition: Thevalue typeof first andlast is Point.

void ctp.insertconstraint( Point a, Point b)

Inserts the constraint segment ab in the triangulation.

void ctp.pushback( Constraint c)

Inserts the constraintc.

void ctp.insertconstraint( Vertexhandle va, Vertexhandle vb)

Inserts a constraint whose endpoints are the vertices pointed
by vaandvb in the triangulation.
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void ctp.removeconstraint( Vertexhandle va, Vertexhandle vb)

Removes the constraint joining the vertices pointed byvaand
vb.
Precondition: vaandvbhave to refer to the endpoint vertices
of an input constraint.

Queries

Constraint iterator ctp.constraintsbegin()

Returns aConstraint iterator pointing on the first constraint.

Constraint iterator ctp.constraintsend() Returns aConstraint iterator pointing past the last con-
straint.

Subconstraintiterator

ctp.subconstraintsbegin()

Returns aSubconstraintiterator pointing on the first sub-
constraint.

Subconstraintiterator

ctp.subconstraintsend()

Returns aSubconstraintiterator pointing past the last sub-
constraint.

int ctp.numberof enclosingconstraints( Vertexhandle va, Vertexhandle vb)

Returns the number of constraints enclosing the subcon-
straint(va,vb).
Precondition: vaandvb refer to the vertices of a constrained
edge of the triangulation.

Context ctp.context( Vertexhandle va, Vertexhandle vb)

Returns theContextrelative to one of the constraint enclosing
the subconstraint(va,vb).
Precondition: vaandvb refer to the vertices of a constrained
edge of the triangulation.

Contextiterator ctp.contextsbegin( Vertexhandle va, Vertexhandle vb)

Returns an iterator pointing on the firstContextof the se-
quence ofContextscorresponding to the constraints enclos-
ing the subconstraint(va,vb).
Precondition: vaandvb refer to the vertices of a constrained
edge of the triangulation.

Contextiterator ctp.contextsend( Vertexhandle va, Vertexhandle vb)

Returns an iterator past the lastContext of the sequence
of Contextscorresponding to the constraints enclosing the
(va,vb).
Precondition: vaandvb refer to the vertices of a constrained
edge of the triangulation.
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Verticesin constraint iterator

ctp.verticesin constraintbegin( Vertexhandle va, Vertexhandle vb)

Returns an iterator on the first vertex on the constraint(va,vb)
Precondition: vaandvb refer to the vertices of an input con-
straint.

Verticesin constraint iterator

ctp.verticesin constraintend( Vertexhandle va, Vertexhandle vb)

Returns an iterator past the last vertex on the constraint
(va,vb)
Precondition: vaandvb refer to the vertices of an input con-
straints.

See Also

CGAL::Constrainedtriangulation 2<Traits,Tds>
CGAL::ConstrainedDelaunaytriangulation 2<Traits,Tds>
ConstrainedTriangulationTraits2
ConstrainedDelaunayTriangulationTraits2
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DelaunayTriangulationTraits 2

Definition

In addition to the requirements of the conceptTriangulationTraits2 described page1424, the concept
DelaunayTriangulationTraits2 provide a predicate to check the empty circle property. The correponding pred-
icate type is called typeSideof orientedcircle 2.

The additional typesLine 2, Ray 2 and the constructor objectsConstructray 2 Constructcircumcenter2,
Constructbisector2, Constructmidpointare used to build the dual Voronoi diagram and are required only if
the dual functions are called. The additional predicate typeComparedistance2 is required if calls tonearest
vertex(..)are issued.

Refines

TriangulationTraits2

Types

DelaunayTriangulationTraits2:: Line 2 The line type. This type is required only if some dual func-
tions are called.

DelaunayTriangulationTraits2:: Ray 2 The type for ray. This type is required only if some dual
functions are called.

DelaunayTriangulationTraits2:: Side of orientedcircle 2

Predicate type. Provides the operator :
Orientedside operator()(Point p, Point q, Point r, Point
s) which takes four pointsp,q, r,s as arguments and re-
turnsON POSITIVESIDE, ON NEGATIVESIDEor, ON
ORIENTEDBOUNDARY according to the position of
pointss with respect to the oriented circle throughp,q and
r.

DelaunayTriangulationTraits2:: Comparedistance2

Predicate type. Provides the operator :
Comparisonresult operator()(Point2 p, Point 2 q, Point 2
r) which returnsSMALLER, EQUALor LARGERaccording
to the distance between p and q being smaller, equal or larger
than the distance between p and r. This type is only require
if nearestvertexqueries are issued.

DelaunayTriangulationTraits2:: Constructcircumcenter2

Constructor object. Provides the operator :
Point 2 operator()(Point2 p, Point 2 q, Point 2 r) which
returns the circumcenter of the three pointsp, q anf r. This
type is required only if functions relative to the dual Voronoi
diagram are called.
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DelaunayTriangulationTraits2:: Constructbisector2

Constructor object. Provides the operator :
Line 2 operator()(Point2 p, Point 2 q) which constructs
the bisector line of pointsp andq. This type is required only
if functions relative to the dual Voronoi diagram are called.

DelaunayTriangulationTraits2:: Construct ray 2

A constructor object to build a ray from a point and a line.
Provides :
Ray 2 operator() ( Point2 p, Line 2 l);

Creation

DelaunayTriangulationTraits2 traits; default constructor.
DelaunayTriangulationTraits2 traits( dtt); copy constructor
DelaunayTriangulationTraits2 traits= traits2

Assignment operator.

Access to predicate and constructor objects

Sideof orientedcircle 2 traits.sideof orientedcircle 2 object()

The following functions are required only if member functions of the Delaunay triangulation relative to the dual
Voronoi diagram are called. Comparedistance2 traits.comparedistance2 object()

Constructcircumcenter2 traits.constructcircumcenter2 object()
Constructbisector2 traits.constructbisector2 object()
Constructdirection 2 traits.constructdirection 2 object()
Constructray 2 traits.constructray 2 object()

Has Models

CGAL kernels
CGAL::Triangulationeuclideantraits 2<Rep>.

The following traits class provide everything except types and member functions required for the dual Voronoi
diagram ;
CGAL::Triangulationeuclideantraits xy 3<Rep>,
CGAL::Triangulationeuclideantraits yz 3<Rep>,
CGAL::Triangulationeuclideantraits zx 3<Rep>.

See Also

TriangulationTraits2
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CGAL::Delaunay triangulation 2<Traits,Tds>

Definition

The classDelaunaytriangulation 2<Traits,Tds> is designed to represent the Delaunay triangulation of a set of
points in a plane. A Delaunay triangulation of a set of points is a triangulation of the sets of points that fulfills
the followingempty circle property(also calledDelaunay property): the circumscribing circle of any facet of
the triangulation contains no point of the set in its interior. For a point set with no case of cocircularity of more
than three points, the Delaunay triangulation is unique, it is the dual of the Voronoi diagram of the points.

Inherits From

Triangulation 2<Traits,Tds>.

Parameters

The template parameterTds is to be instantiated with a model ofTriangulationDataStructure2. CGAL pro-
vides a default instantiation for this parameter, which is the classCGAL::Triangulationdata structure2 <
CGAL::Triangulationvertexbase2<Traits>, CGAL::Triangulationface base2<Traits> >.

The geometric traitsTraits is to be instantiated with a model ofDelaunayTriangulationTraits2. The concept
DelaunayTriangulationTraits2 refines the conceptTriangulationTraits2, providing a predicate type to check
the empty circle property.

Changing this predicate type allows to build Delaunay triangulations for different metrics such thatL1 or L∞ or
any metric defined by a convex object. However, the user of an exotic metric must be careful that the constructed
triangulation has to be a triangulation of the convex hull which means that convex hull edges have to be Delaunay
edges. This is granted for any smooth convex metric (likeL2) and can be ensured for other metrics (likeL∞)
by the addition to the point set of well chosen sentinel points The concept ofDelaunayTriangulationTraits2 is
described page1399.

When dealing with a large triangulations, the user is advised to encapsulate the Delanay triangulation class
into a triangulation hierarchy, which means to use the classTriangulation hierarchy 2<Tr> with the template
parameter instantiated withDelaunaytriangulation 2<Traits,Tds> . The triangulation hierachy will then offer
the same functionalities but be much more for efficient for locations and insertions.

#include<CGAL/Delaunaytriangulation 2.h>

Inherits From

Triangulation 2<Traits,Tds>

Types

Inherits all the types defined inTriangulation 2<Traits,Tds>.
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Creation

Delaunaytriangulation 2<Traits,Tds> dt( Traits gt = Traits());

default constructor.

Delaunaytriangulation 2<Traits,Tds> dt( tr);

copy constructor. All the vertices and faces are duplicated.

Insertion and Removal

The following insertion and removal functions overwrite the functions inherited from the classTriangulation
2<Traits,Tds> to maintain the Delaunay property.

Vertexhandle dt.insert( Point p, Facehandle f=Facehandle())

inserts pointp. If point p coincides with an already existing
vertex, this vertex is returned and the triangulation is not up-
dated. Optional parameterf is used to initialize the location
of p.

Vertexhandle dt.insert( Point p, Locatetype& lt, Face handle loc, int li)

inserts a pointp, the location of which is supposed to be given
by (lt,loc,li), see the description of member functionlocate
in classTriangulation 2<Traits,Tds>.

Vertexhandle dt.pushback( Point p)

equivalent toinsert(p).

template< class InputIterator>
int dt.insert( InputIterator first, InputIterator last)

inserts the points in the range[ first, last). Returns the num-
ber of inserted points.
Precondition: Thevalue typeof first andlast is Point.

void dt.remove( Vertexhandle v)

removes the vertex from the triangulation.

Note that the other modifier functions ofTriangulation 2<Traits,Tds> are not overwritten. Thus a call toinsert
in face insertin edge, insert outsideconvexhull, insert outsideaffine hull or flip on a valid Delaunay trian-
gulation might lead to a triangulation which is no longer a Delaunay triangulation.
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Queries

Vertexhandle dt.nearestvertex( Point p, Facehandle f=Facehandle())

returns any nearest vertex ofp. The implemented function
begins with a location step andf may be used to initialize the
location.

template<class OutputItFaces, class OutputItBoundaryEdges>
std::pair<OutputItFaces,OutputItBoundaryEdges>

dt.get conflicts and boundary( Point p,
OutputItFaces fit,
OutputItBoundaryEdges eit,
Face handle start)

OutputItFacesis an output iterator withFace handle as
value type.OutputItBoundaryEdgesstands for an output iter-
ator withEdgeas value type. This members function outputs
in the container pointed to byfit the faces which are in con-
flict with point p i. e. the faces whose circumcircle contains
p. It outputs in the container pointed to byeit the the bound-
ary of the zone in conflict withp. The boundary edges of the
conflict zone are ouput in counter-clockwise order and each
edge is described through its incident face which is not in
conflict with p. The function returns in a std::pair the result-
ing output iterators.

template<class OutputItFaces>
OutputItFaces dt.getconflicts( Point p, OutputItFaces fit, Facehandle start)

same as above except that only the faces in conflict withp
are output. The function returns the resulting output iterator.

template<class OutputItBoundaryEdges>
OutputItBoundaryEdges

dt.get boundaryof conflicts( Point p,
OutputItBoundaryEdges eit,
Face handle start)

OutputItBoundaryEdgesstands for an output iterator with
Edgeas value type. This function outputs in the container
pointed to byeit, the boundary of the zone in conflict withp.
The boundary edges of the conflict zone are ouput in coun-
terclockwise order and each edge is described through the
incident face which is not in conflict withp. The function
returns the resulting output iterator.
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Voronoi diagram

The following member functions provide the elements of the dual Voronoi diagram.

Point dt.dual( Facehandle f) Returns the center of the circle circumscribed to facef .
Precondition: f is not infinite

Object dt.dual( Edge e) returns a segment, a ray or a line supported by the bisector of the
endpoints ofe. If faces incident toe are both finite, a segment whose
endpoints are the duals of each incident face is returned. If only one
incident face is finite, a ray whose endpoint is the dual of the finite
incident face is returned. Otherwise both incident faces are infinite
and the bisector line is returned.

Object dt.dual( Edgecirculator ec)

Idem

Object dt.dual( Edgeiterator ei) Idem

template< class Stream>
Stream&

dt.draw dual( Stream& ps) output the dual voronoi diagram to stream ps.

Predicates

Orientedside dt.sideof orientedcircle( Facehandle f, Point p)

Returns the side ofp with respect to the circle circumscribing the triangle associ-
ated withf

advanced

Miscellaneous

The checking functionis valid() is also overwritten to additionally test the empty circle property.

bool dt.is valid( bool verbose = false, int level = 0)

tests the validity of the triangulation as aTriangulation 2
and additionally tests the Delaunay property. This method
is mainly useful for debugging Delaunay triangulation algo-
rithms designed by the user.

advanced
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See Also

CGAL::Triangulation2<Traits,Tds>,
TriangulationDataStructure2,
DelaunayTriangulationTraits2,
Triangulation hierarchy 2<Tr>.

Implementation

Insertion is implemented by inserting in the triangulation, then performing a sequence of Delaunay flips. The
number of flips isO(d) if the new vertex is of degreed in the new triangulation. For points distributed uniformly
at random, insertion takes timeO(1) on average.

Removal calls the removal in the triangulation and then retriangulates the hole in such a way that the Delaunay
criterion is satisfied. Removal of a vertex of degreed takes timeO(d2). The degreed is O(1) for a random
vertex in the triangulation.

After a point location step, the nearest neighbor is found in timeO(n) in the worst case, but in timeO(1) for
vertices distributed uniformly at random and any query point.
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CGAL::Triangulation 2<Traits,Tds>::Locate type

Definition

The enumLocate typeis defined by theTriangulation 2<Traits,Tds> class to specify which case occurs when
locating a point in the triangulation.

enum Locatetype{ VERTEX=0, EDGE, FACET, OUTSIDECONVEXHULL, OUTSIDEAFFINE HULL};

The locate type is :
VERTEXwhen the located point coincides with a vertex of
the triangulation
EDGEwhen the point is in the relative interior of an edge
FACEwhen the point is in the interior of a facet
OUTSIDECONVEXHULL when the point is outside the
convex hull but in the affine hull of the current triangulation
OUTSIDEAFFINE HULL when the point is outside the
affine hull of the current triangulation.

See Also

CGAL::Triangulation2<Traits,Tds>.

1406



C
on

ce
pt

RegularTriangulationFaceBase2

Definition

The regular triangulation of a set of weighted points does not necessarily have one vertex for each of the
input points. Some of the input weigthed points have no cell in the dual power diagrams and therefore do not
correspond to a vertex of the regular triangulation. Those weighted points are said to behiddenpoints. A point
which is hidden at a given time may appear later as a vertex of the regular triangulation upon removal on some
other weighted point. Therefore, hidden points have to be stored somewhere. The regular triangulation store
those hidden points in special vertices calledhiddenvertices.

A hidden point can appear as vertex of the triangulation only when the two dimensional face where its point
component is located (the face which hides it) is removed. Therefore we decided to store in each face of a
regular triangulation the list of hidden vertices whose points are located in the face. Thus points hidden by a
face are easily reinserted in the triangulation when the face is removed.

The base face of a regular triangulation has to be a model of the concept RegularTriangulationFaceBase2 ,
which refines the conceptTriangulationFaceBase2 by adding in the face a list to store hidden vertices.

Refines

TriangulationFaceBase2

Types

typedef std::list<Vertexhandle>

Vertex list; An std list of hidden vertices.

Access Functions

Vertex list& rfb.vertexlist() Returns a reference to the list of vertices hidden by the face.

Has Models

CGAL::Regulartriangulation face base2

See Also

TriangulationFaceBase2
RegularTriangulationVertexBase2
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RegularTriangulationTraits 2

Definition

The concept RegularTriangulationTraits2 describe the requirements for the traits class of regular triangulations.
It refines the conceptTriangulationTraits2 providing the typeWeightedpoint 2 and thepower-testpredicate
on those weighted points. A weighted point is basically a point augmented with a scalar weight. It can be
seen as a circle when the weight is interprated as a square radius. Thepower-teston weighted points is the
fundamental test to build regular triangulations as theside of orientedcircle test is the fundamental test of
Delaunay triangulations.

Refines

TriangulationTraits2

Types

RegularTriangulationTraits2:: Bare point Another name for the point type.
RegularTriangulationTraits2:: Weightedpoint 2

The weighted point type, it has to be a model of the concept
WeightedPoint.

RegularTriangulationTraits2:: Power test 2 A predicate object type. Must provide the operators:
— Orientedside operator() ( Weightedpoint 2 p,
Weightedpoint 2 q, Weightedpoint 2 r, Weightedpoint 2
s)which is the power test for pointsp, q, r ands.
Precondition: the bare points corresponding top, q, r are not
collinear.
— Orientedside operator() ( Weightedpoint 2 p,
Weightedpoint 2 q, Weightedpoint 2 r) which is the
degenerated power test for collinear pointsp, q, r.
Precondition: the bare points corresponding top, q, r are
collinear andp != q.
— Orientedside operator() ( Weightedpoint 2 p,
Weightedpoint 2 q) which is the degenerated power
test for weighted pointsp and q whose corresponding
bare-points are identical.
Precondition: the bare points corresponding top andq are
identical.

The following type/predicate is required if a call tonearestpower vertexis issued:

RegularTriangulationTraits2:: Comparepower distance2

A predicate object type. Must provide the operator:
Comparisonresult operator()(Barepoint p, Weighted
point 2 q, Weightedpoint 2 r), which compares the power
distance betweenp andq to the power distance betweenp
andr.
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RegularTriangulationTraits2:: Constructweightedcircumcenter2

A constructor object which constructs the weighted circum-
center of three weighted points. Provides the operator
Bare point operator() ( Weightedpoint 2 p, Weighted
point 2 q, Weightedpoint 2 r);

RegularTriangulationTraits2:: Construct radical axis 2

A constructor type which constructs the radical axis of two
weighted points. Provides the operator :
Line 2 operator() ( Weightedpoint 2 p, Weightedpoint 2
q);

Creation

RegularTriangulationTraits2 traits; default constructor.

RegularTriangulationTraits2 traits( RegularTriangulatioTraits2);

copy constructor.

RegularTriangulationTraits2&

traits = RegularTriangulationTraits2

assignement operator

Access to predicate and constructors objects

Power test 2 traits.powertest 2 object()
Comparepower distance2 traits.comparepower distance2 object()
Constructweightedcircumcenter2 traits.constructweightedcircumcenter2 object()
Constructradical axis 2 traits.constructradical axis 2 object()

Has Models

CGAL::Regulartriangulation traits 2<Rep>
CGAL::Regulartriangulation filtered traits 2<FK>

See Also

TriangulationTraits2
CGAL::Regulartriangulation 2<Traits,Tds>
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RegularTriangulationVertexBase 2

Definition

The regular triangulation of a set of weighted points does not necessarily have one vertex for each of the
input points. Some of the input weigthed points have no cell in the dual power diagrams and therefore do not
correspond to a vertex of the regular triangulation. Those weighted point are said to behiddenpoints. A point
which is hidden at a given time may appear later as a vertex of the regular triangulation upon removal on some
other weighted point. Therefore, hidden points have to be stored somewhere. The regular triangulation store
those hidden points in special vertices calledhiddenvertices.

A hidden point can appear as vertex of the triangulation only when the two dimensional face where its point
component is located (the face which hides it) is removed. Therefore we decided to store in each face of a
regular triangulation the list of hidden vertices whose points are located in the face. Thus points hidden by a
face are easily reinserted in the triangulation when the face is removed.

The base vertex of a regular triangulation has to be a model of the concept RegularTriangulationVertexBase2
. The concept RegularTriangulationVertexBase2 refines the conceptTriangulationVertexBase2, just adding a
boolean to mark if the vertex is a vertex of the triangulation or a hidden vertex.

Refines

TriangulationVertexBase2

Access Functions

bool rvb.is hidden() returnstrue, iff the vertex is hidden.

void rvb.sethidden( bool b)

Mark the vertex as hidden or as not hidden.

Has Models

CGAL::Regulartriangulation vertexbase2

See Also

TriangulationVertexBase2 CGAL::Regulartriangulation vertexbase2
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CGAL::Regular triangulation 2<Traits,Tds>

Definition

The classRegular triangulation 2<Traits,Tds> is designed to maintain the regular triangulation of a set of
weighted points.

Let PW = {(pi ,wi), i = 1, . . . ,n} be a set of weighted points where eachpi is a point and eachwi is a scalar
called the weight of pointpi . Alternatively, each weighted point(pi ,wi) can be regarded as a two dimensional
sphere with centerpi and radiusr i =

√
wi .

The power diagram of the setPW is a planar partition such that each cell corresponds to sphere(pi ,wi) of PW
and is the locus of pointsp whose power with respect to(pi ,wi) is less than its power with respect to any other
sphere(p j ,w j) in PW. The dual of this diagram is a triangulation whose domain covers the convex hull of the
setP = {pi , i = 1, . . . ,n} of center points and whose vertices are a subset ofP. Such a triangulation is called a
regular triangulation. The three pointspi , p j andpk of P form a triangle in the regular triangulation ofPW iff
there is a pointp of the plane whose powers with respect to(pi ,wi), (p j ,w j) and(pk,wk) are equal and less
than the power ofp with respect to any other sphere inPW.

Let us defined the power product of two weighted points(pi ,wi) and(p j ,w j) as:

Π(pi ,wi , p j ,w j) = pi p
2
j −wi−w j .

Π(pi ,wi , p j ,0) is simply the power of pointp j with respect to the sphere(pi ,wi), and two weighted points are
said to be orthogonal if their power product is null. The power circle of three weighted points(pi ,wi), (p j ,w j)
and(pk,wk) is defined as the unique circle(π,ω) orthogonal to(pi ,wi), (p j ,w j) and(pk,wk).

The regular triangulation of the setsPW satisfies the followingregular property(which just reduces to the
Delaunay property when all the weights are null): a trianglepi p j pk of the regular triangulation ofPW is such
that the power product of any weighted point(pl ,wl ) of PW with the power circle of(pi ,wi), (p j ,w j) is (pk,wk)
is positive or null. We call power test of the weighted point(pl ,wl ) with respect to the facepi p j pk, the predicates
testing the sign of the power product of(pl ,wl ) with respect to the power circle of(pi ,wi), (p j ,w j) is (pk,wk).
This power product is given by the following determinant∣∣∣∣∣∣∣∣

1 xi yi x2
i +y2

i −wi

1 x j y j x2
j +y2

j −w j

1 xk yk x2
k +y2

k−wk

1 xl yl x2
l +y2

l −wl

∣∣∣∣∣∣∣∣
A pair of neighboring facespi p j pk andpi p j pl is said to be locally regular (with respect to the weights inPW)
if the power test of(pl ,wl ) with respect topi p j pk is positive. A classical result of computational geometry
establishes that a triangulation of the convex hull ofP such that any pair of neighboring faces is regular with
respect toPW, is a regular triangulation ofPW.

Alternatively, the regular triangulation of the weighted points setPW can be obtained as the projection on the
two dimensional plane of the convex hull of the set of three dimensional pointsP′ = {(pi , p2

i −wi), i = 1, . . . ,n}.

The vertices of the regular triangulation of a set of weighted pointsPW form only a subset of the set of center
points ofPW. Therefore the insertion of a weighted point in a regular triangulation does not necessarily imply
the creation of a new vertex. If the new inserted point does not appear as a vertex in the regular triangulation, it
is said to be hidden.
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Hidden points are stored in special vertices called hidden vertices. A hidden point is considered as hidden by
the facet of the triangulation where its point component is located : in fact, the hidden point can appear as vertex
of the triangulation only if this facet is removed. Each face of a regular triangulation stores the list of hidden
vertices whose points are located in the facet. When a facet is removed, points hidden by this facet are reinserted
in the triangulation.

#include<CGAL/Regulartriangulation 2.h>

Parameters

The geometric traits parameterTraits has to be instantiated with a model of the concept
RegularTriangulationTraits2. The concept RegularTriangulationTraits2 refines the concept
TriangulationTraits2 by adding the typeWeightedpoint 2 to describe weighted points and the type
Power test 2 to perform power tests on weighted points.

The Tds parameter has to be instantiated by a model ofTriangulationDataStructure2. The face base of a
regular triangulation has to be a model of the conceptRegularTriangulationFaceBase2. while the vertex base
class has to be a model ofRegularTriangulationVertexBase2. CGAL provides a default instantiation for the
Tdsparameter by the classCGAL::Triangulationdata structure2 < CGAL::Reugulartriangulation vertex
base2<Traits>, CGAL::RegularTriangulation face base2<Traits> >.

Inherits From

Triangulation 2<Traits,Tds>

Types

typedef Traits::Distance Distance;

typedef Traits::Line Line;
typedef Traits::Ray Ray;
typedef Traits::Barepoint Barepoint;
typedef Traits::Weightedpoint Weightedpoint;

Regular triangulation 2<Traits,Tds>:: All verticesiterator

An iterator that allows to enumerate the vertices that are
not hidden.

Regular triangulation 2<Traits,Tds>:: Finite verticesiterator

An iterator that allows to enumerate the finite vertices
that are not hidden.

Regular triangulation 2<Traits,Tds>:: Hidden verticesiterator;

An iterator that allows to enumerate the hidden vertices.
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Creation

Regular triangulation 2<Traits,Tds> rt( Traits gt = Traits());

Introduces an empty regular triangulationrt.

Regular triangulation 2<Traits,Tds> rt( Regular triangulation 2 rt);

Copy constructor.

Insertion and Removal

Vertexhandle rt.insert( Weightedpoint p, Facehandle f=Facehandle())

inserts weighted pointp in the regular triangulation. If the
point p does not appear as a vertex of the triangulation, the
returned vertex is a hidden vertex. If given the parameterf
is used as an hint for the place to start the location process
of pointp.

Vertexhandle rt.insert( Weightedpoint p, Locatetype lt, Facehandle loc, int li)

insert a weighted pointp whose bare-point is assumed to be
located inlt,loc,li.

Vertexhandle rt.pushback( Point p) Equivalent toinsert(p).

template< class InputIterator>
int rt.insert( InputIterator first, InputIterator last)

inserts the weighted points in the range[ first, last). Returns
the number of created vertices.
Precondition: Thevalue typeof first and last is Weighted
point.

void rt.remove( Vertexhandle v) removes the vertex from the triangulation.

Queries

template<class OutputItFaces, class OutputItBoundaryEdges, class OutputItHiddenVertices>
CGAL::Triple<OutputItFaces,OutputItBoundaryEdges,OutputItHiddenVertices>

rt.get conflicts and boundaryand hiddenvertices( Weightedpoint p,
OutputItFaces fit,
OutputItBoundaryEdges eit,
OutputItHiddenVertices vit,
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Face handle start)

OutputItFacesis an output iterator withFace handle as
value type.OutputItBoundaryEdgesstands for an output it-
erator withEdgeas value type.OutputItHiddenVerticesis
an output iterator withVertexhandleas value type. This
member function outputs in the container pointed to byfit
the faces which are in conflict with pointp i. e. the faces
whose power circles have negative power wrt.p. It outputs
in the container pointed to byeit the boundary of the zone in
conflict with p. It inserts the vertices that would be hidden
by p into the container pointed to byvit. The boundary edges
of the conflict zone are ouput in counter-clockwise order and
each edge is described through its incident face which is not
in conflict with p. The function returns in a CGAL::Triple
the resulting output iterators.

template<class OutputItFaces, class OutputItBoundaryEdges>
std::pair<OutputItFaces,OutputItBoundaryEdges>

rt.get conflicts and boundary( Weightedpoint p,
OutputItFaces fit,
OutputItBoundaryEdges eit,
Face handle start)

same as above except that only the faces in conflict withp
and the boundary edges of the conflict zone are output via
the corresponding output iterators. The function returns in a
std::pair the resulting output iterators.

template<class OutputItFaces, class OutputItHiddenVertices>
std::pair<OutputItFaces,OutputItHiddenVertices>

rt.get conflicts and hiddenvertices( Weightedpoint p,
OutputItFaces fit,
OutputItHiddenVertices vit,
Face handle start)

same as above except that only the faces in conflict withp
and the vertices that would be hidden byp are output via
the corresponding output iterators. The function returns in a
std::pair the resulting output iterators.

template<class OutputItBoundaryEdges, class OutputItHiddenVertices>
std::pair<OutputItBoundaryEdges,OutputItHiddenVertices>

rt.get boundaryof conflicts and hiddenvertices( Weightedpoint p,
OutputItBoundaryEdges eit,
OutputItHiddenVertices vit,
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Face handle start)

same as above except that only the vertices that would be
hidden byp and the boundary of the zone in conflict with
p are output via the corresponding output iterators. The
boundary edges of the conflict zone are ouput in counter-
clockwise order and each edge is described through the inci-
dent face which is not in conflict withp. The function returns
in a std::pair the resulting output iterators.

template<class OutputItFaces>
OutputItFaces

rt.get conflicts( Point p, OutputItFaces fit, Facehandle start)

same as above except that only the faces in conflict withp
are output. The function returns the resulting output iterator.

template<class OutputItBoundaryEdges>
OutputItBoundaryEdges

rt.get boundaryof conflicts( Point p, OutputItBoundaryEdges eit, Facehandle start)

same as above except that only the boundary edges of the
conflict zone are ouput in counterclockwise order where
each edge is described through the incident face which is not
in conflict with p. The function returns the resulting output
iterator.

template<class OutputItHiddenVertices>
OutputItHiddenVertices

rt.get hiddenvertices( Point p, OutputItHiddenVertices vit, Facehandle start)

same as above except that only the vertices that would be
hidden byp are output. The function returns the resulting
output iterator.

Vertexhandle rt.nearestpower vertex( Barepoint p)

Returns the vertex of the triangulation which is nearest to
p with respect to the power distance. This means that the
power of the query pointp with respect to the weighted point
in the nearest vertex is smaller than the power ofp with re-
spect to the weighted point in any other vertex. Ties are bro-
ken arbitrarily. The default constructed handle is returned if
the triangulation is empty.

1415



Access functions

int rt.numberof vertices() returns the number of finite vertices that are not hidden.

int rt.numberof hiddenvertices()

returns the number of hidden vertices.

Hidden verticesiterator rt.hiddenverticesbegin()

starts at an arbitrary hidden vertex.

Hidden verticesiterator rt.hiddenverticesend() past the end iterator for the sequence of hidden ver-
tices.

Finite verticesiterator rt.finite verticesbegin() starts at an arbitrary unhidden finite vertex
Finite verticesiterator rt.finite verticesend() Past-the-end iterator
All verticesiterator rt.all verticesend() starts at an arbitrary unhidden vertex.
All verticesiterator rt.all verticesbegin() past the end iterator.

Dual power diagram

The following member functions provide the elements of the dual power diagram.

Point rt.weightedcircumcenter( Facehandle f)

returns the center of the circle orthogonal to the three
weighted points corresponding to the vertices of face
f .
Precondition: f is not infinite

Point rt.dual( Facehandle f) same as weightedcircumcenter

Object rt.dual( Edge e) If both incident faces are finite, returns a segment
whose endpoints are the duals of each incident face.
If only one incident face is finite, returns a ray whose
endpoint is the dual of the finite incident face and sup-
ported by the line which is the bisector of the edge’s
endpoints. If both incident faces are infinite, returns
the line which is the bisector of the edge’s endpoints
otherwise.

Object rt.dual( Edgecirculator ec)

Idem

Object rt.dual( Edgeiterator ei)

Idem

template< class Stream>
Stream& rt.draw dual( Stream& ps)

output the dual power diagram to stream ps.
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Predicates

Orientedside rt.powertest( Facehandle f, Weightedpoint p)

Returns the power test ofp with respect to the power circle associated withf

advanced

Miscellaneous

bool rt.is valid( bool verbose = false, int level = 0)

Tests the validity of the triangulation as aTriangulation 2
and additionally test the regularity of the triangulation. This
method is useful to debug regular triangulation algorithms
implemented by the user.

advanced

See Also

CGAL::Triangulation2<Traits,Tds>,
TriangulationDataStructure2,
RegularTriangulationTraits2
RegularTriangulationFaceBase2
RegularTriangulationVertexBase2
CGAL::Regulartriangulation face base2<Traits>
CGAL::Regulartriangulation vertexbase2<Traits>
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CGAL::Regular triangulation euclidean traits 2<K,Weight>

Definition

Regular triangulation euclideantraits 2<K,Weight> is a model for the conceptRegularTriangulationTraits2
This traits class is templated by a kernel classK and a weight typeWeight. This class inherits fromK and uses
aWeightedpoint type derived from the typeK::Point 2.

Note that this template class is specialized forCGAL::Exactpredicatesinexactconstructionskernel, so that it
is as ifRegular triangulation filtered traits 2 was used, i.e. you get filtered predicates automatically.

#include<CGAL/Regulartriangulation euclideantraits 2.h>

Is Model for the Concepts

RegularTriangulationTraits2

Inherits From

K

See Also

RegularTriangulationTraits2
CGAL::Regulartriangulation filtered traits 2
CGAL::Regulartriangulation 2
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CGAL::Regular triangulation filtered traits 2<FK>

Definition

The classRegular triangulation filtered traits 2<FK> is designed as a traits class for the classRegular
triangulation 2<RegularTriangulationTraits2,TriangulationDataStructure2>. Its difference withRegular
triangulation euclideantraits 2 is that it provides filtered predicates which are meant to be fast and exact.

The first argumentFK must be a model of theKernelconcept, and it is also restricted to be a instance of the
Filtered kerneltemplate.

#include<CGAL/Regulartriangulation filtered traits 2.h>

Is Model for the Concepts

RegularTriangulationTraits2

Inherits From

Regular triangulation euclideantraits 2<FK>

See Also

CGAL::Regulartriangulation euclideantraits 2.
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CGAL::Regular triangulation face base2<Traits,Fb>

Definition

The class Regular triangulation face base2<Traits,Fb> is a model of the concept
RegularTriangulationFaceBase2. It is the default face base class of regular triangulations.

#include<CGAL/Regulartriangulation face base2.h>

Parameters

The template parametersTraits has to be a model ofRegularTriangulationTraits2.

The template parameterFb has to be a model ofTriangulationFaceBase2. By default, this parameter is instan-
tiated byCGAL::Triangulation face base2<Traits>.

Is Model for the Concepts

RegularTriangulationFaceBase2

Inherits From

Fb

See Also

RegularTriangulationFaceBase2
RegularTriangulationTraits2
CGAL::Regulartriangulation 2<Traits,Tds>
CGAL::Regulartriangulation vertexbase2<Traits>
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CGAL::Regular triangulation vertex base2<Traits,Vb>

Definition

The class Regular triangulation vertexbase2<Traits,Vb> is a model of the concept
RegularTriangulationVertexBase2. It is the default vertex base class of regular triangulations.

#include<CGAL/Regulartriangulation vertexbase2.h>

Parameters

The template parametersTraits has to be a model ofRegularTriangulationTraits2.

The template parametersVb has to be a model of the conceptTriangulationVertexBase2 and is by default
instantiated byCGAL::Triangulationvertexbase2<Traits>.

Is Model for the Concepts

RegularTriangulationVertexBase2

Inherits From

Triangulation vertexbase2<Traits,Tds>

See Also

CGA::Triangulationvertexbase2<Traits,Vb>
CGAL::Regulartriangulation 2<Traits,Tds>
CGAL::Regulartriangulation face base2<Traits>
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TriangulationFaceBase2

Definition

The concept TriangulationFaceBase2 describes the requirements for the base face class of a triangulation data
structure that is itself plugged into a basic triangulation or a Delaunay triangulation.

This concept refines the conceptTriangulationDSFaceBase2 and could add geometric information. In fact,
currently the triangulations of CGAL do not store any geometric information in the faces and, thus this concept
is just equal toTriangulationDSFaceBase2 and only provided for symmetry with the vertex case.

Refines

TriangulationDSFaceBase2

Has Models

CGAL::Triangulation face base2<Traits>

See Also

TriangulationVertexBase2
CGAL::Triangulation face base2<Traits>
CGAL::Triangulation2<Traits,Tds>
CGAL::Delaunaytriangulation 2<Traits,Tds>
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TriangulationHierarchyVertexBase 2

Definition

The vertex of a triangulation included in a triangulation hierarchy has to provide some pointers to the
corresponding vertices in the triangulations of the next and preceeding levels. Therefore, the concept
TriangulationHierarchyVertexBase2 refines the conceptTriangulationVertexBase2, adding handles to the
correponding vertices in the next and previous level triangulations.

Refines

TriangulationVertexBase2

Operations

Vertexhandle v.up() returns the corresponding vertex (if any) of the next level
triangulation;

Vertexhandle v.down() returns the corresponding vertex of the previous level trian-
gulation;

void v.setup( Vertexhandle u) sets the handle pointing to to the corresponding vertex of
the next level triangulation;

void v.setdown( Vertexhandle d) sets the handle pointing to the corresponding vertex of the
previous level triangulation;

Has Models

CGAL::Triangulationhierarchy vertexbase2<Vb>

See Also

Triangulation hierarchy 2<Tr>
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TriangulationTraits 2

Definition

The concept TriangulationTraits2 describes the set of requirements to be fulfilled by any class used to instan-
tiate the first template parameter of the classTriangulation 2<Traits,Tds>. This concept provides the types of
the geometric primitives used in the triangulation and some function object types for the required predicates on
those primitives.

Types

TriangulationTraits2:: Point 2 The point type.
TriangulationTraits2:: Segment2 The segment type.
TriangulationTraits2:: Triangle 2 The triangle type.

TriangulationTraits2:: Constructsegment2 A constructor object forSegment2. Provides :
Segment2 operator()(Point2 p,Point 2 q),
which constructs a segment from two points.

TriangulationTraits2:: Construct triangle 2 A constructor object forTriangle 2. Provides :
Triangle 2 operator()(Point2 p,Point 2 q,Point 2 r ),
which constructs a triangle from three points.

TriangulationTraits2:: Comparex 2 Predicate object. Provides the operator :
Comparisonresult operator()(Point p, Point q)
which returnsSMALLER, EQUALor LARGERaccordingto
thex-ordering of pointsp andq.

TriangulationTraits2:: Comparey 2 Predicate object. Provides the operator :
Comparisonresult operator()(Point p, Point q)
which returns (SMALLER, EQUALor LARGER) according
to they-ordering of pointsp andq.

TriangulationTraits2:: Orientation 2 Predicate object. Provides the operator :
Orientation operator()(Point p, Point q, Point r)
which returnsLEFT TURN, RIGHT TURNor COLLINEAR
depending onr being, with respect to the oriented linepq, on
the left side , on the right side or on the line.

TriangulationTraits2:: Side of orientedcircle 2

Predicate object. Must provide the operatorOriented
side operator()(Point p, Point q, Point r, Point s)
which takes four pointsp,q, r,s as arguments and re-
turnsON POSITIVESIDE, ON NEGATIVESIDE or, ON
ORIENTEDBOUNDARYaccording to the position of points
s with respect to the oriented circle through throughp,q and
r. This type is required only if the functionside of oriented
circle(Facehandle f, Point p)is called.
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TriangulationTraits2:: Constructcircumcenter2

Constructor object. Provides the operator :
Point operator()(Point p, Point q, Point r)
which returns the circumcenter of the three pointsp, q
anf r. This type is required only if the functionPoint
circumcenter(Facehandle f)is called.

Creation

Only a default constructor, copy constructor and an assignement op-
erator are required. Note that further constructors can be provided.
TriangulationTraits2 traits; default constructor.

TriangulationTraits2 traits( gtr); Copy constructor

TriangulationTraits2 traits= gtr Assignment operator.

Predicate functions

The following functions give access to the predicate and constructor objects.
Constructsegment2 traits.constructsegment2 object()

Constructtriangle 2 traits.constructtriangle 2 object()
Comparisonx 2 traits.comparex 2 object()
Comparisony 2 traits.comparey 2 object()
Orientation 2 traits.orientation2 object()
Sideof orientedcircle 2

traits.sideof orientedcircle 2 object()

Required only if side of orientedcircle is
called called.

Constructcircumcenter2

traits.constructcircumcenter2 object()

Required only ifcircumcenteris called.

Has Models

All the CGAL Kernels
CGAL::Triangulationeuclideantraits 2<K>
CGAL::Triangulationeuclideantraits xy 3<K>
CGAL::Triangulationeuclideantraits yz 3<K>
CGAL::Triangulationeuclideantraits zx 3<K>

See Also

CGAL::Triangulation2<Traits,Tds>

1425



C
on

ce
pt

TriangulationVertexBase 2

Definition

The concept TriangulationVertexBase2 describes the requirements for the vertex base class of a triangulation
data structure to be plugged in a basic, Delaunay or constrained triangulations.

The concept TriangulationVertexBase2 refines the conceptTriangulationDSVertexBase2 adding geometric
information : the vertex base of a triangulation stores a point.

Refines

TriangulationDSVertexBase2

Types

TriangulationVertexBase2:: Point Must be the same as the point typeTriangulationTraits
2::Point 2 defined by the geometric traits class of the tri-
angulation.

Creation

TriangulationVertexBase2 v( Point p); constructs a vertex embedded in pointp.

TriangulationVertexBase2 v( Point p, Facehandle f );

constructs a vertex embedded in pointp and pointing on face
f .

Access Functions

Point v.point() returns the point.

Setting

void v.setpoint( Point p)

sets the point.

I/O

istream& istream& is >> & v

Inputs the non-combinatorial information given by the vertex: the point and
other possible information.
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ostream&

ostream& os<< v

Outputs the non combinatorial operation given by the vertex: the point and
other possible information.

Has Models

CGAL::TriangulationVertexBase2<Traits>.

See Also

TriangulationDataStructure2
TriangulationDataStructure2::Vertex
CGAL::Triangulationvertexbase2<Traits>

1427



C
la

ss

CGAL::Triangulation 2<Traits,Tds>

Definition

The classTriangulation 2<Traits,Tds> is the basic class designed to handle triangulations of set of pointsA in
the plane.

Such a triangulation has vertices at the points ofA and its domain covers the convex hull ofA. It can be viewed
as a planar partition of the plane whoses bounded faces are triangular and cover the convex hull ofA. The single
unbounded face of this partition is the complementary of the convex hull ofA.

In many applications, it is convenient to deal only with triangular faces. Therefore, we add to the triangulation a
fictitious vertex, called theinfinite vertexand we make each convex hull edge incident to aninfinite face having
as third vertex theinfinite vertex. In that way, each edge is incident to exactly two faces and special cases at the
boundary of the convex hull are simpler to deal with.

∞

∞

∞

∞

∞

Figure 20.9: The infinite vertex.

The classTriangulation 2<Traits,Tds> implements this point of view and therefore considers the triangulation
of the set of points as a set of triangular, finite and infinite faces. Although it is convenient to draw a triangulation
as in figure20.9, note that theinfinite vertexhas no significant coordinates and that no geometric predicate can
be applied on it or on an infinite face.

A triangulation is a collection of vertices and faces that are linked together through incidence and adjacency
relations. Each face give access to its three incident vertices and to its three adjacent faces. Each vertex give
access to one of its incident faces.

The three vertices of a face are indexed with 0, 1 and 2 in counterclockwise order. The neighbor of a face are
also indexed with 0,1,2 in such a way that the neighbor indexed byi is opposite to the vertex with the same
index.

The triangulation class offer two functionsint cw(int i) and int ccw(int i) which given the index of a vertex in
a face compute the index of the next vertex of the same face in clockwise or counterclockwise order. Thus, for
example the neighborneighbor(cw(i))is the neighbor off which is next toneighbor(i)turning clockwise around
f . The faceneighbor(cw(i))is also the first face encountered afterf when turning clockwise around vertexi of f
(see Figure20.10).

#include<CGAL/Triangulation2.h>

Parameters

The classTriangulation 2<Traits,Tds> has two template parameters. The first oneTraits is the geometric traits,
it is to be instantiated by a model of the conceptTriangulationTraits2.
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vertex(i)

vertex(ccw(i)) vertex(cw(i))

neighbor(ccw(i))

neighbor(i)

neighbor(cw(i))

f

Figure 20.10: Vertices and neighbors.

The second parameter is the triangulation data structure, it has to be instantiated by a model of the
concept TriangulationDataStructure2. By befault, the triangulation data structure is instanciated by
CGAL::Triangulationdata structure2 < CGAL::Triangulationvertexbase2<Gt>, CGAL::Triangulation
face base2<Gt> > >.

Inherits From

Triangulation cw ccw 2 This class provides the functionscw(i) etccw(i).

Types

typedef Traits Geomtraits; the traits class.
typedef Tds Triangulationdata structure; the triangulation data structure type.

typedef Traits::Point2t Point; the point type
typedef Traits::Segment2 Segment; the segment type
typedef Traits::Triangle2 Triangle; the triangle type

typedef Tds::Vertex Vertex; the vertex type.
typedef Tds::Face Face; the face type.
typedef Tds::Edge Edge; the edge type.

typedef Tds::sizetype sizetype; Size type (an unsigned integral type)
typedef Tds::differencetype differencetype; Difference type (a signed integral type)

The vertices and faces of the triangulations are accessed throughhandles, iteratorsandcirculators. The handles
are models of the conceptHandlewhich basically offers the two dereference operators* and->. The iterators
and circulators are all bidirectional and non mutable. The circulators and iterators are convertible to handles
with the same value type, so that whenever a handle appear in the parameter list of a function, an appropriate
iterator or circulator can be passed as well.

The edges of the triangulation can also be visited through iterators and circulators, the edge circulators and
iterators are also bidirectional and non mutable.

In the following, we calledinfinite any face or edge incident to the infinite vertex and the infinite vertex itself.
Any other feature (face, edge or vertex) of the triangulation is said to befinite. Some iterators (theAll iterators
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) allows to visit finite or infinite feature while others (theFinite iterators) visit only finite features. Circulators
visit infinite features as well as finite ones.

typedef Tds::Vertexhandle Vertexhandle; handle to a vertex
typedef Tds::Facehandle Facehandle; handle to a face

typedef Tds::Faceiterator All facesiterator; iterator over all faces.
typedef Tds::Edgeiterator All edgesiterator; iterator over all edges
typedef Tds::Vertexiterator All verticesiterator; iterator over all vertices

Triangulation 2<Traits,Tds>:: Finite facesiterator iterator over finite faces.
Triangulation 2<Traits,Tds>:: Finite edgesiterator iterator over finite edges.
Triangulation 2<Traits,Tds>:: Finite verticesiterator iterator over finite vertices.
Triangulation 2<Traits,Tds>:: Point iterator iterator over the points correspond-

ing the finite vertices of the triangu-
lation.

Triangulation 2<Traits,Tds>:: Line face circulator circulator over all faces intersected
by a line.

Triangulation 2<Traits,Tds>:: Face circulator circulator over all faces incident to
a given vertex.

Triangulation 2<Traits,Tds>:: Edge circulator circulator over all edges incident to
a given vertex.

Triangulation 2<Traits,Tds>:: Vertex circulator circulator over all vertices incident
to a given vertex.

The triangulation class also defines the following enum type to specify which case occurs when locating a point
in the triangulation.

enum Locatetype{ VERTEX=0, EDGE, FACE, OUTSIDECONVEXHULL, OUTSIDEAFFINE HULL};

The locate type is OUTSIDE
CONVEXHULL when the point is
outside the convex hull but in the
affine hull of the current triangula-
tion.
The locate type is OUTSIDE
AFFINE HULL when the point is
outside the affine hull of the current
triangulation.

Creation

Triangulation 2<Traits,Tds> t; default constructor.
Triangulation 2<Traits,Tds> t( Traits gt = Traits());

Introduces an empty triangulationt.
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Triangulation 2<Traits,Tds> t( Triangulation 2 tr);

Copy constructor. All the vertices and faces are duplicated. Af-
ter the copy,t and tr refer to different triangulations : iftr is
modified,t is not.

Triangulation 2 t = tr Assignement. All the vertices and faces are duplicated. After
the assignement,t andtr refer to different triangulations : iftr
is modified,t is not.

void t.swap( Triangulation2& tr)

The triangulationstr andt are swapped.t.swap(tr)should be pre-
ferred tot = tr or to t(tr) if tr is deleted after that.

void t.clear() Deletes all faces and finite vertices resulting in an empty triangu-
lation.

Access Functions

Geomtraits t.geomtraits() Returns a const reference to the triangulation traits object.
TriangulationDataStructure2

t.tds() Returns a const reference to the triangulation data structure.

advanced

Non const access

The responsibility of keeping a valid triangulation belongs to the user when using advanced operations allowing
a direct manipulation of thetds.

TriangulationDataStructure2&

t.tds() Returns a reference to the triangulation data structure.

This method is mainly a help for users implementing their own triangulation algorithms.

advanced
int t.dimension() Returns the dimension of the convex hull.
size type t.numberof vertices() Returns the number of finite vertices.
size type t.numberof faces() Returns the number of finite faces.

Face handle t.infiniteface() a face incident to theinfinite vertex.
Vertexhandle t.infinitevertex() the infinite vertex.
Vertexhandle t.finitevertex() a vertex distinct from theinfinite vertex.

Predicates

The classTriangulation 2<Traits,Tds> provides methods to test the finite or infinite character of any feature,
and also methods to test the presence in the triangulation of a particular feature (edge or face).
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bool t.is infinite( Vertexhandle v) trueiff v is theinfinite vertex.
bool t.is infinite( Facehandle f) trueiff face f is infinite.
bool t.is infinite( Facehandle f, int i) trueiff edge(f,i) is infinite.
bool t.is infinite( Edge e) trueiff edgee is infinite.
bool t.is infinite( Edgecirculator ec) trueiff edge*ec is infinite.
bool t.is infinite( Edgeiterator ei) trueiff edge*ei is infinite.

bool t.is edge( Vertexhandle va, Vertexhandle vb)

true if there is an edge havingvaandvbas vertices.

bool t.is edge( Vertexhandle va, Vertexhandle vb, Facehandle& fr, int & i)

as above. In addition, iftrue is returned, the edge with verticesva
andvb is the edgee=(fr,i) wherefr is a handle to the face incident
to eand on the right side ofeoriented fromva to vb.

bool t.includesedge( Vertexhandle va, Vertexhandle& vb, Facehandle& fr, int & i)

true if the line segment fromva to vb includes an edgee incident
to va. If true, vb becomes the other vertex ofe, e is the edge(fr,i)
wherefr is a handle to the face incident toe and on the right side
eoriented fromva to vb.

bool t.is face( Vertexhandle v1, Vertexhandle v2, Vertexhandle v3)

true if there is a face havingv1, v2andv3as vertices.

bool t.is face( Vertexhandle v1, Vertexhandle v2, Vertexhandle v3, Facehandle&fr)

as above. In addition, iftrue is returned, fr is a handle to the face
with v1, v2andv3as vertices.

Queries

The classTriangulation 2<Traits,Tds> provides methods to locate a given point with respect to a triangulation.
It also provides methods to locate a point with respect to a given finite face of the triangulation.

Face handle t.locate( Point query, Facehandle f = Facehandle())

If the pointquerylies inside the convex hull of the points, a face that
contains the query in its interior or on its boundary is returned.
If the pointquerylies outside the convex hull of the triangulation but
in the affine hull, the returned face is an infinite face which is a proof
of the point’s location :
- for a two dimensional triangulation, it is a face(∞, p,q) such that
querylies to the left of the oriented linepq (the rest of the triangula-
tion lying to the right of this line).
- for a degenerate one dimensional triangulation it is the (degenarate
one dimensional) face(∞, p,NULL) such thatqueryand the triangu-
lation lie on either side ofp.
If the point query lies outside the affine hull, the returnedFace
handleis NULL.
The optionalFace handleargument, if provided, is used as a hint of
where the locate process has to start its search.
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Face handle t.locate( Point query, Locatetype& lt, int& li, Face handle h =Facehandle())

Same as above. Additionally, the parameterslt andli describe where
the query point is located. The variablelt is set to the locate type of
the query. Iflt==VERTEX the variableli is set to the index of the ver-
tex, and iflt==EDGE li is set to the index of the vertex opposite to the
edge. Be careful thatli has no meaning when the query type isFACE,
OUTSIDECONVEXHULL, or OUTSIDEAFFINE HULL or when
the triangulation is 0-dimensional.

Orientedside t.orientedside( Facehandle f, Point p)

Returns on which side of the oriented boundary off lies the pointp.
Precondition: f is finite.

Orientedside t.sideof orientedcircle( Facehandle f, Point p)

Returns on which side of the circumcircle of facef lies the pointp.
The circle is assumed to be counterclockwisely oriented, so its pos-
itive side correspond to its bounded side. This predicate is available
only if the corresponding predicates on points is provided in the geo-
metric traits class.

Modifiers

The following operations are guaranteed to lead to a valid triangulation when they are applied on a valid trian-
gulation.

void t.flip( Facehandle f, int i)

Exchanges the edge incident tof and f->neighbor(i)with the other
diagonal of the quadrilateral formed byf andf->neighbor(i).
Precondition: The facesf andf->neighbor(i)are finite faces and their
union form a convex quadrilateral.

Vertexhandle t.insert( Point p, Facehandle f = Facehandle())

Inserts pointp in the triangulation and returns the corresponding ver-
tex.
If point p coincides with an already existing vertex, this vertex is re-
turned and the triangulation remains unchanged.
If point p is on an edge, the two incident faces are split in two.
If point p is strictly inside a face of the triangulation, the face is split
in three.
If point p is strictly outside the convex hull,p is linked to all visible
points on the convex hull to form the new triangulation.
At last, if p is outside the affine hull (in case of degenerate 1-
dimensional or 0-dimensional triangulations),p is linked all the other
vertices to form a triangulation whose dimension is increased by one.
The last argumentf is an indication to the underlying locate algorithm
of where to start.
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Figure 20.11: Insertion of a point on an edge.

Figure 20.12: Insertion in a face.

Vertexhandle t.insert( Point p, Locatetype lt, Facehandle loc, int li)

Same as above except that the location of the pointp to be inserted
is assumed to be given by(lt,loc,i) (see the description of thelocate
method above.)

Vertexhandle t.pushback( Point p)

Equivalent toinsert(p).

template< class InputIterator>
int t.insert( InputIterator first, InputIterator last)

Inserts the points in the range[ first, last). Returns the number of
inserted points.
Precondition: Thevalue typeof InputIterator is Point.

void t.remove( Vertexhandle v)

Removes the vertex from the triangulation. The created hole is retri-
angulated.
Precondition: Vertexv must be finite.

advanced

The following member functions offer more specialized versions of the insertion or removal operations to be
used when one knows to be in the corresponding case.
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Figure 20.13: Insertion outside the convex hull.

Figure 20.14: Removal
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Vertexhandle t.insertfirst( Point p)

Inserts the first finite vertex .

Vertexhandle t.insertsecond( Point p)

Inserts the second finite vertex .

Vertexhandle t.insertin face( Point p, Facehandle f)

Inserts vertexv in facef . Facef is modified, two new faces are cre-
ated.
Precondition: The point in vertexv lies inside facef .

Vertexhandle t.insertin edge( Point p, Facehandle f, int i)

Inserts vertex v in edgei of f .
Precondition: The point in vertexv lies on the edge opposite to the
vertexi of facef .

Vertexhandle t.insertoutsideconvexhull( Point p, Facehandle f)

Inserts a point which is outside the convex hull but in the affine hull.
Precondition: The handlef points to a face which is a proof of the
location ofp, see the description of thelocatemethod above.

Vertexhandle t.insertoutsideaffine hull( Point p)

Inserts a point which is outside the affine hull.

void t.removedegree3( Vertexhandle v)

Removes a vertex of degree three. Two of the incident faces are de-
stroyed, the third one is modified.
Precondition: Vertexv is a finite vertex with degree three.

void t.removesecond( Vertexhandle v)

Removes the before last finite vertex.

void t.removefirst( Vertexhandle v)

Removes the last finite vertex.

The following fonctions are mainly intended to be used in conjunction with thefind conflicts()member fonc-
tions of Delaunay and constrained Delaunay triangulations to perform insertions.
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template<class EdgeIt>
Vertexhandle t.starhole( Point p, EdgeIt edgebegin, EdgeIt edgeend)

creates a new vertexv and use it to star the hole whose boundary is
described by the sequence of edges[edge begin, edgeend[. Returns
a handle to the new vertex.

template<class EdgeIt, class FaceIt>
Vertexhandle t.starhole( Point p,

EdgeIt edgebegin,
EdgeIt edgeend,
FaceIt facebegin,
FaceIt faceend)

same as above, except that the algorithm first recycles faces in the
sequence[face begin, faceend[ and create new ones only when the
sequence is exhausted.

advanced

Traversal of the Triangulation

A triangulation can be seen as a container of faces and vertices. Therefore the triangulation provides several
iterators and circulators that allow to traverse it (completely or partially).

Face, Edge and Vertex Iterators

The following iterators allow respectively to visit finite faces, finite edges and finite vertices of the triangulation.
These iterators are non mutable, bidirectional and their value types are respectivelyFace, EdgeandVertex. They
are all invalidated by any change in the triangulation.

Finite verticesiterator t.finite verticesbegin() Starts at an arbitrary finite vertex
Finite verticesiterator t.finite verticesend() Past-the-end iterator

Finite edgesiterator t.finite edgesbegin() Starts at an arbitrary finite edge
Finite edgesiterator t.finite edgesend() Past-the-end iterator

Finite facesiterator t.finite facesbegin() Starts at an arbitrary finite face
Finite facesiterator t.finite facesend() Past-the-end iterator
Point iterator t.pointsbegin()
Point iterator t.pointsend() Past-the-end iterator

The following iterators allow respectively to visit all (finite or infinite) faces, edges and vertices of the trian-
gulation. These iterators are non mutable, bidirectional and their value types are respectivelyFace, Edgeand
Vertex. They are all invalidated by any change in the triangulation.

All verticesiterator t.all verticesbegin() Starts at an arbitrary vertex
All verticesiterator t.all verticesend() Past-the-end iterator

All edgesiterator t.all edgesbegin() Starts at an arbitrary edge
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All edgesiterator t.all edgesend() Past-the-end iterator

All facesiterator t.all facesbegin() Starts at an arbitrary face
All facesiterator t.all facesend() Past-the-end iterator

Line Face Circulator

The triangulation defines a circulator that allows to visit all faces that are intersected by a line. A facef is
considered has being intersected by the oriented linel if either:

• f is a finite face whose interior intersectsl, or

• f is a finite face with an edge collinear withl and lies to the left ofl, or

• f is an infinite face incident to a convex hull edge whose interior is intersected byl, or

• f is an infinite face incident to a convex hull vertex lying onl and the finite edge off lies to the left ofl.

The circulator has a singular value if the linel intersect no finite face of the triangulation. This circulator is
non-mutable and bidirectional. Its value type isFace.

Line face circulator t.line walk( Point p, Point q, Facehandle f = Facehandle())

This function returns a circulator that allows to visit the faces
intersected by the linepq. If there is no such face the circulator
has a singular value.
The starting point of the circulator is the facef , or the first finite
face traversed byl , if f is omitted.
The circulator wraps around theinfinite vertex: after the last
traversed finite face, it steps through the infinite face adjacent
to this face then through the infinite face adjacent to the first
traversed finite face then through the first finite traversed face
again.
Precondition: Pointsp andq must be different points.
Precondition: If f != NULL , it must point to a finite face and
the pointp must be inside or on the boundary off .

Figure20.15illustrates which finite faces are enumerated. Linesl1 and l2 have no face to their left. Linesl3
and l4 have faces to their left. Note that the finite faces that are only vertex incident to linesl3 and l4 are not
enumerated.

A line face circulator is invalidated if the face the circulator refers to is changed.

Face, Edge and Vertex Circulators

The triangulation also provides circulators that allows to visit respectively all faces or edges incident to a given
vertex or all vertices adjacent to a given vertex. These circulators are non-mutable and bidirectional. The
operator++ moves the circulator counterclockwise around the vertex while theoperator--moves clockwise.
A face circulator is invalidated by any modification of the face pointed to. An edge or a vertex circulator are
invalidated by any modification of one of the two faces incident to the edge pointed to.

Face circulator t.incidentfaces( Vertexhandle v)

Starts at an arbitrary face incident tov.
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Figure 20.15: The line face circulator.

Face circulator t.incidentfaces( Vertexhandle v, Facehandle f)

Starts at facef .
Precondition: Facef is incident to vertexv.

Edgecirculator t.incidentedges( Vertexhandle v)

Starts at an arbitrary edge incident tov.

Edgecirculator t.incidentedges( Vertexhandle v, Facehandle f)

Starts at the first edge off incident tov, in counterclockwise
order aroundv.
Precondition: Facef is incident to vertexv.

Vertexcirculator t.incidentvertices( Vertexhandle v)

Starts at an arbitrary vertex incident tov.

Vertexcirculator t.incidentvertices( Vertexhandle v, Facehandle f)

Starts at the first vertex off adjacent tov in counterclockwise
order aroundv.
Precondition: Facef is incident to vertexv.

Traversal of the Convex Hull

Applied on theinfinite vertexthe above functions allow to visit the vertices on the convex hull and the infi-
nite edges and faces. Note that a counterclockwise traversal of the vertices adjacent to theinfinite vertexis a
clockwise traversal of the convex hull.

Face circulator t.incidentfaces( t.infinitevertex())
Face circulator t.incidentfaces( t.infinitevertex(), Facehandle f)
Edgecirculator t.incidentedges( t.infinitevertex())
Edgecirculator t.incidentedges( t.infinitevertex(), Facehandle f)
Vertexcirculator t.incidentvertices( t.infinitevertex() v)
Vertexcirculator t.incidentvertices( t.infinitevertex(), Facehandle f)

Miscellaneous
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int t.ccw( int i) Returnsi +1 modulo 3.
Precondition: 0≤ i ≤ 2.

int t.cw( int i) Returnsi +2 modulo 3.
Precondition: 0≤ i ≤ 2.

Triangle

t.triangle( Facehandle f) Returns the triangle formed by the three vertices off .
Precondition: The face is finite.

Segment t.segment( Facehandle f, int i) Returns the line segment formed by the verticesccw(i)andcw(i)
of facef .
Precondition: 0≤ i ≤ 2. The verticesccw(i) andcw(i) of f are
finite.

Segment t.segment( Edge e) Returns the line segment corresponding to edgee.
Precondition: e is a finite edge

Segment t.segment( Edgecirculator ec) Returns the line segment corresponding to edge*ec.
Precondition: *ec is a finite edge.

Segment t.segment( Edgeiterator ei) Returns the line segment corresponding to edge*ei.
Precondition: *ei is a finite edge.

Point t.circumcenter( Facehandle f) Compute the circumcenter of the face pointed to by f. This func-
tion is available only if the correspoding function is provided in
the geometric traits.

advanced

Setting

void t.setinfinite vertex( Vertexhandle v)

Checking

The responsibility of keeping a valid triangulation belongs to the users if advanced operations are used. Obvi-
ously the advanced user, who implements higher levels operations may have to make a triangulation invalid at
some times. The following method is provided to help the debugging.

bool t.is valid( bool verbose = false, int level = 0)

Checks the combinatorial validity of the triangulation and also
the validity of its geometric embedding. This method is mainly
a debugging help for the users of advanced features.

advanced

I/O

The I/O operators are defined foriostream. The format for the iostream is an internal format.

ostream& ostream& os<< T

Inserts the triangulationt into the streamos.
Precondition: The insert operator must be defined forPoint.
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istream& istream& is >> T Reads a triangulation from streamis and assigns it tot.
Precondition: The extract operator must be defined forPoint.

The information ouput in theiostreamis:
- the dimension, the number of vertices (including the infinite one), and the number of faces (including infinite
ones).
- for each vertex (except the infinite vertex), the non combinatorial information stored in that vertex (point, etc.).
- for each faces, the indices of its vertices and the non combinatorial information (if any) in this face. - for each
face again the indices of the neighboring faces.
The index of an item (vertex of face) is the rank of this item in the ouput order. When dimension< 2, the same
information is ouput for faces of maximal dimension instead of faces.

CGAL also provides stream operators<< to draw triangulations onCGAL::Windowstream, the LEDA based
graphic package, and onCGAL::Qt widget, the Qt based graphic package. These operators requires respectively
the include statements :
#include CGAL/IO/Windowstream.h
#include CGAL/IO/Qtwidget Triangulation 2.h
See the chapters onWindowstreamand onQt widgetin the Support Library manual.

Implementation

Locate is implemented by a line walk from a vertex of the face given as optional parameter (or from a finite
vertex ofinfinite face()if no optional parameter is given). It takes timeO(n) in the worst case, but onlyO(

√
n)

on average if the vertices are distributed uniformly at random.

Insertion of a point is done by locating a face that contains the point, and then splitting this face. If the point
falls outside the convex hull, the triangulation is restored by flips. Apart from the location, insertion takes a time
timeO(1). This bound is only an amortized bound for points located outside the convex hull.

Removal of a vertex is done by removing all adjacent triangles, and retriangulating the hole. Removal takes
timeO(d2) in the worst case, ifd is the degree of the removed vertex, which isO(1) for a random vertex.

The face, edge, and vertex iterators on finite features are derived from their counterparts visiting all (finite
and infinite) features which are themselves derived from the corresponding iterators of the triangulation data
structure.

See Also

TriangulationTraits2
TriangulationDataStructure2
TriangulationDataStructure2::Face
TriangulationDataStructure2::Vertex
CGAL::Triangulationdata structure2<Vb,Fb>
CGAL::Triangulationvertexbase2<Traits>
CGAL::Triangulation face base2<Traits>
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Figure 20.16: Vertices and neighbors.
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CGAL::Triangulation cw ccw 2

Definition

The classTriangulation cw ccw 2 offer two functionsint cw(int i) and int ccw(int i) which given the index
of a vertex in a face compute the index of the next vertex of the same face in clockwise or counterclockwise
order. This works also for neighbor indexes. Thus, for example the neighborneighbor(cw(i))of a facef is the
neighbor which is next toneighbor(i)turning clockwise aroundf . The faceneighbor(cw(i))is also the first face
encountered afterf when turning clockwise around vertexi of f .

Many of the classes in the triangulation package inherit fromTriangulation cw ccw 2. This is for instance the
case forCGAL::Triangulation2<Traits,Tds>::Face. Thus, for example the neighborneighbor(cw(i))of a face
f is the neighbor which is next toneighbor(i)turning clockwise aroundf . The faceneighbor(cw(i))is also the
first face encountered afterf when turning clockwise around vertexi of f .

#include<CGAL/Triangulation2.h>

Creation

Triangulation cw ccw 2 a; default constructor.

Operations

int a.ccw( const int i) returns the index of the neighbor or vertex that is next to the
neighbor or vertex with indexi in counterclockwise order
around a face.

int a.cw( const int i) returns the index of the neighbor or vertex that is next to the
neighbor or vertex with indexi in counterclockwise order
around a face.
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See Also

CGAL::Triangulation2<Traits,Tds>
CGAL::TriangulationDSFace2
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CGAL::Triangulation euclidean traits 2<K>

Definition

The classTriangulation euclideantraits 2<K> can be used to instantiate the geometric traits class of basic and
Delaunay triangulations. The templated parameterK has to be instantiated by a model of theKernelconcept.
The classTriangulation euclideantraits 2<K> uses types and predicates definedK.

#include<CGAL/Triangulationeuclideantraits 2.h>

Is Model for the Concepts

TriangulationTraits2
DelaunayTriangulationTraits2

See Also

TriangulationTraits2
DelaunayTriangulationTraits2
CGAL::Triangulation2<Traits,Tds>
CGAL::Delaunaytriangulation 2<Traits,Tds>
CGAL::Triangulationeuclideantraits xy 3<K>
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CGAL::Triangulation euclidean traits xy 3<K>

Definition

The classTriangulation euclideantraits xy 3<K> is a geometric traits class which alows to triangulate a ter-
rain. This traits class is designed to build a two dimensional triangulation embedded in 3D space, i.e. a tri-
angulated surface, such that its on thexy plane is a Delaunay triangulation. This is a usual construction for
GIS terrains. Instead of really projecting the 3D points and maintaining a mapping between each point and
its projection (which costs space and is error prone) the classTriangulation euclideantraits xy 3<K> supplies
geometric predicates that ignore thez-coordinate of the points.

The class is a model of the conceptDelaunayTriangulationTraits2 except that it does not provide the type and
constructors required to build the dual Voronoi diagram.

Parameters

The template parameterK has to be instantiated by a model of theKernelconcept.Triangulation euclidean
traits xy 3<K> uses types and predicates defined inK.

#include<CGAL/Triangulationeuclideantraits xy 3.h>

Types

typedef Point3<K> Point 2;
typedef Segment3<K>

Segment2;
typedef Triangle3<K>

Triangle 2;

The following predicates and constructor types are provided

Triangulation euclideantraits xy 3<K>:: Construct segment2

A constructor object forSegment2. Provides :
Segment2 operator()(Point2 p,Point 2 q),
which constructs a segment from two points.

Triangulation euclideantraits xy 3<K>:: Construct triangle 2

A constructor object forTriangle 2. Provides :
Triangle 2 operator()(Point2 p,Point 2 q,Point 2 r ),
which constructs a triangle from three points.

Triangulation euclideantraits xy 3<K>:: Comparex 2

Predicate object. Provides the operator :
Comparisonresult operator()(Point2 p, Point 2 q)
which returnsSMALLER, EQUALor LARGERaccordingto thex-ordering of points
p andq.
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Triangulation euclideantraits xy 3<K>:: Comparey 2

Predicate object. Provides the operator :
Comparisonresult operator()(Point2 p, Point 2 q)
which returns (SMALLER, EQUALor LARGER) according to they-ordering of points
p andq.

Triangulation euclideantraits xy 3<K>:: Orientation 2

Predicate object. Provides the operator :
Orientation operator()(Point2 p, Point 2 q, Point 2 r)
which returnsLEFT TURN, RIGHT TURN or COLLINEARaccording to the posi-
tion of the projection ofr with respect to the projection of the oriented linepq.

Triangulation euclideantraits xy 3<K>:: Side of orientedcircle 2

Predicate object. Provides the operator :Orientedside operator()(Point2 p, Point
2 q, Point 2 r, Point 2 s)which takes four pointsp,q, r,s as arguments and returns
ON POSITIVESIDE, ON NEGATIVESIDEor, ON ORIENTEDBOUNDARYac-
cording to the position of the projection of points with respect to the oriented circle
through the projections ofp,q andr.

Creation

Only a default constructor, copy constructor and an assignement operator are required. Note that further con-
structors can be provided.

Triangulation euclideantraits xy 3<K> traits;

default constructor.

Triangulation euclideantraits xy 3<K> traits( Triangulationeuclideantraits xy 3 tr);

Copy constructor.

Triangulation euclideantraits xy 3 traits= Triangulation euclideantraits xy 3 tr

Assignment operator.

Access to predicate objects

The following access functions are provided

Constructsegment2 traits.constructsegment2 object()
Constructtriangle 2 traits.constructtriangle 2 object()
Comparisonx 2 traits.comparex 2 object()
Comparisony 2 traits.comparey 2 object()
Orientation 2 traits.orientation2 object()
Sideof orientedcircle 2 traits.sideof orientedcircle 2 object()
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See Also

TriangulationTraits2
DelaunayTriangulationTraits2
CGAL::Triangulation2<Traits,Tds>
CGAL::Delaunaytriangulation 2<Traits,Tds>

CGAL provides also predefined geometric traits classTriangulation euclideantraits yz 3<K> and
Triangulation euclideantraits zx 3<K> to deal with projections on thexz- or theyz-plane, respectively.

#include<CGAL/Triangulationeuclideantraits xz 3.h>
#include<CGAL/Triangulationeuclideantraits yz 3.h>
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CGAL::Triangulation face base2<Traits,Fb>

Definition

The classTriangulation face base2<Traits,Fb> is a model for the conceptTriangulationFaceBase2. It is the
default face base class for basic and Delaunay triangulation.

These default base class can be used directly or can serve as a base to derive other base classes with some
additional attribute (a color for example) tuned for specific applications.

Parameters

The first template parameter ofTriangulation face base2<Traits,Fb> is a geometric traits class. The geometric
traits is actually not used by the class.

The second template parameter has to be a model of the conceptTriagulationDSFaceBase2 and will serve as a
base class forTriangulation face base2<Traits,Fb> . CGAL provides a default instantiation for this parameter
which isTriangulation ds face base2<>.

#include<CGAL/Triangulationface base2.h>

Is Model for the Concepts

TriangulationFaceBase2

See Also

CGAL::Triangulationds face base2<Tds>
CGAL::Triangulationvertexbase2<Traits,Vb>
CGAL::Triangulation2<Traits,Tds>
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CGAL::Triangulation face basewith info 2<Info,Traits,Fb >

Definition

The class Triangulation face basewith info 2<Info,Traits,Fb> is a model of the concept
TriangulationFaceBase2 to be plugged into the triangulation data structure of a triangulation class. It
provides an easy way to add some user defined information in the faces of a triangulation.

#include<CGAL/Triangulationface basewith info 2.h>

Parameters

The first template argument is the information the user would like to add to a face. It has to beDefaultCon-
structibleandAssignable.

The second template argument is a geometric traits class and is actually not used inTriangulation face base
with info 2<Info,Traits,Fb> .

The third parameter is a face base class from whichTriangulation face basewith info 2<Info,Traits,Fb> de-
rives.

Inherits From

Fb

Is Model for the Concepts

BecauseTriangulation face basewith info 2<Info,Traits,Fb> derives from the class instantiating its third pa-
rameter, it will be a model of the same face base concept as its parameter :TriangulationFaceBase2,
ConstrainedTriangulationFaceBase2 ,
or RegularTriangulationFaceBase2

Types

typedef Info Info;

Access Functions

const Info& f .info() const Returns a const reference to the object of typeInfo stored in the face.
Info& f .info() Returns a reference to the object of typeInfo stored in the face.

See Also

CGAL::Triangulation face base2<Traits,Fb>
CGAL::Constrainedtriangulation face base2<Traits,Fb>
CGAL::Regulartriangulation face base2<Traits,Fb>
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CGAL::Triangulation hierarchy 2<Tr >

Definition

The classTriangulation hierarchy 2<Tr> implements a triangulation augmented with a data structure which
allows fast point location queries.

The data structure is a hierarchy of triangulations. The triangulation at the lowest level is the original triangula-
tion where operations and point location are to be performed. Then at each succeedding level, the data structure
stores a triangulation of a small random sample of the vertices of the triangulation at the preceeding level.

Point location is done through a top-down nearest neighbor query. The nearest neighbor query is first performed
naively in the top level triangulation. Then, at each following level, the nearest neighbor at that level is found
through a linear walk performed from the nearest neighbor found at the preceeding level.

Because the number of vertices in each triangulation is only a small fraction of the number of vertices of the
preceeding triangulation the data structure remains small and achieves fast point location queries on real data.
As proved in [Dev98], this structure has an optimal behaviour when it is built for Delaunay triangulations.
However it can be used as well for other triangulations. The classTriangulation hierarchy 2<Tr> is templated
by a parameter which is to be instantiated by anyone of the CGAL triangulation classes.

#include<CGAL/Triangulationhierarchy 2.h>

Inherits From

Tr

Types

The classTriangulation hierarchy 2<Tr> inherits the types from its base triangulation classTr.

The classTriangulation hierarchy 2<Tr> offers exactly the same functionalities as the triangulation Tr does.
Location queries are overloaded to benefit from the data structure. Modifiers (insertion, removal) are overloaded
to take care of updating the data structure.

Be carefull that I/O operations are not overloaded. Writing aTriangulation hierarchy 2<Tr> into a file writes
only the lowest level triangulation and drop the hierarchy and reading it from a file results in a triangulation
whose efficiency will be that of an ordinary triangulation.

See Also

CGAL::Triangulation2<Traits,Tds>
CGAL::Delaunaytriangulation 2<Traits,Tds> TriangulationHierarchyVertexBase2,
CGAL::Triangulationhierarchy vertexbase2<Vb>
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CGAL::Triangulation hierarchy vertex base2<Vb>

Definition

The classTriangulation hierarchy vertexbase2<Vb> is designed to be used as a vertex base class of a trian-
gulation plugged into aTriangulation hierarchy 2<Tr>.

It is a model of the conceptTriangulationHierarchyVertexBase2 which refines the concept
TriangulationVertexBase2.

This class is templated by a parameterVb which is to be instantiated by a model of the concept
TriangulationVertexBase2. The classTriangulation hierarchy vertexbase2<Vb> inherits from the classVb.
This design allows to use either the default vertex base class or a user customized vertex base with additional
functionalities.

#include<CGAL/Triangulationhierarchy 2.h>

Is Model for the Concepts

TriangulationHierarchyVertexBase2

Inherits From

Vb

See Also

TriangulationVertexBase2
TriangulationHierarchyVertexBase2
CGAL::Triangulationvertexbase2<Traits>
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CGAL::Triangulation vertex base2<Traits,Vb>

Definition

The class Triangulation vertexbase2<Traits,Vb> is the default model for the concept
TriangulationVertexBase2.

Triangulation vertexbase2<Traits,Vb> can be simply plugged in the triangulation data structure of a triangu-
lation, or used as a base class to derive other base vertex classes tuned for specific applications.

#include<CGAL/Triangulationvertexbase2.h>

Parameters

Triangulation vertexbase2<Traits,Vb> is templated by a geometric traits class which provide the typePoint.
It is strongly recommanded to instantiate this traits class with the model used for the triangulation traits class.
This ensures that the point type defined byTriangulation vertexbase2<Traits,Vb> is the same as the point
type defined by the triangulation.

The second template parameter ofTriangulation vertexbase2<Traits,Vb> has to be a model of the concept
TriangulationDSVertexBase2 By default this parameter is instantiated byCGAL::Triangulationds vertex
base2<>.

Is Model for the Concepts

TriangulationVertexBase2

Inherits From

Vb

See Also

CGAL::Triangulationds vertexbase2<Tds>
CGAL::Triangulation face base2<Traits,Fb>
CGAL::Regulartriangulation vertexbase2<Traits,Vb>
CGAL::Triangulationvertexbasewith info 2<Info,Traits,Vb>
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CGAL::Triangulation vertex basewith info 2<Info,Traits,Vb >

Definition

The classTriangulation vertexbasewith info 2<Info,Traits,Vb> is designed to be used as a base vertex class
of a triangulation. It provides an easy way to add some user defined information in vertices.

#include<CGAL/Triangulationvertexbasewith info 2.h>

Parameters

The first template parameter is the information the user would like to add to a vertex. It has to beDefaultCon-
structibleandAssignable.

The second template parameter is the geometric traits class which provides thePoint 2. It is strongly recom-
manded to instantiate this parameter with the traits class used for the triangulation. This ensures that the point
type defined byTriangulation vertexbasewith info 2<Info,Traits,Vb> matches the point type defined by the
triangulation.

The third template parameter is a vertex base class from whichTriangulation vertexbasewith info 3 derives.
By default this parameter is instantiated byCGAL::Triangulationvertexbase2<Traits>.

Is Model for the Concepts

The parameterVb is a model of some vertex base concept.Triangulation vertexbasewith info 2<
Info,Traits,Vb> derives fromVband will be a model of the same vertex base concept :TriangulationVertexBase
2, or
RegularTriangulationVertexBase2.

Types

typedef Info Info;

Access Functions

const Info& v.info() const Returns a const reference to the object of typeInfo stored in the vertex.
Info& v.info() Returns a reference to the object of typeInfo stored in the vertex.

See Also

CGAL::Triangulation face basewith info 2<Info,Traits,Fb>
CGAL::Triangulationvertexbase2<Traits,Vb>
CGAL::Regulartriangulation vertexbase2<Traits,Vb>
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CGAL::Weighted point<Pt,Wt>

Definition

The classWeightedpoint<Pt,Wt> provides a type associating a point typePt with a weight typeWt. It is used
in the traits classesRegular triangulation euclideantraits 2 andRegular triangulation euclideantraits 3.

#include<CGAL/Weightedpoint.h>

Inherits From

Pt

Types

Pt Point; The point type
Wt Weight; The weight type.

Creation

Weightedpoint<Pt,Wt> wp( Point p=Point(), Weight w= Weight(0));
Weightedpoint<Pt,Wt> wp( Weightedpoint wq);

copy constructor.

Access Functions

Point wp.point()
Weight wp.weight()

See Also

CGAL::Regulartriangulation euclideantraits 2<Rep,Weight>
CGAL::Regulartriangulation euclideantraits 3<R,Weight>.
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2D Triangulation Data Structure
Sylvain Pion and Mariette Yvinec
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21.1 Definition

A triangulation data structure is a data structure designed to handle the representation of a two dimensional
triangulation. The concept of triangulation data structure was primarily designed to serve as a data structure
for CGAL 2D triangulation classes which are triangulations embedded in a plane. However it appears that the
concept is more general and can be used for any orientable triangulated surface without boundary, whatever
may be the dimensionality of the space the trianguation is embedded in.

21.1.1 A data structure based on faces and vertices

The representation of CGAL 2D triangulations is based on faces and vertices, Edges are only implicitely repre-
sented trough the adjacency relations betwen two faces.

The triangulation data structure can be seen as a container for faces and vertices maintaining incidence and
adjacency relations among them.

Each triangular face gives access to its three incident vertices and to its three adjacent faces. Each vertex gives
access to one of its incident faces and through that face to the circular list of its incident faces.
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Figure 21.1: Vertices and neighbors.

The three vertices of a face are indexed with 0, 1 and 2. The neighbors of a face are also indexed with 0,1,2 in
such a way that the neighbor indexed byi is opposite to the vertex with the same index. See Figure21.1, the
functionsccw(i)andcw(i) shown on this figure compute respectivelyi +1 andi−1 modulo 3

Each edge has two implicit representations : the edge of a facef which is opposed to the vertex indexedi, can
be represented as well as an edge of theneighbor(i)of f .

This kind or representation of simplicial complexes extends in any dimension. More precisely, in dimensiond,
the data structure will explicitely represents cells (i. e. faces of maximal dimension) and vertices (i. e. faces
of dimension 0). All faces of dimension between 1 andd− 1 will have an implicit representation. The 2D
triangulation data structure can represent simplicial complexes of dimension 2, 1 or 0.

21.1.2 The set of faces and vertices

The set of faces maintained by a 2D triangulation data structure is such that each edge is incident to two faces.
In other words, the set of maintained faces is topologically equivalent to a two-dimensional triangulated sphere.

This rules extends to lower dimensional triangulation data structure arising in degenerate cases or when the
triangulations have less than three vertices. A one dimensional triangulation structure maintains a set of vertices
and edges which forms a ring topologically equivalent to a 1-sphere.

A zero dimensional triangulation data structure only includes two adjacent vertices that is topologically equiva-
lent to a 0-sphere.

21.2 The Concept of Triangulation Data Structure

A model of TriangulationDataStructure2 can be seen has a container for the faces and vertices of the trian-
gulation. This class is also responsible for the combinatorial integrity of the triangulation. This means that the
triangulation data structure maintains proper incidence and adjacency relations among the vertices and faces of
a triangulation while combinatorial modifications of the triangulation are performed. The term combinatorial
modification refers to operations which do not involve any knowledge about the geometric embedding of the
triangulation. For example, the insertion of a new vertex in a given face, or in a given edge, the suppression
of a vertex of degree three, the flip of two edge are examples of combinatorial operation performed at the data
structure level.

The triangulation data structure is required to provide :

1456



0

1 2

v

f1 2

0

f

v

Figure 21.2: Insertion of a new vertex, splitting a face

• the typesVertexandFacefor the vertices and faces of the triangulations

• the typeVertexhandleandFace handlewhich are models of the conceptHandleand through which the
vertices and faces are accessed.

• iterators to visit all the vertices, edges and faces of the triangulation,

• circulators to visit all the vertices, edges and faces incident to a given vertex

The triangulation data structure is responsible for the creation and removal of faces and vertices (memory
management). It provides function that gives the number of faces, edges and vertices of the triangulation.

The triangulation data structure provides member functions to perform the following combinatorial transforma-
tion of the triangulation:

• flip of two adjacent faces,

• addition of a new vertex splitting a given face see Figure21.2,

• addition of a new vertex splitting a given edge,

• addition of a new vertex raising by one the dimension of a degenerate – lower dimensional triangulation,

• removal of a vertex incident to three faces,

• removal of a vertex lowering the dimension of the triangulation

21.3 The Default Triangulation Data Structure

CGAL provides the classCGAL::Triangulationdata structure2<Vb,Fb> as a default triangulation data struc-
ture.

21.3.1 Flexibility

In oder to provide flexibility, the default triangulation data structure is templated by two parameters which
stands respectively for a vertex base class and a face base class. The conceptTriangulationDSVertexBase2 and
TriangulationDSFaceBase2 describe the requirements for the vertex and face classes of a triangulation data
structure.

This design allows the user to plug in the triangulation data structure his own vertex or face classes tuned for
his application.
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21.3.2 The cyclic dependancy of template parameters

Since adjacency and incidence relation are stored in vertices and faces, the vertex and face classes have to know
the types of handles on faces and vertices provided by the triangulation data structure. Therefore, vertex and
face classes need to be templated by the triangulation data structure. Because the triangulation data structure is
itself templated by the vertex and face classes this induces a cyclic dependancy. See figure21.3.

21.3.3 The rebind mechanism

The solution proposed by CGAL to resolve this cyclic dependency is based on a rebind mechanism similar
to the mechanism used in the standard allocator class std::allocator. The vertex and face classes plugged in
the instantiation of a triangulation data structure are themselves instantiated with a fake data structure. The
triangulation data structure will then rebind these classes, plugging itself at the place of the fake data structure,
before using them to derive the vertex and face classes. The rebinding is performed through a nested template
classRebindTDSin the vertex and face class, which provide the rebound class as a type calledOther.

Here is how it works schematically. First, here is the rebinding taking place in the triangulation data stucture.

template < class Vb, class Fb >
class Triangulation_data_structure
{
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typedef Triangulation_data_structure<Vb,Fb> Self;

// Rebind the vertex and face base to the actual TDS (Self).
typedef typename Vb::template Rebind_TDS<Self>::Other VertexBase;
typedef typename Fb::template Rebind_TDS<Self>::Other FaceBase;

// ... further internal machinery leads to the final public types:
public:

typedef ... Vertex;
typedef ... Face;
typedef ... Vertex_handle;
typedef ... Face_handle;

};

Then, here is the vertex class with its nestedRebindTDStemplate class and its template parameter set by default
to an an internal type faking a triangulation data structure.

template < class TDS = an internal type faking a triangulation data
structure >
class Vertex_base
{
public:

template < class TDS2 >
struct Rebind_TDS {

typedef Vertex_base<TDS2> Other;
};

...
};

Imagine an analogFace baseclass. The triangulation data structure is then instantiate as follows :

typedef Triangulation_data_structure< Vertex_base<>, Face_base<> > TDS;

21.3.4 Making use of the flexibility

There is several possibilities to make use of the flexibility offered by the triangulation data structure.

• First, when the user needs to have, in vertices and faces, additional information which do not depend on
types defined by the triangulated data structure, predefined classesTriangulation vertexbasewith info
andTriangulation face basewith info can be plugged in. Those classes have a template parameterInfo
to be instantiated by a user defined type. They store a data member of this type and gives acces to it.

• Second, the user can derive his own base classes from the default base classes :Triangulation ds vertex
base2, andTriangulation ds face base2 are the default base classes to be plugged in a triangulation
data structure used alone. Triangulation classes requires a data strucure in which other base classes have
been plugged it. The default base classes for most of the triangulation classes areTriangulation vertex
base2, andTriangulation face base2 are the default base classes to be used when the triangulation data
structure is plugged in a triangulation class.

When derivation is used, the rebind mechanism is slightly more involved, because it is necessary to rebind
the base class itself. However the user will be able to use in his classes references to types provided by
the triangulation data structure. For example,
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template < class Gt, class Vb = CGAL::Triangulation_vertex_base_2<Gt> >
class My_vertex_base
: public Vb

{
public :
template < typename TDS2 >
struct Rebind_TDS {

typedef typename Vb::template Rebind_TDS<TDS2>::Other Vb2;
typedef My_vertex_base<Gt,Vb2> Other;

};

typedef typename Vb::Triangulation_data_structure Tds;
typedef typename Tds::Vertex_handle Vertex_handle;
......

};

• At last the user can write his own base classes. If the triangulation data structure is used alone,
the requirements for the base classes are described by the conceptsTriangulationDSVertexBase2 and
TriangulationDSFaceBase2, documented page1476and page1471. If the triangulation data structure is
plugged into a triangulation class, the concepts for the vertex and base classes depends on the triangulation
class. The most basic concepts, valid for basic and Delaunay triangulations areTriangulationVertexBase
2 andTriangulationFaceBase2, documented page1426and page1422.

See section20.11for examples of using the triangulation data structure flexibility.
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The triangulation data structure can be seen as a container for the faces and vertices of a triangulation. This
class also takes care of all the combinatorial operations performed on the triangulation.

The class CGAL::Triangulationdata structure2<Vb,Fb> is a model of the concept
TriangulationDataStructure2. which includes the subconceptsTriangulationDataStructure2::Face and
TriangulationDataStructure2::Vertex.

To ensure all theflexibility of the triangulation classes, described and in Section20.11 of Chap-
ter 20, the modelCGAL::Triangulationdata structure2<Vb,Fb> has two templates parameters. The class
CGAL::Triangulationdata structure2<Vb,Fb> derives itsVertexandFace types from the two template pa-
rametersVbandFb respectively.
If the triangulation data structure is used alone, these parameters have to be instantiated by models
of the conceptsTriangulationDSFaceBase2 and TriangulationDSVertexBase2. These concepts are de-
scribed in this chapter together with their default modelsCGAL::Triangulationds face base2<Tds> and
CGAL::Triangulationds vertexbase2<Tds>.
If the triangulation data structure is plugged into a triangulation class, the parameters have to be instantiated by
models of different refining concepts according to the actual type of the triangulation. These refining concepts
and their models are described in Chapter20

21.4 Classified Reference Pages

Concepts

TriangulationDataStructure2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1463
TriangulationDataStructure2::Face . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1474
TriangulationDataStructure2::Vertex . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1478

TriangulationDSFaceBase2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1471
TriangulationDSVertexBase2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1476
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TriangulationDataStructure 2

Definition

The concept TriangulationDataStructure2 describes the requirements for the second template parameter of the
basic triangulation classTriangulation 2<Traits,Tds> and of all other 2D triangulation classes.

The concept can be seen as a container for the faces and vertices of the triangulation. The con-
cept TriangulationDataStructure2 includes two subconceptsTriangulationDataStructure2::Vertex and
TriangulationDataStructure2::Face, described respectively page1478and page1474.

The TriangulationDataStructure2 maintains incidence and adjacency relations among vertices and faces.

Each triangular face gives access to its three incident vertices and to its three adjacent faces. Each vertex gives
access to one of its incident faces and through that face to the circular list of its incident faces.

The three vertices of a face are indexed with 0, 1 and 2. The neighbors of a face are also indexed with 0,1,2 in
such a way that the neighbor indexed byi is opposite to the vertex with the same index.

Each edge has two implicit representations : the edge of a facef which is opposed to the vertex indexedi, can
be represented as well as an edge of theneighbor(i)of f . See Figure20.2

The triangulation data structure is responsible for the combinatorial integrity of the triangulation. This means
that the triangulation data structure allows to perform some combinatorial operations on the triangulation and
guarantees the maintainance on proper incidence and adjacency relations among the vertices and faces. The
term combinatorial operations means that those operations are purely topological and do not depend on the
geometric embedding. Insertion of a new vertex in a given face, or in a given edge, suppression of a vertex of
degree three, flip of two edges are examples of combinatorial operations.

Types

TriangulationDataStructure2:: size type Size type (unsigned integral type)
TriangulationDataStructure2:: differencetype Difference type (signed integral type)

TriangulationDataStructure2:: Vertex The vertex type. Requirements for this type are de-
cribed in conceptTriangulationDataStructure2::Vertex
page1478.

TriangulationDataStructure2:: Face The face type. Requirements for this type are decribed in
conceptTriangulationDataStructure2::Facepage1474.

Vertices and facess are accessed viaVertexhandleandFace handle. These types are models of the concept
Handleswhich basically supports the two dereference operators* and->.

TriangulationDataStructure2:: Vertex handle Handle to a vertex
TriangulationDataStructure2:: Face handle Handle to a face.

typedef std::pair<Face handle,int> Edge; The edge type. TheEdge(f,i)is edge common to facesf
andf.neighbor(i). It is also the edge joining the vertices
vertex(cw(i))andvertex(ccw(i))of f .
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The following iterators allow one to visit all the vertices, edges and faces of a triangulation data structure. They
are all bidirectional, non-mutable iterators.

TriangulationDataStructure2:: Face iterator
TriangulationDataStructure2:: Edge iterator
TriangulationDataStructure2:: Vertex iterator

The following circulators allow to visit all the edges or faces incident to a given vertex and all the vertices
adjacent to a given vertex. They are all bidirectional and non mutable.

TriangulationDataStructure2:: Face circulator
TriangulationDataStructure2:: Edge circulator
TriangulationDataStructure2:: Vertex circulator

Iterators and circulators are convertible to the corresponding handles, thus they can be passed directly as argu-
ment to the functions expecting a handle.

Creation

TriangulationDataStructure2 tds; default constructor.

TriangulationDataStructure2 tds( tds1); Copy constructor. All the vertices and faces are duplicated.

TriangulationDataStructure2& tds= tds1

Assignation. All the vertices and faces oftds1are duplicated in
tds. Former faces and vertices oftds, if any, are deleted

Vertexhandle tds.copytds( tds1, Vertexhandle v = Vertexhandle())

tds1is copied intotds. If v!= NULL, the vertex oftdscorresponding to
v is returned, otherwiseVertexhandle()is returned.
Precondition: The optional argumentv is a vertex oftds1.

void tds.swap(& tds1) Swapstdsandtds1. Should be preferred totds=tds1or tds(tds1) when
tds1 is deleted after that.

void tds.clear() Deletes all faces and all finite vertices.

Access Functions

int tds.dimension() returns the dimension of the triangulation.
size type

tds.numberof vertices() returns the number of vertices in the data structure.
size type

tds.numberof faces() returns the number of two dimensional faces in the data
structure.
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size type

tds.numberof edges() returns the number of edges in the triangulation data struc-
ture.

size type

tds.numberof full dim faces() returns the number of full dimensional faces, i.e. faces of
dimension equal to the dimension of the triangulation. This
is the actual number of faces stored in the triangulation data
structure.

advanced

Setting

void tds.setdimension( int n) sets the dimension.

advanced

Queries

bool tds.isvertex( Vertexhandle v)

returns true ifv is a vertex oftds.

bool tds.isedge( Facehandle fh, int i)

tests whether(fh,i) is an edge oftds. Answersfalsewhendimension()
< 1 .

bool tds.isedge( Vertexhandle va, Vertexhandle vb)

returns true ifva vbis an edge oftds.

bool tds.isedge( Vertexhandle va, Vertexhandle vb, Facehandle&fr, int &i)

as previous. In addition, if true is returnedfr andi are set such that the
pair (fr,i) is the descrition of the ordered edgeva vb.

bool tds.isface( Facehandle fh) tests whetherfh is a face oftds. Answersfalsewhendimension()< 2
.

bool tds.isface( Vertexhandle v1, Vertexhandle v2, Vertexhandle v3)

true if there is a face havingv1, v2andv3as vertices.

bool tds.isface( Vertexhandle v1, Vertexhandle v2, Vertexhandle v3, Facehandle&fr)

as above. In addition, iftrue is returned, fr is a pointer to the face with
v1, v2andv3as vertices.

Traversing the triangulation

Face iterator tds.facesbegin() visits all faces
Face iterator tds.facesend()
Vertex iterator tds.verticesbegin() visits all vertices
Vertex iterator tds.verticesend()
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Edge iterator tds.edgesbegin() visits all edges
Edge iterator tds.edgesend()

Three circulator classes allow to traverse the edges or faces incident to a vertex or the vertices adjacent to this
vertex.. A face circulator is invalidated by any modification of the face it points to. An edge circulator is
invalidated by any modification of anyone of the two faces incident to the edge pointed to. A vertex circulator
that turns around vertexv and that has as value a pointer to vertexw, is invalidated by any modification of
anyone of the two faces incident tov andw.

Vertexcirculator tds.incidentvertices( Vertexhandle v, Facehandle f=NULL)

Precondition: If the facef is given, it has to be incident to be a
face oftdsincident tov and the circulator begins with the vertex
f->vertex(ccw(i))if i is the index ofv in f .

Edgecirculator tds.incidentedges( Vertexhandle v, Facehandle f=NULL)

Precondition: If the facef is given, it has to be a face oftds
incident tov and the circulator begins with the edge(f,cw(i)) of
f if i is the index ofv in f .

Face circulator tds.incidentfaces( Vertexhandle v, Facehandle f=NULL)

Precondition: If the facef is given, it has to be a face oftds
incident tov and the circulator begins with the facef .

Vertexhandle tds.mirrorvertex( Facehandle f, int i)

returns vertex off->neighbor(i).

int tds.mirror index( Facehandle f, int i)

returns the index off as a neighbor off->neighbor(i).

Modifiers

The following modifier member functions guarantee the combinatorial validity of the resulting triangulation.

void tds.flip( Facehandle f, int i) exchanges the edge incident tof andf->neighbor(i)with the other di-
agonal of the quadrilateral formed byf andf->neighbor(i).

Vertexhandle tds.insertfirst() creates the first vertex and returns a pointer to it.
Vertexhandle tds.insertsecond() creates the second vertex and returns a pointer to

it.

Vertexhandle tds.insertin edge( Facehandle f, int i) adds a vertexv splitting edgei of facef . Return a
pointer tov.

Vertexhandle tds.insertin face( Facehandle f) adds a vertexv splitting facef in three. Facef
is modified, two new faces are created. Return a
pointer tov
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Vertexhandle tds.insertdim up( Vertexhandle w, bool orient=true)

adds a vertexv, increasing by one the dimension
of the triangulation. Vertexv and the existing ver-
texw are linked to all the vertices of the triangula-
tion. The booleanorient decides the final orienta-
tion of all faces. A pointer to vertexv is returned.

void tds.removedegree3( Vertexhandle v, Face *f=NULL)

removes a vertex of degree 3. Two of the incident faces
are destroyed, the third one is modified. If parameterf is
specified, it has to be a face incident tov and will be the
modified face.
Precondition: Vertexv is a finite vertex with degree 3 and,
if specified, facef is incident tov.

void tds.removesecond( Vertexhandle v) removes the before last vertex.
void tds.removefirst( Vertexhandle v) removes the last vertex.
void tds.removedim down( Vertexhandle v) removes vertexv incident to all other vertices and decreases

by one the dimension of the triangulation.
Precondition: if the dimension is 2, the number of vertices
is more than 3, if the dimension is 1, the number of vertices
is 2.

advanced

The following modifiers are required for convenience of the advanced user. They do not guarantee the combi-
natorial validity of the resulting triangulation.
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template< class EdgeIt>
Vertexhandle tds.starhole( EdgeIt edgebegin, EdgeIt edgeend)

creates a new vertexv and use it to star the hole whose
boundary is described by the sequence of edges[edge
begin, edgeend[. Returns a pointer to the vertex.

template< class EdgeIt, class FaceIt>
Vertexhandle tds.starhole( EdgeIt edgebegin, EdgeIt edgeend, FaceIt facebegin, FaceIt faceend)

same as above, except that, to build the new faces, the al-
gorithm first recycles faces in the sequence[face begin,
face end[ and create new ones when the sequence is ex-
hausted.

template< class EdgeIt>
void tds.starhole( Vertexhandle v, EdgeIt edgebegin, EdgeIt edgeend)

uses vertex v to star the hole whose boundary is described
by the sequence of edges[edge begin, edgeend[.

template< class EdgeIt, class FaceIt>
void tds.starhole( Vertexhandle v,

EdgeIt edgebegin,
EdgeIt edgeend,
FaceIt facebegin,
FaceIt faceend)

same as above, recycling faces in the sequence[face
begin, faceend[ .

void tds.makehole( Vertexhandle v, Listedges& hole)

removes the vertex v, and store inhole the list of edges
on the boundary of the hole.

Vertexhandle tds.createvertex() adds a new vertex.
Face handle tds.createface( Facehandle f1, int i1, Facehandle f2, int i2, Facehandle f3, int i3)

adds a face which is the neighbori1 of f1, i2 of f2 andi3
of f3.

Face handle tds.createface( Facehandle f1, int i1, Facehandle f2, int i2)

adds a face which is the neighbori1 of f1, and the neigh-
bor i2 of f2.

Face handle tds.createface( Facehandle f1, int i1, Vertexhandle v)

adds a face which is the neighbori1 of f1, and hasv as
vertex.

Face handle tds.createface( Vertexhandle v1, Vertexhandle v2, Vertexhandle v3)

adds a face with verticesv1, v2andv3.
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Face handle tds.createface( Vertexhandle v1,
Vertexhandle v2,
Vertexhandle v3,
Face handle f1,
Face handle f2,
Face handle f3)

adds a face with verticesv1, v2andv3, and neighborsf1,
f2, f3.

Face handle tds.createface() adds a face whose vertices and neighbors are set to
NULL.

void tds.deleteface( Facehandle) deletes a face.
void tds.deletevertex( Vertexhandle)

deletes a vertex.

advanced

Miscelleanous

int tds.ccw( int i) returnsi +1 modulo 3.
Precondition: 0≤ i ≤ 2.

int tds.cw( int i) returnsi +2 modulo 3.
Precondition: 0≤ i ≤ 2.

bool tds.isvalid() checks the combinatorial validity of the triangulation:
call the is valid() member function for each vertex and
each face, checks the number of vertices and the Euler
relation between numbers of vertices, faces and edges.

size type tds.degree( Vertexhandle v) Returns the degree ofv in the triangulation.

I/O

The information ouput in theiostreamis: the dimension, the number of (finite) vertices, the number of (finite)
faces. Then comes for each vertex, the non combinatorial information stored in that vertex if any. Then comes
for each faces, the indices of its vertices and the non combinatorial information (if any) stored in this face.
Then comes for each face again the indices of the neighboring faces. The index of an item (vertex of face) the
rank of this item in the ouput order. When dimension< 2, the same information is ouput for faces of maximal
dimension instead of faces.

void tds.fileoutput( ostream& os, Vertexhandle v = Vertexhandle(), bool skipfirst=false)

writes tds into the streamos. If v is not a null handle, vertex
v is output first or skipped ifskip first is true.

Vertexhandle tds.fileinput( istream& is, bool skipfirst=false)

inputstdsfrom file and returns a pointer to the first input ver-
tex. If skip first is true, it is assumed that the first vertex has
been omitted when output.
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istream& istream& is >> TriangulationDataStructure3 & tds

reads a combinatorial triangulation fromis and assigns it to
tds

ostream& ostream& os<< TriangulationDataStructure3 tds

writestds into the streamos

Has Models

CGAL::Triangulationdata structure2<Vb,Fb>

See Also

TriangulationDataStructure2::Face
TriangulationDataStructure2::Vertex
CGAL::Triangulation2<Traits,Tds>
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TriangulationDSFaceBase2

Definition

The concept TriangulationDSFaceBase2 describes the requirements for the base face of aTriangulation data
structure2<Vb,Fb>.

Note that if theTriangulation data structure2 is plugged into a triangulation class, the face base class may
have additional geometric requirements depending on the triangulation class.

At the base level, (see Sections20.3 and 21.3), a face stores handles on its three vertices and on the three
neighboring faces. The vertices and neighbors are indexed 0,1 and 2. Neighbori lies opposite to vertexi.

Since theTriangulation data structure2 is the class which defines the handle types, the face base class has to be
somehow parameterized by the triangulation data structure. But since theTriangulation data structure2 itself
is parameterized by the face and vertex base classes, there is a cycle in the definition of these classes. In order
to break the cycle, the base classes for faces and vertices which are plugged in to instantiate aTriangulation
data structure2 use avoid as triangulation data structure parameter. Then, theTriangulation data structure2
uses arebindmechanism (similar to the one specified instd::allocator) in order to plug itself as parameter in
the face and vertex base classes. This mechanism requires that the base class provides a templated nested class
RebindTDS that itself provides the subtypeRebindTDS<TDS2>::Other which is thereboundversion of the
base class. Thisreboundbase class is the class that theTriangulation data structure2 actually uses as a base
class for the classTriangulation data structure2::Face.

Types

The concept TriangulationDSFaceBase2 has to provide the following types.

TriangulationDSFaceBase2:: template<typename TDS2> struct RebindTDS;

This nested template class has to define a type
Other which is the rebound face base, where
the Triangulation data structure2 is actually
plugged in. This typeOther will be the actual
base of the classTriangulation data structure
2::Face.

typedef TriangulationDataStructure2 Triangulationdata structure;
typedef TriangulationDataStructure2::Vertex handle Vertexhandle;
typedef TriangulationDataStructure2::Face handle Facehandle;

Creation

TriangulationDSFaceBase2 f ; default constructor.
TriangulationDSFaceBase2 f ( Vertexhandle v0, Vertexhandle v1, Vertexhandle v2);

Initializes the vertices withv0, v1, v2and the neighbors
with Face handle().
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TriangulationDSFaceBase2 f ( Vertexhandle v0,
Vertexhandle v1,
Vertexhandle v2,
Face handle n0,
Face handle n1,
Face handle n2)

initializes the vertices withv0,v1, v2and the neighbors with
n0, n1, n2.

Access Functions

int f .dimension() returns the dimension.

Vertexhandle f .vertex( int i) returns the vertexi of f .
Precondition: 0≤ i ≤ 2.

bool f .hasvertex( Vertexhandle v) returns true ifv is a vertex off .
bool f .hasvertex( Vertexhandle v, int& i) as above, and setsi to the index ofv in f .
int f .index( Vertexhandle v) returns the index ofv in f .
Face handle f .neighbor( int i) returns the neighbori of f .

Precondition: 0≤ i ≤ 2.
bool f .hasneighbor( Facehandle n) returns true ifn is a neighbor off .
bool f .hasneigbor( Facehandle n, int& i) as above, and sets i to the index ofn in f .
int f .index( const Facehandle n) returns the index of neighborn in f .

Setting

void f .setvertex( int i, Vertexhandle v) sets vertexi to v.
Precondition: 0≤ i ≤ 2.

void f .setvertices() sets the vertices toVertexhandle().
void f .setvertices( Vertexhandle v0, Vertexhandle v1, Vertexhandle v2)

sets the vertices.

void f .setneighbor( int i, Facehandle n) sets neighborsi to n.
Precondition: 0≤ i ≤ 2.

void f .setneighbors() sets the neighbors toFace handle().
void f .setneighbors( Facehandle n0, Facehandle n1, Facehandle n2)

sets the neighbors.

Orientation

void f .reorient() Changes the orientation off by exchanging
vertex(0)with vertex(1)andneighbor(0)with
neighbor(1).

void f .ccwpermute() preforms a counterclockwise permutation of
the vertices and neighbors off .

void f .cw permute() preforms a clockwise permutation of the ver-
tices and neighbors off .
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Checking

bool f .is valid( bool verbose = false) performs any required test on a face.
If verboseis set totrue, messages are printed
to give a precise indication of the kind of inva-
lidity encountered.

Various

void* f .for compactcontainer()
void*& f .for compactcontainer()

These member functions are required byTriangulation data structure2 because it usesCompactcontainerto
store its faces. See the documentation ofCompactcontainerfor the exact requirements.

Has Models

CGAL::Triangulationds face base2<Tds>
CGAL::Triangulation face base2<Traits,Fb>
CGAL::Regulartriangulation face base2<Traits,Fb>
CGAL::Constrainedtriangulation face base2<Traits,Fb>
CGAL::Triangulation face basewith info 2<Info,Traits,Fb>

See Also

TriangulationDSVertexBase2
TriangulationDataStructure2::Face
TriangulationFaceBase2
Triangulation data structure2<Vb,Fb>
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TriangulationDataStructure 2::Face

Definition

The concept TriangulationDataStructure2::Face describes the types used to store the faces face class of a
TriangulationDataStructure2, see page1463. A TriangulationDataStructure2::Face stores three pointers to its
three vertices and three pointers to its three neighbors. The vertices are indexed 0,1, and 2 in counterclockwise
order. The neighbor indexedi lies opposite to vertex i.

In degenerate cases, when the triangulation data structure stores a simplicial complex of dimension 0 and 1, the
type TriangulationDataStructure2::Face is used to store the faces of maximal dimension of the complex : i.e.
a vertex in dimension 0, an edge in dimension 1. Only vertices and neighbors with index 0 are set in the first
case, only vertices and neighbors with index 0 or 1 are set in the second case.

Types

The class TriangulationDataStructure2::Face defines the same types as the triangulation data structure except
the iterators and the circulators.

Creation

The methodscreate faceanddeleteface()have to be used to define new faces and to delete non longer used
faces.

Vertex Access Functions

Vertexhandle f .vertex( int i) returns the vertexi of f .
Precondition: 0≤ i ≤ 2.

int f .index( Vertexhandle v) returns the index of vertexv in f .
Precondition: v is a vertex off

bool f .hasvertex( Vertexhandle v) returnstrue if v is a vertex off .
bool f .hasvertex( Vertexhandle v, int& i)

returnstrue if v is a vertex off , and computes the index
i of v in f .

Neighbor Access Functions

The neighbor with indexi is the neighbor which is opposite to the vertex with indexi.

Face handle f .neighbor( int i) returns the neighbori of f .
Precondition: 0≤ i ≤ 2.

int f .index( Facehandle n) returns the index of facen.
Precondition: n is a neighbor off .

bool f .hasneighbor( Facehandle n) returnstrue if n is a neighbor off .
bool f .hasneighbor( Facehandle n, int& i)

returnstrue if n is a neighbor off , and compute the in-
dex i of n.
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advanced

Setting

void f .setvertex( int i, Vertexhandle v) sets vertexi to bev.
Precondition: 0≤ i ≤ 2.

void f .setneighbor( int i, Facehandle n) sets neighbori to ben.
Precondition: 0≤ i ≤ 2.

void f .setvertices() sets the vertices pointers toNULL.
void f .setvertices( Vertexhandle v0, Vertexhandle v1, Vertexhandle v2)

sets the vertices pointers.

void f .setneighbors() sets the neighbors pointers toNULL.
void f .setneighbors( Facehandle n0, Facehandle n1, Facehandle n2)

sets the neighbors pointers.

Checking

bool f .is valid() returns true if the function is valid() of the base
class returnstrue and if, for each indexi, 0≤ i < 3,
face f is a neighbor of its neighboring faceneigh-
bor(i) and shares with this neighbor the vertices
cw(i) andccw(i) in correct reverse order.

advanced

Miscellaneous

int f .ccw( int i) Returnsi +1 modulo 3.
Precondition: 0≤ i ≤ 2.

int f .cw( int i) Returnsi +2 modulo 3.
Precondition: 0≤ i ≤ 2.

I/O

istream& istream& is >> & f Inputs any non combinatorial information possibly
stored in the face.

ostream& ostream& os<< f Outputs any non combinatorial information possi-
bly stored in the face.

See Also

TriangulationDataStructure2,
TriangulationDataStructure2::Vertex,
TriangulationFaceBase2.
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TriangulationDSVertexBase 2

Definition

The concept TriangulationDSVertexBase2 describes the requirements for the vertex base class of a
Triangulation data structure2<Vb,Fb>.

Note that if theTriangulation data structure2 is plugged into a triangulation class, the vertex base class has
additional geometric requirements depending on the triangulation class.

At the base level, provides access to one of its incident face through aFace handle.

Since theTriangulation data structure2 is the class which defines the handle types, the vertex base class has
to be somehow parameterized by the triangulation data structure. But since theTriangulation data structure2
itself is parameterized by the face and vertex base classes, there is a cycle in the definition of these classes. In or-
der to break the cycle, the base classes for faces and vertices which are plugged in to instantiate aTriangulation
data structure2 use avoid as triangulation data structure parameter. Then, theTriangulation data structure2
uses arebindmechanism (similar to the one specified instd::allocator) in order to plug itself as parameter in
the face and vertex base classes. This mechanism requires that the base class provides a templated nested class
RebindTDS that itself provides the subtypeRebindTDS<TDS2>::Other which is thereboundversion of the
base class. Thisreboundbase class is the class that theTriangulation data structure2 actually uses as a base
class for the class ofTriangulation data structure2::Vertex.

Refines

TriangulationDataStructure2::Vertex

Types

The concept TriangulationDSVertexBase2 has to provide the following types.

TriangulationDSVertexBase2:: template<typename TDS2> struct RebindTDS;

This nested template class has to define a
type Other which is the reboundvertex base ,
where the actualTriangulation data structure2
is plugged in. This typeOther will be the actual
base of the classTriangulation data structure
2::Vertex.

typedef TriangulationDataStructure2 Triangulationdata structure;
typedef TriangulationDataStructure2::Vertex handle Vertexhandle;
typedef TriangulationDataStructure2::Face handle Facehandle;

Creation

TriangulationDSVertexBase2 v; default constructor.
TriangulationDSVertexBase2 v( Facehandle f ); Constructs a vertex pointing to facef .
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Various

void* v.for compactcontainer()
void*& v.for compactcontainer()

These member functions are required byTriangulation data structure2 because it usesCompactcontainerto
store its faces. See the documentation ofCompactcontainerfor the exact requirements.

Has Models

CGAL::Triangulationds vertexbase2<Tds>
CGAL::Triangulationvertexbase2<Traits,Vb>
CGAL::Regulartriangulation vertexbase2<Traits,Vb>
CGAL::Triangulationhierarchy vertexbase2<Vb>
CGAL::Triangulationvertexbasewith info 2<Info,Traits,vb>

See Also

TriangulationVertexBase2
TriangulationDSFaceBase2
TriangulationFaceBase2
TriangulationDataStructure2::Vertex
Triangulation data structure2<Vb,Fb>
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TriangulationDataStructure 2::Vertex

Definition

The concept TriangulationDataStructure2::Vertex describes the type used by aTriangulationDataStructure2
to store the vertices, see page1463.

Some of the requirements listed below are of geometric nature and areoptionalwhen using the triangulation data
structure class alone. They became required when the triangulation data structure is plugged into a triangulation.

Types

The class TriangulationDataStructure2::Vertex defines the same types as the triangulation data structure except
the iterators.

TriangulationDataStructure2::Vertex:: Point Optional for the triangulation data structure used alone.

Creation

In order to obtain new vertices or destruct unused vertices, the user must call thecreatevertex()anddelete
vertex()methods of the triangulation data structure.

Access Functions

Point v.point() returns the geometric information ofv.
Face handle v.face() returns a face of the triangulation havingv as vertex.

advanced

Setting

void v.setpoint( Point p) sets the geometric information top.
void v.setface( Facehandle f) sets the incident face tof .

advanced

Checking

bool v.is valid( bool verbose = false)

Checks the validity of the vertex. Must check that its incident face
has this vertex. The validity of the base vertex is also checked.
Whenverboseis set totrue, messages are printed to give a precise
indication on the kind of invalidity encountered.
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I/O

istream& istream& is >> & v Inputs the non-combinatorial information possibly stored in the
vertex.

ostream& ostream& os<< v Outputs the non combinatorial operation possibly stored in the
vertex.

Has Models

CGAL::Triangulationds vertex2<Vb,Fb>

See Also

TriangulationDataStructure2
TriangulationDataStructure2::Face
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CGAL::Triangulation data structure 2<Vb,Fb>

Definition

The classTriangulation data structure2<Vb,Fb> is a model for theTriangulationDataStructure2 concept. It
can be used to represent an orientable 2D triangulation embedded in a space of any dimension.

#include<CGAL/Triangulationdata structure2.h>

Is Model for the Concepts

TriangulationDataStructure2

Modifiers

In addition to the modifiers required by theTriangulationDataStructure2 concept, theTriangulation data
structure2<Vb,Fb> class supports also the modifiers below. Note also that the modifiers below guarantee the
combinatorial validity of the resulting data structure.

Vertexhandle tds.joinvertices( Facehandle f, int i) Joins the vertices that are endpoints of the edge
(f,i). It returns a vertex handle to common vertex
(see Fig.21.6).
Precondition: f must be different fromFace
handle()andi must be0, 1 or 2.

Vertexhandle tds.joinvertices( Edge e) Joins the vertices that are endpoints of the edgee.
It returns a vertex handle to common vertex.

Vertexhandle tds.joinvertices( Edgeiterator eit) Joins the vertices that are endpoints of the edge
*eit. It returns a vertex handle to common vertex.

Vertexhandle tds.joinvertices( Edgescirculator ec) Joins the vertices that are endpoints of the edge
*ec. It returns a vertex handle to common vertex.

boost::tuples::tuple<Vertexhandle, Vertexhandle, Facehandle, Facehandle>

tds.split vertex( Vertexhandle v, Facehandle f1, Facehandle f2)

Splits the vertexv into two verticesv1andv2. The
common facesf andg of v1andv2are created after
(in the counter-clockwise sense) the facesf1 andf2.
The 4-tuple(v1,v2,f,g)is returned (see Fig.21.6).
Precondition: dimension()must be equal to2, f1
andf2 must be different fromFace handle()andv
must be a vertex of bothf1 andf2.

Vertexhandle tds.insertdegree2( Facehandle f, int i) Inserts a degree two vertex and two faces ad-
jacent to it that have two common edges. The
edge defined by the face handlef and the in-
tegeri is duplicated. It returns a handle to the
vertex created (see Fig.21.7).
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void tds.removedegree2( Vertexhandle v) Removes a degree 2 vertex and the two faces
adjacent to it. The two edges of the star ofv
that are not incident to it are collapsed (see Fig.
21.7).
Precondition: The degree ofv must be equal to
2.

v1 2v

f 1

f 2

f 1

f 2

f

i

v

g
join_vertices

split_vertex

Figure 21.6: The join and split operations.
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Figure 21.7: Insertion and removal of degree 2 vertices.
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CGAL::Triangulation ds face base2<Tds>

Definition

The classTriangulation ds face base2<Tds> is a model for the conceptTriangulationDSFaceBase2 to be
used byTriangulation data structure2.

#include<CGAL/Triangulationds face base2.h>

Is Model for the Concepts

TriangulationDSFaceBase2

See Also

CGAL::Triangulation face base2<Traits,Fb>
CGAL::Triangulationds vertexbase2<Tds>
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CGAL::Triangulation ds vertex base2<Tds>

Definition

The classTriangulation ds vertexbase2 can be used as the base vertex for aTriangulation data structure2,
it is a model of the conceptTriangulationDSVertexBase2.

This base class can be used directly or can serve as a base to derive other base classes with some additional
attributes (a color for example) tuned for a specific application.

Note that if theTriangulation data structure2 is used as a parameter of a geometric triangulation, there are
additional geometric requirements to be fulfilled by the vertex base class, andTriangulation ds vertexbase2
cannot be plugged in.

#include<CGAL/Triangulationds vertexbase2.h>

Is Model for the Concepts

TriangulationDSVertexBase2

See Also

CGAL::Triangulationvertexbase2<Traits,Vb>
CGAL::Triangulationds face base2<Tds>
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The basic 3D-triangulation class of CGAL is primarily designed to represent the triangulations of a set of points
A in R3. It is a partition of the convex hull ofA into tetrahedra whose vertices are the points ofA. Together with
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the unbounded cell having the convex hull boundary as its frontier, the triangulation forms a partition ofR3. Its
cells (3-faces) are such that two cells either do not intersect or share a common facet (2-face), edge (1-face) or
vertex (0-face).

22.1 Representation

In order to deal only with tetrahedra, which is convenient for many applications, the unbounded cell can be
subdivided into tetrahedra by considering that each convex hull facet is incident to aninfinite cell having as
fourth vertex an auxiliary vertex called theinfinite vertex. In that way, each facet is incident to exactly two cells
and special cases at the boundary of the convex hull are simple to deal with.

The classTriangulation 3<TriangulationTraits3,TriangulationDataStructure3> of CGAL implements this
point of view and therefore considers the triangulation of the set of points as a set of finite and infinite tetrahedra.
Notice that the infinite vertex has no significant coordinates and that no geometric predicate can be applied on
it.

A triangulation is a collection of vertices and cells that are linked together through incidence and adjacency
relations. Each cell gives access to its four incident vertices and to its four adjacent cells. Each vertex gives
access to one of its incident cells.

The four vertices of a cell are indexed with 0, 1, 2 and 3 in positive orientation, the positive orientation being
defined by the orientation of the underlying Euclidean spaceR3 (see Figure22.1). The neighbors of a cell are
also indexed with 0, 1, 2, 3 in such a way that the neighbor indexed byi is opposite to the vertex with the same
index.

0

1

2

3

x

y

z

Figure 22.1: Orientation of a cell (3-dimensional case).

As in the underlying combinatorial triangulation (see Chapter23), edges (1-faces) and facets (2-faces) are not
explicitly represented: a facet is given by a cell and an index (the faceti of a cell c is the facet ofc that is
opposite to the vertex with indexi) and an edge is given by a cell and two indices (the edge(i,j) of a cellc is the
edge whose endpoints are the vertices ofc with indicesi andj). See Figure23.1.

Degenerate Dimensions The classTriangulation 3 can also deal with triangulations whose dimensiond is
less than 3. A triangulation of a set of points inRd covers the whole spaceRd and consists of cells havingd+1
vertices: some of them are infinite, they are obtained by linking the additional infinite vertex to each facet of the
convex hull of the points.
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• dimension 2:when a triangulation only contains coplanar points (which is the case when there are only
three points), it consists of triangular faces.

• dimension 1:the triangulation contains only collinear points (which is the case when there are only two
points), it consists of edges.

• dimension 0:the triangulation contains only one finite point.

• dimension -1:this is a convention to handle the case when the only vertex of the triangulation is the
infinite one.

The same cell class is used in all cases: triangular faces in 2D can be considered as degenerate cells, having
only three vertices (resp. neighbors) numbered(0,1,2); edges in 1D have only two vertices (resp. neighbors)
numbered 0 and 1.

The implicit representation of facets (resp. edges) still holds for degenerate dimensions (i.e. dimensions< 3):
in dimension 2, each cell has only one facet of index 3, and 3 edges(0,1), (1,2) and(2,0); in dimension 1,
each cell has one edge(0,1).

Validity A triangulation ofR3 is said to belocally valid iff

(a)-(b) Its underlying combinatorial graph, the triangulation data structure, islocally valid (see Section23.1of
Chapter23)
(c) Any cell has its vertices ordered according to positive orientation. See Figure22.1.

When the triangulation is degenerated into a triangulation of dimension 2, the geometric validity reduces to:

(c-2D)For any two adjacent triangles(u,v,w1) and(u,v,w2) with common edge(u,v), w1 andw2 lie on opposite
sides of(u,v) in the plane.

When all the points are collinear, this condition becomes:

(c-1D)For any two adjacent edges(u,v) and(v,w), u andw lie on opposite sides of the common vertexv on the
line.

The is valid() method provided inTriangulation 3 checks the local validity of a given triangulation. This does
not always ensure global validity [MNS+96, DLPT98] but it is sufficient for practical cases.

22.2 Delaunay Triangulation

The classDelaunaytriangulation 3 represents a three-dimensional Delaunay triangulation.

Delaunay triangulations have the specificempty sphere property, that is, the circumscribing sphere of each cell
of such a triangulation does not contain any other vertex of the triangulation in its interior. These triangulations
are uniquely defined except in degenerate cases where five points are cospherical. Note however that the CGAL

implementation computes a unique triangulation even in these cases.

This implementation is fully dynamic: it supports both insertions of points and vertex removal. The user is
advised to use the classTriangulation hierarchy 3 in order to benefit from an increased efficiency for large data
sets.
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22.3 Regular Triangulation

The classRegular triangulation 3 implements incremental regular triangulations, also known as weighted De-
launay triangulations.

Let S(w) be a set of weighted points inR3. Let p(w) = (p,wp), p∈R3,wp ∈R andz(w) = (z,wz),z∈R3,wz∈R
be two weighted points. A weighted pointp(w) = (p,wp) can also be seen as a sphere of centerp and radiuswp.
Thepower productbetweenp(w) andz(w) is defined as

Π(p(w),z(w)) = ‖p−z‖2−wp−wz

where ‖p−z‖ is the Euclidean distance betweenp and z. p(w) and z(w) are said to beorthogonal iff
Π(p(w),z(w)) = 0 (see Figure22.2).

p z

wp
wz

Figure 22.2: Orthogonal weighted points (picture in 2D).

Four weighted points have a unique common orthogonal weighted point called thepower sphere. The weighted
point orthogonal to three weighted points in the plane defined by these three points is called thepower circle.
The power segmentwill denote the weighted point orthogonal to two weighted points on the line defined by
these two points.

A spherez(w) is said to beregular if ∀p(w) ∈ S(w),Π(p(w),z(w))≥ 0.

A triangulation ofS(w) is regular if the power spheres of all simplices are regular.

The regular triangulation ofS(w) is in fact the projection ontoR3 of the convex hull of the four-dimensional
points(p,‖p−O‖2−wp), for p(w) = (p,wp) ∈ S(w). Note that all points ofS(w) do not necessarily appear as
vertices of the regular triangulation. To know more about regular triangulations, see for example [ES96].

When all weights are 0, power spheres are nothing more than circumscribing spheres, and the regular triangula-
tion is exactly the Delaunay triangulation.

22.4 Triangulation Hierarchy

The classTriangulation hierarchy 3 implements a triangulation augmented with a data structure that allows
fast point location queries. Thus, it allows fast construction of the triangulation. As proved in [Dev02], this
structure has an optimal behavior when it is built for Delaunay triangulations.

Note that, since the algorithms that are provided are randomized, the running time of constructing a triangulation
with a hierarchy may be improved when shuffling the data points.
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22.5 Software Design

The main classesTriangulation 3, Delaunaytriangulation 3 and Regular triangulation 3 are connected to
each other by the derivation diagram shown in Figure22.3. This diagram also shows two other classes:
Triangulation utils 3 (page1597), which provides a set of tools operating on the indices of vertices in cells,
andTriangulation hierarchy 3, which implements a hierarchy of triangulations suitable for speeding up point
location.

Delaunay_triangulation_3 Regular_triangulation_3

Triangulation_hierarchy_3

Triangulation_3

Triangulation_utils_3

Figure 22.3: Derivation diagram of the 3D triangulation classes.

The three main classes (Triangulation 3, Delaunaytriangulation 3 andRegular triangulation 3) provide high-
level geometric functionality such as location of a point in the triangulation [DPT02], insertion and possibly
removal of a point [DT03], and are responsible for the geometric validity. They are built as layers on top of a
triangulation data structure, which stores their combinatorial structure. This separation between the geometry
and the combinatorics is reflected in the software design by the fact that these three triangulation classes take
two template parameters :

• thegeometric traits class, which provides the type of points to use as well as the elementary operations
on them (predicates and constructions). The concepts for these parameters are described in more details
in Section22.5.1and in page1534.

• the triangulation data structure class, which stores their combinatorial structure, described in Sec-
tion 23.2of Chapter23.

The classTriangulation hierarchy 3 is parameterized by a class, which at the moment can only beDelaunay
triangulation 3. It fetches its geometric traits from this parameter directly.

22.5.1 The Geometric Traits Parameter

The first template parameter of the triangulation classTriangulation 3<TriangulationTraits3,
TriangulationDataStructure3> is the geometric traits class, described by the conceptTriangulationTraits3.
It must define the types of the geometric objects (points, segments, triangles and tetrahedra) forming the
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triangulation together with a few geometric predicates on these objects: orientation in space, orientation in case
of coplanar points, order of collinear points.

In addition to the requirements described before, the geometric traits class ofDelaunaytriangulation
3 must define predicates to test for theempty sphere property. It is described by the concept
DelaunayTriangulationTraits3, which refinesTriangulationTraits3.

The kernels provided by CGAL:Cartesian, Homogeneous, Simplecartesian, Simplehomogeneousand
Filtered kernelcan all be used as models for the geometric traits parameter. They supply the user with all the
functionalities described for the conceptsTriangulationTraits3 (page1534) andDelaunayTriangulationTraits
3 (page1536). In addition, the predefined kernelsExact predicatesinexactconstructionskernel(page??) and
Exact predicatesexactconstructionskernel (page??) can also be used, the later being recommended when
the dual construction is used.

In order to be used as the traits class forRegular triangulation 3, a class must provide functions to compute the
power tests(see Section22.3). Regular triangulation euclideantraits 3<K,Weight> is a traits class designed to
be used by the classRegular triangulation 3<RegularTriangulationTraits3, TriangulationDataStructure3>.
It providesWeightedpoint, a class for weighted points needed by the regular triangulation, which derives from
the three dimensional point classK::Point 3. It supplies the user with all the functionalities described for the
conceptRegularTriangulationTraits3 (page1539). It can be used as a traits class forRegular triangulation
3<RegularTriangulationTraits3, TriangulationDataStructure3>.

Note that for regular triangulations, plugging a filtered kernel such as Exact predicatesinexact
constructionskernel or Exact predicatesexactconstructionskernel in Regular triangulation euclidean
traits 3<K,Weight> will in fact not provide exact predicates since the weighted points and the predicates
on them are not defined in theCGAL kernels. To solve this, there is also another model of the traits concept,
Regular triangulation filtered traits 3<FK>, which is providing filtered predicates (exact and efficient). The
argumentFK must be a model of theKernelconcept, and it is also restricted to be a instance of theFiltered
kerneltemplate.

22.5.2 The Triangulation Data Structure Parameter

The second template parameter of the main classes (Triangulation 3, Delaunaytriangulation 3 andRegular
triangulation 3) is a triangulation data structure class. This class can be seen as a container for the cells and
vertices maintaining incidence and adjacency relations (see Chapter23). A model of this triangulation data
structure isTriangulation data structure3 (page1594), and it is described by theTriangulationDataStructure
3 concept (page1573). This model is itself parameterized by a vertex base and a cell base classes, which gives
the possibility to customize the vertices and cells used by the triangulation data structure, and hence by the
geometric triangulation using it. Depending on the kind of triangulation used, the requirements on the vertex
and cell base classes vary, and are expressed by various concepts, following the refinement diagram shown in
Figure22.4.

A default value for the triangulation data structure parameter is provided in all the triangulation classes, so it
need not be specified by the user unless he wants to use a different triangulation data structure or a different
vertex or cell base class.

22.5.3 Flexibility of the Design

In order to satisfy as many uses as possible, a design has been selected that allows to exchange different parts to
meet the users’ needs, while still re-using a maximum of the provided functionalities. We have already seen that
the main triangulation classes are parameterized by a geometric traits class and a triangulation data structure
(TDS), so that each of them can be interchanged with alternate implementations.

1490



TriangulationDSVertexBase_3

TriangulationHierarchyVertexBase_3

TriangulationVertexBase_3TriangulationCellBase_3

TriangulationDSCellBase_3

Figure 22.4: Concepts refinement hierarchy for the vertex and cell base classes parameters.

The most useful flexibility is the ability given to the user to add his own data in the vertices and cells by providing
his own vertex and cell base classes toTriangulation data structure3. The Figure22.5shows in more detail
the flexibility that is provided, and the place where the user can insert his own vertex and/or cell base classes.

22.5.4 Backward compatibility

Starting with CGAL release 3.0, the design of the triangulation data structure has been changed in order to
give the possibility to store handles (an entity akeen to pointers) directly in the vertex and cell base classes.
Previously,void* pointers were stored there instead, and later converted internally to handles, but this happened
to be too restrictive for some uses.

The difference is visible to the user when he provides his own vertex or cell base class. Previously, something
like the following had to be written:

...
template < class GT >
class My_vertex

: public Triangulation_vertex_base<GT>
{

typedef Triangulation_vertex_base<GT> Vb;
public:

typedef typename Vb::Point Point;

My_vertex() {}
My_vertex(const Point&p) : Vb(p) {}
My_vertex(const Point&p, void *c) : Vb(p, c) {}

...
};

typedef Cartesian<double> GT;
typedef Triangulation_data_structure_3<My_vertex<GT>,

Triangulation_cell_base_3<GT> > My_TDS;
typedef Triangulation_3<GT, My_TDS> Tr;
...

While now, there are three possibilities. The simplest one is to use the classTriangulation vertexbasewith
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Figure 22.5: Triangulation software design.

info 3, and this approach is illustrated in a following subsection22.6.2. The most complicated one, and probably
useless for almost all cases, is to write a vertex base class from scratch, following the documented requirements.
This is mostly useless because most of the time it is enough to derive from the models that CGAL provides, and
add the desired features. In this case, when the user needs to access some type that depends on the triangulation
data structure (typically handles), then he should write something like:

...
template < class GT, class Vb = Triangulation_vertex_base<GT> >
class My_vertex

: public Vb
{
public:

typedef typename Vb::Point Point;
typedef typename Vb::Cell_handle Cell_handle;

template < class TDS2 >
struct Rebind_TDS {

typedef typename Vb::template Rebind_TDS<TDS2>::Other Vb2;
typedef My_vertex<GT, Vb2> Other;

};

My_vertex() {}
My_vertex(const Point&p) : Vb(p) {}
My_vertex(const Point&p, Cell_handle c) : Vb(p, c) {}

...
};

1492



... // The rest has not changed

The changes that need to be made are the following:

• My vertexis now parameterized by the vertex base class it derives from.

• a nested template classRebindTDSmust be defined.

• void* must be changed toCell handle, and you need to extract theCell handletype from the vertex base
class thatMy vertexderives from.

The situation is exactly similar for cell base classes. Section23.2provides more detailed information.

22.6 Examples

22.6.1 Basic example

This example shows the incremental construction of a 3D triangulation, the location of a point and how to
perform elementary operations on indices in a cell. It uses the default parameter of theTriangulation 3 class.

// examples/Triangulation_3/example_simple.C

#include <CGAL/Exact_predicates_inexact_constructions_kernel.h>
#include <CGAL/Triangulation_3.h>

#include <iostream>
#include <fstream>
#include <cassert>
#include <list>
#include <vector>

typedef CGAL::Exact_predicates_inexact_constructions_kernel K;

typedef CGAL::Triangulation_3<K> Triangulation;

typedef Triangulation::Cell_handle Cell_handle;
typedef Triangulation::Vertex_handle Vertex_handle;
typedef Triangulation::Locate_type Locate_type;
typedef Triangulation::Point Point;

int main()
{

// construction from a list of points :
std::list<Point> L;
L.push_front(Point(0,0,0));
L.push_front(Point(1,0,0));
L.push_front(Point(0,1,0));

Triangulation T(L.begin(), L.end());
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int n = T.number_of_vertices();

// insertion from a vector :
std::vector<Point> V(3);
V[0] = Point(0,0,1);
V[1] = Point(1,1,1);
V[2] = Point(2,2,2);

n = n + T.insert(V.begin(), V.end());

assert( n == 6 ); // 6 points have been inserted
assert( T.is_valid() ); // checking validity of T

Locate_type lt;
int li, lj;
Point p(0,0,0);
Cell_handle c = T.locate(p, lt, li, lj);
// p is the vertex of c of index li :
assert( lt == Triangulation::VERTEX );
assert( c->vertex(li)->point() == p );

Vertex_handle v = c->vertex( (li+1)&3 );
// v is another vertex of c
Cell_handle nc = c->neighbor(li);
// nc = neighbor of c opposite to the vertex associated with p
// nc must have vertex v :
int nli;
assert( nc->has_vertex( v, nli ) );
// nli is the index of v in nc

std::ofstream oFileT("output",std::ios::out);
// writing file output;
oFileT << T;

Triangulation T1;
std::ifstream iFileT("output",std::ios::in);
// reading file output;
iFileT >> T1;
assert( T1.is_valid() );
assert( T1.number_of_vertices() == T.number_of_vertices() );
assert( T1.number_of_cells() == T.number_of_cells() );

return 0;
}

22.6.2 Changing the vertex base

The following two examples show how the user can plug his own vertex base in a triangulation. Changing the
cell base is similar.
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Adding a color

When the user doesn’t need to add a type in a vertex which depends on theTriangulationDataStructure3 (e.g.
a Vertexhandleor Cell handle), then he can use theTriangulation vertexbasewith info 3 class to add his
own information easily in the vertices. The example below shows how to add aCGAL::Color this way.

// file: examples/Triangulation_3/example_color.C

#include <CGAL/Exact_predicates_inexact_constructions_kernel.h>
#include <CGAL/Delaunay_triangulation_3.h>
#include <CGAL/Triangulation_vertex_base_with_info_3.h>
#include <CGAL/IO/Color.h>

typedef CGAL::Exact_predicates_inexact_constructions_kernel K;

typedef CGAL::Triangulation_vertex_base_with_info_3<CGAL::Color, K> Vb;
typedef CGAL::Triangulation_data_structure_3<Vb> Tds;
typedef CGAL::Delaunay_triangulation_3<K, Tds> Delaunay;

typedef Delaunay::Point Point;

int main()
{

Delaunay T;

T.insert(Point(0,0,0));
T.insert(Point(1,0,0));
T.insert(Point(0,1,0));
T.insert(Point(0,0,1));
T.insert(Point(2,2,2));
T.insert(Point(-1,0,1));

// Set the color of finite vertices of degree 6 to red.
Delaunay::Finite_vertices_iterator vit;
for (vit = T.finite_vertices_begin(); vit != T.finite_vertices_end(); ++vit)

if (T.degree(vit) == 6)
vit->info() = CGAL::RED;

return 0;
}

Adding handles

When the user needs to add a type in a vertex which depends on theTriangulationDataStructure3 (e.g. a
Vertexhandleor Cell handle), then he has to derive his own vertex base class, as the following example shows.

// file: examples/Triangulation_3/example_adding_handles.C

#include <CGAL/Exact_predicates_inexact_constructions_kernel.h>
#include <CGAL/Delaunay_triangulation_3.h>
#include <CGAL/Triangulation_vertex_base_3.h>
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template < class GT, class Vb = CGAL::Triangulation_vertex_base_3<GT> >
class My_vertex_base

: public Vb
{
public:

typedef typename Vb::Vertex_handle Vertex_handle;
typedef typename Vb::Cell_handle Cell_handle;
typedef typename Vb::Point Point;

template < class TDS2 >
struct Rebind_TDS {

typedef typename Vb::template Rebind_TDS<TDS2>::Other Vb2;
typedef My_vertex_base<GT, Vb2> Other;

};

My_vertex_base() {}

My_vertex_base(const Point& p)
: Vb(p) {}

My_vertex_base(const Point& p, Cell_handle c)
: Vb(p, c) {}

Vertex_handle vh;
Cell_handle ch;

};

typedef CGAL::Exact_predicates_inexact_constructions_kernel K;

typedef CGAL::Triangulation_data_structure_3<My_vertex_base<K> > Tds;
typedef CGAL::Delaunay_triangulation_3<K, Tds> Delaunay;

typedef Delaunay::Vertex_handle Vertex_handle;
typedef Delaunay::Point Point;

int main()
{

Delaunay T;

Vertex_handle v0 = T.insert(Point(0,0,0));
Vertex_handle v1 = T.insert(Point(1,0,0));
Vertex_handle v2 = T.insert(Point(0,1,0));
Vertex_handle v3 = T.insert(Point(0,0,1));
Vertex_handle v4 = T.insert(Point(2,2,2));
Vertex_handle v5 = T.insert(Point(-1,0,1));

// Now we can link the vertices as we like.
v0->vh = v1;
v1->vh = v2;
v2->vh = v3;
v3->vh = v4;
v4->vh = v5;
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v5->vh = v0;

return 0;
}

22.6.3 Use of the Delaunay hierarchy

// file: examples/Triangulation_3/example_hierarchy.C

#include <CGAL/Exact_predicates_inexact_constructions_kernel.h>
#include <CGAL/Delaunay_triangulation_3.h>
#include <CGAL/Triangulation_hierarchy_3.h>

#include <cassert>
#include <vector>

typedef CGAL::Exact_predicates_inexact_constructions_kernel K;

typedef CGAL::Triangulation_vertex_base_3<K> Vb;
typedef CGAL::Triangulation_hierarchy_vertex_base_3<Vb> Vbh;
typedef CGAL::Triangulation_data_structure_3<Vbh> Tds;
typedef CGAL::Delaunay_triangulation_3<K,Tds> Dt;
typedef CGAL::Triangulation_hierarchy_3<Dt> Dh;

typedef Dh::Vertex_iterator Vertex_iterator;
typedef Dh::Vertex_handle Vertex_handle;
typedef Dh::Point Point;

int main()
{

Dh T;

// insertion of points on a 3D grid
std::vector<Vertex_handle> V;

for (int z=0 ; z<5 ; z++)
for (int y=0 ; y<5 ; y++)
for (int x=0 ; x<5 ; x++)

V.push_back(T.insert(Point(x,y,z)));

assert( T.is_valid() );
assert( T.number_of_vertices() == 125 );
assert( T.dimension() == 3 );

// removal of the vertices in random order
std::random_shuffle(V.begin(), V.end());

for (int i=0; i<125; ++i)
T.remove(V[i]);

assert( T.is_valid() );
assert( T.number_of_vertices() == 0 );
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return 0;
}

22.6.4 Finding the cells in conflict with a point in a Delaunay triangulation

// file: examples/Triangulation_3/example_find_conflicts.C

#include <CGAL/Exact_predicates_inexact_constructions_kernel.h>
#include <CGAL/Delaunay_triangulation_3.h>
#include <CGAL/point_generators_3.h>

#include <vector>
#include <cassert>

typedef CGAL::Exact_predicates_inexact_constructions_kernel K;

typedef CGAL::Delaunay_triangulation_3<K> Delaunay;
typedef Delaunay::Point Point;
typedef Delaunay::Cell_handle Cell_handle;
typedef Delaunay::Facet Facet;

int main()
{

Delaunay T;
CGAL::Random_points_in_sphere_3<Point> rnd;

// First, make sure the triangulation is 3D.
T.insert(Point(0,0,0));
T.insert(Point(1,0,0));
T.insert(Point(0,1,0));
T.insert(Point(0,0,1));

assert(T.dimension() == 3);

// Inserts 100 random points if and only if their insertion
// in the Delaunay tetrahedralization conflicts with
// an even number of cells.
for (int i = 0; i != 100; ++i) {

Point p = *rnd++;

// Locate the point
Delaunay::Locate_type lt;
int li, lj;
Cell_handle c = T.locate(p, lt, li, lj);
if (lt == Delaunay::VERTEX)
continue; // Point already exists

// Get the cells that conflict with p in a vector V,
// and a facet on the boundary of this hole in f.
std::vector<Cell_handle> V;
Facet f;

T.find_conflicts(p, c,

1498



CGAL::Oneset_iterator<Facet>(f), // Get one boundary facet
std::back_inserter(V)); // Conflict cells in V

if ((V.size() & 1) == 0) // Even number of conflict cells ?
T.insert_in_hole(p, V.begin(), V.end(), f.first, f.second);

}

std::cout << "Final triangulation has " << T.number_of_vertices()
<< " vertices." << std::endl;

return 0;
}

22.6.5 Regular triangulation

This example shows the building of a regular triangulation. In this triangulation, points have an associated
weight, and some points can be hidden and do not result in vertices in the triangulation. Another difference is
that a specific traits class has to be used (at least at the moment).

// file: examples/Triangulation_3/example_regular.C

#include <CGAL/Exact_predicates_inexact_constructions_kernel.h>
#include <CGAL/Regular_triangulation_3.h>
#include <CGAL/Regular_triangulation_euclidean_traits_3.h>
#include <CGAL/Regular_triangulation_filtered_traits_3.h>
#include <cassert>
#include <vector>

typedef CGAL::Exact_predicates_inexact_constructions_kernel K;

typedef CGAL::Regular_triangulation_filtered_traits_3<K> Traits;

typedef Traits::RT Weight;
typedef Traits::Bare_point Point;
typedef Traits::Weighted_point Weighted_point;

typedef CGAL::Regular_triangulation_3<Traits> Rt;

typedef Rt::Vertex_iterator Vertex_iterator;
typedef Rt::Vertex_handle Vertex_handle;

int main()
{

Rt T;

// insertion of points on a 3D grid
std::vector<Vertex_handle> V;

for (int z=0 ; z<5 ; z++)
for (int y=0 ; y<5 ; y++)
for (int x=0 ; x<5 ; x++) {

Point p(x, y, z);
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Weight w = (x+y-z*y*x)*2.0; // let’s say this is the weight.
Weighted_point wp(p, w);
V.push_back(T.insert(wp));

}

assert( T.is_valid() );
assert( T.dimension() == 3 );

std::cout << "Number of vertices : " << T.number_of_vertices() << std::endl;

return 0;
}

22.7 Design and Implementation History

Monique Teillaud started to work on the 3D triangulation packages in 1997, following the design of the 2D
triangulation packages. The notions of degenerate dimensions and infinite vertex were formalized [Tei99] and
induced changes in the 2D triangulation packages. The packages were first released in CGAL 2.1. They
contained basic functionalities on triangulations, Delaunay triangulations, regular triangulations.

A first version of removal of a vertex from a Delaunay triangulation was released in CGAL 2.2. However,
this removal became really robust only in CGAL 2.3, after some research that allowed to deal with degenerate
cases quite easily [DT03]. Andreas Fabri implemented this revised version of the removal, and a faster removal
algorithm for CGAL 3.0.

In 2000, Sylvain Pion started working on these packages. He improved the efficiency of triangulations in CGAL
2.3 and 2.4 in several ways [BDP+02]: he implemented the Delaunay hierarchy [Dev02] in 2.3, he improved
the memory footprint in 2.4 and 3.0, he also performed work on arithmetic filters [DP03] (see Support Library
and Kernel) to improve the speed of triangulations. He changed the design in CGAL 3.0, allowing users to add
handles in their own vertices and cells.

In 2005, Christophe Delage implemented the vertex removal function for regular triangulations, which allowed
to release this functionality in CGAL 3.2.

The authors also wish to thank Jean-Daniel Boissonnat, Olivier Devillers and Mariette Yvinec for helpful dis-
cussions [BDTY00].
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A three-dimensional triangulation is a three-dimensional simplicial complex, pure connected and without sin-
gularities [BY98]. Its cells (3-faces) are such that two cells either do not intersect or share a common facet
(2-face), edge (1-face) or vertex (0-face).

The basic 3D-triangulation class of CGAL is primarily designed to represent the triangulations of a set of points
A in R3. It can be viewed as a partition of the convex hull ofA into tetrahedra whose vertices are the points of
A. Together with the unbounded cell having the convex hull boundary as its frontier, the triangulation forms a
partition ofR3.

In order to deal only with tetrahedra, which is convenient for many applications, the unbounded cell can be
subdivided into tetrahedra by considering that each convex hull facet is incident to aninfinite cell having as
fourth vertex an auxiliary vertex called theinfinite vertex. In that way, each facet is incident to exactly two cells
and special cases at the boundary of the convex hull are simple to deal with.

A triangulation is a collection of vertices and cells that are linked together through incidence and adjacency
relations. Each cell gives access to its four incident vertices and to its four adjacent cells. Each vertex gives
access to one of its incident cells.

The four vertices of a cell are indexed with 0, 1, 2 and 3 in positive orientation, the positive orientation being
defined by the orientation of the underlying Euclidean spaceR3. The neighbors of a cell are also indexed with
0, 1, 2, 3 in such a way that the neighbor indexed byi is opposite to the vertex with the same index. See
Figure22.1.
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CGAL::Triangulation 3<TriangulationTraits 3,TriangulationDataStructure
3>

Definition

The classTriangulation 3 represents a 3-dimensional tetrahedralization of points.

#include<CGAL/Triangulation3.h>

Parameters

The first template argument must be a model of theTriangulationTraits3 concept.

The second template argument must be a model of theTriangulationDataStructure3 concept. It
has the default valueTriangulation data structure3< Triangulation vertexbase3<TriangulationTraits3>
,Triangulation cell base3<TriangulationTraits3> >.

Inherits From

Triangulation utils 3

Types

The classTriangulation 3 defines the following types:

typedef TriangulationDataStructure3 Triangulationdata structure;
typedef TriangulationTraits3 Geomtraits;

typedef TriangulationTraits3::Point 3 Point;
typedef TriangulationTraits3::Segment3 Segment;
typedef TriangulationTraits3::Triangle 3 Triangle;
typedef TriangulationTraits3::Tetrahedron3 Tetrahedron;

Only vertices (0-faces) and cells (3-faces) are stored. Edges (1-faces) and facets (2-faces) are not explicitly
represented and thus there are no corresponding classes (see Section22.1).

typedef TriangulationDataStructure3::Vertex Vertex;
typedef TriangulationDataStructure3::Cell Cell;
typedef TriangulationDataStructure3::Facet Facet;
typedef TriangulationDataStructure3::Edge Edge;

The vertices and faces of the triangulations are accessed throughhandles, iteratorsandcirculators. A handle
is a type which supports the two dereference operatorsoperator* and operator->. The Handle concept is
documented in the support library. Iterators and circulators are bidirectional and non-mutable. The edges
and facets of the triangulation can also be visited through iterators and circulators which are bidirectional and
non-mutable.

Iterators and circulators are convertible to the corresponding handles, thus the user can pass them directly as
arguments to the functions.
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typedef TriangulationDataStructure3::Vertex handle Vertexhandle; handle to a vertex
typedef TriangulationDataStructure3::Cell handle Cellhandle; handle to a cell

typedef TriangulationDataStructure3::size type sizetype; Size type (an unsigned integral
type)

typedef TriangulationDataStructure3::differencetype

differencetype; Difference type (a signed inte-
gral type)

typedef TriangulationDataStructure3::Cell iterator All cells iterator; iterator over cells
typedef TriangulationDataStructure3::Facet iterator All facetsiterator; iterator over facets
typedef TriangulationDataStructure3::Edge iterator All edgesiterator; iterator over edges
typedef TriangulationDataStructure3::Vertex iterator All verticesiterator;

iterator over vertices

Triangulation 3<TriangulationTraits3,TriangulationDataStructure3>:: Finite cells iterator

iterator over finite cells

Triangulation 3<TriangulationTraits3,TriangulationDataStructure3>:: Finite facetsiterator

iterator over finite facets

Triangulation 3<TriangulationTraits3,TriangulationDataStructure3>:: Finite edgesiterator

iterator over finite edges

Triangulation 3<TriangulationTraits3,TriangulationDataStructure3>:: Finite verticesiterator

iterator over finite vertices

Triangulation 3<TriangulationTraits3,TriangulationDataStructure3>:: Point iterator

iterator over the points corresponding to the
finite vertices of the triangulation.

typedef TriangulationDataStructure3::Cell circulator Cell circulator;

circulator over all cells incident to a given
edge

typedef TriangulationDataStructure3::Facet circulator Facetcirculator;

circulator over all facets incident to a given
edge

The triangulation class also defines the following enum type to specify which case occurs when locating a point
in the triangulation.

enum Locatetype{ VERTEX=0,
EDGE,
FACET,
CELL,
OUTSIDECONVEXHULL,
OUTSIDEAFFINE HULL}
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Creation

Triangulation 3<TriangulationTraits3,TriangulationDataStructure3> t( TriangulationTraits3 traits =
TriangulationTraits3())

Introduces a triangulationt having only one vertex which is the infinite ver-
tex.

Triangulation 3<TriangulationTraits3,TriangulationDataStructure3> t( Triangulation 3 tr);

Copy constructor. All vertices and faces are duplicated.

template< class InputIterator>
Triangulation 3<TriangulationTraits3,TriangulationDataStructure3> t( InputIterator first,

InputIterator last,
TriangulationTraits3 traits =

TriangulationTraits3())

Introduces a triangulationt constructed by the repeated insertion of the iter-
ator range[first,last) of value typePoint.

Assignment

Triangulation 3 & t = Triangulation 3 tr

The triangulationtr is duplicated, and modifying the copy after the dupli-
cation does not modify the original. The previous triangulation held byt is
deleted.

void t.swap( Triangulation3 & tr)

The triangulationstr andt are swapped.t.swap(tr)should be preferred tot
= tr or to t(tr) if tr is deleted after that. Indeed, there is no copy of cells and
vertices, thus this method runs in constant time.

void t.clear() Deletes all finite vertices and all cells oft.

template< class GT, class Tds>
bool Triangulation3<GT, Tds> t1 == Triangulation 3<GT, Tds> t2

Equality operator. Returns true iff there exist a bijection between the vertices
of t1 and those oft2 and a bijection between the cells oft1 and those oft2,
which preserve the geometry of the triangulation, that is, the points of each
corresponding pair of vertices are equal, and the tetrahedra corresponding to
each pair of cells are equal (up to a permutation of their vertices).

template< class GT, class Tds>
bool Triangulation3<GT, Tds> t1 ! = Triangulation 3<GT, Tds> t2

The opposite ofoperator==.
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Access Functions

TriangulationTraits3 t.geomtraits() Returns a const reference to the geometric traits
object.

TriangulationDataStructure3 t.tds() Returns a const reference to the triangulation
data structure.

advanced

Non const access

The responsibility of keeping a valid triangulation belongs to the user when using advanced operations allowing
a direct manipulation of thetds.

TriangulationDataStructure3& t.tds() Returns a reference to the triangulation data
structure.

This method is mainly a help for users implementing their own triangulation algorithms.

advanced

int t.dimension() Returns the dimension of the affine hull.
size type t.numberof vertices() Returns the number of finite vertices.
size type t.numberof cells() Returns the number of cells or 0 ift.dimension()< 3.

Vertexhandle t.infinitevertex() Returns the infinite vertex.
Cell handle t.infinitecell() Returns a cell incident to the infinite vertex.

Non-constant-time access functions

As previously said, the triangulation is a collection of cells that are either infinite or represent a finite tetrahedra,
where an infinite cell is a cell incident to the infinite vertex. Similarly we call an edge (resp. facet)infinite if it
is incident to the infinite vertex.

size type t.numberof facets() The number of facets. Returns 0 ift.dimension()< 2.
size type t.numberof edges() The number of edges. Returns 0 ift.dimension()< 1.

size type t.numberof finite cells() The number of finite cells. Returns 0 ift.dimension()< 3.
size type t.numberof finite facets() The number of finite facets. Returns 0 ift.dimension()< 2.
size type t.numberof finite edges() The number of finite edges. Returns 0 ift.dimension()< 1.

Geometric access functions

Tetrahedron t.tetrahedron( const Cellhandle c)

Returns the tetrahedron formed by the four vertices ofc.
Precondition: t.dimension()= 3 and the cell is finite.

Triangle t.triangle( const Cellhandle c, int i)

Returns the triangle formed by the three vertices of facet(c,i). The triangle is
oriented so that its normal points to the inside of cellc.
Precondition: t.dimension()≥ 2 andi ∈ {0,1,2,3} in dimension 3,i = 3 in
dimension 2, and the facet is finite.
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Triangle t.triangle( Facet f)

Same as the previous method for facetf .
Precondition: t.dimension()≥ 2 and the facet is finite.

Segment t.segment( Edge e)

Returns the line segment formed by the vertices ofe.
Precondition: t.dimension()≥ 1 ande is finite.

Segment t.segment( const Cellhandle c, int i, int j)

Same as the previous method for edge(c,i,j).
Precondition: As above andi 6= j. Moreoveri, j ∈ {0,1,2,3} in dimension 3,
i, j ∈ {0,1,2} in dimension 2,i, j ∈ {0,1} in dimension 1.

Tests for Finite and Infinite Vertices and Faces

bool t.is infinite( const Vertexhandle v)

true, iff vertex v is the infinite vertex.

bool t.is infinite( const Cellhandle c)

true, iff c is incident to the infinite vertex.
Precondition: t.dimension()= 3.

bool t.is infinite( const Cellhandle c, int i)

true, iff the faceti of cell c is incident to the infinite vertex.
Precondition: t.dimension()≥ 2 andi ∈ {0,1,2,3} in dimension 3,i = 3 in
dimension 2.

bool t.is infinite( Facet f)

true iff facet f is incident to the infinite vertex.
Precondition: t.dimension()≥ 2.

bool t.is infinite( const Cellhandle c, int i, int j)

true, iff the edge(i,j) of cell c is incident to the infinite vertex.
Precondition: t.dimension()≥ 1 and i 6= j. Moreover i, j ∈ {0,1,2,3} in
dimension 3,i, j ∈ {0,1,2} in dimension 2,i, j ∈ {0,1} in dimension 1.

bool t.is infinite( Edge e)

true iff edgee is incident to the infinite vertex.
Precondition: t.dimension()≥ 1.

Queries

bool t.is vertex( Point p, Vertexhandle& v)

Tests whetherp is a vertex oft by locatingp in the triangulation. Ifp is found,
the associated vertexv is given.

bool t.is vertex( Vertexhandle v)

Tests whetherv is a vertex oft.
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bool t.is edge( Vertexhandle u, Vertexhandle v, Cellhandle& c, int & i, int & j)

Tests whether(u,v) is an edge oft. If the edge is found, it gives a cellc having
this edge and the indicesi andj of the verticesu andv in c, in this order.
Precondition: u andv are vertices oft.

bool t.is facet( Vertexhandle u,
Vertexhandle v,
Vertexhandle w,
Cell handle& c,
int & i,
int & j,
int & k)

Tests whether(u,v,w) is a facet oft. If the facet is found, it computes a cell
c having this facet and the indicesi, j andk of the verticesu, v andw in c, in
this order.
Precondition: u, v andw are vertices oft.

bool t.is cell( Cell handle c)

Tests whetherc is a cell oft.

bool t.is cell( Vertexhandle u,
Vertexhandle v,
Vertexhandle w,
Vertexhandle x,
Cell handle& c,
int & i,
int & j,
int & k,
int & l)

Tests whether(u,v,w,x)is a cell oft. If the cell c is found, the method com-
putes the indicesi, j, k andl of the verticesu, v, w andx in c, in this order.
Precondition: u, v, w andx are vertices oft.

bool t.is cell( Vertexhandle u,
Vertexhandle v,
Vertexhandle w,
Vertexhandle x,
Cell handle& c)

Tests whether(u,v,w,x)is a cell oft and computes this cellc.
Precondition: u, v, w andx are vertices oft.

There is a methodhas vertexin the cell class. The analogous methods for facets are defined here.

bool t.hasvertex( Facet f, Vertexhandle v, int& j)

If v is a vertex off , thenj is the index ofv in the cellf.first, and the method
returnstrue.
Precondition: t.dimension()=3
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bool t.hasvertex( Cellhandle c, int i, Vertexhandle v, int& j)

Same for facet(c,i). Computes the indexj of v in c.

bool t.hasvertex( Facet f, Vertexhandle v)
bool t.hasvertex( Cellhandle c, int i, Vertexhandle v)

Same as the first two methods, but these two methods do not return the index
of the vertex.

The following three methods test whether two facets have the same vertices.

bool t.are equal( Cell handle c, int i, Cellhandle n, int j)
bool t.are equal( Facet f, Facet g)
bool t.are equal( Facet f, Cellhandle n, int j)

For these three methods:
Precondition: t.dimension()=3.

Point location

The classTriangulation 3<TriangulationTraits3,TriangulationDataStructure3> provides two functions to lo-
cate a given point with respect to a triangulation. It provides also functions to test if a given point is inside a
finite face or not. Note that the classDelaunaytriangulation 3 also provides anearestvertex()function.

Cell handle t.locate( Point query, Cellhandle start = Cellhandle())

If the pointquerylies inside the convex hull of the points, the cell that con-
tains the query in its interior is returned. Ifquerylies on a facet, an edge or
on a vertex, one of the cells havingqueryon its boundary is returned.
If the point query lies outside the convex hull of the points, an infinite cell
with vertices{p,q, r,∞} is returned such that the tetrahedron(p,q, r,query)
is positively oriented (the rest of the triangulation lies on the other side of
facet(p,q, r)).
Note that locate works even in degenerate dimensions: in dimension 2 (resp.
1, 0) theCell handlereturned is the one that represents the facet (resp. edge,
vertex) containing the query point.
The optional argumentstart is used as a starting place for the search.
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Cell handle t.locate( Point query, Locatetype& lt, int & li, int & lj, Cell handle start = Cellhandle())

If query lies inside the affine hull of the points, thek-face (finite or infi-
nite) that containsquery in its interior is returned, by means of the cell re-
turned together withlt, which is set to the locate type of the query (VERTEX,
EDGE, FACET, CELL, or OUTSIDECONVEXHULL if the cell is infinite
andquerylies strictly in it) and two indicesli andlj that specify thek-face of
the cell containingquery.
If the k-face is a cell,li andlj have no meaning; if it is a facet (resp. vertex),
li gives the index of the facet (resp. vertex) andlj has no meaning; if it is and
edge,li andlj give the indices of its vertices.
If the pointquerylies outside the affine hull of the points, which can happen
in case of degenerate dimensions,lt is set toOUTSIDEAFFINE HULL, and
the cell returned has no meaning. As a particular case, if there is no finite
vertex yet in the triangulation,lt is set toOUTSIDEAFFINE HULL andlo-
catereturns the default constructed handle.
The optional argumentstart is used as a starting place for the search.

Boundedside t.sideof cell( Point p, Cellhandle c, Locatetype& lt, int & li, int & lj)

Returns a value indicating on which side of the oriented boundary ofc the
pointp lies. More precisely, it returns:
- ON BOUNDED SIDE if p is inside the cell. For an infinite cell this means
thatp lies strictly in the half space limited by its finite facet and not contain-
ing any other point of the triangulation.
- ON BOUNDARYif p on the boundary of the cell. For an infinite cell this
means thatp lies on thefinite facet. Thenlt together withli and lj give the
precise location on the boundary. (See the descriptions of thelocatemeth-
ods.)
- ON UNBOUNDEDSIDE if p lies outside the cell. For an infinite cell this
means thatp does not satisfy either of the two previous conditions.
Precondition: t.dimension()= 3

Boundedside t.sideof facet( Point p, Facet f, Locatetype& lt, int & li, int & lj)

Returns a value indicating on which side of the oriented boundary off the
pointp lies:
- ON BOUNDED SIDE if p is inside the facet. For an infinite facet this
means thatp lies strictly in the half plane limited by its finite edge and not
containing any other point of the triangulation .
- ON BOUNDARYif p is on the boundary of the facet. For an infinite facet
this means thatp lies on the finite edge.lt, li andlj give the precise location
of p on the boundary of the facet.li andlj refer to indices in the degenerate
cell c representingf .
- ON UNBOUNDEDSIDE if p lies outside the facet. For an infinite facet
this means thatp does not satisfy either of the two previous conditions.

Precondition: t.dimension()= 2 andp lies in the plane containing the trian-
gulation.f.second= 3 (in dimension 2 there is only one facet per cell).

Boundedside t.sideof facet( Point p, Cellhandle c, Locatetype& lt, int & li, int & lj)

Same as the previous method for the facet(c,3).
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3 tetrahedra 2 tetrahedra

Figure 22.6: Flips.

Boundedside t.sideof edge( Point p, Edge e, Locatetype& lt, int & li)

Returns a value indicating on which side of the oriented boundary ofe the
pointp lies:
- ON BOUNDED SIDE if p is inside the edge. For an infinite edge this
means thatp lies in the half line defined by the vertex and not containing any
other point of the triangulation.
- ON BOUNDARYif p equals one of the vertices,li give the index of the
vertex in the cell storinge
- ON UNBOUNDEDSIDE if p lies outside the edge. For an infinite edge
this means thatp lies on the other half line, which contains the other points
of the triangulation.
Precondition: t.dimension()= 1 andp is collinear with the points of the tri-
angulation.e.second= 0 ande.third = 1 (in dimension 1 there is only one
edge per cell).

Boundedside t.sideof edge( Point p, Cellhandle c, Locatetype& lt, int & li)

Same as the previous method for edge(c,0,1).

Flips

Two kinds of flips exist for a three-dimensional triangulation. They are reciprocal. To be flipped, an edge
must be incident to three tetrahedra. During the flip, these three tetrahedra disappear and two tetrahedra appear.
Figure22.6(left) shows the edge that is flipped as bold dashed, and one of its three incident facets is shaded. On
the right, the facet shared by the two new tetrahedra is shaded.

Flips are possible only under the following conditions:
- the edge or facet to be flipped is not on the boundary of the convex hull of the triangulation
- the five points involved are in convex position.

The following methods guarantee the validity of the resulting 3D triangulation.
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Flips for a 2d triangulation are not implemented yet

bool t.flip( Edge e)
bool t.flip( Cell handle c, int i, int j)

Before flipping, these methods check that edgee=(c,i,j) is flippable (which
is quite expensive). They returnfalseor trueaccording to this test.

void t.flip flippable( Edge e)
void t.flip flippable( Cell handle c, int i, int j)

Should be preferred to the previous methods when the edge is known to be
flippable.
Precondition: The edge is flippable.

bool t.flip( Facet f)
bool t.flip( Cell handle c, int i)

Before flipping, these methods check that facetf=(c,i) is flippable (which is
quite expensive). They returnfalseor trueaccording to this test.

void t.flip flippable( Facet f)
void t.flip flippable( Cell handle c, int i)

Should be preferred to the previous methods when the facet is known to be
flippable.
Precondition: The facet is flippable.

Insertions

The following operations are guaranteed to lead to a valid triangulation when they are applied on a valid trian-
gulation.

Vertexhandle t.insert( Point p, Cellhandle start = Cellhandle())

Inserts pointp in the triangulation and returns the corresponding vertex.
If point p coincides with an already existing vertex, this vertex is returned
and the triangulation remains unchanged.
If point p lies in the convex hull of the points, it is added naturally: if it lies
inside a cell, the cell is split into four cells, if it lies on a facet, the two incident
cells are split into three cells, if it lies on an edge, all the cells incident to this
edge are split into two cells.
If point p is strictly outside the convex hull but in the affine hull,p is linked
to all visible points on the convex hull to form the new triangulation. See
Figure22.7.
If point p is outside the affine hull of the points,p is linked to all the points,
and the dimension of the triangulation is incremented. All the points now
belong to the boundary of the convex hull, so, the infinite vertex is linked
to all the points to triangulate the new infinite face. See Figure22.8. The
optional argumentstart is used as a starting place for the search.
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Vertexhandle t.insert( Point p, Locatetype lt, Cell handle loc, int li, int lj)

Inserts pointp in the triangulation and returns the corresponding vertex. Sim-
ilar to the aboveinsert()function, but takes as additional parameter the return
values of a previous location query. See description oflocate()above.

template< class InputIterator>
int t.insert( InputIterator first, InputIterator last)

Inserts the points in the range[ first, last). Returns the number of inserted
points.
Precondition: Thevalue typeof first andlast is Point.

The previous methods are sufficient to build a whole triangulation. We also provide some other methods that
can be used instead ofinsert(p)when the place where the new pointp must be inserted is already known. They
are also guaranteed to lead to a valid triangulation when they are applied on a valid triangulation.

Vertexhandle t.insertin cell( Point p, Cellhandle c)

Inserts pointp in cell c. Cell c is split into 4 tetrahedra.
Precondition: t.dimension()= 3 andp lies strictly inside cellc.

Vertexhandle t.insertin facet( Point p, Facet f)

Inserts pointp in facetf . In dimension 3, the 2 neighboring cells are split into
3 tetrahedra; in dimension 2, the facet is split into 3 triangles.
Precondition: t.dimension()≥ 2 andp lies strictly inside facef .

Vertexhandle t.insertin facet( Point p, Cellhandle c, int i)

As above, insertion in facet(c,i).
Precondition: As above andi ∈ {0,1,2,3} in dimension 3,i = 3 in dimen-
sion 2.

Vertexhandle t.insertin edge( Point p, Edge e)

Insertsp in edgee. In dimension 3, all the cells having this edge are split
into 2 tetrahedra; in dimension 2, the 2 neighboring facets are split into 2
triangles; in dimension 1, the edge is split into 2 edges.
Precondition: t.dimension()≥ 1 andp lies on edgee.

Vertexhandle t.insertin edge( Point p, Cellhandle c, int i, int j)

As above, insertsp in edge(i, j) of c.
Precondition: As above andi 6= j. Moreoveri, j ∈ {0,1,2,3} in dimension 3,
i, j ∈ {0,1,2} in dimension 2,i, j ∈ {0,1} in dimension 1.

Vertexhandle t.insertoutsideconvexhull( Point p, Cell handle c)

The cellc must be an infinite cell containingp.
Links p to all points in the triangulation that are visible fromp. Updates
consequently the infinite faces. See Figure22.7.
Precondition: t.dimension()> 0, c, and thek-face represented byc is infinite
and containst.
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Figure 22.7:insert outsideconvexhull (2-dimensional case).

Vertexhandle t.insertoutsideaffine hull( Point p)

p is linked to all the points, and the infinite vertex is linked to all the points
(including p) to triangulate the new infinite face, so that all the points now
belong to the boundary of the convex hull. See Figure22.8.
This method can be used to insert the first point in an empty triangulation.
Precondition: t.dimension()< 3 andp lies outside the affine hull of the points.

p

The infinite cells are not shown

Figure 22.8:insert outsideaffine hull (2-dimensional case).

template<class CellIt>
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Vertexhandle t.insertin hole( Point p, CellIt cellbegin, CellIt cellend, Cellhandle begin, int i)

Creates a new vertex by starring a hole. It takes an iterator range [cell begin;
cell end[ of Cell handles which specifies a hole: a set of connected cells
(resp. facets in dimension 2) which is star-shaped wrtp. (begin, i) is a facet
(resp. an edge) on the boundary of the hole, that is,beginbelongs to the
set of cells (resp. facets) previously described, andbegin->neighbor(i)does
not. Then this function deletes all the cells (resp. facets) describing the hole,
creates a new vertexv, and for each facet (resp. edge) on the boundary of the
hole, creates a new cell (resp. facet) withv as vertex. Thenv->set point(p) is
called andv is returned.
This operation is equivalent to callingtds().insertin hole(cell begin, cell
end, begin, i); v->set point(p).
Precondition: t.dimension()≥ 2, the set of cells (resp. facets in dimension 2)
is connected, its boundary is connected, andp lies inside the hole, which is
star-shaped wrtp.

Traversal of the Triangulation

The triangulation class provides several iterators and circulators that allow one to traverse it (completely or
partially).

Cell, Face, Edge and Vertex Iterators

The following iterators allow the user to visit cells, facets, edges and vertices of the triangulation. These iterators
are non-mutable, bidirectional and their value types are respectivelyCell, Facet, EdgeandVertex. They are all
invalidated by any change in the triangulation.

Finite verticesiterator t.finite verticesbegin() Starts at an arbitrary finite vertex. Then++ and-- will
iterate over finite vertices. Returnsfinite verticesend()
whent.numberof vertices()= 0.

Finite verticesiterator t.finite verticesend() Past-the-end iterator
Finite edgesiterator t.finite edgesbegin() Starts at an arbitrary finite edge. Then++ and-- will it-

erate over finite edges. Returnsfinite edgesend()when
t.dimension()< 1.

Finite edgesiterator t.finite edgesend() Past-the-end iterator
Finite facetsiterator t.finite facetsbegin() Starts at an arbitrary finite facet. Then++ and-- will it-

erate over finite facets. Returnsfinite facetsend()when
t.dimension()< 2.

Finite facetsiterator t.finite facetsend() Past-the-end iterator
Finite cells iterator t.finite cells begin() Starts at an arbitrary finite cell. Then++ and -- will

iterate over finite cells. Returnsfinite cells end()when
t.dimension()< 3.

Finite cells iterator t.finite cells end() Past-the-end iterator

All verticesiterator t.all verticesbegin() Starts at an arbitrary vertex. Iterates over all vertices
(even the infinite one). Returnsverticesend() when
t.numberof vertices()= 0.

All verticesiterator t.all verticesend() Past-the-end iterator
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All edgesiterator t.all edgesbegin() Starts at an arbitrary edge. Iterates over all edges (even
infinite ones). Returnsedgesend()whent.dimension()
< 1.

All edgesiterator t.all edgesend() Past-the-end iterator
All facetsiterator t.all facetsbegin() Starts at an arbitrary facet. Iterates over all facets (even

infinite ones). Returnsfacetsend()whent.dimension()
< 2.

All facetsiterator t.all facetsend() Past-the-end iterator
All cells iterator t.all cells begin() Starts at an arbitrary cell. Iterates over all cells (even

infinite ones). Returnscells end()when t.dimension()
< 3.

All cells iterator t.all cells end() Past-the-end iterator

Point iterator t.pointsbegin() Iterates over the points of the triangulation.
Point iterator t.pointsend() Past-the-end iterator

Cell and Facet Circulators

The following circulators respectively visit all cells or all facets incident to a given edge. They are non-mutable
and bidirectional. They are invalidated by any modification of one of the cells traversed.

Cell circulator t.incidentcells( Edge e) Starts at an arbitrary cell incident toe.
Precondition: t.dimension()= 3.

Cell circulator t.incidentcells( Cell handle c, int i, int j)

As above for edge(i,j) of c.

Cell circulator t.incidentcells( Edge e, Cellhandle start)

Starts at cellstart.
Precondition: t.dimension()= 3 andstart is incident toe.

Cell circulator t.incidentcells( Cell handle c, int i, int j, Cellhandle start)

As above for edge(i,j) of c.

The following circulators on facets are defined only in dimension 3, though facets are defined also in dimen-
sion 2: there are only two facets sharing an edge in dimension 2.

Facet circulator t.incidentfacets( Edge e) Starts at an arbitrary facet incident toe.
Precondition: t.dimension()= 3

Facet circulator t.incidentfacets( Cellhandle c, int i, int j)

As above for edge(i,j) of c.

Facet circulator t.incidentfacets( Edge e, Facet start)

Starts at facetstart.
Precondition: start is incident toe.

Facet circulator t.incidentfacets( Edge e, Cellhandle start, int f)

Starts at facet of indexf in start.
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Facet circulator t.incidentfacets( Cellhandle c, int i, int j, Facet start)

As above for edge(i,j) of c.

Facet circulator t.incidentfacets( Cellhandle c, int i, int j, Cellhandle start, int f)

As above for edge(i,j) of c and facet(start,f).

int t.mirror index( Cellhandle c, int i)

Returns the index ofc in its ith neighbor.
Precondition: i ∈ {0,1,2,3}.

Vertexhandle t.mirror vertex( Cellhandle c, int i)

Returns the vertex of theith neighbor ofc that is opposite to
c.
Precondition: i ∈ {0,1,2,3}.

Facet t.mirror facet( Facet f) Returns the same facet viewed from the other adjacent cell.

Traversal of the incident cells and facets, and the adjacent vertices of a given vertex

template<class OutputIterator>
OutputIterator t.incidentcells( Vertexhandle v, OutputIterator cells)

Copies theCell handles of all cells incident tov to the output iterator
cells. If t.dimension()< 3, then do nothing. Returns the resulting output
iterator.
Precondition: v 6= Vertexhandle(), t.is vertex(v).

template<class OutputIterator>
OutputIterator t.incidentfacets( Vertexhandle v, OutputIterator facets)

Copies theFacets incident tov to the output iteratorfacets. Returns the
resulting output iterator.
Precondition: t.dimension()= 3, v 6= Vertexhandle(), t.is vertex(v).

template<class OutputIterator>
OutputIterator t.incidentvertices( Vertexhandle v, OutputIterator vertices)

Copies theVertexhandles of all vertices incident tov to the output itera-
tor vertices. If t.dimension()< 2, then do nothing. Returns the resulting
output iterator.
Precondition: v 6= Vertexhandle(), t.is vertex(v).

size type t.degree( Vertexhandle v)

Returns the degree of a vertex, that is, the number of incident vertices.
The infinite vertex is counted.
Precondition: v 6= Vertexhandle(), t.is vertex(v).

advanced
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Checking

The responsibility of keeping a valid triangulation belongs to the user when using advanced operations allowing
a direct manipulation of cells and vertices. We provide the user with the following methods to help debugging.

bool t.is valid( bool verbose = false)

Checks the combinatorial validity of the triangulation. Checks also the
validity of its geometric embedding (see Section22.1).
Whenverboseis set to true, messages describing the first invalidity en-
countered are printed.

bool t.is valid( Cell handle c, bool verbose = false)

Checks the combinatorial validity of the cell by calling theis valid
method of theTriangulationDataStructure3 cell class. Also checks the
geometric validity ofc, if c is finite. (See Section1486.)
Whenverboseis set totrue, messages are printed to give a precise indi-
cation of the kind of invalidity encountered.

advanced

I/O

CGAL provides an interface to Geomview for a 3D-triangulation. See the chapter on Geomview in the Support
Library manual. #include<CGAL/IO/Triangulationgeomviewostream3.h>

istream& istream& is >> Triangulation 3 &t

Reads the underlying combinatorial triangulation fromis by calling the
corresponding input operator of the triangulation data structure class, and
the non-combinatorial information by calling the corresponding input
operators of the vertex and the cell classes. Assigns the resulting trian-
gulation tot.

ostream& ostream& os<< Triangulation 3 t

Writes the triangulationt into os.

The information in theiostreamis: the dimension, the number of finite vertices, the non-combinatorial in-
formation about vertices (point, etc), the number of cells, the indices of the vertices of each cell, plus the
non-combinatorial information about each cell, then the indices of the neighbors of each cell, where the index
corresponds to the preceding list of cells. When dimension< 3, the same information is stored for faces of
maximal dimension instead of cells.

See Also

TriangulationDataStructure3::Vertex
TriangulationDataStructure3::Cell
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CGAL::Delaunay triangulation 3<DelaunayTriangulationTraits
3,TriangulationDataStructure 3>

Definition

The classDelaunaytriangulation 3 represents a three-dimensional Delaunay triangulation.

The user is advised to use the classTriangulation hierarchy 3 rather than this basic Delaunay triangulation
class: it offers the same functionalities but is much more efficient for large data sets.

#include<CGAL/Delaunaytriangulation 3.h>

Parameters

The first template argument must be a model of theDelaunayTriangulationTraits3 concept.

The second template argument must be a model of theTriangulationDataStructure3 concept. It has the
default valueTriangulation data structure3<Triangulation vertexbase3<DelaunayTriangulationTraits3>,
Triangulation cell base3<DelaunayTriangulationTraits3> >.

Inherits From

Triangulation 3<DelaunayTriangulationTraits3,TriangulationDataStructure3>

Types

In addition to those inherited, the following types are defined, for use by the construction of the Voronoi diagram:

typedef DelaunayTriangulationTraits3::Line 3 Line;
typedef DelaunayTriangulationTraits3::Ray 3 Ray;
typedef DelaunayTriangulationTraits3::Plane 3 Plane;
typedef DelaunayTriangulationTraits3::Object 3 Object;

Creation

Delaunaytriangulation 3<DelaunayTriangulationTraits3,TriangulationDataStructure3> dt(
DelaunayTriangulationTraits3 traits = DelaunayTriangulationTraits3())

Creates an empty Delaunay triangulation, possibly specify-
ing a traits classtraits.

Delaunaytriangulation 3<DelaunayTriangulationTraits3,TriangulationDataStructure3> dt( Delaunay
triangulation 3 dt1)

Copy constructor.
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template< class InputIterator>
Delaunaytriangulation 3<DelaunayTriangulationTraits3,TriangulationDataStructure3> dt( InputIterator
first,

InputIterator
last,

DelaunayTriangulationTraits
3 traits = DelaunayTriangulationTraits3())

Creates a Delaunay triangulation of the points specified by
the iterator range[first,last) of value typePoint, possibly
specifying a traits classtraits.

Operations

Insertion

The following methods overload the corresponding methods of triangulations to ensure the empty sphere prop-
erty of Delaunay triangulations.

In the degenerate case when there are cospherical points, the Delaunay triangulation is known not to be
uniquely defined. In this case, CGAL chooses a particular Delaunay triangulation using a symbolic pertur-
bation scheme [DT03].

Vertexhandle dt.insert( Point p, Cellhandle start = Cellhandle())

Inserts pointp in the triangulation and returns the corresponding vertex. Simi-
lar to the insertion in a triangulation, but ensures in addition the empty sphere
property of all the created faces. The optional argumentstart is used as a
starting place for the search.

Vertexhandle dt.insert( Point p, Locatetype lt, Cell handle loc, int li, int lj)

Inserts pointp in the triangulation and returns the corresponding vertex. Sim-
ilar to the aboveinsert() function, but takes as additional parameter the re-
turn values of a previous location query. See description ofTriangulation
3::locate().

The following method allows one to insert several points. It returns the number of inserted points.

template< class InputIterator>
int dt.insert( InputIterator first, InputIterator last)

Inserts the points in the iterator range[ first, last), of value typePoint.

Point moving
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Vertexhandle dt.movepoint( Vertexhandle v, Point p)

Moves the point stored inv to p, while preserving the Delaunay property. This
performs an action semantically equivalent toremove(v)followed byinsert(p),
but is supposedly faster when the point has not moved much. Returns the
handle to the new vertex.
Precondition: v is a finite vertex of the triangulation.

Removal

When a vertexv is removed from a triangulation, all the cells incident tov must be removed, and the polyhedral
region consisting of all the tetrahedra that are incident tov must be retriangulated. So, the problem reduces
to triangulating a polyhedral region, while preserving its boundary, or to compute aconstrainedtriangulation.
This is known to be sometimes impossible: the Schönhardt polyhedron cannot be triangulated [She98].

However, when dealing with Delaunay triangulations, the case of such polyhedra that cannot be retriangulated
cannot happen, so CGAL proposes a vertex removal.

void dt.remove( Vertexhandle v)

Removes the vertexv from the triangulation.
Note that in CGAL 3.0 we have implemented a new algorithm for retrian-
gulating the hole after the removal. In case that you experience problems
when removing a vertex, the old code can be enabled with a #define CGAL
DELAUNAY3 OLD REMOVE 1.
Precondition: v is a finite vertex of the triangulation.

template< typename InputIterator>
int dt.remove( InputIterator first, InputIterator beyond)

Removes the vertices specified by the iterator range [first, beyond) of value
type Vertexhandle. remove()is called over each element of the range. The
number of vertices removed is returned.
Precondition: All vertices of the range are finite vertices of the triangulation.

Queries

Boundedside dt.sideof sphere( Cellhandle c, Point p)

Returns a value indicating on which side of the circumscribed sphere ofc the
pointp lies. More precisely, it returns:
- ON BOUNDED SIDEif p is inside the sphere. For an infinite cell this means
that p lies strictly either in the half space limited by its finite facet and not
containing any other point of the triangulation, or in the interior of the disk
circumscribing thefinite facet.
- ON BOUNDARYif p on the boundary of the sphere. For an infinite cell this
means thatp lies on the circle circumscribing thefinite facet.
- ON UNBOUNDEDSIDE if p lies outside the sphere. For an infinite cell this
means thatp does not satisfy either of the two previous conditions.
Precondition: dt.dimension()= 3.
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Boundedside dt.sideof circle( Facet f, Point p)

Returns a value indicating on which side of the circumscribed circle off the
pointp lies. More precisely, it returns:
- in dimension 3:
– For a finite facet, ON BOUNDARY if p lies on the circle, ON
UNBOUNDEDSIDEwhen it lies in the exterior of the disk,ON BOUNDED
SIDEwhen it lies in its interior.
– For an infinite facet, it considers the plane defined by the finite facet of the
same cell, and does the same as in dimension 2 in this plane.
- in dimension 2:
– For a finite facet, ON BOUNDARY if p lies on the circle, ON
UNBOUNDEDSIDEwhen it lies in the exterior of the disk,ON BOUNDED
SIDEwhen it lies in its interior.
– For an infinite facet,ON BOUNDARYif the point lies on the finite edge
of f (endpoints included),ON BOUNDED SIDE for a point in the open half
plane defined byf and not containing any other point of the triangulation,ON
UNBOUNDEDSIDEelsewhere.
Precondition: dt.dimension()≥ 2 and in dimension 3,p is coplanar withf .

Boundedside dt.sideof circle( Cell handle c, int i, Point p)

Same as the previous method for faceti of cell c.

Vertexhandle dt.nearestvertex( Point p, Cellhandle c = Cellhandle())

Returns any nearest vertex to the pointp, or the default constructed handle if
the triangulation is empty. The optional argumentc is a hint specifying where
to start the search.
Precondition: c is a cell ofdt.

Vertexhandle dt.nearestvertex in cell( Point p, Cellhandle c)

Returns the vertex of the cellc that is nearest top.

A point p is said to be in conflict with a cellc in dimension 3 (resp. a facetf in dimension 2) iffdt.side
of sphere(c, p)(resp. dt.side of circle(f, p)) returnsON BOUNDED SIDE. The set of cells (resp. facets in
dimension 2) which are in conflict withp is connected, and it forms a hole.

template<class OutputIteratorBoundaryFacets, class OutputIteratorCells>
std::pair<OutputIteratorBoundaryFacets, OutputIteratorCells>

dt.find conflicts( Point p,
Cell handle c,
OutputIteratorBoundaryFacets bfit,
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OutputIteratorCells cit)

Computes the conflict hole induced byp. The starting cell (resp. facet)c must
be in conflict. Then this function returns respectively in the output iterators:
– cit: the cells (resp. facets) in conflict.
– bfit: the facets (resp. edges) on the boundary, that is, the facets (resp. edges)
(t, i) where the cell (resp. facet)t is in conflict, butt->neighbor(i)is not.
This function can be used in conjunction withinsert in hole() in order to de-
cide the insertion of a point after seeing which elements of the triangulation
are affected. Returns the pair composed of the resulting output iterators.
Precondition: dt.dimension()≥ 2, andc is in conflict withp.

template<class OutputIteratorBoundaryFacets, class OutputIteratorCells, class OutputIteratorInternalFacets>

Triple<OutputIteratorBoundaryFacets, OutputIteratorCells, OutputIteratorInternalFacets>

dt.find conflicts( Point p,
Cell handle c,
OutputIteratorBoundaryFacets bfit,
OutputIteratorCells cit,
OutputIteratorInternalFacets ifit)

Same as the otherfind conflicts() function, except that it also computes the
internal facets, i.e. the facets common to two cells which are in conflict with
p. Then this function returns respectively in the output iterators:
– cit: the cells (resp. facets) in conflict.
– bfit: the facets (resp. edges) on the boundary, that is, the facets (resp. edges)
(t, i) where the cell (resp. facet)t is in conflict, butt->neighbor(i)is not.
– ifit : the facets (resp. edges) inside the hole, that is, delimiting two cells (resp
facets) in conflict.
Returns theTriple composed of the resulting output iterators.
Precondition: dt.dimension()≥ 2, andc is in conflict withp.

template<class OutputIterator>
OutputIterator

dt.verticesin conflict( Point p, Cellhandle c, OutputIterator res)

Similar to find conflicts(), but reports the vertices which are on the boundary
of the conflict hole ofp, in the output iteratorres. Returns the resulting output
iterator.
Precondition: dt.dimension()≥ 2, andc is in conflict withp.

A face (cell, facet or edge) is said to be a Gabriel face iff its smallest circumscribing sphere do not en-
close any vertex of the triangulation. Any Gabriel face belongs to the Delaunay triangulation, but the re-
ciprocal is not true. The following member functions test the Gabriel property of Delaunay faces.
bool dt.is Gabriel( Cell handle c, int i)

bool dt.is Gabriel( Cell handle c, int i, int j)
bool dt.is Gabriel( Facet f)
bool dt.is Gabriel( Edge e)
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Voronoi diagram

CGAL offers several functionalities to display the Voronoi diagram of a set of points in 3D.

Note that the user should use a kernel with exact constructions in order to guarantee the computation of the
Voronoi diagram (as opposed to computing the triangulation only, which requires only exact predicates).

Point dt.dual( Cellhandle c)

Returns the circumcenter of the four vertices of c.
Precondition: dt.dimension()= 3 andc is not infinite.

Object dt.dual( Facet f)

Returns the dual of facetf , which is
in dimension 3: either a segment, if the two cells incident tof are finite, or a
ray, if one of them is infinite;
in dimension 2: a point.
Precondition: dt.dimension()≥ 2 andf is not infinite.

Object dt.dual( Cellhandle c, int i)

same as the previous method for facet(c,i).

template<class Stream>
Stream& dt.draw dual( Stream& os)

Sends the set of duals to all the facets ofdt into os.

advanced

Checking

bool dt.is valid( bool verbose = false)

Checks the combinatorial validity of the triangulation and the validity of its
geometric embedding (see Section22.1). Also checks that all the circumscrib-
ing spheres (resp. circles in dimension 2) of cells (resp. facets in dimension 2)
are empty.
Whenverboseis set to true, messages describing the first invalidity encoun-
tered are printed.

bool dt.is valid( Cell handle c, bool verbose = false)

Checks the combinatorial and geometric validity of the cell (see Section22.1).
Also checks that the circumscribing sphere (resp. circle in dimension 2) of
cells (resp. facet in dimension 2) is empty.
Whenverboseis set to true, messages are printed to give a precise indication
of the kind of invalidity encountered.
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These methods are mainly a debugging help for the users of advanced features.

advanced

See Also

CGAL::Triangulationhierarchy 3.
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CGAL::Triangulation hierarchy 3<Tr >

Definition

The classTriangulation hierarchy 3 implements a triangulation augmented with a data structure which allows
fast point location queries. As proved in [Dev02], this structure has an optimal behavior when it is built for
Delaunay triangulations. It can however be used for other triangulations.

#include<CGAL/Triangulationhierarchy 3.h>

Parameters

It is templated by a parameter which must be instantiated by one of the CGAL triangulation classes.In the
current implementation, only Delaunaytriangulation 3 is supported for Tr.

Tr::Vertexhas to be a model of the conceptTriangulationHierarchyVertexBase3.
Tr::Geom traits has to be a model of the conceptDelaunayTriangulationTraits3.

Inherits From

Tr

Triangulation hierarchy 3<Tr> offers exactly the same functionalities asTr. Most of them (point location,
insertion, removal. . . ) are overloaded to improve their efficiency by using the hierarchic structure.

Note that, since the algorithms that are provided are randomized, the running time of constructing a triangulation
with a hierarchy may be improved when shuffling the data points.

However, the I/O operations are not overloaded. So, writing a hierarchy into a file will lose the hierarchic
structure and reading it from the file will result in an ordinary triangulation whose efficiency will be the same
asTr.

Implementation

The data structure is a hierarchy of triangulations. The triangulation at the lowest level is the original triangula-
tion where operations and point location are to be performed. Then at each succedding level, the data structure
stores a triangulation of a small random sample of the vertices of the triangulation at the preceeding level. Point
location is done through a top-down nearest neighbor query. The nearest neighbor query is first performed
naively in the top level triangulation. Then, at each following level, the nearest neighbor at that level is found
through a linear walk performed from the nearest neighbor found at the preceeding level. Because the number
of vertices in each triangulation is only a small fraction of the number of vertices of the preceeding triangulation
the data structure remains small and achieves fast point location queries on real data.

See Also

CGAL::Triangulationhierarchy vertexbase3
CGAL::Delaunaytriangulation 3
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CGAL::Regular triangulation 3<RegularTriangulationTraits
3,TriangulationDataStructure 3>

Definition

Let S(w) be a set of weighted points inR3. Let p(w) = (p,wp), p∈R3,wp ∈R andz(w) = (z,wz),z∈R3,wz∈R
be two weighted points. A weighted pointp(w) = (p,wp) can also be seen as a sphere of centerp and radiuswp.
Thepower product(or power distance) betweenp(w) andz(w) is defined as

Π(p(w),z(w)) = ‖p−z‖2−wp−wz

where ‖p−z‖ is the Euclidean distance betweenp and z. p(w) and z(w) are said to beorthogonal if
Π(p(w)−z(w)) = 0 (see Figure22.2).

Four weighted points have a unique common orthogonal weighted point called thepower sphere. A spherez(w)

is said to beregular if ∀p(w) ∈ S(w),Π(p(w)−z(w))≥ 0.

A triangulation ofS(w) is regular if the power spheres of all simplices are regular.

#include<CGAL/Regulartriangulation 3.h>

Parameters

The first template argument must be a model of theRegularTriangulationTraits3 concept.

The second template argument must be a model of theTriangulationDataStructure3 concept. It has
the default valueTriangulation data structure3<Triangulation vertexbase3<RegularTriangulationTraits
3>, Triangulation cell base3<RegularTriangulationTraits3> >.

Inherits From

Triangulation 3<RegularTriangulationTraits3,TriangulationDataStructure3>

Types

typedef RegularTriangulationTraits3::Bare point Barepoint; The type for points p of
weighted pointsp(w) = (p,wp)

typedef RegularTriangulationTraits3::Weightedpoint 3 Weightedpoint;

Creation

Regular triangulation 3<RegularTriangulationTraits3,TriangulationDataStructure3> rt(
RegularTriangulationTraits3 traits = RegularTriangulationTraits3())

Creates an empty regular triangulation, possibly specifying a
traits classtraits.
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Regular triangulation 3<RegularTriangulationTraits3,TriangulationDataStructure3> rt( Regular
triangulation 3 rt1)

Copy constructor.

template< class InputIterator>
Regular triangulation 3<RegularTriangulationTraits3,TriangulationDataStructure3> rt( InputIterator first,

InputIterator last,
RegularTriangulationTraits

3 traits = RegularTriangulationTraits3())

Creates a regular triangulation of the points specified by the
iterator range[first,last) of value typeWeightedpoint, pos-
sibly specifying a traits classtraits.

Operations

Insertion

The following methods, which already exist in triangulations, are overloaded to ensure the property that all
power spheres are regular.

Vertexhandle rt.insert( Weightedpoint p, Cell handle start = Cellhandle())

Inserts weighted pointp in the triangulation. If this insertion creates a vertex,
this vertex is returned. Otherwise, this method returns the default constructed
handle. Ifp coincides with an existing vertex and has a greater weight, thenp
replaces that point and the triangulation is updated. The optional argumentstart
is used as a starting place for the search.

Vertexhandle rt.insert( Weightedpoint p, Locatetype lt, Cell handle loc, int li, int lj)

Inserts weighted pointp in the triangulation and returns the corresponding ver-
tex. Similar to the aboveinsert()function, but takes as additional parameter the
return values of a previous location query. See description ofTriangulation
3::locate().

The following method allows one to insert several points.

template< class InputIterator>
int rt.insert( InputIterator first, InputIterator last)

Inserts the weighted points in the range[ first, last). It returns the difference
of the number of vertices between after and before the insertions (it may be
negative due to hidden points).
Precondition: Thevalue typeof first andlast is Point.
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Removal

void rt.remove( Vertexhandle v)

Removes the vertexv from the triangulation.

Queries

Let us remark that

Π(p(w)−z(w)) > 0

is equivalent to

p lies outside the sphere with centerz and radius
√

w2
p +w2

z.

This remark helps provide an intuition about the following predicates.

orthocircle of f

p

wp wz

z

wz

zp

wp wz

zp

wp

> π/2 < π/2

ON BOUNDED SIDE ON BOUNDARY ON UNBOUNDED SIDE

π/2

Figure 22.9: sideof powercircle.

Boundedside rt.sideof power sphere( Cellhandle c, Weightedpoint p)

Returns the position of the weighted pointp with respect to the power
sphere ofc. More precisely, it returns:
- ON BOUNDED SIDE if Π(p(w) − z(c)(w)) < 0 wherez(c)(w) is the
power sphere ofc. For an infinite cell this means either thatp lies strictly
in the half space limited by its finite facet and not containing any other
point of the triangulation, or that the angle betweenp and the power cir-
cle of thefinite facet ofc is greater thanπ/2.
- ON BOUNDARY if p is orthogonal to the power sphere ofc i.e.
Π(p(w)−z(c)(w)) = 0. For an infinite cell this means thatp is orthogonal
to the power circle of itsfinite facet.
- ON UNBOUNDEDSIDE if Π(p(w)− z(c)(w)) > 0 i.e. the angle be-
tween the weighted pointp and the power sphere ofc is less thanπ/2 or
if these two spheres do not intersect. For an infinite cell this means that
p does not satisfy either of the two previous conditions.
Precondition: rt.dimension()= 3.
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Boundedside rt.sideof power circle( Facet f, Weightedpoint p)

Returns the position of the pointp with respect to the power circle off .
More precisely, it returns:
— in dimension 3:
– For a finite facet,
ON BOUNDARYif p is orthogonal to the power circle in the plane of
the facet,
ON UNBOUNDEDSIDEwhen their angle is less thanπ/2,
ON BOUNDED SIDEwhen it is greater thanπ/2 (see Figure22.9).
– For an infinite facet, it considers the plane defined by the finite facet of
the cellf.first, and does the same as in dimension 2 in this plane.
— in dimension 2:
– For a finite facet,
ON BOUNDARYif p is orthogonal to the circle,
ON UNBOUNDEDSIDEwhen the angle betweenp and the power cir-
cle of f is less thanπ/2, ON BOUNDED SIDE when it is greater than
π/2.
– For an infinite facet,
ON BOUNDED SIDEfor a point in the open half plane defined byf and
not containing any other point of the triangulation,
ON UNBOUNDEDSIDE in the other open half plane.
If the pointp is collinear with the finite edgeeof f , it returns:
ON BOUNDED SIDE if Π(p(w) − z(e)(w)) < 0, wherez(e)(w) is the
power segment ofe in the line supportinge,
ON BOUNDARYif Π(p(w)−z(e)(w)) = 0,
ON UNBOUNDEDSIDE if Π(p(w)−z(e)(w)) > 0 .
Precondition: rt.dimension()≥ 2.

Boundedside rt.sideof power circle( Cell handle c, int i, Weightedpoint p)

Same as the previous method for faceti of cell c.

Boundedside rt.sideof power segment( Cellhandle c, Weightedpoint p)

In dimension 1, returns
ON BOUNDED SIDE if Π(p(w) − z(c)(w)) < 0, wherez(c)(w) is the
power segment of the edge represented byc,
ON BOUNDARYif Π(p(w)−z(c)(w)) = 0,
ON UNBOUNDEDSIDE if Π(p(w)−z(c)(w)) > 0 .
Precondition: rt.dimension()= 1.
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Vertexhandle

rt.nearestpower vertex( Point p, Cellhandle c = Cellhandle())

Returns the vertex of the triangulation which is nearest top with respect
to the power distance. This means that the power of the query pointp
with respect to the weighted point in the returned vertex is smaller than
the power ofp with respect to the weighted point in any other vertex.
Ties are broken arbitrarily. The default constructed handle is returned if
the triangulation is empty. The optional argumentc is a hint specifying
where to start the search.
Precondition: c is a cell ofrt.

Vertexhandle

rt.nearestpower vertex in cell( Point p, Cellhandle c)

Returns the vertex of the cellc that is nearest top with respect to the
power distance.

A weighted pointp is said to be in conflict with a cellc in dimension 3 (resp. with a facetf in dimension 2) if
it has a negative power distance to the power sphere ofc (resp. to the power circle off ). The set of cells (resp.
facets in dimension 2) which are in conflict withp is connected.

template<class OutputIteratorBoundaryFacets, class OutputIteratorCells, class OutputIteratorInternalFacets>

Triple<OutputIteratorBoundaryFacets, OutputIteratorCells, OutputIteratorInternalFacets>

rt.find conflicts( const Weightedpoint p,
Cell handle c,
OutputIteratorBoundaryFacets bfit,
OutputIteratorCells cit,
OutputIteratorInternalFacets ifit)

Compute the conflicts withp. The starting cell (resp. facet)c must be
in conflict with p. Then this function returns respectively in the output
iterators:
– cit: the cells (resp. facets) in conflict withp.
– bfit: the facets (resp. edges) on the boundary of the conflict zone, that
is, the facets (resp. edges)(t, i) where the cell (resp. facet)t is in conflict,
but t->neighbor(i)is not.
– ifit : the facets (resp. edges) inside the conflict zone, that facets incident
to two cells (resp facets) in conflict.
Returns theTriple composed of the resulting output iterators.
Precondition: rt.dimension()≥ 2, andc is in conflict withp.

In the weighted setting, a face (cell, facet, edge or vertex) is said to be a Gabriel face iff
the smallest sphere orthogonal to the weighted points associated to its vertices, has a positive
power product with the weighted point of any other vertex of the triangulation. Any weighted
Gabriel face belongs to the regular triangulation, but the reciprocal is not true. The follow-
ing member functions test the Gabriel property of the faces of the regular triangulation.
bool rt.is Gabriel( Cell handle c, int i)

bool rt.is Gabriel( Cell handle c, int i, int j)
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bool rt.is Gabriel( Facet f)
bool rt.is Gabriel( Edge e)
bool rt.is Gabriel( Vertexhandle v)

Power diagram

CGAL offers several functionalities to display the Power diagram of a set of points in 3D.

Note that the user should use a kernel with exact constructions in order to guarantee the computation of the
Voronoi diagram (as opposed to computing the triangulation only, which requires only exact predicates).

Point rt.dual( Cell handle c)

Returns the weighted circumcenter of the four vertices of c.
Precondition: rt.dimension()= 3 andc is not infinite.

Object rt.dual( Facet f) Returns the dual of facetf , which is
in dimension 3: either a segment, if the two cells incident tof are finite,
or a ray, if one of them is infinite;
in dimension 2: a point.
Precondition: rt.dimension()≥ 2 andf is not infinite.

Object rt.dual( Cellhandle c, int i)

same as the previous method for facet(c,i).

template<class Stream>
Stream& rt.draw dual( Stream& os)

Sends the set of duals to all the facets ofrt into os.

advanced

Checking

bool rt.is valid( bool verbose = false)

Checks the combinatorial validity of the triangulation and the validity
of its geometric embedding (see Section22.1). Also checks that all the
power spheres (resp. power circles in dimension 2, power segments in
dimension 1) of cells (resp. facets in dimension 2, edges in dimension 1)
are regular. Whenverboseis set to true, messages describing the first
invalidity encountered are printed.
This method is mainly a debugging help for the users of advanced fea-
tures.

advanced
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TriangulationTraits 3

Definition

The concept TriangulationTraits3 is the first template parameter of the classTriangulation 3. It defines the
geometric objects (points, segments, triangles and tetrahedra) forming the triangulation together with a few
geometric predicates and constructions on these objects : lexicographical comparison, orientation in case of
coplanar points and orientation in space.

Types

TriangulationTraits3:: Point 3 The point type. It must beDefaultConstructible, CopyCon-
structibleandAssignable.

TriangulationTraits3:: Segment3 The segment type.
TriangulationTraits3:: Tetrahedron3 The tetrahedron type.
TriangulationTraits3:: Triangle 3 The triangle type.

TriangulationTraits3:: Constructsegment3

A constructor object that must provide the function operator
Segment3 operator()(Point3 p, Point 3 q),
which constructs a segment from two points.

TriangulationTraits3:: Construct triangle 3

A constructor object that must provide the function operator
Triangle 3 operator()(Point3 p, Point 3 q, Point 3 r ),
which constructs a triangle from three points.

TriangulationTraits3:: Construct tetrahedron3

A constructor object that must provide the function operator
Tetrahedron3 operator()(Point3 p, Point 3 q, Point 3 r, Point 3 s),
which constructs a tetrahedron from four points.

TriangulationTraits3:: Comparexyz 3

A predicate object that must provide the function operator
Comparisonresult operator()(Point p, Point q),
which returnsEQUALif the two points are equal. Otherwise it must return a consistent
order for any two points chosen in a same line.

TriangulationTraits3:: Coplanar orientation 3

A predicate object that must provide the function operator
Orientation operator()(Point p, Point q, Point r),
which returnsCOLLINEARif the points are collinear. Otherwise it must return a
consistent orientation for any three points chosen in a same plane.
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TriangulationTraits3:: Orientation 3

A predicate object that must provide the function operator
Orientation operator()(Point p, Point q, Point r, Point s),
which returns POSITIVE, ifs lies on the positive side of the oriented planeh defined
by p, q, and r, returns NEGATIVE ifs lies on the negative side ofh, and returns
COPLANAR if s lies onh.

Creation

TriangulationTraits3 traits; Default constructor.
TriangulationTraits3 traits( Triangulationtraits 3 tr); Copy constructor.

Operations

The following functions give access to the predicate and construction objects:

Constructtetrahedron3 traits.constructtetrahedron3 object()
Constructtriangle 3 traits.constructtriangle 3 object()
Constructsegment3 traits.constructsegment3 object()

Comparexyz 3 traits.comparexyz 3 object()
Coplanar orientation 3 traits.coplanarorientation 3 object()
Orientation 3 traits.orientation3 object()

Has Models

CGAL::Exactpredicatesinexactconstructionskernel(recommended)
CGAL::Exactpredicatesexactconstructionskernel
CGAL::Filtered kernel
CGAL::Cartesian
CGAL::Simplecartesian
CGAL::Homogeneous
CGAL::Simplehomogeneous
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DelaunayTriangulationTraits 3

Definition

The concept DelaunayTriangulationTraits3 is the first template parameter of the classDelaunaytriangulation
3. It defines the geometric objects (points, segments...) forming the triangulation together with a few geometric
predicates and constructions on these objects.

Refines

TriangulationTraits3

In addition to the requirements described for the traits class ofTriangulation 3, the geometric traits class of a
Delaunay triangulation must fulfill the following requirements:

Types

DelaunayTriangulationTraits3:: Line 3 The line type.
DelaunayTriangulationTraits3:: Object 3 The object type.
DelaunayTriangulationTraits3:: Plane 3 The plane type.
DelaunayTriangulationTraits3:: Ray 3 The ray type.

DelaunayTriangulationTraits3:: Coplanar side of boundedcircle 3

A predicate object that must provide the function operator
Boundedside operator()(Point p, Point q, Point r, Point s),
which determines the bounded side of the circle defined byp, q, andr on which
s lies.
Precondition: p, q, r, ands are coplanar andp, q, andr are not collinear.

DelaunayTriangulationTraits3:: Side of orientedsphere3

A predicate object that must provide the function operator
Orientedside operator()(Point p, Point q, Point r, Point s, Point t),
which determines on which side of the oriented sphere circumscribingp, q, r,
s the pointt lies.

The following additional predicate is required only when theTriangulation hierarchy 3 is used on top of
Delaunaytriangulation 3:

DelaunayTriangulationTraits3:: Comparedistance3

A predicate object that must provide the function operator
Comparisonresult operator()(Point p, Point q, Point r),
which compares the distance betweenp andq to the distance betweenp andr.

In addition, only when the dual operations are used, the traits class must provide the following constructor
objects:
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DelaunayTriangulationTraits3:: Constructcircumcenter3

A constructor object that must provide the function operator
Point 3 operator()(Point3 p, Point 3 q, Point 3 r, Point 3 s),
which contructs the circumcenter of four points.
Precondition: p, q, r ands must be non coplanar.
It must also provide the function operator
Point 3 operator()(Point3 p, Point 3 q, Point 3 r),
which contructs the circumcenter of three points.
Precondition: p, q andr must be non collinear.

DelaunayTriangulationTraits3:: Constructobject 3

A constructor object that must provide the function operators
Object 3 operator()(Point3 p),
Object 3 operator()(Segment3 s)and
Object 3 operator()(Ray3 r)
that construct an object respectively from a point, a segment and a ray.

DelaunayTriangulationTraits3:: Constructperpendicularline 3

A constructor object that must provide the function operator
Line 3 operator()(Plane3 pl, Point 3 p),
which constructs the line perpendicular topl passing throughp.

DelaunayTriangulationTraits3:: Constructplane 3

A constructor object that must provide the function operator
Plane 3 operator()(Point3 p, Point 3 q, Point 3 r),
which constructs the plane passing throughp, q andr.
Precondition: p, q andr are non collinear.

DelaunayTriangulationTraits3:: Construct ray 3

A constructor object that must provide the function operator
Ray 3 operator()(Point3 p, Line 3 l),
which constructs the ray starting atp with direction given byl.

Operations

The following functions give access to the predicate and construction objects:

Coplanar side of boundedcircle 3 traits.coplanarside of boundedcircle 3 object()
Sideof orientedsphere3 traits.sideof orientedsphere3 object()

When using the triangulation hierarchy, the traits must provide:

Comparedistance3 traits.comparedistance3 object()

The following functions must be provided only if the methods ofDelaunaytriangulation 3 returning elements
of the Voronoi diagram are instantiated:

Constructcircumcenter3 traits.constructcircumcenter3 object()
Constructobject 3 traits.constructobject 3 object()
Constructperpendicularline 3 traits.constructperpendicularline object()
Constructplane 3 traits.constructplane 3 object()
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Constructray 3 traits.constructray 3 object()

Has Models

CGAL::Exactpredicatesinexactconstructionskernel(recommended)
CGAL::Exactpredicatesexactconstructionskernel(recommended for Voronoi)
CGAL::Filtered kernel
CGAL::Cartesian
CGAL::Simplecartesian
CGAL::Homogeneous
CGAL::Simplehomogeneous
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RegularTriangulationTraits 3

Definition

The concept RegularTriangulationTraits3 is the first template parameter of the classRegular triangulation 3.
It defines the geometric objects (points, segments...) forming the triangulation together with a few geometric
predicates and constructions on these objects.

Refines

TriangulationTraits3

In addition to the requirements described for the traits class ofTriangulation 3, the geometric traits class of
Regular triangulation 3 must fulfill the following requirements.

Types

RegularTriangulationTraits3:: Line 3 The line type.
RegularTriangulationTraits3:: Object 3 The object type.
RegularTriangulationTraits3:: Plane 3 The plane type.
RegularTriangulationTraits3:: Ray 3 The ray type.

We use here the same notation as in Section22.3. To simplify notation,p will often denote in the sequel either
the pointp∈ R3 or the weighted pointp(w) = (p,wp).

RegularTriangulationTraits3:: Weightedpoint 3 The weighted point type.
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RegularTriangulationTraits3:: Power test 3

A predicate object which must provide the following function operators:

Orientedside operator()( Weightedpoint 3 p, Weightedpoint 3 q, Weightedpoint 3 r, Weighted
point 3 s, Weightedpoint 3 t),
which performs the following:
Let z(p,q, r,s)(w) be the power sphere of the weighted points(p,q, r,s). Returns
ON ORIENTEDBOUNDARYif t is orthogonal toz(p,q, r,s)(w),
ON NEGATIVESIDE if t lies outside the oriented sphere of centerz(p,q, r,s) and radius√

w2
z(p,q,r,s) +w2

t (which is equivalent toΠ(t(w),z(p,q, r,s)(w) > 0)),

ON POSITIVESIDE if t lies inside this oriented sphere.
Precondition: p, q, r, sare not coplanar. Note that with this definition, if all the points have a weight
equal to 0, thenpower test(p,q,r,s,t)= side of orientedsphere(p,q,r,s,t).

Orientedside operator()( Weightedpoint 3 p, Weightedpoint 3 q, Weightedpoint 3 r, Weighted
point 3 t),
which has an definition analogous to the previous method, for coplanar points, with the power circle
z(p,q, r)(w).
Precondition: p, q, r are not collinear andp, q, r, tare coplanar. If all the points have a weight equal
to 0, thenpower test(p,q,r,s,t)= side of orientedcircle(p,q,r,s,t).

Orientedside operator()( Weightedpoint 3 p, Weightedpoint 3 q, Weightedpoint 3 t),
which is the same for collinear points, wherez(p,q)(w) is the power segment ofp andq.
Precondition: p andq have different Barepoints, andp, q, tare collinear. If all points have a weight
equal to 0, thenpower test(p,q,t)gives the same answer as the kernel predicates(p,q).hason(t)
would give, wheres(p,q)denotes the segment with endpointsp andq.

Orientedside operator()( Weightedpoint 3 p, Weightedpoint 3 q),
which is the same for equal points, that is whenp andq have equal coordinates, then it returns the
comparison of the weights (ON POSITIVESIDEwhenq is heavier thanp).
Precondition: p andq have equal Barepoints.

The following predicate is required if a call tonearestpower vertexor nearestpower vertex in cell is issued:

RegularTriangulationTraits3:: Comparepower distance3

A predicate object that must provide the function operator
Comparisonresult operator()(Point3 p, Weightedpoint 3 q, Weightedpoint 3 r),
which compares the power distance betweenp andq to the power distance betweenp andr.

In addition, only when the dual operations are used, the traits class must provide the following constructor
objects:

RegularTriangulationTraits3:: Constructweightedcircumcenter3

A constructor type. The operator() constructs the bare point which is the
center of the smallest orthogonal sphere to the input weighted points.
Bare point operator() ( Weightedpoint 3 p, Weightedpoint 3 q, Weighted
point 3 r, Weightedpoint 3 s);
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RegularTriangulationTraits3:: Constructobject 3

A constructor object that must provide the function operators
Object 3 operator()(Point3 p),
Object 3 operator()(Segment3 s)and
Object 3 operator()(Ray3 r)
that construct an object respectively from a point, a segment and a ray.

RegularTriangulationTraits3:: Constructperpendicularline 3

A constructor object that must provide the function operator
Line 3 operator()(Plane3 pl, Point 3 p),
which constructs the line perpendicular topl passing throughp.

RegularTriangulationTraits3:: Constructplane 3

A constructor object that must provide the function operator
Plane 3 operator()(Point3 p, Point 3 q, Point 3 r),
which constructs the plane passing throughp, q andr.
Precondition: p, q andr are non collinear.

RegularTriangulationTraits3:: Construct ray 3

A constructor object that must provide the function operator
Ray 3 operator()(Point3 p, Line 3 l),
which constructs the ray starting atp with direction given byl.

Operations

The following function gives access to the predicate object:

Power test 3 traits.powertest 3 object()

The following functions must be provided only if the member functions ofRegular triangulation 3 returning
elements of the dual diagram are called:

Constructweightedcircumcenter3

traits.constructweightedcircumcenter3 object()
Constructobject 3 traits.constructobject 3 object()
Constructperpendicularline 3

traits.constructperpendicularline object()
Constructplane 3 traits.constructplane 3 object()
Constructray 3 traits.constructray 3 object()

Has Models

CGAL::Regulartriangulation euclideantraits 3
CGAL::Regulartriangulation filtered traits 3.
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CGAL::Regular triangulation euclidean traits 3<K,Weight>

Definition

The classRegular triangulation euclideantraits 3<K,Weight> is designed as a default traits class for
the classRegular triangulation 3<RegularTriangulationTraits3,TriangulationDataStructure3>. It provides
Weightedpoint 3, a class for weighted points, which derives from the three dimensional point classK::Point
3.

The first argumentK must be a model of theKernelconcept.

The second argumentWeightof the classRegular triangulation euclideantraits 3<K,Weight> is in fact op-
tional: if is it not provided,K::RT will be used.

The class is a model of the conceptRegularTriangulationTraits3but it also contains predicates and constructors
on weighted points that are not required in the conceptRegularTriangulationTraits3.

Note that this template class is specialized forCGAL::Exactpredicatesinexactconstructionskernel, so that it
is as ifRegular triangulation filtered traits 3 was used, i.e. you get filtered predicates automatically.

#include<CGAL/Regulartriangulation euclideantraits 3.h>

Is Model for the Concepts

RegularTriangulationTraits3

Inherits From

K

Types

typedef K::Point3 Bare point; The type for pointp of a weighted point
p(w) = (p,wp).

typedef Weightedpoint<Bare point, Weight> Weightedpoint 3; The type for weighted points.

Types for predicate functors

Regular triangulation euclideantraits 3<K,Weight>:: Power test 3

A predicate type for power test. Belongs to theRegularTriangulationTraits3 concept.

Regular triangulation euclideantraits 3<K,Weight>:: Comparepower distance3

A predicate type to compare power distance. Belongs to theRegularTriangulationTraits3 concept.
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Regular triangulation euclideantraits 3<K,Weight>:: In smallestorthogonalsphere3

A predicate type. The operator() takes weighted points as arguments and returns the sign of the
power distance of the last one with respect to the smallest sphere orthogonal to the others.
Sign operator()( Weightedpoint 3 p, Weightedpoint 3 q, Weightedpoint 3 r, Weightedpoint 3
s, Weightedpoint 3 t) ;
Sign operator()( Weightedpoint 3 p, Weightedpoint 3 q, Weightedpoint 3 r, Weightedpoint 3
s) ;
Sign operator()( Weightedpoint 3 p, Weightedpoint 3 q, Weightedpoint 3 r) ;
Sign operator()( Weightedpoint 3 p, Weightedpoint 3 q) ;

Regular triangulation euclideantraits 3<K,Weight>:: Side of boundedorthogonalsphere3

A predicate type. The operator() is similar to the operator() ofIn smallestorthogonalsphere3
except that the returned type is not aSignbut belongs to the enumBoundedside(A NEGATIVE,
cccNULL andPOSITIVE) corresponding respectively toON BOUNDED SIDE, ON BOUNDARY
andON UNBOUNDEDSIDE)).
Boundedside operator() ( Weightedpoint 3 p, Weightedpoint 3 q, Weightedpoint 3 r, Weighted
point 3 s, Weightedpoint 3 t) ;
Boundedside operator() ( Weightedpoint 3 p, Weightedpoint 3 q, Weightedpoint 3 r, Weighted
point 3 s) ;
Boundedside operator() ( Weightedpoint 3 p, Weightedpoint 3 q, Weightedpoint 3 r) ;

Regular triangulation euclideantraits 3<K,Weight>:: Does simplexintersectdual support3

A predicate type. The operator() takes weighted points as arguments, considers the subspace of
points with equal power distance with respect to its arguments and the intersection of this subspace
with the affine hull of the bare points associated to the arguments. The operator() returnsON
BOUNDED SIDE, ON BOUNDARYor ON UNBOUNDEDSIDEaccording to the position of this
intersection with respect to the simplex formed by the bare points. This predicate is usefull for flow
computations.
Boundedside operator()( Weightedpoint 3 p, Weightedpoint 3 q, Weightedpoint 3 r, Weighted
point 3 s) ;
Boundedside operator()( Weightedpoint 3 p, Weightedpoint 3 q, Weightedpoint 3 r) ;
Boundedside operator()( Weightedpoint 3 p, Weightedpoint 3 q) ;

Types for constructor functors

Regular triangulation euclideantraits 3<K,Weight>:: Construct weightedcircumcenter3

A constructor type. The operator() constructs the bare point which is the center of the smallest
orthogonal sphere to the input weighted points.
Bare point operator() ( Weightedpoint 3 p, Weightedpoint 3 q, Weightedpoint 3 r, Weighted
point 3 s);
Bare point operator() ( Weightedpoint 3 p, Weightedpoint 3 q, Weightedpoint 3 r);
Bare point operator() ( Weightedpoint 3 p, Weightedpoint 3 q);

Regular triangulation euclideantraits 3<K,Weight>:: Computepower product 3

A functor type. The operator() computes the power distance between its arguments.
FT operator() ( Weightedpoint 3 p, Weightedpoint 3 q) ;

1543



Regular triangulation euclideantraits 3<K,Weight>:: Computesquaredradius smallestorthogonal
sphere3

A functor type. The operator() computes the squared radius of the smallest sphere orthogonal to the
arguments.
FT operator() ( Weightedpoint 3 p, Weightedpoint 3 q, Weightedpoint 3 r, Weightedpoint 3
s);
FT operator() ( Weightedpoint 3 p, Weightedpoint 3 q, Weightedpoint 3 r);
FT operator() ( Weightedpoint 3 p, Weightedpoint 3 q);

Regular triangulation euclideantraits 3<K,Weight>:: Computecritical squaredradius 3

A functor type. The operator() takes weighted points as arguments and computes the squared ra-
dius of the sphere centered in the last point and orthogonal to the other weighted points. The last
argument is a weighted point but its weight does not matter. This construction is adhoc for pump-
ing slivers. For robustness issue, a predicate to compare critical squared radii for a given last point
should be needed.
FT operator() ( Weightedpoint 3 p, Weightedpoint 3 q, Weightedpoint 3 r, Weightedpoint 3 s,
Weightedpoint 3 t);

Operations

The following functions give access to the predicate and constructor functors.

Power test 3 traits.powertest 3 object()
Comparepower distance3 traits.comparepower distance3 object()
In smallestorthogonalsphere3 traits.in smallestorthogonalsphere3 object()
Sideof boundedorthogonalsphere3 traits.sideof boundedorthogonalsphere3 object()
Doessimplexintersectdual support3 traits.doessimplexintersectdual support3 object()
Constructweightedcircumcenter3 traits.constructweightedcircumcenter3 object()
Computepower product 3 traits.computepower product 3 object()
Computesquaredradius smallestorthogonalsphere3

traits.computesquaredradius smallestorthogonalsphere3
object( )

Computecritical squaredradius 3 traits.computecritical squaredradius 3 object()

See Also

CGAL::Regulartriangulation filtered traits 3.
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CGAL::Regular triangulation filtered traits 3<FK>

Definition

The classRegular triangulation filtered traits 3<FK> is designed as a traits class for the classRegular
triangulation 3<RegularTriangulationTraits3,TriangulationDataStructure3>. Its difference withRegular
triangulation euclideantraits 3 is that it provides filtered predicates which are meant to be fast and exact.

The first argumentFK must be a model of theKernelconcept, and it is also restricted to be a instance of the
Filtered kerneltemplate.

#include<CGAL/Regulartriangulation filtered traits 3.h>

Is Model for the Concepts

RegularTriangulationTraits3

Inherits From

Regular triangulation euclideantraits 3<FK>

See Also

CGAL::Regulartriangulation euclideantraits 3.
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TriangulationCellBase 3

Definition

The cell base required by the geometric triangulations does not store any geometric information, so only the
requirements of the triangulation data structure apply. However, we provide this concept for symmetry with the
vertex case.

Refines

TriangulationDSCellBase3

Has Models

CGAL::Triangulationcell base3
CGAL::Triangulationcell basewith info 3

See Also

TriangulationVertexBase3
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TriangulationVertexBase 3

Definition

The vertex base used by the geometric triangulation must store a point. So we list here the additional require-
ments compared to a vertex base usable for the triangulation data structure.

Refines

TriangulationDSVertexBase3

Types

TriangulationVertexBase3:: Point Must be the same as the point typeTriangulationTraits
3::Point 3 defined by the geometric traits class of the tri-
angulation.

Creation

TriangulationVertexBase3 v( Point p); Constructs a vertex whose geometric embedding is pointp.
TriangulationVertexBase3 v( Point p, Cellhandle c);

Constructs a vertex embedding the pointp and pointing to
cell c.

Access Functions

Point v.point() Returns the point.

Setting

void v.setpoint( Point p) Sets the point.

I/O

istream& istream& is >> & v Inputs the non-combinatorial information given by the vertex:
the point and other possible information.

ostream& ostream& os<< v Outputs the non-combinatorial information given by the ver-
tex: the point and other possible information.
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Has Models

CGAL::Triangulationvertexbase3
CGAL::Triangulationvertexbasewith info 3
CGAL::Triangulationhierarchy vertexbase3

See Also

TriangulationCellBase3
TriangulationHierarchyVertexBase3
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TriangulationHierarchyVertexBase 3

Definition

The vertex base used byTriangulation hierarchy 3 must provide access to two vertex handles for linking be-
tween the levels of the hierarchy.

Refines

TriangulationVertexBase3

Access Functions

Vertexhandle v.up() const Returns theVertexhandlepointing to the level above.
Vertexhandle v.down() const Returns theVertexhandlepointing to the level below.

Setting

void v.setup( Vertexhandle v) Sets theVertexhandlepointing to the level above tov.
void v.setdown( Vertexhandle v) Sets theVertexhandlepointing to the level below tov.

Has Models

CGAL::Triangulationhierarchy vertexbase3
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RegularTriangulationCellBase 3

Definition

The regular triangulation of a set of weighted points does not necessarily have one vertex for each of the
input points. Some of the input weigthed points have no cell in the dual power diagrams and therefore do not
correspond to a vertex of the regular triangulation. Those weighted points are said to behiddenpoints. A point
which is hidden at a given time may appear later as a vertex of the regular triangulation upon removal on some
other weighted point. Therefore, hidden points have to be stored somewhere. The regular triangulation store
those hidden points in its cells.

A hidden point can appear as vertex of the triangulation only when the three dimensional cell where its point
component is located (the cell which hides it) is removed. Therefore we decided to store in each cell of a
regular triangulation the list of hidden points that are located in the face. Thus points hidden by a face are easily
reinserted in the triangulation when the face is removed.

The base cell of a regular triangulation has to be a model of the concept RegularTriangulationCellBase3 ,
which refines the conceptTriangulationCellBase3 by adding in the cell a container to store hidden points.

Refines

TriangulationCellBase3

Types

RegularTriangulationCellBase3:: Point Must be the same as the point typeTriangulationTraits
3::Point 3 defined by the geometric traits class of the tri-
angulation.

Types

RegularTriangulationCellBase3:: Point iterator

Iterator of value type Point

Access Functions

Point iterator rcb.hiddenpoints begin()

Returns an iterator pointing to the first hidden point.

Point iterator rcb.hiddenpoints end()

Returns a past-the-end iterator.
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Setting

void rcb.hidepoint( Point p)

Addsp to the set of hidden points of the cell.

Has Models

CGAL::Regulartriangulation cell base3

See Also

TriangulationCellBase3
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CGAL::Triangulation cell base3<TriangulationTraits 3,
TriangulationDSCellBase 3>

Definition

The classTriangulation cell base3 is a model of the conceptTriangulationCellBase3, the base cell of a 3D-
triangulation.

This class can be used directly or can serve as a base to derive other classes with some additional attributes (a
color for example) tuned for a specific application.

#include<CGAL/Triangulationcell base3.h>

Parameters

The first template argument is the geometric traits classTriangulationTraits3. It is actually not used by this
class.

The second template argument is a combinatorial cell base class from whichTriangulation cell base3 derives.
It has the default valueTriangulation ds cell base3<>.

Is Model for the Concepts

TriangulationCellBase3

Inherits From

TriangulationDSCellBase3

See Also

CGAL::Triangulationds cell base3
CGAL::Triangulationcell basewith info 3
CGAL::Triangulationvertexbase3
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CGAL::Triangulation cell basewith info 3<Info, TriangulationTraits
3, TriangulationCellBase 3>

Definition

The classTriangulation cell basewith info 3 is a model of the conceptTriangulationCellBase3, the base
cell of a 3D-triangulation. It provides an easy way to add some user defined information in cells. Note that
input/output operators discard this additional information.

#include<CGAL/Triangulationcell basewith info 3.h>

Parameters

The first template argument is the information the user would like to add to a cell. It has to beDefaultCon-
structibleandAssignable.

The second template argument is the geometric traits classTriangulationTraits3. It is actually not used by this
class.

The third template argument is a cell base class from whichTriangulation cell basewith info 3 derives. It has
the default valueTriangulation cell base3<TriangulationTraits3>.

Is Model for the Concepts

TriangulationCellBase3

Inherits From

TriangulationCellBase3

Types

typedef Info Info;

Access Functions

const Info& v.info() const Returns a const reference to the object of typeInfo stored in the cell.
Info& v.info() Returns a reference to the object of typeInfo stored in the cell.

See Also

CGAL::Triangulationcell base3
CGAL::Triangulationvertexbasewith info 3
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CGAL::Triangulation vertex base3<TriangulationTraits 3,
TriangulationDSVertexBase 3>

Definition

The classTriangulation vertexbase3 is a model of the conceptTriangulationVertexBase3, the base vertex of
a 3D-triangulation. This class stores a point.

This class can be used directly or can serve as a base to derive other classes with some additional attributes (a
color for example) tuned for a specific application.

#include<CGAL/Triangulationvertexbase3.h>

Parameters

The first template argument is the geometric traits classTriangulationTraits3 which provides the point type,
Point 3. Users of the geometric triangulations (Section23.2and Chapter22) are strongly advised to use the
same geometric traits classTriangulationTraits3 as the one used forTriangulation 3. This way, the point type
defined by the base vertex is the same as the point type defined by the geometric traits class.

The second template argument is a combinatorial vertex base class from whichTriangulation vertexbase3
derives. It has the default valueTriangulation ds vertexbase3<>.

Is Model for the Concepts

TriangulationVertexBase3

Inherits From

TriangulationDSVertexBase3

Types

typedef TriangulationTraits3::Point 3 Point;

See Also

CGAL::Triangulationcell base3
CGAL::Triangulationds vertexbase3
CGAL::Triangulationvertexbasewith info 3
CGAL::Triangulationhierarchy vertexbase3
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CGAL::Triangulation vertex basewith info 3<Info,
TriangulationTraits 3, TriangulationVertexBase 3>

Definition

The classTriangulation vertexbasewith info 3 is a model of the conceptTriangulationVertexBase3, the base
vertex of a 3D-triangulation. It provides an easy way to add some user defined information in vertices. Note
that input/output operators discard this additional information.

#include<CGAL/Triangulationvertexbasewith info 3.h>

Parameters

The first template argument is the information the user would like to add to a vertex. It has to beDefaultCon-
structibleandAssignable.

The second template argument is the geometric traits classTriangulationTraits3 which provides thePoint 3.

The third template argument is a vertex base class from whichTriangulation vertexbasewith info 3 derives.
It has the default valueTriangulation vertexbase3<TriangulationTraits3>.

Is Model for the Concepts

TriangulationVertexBase3

Inherits From

TriangulationVertexBase3

Types

typedef Info Info;

Access Functions

const Info& v.info() const Returns a const reference to the object of typeInfo stored in the vertex.
Info& v.info() Returns a reference to the object of typeInfo stored in the vertex.

See Also

CGAL::Triangulationcell basewith info 3
CGAL::Triangulationvertexbase3
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CGAL::Triangulation hierarchy vertex base3<TriangulationVertexBase
3>

Definition

This class is designed to be used as the vertex base class forTriangulation hierarchy 3.

It inherits from its parameterTriangulationVertexBase3, and adds the requirements in order to match the con-
ceptTriangulationHierarchyVertexBase3, it does so by storing twoVertexhandles. This design allows to use
either a vertex base class provided by CGAL, or a user customized vertex base with additional functionalities.

#include<CGAL/Triangulationhierarchy vertexbase3.h>

Parameters

It is parameterized by a model of the conceptTriangulationVertexBase3.

Is Model for the Concepts

TriangulationHierarchyVertexBase3

Inherits From

TriangulationVertexBase3

See Also

CGAL::Triangulationhierarchy 3
CGAL::Triangulationvertexbase3
CGAL::Triangulationvertexbasewith info 3
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CGAL::Regular triangulation cell base3<Traits,Cb>

Definition

The class Regular triangulation cell base3<Traits,Cb> is a model of the concept
RegularTriangulationCellBase3. It is the default face base class of regular triangulations.

#include<CGAL/Regulartriangulation cell base3.h>

Parameters

The template parametersTraits has to be a model ofRegularTriangulationTraits3.

The template parameterCbhas to be a model ofTriangulationCellBase3. By default, this parameter is instan-
tiated byCGAL::Triangulationcell base3<Traits>.

Is Model for the Concepts

RegularTriangulationCellBase3

Inherits From

Cb

See Also

RegularTriangulationCellBase3
RegularTriangulationTraits3
CGAL::Regulartriangulation 3<Traits,Tds>
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CGAL::Triangulation 3::Locate type

Definition

The enumLocate typeis defined byTriangulation 3 to specify which case occurs when locating a point in the
triangulation.

enum Locatetype{ VERTEX=0,
EDGE,
FACET,
CELL,
OUTSIDECONVEXHULL,
OUTSIDEAFFINE HULL}

See Also

CGAL::Triangulation3
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WeightedPoint

Definition

The concept WeightedPoint is needed byRegular triangulation euclideantraits 3. It must fulfill the following
requirements:

Types

WeightedPoint:: Point The point type
WeightedPoint:: Weight The weight type
typedef Point::RT RT; The ring type

Creation

WeightedPoint wp( Point p=Point(), Weight w = Weight(0));

Access Functions

Point point()
Weight weight()

Has Models

Weightedpoint.

See Also

CGAL::Regulartriangulation euclideantraits 3
CGAL::Regulartriangulation filtered traits 3
CGAL::Regulartriangulation 3.
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Chapter 23

3D Triangulation Data Structure
Sylvain Pion and Monique Teillaud
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A geometric triangulation has two aspects: the combinatorial structure, which gives the incidence and adjacency
relations between faces, and the geometric information related to the position of vertices.

CGAL provides 3D geometric triangulations in which these two aspects are clearly separated. As described in
Chapter22, a geometric triangulation of a set of points inRd, d ≤ 3 is a partition of the whole spaceRd into
cells havingd+1 vertices. Some of them are infinite, they are obtained by linking an additional vertex at infinity
to each facet of the convex hull of the points (see Section22.1). The underlying combinatorial graph of such a
triangulation without boundary ofRd can be seen as a triangulation of the topological sphereSd in Rd+1.

This chapter deals with 3D-triangulation data structures, meant to maintain the combinatorial information for
3D-geometric triangulations. The reader interested in geometric triangulations ofR3 is advised to read Chap-
ter22.

23.1 Representation

In CGAL, a 3D triangulation data structure is a container of cells (3-faces) and vertices (0-faces). Each cell
gives access to its four incident vertices and to its four adjacent cells. Each vertex gives direct access to one of
its incident cells, which is sufficient to retrieve all the incident cells when needed.

The four vertices of a cell are indexed with 0, 1, 2 and 3. The neighbors of a cell are also indexed with 0, 1, 2,
3 in such a way that the neighbor indexed byi is opposite to the vertex with the same index (see Figure23.1).
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Figure 23.1: Representation.

Edges (1-faces) and facets (2-faces) are not explicitly represented: a facet is given by a cell and an index (the
faceti of a cellc is the facet ofc that is opposite to the vertex of indexi) and an edge is given by a cell and two
indices (the edge(i,j) of a cellc is the edge whose endpoints are the vertices of indicesi andj of c).

Degenerate Dimensions As CGAL explicitly deals with all degenerate cases, a 3D-triangulation data structure
in CGAL can handle the cases when the dimension of the triangulation is lower than 3.

Thus, a 3D-triangulation data structure can store a triangulation of a topological sphereSd of Rd+1, for any
d ∈ {−1,0,1,2,3}.

Let us give, for each dimension, the example corresponding to the triangulation data structure having a min-
imal number of vertices, i.e. a simplex. These examples are illustrated by presenting their usual geometric
embedding.

• dimension 3.The triangulation data structure consists of the boundary of a 4-dimensional simplex, which
has 5 vertices. A geometric embedding consists in choosing one of these vertices to be infinite, thus four
of the five 3-cells become infinite: the geometric triangulation has one finite tetrahedron remaining, each
of its facets being incident to an infinite cell. See Figure23.2.

• dimension 2.We have 4 vertices forming one 3-dimensional simplex, i.e. the boundary of a tetrahedron.
The geometric embedding in the plane results from choosing one of these vertices to be infinite, then
the geometric triangulation has one finite triangle whose edges are incident to the infinite triangles. See
Figure23.3.

• dimension 1.A 2-dimensional simplex (a triangle) has 3 vertices. The geometric embedding is an edge
whose vertices are linked to an infinite point. See Figure23.4.

The last three cases are defined uniquely:

• dimension 0. A 0-dimensional triangulation is combinatorially equivalent to the boundary of a 1-
dimensional simplex (an edge), which consists of 2 vertices. One of them becomes infinite in the ge-
ometric embedding, and there is only one finite vertex remaining. The two vertices are adjacent.

• dimension -1.This dimension is a convention to represent a 0-dimensional simplex, that is a sole vertex,
which will be geometrically embedded as an “empty” triangulation, having only one infinite vertex.

• dimension -2.This is also a convention. The triangulation data structure has no vertex. There is no
associated geometric triangulation.
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Figure 23.2: 4D simplex and a 3D geometric embedding.
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Figure 23.3: 3D simplex and a 2D geometric embedding.
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Figure 23.4: 2D simplex and a 1D geometric embedding.
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Note that the notion of infinite vertex has no meaning for the triangulation data structure. The infinite vertex of
the geometric embedding is a vertex that cannot be distinguished from the other vertices in the combinatorial
triangulation.

The same cell class is used in all cases: triangular faces in 2D can be considered as degenerate cells, having
only three vertices (resp. neighbors) numbered(0,1,2); edges in 1D have only two vertices (resp. neighbors)
numbered 0 and 1.

The implicit representation of facets (resp. edges) still holds for degenerate (< 3) dimensions : in dimension 2,
each cell has only one facet of index 3, and 3 edges(0,1), (1,2) and(2,0); in dimension 1, each cell has one
edge(0,1).

Validity A 3D combinatorial triangulation is said to belocally valid iff the following is true:

(a) When a cellc has a neighbor pointer to another cellc′, then reciprocally this cellc′ has a neighbor pointer
to c, andc andc′ have three vertices in common. These cells are called adjacent.

(b) The cells have a coherent orientation: if two cellsc1 andc2 are adjacent and share a facet with verticesu,v,w,
then the vertices ofc1 are numbered(v1

0 = u,v1
1 = v,v1

2 = w,v1
3), and the vertices ofc2 are numbered(v2

0 = v,v2
1 =

u,v2
2 = w,v2

3), up to positive permutations of(0,1,2,3). In other words, if we embed the triangulation inR3,
then the fourth verticesv1

3 andv2
3 of c1 andc2 see the common facet in opposite orientations. See Figure23.5.

The setσ4 of permutations of(0,1,2,3) has cardinality 24, and the set of positive permutationsA4 has cardi-
nality 12. Thus, for a given orientation, there are up to 12 different orderings of the four vertices of a cell. Note
that cyclic permutations are negative and so do not preserve the orientation of a cell.

v1
3

v2
3

v2
0 = v1

1 = v

v2
1 = v1

0 = u

v2
2 = v1

2 = w

Figure 23.5: Coherent orientations of two cells (3-dimensional case).

The is valid() method provided byTriangulation data structure3 checks the local validity of a given triangu-
lation data structure.

23.2 Software Design

The 3D-triangulation data structure class of CGAL,Triangulation data structure3, is designed to be used as a
combinatorial layer upon which a geometric layer can be built [Ket98]. This geometric layer is typically one of
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the 3D-triangulation classes of CGAL: Triangulation 3, Delaunaytriangulation 3 andRegular triangulation
3. This relation is described in more details in Chapter22, where the Section22.5explains other important parts
of the design related to the geometry.

We focus here on the design of the triangulation data structure (TDS) itself, which the Figure23.6illustrates.
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UserVB<...,DSVB<TDS=Self> >

DSVertexBase<TDS=Dummy> DSCellBase<TDS=Dummy>

UserVB<...,DSVB<TDS=Dummy> > UserCB<...,DSCB<TDS=Dummy> >

UserCB<...,DSCB<TDS=Self> >

Figure 23.6: Triangulation Data Structure software design.

23.2.1 Flexibility of the Design

In order for the user to be able to add his own data in the vertices and cells, the design of the TDS is split into
two layers:

• In the bottom layer, the (vertex and cell) base classes store elementary incidence and adjacency (and
possibly geometric or other) information. These classes are parameterized by the TDS which provides
the handle types. (They can also be parameterized by a geometric traits class or anything else.) A vertex
stores aCell handle, and a cell stores fourVertexhandles and fourCell handles.

• The middle layer is the TDS, which is purely combinatorial. It provides operations such as insertion of
a new vertex in a given cell, on a 1 or 2-face. It also allows one, if the dimension of the triangulation is
smaller than 3, to insert a vertex so that the dimension of the triangulation is increased by one. The TDS
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is responsible for the combinatorial integrity of the eventual geometric triangulation built on top of it (the
upper layer, see Chapter22).

The user has several ways to add his own data in the vertex and cell base classes used by the TDS. He can either:

• use the classesTriangulation vertexbasewith info andTriangulation cell basewith info, which allow
to add one data member of a user provided type, and give access to it.

• derive his own classes from the default base classesTriangulation ds vertexbase, andTriangulation
ds cell base(or the geometric versions typically used by the geometric layer,Triangulation vertexbase,
andTriangulation cell base).

• write his own base classes following the requirements given by the conceptsTriangulationCellBase3
andTriangulationVertexBase3 (described in page1546and page1547).

23.2.2 Cyclic Dependency

Since adjacency relations are stored in the vertices and cells, it means that the vertex and cell base classes have
to be able to store handles (an entity akeen to pointers) to their neighbors in the TDS. This in turns means that
the vertex and cell base classes have to know the types of these handles, which are provided by the TDS. So in a
sense, the base classes are parameterized by the TDS, and the TDS is parameterized by the vertex and cell base
classes ! This is a cycle which cannot be resolved easily.

The solution that we have chosen is similar to the mechanism used by the standard classstd::allocator: the
vertex and cell base classes are initially given a fake or dummy TDS template parameter, whose unique purpose
is to provide the types that can be used by the vertex and cell base classes (such as handles). Then, inside the
TDS itself, these base classes arereboundto the real TDS type, that is we obtain the same vertex and cell base
classes, but parameterized with the real TDS instead of the dummy one. Rebinding is performed by a nested
template class of the vertex and cell base classes (see code below), which provides a type which is the rebound
vertex or cell base class1.

Here is how it works, schematically:

template < class Vb, class Cb >
class TDS
{

typedef TDS<Vb, Cb> Self;

// Rebind the vertex and cell base to the actual TDS (Self).
typedef typename Vb::template Rebind_TDS<Self>::Other VertexBase;
typedef typename Cb::template Rebind_TDS<Self>::Other CellBase;

// ... further internal machinery leads to the final public types:
public:

typedef ... Vertex;
typedef ... Cell;
typedef ... Vertex_handle;
typedef ... Cell_handle;

};

1It is logically equivalent to a mechanism that does not exist yet in the C++ language:template typedefor template aliasing

1566



template < class TDS = ... > // The default is some internal type faking a TDS
class Triangulation_ds_vertex_base_3
{
public:

template < class TDS2 >
struct Rebind_TDS {

typedef Triangulation_ds_vertex_base_3<TDS2> Other;
};

...
};

When derivation is used for the vertex or cell base classes, which is the case at the geometric level with
Triangulation vertexbase3, then it gets slightly more involved because its base class has to be rebound as
well:

template < class GT, class Vb = Triangulation_ds_vertex_base_3<> >
class Triangulation_vertex_base_3 : public Vb
{
public:

template < class TDS2 >
struct Rebind_TDS {

typedef typename Vb::template Rebind_TDS<TDS2>::Other Vb2;
typedef Triangulation_vertex_base_3<GT, Vb2> Other;

};
...
};

23.2.3 Backward Compatibility

The rebinding scheme has been introduced in CGAL version 3.0. It is incompatible with the previous versions,
for the cases where the user provides his own vertex or cell base class. In these cases, the user needs to add the
rebind nested template class appropriately. More informations are given in22.5.4.

23.3 Examples

23.3.1 Incremental construction

The following example shows how to construct a 3D triangulation data structure by inserting vertices.

// file: examples/Triangulation_3/example_tds.C

#include <CGAL/Triangulation_data_structure_3.h>
#include <iostream>
#include <fstream>
#include <cassert>
#include <vector>

typedef CGAL::Triangulation_data_structure_3<> Tds;
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typedef Tds::size_type size_type;
typedef Tds::Cell_handle Cell_handle;
typedef Tds::Vertex_handle Vertex_handle;

int main()
{

Tds T;

assert( T.number_of_vertices() == 0 );
assert( T.dimension() == -2 );
assert( T.is_valid() );

std::vector<Vertex_handle> PV(7);

PV[0] = T.insert_increase_dimension();
assert( T.number_of_vertices() == 1 );
assert( T.dimension() == -1 );
assert( T.is_valid() );

// each of the following insertions of vertices increases the dimension
for ( int i=1; i<5; i++ ) {

PV[i] = T.insert_increase_dimension(PV[0]);
assert( T.number_of_vertices() == (size_type) i+1 );
assert( T.dimension() == i-1 );
assert( T.is_valid() );

}
assert( T.number_of_cells() == 5 );

// we now have a simplex in dimension 4

// cell incident to PV[0]
Cell_handle c = PV[0]->cell();
int ind;
bool check = c->has_vertex( PV[0], ind );
assert( check );
// PV[0] is the vertex of index ind in c

// insertion of a new vertex in the facet opposite to PV[0]
PV[5] = T.insert_in_facet(c, ind);

assert( T.number_of_vertices() == 6 );
assert( T.dimension() == 3 );
assert( T.is_valid() );

// insertion of a new vertex in c
PV[6] = T.insert_in_cell(c);

assert( T.number_of_vertices() == 7 );
assert( T.dimension() == 3 );
assert( T.is_valid() );

std::ofstream oFileT("output_tds",std::ios::out);
// writing file output_tds;
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oFileT << T;

return 0;
}

23.3.2 Cross-linking between a 2D and a 3D data structures

This example program illustrates how to setup a 2D and a 3D triangulation data structures whose vertices
respectively store vertex handles of the other one.

// file: examples/Triangulation_3/example_linking_2d_and_3d.C

#include <CGAL/Triangulation_data_structure_2.h>
#include <CGAL/Triangulation_data_structure_3.h>
#include <cassert>

// declare the 2D vertex base type, parametrized by some 3D TDS.
template < typename T3, typename Vb = CGAL::Triangulation_ds_vertex_base_2<> >
class My_vertex_2;

// declare the 3D vertex base type, parametrized by some 2D TDS.
template < typename T2, typename Vb = CGAL::Triangulation_ds_vertex_base_3<> >
class My_vertex_3;

// Then, we have to break the dependency cycle.

// we need to refer to a dummy 3D TDS.
typedef CGAL::Triangulation_ds_vertex_base_3<>::Triangulation_data_structure

Dummy_tds_3;
// the 2D TDS, initially plugging a dummy 3D TDS in the vertex type
// (to break the dependency cycle).
typedef CGAL::Triangulation_data_structure_2<My_vertex_2<Dummy_tds_3> > TDS_2;
// the 3D TDS, here we can plug the 2D TDS directly.
typedef CGAL::Triangulation_data_structure_3<My_vertex_3<TDS_2> > TDS_3;

template < typename T3, typename Vb >
class My_vertex_2

: public Vb
{
public:

typedef typename Vb::Face_handle Face_handle;

template <typename TDS2>
struct Rebind_TDS {

typedef typename Vb::template Rebind_TDS<TDS2>::Other Vb2;
// we also have to break the cycle here by hardcoding TDS_3 instead of T3.
typedef My_vertex_2<TDS_3, Vb2> Other;

};

My_vertex_2() {}
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My_vertex_2(Face_handle f) : Vb(f) {}

// we store a vertex handle of the 3D TDS.
typename T3::Vertex_handle v3;

};

template < typename T2, typename Vb >
class My_vertex_3

: public Vb
{
public:

typedef typename Vb::Cell_handle Cell_handle;

template <typename TDS2>
struct Rebind_TDS {

typedef typename Vb::template Rebind_TDS<TDS2>::Other Vb2;
typedef My_vertex_3<T2, Vb2> Other;

};

My_vertex_3() {}

My_vertex_3(Cell_handle c) : Vb(c) {}

// we store a vertex handle of the 2D TDS.
typename T2::Vertex_handle v2;

};

int main() {
TDS_2 t2;
TDS_3 t3;

TDS_2::Vertex_handle v2 = t2.insert_dim_up();
TDS_3::Vertex_handle v3 = t3.insert_increase_dimension();

v2->v3 = v3;
v3->v2 = v2;

assert(t2.is_valid());
assert(t3.is_valid());
return 0;

}

23.4 Design and Implementation History

Monique Teillaud introduced the triangulation of the topological sphereSd in Rd+1 to manage the underlying
graph of geometric triangulations and handle degenerate diomensions [Tei99].

Sylvain Pion improved the software in several ways, in particular regarding the memory management.
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The triangulation data structure is able to represent a triangulation of a topological sphereSd of Rd+1, for
d ∈ {−1,0,1,2,3}. (See23.1.)

The vertex class of a 3D-triangulation data structure must define a number of types and operations. The require-
ments that are of geometric nature are required only when the triangulation data structure is used as a layer for
the geometric triangulation classes. (See Section23.2.)

The cell class of a triangulation data structure stores four handles to its four vertices and four handles to its four
neighbors. The vertices are indexed 0, 1, 2, and 3 in a consistent order. The neighbor indexedi lies opposite to
vertexi.

In degenerate dimensions, cells are used to store faces of maximal dimension: in dimension 2, each cell repre-
sents only one facet of index 3, and 3 edges(0,1), (1,2) and(2,0); in dimension 1, each cell represents one
edge(0,1). (See Section23.1.)

23.5 Classified Reference Pages

Concepts

TriangulationDataStructure3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1573

TriangulationDataStructure3::Cell . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1585
TriangulationDataStructure3::Vertex . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1587

TriangulationDSCellBase3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1589
TriangulationDSVertexBase3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1592

Classes

CGAL::Triangulationdata structure3<TriangulationDSVertexBase3,TriangulationDSCellBase3>
page1594

This class is a model for the concept of the 3D-triangulation data structureTriangulationDataStructure3. It is
templated by base classes for vertices and cells.
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CGAL provides base vertex classes and base cell classes:

CGAL::Triangulationds cell base3<> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1595
CGAL::Triangulationds vertexbase3<> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1596
CGAL::Triangulationcell base3<TriangulationTraits3, TriangulationDSCellBase3> . . . . . . . . . . page1552
CGAL::Triangulationvertexbase3<TriangulationTraits3, TriangulationDSVertexBase3> . . . . . . page1554
CGAL::Triangulationhierarchy vertexbase3<TriangulationVertexBase3> . . . . . . . . . . . . . . . . . . . . page1556

Helper Classes

CGAL::Triangulationutils 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1597

It defines operations on the indices of vertices and neighbors within a cell of a triangulation.
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Cell . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1585
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TriangulationDataStructure 3

Definition

3D-triangulation data structures are meant to maintain the combinatorial information for 3D-geometric triangu-
lations.

In CGAL, a triangulation data structure is a container of cells (3-faces) and vertices (0-faces). Each cell gives
access to its four incident vertices and to its four adjacent cells. Each vertex gives direct access to one of its
incident cells, which is sufficient to retrieve all the incident cells when needed.

The four vertices of a cell are indexed with 0, 1, 2 and 3. The neighbors of a cell are also indexed with 0, 1, 2,
3 in such a way that the neighbor indexed byi is opposite to the vertex with the same index (see Figure23.1).

Edges (1-faces) and facets (2-faces) are not explicitly represented: a facet is given by a cell and an index (the
faceti of a cellc is the facet ofc that is opposite to the vertex of indexi) and an edge is given by a cell and two
indices (the edge(i,j) of a cellc is the edge whose endpoints are the vertices of indicesi andj of c).

As CGAL explicitly deals with all degenerate cases, a 3D-triangulation data structure in CGAL can handle the
cases when the dimension of the triangulation is lower than 3 (see Section23.1).

Thus, a 3D-triangulation data structure can store a triangulation of a topological sphereSd of Rd+1, for any
d ∈ {−1,0,1,2,3}.

The second template parameter of the basic triangulation class (see Chapter22, page1504) Triangulation 3 is
a triangulation data structure class. (See Chapter23.)

To ensure all theflexibility of the classTriangulation 3, a model of a triangulation data structure must
be templated by the base vertex and the base cell classes (see23.1): TriangulationDataStructure3<
TriangulationVertexBase3,TriangulationCellBase3>. The optional functionalities related to geometry are
compulsory for this use as a template parameter ofTriangulation 3.

A class that satisfies the requirements for a triangulation data structure class must provide the following types
and operations.

Types

TriangulationDataStructure3:: Vertex Vertex type
TriangulationDataStructure3:: Cell Cell type

TriangulationDataStructure3:: size type Size type (unsigned integral type)
TriangulationDataStructure3:: differencetype

Difference type (signed integral type)

Vertices and cells are usually manipulated viahandles, which support the two dereference operatorsoperator*
andoperator->.

1573



TriangulationDataStructure3:: Vertex handle
TriangulationDataStructure3:: Cell handle

Requirements for Vertex and Cell are described in TriangulationDataStructure3::Vertex and
TriangulationDataStructure3::Cell ( page1587and page1585).

typedef Triple<Cell handle, int, int> Edge; (c,i,j)is the edge of cellc whose vertices indices arei andj.
(See Section23.1.)

typedef std::pair<Cell handle, int> Facet; (c,i) is the facet ofc opposite to the vertex of indexi. (See
Section23.1.)

The following iterators allow one to visit all the vertices, edges, facets and cells of the triangulation data struc-
ture. They are all bidirectional, non-mutable iterators.

TriangulationDataStructure3:: Cell iterator
TriangulationDataStructure3:: Facet iterator
TriangulationDataStructure3:: Edge iterator
TriangulationDataStructure3:: Vertex iterator

The following circulators allow us to visit all the cells and facets incident to a given edge. They are bidirectional
and non-mutable.

TriangulationDataStructure3:: Facet circulator
TriangulationDataStructure3:: Cell circulator

Iterators and circulators are convertible to the corresponding handles, thus the user can pass them directly as
arguments to the functions.

Creation

TriangulationDataStructure3 tds; Default constructor.

TriangulationDataStructure3 tds( tds1); Copy constructor. All vertices and cells are duplicated.

TriangulationDataStructure3& tds= tds1 Assignment operator. All vertices and cells are dupli-
cated, and the former data structure oftds is deleted.

Vertexhandle tds.copytds( tds1, Vertexhandle v = Vertexhandle())

tds1is copied intotds. If v! = Vertexhandle(), the vertex oftdscorre-
sponding tov is returned, otherwiseVertexhandle()is returned.
Precondition: The optional argumentv is a vertex oftds1.

void tds.swap(& tds1) Swapstds and tds1. There is no copy of cells and vertices, thus this
method runs in constant time. This method should be preferred to
tds=tds1or tds(tds1) whentds1is deleted after that.

void tds.clear() Deletes all cells and vertices.tds is reset as a triangulation data struc-
ture constructed by the default constructor.
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Operations

Access Functions

int tds.dimension() The dimension of the triangulated topological sphere.
size type tds.numberof vertices() The number of vertices. Note that the triangulation data struc-

ture has one more vertex than an associated geometric trian-
gulation, if there is one, since the infinite vertex is a standard
vertex and is thus also counted.

size type tds.numberof cells() The number of cells. Returns 0 iftds.dimension()< 3.

Non constant-time access functions

size type tds.numberof facets() The number of facets. Returns 0 iftds.dimension()< 2.
size type tds.numberof edges() The number of edges. Returns 0 iftds.dimension()< 1.

advanced

Setting

void tds.setdimension( int n) Sets the dimension ton.

advanced

Queries

bool tds.isvertex( Vertexhandle v) Tests whetherv is a vertex oftds.

bool tds.isedge( Cellhandle c, int i, int j)

Tests whether(c,i,j) is an edge oftds. Answersfalsewhendi-
mension()< 1 .
Precondition: i, j ∈ {0,1,2,3}

bool tds.isedge( Vertexhandle u, Vertexhandle v, Cellhandle& c, int & i, int & j)

Tests whether(u,v) is an edge oftds. If the edge is found, it
computes a cellc having this edge and the indicesi andj of the
verticesu andv, in this order.

bool tds.isedge( Vertexhandle u, Vertexhandle v)

Tests whether(u,v) is an edge oftds.

bool tds.isfacet( Cell handle c, int i)

Tests whether(c,i) is a facet oftds. Answersfalsewhendimen-
sion()< 2 .
Precondition: i ∈ {0,1,2,3}
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bool tds.isfacet( Vertexhandle u,
Vertexhandle v,
Vertexhandle w,
Cell handle& c,
int & i,
int & j,
int & k)

Tests whether(u,v,w) is a facet oftds. If the facet is found, it
computes a cellc having this facet and the indicesi, j andk of
the verticesu, v andw, in this order.

bool tds.iscell( Cell handle c) Tests whetherc is a cell oftds. Answersfalsewhendimension()
< 3 .

bool tds.iscell( Vertexhandle u,
Vertexhandle v,
Vertexhandle w,
Vertexhandle t,
Cell handle& c,
int & i,
int & j,
int & k,
int & l)

Tests whether(u,v,w,t)is a cell oftds. If the cell c is found, it
computes the indicesi, j, k andl of the verticesu, v, w andt in
c, in this order.

There is a methodhas vertexin the cell class. The analogous methods for facets are defined here.

bool tds.hasvertex( Facet f, Vertexhandle v, int& j)

If v is a vertex off , thenj is the index ofv in the cellf.first, and
the method returnstrue.
Precondition: tds.dimension()=3

bool tds.hasvertex( Cellhandle c, int i, Vertexhandle v, int& j)

Same for facet(c,i). Computes the indexj of v in c.

bool tds.hasvertex( Facet f, Vertexhandle v)
bool tds.hasvertex( Cellhandle c, int i, Vertexhandle v)

Same as the first two methods, but these two methods do not
return the index of the vertex.

The following three methods test whether two facets have the same vertices.

bool tds.areequal( Facet f, Facet g)
bool tds.areequal( Cell handle c, int i, Cellhandle n, int j)
bool tds.areequal( Facet f, Cellhandle n, int j)

For these three methods:
Precondition: tds.dimension()=3.
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3 tetrahedra 2 tetrahedra

Figure 23.7: Flips.

Flips

Two kinds of flips exist for a three-dimensional triangulation. They are reciprocal. To be flipped, an edge
must be incident to three tetrahedra. During the flip, these three tetrahedra disappear and two tetrahedra appear.
Figure23.7(left) shows the edge that is flipped as bold dashed, and one of its three incident facets is shaded. On
the right, the facet shared by the two new tetrahedra is shaded.

The following methods guarantee the validity of the resulting 3D combinatorial triangulation. Moreover the flip
operations do not invalidate the vertex handles, and only invalidate the cell handles of the affected cells.

Flips for a 2d triangulation are not implemented yet

bool tds.flip( Edge e)
bool tds.flip( Cellhandle c, int i, int j)

Before flipping, these methods check that edgee=(c,i,j) is flip-
pable (which is quite expensive). They returnfalseor true ac-
cording to this test.

void tds.flip flippable( Edge e)
void tds.flip flippable( Cell handle c, int i, int j)

Should be preferred to the previous methods when the edge is
known to be flippable.
Precondition: The edge is flippable.

bool tds.flip( Facet f)
bool tds.flip( Cellhandle c, int i) Before flipping, these methods check that facetf=(c,i) is flip-

pable (which is quite expensive). They returnfalseor true ac-
cording to this test.

void tds.flip flippable( Facet f)
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void tds.flip flippable( Cell handle c, int i)

Should be preferred to the previous methods when the facet is
known to be flippable.
Precondition: The facet is flippable.

Insertions

The following modifier member functions guarantee the combinatorial validity of the resulting triangulation.

Vertexhandle tds.insertin cell( Cell handle c)

Creates a new vertex, inserts it in cellc and returns its handle.
The cellc is split into four new cells, each of these cells being
formed by the new vertex and a facet ofc.
Precondition: tds.dimension()= 3 andc is a cell oftds.

Vertexhandle tds.insertin facet( Facet f)

Creates a new vertex, inserts it in facetf and returns its handle.
In dimension 3, the two incident cells are split into 3 new cells;
in dimension 2, the facet is split into 3 facets.
Precondition: tds.dimension()≥ 2 andf is a facet oftds.

Vertexhandle tds.insertin facet( Cell handle c, int i)

Creates a new vertex, inserts it in faceti of c and returns its han-
dle.
Precondition: tds.dimension()≥ 2, i ∈ {0,1,2,3} in dimen-
sion 3,i = 3 in dimension 2 and(c,i) is a facet oftds.

Vertexhandle tds.insertin edge( Edge e)

Creates a new vertex, inserts it in edgee and returns its handle.
In dimension 3, all the incident cells are split into 2 new cells; in
dimension 2, the 2 incident facets are split into 2 new facets; in
dimension 1, the edge is split into 2 new edges.
Precondition: tds.dimension()≥ 1 ande is an edge oftds.

Vertexhandle tds.insertin edge( Cellhandle c, int i, int j)

Creates a new vertex, inserts it in edge(i, j) of c and returns its
handle.
Precondition: tds.dimension()≥ 1. i 6= j, i, j ∈ {0,1,2,3} in
dimension 3,i, j ∈ {0,1,2} in dimension 2,i, j ∈ {0,1} in di-
mension 1 and(c,i,j) is an edge oftds.
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Vertexhandle tds.insertincreasedimension( Vertexhandle star = Vertexhandle())

Transforms a triangulation of the sphereSd of Rd+1 into the tri-
angulation of the sphereSd+1 of Rd+2 by adding a new vertexv:
v is linked to all the vertices to triangulate one of the two half-
spheres of dimension(d+ 1). Vertexstar is used to triangulate
the second halfsphere (when there is an associated geometric tri-
angulation,star is in fact the vertex associated with its infinite
vertex). See Figure23.8.
The numbering of the cells is such that, iff was a face of maxi-
mal dimension in the initial triangulation, then(f,v) (in this order)
is the corresponding face in the new triangulation. This method
can be used to insert the first two vertices in an empty triangula-
tion.
A handle tov is returned.
Precondition: tds.dimension()= d < 3. Whentds.numberof
vertices()> 0, star 6= Vertexhandle() andstar is a vertex oftds.

star p

triangulation of S1 triangulation of S2

Figure 23.8:insert increasedimension(1-dimensional case).

template<class CellIt>
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Vertexhandle tds.insertin hole( CellIt cell begin, CellIt cellend, Cellhandle begin, int i)

Creates a new vertex by starring a hole. It takes an iterator range
[cell begin; cell end[ of Cell handleswhich specifies a set of
connected cells (resp. facets in dimension 2) describing a hole.
(begin, i) is a facet (resp. an edge) on the boundary of the hole,
that is,beginbelongs to the set of cells (resp. facets) previously
described, andbegin->neighbor(i)does not. Then this function
deletes all the cells (resp. facets) describing the hole, creates a
new vertexv, and for each facet (resp. edge) on the boundary of
the hole, creates a new cell (resp. facet) withv as vertex.v is
returned.
Precondition: tds.dimension()≥ 2, the set of cells (resp. facets)
is connected, and its boundary is connected.

Removal

void tds.removedecreasedimension( Vertexhandle v, Vertexhandle w = v)

This operation is the reciprocal ofinsert increasedimension().
It transforms a triangulation of the sphereSd of Rd+1 into the
triangulation of the sphereSd−1 of Rd by removing the vertexv.
Delete the cells incident tow, keep the others.
Precondition: tds.dimension()= d ≥ −1. tds.degree(v)= de-
gree(w)= tds.numberof vertices()−1.

Cell handle tds.removefrom maximaldimensionsimplex( Vertexhandle v)

Removesv. The incident simplices of maximal dimension inci-
dent tov are replaced by a single simplex of the same dimen-
sion. This operation is exactly the reciprocal totds.insert in
cell(v) in dimension 3,tds.insert in facet(v)in dimension 2, and
tds.insert in edge(v)in dimension 1.
Precondition: tds.degree(v)= tds.dimension()+1.

advanced

Other modifiers

The following modifiers can affect the validity of the triangulation data structure.

void tds.reorient() Changes the orientation of all cells of the triangulation data
structure.
Precondition: tds.dimension()≥ 1.

Vertexhandle tds.createvertex( Vertex v = Vertex())

Adds a copy of the vertexv to the triangulation data structure.
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Vertexhandle tds.createvertex( Vertexhandle v)

Creates a vertex which is a copy of the one pointed to byv and
adds it to the triangulation data structure.

Cell handle tds.createcell( Cell c = Cell())

Adds a copy of the cellc to the triangulation data structure.

Cell handle tds.createcell( Cell handle c)

Creates a cell which is a copy of the one pointed to byc and adds
it to the triangulation data structure.

Cell handle tds.createcell( Vertexhandle v0, Vertexhandle v1, Vertexhandle v2, Vertexhandle v3)

Creates a cell and adds it into the triangulation data structure.
Initializes the vertices of the cell, its neighbor handles being ini-
tialized with the default constructed handle.

Cell handle tds.createcell( Vertexhandle v0,
Vertexhandle v1,
Vertexhandle v2,
Vertexhandle v3,
Cell handle n0,
Cell handle n1,
Cell handle n2,
Cell handle n3)

Creates a cell, initializes its vertices and neighbors, and adds it
into the triangulation data structure.

void tds.deletevertex( Vertexhandle v)

Removes the vertex from the triangulation data structure.
Precondition: The vertex is a vertex oftds.

void tds.deletecell( Cell handle c)

Removes the cell from the triangulation data structure.
Precondition: The cell is a cell oftds.

template<class VertexIt>
void tds.deletevertices( VertexIt first, VertexIt last)

Calls deletevertexover an iterator range of value typeVertex
handle.

template<class CellIt>
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void tds.deletecells( CellIt first, CellIt last)

Callsdeletecell over an iterator range of value typeCell handle.

advanced

Traversing the triangulation

Cell iterator tds.cellsbegin() Returnscells end()whentds.dimension()< 3.
Cell iterator tds.cellsend()
Cell iterator tds.rawcells begin()

Low-level access to the cells, does not returncells end() when
tds.dimension()< 3.

Cell iterator tds.rawcells end()
Facet iterator tds.facetsbegin() Returnsfacetsend()whentds.dimension()< 2.
Facet iterator tds.facetsend()
Edge iterator tds.edgesbegin() Returnsedgesend()whentds.dimension()< 1.
Edge iterator tds.edgesend()
Vertex iterator tds.verticesbegin()
Vertex iterator tds.verticesend()

Cell circulator tds.incidentcells( Edge e)

Starts at an arbitrary cell incident toe.
Precondition: tds.dimension()= 3

Cell circulator tds.incidentcells( Cell handle c, int i, int j)

As above for edge(i,j) of c.

Cell circulator tds.incidentcells( Edge e, Cellhandle start)

Starts at cellstart.
Precondition: tds.dimension()= 3 andstart is incident toe.

Cell circulator tds.incidentcells( Cell handle c, int i, int j, Cellhandle start)

As above for edge(i,j) of c.

The following circulators on facets are defined only in dimension 3, though facets are defined
also in dimension 2: there are only two facets sharing an edge in dimension 2.
Facet circulator tds.incidentfacets( Edge e)

Starts at an arbitrary facet incident toe.
Precondition: tds.dimension()= 3

Facet circulator tds.incidentfacets( Cellhandle c, int i, int j)

As above for edge(i,j) of c.

Facet circulator tds.incidentfacets( Edge e, Facet start)

Starts at facetstart.
Precondition: start is incident toe.
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Facet circulator tds.incidentfacets( Edge e, Cellhandle start, int f)

Starts at facet of indexf in start.

Facet circulator tds.incidentfacets( Cellhandle c, int i, int j, Facet start)

As above for edge(i,j) of c.

Facet circulator tds.incidentfacets( Cellhandle c, int i, int j, Cellhandle start, int f)

As above for edge(i,j) of c and facet(start,f).

Traversal of the incident cells and facets, and the adjacent vertices of a given vertex

template<class OutputIterator>
OutputIterator tds.incidentcells( Vertexhandle v, OutputIterator cells)

Copies theCell handles of all cells (resp. facets in dimension 2)
incident tov to the output iteratorcells. If tds.dimension()< 2, then
do nothing. Returns the resulting output iterator.
Precondition: v 6= Vertexhandle(), tds.is vertex(v).

template<class OutputIterator>
OutputIterator tds.incidentfacets( Vertexhandle v, OutputIterator facets)

Copies theFacets incident tov to the output iteratorfacets. Returns
the resulting output iterator.
Precondition: tds.dimension()= 3, v 6= Vertexhandle(), tds.is
vertex(v).

template<class OutputIterator>
OutputIterator tds.incidentvertices( Vertexhandle v, OutputIterator vertices)

Copies theVertexhandles of all vertices incident tov to the output
iteratorvertices. If tds.dimension()< 2, then do nothing. Returns
the resulting output iterator.
Precondition: v 6= Vertexhandle(), tds.is vertex(v).

size type tds.degree( Vertexhandle v)

Returns the degree of a vertex, that is, the number of incident ver-
tices.
Precondition: v 6= Vertexhandle(), tds.is vertex(v).

int tds.mirror index( Cellhandle c, int i)

Returns the index ofc in its ith neighbor.
Precondition: i ∈ {0,1,2,3}.

Vertexhandle tds.mirrorvertex( Cellhandle c, int i)

Returns the vertex of theith neighbor ofc that is opposite toc.
Precondition: i ∈ {0,1,2,3}.
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Facet tds.mirrorfacet( Facet f)

Returns the same facet viewed from the other adjacent cell.

advanced

Checking

bool tds.isvalid( bool verbose = false)

Checks the combinatorial validity of the triangulation by checking
the local validity of all its cells and vertices (see functions below).
(See Section23.1.) Moreover, the Euler relation is tested.
Whenverboseis set totrue, messages are printed to give a precise
indication on the kind of invalidity encountered.

bool tds.isvalid( Vertexhandle v, bool verbose = false)

Checks the local validity of the adjacency relations of the triangula-
tion. It also calls theis valid member function of the vertex. When
verboseis set totrue, messages are printed to give a precise indica-
tion on the kind of invalidity encountered.

bool tds.isvalid( Cell handle c, bool verbose = false)

Checks the local validity of the adjacency relations of the triangu-
lation. It also calls theis valid member function of the cell. When
verboseis set totrue, messages are printed to give a precise indica-
tion on the kind of invalidity encountered.

advanced

I/O

istream& istream& is >> & tds Reads a combinatorial triangulation fromis and assigns it totds

ostream& ostream& os<< tds Writestds into the streamos

The information stored in theiostreamis: the dimension, the number of vertices, the number of cells, the indices
of the vertices of each cell, then the indices of the neighbors of each cell, where the index corresponds to the
preceding list of cells. When dimension< 3, the same information is stored for faces of maximal dimension
instead of cells.

Has Models

CGAL::Triangulationdata structure3

See Also

TriangulationDataStructure3::Vertex
TriangulationDataStructure3::Cell
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TriangulationDataStructure 3::Cell

Definition

The concept Cell stores fourVertexhandles to its four vertices and fourCell handles to its four neighbors. The
vertices are indexed 0, 1, 2, and 3 in consistent order. The neighbor indexedi lies opposite to vertexi.

In degenerate dimensions, cells are used to store faces of maximal dimension: in dimension 2, each cell repre-
sents only one facet of index 3, and 3 edges(0,1), (1,2) and(2,0); in dimension 1, each cell represents one
edge(0,1). (See also Section23.1.)

Types

The class Cell defines the following types.

typedef TriangulationDataStructure3 Triangulationdata structure;
typedef TriangulationDataStructure3::Vertex handle Vertexhandle;
typedef TriangulationDataStructure3::Cell handle Cellhandle;

Creation

In order to obtain new cells or destruct unused cells, the user must call thecreatecell()anddeletecell()methods
of the triangulation data structure.

Operations

Access Functions

Vertexhandle c.vertex( int i) Returns the vertexi of c.
Precondition: i ∈ {0,1,2,3}.

int c.index( Vertexhandle v) Returns the index of vertexv in c.
Precondition: v is a vertex ofc.

bool c.hasvertex( Vertexhandle v) Returnstrue if v is a vertex ofc.
bool c.hasvertex( Vertexhandle v, int& i) Returnstrue if v is a vertex ofc, and computes its

index i in c.

Cell handle c.neighbor( int i) Returns the neighbori of c.
Precondition: i ∈ {0,1,2,3}.

int c.index( Cellhandle n) Returns the index corresponding to neighboring
cell n.
Precondition: n is a neighbor ofc.

bool c.hasneighbor( Cellhandle n) Returnstrue if n is a neighbor ofc.
bool c.hasneighbor( Cellhandle n, int& i) Returnstrue if n is a neighbor ofc, and computes

its indexi in c.
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Setting

void c.setvertex( int i, Vertexhandle v) Sets vertexi to v.
Precondition: i ∈ {0,1,2,3}.

void c.setvertices( Vertexhandle v0, Vertexhandle v1, Vertexhandle v2, Vertexhandle v3)

Sets the vertex pointers.

void c.setneighbor( int i, Cellhandle n) Sets neighbori to n.
Precondition: i ∈ {0,1,2,3}.

void c.setneighbors( Cellhandle n0, Cellhandle n1, Cellhandle n2, Cellhandle n3)

Sets the neighbors pointers.

Checking

bool c.is valid( bool verbose = false, int level = 0)

User defined local validity checking function.

See Also

TriangulationDataStructure3::Vertex.
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TriangulationDataStructure 3::Vertex

Definition

The concept Vertex represents the vertex class of a 3D-triangulation data structure. It must define the types
and operations listed in this section. Some of these requirements are of geometric nature, they areoptional
when using the triangulation data structure class alone. They become compulsory when the triangulation data
structure is used as a layer for the geometric triangulation class. (See Section23.2.)

Types

Vertex:: Point Optional for the triangulation data structure alone.

The class Vertex defines types that are the same as some of the types defined by the triangulation data structure
classTriangulationDataStructure3.

typedef TriangulationDataStructure3 Triangulationdata structure;
typedef TriangulationDataStructure3::Vertex handle Vertexhandle;
typedef TriangulationDataStructure3::Cell handle Cellhandle;

Creation

In order to obtain new vertices or destruct unused vertices, the user must call thecreatevertex()anddelete
vertex()methods of the triangulation data structure.

Operations

Access Functions

Cell handle v.cell() Returns a cell of the triangulation havingv as vertex.

Point v.point() Returns the point stored in the vertex.Optional for the trian-
gulation data structure alone.

Setting

void v.setcell( Cell handle c) Sets the incident cell toc.

void v.setpoint( Point p) Sets the point top. Optional for the triangulation data struc-
ture alone.
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Checking

bool v.is valid( bool verbose = false)

Checks the validity of the vertex. Must check that its incident
cell has this vertex. The validity of the base vertex is also
checked.
Whenverboseis set totrue, messages are printed to give a
precise indication on the kind of invalidity encountered.

See Also

TriangulationDataStructure3::Cell.
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TriangulationDSCellBase 3

Definition

At the base level (see Sections22.5and23.2), a cell stores handles to its four vertices and to its four neighbor
cells. The vertices and neighbors are indexed 0, 1, 2 and 3. Neighbori lies opposite to vertexi.

Since the Triangulation data structure is the class which defines the handle types, the cell base class has to be
somehow parameterized by the Triangulation data structure. But since it is itself parameterized by the cell and
vertex base classes, there is a cycle in the definition of these classes. In order to break the cycle, the base classes
for vertex and cell which are given as arguments for the Triangulation data structure usevoid as Triangulation
data structure parameter, and the Triangulation data structure then uses arebind-like mechanism (similar to the
one specified instd::allocator) in order to put itself as parameter to the vertex and cell classes. Therebound
base classes so obtained are the classes which are used as base classes for the final vertex and cell classes. More
information can be found in Section23.2.

Types

The concept TriangulationDSCellBase3 has to provide the following types.

TriangulationDSCellBase3:: template<typename TDS2> struct RebindTDS;

This nested template class has to define a type
Other which is thereboundcell, that is, the one
whoseTriangulation data structure will be the
actually used one. TheOther type will be the
real base class ofTriangulation data structure
3::Cell.

typedef TriangulationDataStructure3 Triangulationdata structure;
typedef TriangulationDataStructure3::Vertex handle Vertexhandle;
typedef TriangulationDataStructure3::Cell handle Cellhandle;

Creation

TriangulationDSCellBase3 c; Default constructor
TriangulationDSCellBase3 c( Vertexhandle v0, Vertexhandle v1, Vertexhandle v2, Vertexhandle v3);

Initializes the vertices withv0, v1, v2, v3. Neigh-
bors are initialized to the default constructed han-
dle.

TriangulationDSCellBase3 c( Vertexhandle v0,
Vertexhandle v1,
Vertexhandle v2,
Vertexhandle v3,
Cell handle n0,
Cell handle n1,
Cell handle n2,
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Cell handle n3)

Initializes the vertices withv0, v1, v2, v3and the
neighbors withn0, n1, n2, n3.

Access Functions

Vertexhandle c.vertex( int i) Returns the vertexi of c.
Precondition: i ∈ {0,1,2,3}.

int c.index( Vertexhandle v) Returns the index ofv.
Precondition: v is a vertex ofc

bool c.hasvertex( Vertexhandle v) True iff v is a vertex ofc.
bool c.hasvertex( Vertexhandle v, int& i) Returnstrue if v is a vertex ofc, and computes

its indexi in c.

Cell handle c.neighbor( int i) Returns the neighbori of c.
Precondition: i ∈ {0,1,2,3}.

int c.index( Cellhandle n) Returns the index of celln in c.
Precondition: n is a neighbor ofc.

bool c.hasneighbor( Cellhandle n) Returnstrue if n is a neighbor ofc.
bool c.hasneighbor( Cellhandle n, int& i) Returnstrue if n is a neighbor ofc, and computes

its indexi in c.

Setting

void c.setvertex( int i, Vertexhandle v) Sets vertexi to v.
Precondition: i ∈ {0,1,2,3}.

void c.setvertices() Sets the vertices to the default constructed han-
dle.

void c.setvertices( Vertexhandle v0, Vertexhandle v1, Vertexhandle v2, Vertexhandle v3)

Sets the vertices.

void c.setneighbor( int i, Cellhandle n) Sets neighbori to n.
Precondition: i ∈ {0,1,2,3}.

void c.setneighbors() Sets the neighbors to the default constructed han-
dle.

void c.setneighbors( Cellhandle n0, Cellhandle n1, Cellhandle n2, Cellhandle n3)

Sets the neighbors.

Checking

bool c.is valid( bool verbose = false, int level = 0)

Performs any desired geometric test on a cell.
Whenverboseis set totrue, messages are printed
to give a precise indication of the kind of inva-
lidity encountered. level increases the level of
testing.
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Various

void* c.for compactcontainer()
void*& c.for compactcontainer()

These member functions are required byTriangulation data structure3 because it usesCompactcontainerto
store its cells. See the documentation ofCompactcontainerfor the exact requirements.

void c.setin conflict flag( unsigned char f)
unsigned char c.getin conflict flag()

These functions are used internally to mark cells with a flag. The user is not encouraged to use them directly as
they may change in the future.

I/O

istream& istream& is >> & c Inputs the possible non combinatorial informa-
tion given by the cell.

ostream& ostream& os<< c Outputs the possible non combinatorial informa-
tion given by the cell.

Has Models

CGAL::Triangulationds cell base3
CGAL::Triangulationcell base3
CGAL::Triangulationcell basewith info 3

See Also

TriangulationDSVertexBase3
TriangulationVertexBase3
TriangulationHierarchyVertexBase3
TriangulationCellBase3
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TriangulationDSVertexBase 3

Definition

At the bottom level of 3D-triangulations (see Sections22.5 and23.2), a vertex provides access to one of its
incident cells through a handle.

Note that when you use the triangulation data structure as parameter of a geometric triangulation, the vertex
base class has additional geometric requirements : it has to match theTriangulationVertexBase3 concept.

Since the Triangulation data structure is the class which defines the handle types, the vertex base class has to be
somehow parameterized by the Triangulation data structure. But since it is itself parameterized by the cell and
vertex base classes, there is a cycle in the definition of these classes. In order to break the cycle, the base classes
for vertex and cell which are given as arguments for the Triangulation data structure usevoid as Triangulation
data structure parameter, and the Triangulation data structure then uses arebind-like mechanism (similar to the
one specified instd::allocator) in order to put itself as parameter to the vertex and cell classes. Therebound
base classes so obtained are the classes which are used as base classes for the final vertex and cell classes. More
information can be found in Section23.2.

Types

The class TriangulationDSVertexBase3 has to define the following types.

TriangulationDSVertexBase3:: template<typename TDS2> struct RebindTDS;

This nested template class has to define a type
Other which is thereboundvertex, that is, the
one whoseTriangulation data structurewill be
the actually used one. TheOther type will be the
real base class ofTriangulation data structure
3::Vertex.

typedef TriangulationDataStructure3 Triangulationdata structure;
typedef TriangulationDataStructure3::Vertex handle Vertexhandle;
typedef TriangulationDataStructure3::Cell handle Cellhandle;

Creation

TriangulationDSVertexBase3 v; Default constructor.
TriangulationDSVertexBase3 v( Cell handle c); Constructs a vertex pointing to cellc.

Operations

Access Functions

Cell handle v.cell() Returns the pointer to an incident cell
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Setting

void v.setcell( Cell handle c) Sets the incident cell.

Checking

bool v.is valid( bool verbose=false, int level=0)

Performs any desired test on a vertex. Checks that the
pointer to an incident cell is not the default constructed
handle.

Various

void* v.for compactcontainer()
void*& v.for compactcontainer()

These member functions are required byTriangulation data structure3 because it usesCompactcontainerto
store its cells. See the documentation ofCompactcontainerfor the exact requirements.

I/O

istream& istream& is >> & v Inputs the non-combinatorial information given by the
vertex.

ostream& ostream& os<< v Outputs the non-combinatorial information given by the
vertex.

Has Models

CGAL::Triangulationds vertexbase3
CGAL::Triangulationvertexbase3
CGAL::Triangulationvertexbasewith info 3
CGAL::Triangulationhierarchy vertexbase3

See Also

TriangulationVertexBase3
TriangulationHierarchyVertexBase3
TriangulationDSCellBase3
TriangulationCellBase3
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CGAL::Triangulation data structure 3<TriangulationDSVertexBase
3,TriangulationDSCellBase3>

Definition

The classTriangulation data structure3 stores a 3D-triangulation data structure and provides the optional
geometric functionalities to be used as a parameter for a 3D-geometric triangulation (see Chapter22).

#include<CGAL/Triangulationdata structure3.h>

Parameters

It is parameterized by base classes for vertices and cells which have to match the requirements for the concepts
TriangulationDSCellBase3 andTriangulationDSVertexBase3 respectively (see page1589and page1592).

They have the default valuesTriangulation ds vertexbase3<> andTriangulation ds cell base3<> respec-
tively.

Is Model for the Concepts

TriangulationDataStructure3

Inherits From

CGAL::Triangulationutils 3

The classTriangulation utils 3 defines basic computations on indices of vertices and neighbors of cells.

See Also

CGAL::Triangulationds vertexbase3
CGAL::Triangulationds cell base3
CGAL::Triangulationvertexbasewith info 3
CGAL::Triangulationcell basewith info 3
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CGAL::Triangulation ds cell base3<>

Definition

The classTriangulation ds cell base3 is a model for the conceptTriangulationDSCellBase3 to be used by
Triangulation data structure3.

#include<CGAL/Triangulationds cell base3.h>

Is Model for the Concepts

TriangulationDSCellBase3

See Also

CGAL::Triangulationcell base3
CGAL::Triangulationds vertexbase3
CGAL::Triangulationcell basewith info 3

1595



C
la

ss

CGAL::Triangulation ds vertex base3<>

Definition

The classTriangulation ds vertexbase3 can be used as the base vertex for a 3D-triangulation data structure,
it is a model of the conceptTriangulationDSVertexBase3.

Note that if the triangulation data structure is used as a parameter of a geometric triangulation (Section23.2and
Chapter22), then the vertex base class has to fulfill additional geometric requirements, i.e. it has to be a model
of the conceptTriangulationVertexBase3.

This base class can be used directly or can serve as a base to derive other base classes with some additional
attributes (a color for example) tuned for a specific application.

#include<CGAL/Triangulationds vertexbase3.h>

Is Model for the Concepts

TriangulationDSVertexBase3

See Also

CGAL::Triangulationvertexbase3
CGAL::Triangulationds cell base3
CGAL::Triangulationvertexbasewith info 3
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CGAL::Triangulation utils 3

Definition

The classTriangulation utils 3 defines operations on the indices of vertices and neighbors within a cell.

#include<CGAL/Triangulationutils 3.h>

Operations

unsigned int nextaround edge( unsigned int i, unsigned int j)

In dimension 3, index of the neighborn that is next to the current cell,
when turning positively around an oriented edge whose endpoints are
indexedi and j. According to the usual numbering of vertices and
neighbors in a given cell, it is also the index of the vertex opposite to
this neighborn. (see Figure23.9).
Precondition: ( i < 4 ) && ( j < 4 ) && ( i != j ) .

unsigned int ccw( unsigned int i) Has a meaning only in dimension 2.
Computes the index of the vertex that is next to the vertex numbered
i in counterclockwise direction. (see Figure23.9).
Precondition: i<3.

unsigned int cw( unsigned int i) Same for clockwise.

vertex i

vertex j

vertex next around edge(i,j)

facet next around edge(i,j)

cell next around edge(i,j)

current cell

dimension 3

vertex i vertex ccw(i)

vertex cw(i)

dimension 2

Figure 23.9: Operations on indices.
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2D Alpha Shapes
Tran Kai Frank Da
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Assume we are given a setSof points in 2D or 3D and we’d like to have something like “the shape formed by
these points.” This is quite a vague notion and there are probably many possible interpretations, theα-shape
being one of them. Alpha shapes can be used for shape reconstruction from a dense unorganized set of data
points. Indeed, anα-shape is demarcated by a frontier, which is a linear approximation of the original shape
[BB97].
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As mentionned in Edelsbrunner’s and Mücke’s paper [EM94], one can intuitively think of anα-shape as the
following. Imagine a huge mass of ice-cream making up the spaceR3 and containing the points as “hard”
chocolate pieces. Using one of these sphere-formed ice-cream spoons we carve out all parts of the ice-cream
block we can reach without bumping into chocolate pieces, thereby even carving out holes in the inside (eg.
parts not reachable by simply moving the spoon from the outside). We will eventually end up with a (not
necessarily convex) object bounded by caps, arcs and points. If we now straighten all “round” faces to triangles
and line segments, we have an intuitive description of what is called theα-shape ofS. Here’s an example for
this process in 2D (where our ice-cream spoon is simply a circle):

And what isα in the game?α is the squared radius of the carving spoon. A very small value will allow us
to eat up all of the ice-cream except the chocolate points themselves. Thus we already see that theα-shape
degenerates to the point-setSfor α→ 0. On the other hand, a huge value ofα will prevent us even from moving
the spoon between two points since it’s way too large. So we will never spoon up ice-cream lying in the inside
of the convex hull ofS, and hence theα-shape forα→ ∞ is the convex hull ofS.1

24.1 Definitions

We distinguish two versions of alpha shapes.Basic alpha shapesare based on the Delaunay triangulation.
Weighted alpha shapesare based on its generalization, the regular triangulation, replacing the euclidean distance
by the power to weighted points.

There is a close connection between alpha shapes and the underlying triangulations. More precisely, theα-
complex ofS is a subcomplex of this triangulation ofS, containing theα-exposedk-simplices, 0≤ k≤ d. A
simplex isα-exposed, if there is an open disk (resp. ball) of radius

√
α through the vertices of the simplex that

does not contain any other point ofS, for the metric used in the computation of the underlying triangulation.
The correspondingα-shape is defined as the underlying interior space of theα-complex (see [EM94]).

In general, anα-complex is a non-connected and non-pure polytope, it means, that onek-simplex, 0≤ k≤ d−1
is not necessary adjacent to a(k+1)-simplex.

The α-shapes ofS form a discrete family, even though they are defined for all real numbersα with 0≤ α ≤
∞. Thus, we can represent the entire family ofα-shapes ofS by the underlying triangulation ofS. In this
representation eachk-simplex of the underlying triangulation is associated with an interval that specifies for
which values ofα the k-simplex belongs to theα-shape. Relying on this fact, the family ofα-shapes can be
computed efficiently and relatively easily. Furthermore, we can select an appropriateα-shape from a finite
number of differentα-shapes and correspondingα-values.

24.2 Functionality

The classCGAL::Alpha shape2<Dt> represents the family ofα-shapes of points in a plane forall positiveα.
It maintains the underlying triangulationDt which represents connectivity and order among squared radius of
its faces. Eachk-dimensional face of theDt is associated with an interval that specifies for which values of
α the face belongs to theα-shape. There are links between the intervals and thek-dimensional faces of the
triangulation.

The classCGAL::Alpha shape2<Dt> provides functions to set and get the currentα-value, as well as an iterator
that enumerates theα-values where theα-shape changes.

1ice cream, ice cream!!! The wording of this introductory paragraphs is borrowed from Kaspar Fischer’s “ Introduction to Alpha Shapes”
which can be found at http://n.ethz.ch/student/fischerk/alphashapes/as/index.html. The picture has been taken from Walter Luh’s homepage
at http://www.stanford.edu/w̃luh/cs448b/alphashapes.html.
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It provides iterators to enumerate the vertices and edges that are in theα-shape, and functions that allow to
classify vertices, edges and faces with respect to theα-shape. They can be in the interior of a face that belongs
or does not belong to theα-shape. They can be singular/regular, that is be on the boundary of theα-shape, but
not incident/incident to a triangle of theα-complex.

Finally, it provides a function to determine theα-value such that theα-shape satisfies the following two proper-
ties, or at least the second one if there is no suchα that both are satisfied:

(i) The number of components equals a number of your choice and
(ii) all data points are either on the boundary or in the interior of the regularized version of theα-shape (no
singular edges).

The current implementation is static, that is after its construction points cannot be inserted or removed.

24.3 Concepts and Models

We currently do not specify concepts for the underlying triangulation type. Models that work for a basic alpha-
shape are the classesCGAL::Delaunaytriangulation 2 and CGAL::Triangulationhierarchy 2 templatized
with a Delaunay triangulation. A model that works for a weighted alpha-shape is the classCGAL::Regular
triangulation 2.

The triangulation needs a geometric traits class as argument. The requirements of this class are described
in the conceptCGAL::AlphaShapeTraits2 for which the CGAL kernels andCGAL::Weightedalpha shape
euclideantraits 2 are models.

There are no requirements on the triangulation data structure. However it must be parameterized with vertex
and face classes, which are model of the conceptsAlphaShapeVertex2 andAlphaShapeFace2, by default the
classesCGAL::Alpha shapevertexbase2<Gt> andCGAL::Alpha shapeface base2<Tf>.

24.4 Examples

24.4.1 Example for Basic Alpha-Shapes

The basic alpha shape needs a Delaunay triangulation as underlying triangulationDt. The Delaunay triangula-
tion class is parameterized with a geometric and a triangulation data structure traits.

For the geometric traits class we can use a CGAL kernel.

For the triangulation data structure traits, we have to choose the vertex and face classes needed for alpha shapes,
namelyCGAL::Alpha shapevertexbase2<Gt, Dv> and CGAL::Alpha shapeface base2<Gt,Df>. As de-
fault vertex and face type they useCGAL::Triangulationvertexbase2<Gt> andCGAL::Triangulation face
base2<Gt> respectively.

The following code sniplet shows how to obtain a basic alpha shape type.

typedef CGAL::Cartesian<double> K;

typedef CGAL::Alpha shape vertex base 2<K> Av;
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typedef CGAL::Triangulation face base 2<K> Tf;

typedef CGAL::Alpha shape face base 2<K,Tf> Af;

typedef CGAL::Triangulation default data structure 2<K,Av,Af> Tds;

typedef CGAL::Delaunay triangulation 2<K,Tds> Dt;

typedef CGAL::Alpha shape 2<Dt> Alpha shape 2;

24.4.2 Example for Basic Alpha-Shapes with Many Points

When the input data set is huge, say more than 10.000 points, it pays off to use a triangulation hierarchy. It has
the same API as the Delaunay triangulation and differs only in the types of the vertices and faces. Therefore,
the only part that changes are the typedefs in the beginning.

typedef CGAL::Cartesian<double> K;

typedef CGAL::Alpha shape vertex base 2<K> Avb;

typedef CGAL::Triangulation hierarchy vertex base 2<Avb> Av

typedef CGAL::Triangulation face base 2<K> Tf;

typedef CGAL::Alpha shape face base 2<K,Tf> Af;

typedef CGAL::Triangulation default data structure 2<K,Av,Af> Tds;

typedef CGAL::Delaunay triangulation 2<K,Tds> Dt;

typedef CGAL::Triangulation hierarchy 2<Dt> Ht;

typedef CGAL::Alpha shape 2<Ht> Alpha shape 2;

24.4.3 Example for Weighted Alpha-Shapes

A weighted alpha shape, needs a regular triangulation as underlying triangulationDt, and it needs a particular
face class, namelyCGAL::Regulartriangulation face base2<Gt>. Note that there is no special weighted alpha
shape class.

typedef CGAL::Cartesian<double> K;

typedef CGAL::Weighted alpha shape euclidean traits 2<K> Gt;

typedef CGAL::Alpha shape vertex base 2<Gt> Av;

typedef CGAL::Regular triangulation face base 2<Gt> Rf;

typedef CGAL::Alpha shape face base 2<Gt,Rf> Af;

typedef CGAL::Triangulation default data structure 2<Gt,Av,Af> Tds;

typedef CGAL::Regular triangulation 2<Gt,Tds> Rt;

typedef CGAL::Alpha shape 2<Rt> Alpha shape 2;
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2D Alpha Shapes
Reference Manual
Tran Kai Frank Da

This chapter presents a framework for alpha shapes. The description is based on the articles [EM94, Ede92].
Alpha shapes are the generalization of the convex hull of a point set. LetSbe a finite set of points inRd, d = 2,3
andα a parameter with 0≤ α≤∞. Forα = ∞, theα-shape is the convex hull ofS. As α decreases, theα-shape
shrinks and develops cavities, as soon as a sphere of radius

√
α can be put inside. Finally, forα = 0, theα-shape

is the setS itself.

We distinguish two versions of alpha shapes, one is based on the Delaunay triangulation and the other on its
generalization, the regular triangulation, replacing the natural distance by the power to weighted points. The
metric used determines an underlying triangulation of the alpha shape and thus, the version computed. The
basic alpha shape(cf. 24.4.1) is associated with the Delaunay triangulation (cf.20.5). Theweighted alpha
shape(cf. 24.4.3) is associated with the regular triangulation (cf.20.6).

There is a close connection between alpha shapes and the underlying triangulations. More precisely, theα-
complex ofS is a subcomplex of this triangulation ofS, containing theα-exposedk-simplices, 0≤ k≤ d. A
simplex isα-exposed, if there is an open disk (resp. ball) of radius

√
α through the vertices of the simplex that

does not contain any other point ofS, for the metric used in the computation of the underlying triangulation.
The correspondingα-shape is defined as the underlying interior space of theα-complex.

In general, anα-complex is a non-connected and non-pure polytope, it means, that onek-simplex, 0≤ k≤ d−1
is not necessary adjacent to a(k+1)-simplex.

The α-shapes ofS form a discrete family, even though they are defined for all real numbersα with 0≤ α ≤
∞. Thus, we can represent the entire family ofα-shapes ofS by the underlying triangulation ofS. In this
representation eachk-simplex of the underlying triangulation is associated with an interval that specifies for
which values ofα the k-simplex belongs to theα-shape. Relying on this result, the family ofα-shapes can
be computed efficiently and relatively easily. Furthermore, we can select an appropriateα-shape from a finite
number of differentα-shapes and correspondingα-values.

24.5 Classified Reference Pages

Concepts

AlphaShapeTraits2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1614
AlphaShapeFace2. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page1611
AlphaShapeVertex2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page1616
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CGAL::Weightedalpha shapeeuclideantraits 2<K> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1615
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CGAL::Alpha shape2<Dt>

Definition

The classAlpha shape2<Dt> represents the family ofα-shapes of points in a plane forall positive α. It
maintains the underlying triangulationDt which represents connectivity and order among its faces. Eachk-
dimensional face of theDt is associated with an interval that specifies for which values ofα the face belongs to
theα-shape. There are links between the intervals and thek-dimensional faces of the triangulation.

Note that this class is at the same time used forbasicand forweightedAlpha Shapes.

Inherits From

Dt

This class is the underlying triangulation class.

The modifying functionsinsert and removewill overwrite the inherited functions. At the moment, only the
static version is implemented.

Types

Alpha shape2<Dt>:: Gt the alpha shape traits type.

it has to derive from a triangulation traits class. For exampleDt::Point is a Point class.

typedef Gt::FT

FT; the number type for computation.

Alpha shape2<Dt>:: Alpha iterator

A bidirectional and non-mutable iterator that allow to traverse the in-
creasing sequence of differentα-values.
Precondition: Its value typeis FT

Alpha shape2<Dt>:: Alpha shapeverticesiterator

A bidirectional and non-mutable iterator that allow to traverse the ver-
tices which belongs to theα-shape for the currentα.
Precondition: Its value typeis Dt::Vertex handle

Alpha shape2<Dt>:: Alpha shapeedgesiterator

A bidirectional and non-mutable iterator that allow to traverse the edges
which belongs to theα-shape for the currentα.
Precondition: Its value typeis Dt::Edge.
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enum Classificationtype{ EXTERIOR, SINGULAR, REGULAR, INTERIOR};

Distinguishes the different cases for classifying ak-dimensional face of
the underlying triangulation of theα-shape.
EXTERIORif the face does not belong to theα-complex.
SINGULARif the face belongs to the boundary of theα-shape, but is
not incident to any 2-dimensional face of theα-complex
REGULARif the face belongs to the boundary of theα-shape and is
incident to a 2-dimensional face of theα-complex
INTERIORif the face belongs to theα-complex, but does not belong to
the boundary of theα-shape.

enum Mode{ GENERAL, REGULARIZED};

In general, an alpha shape can be disconnected and contain many sin-
gular edges or vertices. Its regularized version is formed by the set of
regular edges and their vertices.

Creation

Alpha shape2<Dt> A( FT alpha = 0, Mode m = GENERAL);

Introduces an emptyα-shapeA for a positiveα-valuealpha.
Precondition: alpha≥ 0.

template< class InputIterator>
Alpha shape2<Dt> A( InputIterator first, InputIterator last, FT alpha = 0, Mode m = GENERAL);

Initializes the family of alpha-shapes with the points in the range[ first,
last) and introduces anα-shapeA for a positiveα-valuealpha.
Precondition: Thevalue typeof first andlast is Point.
alpha≥ 0.

Operations

template< class InputIterator>
int A.makealpha shape( InputIterator first, InputIterator last)

Initialize the family of alpha-shapes with the points in the range[ first,
last). Returns the number of inserted points.
If the function is applied to an non-empty family of alpha-shape, it is
cleared before initialization.
Precondition: Thevalue typeof first andlast is Point.

void A.clear() Clears the structure.
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FT A.setalpha( FT alpha)

Sets theα-value toalpha. Returns the previousα-value.
Precondition: alpha≥ 0.

FT A.getalpha( void) Returns the currentα-value.

FT A.getnth alpha( int n)

Returns then-th alpha-value, sorted in an increasing order.
Precondition: n < number of alphas.

int A.numberof alphas()

Returns the number of different alpha-values.

Mode A.setmode( Mode m = GENERAL)

SetsA to its general or regularized version. Returns the previous mode.

Mode A.getmode( void) Returns whetherA is general or regularized.

Alpha shapeverticesiterator

A.alpha shapeverticesbegin()

Starts at an arbitrary finite vertex which belongs to theα-shape for the
currentα.

Alpha shapeverticesiterator

A.alpha shapeverticesend()

Past-the-end iterator.

Alpha shapeedgesiterator

A.alpha shapeedgesbegin()

Starts at an arbitrary finite edge which belongs to theα-shape for the
currentα. In regularised mode, edges are represented as a pair (f,i),
where f is an interior face of theα-shape.

Alpha shapeedgesiterator

A.alpha shapeedgesend()

Past-the-end iterator.
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Predicates

Classificationtype

A.classify( Point p, FT alpha = getalpha())

Locates a pointp in the underlying triangulation and Classifies the as-
sociated k-face with respect toA.

Classificationtype

A.classify( Facehandle f, FT alpha = getalpha())

Classifies the facef of the underlying triangulation with respect toA.

Classificationtype

A.classify( Edge e, FT alpha = getalpha())

Classifies the edgeeof the underlying triangulation with respect toA.

Classificationtype

A.classify( Facehandle f, int i, FT alpha = getalpha())

Classifies the edge of the facef opposite to the vertex with indexi of
the underlying triangulation with respect toA.

Classificationtype

A.classify( Vertexhandle v, FT alpha = getalpha())

Classifies the vertexv of the underlying triangulation with respect toA.

Traversal of the α-Values

Alpha iterator

A.alpha begin() Returns an iterator that allows to traverse the sorted sequence ofα-
values of the family of alpha shapes.

Alpha iterator

A.alpha end() Returns the corresponding past-the-end iterator.

Alpha iterator

A.alpha find( FT alpha)

Returns an iterator pointing to an element withα-valuealpha, or the
corresponding past-the-end iterator if such an element is not found.
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Alpha iterator

A.alpha lower bound( FT alpha)

Returns an iterator pointing to the first element withα-value not less
thanalpha.

Alpha iterator

A.alpha upper bound( FT alpha)

Returns an iterator pointing to the first element withα-value greater
thanalpha.

Operations

int A.numberof solid components( FT alpha = getalpha())

Returns the number of solid components ofA, that is, the number of
components of its regularized version.

Alpha iterator

A.find optimal alpha( int nbcomponents)

Returns an iterator pointing to the first element withα-value such that
A satisfies the following two properties:
nb componentsequals the number of solid components and
all data points are either on the boundary or in the interior of the regu-
larized version ofA.
If no such value is found, the iterator points to the first element with
α-value such thatA satisfies the second property.

I/O

The I/O operators are defined foriostream, and for the window stream provided by CGAL. The format for the
iostream is an internal format.

#include<CGAL/IO/io.h>

ostream& ostream& os<< A Inserts the alpha shapeA for the currentα-value into the streamos.
Precondition: The insert operator must be defined forPoint.

#include<CGAL/IO/Windowstream.h>

#include<CGAL/IO/alphashapes2 window stream.h>
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Windowstream&

Windowstream& W << A

Inserts the alpha shapeA for the currentα-value into the window stream
W.
Precondition: The insert operator must be defined forPoint andSeg-
ment.

Implementation

The set of intervals associated with thek-dimensional faces of the underlying triangulation are stored inmul-
timaps.

The cross links between the intervals and thek-dimensional faces of the triangulation are realized using methods
in thek-dimensional faces themselves.

A.alpha find uses linear search, whileA.alpha lower boundand A.alpha upper bounduse binary search.
A.number of solid componentsperforms a graph traversal and takes time linear in the number of faces of the
underlying triangulation.A.find optimal alphauses binary search and takes timeO( n log n ), wheren is the
number of points.
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AlphaShapeFace2

Definition

Refines

TriangulationFaceBase2.

Types

AlphaShapeFace2:: Interval 3 A container type to get (and put) the three special values
(α1,α2,α3) associated with an alpha shape edge.

AlphaShapeFace2:: FT A type to hold a coordinate type class. The type must provide
a copy constructor, assignment, comparison operators, nega-
tion, multiplication, division and allow the declaration and
initialization with a small integer constant (cf. requirements
for number types). An obvious choice would be coordinate
type of the point class

Creation

advanced

AlphaShapeFace2 f ; default constructor.
AlphaShapeFace2 f ( Vertexhandle v0, Vertexhandle v1, Vertexhandle v2);

constructor setting the incident vertices.

AlphaShapeFace2 f ( Vertexhandle v0,
Vertexhandle v1,
Vertexhandle v2,
Face handle n0,
Face handle n1,
Face handle n2)

constructor setting the incident vertices and the neighboring
faces.

advanced

Access Functions

Interval 3 f .get ranges( int i) returns the interval associated with the edge indexed withi,
which contains three alpha valuesα1≤ α2≤ α3, such as for
α betweenα1 andα2, the edge indexed withi is attached but
singular, forα betweenα2 andα3, the edge is regular, and
for α greater thanα3, the edge is interior.
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FT f .get alpha() return the alpha value, under which the alpha shape contains
the face.

Modifiers

advanced

void f .setranges( int i, Interval3 V)

sets the interval associated with the edge indexed withi,
which contains three alpha valuesα1≤ α2≤ α3, such as for
α betweenα1 andα2, the edge indexed withi is attached but
singular, forα betweenα2 andα3, the edge is regular, and
for α greater thanα3, the edge is interior.

void f .setalpha( FT A) sets the alpha value, under which the alpha shape contains
the face.

advanced
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CGAL::Alpha shape face base2<AlphaShapeTraits 2,
TriangulationFaceBase2>

Definition

The classAlpha shapeface base2<AlphaShapeTraits2, TriangulationFaceBase2> is the default model for
the conceptAlphaShapeFace2.

#include<CGAL/Alphashapeface base2.h>

Is Model for the Concepts

AlphaShapeFace2

Inherits From

TriangulationFaceBase2
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AlphaShapeTraits 2

Definition

A model of the concept AlphaShapeTraits2 must provide the following predicate and operations in addition
to the requirements for the underlying triangulation traits class. It means, the metric has to be euclidean for
Delaunay triangulation or the power metric for regular triangulation.

Refines

TriangulationTraits2

Types

AlphaShapeTraits2:: FT A type to hold a coordinate type class. The type must provide
a copy constructor, assignment, comparison operators, nega-
tion, multiplication, division and allow the declaration and
initialization with a small integer constant (cf. requirements
for number types).
Precondition: An obvious choice would be coordinate type
of the point class.

Creation

Only a default constructor is required. Note that further constructors can be provided.

AlphaShapeTraits2 t; A default constructor.

Constructions by function objects

Computesquaredradius 2

t.computesquaredradius 2 object()

Returns an object, which has to be able to compute the
squared radius of the circle of the pointsp0, p1, p2or the
squared radius of smallest circle of the pointsp0, p1, asFT
associated withthe metric used by Dt.

Predicate by function object

Sideof boundedcircle 2

t.side of boundedcircle 2 object()

Returns an object, which has to be able to compute the rela-
tive position of pointtest to the smallest circle of the points
p0, p1, usingthe same metric as Dt.
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CGAL::Weighted alpha shapeeuclidean traits 2<K>

Definition

The classWeightedalpha shapeeuclideantraits 2<K> is the default model for the conceptAlphaShapeTraits
2 for the regular version of Alpha Shapes.K must be a kernel.

#include<CGAL/Weightedalpha shapeeuclideantraits 2.h>

Refines

Regular triangulation euclideantraits 2<K, typename K::FT>

Is Model for the Concepts

AlphaShapeTraits2
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AlphaShapeVertex 2

Definition

Refines

TriangulationVertexBase2.

Types

AlphaShapeVertex2:: FT A type to hold a coordinate type class. The type must provide
a copy constructor, assignment, comparison operators, nega-
tion, multiplication, division and allow the declaration and
initialization with a small integer constant (cf. requirements
for number types). An obvious choice would be coordinate
type of the point class.

Creation

advanced

AlphaShapeVertex2 v; default constructor.
AlphaShapeVertex2 v( Point p); constructor setting the point.
AlphaShapeVertex2 v( Point p, Facehandle ff );

constructor setting the point associated to and an incident
face.

advanced

Access Functions

std::pair< FT, FT> v.get range() returns two alpha valuesα1 ≤ α2, such as forα betweenα1

andα2, the vertex is attached but singular, and forα upper
α2, the vertex is regular.

Modifiers

advanced

void v.setrange( std::pair< FT, FT> I)

sets the alpha valuesα1 ≤ α2, such as forα betweenα1 and
α2, the vertex is attached but singular, and forα upperα2,
the vertex is regular.

advanced
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CGAL::Alpha shapevertex base2<AlphaShapeTraits 2>

Definition

The class Alpha shapevertexbase2<AlphaShapeTraits2> is the default model for the concept
AlphaShapeVertex2.

#include<CGAL/Alphashapevertexbase2.h>

Is Model for the Concepts

AlphaShapeVertex2

Inherits From

TriangulationVertexBase2
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Assume we are given a setSof points in 2D or 3D and we’d like to have something like “the shape formed by
these points.” This is quite a vague notion and there are probably many possible interpretations, the alpha shape
being one of them. Alpha shapes can be used for shape reconstruction from a dense unorganized set of data
points. Indeed, an alpha shape is demarcated by a frontier, which is a linear approximation of the original shape
[BB97].

As mentionned in Edelsbrunner’s and Mücke’s paper [EM94], one can intuitively think of an alpha shape as
the following. Imagine a huge mass of ice-cream making up the spaceR3 and containing the points as “hard”
chocolate pieces. Using one of those sphere-formed ice-cream spoons we carve out all parts of the ice-cream
block we can reach without bumping into chocolate pieces, thereby even carving out holes in the inside (eg.
parts not reachable by simply moving the spoon from the outside). We will eventually end up with a (not
necessarily convex) object bounded by caps, arcs and points. If we now straighten all “round” faces to triangles
and line segments, we have an intuitive description of what is called the alpha shape ofS. Here’s an example
for this process in 2D (where our ice-cream spoon is simply a circle):

Alpha shapes depend on a parameterα from which they are named. What isα in the ice-cream game?α is the
squared radius of the carving spoon. A very small value will allow us to eat up all of the ice-cream except the
chocolate points themselves. Thus we already see that the alpha shape degenerates to the point-setS for α→ 0.
On the other hand, a huge value ofα will prevent us even from moving the spoon between two points since it’s
way too large. So we will never spoon up ice-cream lying in the inside of the convex hull ofS, and hence the
alpha shape forα→ ∞ is the convex hull ofS.1

25.1 Definitions

More precisely, the definition of alpha shapes is based on an underlying triangulation that may be a Delaunay
triangulation in case of basic alpha shapes or a regular triangulation (cf.22.3) in case of weighted alpha shapes.

Let us consider the basic case with a Delaunay triangulation. We first define the alpha complex of the set
of pointsS. The alpha complex is a subcomplex of the Delaunay triangulation. For a given value ofα, the
alpha complex includes all the simplices in the Delaunay triangulation which have an empty circumsphere with
squared radius equal or smaller thanα. Here “empty” means that the open sphere do not include any points of
S. The alpha shape is then simply the domain covered by the simplices of the alpha complex (see [EM94]).

In general, an alpha complex is a non-connected and non-pure complex. This means in particular that the alpha
complex may have singular faces. For 0≤ k≤ d−1, ak-simplex of the alpha complex is said to be singular
if it is not a facet of a(k+ 1)-simplex of the complex CGAL provides two versions of the alpha shapes. In
the general mode, the alpha shapes correspond strictly to the above definition. The regularized mode provides
a regularized version of the alpha shapes corresponding to the domain covered by a regularized version of the
alpha complex where singular faces are removed.

The alpha shapes of a set of pointsS form a discrete family, even though they are defined for all real numbers
α. The entire family of alpha shapes can be represented through the underlying triangulation ofS. In this
representation eachk-simplex of the underlying triangulation is associated with an interval that specifies for
which values ofα thek-simplex belongs to the alpha complex. Relying on this fact, the family of alpha shapes
can be computed efficiently and relatively easily. Furthermore, we can select the optimal value ofα to get an
alpha shape including all data points and having less than a given number of connected components. Also, the
alpha-values allows to define a filtration on the faces of the triangulation of a set of points. In this filtration, the
faces of the triangulation are output in increasing order of the alpha value for which they appear in the alpha
complex. In case of equal alpha value lower dimensional faces are output first.

1ice cream, ice cream!!! The wording of this introductory paragraphs is borrowed from Kaspar Fischer’s “ Introduction to Alpha Shapes”
which can be found at http://n.ethz.ch/student/fischerk/alphashapes/as/index.html. The picture has been taken from Walter Luh’s homepage
at http://www.stanford.edu/w̃luh/cs448b/alphashapes.html.
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The definition is analog in the case of weigthed alpha shapes. The input set is now a set of weighted points
(which can be regarded as spheres) and the underlying triangulation is the regular triangulation of this set. Two
spheres, or two weighted points , with centersC1,C2 and radiir1, r2 are said to be orthogonal iffC1C2

2 = r2
1 + r2

2
and suborthogonal iffC1C2

2 < r2
1 + r2

2. For a given value ofα the weighted alpha complex is formed with the
simplices of the regular triangulation triangulation such that there is a sphere orthogonal to the weighted points
associated with the vertices of the simplex and suborthogonal to all the other input weighted points. Once again
the alpha shape is then defined as the domain covered by a the alpha complex and arise in two versions general
or regularized.

25.2 Functionality

The classCGAL::Alpha shape3<Dt> represents the whole family of alpha shapes for a given set of points. The
class includes the underlying triangulationDt of the set, and associates to eachk-face of this triangulation an
interval specifying for which values ofα the face belongs to the alpha complex.

The classCGAL::Alpha shape3<Dt> provides functions to set and get the currentα-value, as well as an iterator
that enumerates theα values where the alpha shape changes.

The class provides member functions to classify for a given value ofalphathe different faces of the triangulation
asEXTERIOR, SINGULAR, REGULARor INTERIORwith respect to the alpha shape. Ak face on the boundary
of the alpha complex is said to beREGULARif it is a subface of the alpha complex which is a subface of some
k+1 face of the alpha complex andSINGULARotherwise.

The class provides also output iterators to get for a givenalphavalue the vertices, edges, facets and cells of the
different types (EXTERIOR, SINGULAR, REGULARor INTERIOR).

Also the class has a filtration member function that, given an output iterator withCGAL::objectas value type,
outputs the faces of the triangulation according to the order of apparition in the alpha complex when alpha
increases.

Finally, it provides a function to determine the smallest valueα such that the alpha shape satisfies the following
two properties
(ii) all data points are either on the boundary or in the interior of the regularized version of the alpha shape (no
singular faces).
(i) The number of components is equal or less than a given number .

The current implementation is static, that is after its construction points cannot be inserted or removed.

25.3 Concepts and Models

We currently do not specify concepts for the underlying triangulation type. Models that work for a basic alpha-
shape are the classesCGAL::Delaunaytriangulation 3 and CGAL::Triangulationhierarchy 3 templatized
with a Delaunay triangulation. A model that works for a weighted alpha-shape is the classCGAL::Regular
triangulation 3.

The triangulation needs a geometric traits class as argument. The requirements of this class are described in the
conceptCGAL::AlphaShapeTraits3 for which the CGAL kernels are models in the non-weighted case, and for
which the classCGAL::Weightedalpha shapeeuclideantraits 3 is model in the weighted case.

The triangulation data structure of the triangulation with any has to be a model of the concept
CGAL::TriangulationDataStructure3. However it must be parameterized with vertex and cell classes, which
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are model of the conceptsAlphaShapeVertex3 andAlphaShapeCell3. The package provides by default the
classesCGAL::Alpha shapevertexbase3<Gt> andCGAL::Alpha shapecell base3<Gt>.

25.4 Examples

25.4.1 Example for Basic Alpha-Shapes

This example builds a basic alpha shape using a Delaunay triangulation as underlying triangulation.

// examples/Alpha_shapes_3/example_alpha.C

#include <CGAL/Exact_predicates_inexact_constructions_kernel.h>
#include <CGAL/Delaunay_triangulation_3.h>
#include <CGAL/Alpha_shape_3.h>

#include <fstream>
#include <list>

struct K : CGAL::Exact_predicates_inexact_constructions_kernel {};

typedef CGAL::Alpha_shape_vertex_base_3<K> Vb;
typedef CGAL::Alpha_shape_cell_base_3<K> Fb;
typedef CGAL::Triangulation_data_structure_3<Vb,Fb> Tds;
typedef CGAL::Delaunay_triangulation_3<K,Tds> Triangulation_3;
typedef CGAL::Alpha_shape_3<Triangulation_3> Alpha_shape_3;

typedef K::Point_3 Point;
typedef Alpha_shape_3::Alpha_iterator Alpha_iterator;

int main()
{

std::list<Point> lp;

//read input
std::ifstream is("./data/bunny_1000");
int n;
is >> n;
std::cout << "Reading " << n << " points " << std::endl;
Point p;
for( ; n>0 ; n--) {

is >> p;
lp.push_back(p);

}

// compute alpha shape
Alpha_shape_3 as(lp.begin(),lp.end());
std::cout << "Alpha shape computed in REGULARIZED mode by defaut"

<< std::endl;

// find optimal alpha value
Alpha_iterator opt = as.find_optimal_alpha(1);

1623



std::cout << "Optimal alpha value to get one connected component is "
<< *opt << std::endl;

as.set_alpha(*opt);
assert(as.number_of_solid_components() == 1);
return 0;

}

25.4.2 Building Basic Alpha Shapes for Many Points

When many points are input in the alpha shape, say more than 10 000, it pays off to use a triangulation hierarchy
as underlying triangulation (cf.22.4).

// examples/Alpha_shapes_3/example_big_alpha.C

#include <CGAL/Exact_predicates_inexact_constructions_kernel.h>
#include <CGAL/Delaunay_triangulation_3.h>
#include <CGAL/Triangulation_hierarchy_3.h>
#include <CGAL/Alpha_shape_3.h>

#include <fstream>
#include <list>

struct K : CGAL::Exact_predicates_inexact_constructions_kernel {};

typedef CGAL::Alpha_shape_vertex_base_3<K> Vb;
typedef CGAL::Triangulation_hierarchy_vertex_base_3<Vb> Vbh;
typedef CGAL::Alpha_shape_cell_base_3<K> Fb;
typedef CGAL::Triangulation_data_structure_3<Vbh,Fb> Tds;
typedef CGAL::Delaunay_triangulation_3<K,Tds> Delaunay;
typedef CGAL::Triangulation_hierarchy_3<Delaunay> Delaunay_hierarchy;
typedef CGAL::Alpha_shape_3<Delaunay_hierarchy> Alpha_shape_3;

typedef K::Point_3 Point;
typedef Alpha_shape_3::Alpha_iterator Alpha_iterator;
typedef Alpha_shape_3::NT NT;

int main()
{

Delaunay_hierarchy dt;
std::ifstream is("./data/bunny_1000");
int n;
is >> n;
Point p;
std::cout << n << " points read" << std::endl;
for( ; n>0 ; n--) {

is >> p;
dt.insert(p);

}
std::cout << "Delaunay computed." << std::endl;
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// compute alpha shape
Alpha_shape_3 as(dt);
std::cout << "Alpha shape computed in REGULARIZED mode by defaut."

<< std::endl;

// find optimal alpha values
Alpha_shape_3::NT alpha_solid = as.find_alpha_solid();
Alpha_iterator opt = as.find_optimal_alpha(1);
std::cout << "Smallest alpha value to get a solid through data points is "

<< alpha_solid << std::endl;
std::cout << "Optimal alpha value to get one connected component is "

<< *opt << std::endl;
as.set_alpha(*opt);
assert(as.number_of_solid_components() == 1);
return 0;

}

25.4.3 Example for Weighted Alpha-Shapes

The following examples build a weighted alpha shape requiring a regular triangulation as underlying triangula-
tion. The alpha shape is build inGENERALmode.

// examples/Alpha_shapes_3/example_weight.C

#include <CGAL/Exact_predicates_inexact_constructions_kernel.h>
#include <CGAL/Weighted_alpha_shape_euclidean_traits_3.h>
#include <CGAL/Regular_triangulation_3.h>
#include <CGAL/Alpha_shape_3.h>
#include <list>

typedef CGAL::Exact_predicates_inexact_constructions_kernel K;

typedef CGAL::Weighted_alpha_shape_euclidean_traits_3<K> Gt;

typedef CGAL::Alpha_shape_vertex_base_3<Gt> Vb;
typedef CGAL::Alpha_shape_cell_base_3<Gt> Fb;
typedef CGAL::Triangulation_data_structure_3<Vb,Fb> Tds;
typedef CGAL::Regular_triangulation_3<Gt,Tds> Triangulation_3;
typedef CGAL::Alpha_shape_3<Triangulation_3> Alpha_shape_3;

typedef Alpha_shape_3::Cell_handle Cell_handle;
typedef Alpha_shape_3::Vertex_handle Vertex_handle;
typedef Alpha_shape_3::Facet Facet;
typedef Alpha_shape_3::Edge Edge;
typedef Gt::Weighted_point Weighted_point;
typedef Gt::Bare_point Bare_point;

int main()
{

std::list<Weighted_point> lwp;

//input : a small molecule
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lwp.push_back(Weighted_point(Bare_point( 1, -1, -1), 4));
lwp.push_back(Weighted_point(Bare_point(-1, 1, -1), 4));
lwp.push_back(Weighted_point(Bare_point(-1, -1, 1), 4));
lwp.push_back(Weighted_point(Bare_point( 1, 1, 1), 4));
lwp.push_back(Weighted_point(Bare_point( 2, 2, 2), 1));

//build alpha_shape in GENERAL mode and set alpha=0
Alpha_shape_3 as(lwp.begin(), lwp.end(), 0, Alpha_shape_3::GENERAL);

//explore the 0-shape - It is dual to the boundary of the union.
std::list<Cell_handle> cells;
std::list<Facet> facets;
std::list<Edge> edges;
as.get_alpha_shape_cells(std::back_inserter(cells),
Alpha_shape_3::INTERIOR);
as.get_alpha_shape_facets(std::back_inserter(facets),

Alpha_shape_3::REGULAR);
as.get_alpha_shape_facets(std::back_inserter(facets),

Alpha_shape_3::SINGULAR);
as.get_alpha_shape_edges(std::back_inserter(edges),
Alpha_shape_3::SINGULAR);
std::cout << " The 0-shape has : " << std::endl;
std::cout << cells.size() << " interior tetrahedra" << std::endl;
std::cout << facets.size() << " boundary facets" << std::endl;
std::cout << edges.size() << " singular edges" << std::endl;
return 0;

}
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Alpha shapes definition is based on an underlying triangulation that may be a Delaunay triangulation in case of
basic alpha shapes or a regular triangulation (cf.22.3) in case of weighted alpha shapes.

Let us consider the basic case with a Delaunay triangulation. We first define the alpha complex of the set
of pointsS. The alpha complex is a subcomplex of the Delaunay triangulation. For a given value ofα, the
alpha complex includes all the simplices in the Delaunay triangulation which have an empty circumsphere with
squared radius equal or smaller thanα. Here “empty” means that the open sphere do not include any points of
S. The alpha shape is then simply the domain covered by the simplices of the alpha complex (see [EM94]).

In general, an alpha complex is a non-connected and non-pure complex. This means in particular that the alpha
complex may have singular faces. For 0≤ k≤ d−1, ak-simplex of the alpha complex is said to be singular
if it is not a facet of a(k+ 1)-simplex of the complex CGAL provides two versions of the alpha shapes. In
the general mode, the alpha shapes correspond strictly to the above definition. The regularized mode provides
a regularized version of the alpha shapes corresponding to the domain covered by a regularized version of the
alpha complex where singular faces are removed.

The alpha shapes of a set of pointsS form a discrete family, even though they are defined for all real numbers
α. The entire family of alpha shapes can be represented through the underlying triangulation ofS. In this
representation eachk-simplex of the underlying triangulation is associated with an interval that specifies for
which values ofα thek-simplex belongs to the alpha complex. Relying on this fact, the family of alpha shapes
can be computed efficiently and relatively easily. Furthermore, we can select the optimal value ofα to get an
alpha shape including all data points and having less than a given number of connected components.

The definition is analog in the case of weigthed alpha shapes. The input set is now a set of weighted points
(which can be regarded as spheres) and the underlying triangulation is the regular triangulation of this set. Two
spheres, or two weighted points , with centersC1,C2 and radiir1, r2 are said to be orthogonal iffC1C2

2 = r2
1 + r2

2
and suborthogonal iffC1C2

2 < r2
1 + r2

2. For a given value ofα the weighted alpha complex is formed with the
simplices of the regular triangulation triangulation such that there is a sphere orthogonal to the weighted points
associated with the vertices of the simplex and suborthogonal to all the other input weighted points. Once again
the alpha shape is then defined as the domain covered by a the alpha complex and arise in two versions general
or regularized.
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AlphaShapeCell 3

Definition

This concept describes the requirements for the base cell of an alpha shape.

Refines

TriangulationCellBase3.

AlphaShapeCell3:: NT A number type. Must be the same as the number type used
in the traits class of the triangulation underlying the alpha
shape.

AlphaShapeCell3:: Alpha statusiterator An iterator with value typeCGAL::Alpha status<NT>.

Creation

AlphaShapeCell3 f ; default constructor.
AlphaShapeCell3 f ( Vertexhandle v0, Vertexhandle v1, Vertexhandle v2, Vertexhandle v3);

constructor setting the incident vertices.

AlphaShapeCell3 f ( Vertexhandle v0,
Vertexhandle v1,
Vertexhandle v2,
Vertexhandle v3,
Cell handle n0,
Cell handle n1,
Cell handle n2,
Cell handle n3)

constructor setting the incident vertices and the neighboring
cells.

Access Functions

NT f .getalpha() Returns the alpha value of the cell.

Alpha statusiterator

f .get facet status( int i)

Returns an iterator on theCGAL::Alpha status<NT> of the
faceti of the cell.
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Modifiers

void f .setalpha( NT alpha)

Sets the critical value of the cell.

void f .setfacet status( int i, Alphastatusiterator as)

Sets the iterator pointing to theCGAL::Alpha status<NT> of
the faceti of the cell.

See Also

CGAL::Alpha status
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AlphaShapeTraits 3

Definition

The concept AlphaShapeTraits3 describes the requirements for the geometric traits class of the underlying
Delaunay triangulation of a basic alpha shape.

Generalizes

DelaunayTriangulationTraits3

In addition to the requirements described in the conceptDelaunayTriangulationTraits3, the geometric traits
class of a Delaunay triangulation plugged in a basic alpha shapes provides the following.

Types

AlphaShapeTraits3:: NT A number type compatible with the type used for the points
coordinate.

AlphaShapeTraits3:: Computesquaredradius 3

An object constructor able to compute the squared radius
of the smallest circumsphere of 4 pointsp0, p1, p2, p3, the
squared radius of the smallest circumsphere of 3 pointsp0,
p1, p2, and the squared radius of smallest circumsphere of
the pointsp0, p1.

Creation

AlphaShapeTraits3 traits; Default constructor.

Access Functions

Computesquaredradius 3 traits.computesquaredradius 3 object()

Has Models

All CGALkernels.
CGAL::Exactpredicatesinexactconstructionskernel(recommended)
CGAL::Exactpredicatesexactconstructionskernel
CGAL::Filtered kernel
CGAL::Cartesian
CGAL::Simplecartesian
CGAL::Homogeneous
CGAL::Simplehomogeneous
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AlphaShapeVertex 3

Definition

This concept describe the requirements for the base vertex of an alpha shape.

Refines

TriangulationVertexBase3.

Types

AlphaShapeVertex3:: Point Must be the same as the point type provided by the geometric
traits class of the triangulation.

AlphaShapeVertex3:: Alpha status; Must beCGAL::Alpha status<NT> whereNT is the number
type used in the geometric traits class of the triangulation.

Creation

AlphaShapeVertex3 v; default constructor.
AlphaShapeVertex3 v( Point p); constructor setting the point associated to.
AlphaShapeVertex3 v( Point p, Cellhandle c);

constructor setting the point associated to and an incident
cell.

Modifiers

Alpha status* v.getalpha status() Returns a pointer the alpha status of the vertex.

See Also

CGAL::Alpha status
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CGAL::Alpha shape3<Dt>

Definition

The classAlpha shape3<Dt> represents the family of alpha shapes of points in the 3D space forall positive
α. It maintains an underlying triangulation of the classDt which represents connectivity and order among its
faces. Eachk-dimensional face of theDt is associated with an interval that specifies for which values ofα the
face belongs to the alpha shape.

Note that this class is at the same time used forbasicand forweightedAlpha Shapes.

Inherits From

Dt

This class is the underlying triangulation class.

The modifying functionsinsert and removewill overwrite the inherited functions. At the moment, only the
static version is implemented.

Types

Alpha shape3<Dt>:: Gt the alpha shape traits type.

it has to derive from a triangulation traits class. For exampleDt::Point is a Point class.

typedef Gt::FT

NT; the number type of alpha values.

Alpha shape3<Dt>:: Alpha iterator

A bidirectional and non-mutable iterator that allow to traverse the in-
creasing sequence of different alpha values.
Precondition: Its value typeis NT

enum Mode{ GENERAL, REGULARIZED};

In GENERAL mode, the alpha complex can have singular faces, i. e.
faces of dimensionk, for k= (0,1,2) that are not subfaces of ak+1 face
of the complex. In REGULARIZED mode, the complex is regularized,
that is singular faces are dropped and the alpha complex includes only
a subset of the tetrahedral cells of the triangulation and the subfaces of
those cells.
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enum Classificationtype{ EXTERIOR, SINGULAR, REGULAR, INTERIOR};

Enum to classify the faces of the underlying triangulation with respect
to the alpha shape.
In GENERAL mode, fork = (0,1,2), each k-dimensional simplex of
the triangulation can be classified as EXTERIOR, SINGULAR, REG-
ULAR or INTERIOR. In GENERAL mode ak simplex is REGULAR
if it is on the boundary f the alpha complex and belongs to ak+1 sim-
plex in this complex and it is SINGULAR if it is a boundary simplex
that is not included in ak+1 simplex of the complex.
In REGULARIZED mode, fork = (0,1,2) each k-dimensional simplex
of the triangulation can be classified as EXTERIOR, REGULAR or IN-
TERIOR, i.e. there is no singular faces. Ak simplex is REGULAR if it
is on the boundary of alpha complex and belongs to a tetrahedral cell of
the complex.

Creation

Alpha shape3<Dt> A( FT alpha = 0, Mode m = REGULARIZED);

Introduces an empty alpha shape data structureA for and set the current
alpha value toalphaand the mode tom.

Alpha shape3<Dt> A( Dt& dt, NT alpha = 0, Mode m = REGULARIZED);

Build an alpha shape of modem from the triangulation dt. Be carefull
that this operation destroy the triangulation.

template< class InputIterator>
Alpha shape3<Dt> A( InputIterator first, InputIterator last, FT alpha = 0, Mode m = REGULARIZED);

Buil an alpha shape data structure in modem for the points in the range
[ first, last) and set the current alpha value toalpha.
Precondition: Thevalue typeof first andlast is Point (the type point of
the underlying triangulation.)

Modifiers

template< class InputIterator>
int A.makealpha shape( InputIterator first, InputIterator last)

Initialize the alpha shape data structure for points in the range[ first,
last). Returns the number of data points inserted in the underlying tri-
angulation.
If the function is applied to an non-empty alpha shape data structure, it
is cleared before initialization.
Precondition: Thevalue typeof first andlast is Point.

void A.clear() Clears the structure.
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FT A.setalpha( Coordtype alpha)

Sets theα-value toalpha. Returns the previousα-value.
Precondition: alpha≥ 0.

Mode A.setmode( Mode m = REGULARIZED)

SetsA in GENERAL or REGULARIZED. Returns the previous mode.
Changing the mode of an alpha shape data structure entails a partial
recomputation of the data structure.

Query Functions

Mode A.getmode( void) Returns whetherA is general or regularized.

FT A.getalpha( void) Returns the currentα-value.

FT A.getnth alpha( int n)

Returns then-th alpha-value, sorted in an increasing order.
Precondition: n ¡ number of alphas.

int A.numberof alphas()

Returns the number of different alpha-values.

Classificationtype

A.classify( Point p, FT alpha = getalpha())

Locates a pointp in the underlying triangulation and Classifies the as-
sociated k-face with respect toalpha.

Classificationtype

A.classify( Cellhandle f, FT alpha = getalpha())

Classifies the cellf of the underlying triangulation with respect toalpha.

Classificationtype

A.classify( Facet f, FT alpha = getalpha())

Classifies the facete of the underlying triangulation with respect toal-
pha.
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Classificationtype

A.classify( Cellhandle f, int i, FT alpha = getalpha())

Classifies the facet of the cellf opposite to the vertex with indexi of the
underlying triangulation with respect toalpha.

Classificationtype

A.classify( Edge e, FT alpha = getalpha())

Classifies the edgeewith respect toalpha.

Classificationtype

A.classify( Vertexhandle v, FT alpha = getalpha())

Classifies the vertexv of the underlying triangulation with respect to
alpha.

template<class OutputIterator>
OutputIterator

A.get alpha shapecells( OutputIterator it,
Classificationtype type,
NT alpha = getalpha())

Write the cells which are of typetypefor the alpha valuealpha to the
sequence pointed to by the output iteratorit. Return past the end of the
output sequence.

template<class OutputIterator>
OutputIterator

A.get alpha shapefacets( OutputIterator it,
Classificationtype type,
NT alpha= getalpha())

Write the facets which are of typetypefor the alpha valuealpha to the
sequence pointed to by the output iteratorit. Return past the end of the
output sequence.

template<class OutputIterator>
OutputIterator

A.get alpha shapeedges( OutputIterator it,
Classificationtype type,
NT alpha = getalpha())

Write the edges which are of typetypefor the alpha valuealpha to the
sequence pointed to by the output iteratorit. Return past the end of the
output sequence.
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template<class OutputIterator>
OutputIterator

A.get alpha shapevertices( OutputIterator it,
Classificationtype type,
NT alphagetalpha())

Write the vertices which are of typetype for the alpha valuealpha to
the sequence pointed to by the output iteratorit. Return past the end of
the output sequence.

template<class OutputIterator>
OutputIterator

A.filtration( OutputIterator it)

Output all the faces of the triangulation in increasing order of the alpha
value for which they appear in the alpha complex. In case of equal
alpha value lower dimensional faces are output first. The value type of
the OutputIterator has to be a CGAL::Object

Traversal of the α-Values

Alpha iterator

A.alpha begin() Returns an iterator that allows to traverse the sorted sequence ofα-
values of the family of alpha shapes.

Alpha iterator

A.alpha end() Returns the corresponding past-the-end iterator.

Alpha iterator

A.alpha find( FT alpha)

Returns an iterator pointing to an element withα-valuealpha, or the
corresponding past-the-end iterator if such an element is not found.

Alpha iterator

A.alpha lower bound( FT alpha)

Returns an iterator pointing to the first element withα-value not less
thanalpha.

Alpha iterator

A.alpha upper bound( FT alpha)

Returns an iterator pointing to the first element withα-value greater
thanalpha.
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Operations

int A.numberof solid components( FT alpha = getalpha())

Returns the number of solid components ofA, that is, the number of
components of its regularized version.

Alpha iterator

A.find optimal alpha( int nbcomponents)

Returns an iterator pointing to smallestα value such thatA satisfies the
following two properties:
all data points are either on the boundary or in the interior of the regu-
larized version ofA.
The number of solid component ofA is equal to or smaller thannb
components.

I/O

The I/O operators are defined foriostream, and for the window stream provided by CGAL. The format for the
iostream is an internal format.

#include<CGAL/IO/io.h>

ostream& ostream& os<< A Inserts the alpha shapeA for the current alpha value into the streamos.
Precondition: The insert operator must be defined forPoint.

#include<CGAL/IO/Geomviewstream.h>

#include<CGAL/IO/alphashapegeomviewostream3.h>

Geomviewstream&

Geomviewstream& W << A

Inserts the alpha shapeA for the current alpha value into the Geomview
streamW.
Precondition: The insert operator must be defined forPoint andTrian-
gle.

Implementation

In GENERAL mode, the alpha intervals of each triangulation face is computed and stored at initialization time.
In REGULARIZED mode, the alpha shape intervals of edges are not stored nor computed at initialization.
Edges are simply classified on the fly upon request. This allows to have much faster building of alpha shapes in
REGULARIZED mode.

A.alpha find uses linear search, whileA.alpha lower boundand A.alpha upper bounduse binary search.
A.number of solid componentsperforms a graph traversal and takes time linear in the number of cells of the
underlying triangulation.A.find of optimal alphauses binary search and takes timeO( n log n ), wheren is the
number of points.

1638



C
la

ss

CGAL::Alpha shapecell base3<Traits,Fb>

Definition

The classAlpha shapecell base3<Traits,Fb> is the default model for the conceptAlphaShapeCell3.

The class has to parameters. The traits classTraits provides the number type for alpha values. The second
parameterFb is a base class instantiated by default withCGAL::Triangulationcell base3<Traits>.

#include<CGAL/Alphashapecell base3.h>

Is Model for the Concepts

AlphaShapeCellBase3

Inherits From

Fb
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CGAL::Alpha shapevertex base3<Traits,Vb>

Definition

The classAlpha shapevertexbase3<Traits,Vb> is the default model for the conceptAlphaShapeVertex3.

The class has to parameters : the traits classTraitswhich provides the type for the points or the weigted points.
The second parameterVb is a base class instantiated by default withCGAL::Triangulationvertexbase3<
Traits>.

#include<CGAL/Alphashapevertexbase3.h>

Is Model for the Concepts

AlphaShapeVertexBase3

Inherits From

Vb
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CGAL::Alpha status<NT>

Definition

The classAlpha status<NT> is a small data strructure to store the critical alpha values of faces of an alpha shape.
Each face has three critical alpha values, calledalpha min, alpha mid andalpha maxin increasing order. The
face will be exterior for anyα < alpha min, singular foralpha min≤ α < alpha mid, regular foralpha mid
≤ α < alpha maxand interior foralpha max≤ alpha. The valuealpha min is undefined for faces which are
not Gabriel faces and therefore do not appear in the alpha complex without any of their including face. The
valuealpha maxis undefined for convex hull faces which can never be interior, The data structure also includes
two boolean to mark if the face is a Gabriel face or a convex hull face.

The classAlpha status<NT> is paremetrized by a number typeNT.

#include<CGAL/Alphashapecell base3.h>

Creation

Alpha status<NT> a; default constructor.

Modifiers

void a.setis Gabriel( bool yesorno)

sets Gabriel marker;

void a.setis on chull( bool yesorno)

sets convex hull marker;

void a.setalpha min( NT alpha)

setsalpha min.

void a.setalpha mid( NT alpha)

setsalpha mid.

void a.setalpha max( NT alpha)

setsalpha max.

Access Functions

bool a.is Gabriel() Returns true for Gabriel faces;
bool a.is on chull() Returns true forconvex hull faces;
NT a.alphamin() Returns thealpha min

Precondition: is Gabriel() returns false;

NT a.alphamid() Returns thealpha mid;
NT a.alphamax() Returnsalpha max.

Precondition: is on chull() returns false.
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See Also

AlphaShapeCellBase3
AlphaShapeVertexBase3
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WeightedAlphaShapeTraits 3

Definition

The concept WeightedAlphaShapeTraits3 describes the requirements for the geometric traits class of the un-
derlying regular triangulation of a weighted alpha shape.

Generalizes

RegularTriangulationTraits3

In addition to the requirements described in the conceptRegularTriangulationTraits3, the geometric traits class
of a Regular triangulation plugged in a basic alpha shapes provides the following.

Types

WeightedAlphaShapeTraits3:: NT A number type compatible with the type used for the points
coordinates.

WeightedAlphaShapeTraits3:: Computesquaredradius 3

An object constructor able to compute the squared radius of
the smallest sphere orthogonal to four weighted pointsp0,
p1, p2, p3, and the squared radius of the smallest sphere or-
thogonal to three weighted pointsp0, p1, p2, and the squared
radius of smallest sphere orthogonal to two weighted points
p0, p1.

Creation

WeightedAlphaShapeTraits3 wast; default constructor.

Access Functions

Computesquaredradius 3

wast.computesquaredradius 3 object()

Has Models

CGAL::Weightedalpha shapeeuclideantraits 3<K>,

1643



C
la

ss

CGAL::Weighted alpha shapeeuclidean traits 3<K>

Definition

The class Weightedalpha shapeeuclideantraits 3<K> is the default model for the concept
WeightedAlphaShapeTraits3 of traits class for the underlying triangulation of a weigthed alpha shapes.
K must be a kernel.

#include<CGAL/Weightedalpha shapeeuclideantraits 3.h>

Refines

Regular triangulation euclideantraits 3<K, typename K::FT>

Is Model for the Concepts

WeightedAlphaShapeTraits3
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Part VIII

Voronoi Diagrams
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2D Segment Delaunay Graphs
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This chapter describes the two-dimensional segment Delaunay graph package of CGAL. We start with a few
definitions in Section26.1. The software design of the 2D segment Delaunay graph package is described in
Section26.2. In Section26.3we discuss the geometric traits of the 2D segment Delaunay graph package and in
Section26.4the segment Delaunay graph hierarchy, a data structure suitable for fast nearest neighbor queries,
is briefly described.

26.1 Definitions

The 2D segment Delaunay graph package of CGAL is designed to compute the Delaunay graph of a set of
possibly intersecting segments on the plane. Although we compute the Delaunay graph, we will often refer
to its dual, the segment Voronoi diagram, since it is easier to explain and understand. The algorithm that
has been implemented is incremental. The corresponding CGAL class is calledSegmentDelaunaygraph 2<
SegmentDelaunayGraphTraits2,SegmentDelaunayGraphStructure2> and will be discussed in more detail in
the sequel. The interested reader may want to refer to the paper by Karavelas [Kar04] for the general idea as
well as the details of the algorithm implemented.

Definitions. Before describing the details of the implementation we make a brief introduction to the theory of
segment Delaunay graphs and segment Voronoi diagrams. The segment Voronoi diagram is defined over a set
of non-intersecting sites, which can either be points or linear segments, which we assume that are given through
their endpoints. The segment Voronoi diagram a subdivision of the plane into connected regions, calledcells,
associated with the sites. The dual graph of the segment Voronoi diagram is called the segment Delaunay graph.
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Figure 26.1: The segment Voronoi diagram for a set of weakly (left) and strongly (right) intersecting sites.

The cell of a siteti is the locus of points on the plane that are closer toti than any other sitet j , j 6= i. The distance
δ(x, ti) of a pointx in the plane to a siteti is defined as the minimum of the Euclidean distances ofx from the
points inti . Hence, ifti is a pointpi , then

δ(x, ti) = ‖x− ti‖,

whereas ifti , is a segment, then
δ(x, ti) = min

y∈ti
‖x−y‖,

where‖ · ‖ denotes the Euclidean norm. It can easily be seen that it is a generalization of the Voronoi diagram
for points.

In many applications the restriction that sites are non-intersecting is too strict. Often we want to allow segments
that touch at their endpoints, or even segments that overlap or intersect properly at their interior (for example, see
Fig. 26.1). Allowing such configurations poses certain problems. More specifically, when we allow segments to
touch at their endpoints we may end up with pairs of segments whose bisector is two-dimensional. If we allow
pairs of segments that intersect properly at their interior, the interiors of their Voronoi cells are no longer simply
connected. In both cases above the resulting Voronoi diagrams are no longer instances of abstract Voronoi
diagrams (cf. [Kle89]), which has a direct consequence on the efficient computation of the corresponding
Voronoi diagram. The remedy to these problems is to consider linear segments not as one object, but rather
as three, namely the two endpoints and the interior. This choice guarantees that all bisectors in the Voronoi
diagram are one-dimensional and that all Voronoi cells are simply connected. Moreover, we further distinguish
between two cases, according to the type of intersecting pair that our input data set contains. A pair of sites is
calledweakly intersectingif they a single common point and this common point does not lie in the interior of
any of the two sites. A pair of sites is calledstrongly intersectingif they intersect and they either have more
than one common point or their common point lies in the interior of at least one of the two sites. As it will be
seen later the two cases have different representation (and thus storage) requirements, as well as they require a
somehow different treatment on how the predicates are evaluated. Having made the distinction between weakly
and strongly intersecting sites, and having said that segment sites are treated as three objects, we are now ready
to precisely define the Delaunay graph we compute. Given a setS of input sites, letSA be the set of points and
(open) segments in the arrangementA(S) of S . The 2D segment Delaunay graph package of CGAL computes
the (triangulated) Delaunay graph that is dual to the Euclidean Voronoi diagram of the sites in the setSA .

The segment Delaunay graph is uniquely defined once we have the segment Voronoi diagram. If the all sites are
in general position, then Delaunay graph is a graph with triangular faces away from the convex hull of the set of
sites. To unify our approach and handling of the Delaunay graph we add to the set of (finite) sites a fictitious site
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at infinity, which we call thesite at infinity. We can then connect all vertices of the outer face of the Delaunay
graph to the site at infinity which gives us a graph with the property that all of its faces are now triangular.
However, the Delaunay graph is not a triangulation for two main reasons: we cannot always embed it on the
plane with straight line segments that yield a triangulation and, moreover, we may have two faces of the graph
that have two edges in common, which is not allowed in a triangulation.

We would like to finish our brief introduction to the theory of segment Delaunay graphs and segment Voronoi
diagrams by discussing the concept of general position. We say that a set of sites is in general position if no
two triplets of sites have the same tritangent Voronoi circle. This statement is rather technical and it is best
understood in the context of points. The equivalent statement for points is that we have no two triplets of points
that define the same circumcircle, or equivalently that no four points are co-circular. The statement about general
position made above is a direct generalization of the (much simpler to understand) statement about points. On
the contrary, when we have sites in degenerate position, the Delaunay graph has faces with more than three
edges on their boundary. We can get a triangulated version of the Delaunay graph by simplytriangulating the
corresponding faces in an arbitrary way. In fact the algorithm that has been implemented in CGAL has the
property that it always returns a validtriangulatedversion of the segment Delaunay graph. By valid we mean
that it contains the actual (non-triangulated) Delaunay graph, and whenever there are faces with more than three
faces then they are triangulated. The way that they are triangulated depends on the order of insertion of the sites
in the diagram.

One final remark has to be made with respect to the difference between the set ofinput sitesand the set ofoutput
sites. The set of input sites consists of the closed sites that the user inserts in the diagram. Since segment sites
are treated as three objects, internally our algorithm sees only points and open segments. As a result, from the
point of view of the algorithm, the input sites have no real meaning. What has real meaning is the set of sites
that correspond to cells of the Voronoi diagram and this is the set of output sites.

Degenerate Dimensions. The dimension of the segment Delaunay graph is in general 2. The exceptions to
this rule are as follows:

• The dimension is−1 if the segment Delaunay graph contains no sites.

• The dimension is 0 if the segment Delaunay graph contains exactly one (output) site.

• The dimension is 1 is the segment Delaunay graph contains exactly two (output) sites.

26.2 Software Design

The 2D segment Delaunay graph classSegmentDelaunaygraph 2<SegmentDelaunayGraphTraits
2,SegmentDelaunayGraphDataStructure2> follows the design of the triangulation package of CGAL. It
is parametrized by two arguments:

• the geometric traits class. It provides the basic geometric objects involved in the algorithm, such as
sites, points etc. It also provides the geometric predicates for the computation of the segment Delaunay
graph, as well as some basic constructions that can be used, for example, to visualize the diagram. The
geometric traits for the segment Delaunay graph will be discussed in more detail in the next section.

• thesegment Delaunay graph data structure. This is essentially the same as the Apollonius graph data
structure (discussed in Chapter27.2), augmented with some additional operations that are specific to seg-
ment Voronoi diagrams. The corresponding concept is that ofSegmentDelaunayGraphDataStructure2,
which in fact is a refinement of theApolloniusGraphDataStructure2 concept. The classTriangulation
data structure2<Vb,Fb> is a model of the conceptSegmentDelaunayGraphDataStructure2. A default
value for the corresponding template parameter is provided, so the user does not need to specify it.
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Strongly Intersecting Sites and their Representation. As we have mentioned above, the segment Delaunay
graph package of CGAL is designed to support the computation of the segment Voronoi diagram even when the
input segment sites are intersecting. This choice poses certain issues for the design of the software package. The
major concern is the representation of the subsegments that appear in the arrangement of the these sites, because
the sites in the arrangement are the ones over which the diagram is actually defined. A direct consequence of
the choice of representation is the algebraic degree of the predicates involved in the computation of the segment
Delaunay graph, as well as the storage requirements for the subsegments and points on intersection in the
arrangement.

The case of weakly intersecting sites does not require any special treatment. We can simply represent points
by their coordinates and segments by their endpoints. In the case of strongly intersecting sites, the obvious
choice to use the afore-mentioned representation has severe disadvantages. Consider two strongly intersecting
segmentsti andt j , whose endpoints have homogeneous coordinates of sizeb. Their intersection point will have
homogeneous coordinates of bit size 6b+O(1). This effect can be cascaded, which implies that after inserting
k (input) segments we can arrive at having points of intersection whose bit sizes are exponential with respect to
k, i.e., their homogeneous coordinates will have bit sizeΩ(2kb). Not only the points of intersection, but also the
adjacent subsegments will be represented by quantities of arbitrarily high bit size, and as a result we would not
be able to give a bound on the bit sizes of the coordinates of the points of intersection. As a result, we would not
be able to give a bound on the memory needed to store these coordinates. An equally important consequence is
that we would also not be able to give a bound on the algebraic degree of the algebraic expressions involved in
the evaluation of the predicates.

Such a behavior is obviously undesirable. For robustness, efficiency, and scalability purposes, it is critical that
the bit size of the algebraic expressions in the predicates does not depend on the input size. For this reason, as
well as for others to be discussed below, we decided to represent sites in a implicit manner, which somehow
encodes the history of their construction. In particular, we exploit the fact that points of intersection always lie
on two input segments, and that segments that are not part of the input are always supported by input segments.

For example, let us consider the configuration in Fig.26.2. We assume that the segmentsti = piqi , i = 1,2,3,
are inserted in that order. Upon the insertion oft2, our algorithm will split the segmentt1 into the subsegments
p1s1 ands1q1, then adds1, and finally insert the subsegmentsp2s1 ands1q2. How do we represent the five new
sites?s1 will be represented by its two defining segmentst1 andt2. The segmentp1s1 will be represented by two
segments, a point, and a boolean. The first segment ist1, which is always the segment with the same support
as the newly created segment. The second segment ist2 and the point isp1. The boolean indicates whether the
first endpoint ofp1s1 is an input point; in this case the boolean is equal totrue. The segments1q1 will also be
represented by two segments, a point, and a boolean, namely,t1 (the supporting segment ofs1q1), t2 andfalse(it
is the second endpoint ofs1q1 that is an input point). Subsegmentsp2s2 ands2q2 are represented analogously.
Consider now what happens when we insertt3. The points2 will again be represented by two segments, but not
s1q1 andt3. In fact, it will be represented byt1 (the supporting segment ofs1q1) andt3. s2q1 will be represented
by two segments, a point, and a boolean (t1, t3 andfalse), and similarly forp3s2 ands2q3. On the other hand,
both endpoints ofs1s2 are non-input points. In such a case we represent the segment by three input segments.
More precisely,s1s2 is represented by the segmentst1 (the supporting segment ofs1q1), t2 (it definess1 along
with t1) andt3 (it definess2 along witht1).

The five different presentations, two for points (coordinates; two input segments) and three for segments (two
input points; two input segments, an input point and a boolean; three input segments), form a closed set of
representations and thus represent any point of intersection or subsegment regardless of the number of input
segments. Moreover, every point (input or intersection) has homogeneous coordinates of bit size at most 3b+
O(1). The supporting lines of the segments (they are needed in some of the predicates) have coefficients which
are always of bit size 2b+O(1). As a result, the bit size of the expressions involved in our predicates will always
be O(b), independently of the size of the input. TheSegmentDelaunayGraphSite2 concept encapsulates the
ideas presented above. A site is represented in this concept by up to four points and a boolean, or up to six
points, depending on its type. The classSegmentDelaunaygraph site 2<K> implements this concept.

Even this representation, however, has some degree of redundancy. The endpoint of a segment appears in both
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Figure 26.2: Site representation. The points1 is represented by the four pointsp1, q1, p2 andq2. The segment
p1s1 is represented by the pointsp1, q1, p2, q2 and a boolean which is set totrue to indicate that the first
endpoint in not a point of intersection. The segments1s2 is represented by the six points:p1, q1, p2, q2, p3 and
q3. The remaining (non-input) points and segments in the figure are represented similarly.

the representation of the (open) segment site as well as the representation of the point site itself. The situation
becomes even worse in the presence of strongly intersecting sites: a point may appear in the representation
of multiple subsegments and/or points of intersection. To avoid this redundancy, input points are stored in a
container, and the various types of sites (input points and segments, points of intersection, subsegments with
one or two points of intersection as endpoints) only store handles to the points in the container. This is achieved
by the SegmentDelaunaygraph storagesite 2<Gt> class which is a model of the corresponding concept:
SegmentDelaunayGraphStorageSite2. This concept enforces a site to be represented by up to 6 handles (which
are very lightweight objects) instead of 6 points, which are, compared to handles of course, very heavy objects.

Optimizing Memory Allocation. There are applications where we know beforehand that the input consists
of only weakly intersecting sites. In these cases the site representation described above poses a significant
overhead in the memory requirements of our implementation: instead of representing sites with up to two points
(or ultimately with to two handles), we require sites to store six points (respectively, six handles). To avoid this
overhead we have introduced two series of traits classes:

• One that supports the full-fledged sites, and is suitable when the input consists of strongly intersecting
sites. This series consists of theSegmentDelaunaygraph traits 2<K,MTag> andSegmentDelaunay
graph filtered traits 2<CK,CM,EK,EM,FK,FM> classes.

• One that is customized for input that contain only weakly intersecting sites. This series consists of
the SegmentDelaunaygraph traits without intersections2<K,MTag> and SegmentDelaunaygraph
filtered traits without intersections2<CK,CM,EK,EM,FK,FM> classes.

The advantages of having different traits classes are as follows:

• When the user chooses to use one of the traits classes in the second series we only store two handles per
site. This implies a reduction by a factor of three in the memory allocated per site with respect to the first
series of traits classes.

• In the case of the first series of traits classes, we can better exploit the knowledge that have strongly
intersecting sites, in order to further apply geometric filters (see below) during the evaluation of the
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predicates. On the contrary, if the second series of traits classes is used, we can avoid geometric filtering
tests that have meaning only in the case of strongly intersecting sites.

26.3 The Geometric Traits

The predicates required for the computation of the segment Voronoi diagram are rather complicated. It is not
the purpose of this document to discuss them in detail. The interested reader may refer to Burnikel’s thesis
[Bur96], where it is shown that in the case of weakly intersecting sites represented in homogeneous coordinates
of bit sizeb, the maximum bit size of the algebraic expressions involved in the predicates is 40b+O(1). Given
our site representation given above we can guarantee that even in the case of strongly intersecting sites, the
algebraic degree of the predicates remainsO(b), independently of the size of the input. What we want to focus
in the remainder of this section are the different kinds of filtering techniques that we have employed in our
implementation.

Geometric Filtering. Our representation of sites is coupled very naturally, with what we callgeometric fil-
tering. The technique amounts to performing simple geometric tests exploiting the representation of our data,
as well as the geometric structure inherent in our problem, in order to evaluate predicates in seemingly de-
generate configurations. Geometric filtering can be seen as a preprocessing step before performing arithmetic
filtering. Roughly speaking, by arithmetic filtering we mean that we first try to evaluate the predicates using
a fixed-precision floating-point number type (such asdouble), and at the same time keep error bounds on the
numerical errors of the computations we perform. If the numerical errors are too big and do not permit us to
evaluate the predicate, we switch to an exact number type, and repeat the evaluation of the predicate. Geometric
filtering can help by eliminating situations in which the arithmetic filter will fail, thus decreasing the number of
times we need to evaluate a predicate using exact arithmetic.

To illustrate the application and effectiveness of this approach, let us consider a very simple example usage.
Suppose we want to determine if two non-input points are identical (we assume here that the input sites are
represented bydoubles). In order to do that we need to compute their coordinates and compare them. If the
two points are identical, the answer to our question usingdoublearithmetic may be wrong (due to numerical
errors), in which case we will have to reside to the more expensive exact computation. Instead, before testing
the coordinates for equality, we can use the representation of the points to potentially answer the question. More
specifically, and this is the geometric filtering part of the computation, we can first test if the defining segments
of the two points are the same. If they are not, then we proceed to comparing their coordinates as usual. Testing
the defining segments for equality does not involve any arithmetic operations on the input, but rather only
comparisons ondoubles. By performing this very simple test we avoid a numerically difficult computation,
which could be performed thousands of times during the computation of a Delaunay graph.

Geometric filtering has been implemented in all our models of theSegmentDelaunayGraphTraits2 concept.
These models are the classes:SegmentDelaunaygraph traits 2<K,MTag>, SegmentDelaunaygraph traits
without intersections2<K,MTag>, SegmentDelaunaygraph filtered traits 2<CK,CM,EK,EM,FK,FM> and
SegmentDelaunaygraph filtered traits without intersections2<CK,CM,EK,EM,FK,FM>.

Arithmetic Filtering. As mentioned above, performing computations with exact arithmetic can be very costly.
For this reason we have devoted considerable effort in implementing different kinds of arithmetic filtering
mechanisms. Presently, there two ways of performing arithmetic filtering for the predicates involved in the
computation of segment Delaunay graphs:

1. The user can define his/her kernel using as number type, a number type of the formCGAL::Filtered
exact<CT,ET>. Then this kernel can be entered as the first template parameter in theSegmentDelaunay
graph 2<K,MTag> or SegmentDelaunaygraph with intersections2<K,MTag> class.
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2. The user can define up to three different kernelsCK, FK and EK (default values are provided for
most parameters). The first kernelCK is used only for constructions. The second kernelFK is the
filtering kernel: the traits class will attempt to compute the predicates using this kernel. If the fil-
tering kernel fails to successfully compute a predicate, the exact kernelEK will be used. These
three kernels are then used in theSegmentDelaunaygraph filtered traits 2<CK,CM,EK,EM,FK,FM>
andSegmentDelaunaygraph filtered traits without intersections2<CK,CM,EK,EM,FK,FM> classes,
which have been implemented using theFiltered predicate<EP,FP> mechanism.

Our experience so far has shown that for all reasonable and valid values of the template parameters, the second
method for arithmetic filtering is more efficient among the two.

Let’s consider once more the classesSegmentDelaunaygraph 2<K,MTag> and SegmentDelaunaygraph
with intersections2<K,MTag>. The template parameterMTag provides another degree of freedom to the
user, who can indicate the type of arithmetic operations to be used in the evaluation of the predicates. More
specifically, in both classes,MTag can beCGAL::Sqrt field tag, in which case the predicates will be eval-
uated using all four basic arithmetic operations plus square roots; this requires, of course, that the number
type used in the kernelK supports these operations exactly. The second choices areCGAL::Field tag for
theSegmentDelaunaygraph 2<K,MTag> class, andCGAL::Ring tag for theSegmentDelaunaygraph with
intersections2<K,MTag> class. In the first case we indicate that we want the predicates to be computed using
only the four basic arithmetic operations, whereas in the second case we evaluate the predicates using only
ring operations. Again, for the predicates to be evaluated correctly, the number type used in the kernelK must
support the corresponding operations exactly.

The semantics for the template parametersCM, FM and EM in the SegmentDelaunaygraph
filtered traits 2<CK,CM,EK,EM,FK,FM> andSegmentDelaunaygraph filtered traits without intersections
2<CK,CM,EK,EM,FK,FM> classes are analogous. With each of these template parameters we can control
the type of arithmetic operations that are going to be used in calculations involving each of the correspond-
ing kernelsCK, FK andEK. When theSegmentDelaunaygraph filtered traits 2<CK,CM,EK,EM,FK,FM> is
used the possible values forCM, FM andEM areCGAL::Sqrt field tag andCGAL::Field tag, whereas if the
SegmentDelaunaygraph filtered traits without intersections2<CK,CM,EK,EM,FK,FM> class is used, the
possible values areCGAL::Sqrt field tagandCGAL::Ring tag. The semantics are the same as in the case of the
SegmentDelaunaygraph 2<K,MTag> andSegmentDelaunaygraph with intersections2<K,MTag> classes.

26.4 The Segment Delaunay Graph Hierarchy

The SegmentDelaunaygraph hierarchy 2<SegmentDelaunayGraphTraits2, SSTag,
SegmentDelaunayGraphDataStructure2> class is the analogue of theTriangulation hierarchy 2 or the
Apolloniusgraph hierarchy 2 classes, applied to the segment Delaunay graph. It consists of a hierarchy of
segment Delaunay graphs constructed in a manner analogous to the Delaunay hierarchy by Devillers [Dev02].
Unlike the triangulation hierarchy or the Apollonius graph hierarchy, the situation here is more complicated
because of two factors: firstly, segments are treated as three objects instead of one (the two endpoints and the
interior of the segments), and secondly, the presence of strongly intersecting sites complicates significantly the
way the hierarchy is constructed. The interested reader may refer to the paper by Karavelas [Kar04] for the
details of the construction of the hierarchy. Another alternative is to have a hybrid hierarchy that consists of the
segment Delaunay graph at the bottom-most level and point Voronoi diagrams at all other levels. This choice
seems to work very well in practice , primarily because it avoids the overhead of maintaining a Delaunay graph
for segments at the upper levels of the hierarchy. However, it seems much less likely to be possible to give
any theoretical guarantees for its performance, in contrast to the hierarchy with segment Delaunay graphs at
all levels (cf. [Kar04]). The user can choose between the two types of hierarchies by means of the template
parameterSSTag. If SSTagis set tofalse (which is also the default value), the upper levels of the hierarchy
consist of point Delaunay graphs. IfSSTagis set totrue, we have segment Delaunay graphs at all levels of the
hierarchy.
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The class SegmentDelaunaygraph hierarchy 2<SegmentDelaunayGraphTraits2, SSTag,
SegmentDelaunayGraphDataStructure2> has exactly the same interface and functionality as theSegment
Delaunaygraph 2<SegmentDelaunayGraphTraits2,SegmentDelaunayGraphDataStructure2> class. Using
the segment Delaunay graph hierarchy involves an additional cost in space and time for maintaining the
hierarchy. Our experiments have shown that it usually pays off to use the hierarchy for inputs consisting of
more than about 1,000 sites.

26.5 Examples

26.5.1 First Example

The following example shows to use the segment Delaunay graph traits in conjunction with theFiltered exact<
CT,ET> mechanism. In addition it shows how to use a few of the iterators provided by theSegmentDelaunay
graph 2 class in order to count a few site-related quantities.

// file: sdg-count-sites.C
#include <CGAL/basic.h>

// standard includes
#include <iostream>
#include <fstream>
#include <cassert>

// define the exact number type
# include <CGAL/Quotient.h>
# include <CGAL/MP_Float.h>
typedef CGAL::Quotient<CGAL::MP_Float> ENT;

// define the kernels
#include <CGAL/Simple_cartesian.h>

typedef CGAL::Simple_cartesian<double> CK;
typedef CGAL::Simple_cartesian<ENT> EK;

// typedefs for the traits and the algorithm
#include <CGAL/Segment_Delaunay_graph_filtered_traits_2.h>
#include <CGAL/Segment_Delaunay_graph_2.h>

typedef CGAL::Segment_Delaunay_graph_filtered_traits_2<CK,
/* The construction kernel allows for / and sqrt */ CGAL::Sqrt_field_tag,

EK,
/* The exact kernel supports field ops exactly */ CGAL::Field_tag> Gt;

typedef CGAL::Segment_Delaunay_graph_2<Gt> SDG2;

using namespace std;

int main() {
ifstream ifs("data/sitesx.cin");
assert( ifs );
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SDG2 sdg;
SDG2::Site_2 site;

while ( ifs >> site ) { sdg.insert( site ); }

ifs.close();

assert( sdg.is_valid(true, 1) );
cout << endl << endl;

// print the number of input and output sites
cout << "# of input sites : " << sdg.number_of_input_sites() << endl;
cout << "# of output sites: " << sdg.number_of_output_sites() << endl;

unsigned int n_ipt(0), n_iseg(0), n_opt(0), n_oseg(0), n_ptx(0);

// count the number of input points and input segments
SDG2::Input_sites_iterator iit;
for (iit = sdg.input_sites_begin(); iit != sdg.input_sites_end(); ++iit)

{
if ( iit->is_point() ) { n_ipt++; } else { n_iseg++; }

}

// count the number of output points and output segments, as well
// as the number of points that are points of intersection of pairs
// of strongly intersecting sites
SDG2::Output_sites_iterator oit;
for (oit = sdg.output_sites_begin(); oit != sdg.output_sites_end(); ++oit)

{
if ( oit->is_segment() ) { n_oseg++; } else {

n_opt++;
if ( !oit->is_input() ) { n_ptx++; }

}
}

cout << endl << "# of input segments: " << n_iseg << endl;
cout << "# of input points: " << n_ipt << endl << endl;
cout << "# of output segments: " << n_oseg << endl;
cout << "# of output points: " << n_opt << endl << endl;
cout << "# of intersection points: " << n_ptx << endl;

return 0;
}

26.5.2 Second Example

The following example shows how to use the segment Delaunay graph hierarchy along with the filtered traits
class that supports intersecting sites.

// file: sdg-filtered-traits.C
#include <CGAL/basic.h>
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// standard includes
#include <iostream>
#include <fstream>
#include <cassert>

// example that uses the filtered traits and
// the segment Delaunay graph hierarchy

// choose the kernel
#include <CGAL/Simple_cartesian.h>

struct Rep : public CGAL::Simple_cartesian<double> {};

// typedefs for the traits and the algorithm
#include <CGAL/Segment_Delaunay_graph_hierarchy_2.h>
#include <CGAL/Segment_Delaunay_graph_filtered_traits_2.h>

struct Gt
: public CGAL::Segment_Delaunay_graph_filtered_traits_2<Rep> {};

typedef CGAL::Segment_Delaunay_graph_hierarchy_2<Gt> SDG2;

int main()
{

std::ifstream ifs("data/sites.cin");
assert( ifs );

SDG2 sdg;
SDG2::Site_2 site;

// read the sites and insert them in the segment Delaunay graph
while ( ifs >> site ) {

sdg.insert(site);
}

// validate the segment Delaunay graph
assert( sdg.is_valid(true, 1) );

return 0;
}

26.5.3 Third Example

The following example demonstrates how to recover the defining sites for the edges of the Voronoi diagram
(which are the duals of the edges of the segment Delaunay graph computed).

// file: sdg-voronoi-vertices.C
#include <CGAL/basic.h>
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// standard includes
#include <iostream>
#include <fstream>
#include <cassert>
#include <string>

// define the kernel
#include <CGAL/Simple_cartesian.h>
#include <CGAL/Filtered_kernel.h>

typedef CGAL::Simple_cartesian<double> CK;
typedef CGAL::Filtered_kernel<CK> Kernel;

// typedefs for the traits and the algorithm
#include <CGAL/Segment_Delaunay_graph_traits_2.h>
#include <CGAL/Segment_Delaunay_graph_2.h>

typedef CGAL::Segment_Delaunay_graph_traits_2<Kernel> Gt;
typedef CGAL::Segment_Delaunay_graph_2<Gt> SDG2;

using namespace std;

int main()
{

ifstream ifs("data/sites2.cin");
assert( ifs );

SDG2 sdg;
SDG2::Site_2 site;

// read the sites from the stream and insert them in the diagram
while ( ifs >> site ) { sdg.insert( site ); }

ifs.close();

// validate the diagram
assert( sdg.is_valid(true, 1) );
cout << endl << endl;

/*
// now walk through the non-infinite edges of the segment Delaunay
// graphs (which are dual to the edges in the Voronoi diagram) and
// print the sites defining each Voronoi edge.
//
// Each oriented Voronoi edge (horizontal segment in the figure
// below) is defined by four sites A, B, C and D.
//
// \ /
// \ B /
// \ /
// C ----------------- D
// / \
// / A \
// / \
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//
// The sites A and B define the (oriented) bisector on which the
// edge lies whereas the sites C and D, along with A and B define
// the two endpoints of the edge. These endpoints are the Voronoi
// vertices of the triples A, B, C and B, A, D.
// If one of these vertices is the vertex at infinity the string
// "infinite vertex" is printed; the corresponding Voronoi edge is
// actually a stright-line or parabolic ray.
// The sites below are printed in the order A, B, C, D.
*/

string inf_vertex("infinite vertex");
char vid[] = {’A’, ’B’, ’C’, ’D’};

SDG2::Finite_edges_iterator eit = sdg.finite_edges_begin();
for (int k = 1; eit != sdg.finite_edges_end(); ++eit, ++k) {

SDG2::Edge e = *eit;
// get the vertices defining the Voronoi edge
SDG2::Vertex_handle v[] = { e.first->vertex( sdg.ccw(e.second) ),

e.first->vertex( sdg.cw(e.second) ),
e.first->vertex( e.second ),
sdg.tds().mirror_vertex(e.first, e.second) };

cout << "--- Edge " << k << " ---" << endl;
for (int i = 0; i < 4; i++) {
// check if the vertex is the vertex at infinity; if yes, print
// the corresponding string, otherwise print the site
if ( sdg.is_infinite(v[i]) ) {

cout << vid[i] << ": " << inf_vertex << endl;
} else {

cout << vid[i] << ": " << v[i]->site() << endl;
}

}
cout << endl;

}

return 0;
}
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2D Segment Delaunay Graphs
Reference Manual
Menelaos Karavelas

CGAL provides the classCGAL::SegmentDelaunaygraph 2<Gt,DS> for computing the 2D Delaunay graph
of segments and points. The two template parameters must be models of theSegmentDelaunayGraphTraits
2 and SegmentDelaunayGraphDataStructure2 concepts. The first concept is related to the geo-
metric objects and predicates associated with segment Delaunay graphs, whereas the second concept
refers to the data structure used to represent the segment Delaunay graph, which is dual to the
2D Voronoi diagram of segments and points. The classesSegmentDelaunaygraph traits 2<K,MTag>,
SegmentDelaunaygraph traits without intersections2<K,MTag> SegmentDelaunaygraph filtered traits
2<K,MTag> SegmentDelaunaygraph filtered traits without intersections2<K,MTag> are models of the
SegmentDelaunayGraphTraits2 concept, whereas the classTriangulation data structure2<Vb,Fb> is a model
of theSegmentDelaunayGraphDataStructure2 concept.

26.6 Classified Reference Pages

Concepts

SegmentDelaunayGraphSite2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1669
SegmentDelaunayGraphStorageSite2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1673
SegmentDelaunayGraphDataStructure2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1678
SegmentDelaunayGraphVertexBase2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1680
SegmentDelaunayGraphTraits2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1683
SegmentDelaunayGraphHierarchyVertexBase2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1696

Classes

CGAL::SegmentDelaunaygraph 2<Gt,DS> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1661
CGAL::SegmentDelaunaygraph site 2<K> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1672
CGAL::SegmentDelaunaygraph storagesite 2<Gt> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1677
CGAL::SegmentDelaunaygraph vertexbase2<Gt,SSTag> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1682
CGAL::SegmentDelaunaygraph traits 2<K,MTag> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1688
CGAL::SegmentDelaunaygraph traits without intersections2<K,MTag> . . . . . . . . . . . . . . . . . . . . . . page1689
CGAL::SegmentDelaunaygraph filtered traits 2<CK,CM,EK,EM,FK,FM> . . . . . . . . . . . . . . . . . . . . page1690
CGAL::SegmentDelaunaygraph filtered traits without intersections2<CK,CM,EK,EM,FK,FM> page1692
CGAL::SegmentDelaunaygraph hierarchy 2<Gt,STag,DS> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1694
CGAL::SegmentDelaunaygraph hierarchy vertexbase2<Vbb> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1697

1659



26.7 Alphabetical List of Reference Pages

SegmentDelaunayGraphDataStructure2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1678
SegmentDelaunayGraphHierarchyVertexBase2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1696
SegmentDelaunayGraphSite2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1669
SegmentDelaunayGraphStorageSite2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1673
SegmentDelaunayGraphTraits2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1683
SegmentDelaunayGraphVertexBase2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1680
SegmentDelaunaygraph 2<Gt,DS> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1661
SegmentDelaunaygraph filtered traits 2<CK,CM,EK,EM,FK,FM> . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1690
SegmentDelaunaygraph filtered traits without intersections2<CK,CM,EK,EM,FK,FM> . . . . . . . page1692
SegmentDelaunaygraph hierarchy 2<Gt,STag,DS> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1694
SegmentDelaunaygraph hierarchy vertexbase2<Vbb> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1697
SegmentDelaunaygraph site 2<K> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1672
SegmentDelaunaygraph storagesite 2<Gt> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page1677
SegmentDelaunaygraph traits 2<K,MTag> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page1688
SegmentDelaunaygraph traits without intersections2<K,MTag> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1689
SegmentDelaunaygraph vertexbase2<Gt,SSTag> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page1682

1660



C
la

ss

CGAL::Segment Delaunay graph 2<Gt,DS>

Definition

The classSegmentDelaunaygraph 2<Gt,DS> represents the segment Delaunay graph (which is the dual graph
of the 2D segment Voronoi diagram). Currently it supports only insertions of sites. It is templated by two tem-
plate argumentsGt, which must be a model ofSegmentDelaunayGraphTraits2 andDS, which must be a model
of SegmentDelaunayGraphDataStructure2. The second template argument defaults toCGAL::Triangulation
data structure2< CGAL::SegmentDelaunaygraph vertexbase2<Gt>, CGAL::Triangulationface base2<
Gt> >.

#include<CGAL/SegmentDelaunaygraph 2.h>

Is Model for the Concepts

DelaunayGraph2

Types

typedef Gt Geomtraits; A type for the geometric traits.
typedef DS Datastructure; A type for the underlying data structure.
typedef Datastructure Triangulationdata structure;

This type has been added so that the
SegmentDelaunaygraph 2<Gt,DS> class
is a model of theDelaunayGraph2 con-
cept.

typedef typename DS::sizetype sizetype; Size type (an unsigned integral type)
typedef typename Gt::Point2 Point 2; A type for the point defined in the geomet-

ric traits.

typedef typename Gt::Site2 Site2; A type for the segment Delaunay graph
site, defined in the geometric traits.

SegmentDelaunaygraph 2<Gt,DS>:: Point container; A type for the container of points.
typedef typename Pointcontainer::iterator Pointhandle; A handle for points in the point container.

The vertices and faces of the segment Delaunay graph are accessed throughhandles, iteratorsandcirculators.
The iterators and circulators are all bidirectional and non-mutable. The circulators and iterators are assignable
to the corresponding handle types, and they are also convertible to the corresponding handles. The edges of the
segment Delaunay graph can also be visited through iterators and circulators, the edge circulators and iterators
are also bidirectional and non-mutable. In the following, we callinfiniteany face or edge incident to the infinite
vertex and the infinite vertex itself. Any other feature (face, edge or vertex) of the segment Delaunay graph is
said to befinite. Some iterators (theAll iterators ) allow to visit finite or infinite features while the others (the
Finite iterators) visit only finite features. Circulators visit both infinite and finite features.

typedef typename DS::Edge Edge; The edge type. TheEdge(f,i) is the edge
common to facesf and f.neighbor(i). It
is also the edge joining the verticesver-
tex(cw(i))andvertex(ccw(i))of f .
Precondition: i must be0, 1 or 2.
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typedef typename DS::Vertex Vertex; A type for a vertex.
typedef typename DS::Face Face; A type for a face.
typedef typename DS::Vertexhandle Vertexhandle; A type for a handle to a vertex.
typedef typename DS::Facehandle Facehandle; A type for a handle to a face.
typedef typename DS::Vertexcirculator Vertexcirculator; A type for a circulator over vertices inci-

dent to a given vertex.

typedef typename DS::Facecirculator Facecirculator; A type for a circulator over faces incident
to a given vertex.

typedef typename DS::Edgecirculator Edgecirculator; A type for a circulator over edges incident
to a given vertex.

typedef typename DS::Vertexiterator All verticesiterator; A type for an iterator over all vertices.
typedef typename DS::Faceiterator All facesiterator; A type for an iterator over all faces.
typedef typename DS::Edgeiterator All edgesiterator; A type for an iterator over all edges.
SegmentDelaunaygraph 2<Gt,DS>:: Finite verticesiterator; A type for an iterator over finite vertices.
SegmentDelaunaygraph 2<Gt,DS>:: Finite facesiterator; A type for an iterator over finite faces.
SegmentDelaunaygraph 2<Gt,DS>:: Finite edgesiterator; A type for an iterator over finite edges.

In addition to iterators and circulators for vertices and faces, iterators for sites are provided. In particular there
are iterators for the set of input sites and the set of output sites. The set of input sites is the set of sites inserted
by the user using theinsertmethods of this class. If a site is inserted multiple times, every instance of this site
will be reported. The set of output sites is the set of sites in the segment Delaunay graph. The value type of
these iterators isSite 2.

SegmentDelaunaygraph 2<Gt,DS>:: Input sites iterator A type for a bidirectional iterator over all in-
put sites.

SegmentDelaunaygraph 2<Gt,DS>:: Output sites iterator A type for a bidirectional iterator over all out-
put sites (the sites in the Delaunay graph).

Creation

In addition to the default and copy constructors the following constructors are defined:

SegmentDelaunaygraph 2<Gt,DS> sdg( Gt gt=Gt()); Creates the segment Delaunay graph usinggt as
geometric traits.

template< class Inputiterator >
SegmentDelaunaygraph 2<Gt,DS> sdg( Inputiterator first, Input iterator beyond, Gt gt=Gt());

Creates the segment Delaunay graph usinggt as
geometric traits and inserts all sites in the range
[first, beyond).
Precondition: Input iterator must be a model of
InputIterator. The value type ofInput iterator
must be eitherPoint 2 or Site 2.

Access Functions

Geomtraits sdg.geomtraits() Returns a reference to the segment Delaunay graph traits
object.
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int sdg.dimension() Returns the dimension of the segment Delaunay graph.
The dimension is−1 if the graph contains no sites, 0 if
the graph contains one site, 1 if it contains two sites and
2 if it contains three or more sites.

size type sdg.numberof vertices() Returns the number of finite vertices of the segment De-
launay graph.

size type sdg.numberof faces() Returns the number of faces (both finite and infinite) of
the segment Delaunay graph.

size type sdg.numberof input sites() Return the number of input sites.
size type sdg.numberof output sites() Return the number of output sites. This is equal to the

number of vertices in the segment Delaunay graph.

Face handle sdg.infiniteface() Returns a face incident to theinfinite vertex.
Vertexhandle sdg.infinitevertex() Returns theinfinite vertex.
Vertexhandle sdg.finitevertex() Returns a vertex distinct from theinfinite vertex.

Precondition: The number of sites in the segment Delau-
nay graph must be at least one.

Data structure sdg.datastructure() Returns a reference to the segment Delaunay graph data
structure object.

Data structure sdg.tds() Same asdata structure(). It has been added for compli-
ance to theDelaunayGraph2 concept.

Point container sdg.pointcontainer() Returns a reference to the point container object.

Traversal of the segment Delaunay graph

A segment Delaunay graph can be seen as a container of faces and vertices. Therefore theSegmentDelaunay
graph 2<Gt,DS> class provides several iterators and circulators that allow to traverse it (completely or partially).

Face, Edge and Vertex Iterators

The following iterators allow respectively to visit finite faces, finite edges and finite vertices of the segment
Delaunay graph. These iterators are non-mutable, bidirectional and their value types are respectivelyFace,
EdgeandVertex. They are all invalidated by any change in the segment Delaunay graph.

Finite verticesiterator sdg.finiteverticesbegin() Starts at an arbitrary finite vertex.
Finite verticesiterator sdg.finiteverticesend() Past-the-end iterator.

Finite edgesiterator sdg.finiteedgesbegin() Starts at an arbitrary finite edge.
Finite edgesiterator sdg.finiteedgesend() Past-the-end iterator.

Finite facesiterator sdg.finitefacesbegin() Starts at an arbitrary finite face.
Finite facesiterator sdg.finitefacesend() Past-the-end iterator.

The following iterators allow respectively to visit all (both finite and infinite) faces, edges and vertices of the
segment Delaunay graph. These iterators are non-mutable, bidirectional and their value types are respectively
Face, EdgeandVertex. They are all invalidated by any change in the segment Delaunay graph.

All verticesiterator sdg.all verticesbegin() Starts at an arbitrary vertex.
All verticesiterator sdg.all verticesend() Past-the-end iterator.

All edgesiterator sdg.all edgesbegin() Starts at an arbitrary edge.
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All edgesiterator sdg.all edgesend() Past-the-end iterator.

All facesiterator sdg.all facesbegin() Starts at an arbitrary face.
All facesiterator sdg.all facesend() Past-the-end iterator.

Site iterators

The following iterators allow respectively to visit all sites. These iterators are non-mutable, bidirectional and
their value type isSite 2. They are all invalidated by any change in the segment Delaunay graph.

Input sites iterator sdg.inputsitesbegin() Starts at an arbitrary input site.
Input sites iterator sdg.inputsitesend() Past-the-end iterator.
Output sites iterator sdg.outputsitesbegin() Starts at an arbitrary output site.
Output sites iterator sdg.outputsitesend() Past-the-end iterator.

Face, Edge and Vertex Circulators

TheSegmentDelaunaygraph 2<Gt,DS> class also provides circulators that allow to visit respectively all faces
or edges incident to a given vertex or all vertices adjacent to a given vertex. These circulators are non-mutable
and bidirectional. The operatoroperator++ moves the circulator counterclockwise around the vertex while the
operator--moves clockwise. A face circulator is invalidated by any modification of the face pointed to. An
edge circulator is invalidated by any modification in one of the two faces incident to the edge pointed to. A
vertex circulator is invalidated by any modification in any of the faces adjacent to the vertex pointed to.

Face circulator sdg.incidentfaces( Vertexhandle v)

Starts at an arbitrary face incident tov.

Face circulator sdg.incidentfaces( Vertexhandle v, Facehandle f)

Starts at facef .
Precondition: Facef is incident to vertexv.

Edgecirculator sdg.incidentedges( Vertexhandle v)

Starts at an arbitrary edge incident tov.

Edgecirculator sdg.incidentedges( Vertexhandle v, Facehandle f)

Starts at the first edge off incident tov, in counterclockwise
order aroundv.
Precondition: Facef is incident to vertexv.

Vertexcirculator sdg.incidentvertices( Vertexhandle v)

Starts at an arbitrary vertex incident tov.

Vertexcirculator sdg.incidentvertices( Vertexhandle v, Facehandle f)

Starts at the first vertex off adjacent tov in counterclockwise
order aroundv.
Precondition: Facef is incident to vertexv.
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Traversal of the Convex Hull

Applied on theinfinite vertexthe above methods allow to visit the vertices on the convex hull and the infi-
nite edges and faces. Note that a counterclockwise traversal of the vertices adjacent to theinfinite vertexis a
clockwise traversal of the convex hull.

Vertexcirculator sdg.incidentvertices( sdg.infinitevertex())
Vertexcirculator sdg.incidentvertices( sdg.infinitevertex(), Facehandle f)
Face circulator sdg.incidentfaces( sdg.infinitevertex())
Face circulator sdg.incidentfaces( sdg.infinitevertex(), Facehandle f)
Edgecirculator sdg.incidentedges( sdg.infinitevertex())
Edgecirculator sdg.incidentedges( sdg.infinitevertex(), Facehandle f)

Predicates

The classSegmentDelaunaygraph 2<Gt,DS> provides methods to test the finite or infinite character of any
feature.

bool sdg.isinfinite( Vertexhandle v) true, iff v is theinfinite vertex.
bool sdg.isinfinite( Facehandle f) true, iff face f is infinite.
bool sdg.isinfinite( Facehandle f, int i) true, iff edge(f,i) is infinite.
bool sdg.isinfinite( Edge e) true, iff edgee is infinite.
bool sdg.isinfinite( Edgecirculator ec) true, iff edge*ec is infinite.

Insertion

template< class Inputiterator >
size type sdg.insert( Inputiterator first, Input iterator beyond)

Inserts the sites in the range [first,beyond). The number of ad-
ditional sites inserted in the Delaunay graph is returned.Input
iterator must be a model ofInputIteratorand its value type must be
eitherPoint 2 or Site 2.

template< class Inputiterator >
size type sdg.insert( Inputiterator first, Input iterator beyond, Tagfalse)

Same as the previous method.Input iterator must be a model of
InputIteratorand its value type must be eitherPoint 2 or Site 2.

template< class Inputiterator >
size type sdg.insert( Inputiterator first, Input iterator beyond, Tagtrue)

Inserts the sites in the range [first,beyond) after performing a ran-
dom shuffle on them. The number of additional sites inserted in
the Delaunay graph is returned.Input iterator must be a model of
InputIteratorand its value type must be eitherPoint 2 or Site 2.

Vertexhandle sdg.insert( Point2 p) Inserts the pointp in the segment Delaunay graph. Ifp has already
been inserted, then the vertex handle of its already inserted copy is
returned. Ifp has not been inserted yet, the vertex handle ofp is
returned.
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Vertexhandle sdg.insert( Point2 p, Vertexhandle vnear)

Insertsp in the segment Delaunay graph using the site associated
with vnearas an estimate for the nearest neighbor ofp. The ver-
tex handle returned has the same semantics as the vertex handle
returned by the methodVertexhandle insert(Point2 p).

Vertexhandle sdg.insert( Point2 p1, Point2 p2)

Inserts the closed segment with endpointsp1andp2 in the segment
Delaunay graph. If the segment has already been inserted in the De-
launay graph then the vertex handle of its already inserted copy is
returned. If the segment does not intersect any segment in the exist-
ing diagram, the vertex handle corresponding to its corresponding
open segment is returned. Finally, if the segment intersects other
segments in the existing Delaunay graph, the vertex handle to one
of its open subsegments is returned.

Vertexhandle sdg.insert( Point2 p1, Point2 p2, Vertexhandle vnear)

Inserts the segment whose endpoints arep1 andp2 in the segment
Delaunay graph using the site associated withvnearas an estimate
for the nearest neighbor ofp1. The vertex handle returned has the
same semantics as the vertex handle returned by the methodVertex
handle insert(Point2 p1, Point2 p2).

Vertexhandle sdg.insert( Site2 s) Inserts the sites in the segment Delaunay graph. The vertex han-
dle returned has the same semantics as the vertex handle returned
by the methodsVertexhandle insert(Point2 p) andVertexhandle
insert(Point2 p1, Point2 p2), depending on whethers represents
a point or a segment respectively.
Precondition: s.is input()must betrue.

Vertexhandle sdg.insert( Site2 s, Vertexhandle vnear)

Insertss in the segment Delaunay graph using the site associated
with vnear as an estimate for the nearest neighbor ofs, if s is a
point, or the first endpoint ofs, if s is a segment. The vertex handle
returned has the same semantics as the vertex handle returned by
the methodVertexhandle insert(Site2 s).
Precondition: s.is input()must betrue.

Nearest neighbor location

Vertexhandle sdg.nearestneighbor( Point2 p) Finds the nearest neighbor of the pointp. In other words
it finds the site whose segment Voronoi diagram cell
containsp. Ties are broken arbitrarily and one of the
nearest neighbors ofp is returned. If there are no sites
in the segment Delaunay graphVertexhandle()is re-
turned.

Vertexhandle sdg.nearestneighbor( Point2 p, Vertexhandle vnear)

Finds the nearest neighbor of the pointp using the site
associated withvnear as an estimate for the nearest
neighbor ofp. Ties are broken arbitrarily and one of
the nearest neighbors ofp is returned. If there are no
sites in the segment Delaunay graphVertexhandle()is
returned.
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I/O

template< class Stream>
Stream& sdg.drawdual( Stream& str) Draws the segment Voronoi diagram to the streamstr. The follow-

ing operators must be defined:
Stream& operator<<(Stream&, Gt::Segment2)
Stream& operator<<(Stream&, Gt::Ray 2)
Stream& operator<<(Stream&, Gt::Line 2)template< class Stream>

Stream& sdg.drawskeleton( Stream& str)

Draws the segment Voronoi diagram to the streamstr, except the
edges of the diagram corresponding to a segment and its endpoints.
The following operators must be defined:
Stream& operator<<(Stream&, Gt::Segment2)
Stream& operator<<(Stream&, Gt::Ray 2)
Stream& operator<<(Stream&, Gt::Line 2)

template< class Stream>
Stream& sdg.drawdual edge( Edge e, Stream& str)

Draws the edgee of the segment Voronoi diagram to the stream
str. The following operators must be defined:
Stream& operator<<(Stream&, Gt::Segment2)
Stream& operator<<(Stream&, Gt::Ray 2)
Stream& operator<<(Stream&, Gt::Line 2)
Precondition: emust be a finite edge.

template< class Stream>
Stream& sdg.drawdual edge( Edgecirculator ec, Stream& str)

Draws the edge*ec of the segment Voronoi diagram to the stream
str. The following operators must be defined:
Stream& operator<<(Stream&, Gt::Segment2)
Stream& operator<<(Stream&, Gt::Ray 2)
Stream& operator<<(Stream&, Gt::Line 2)
Precondition: *ec must be a finite edge.

template< class Stream>
Stream& sdg.drawdual edge( Alledgesiterator eit, Stream& str)

Draws the edge*eit of the segment Voronoi diagram to the stream
str. The following operators must be defined:
Stream& operator<<(Stream&, Gt::Segment2)
Stream& operator<<(Stream&, Gt::Ray 2)
Stream& operator<<(Stream&, Gt::Line 2)
Precondition: *eit must be a finite edge.

template< class Stream>
Stream& sdg.drawdual edge( Finiteedgesiterator eit, Stream& str)

Draws the edge*eit of the segment Voronoi diagram to the stream
str. The following operators must be defined:
Stream& operator<<(Stream&, Gt::Segment2)
Stream& operator<<(Stream&, Gt::Ray 2)
Stream& operator<<(Stream&, Gt::Line 2)
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void sdg.fileoutput( std::ostream& os) Writes the current state of the segment Delaunay graph
to an output stream. In particular, all sites in the di-
agram are written to the stream (represented through
appropriate input sites), as well as the underlying com-
binatorial data structure.

void sdg.fileinput( std::istream& is) Reads the state of the segment Delaunay graph from an
input stream.

std::ostream& std::ostream& os<< sdg Writes the current state of the segment Delaunay graph
to an output stream.

std::istream& std::istream& is >> sdg Reads the state of the segment Delaunay graph from an
input stream.

Validity check

bool sdg.isvalid( bool verbose = false, int level = 1)

Checks the validity of the segment Delaunay graph. If
verboseis true a short message is sent tostd::cerr. If
level is 0, only the data structure is validated. Iflevel is
1, then both the data structure and the segment Delau-
nay graph are validated. Negative values oflevelalways
return true, and values greater than 1 are equivalent to
levelbeing 1.

Miscellaneous

void sdg.clear() Clears all contents of the segment Delaunay graph.
void sdg.swap( other) The segment Delaunay graphsother and sdg are swapped.sdg.swap(other)

should be preferred tosdg= otheror tosdg(other)if other is deleted afterwards.

See Also

DelaunayGraph2
SegmentDelaunayGraphTraits2
SegmentDelaunayGraphDataStructure2
SegmentDelaunayGraphVertexBase2
TriangulationFaceBase2
CGAL::SegmentDelaunaygraph hierarchy 2<Gt,STag,DS>
CGAL::SegmentDelaunaygraph traits 2<K,MTag>
CGAL::SegmentDelaunaygraph traits without intersections2<K,MTag>
CGAL::SegmentDelaunaygraph filtered traits 2<CK,CM,EK,EM,FK,FM>
CGAL::SegmentDelaunaygraph filtered traits without intersections2<CK,CM,EK,EM,FK,FM>
CGAL::Triangulationdata structure2<Vb,Fb>
CGAL::SegmentDelaunaygraph vertexbase2<Gt,SSTag>
CGAL::Triangulation face base2<Gt>
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SegmentDelaunayGraphSite2

Definition

The conceptSegmentDelaunayGraphSite2 provides the requirements for the sites of a segment Delaunay
graph.

Refines

DefaultConstructible
CopyConstructible
Assignable

Types

SegmentDelaunayGraphSite2:: Point 2 The point type.
SegmentDelaunayGraphSite2:: Segment2 The segment type.
SegmentDelaunayGraphSite2:: FT The field number type.
SegmentDelaunayGraphSite2:: RT The ring number type.

Creation

In addition to the default and copy constructors the following static methods are available for constructing sites:

SegmentDelaunayGraphSite2 s.constructsite 2( Point 2 p)

Constructs a site from a point: the site rep-
resents the pointp.

SegmentDelaunayGraphSite2 s.constructsite 2( Point 2 p1, Point2 p2)

Constructs a site from two points: the site
represents the (open) segment(p1,p2).

SegmentDelaunayGraphSite2 s.constructsite 2( Point 2 p1, Point2 p2, Point2 q1, Point2 q2)

Constructs a site from four points: the site
represents the point of intersection of the
segments(p1,p2)and(q1,q2).

SegmentDelaunayGraphSite2 s.constructsite 2( Point 2 p1, Point2 p2, Point2 q1, Point2 q2, bool b)

Constructs a site from four points and a
boolean: the site represents a segment. If
b is true the endpoints arep1 andp×, oth-
erwisep× andp2. p× is the point of inter-
section of the segments(p1,p2),(q1,q2).

SegmentDelaunayGraphSite2 s.constructsite 2( Point 2 p1,
Point 2 p2,
Point 2 q1,
Point 2 q2,
Point 2 r1,
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Point 2 r2)

Constructs a site from six points: the site
represents the segment with endpoints the
points of intersection of the pairs of seg-
ments(p1,p2),(q1,q2)and(p1,p2),(r1,r2).

Predicates

bool s.isdefined() Returnstrue if the site represents a valid point or segment.
bool s.ispoint() Returnstrue if the site represents a point.
bool s.issegment() Returnstrue if the site represents a segment.
bool s.is input() Returnstrue if the site represents an input point or a segment defined by

two input points. Returnsfalse if it represents a point of intersection of
two segments, or if it represents a segment, at least one endpoint of which
is a point of intersection of two segments.

bool s.is input( unsigned int i) Returnstrue if the i-th endpoint of the site is an input point. Returnsfalse
if the i-th endpoint of the site is the intersection of two segments.
Precondition: i must be at most 1, ands.is segment()must betrue.

Access Functions

Point 2 s.point() Returns the point represented by the sites.
Precondition: s.is point()must betrue.

Segment2 s.segment() Returns the segment represented by the sites.
Precondition: s.is segment()must betrue.

Point 2 s.source() Returns the source endpoint of the segment. Note that this method can construct
an inexact point if the number type used is inexact.
Precondition: s.is segment()must betrue.

Point 2 s.target() Returns the target endpoint of the segment. Note that this method can construct
an inexact point if the number type used is inexact.
Precondition: s.is segment()must betrue.

SegmentDelaunayGraphSite2 s.supportingsite()

Returns a segment site object representing the segment that supports the
segment represented by the site. Both endpoints of the returned site are
input points.
Precondition: s.is segment()must betrue.

SegmentDelaunayGraphSite2 s.supportingsite( unsigned int i)

Returns a segment site object representing thei-th segment that supports
the point of intersection represented by the site. Both endpoints of the
returned site are input points.
Precondition: i must be at most 1,s.is point() must betrue and s.is
input()must befalse.

SegmentDelaunayGraphSite2 s.crossingsite( unsigned int i)

Returns a segment site object representing thei-th segment that supports
the i-th endpoint of the site which is not the supporting segment of the
site. Both endpoints of the returned site are input points.
Precondition: i must be at most 1,s.is segment()must betrue ands.is
input(i) must befalse.
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SegmentDelaunayGraphSite2 s.sourcesite()

Returns a point site object representing the source point of the site.
Precondition: s.is segment()must betrue.

SegmentDelaunayGraphSite2 s.targetsite()

Returns a point site object representing the target point of the site.
Precondition: s.is segment()must betrue.

Point 2 s.sourceof supportingsite()

Returns the source point of the supporting site of the this site.
Precondition: is segment()must betrue.

Point 2 s.targetof supportingsite()

Returns the target point of the supporting site of the this site.
Precondition: is segment()must betrue.

Point 2 s.sourceof supportingsite( unsigned int i)

Returns the source point of thei-th supporting site of the this site.
Precondition: is point() must betrue, is input() must befalseandi must
either be0 or 1.

Point 2 s.targetof supportingsite( unsigned int i)

Returns the target point of thei-th supporting site of the this site.
Precondition: is point() must betrue, is input() must befalseandi must
either be0 or 1.

Point 2 s.sourceof crossingsite( unsigned int i)

Returns the source point of thei-th crossing site of the this site.
Precondition: is segment()must betrue, is input(i) must befalseand i
must either be0 or 1.

Point 2 s.targetof crossingsite( unsigned int i)

Returns the target point of thei-th supporting site of the this site.
Precondition: is segment()must betrue, is input(i) must befalseand i
must either be0 or 1.

Has Models

CGAL::SegmentDelaunaygraph site 2<K>

See Also

SegmentDelaunayGraphTraits2
CGAL::SegmentDelaunaygraph site 2<K>
CGAL::SegmentDelaunaygraph traits 2<K,MTag>
CGAL::SegmentDelaunaygraph traits without intersections2<K,MTag>
CGAL::SegmentDelaunaygraph filtered traits 2<CK,CM,EK,EM,FK,FM>
CGAL::SegmentDelaunaygraph filtered traits without intersections2<CK,CM,EK,EM,FK,FM>
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CGAL::Segment Delaunay graph site 2<K>

Definition

The classSegmentDelaunaygraph site 2<K> is a model for the conceptSegmentDelaunayGraphSite2. It is
parametrized by a template parameterK which must be a model of theKernelconcept.

#include<CGAL/SegmentDelaunaygraph site 2.h>

Is Model for the Concepts

SegmentDelaunayGraphSite2

Types

The classSegmentDelaunaygraph site 2<K> introduces the following type in addition to the types in the
conceptSegmentDelaunayGraphSite2.

typedef K Kernel; A type for the template parameterK.

See Also

Kernel
SegmentDelaunayGraphSite2
CGAL::SegmentDelaunaygraph traits 2<K,MTag>
CGAL::SegmentDelaunaygraph traits without intersections2<K,MTag>
CGAL::SegmentDelaunaygraph filtered traits 2<CK,CM,EK,EM,FK,FM>
CGAL::SegmentDelaunaygraph filtered traits without intersections2<CK,CM,EK,EM,FK,FM>
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SegmentDelaunayGraphStorageSite2

Definition

The conceptSegmentDelaunayGraphStorageSite2 provides the requirements for the storage sites of a segment
Delaunay graph. The storage sites are sites that are used to store the information of a site in a more compact
form (that uses less storage). This is achieved by storing handles to points instead of points.

Refines

DefaultConstructible
CopyConstructible
Assignable

Types

SegmentDelaunayGraphStorageSite2:: Site 2 The site type.
typedef typename std::set<typename Site2::Point 2>::iterator Point handle; The type for a handle to a

point.

Creation

In addition to the default and copy constructors, the following static methods should be available for constructing
sites:

SegmentDelaunayGraphStorageSite2 ss.constructstoragesite 2( Point handle hp)

Constructs a storage site from a point handle. The stor-
age site represents the point associated with the point
handlehp.

SegmentDelaunayGraphStorageSite2 ss.constructstoragesite 2( Point handle hp1, Pointhandle hp2)

Constructs a storage site from two point handles. The
storage site represents the segment the endpoints of
which are the points associated with the point handles
hp1andhp2.

SegmentDelaunayGraphStorageSite2 ss.constructstoragesite 2( Point handle hp1,
Point handle hp2,
Point handle hq1,
Point handle hq2)

Constructs a storage site from four point handles. The
storage site represents the point of intersection of the
segments the endpoints of which are the points associ-
ated with the point handleshp1, hp2 andhq1 andhq2,
respectively.
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SegmentDelaunayGraphStorageSite2 ss.constructstoragesite 2( Point handle hp1,
Point handle hp2,
Point handle hq1,
Point handle hq2,
bool b)

Constructs a site from four point handles and a boolean.
The storage site represents a segment. Ifb is true, the
first endpoint of the segment is the point associated with
the handlehp1 and the second endpoint is the point of
intersection of the segments the endpoints of which are
the point associated with the point handleshp1, hp2and
hq1, hq2, respectively. Ifb is false, the first endpoint
of the represented segment is the one mentioned above,
whereas the second endpoint if the point associated with
the point handlehp2.

SegmentDelaunayGraphStorageSite2 ss.constructstoragesite 2( Point handle hp1,
Point handle hp2,
Point handle hq1,
Point handle hq2,
Point handle hr1,
Point handle hr2)

Constructs a storage site from six point handles. The
storage site represents of segment the endpoints of which
are points of intersection of two pairs of segments, the
endpoints of which arehp1, hp2/hq1, hq2 and hp1,
hp2/hr1, hr2, respectively.

Predicates

bool ss.isdefined() Returnstrue if the storage site represents a valid point or segment.
bool ss.ispoint() Returnstrue if the storage site represents a point.
bool ss.issegment() Returnstrue if the storage site represents a segment.
bool ss.isinput() Returnstrue if the storage site represents an input point or a segment

defined by two input points. Returnsfalse if it represents a point of
intersection of two segments, or if it represents a segment, at least one
endpoint of which is a point of intersection of two segments.

bool ss.isinput( unsigned int i) Returnstrue if the i-th endpoint of the corresponding site is an input
point. Returnsfalse if the i-th endpoint of the corresponding site is the
intersection of two segments.
Precondition: i must be at most 1, andss.issegment()must betrue.

Access Functions

SegmentDelaunayGraphStorageSite2 ss.supportingsite()

Returns a storage site object representing the segment that sup-
ports the segment represented by the storage site. The returned
storage site represents a site, both endpoints of which are input
points.
Precondition: ss.issegment()must betrue.
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SegmentDelaunayGraphStorageSite2 ss.sourcesite()

Returns a storage site that represents the first endpoint of the rep-
resented segment.
Precondition: ss.issegment()must betrue.

SegmentDelaunayGraphStorageSite2 ss.targetsite()

Returns a storage site that represents the second endpoint of the
represented segment.
Precondition: ss.issegment()must betrue.

SegmentDelaunayGraphStorageSite2 ss.supportingsite( unsigned int i)

Returns a storage site object representing thei-th segment that
supports the point of intersection represented by the storage site.
The returned storage site represents a site, both endpoints of
which are input points.
Precondition: i must be at most 1,ss.ispoint() must betrue and
ss.is input()must befalse.

SegmentDelaunayGraphStorageSite2 ss.crossingsite( unsigned int i)

Returns a storage site object representing thei-th segment that
supports thei-th endpoint of the site which is not the supporting
segment of the site. The returned storage site represents a site,
both endpoints of which are input points.
Precondition: i must be at most 1,ss.issegment()must betrue
andss.is input(i) must befalse.

Site 2 ss.site()

Returns the site represented by the storage site.

Point handle ss.point()

Returns a handle associated with the represented point.
Precondition: is point()andis input()must both betrue.

Point handle ss.sourceof supportingsite()

Returns a handle to the source point of the supporting site of the
this site.
Precondition: is segment()must betrue.

Point handle ss.targetof supportingsite()

Returns a handle to the target point of the supporting site of the
this site.
Precondition: is segment()must betrue.

Point handle ss.sourceof supportingsite( unsigned int i)

Returns a handle to the source point of thei-th supporting site of
the this site.
Precondition: is point()must betrue, is input()must befalseand
i must either be0 or 1.

Point handle ss.targetof supportingsite( unsigned int i)

Returns a handle to the target point of thei-th supporting site of
the this site.
Precondition: is point()must betrue, is input()must befalseand
i must either be0 or 1.
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Point handle ss.sourceof crossingsite( unsigned int i)

Returns a handle to the source point of thei-th crossing site of the
this site.
Precondition: is segment()must betrue, is input(i) must befalse
andi must either be0 or 1.

Point handle ss.targetof crossingsite( unsigned int i)

Returns a handle to the target point of thei-th supporting site of
the this site.
Precondition: is segment()must betrue, is input(i) must befalse
andi must either be0 or 1.

Has Models

CGAL::SegmentDelaunaygraph storagesite 2<Gt>

See Also

SegmentDelaunayGraphTraits2
CGAL::SegmentDelaunaygraph site 2<K>
CGAL::SegmentDelaunaygraph storagesite 2<Gt>
CGAL::SegmentDelaunaygraph traits 2<K,MTag>
CGAL::SegmentDelaunaygraph traits without intersections2<K,MTag>
CGAL::SegmentDelaunaygraph filtered traits 2<CK,CM,EK,EM,FK,FM>
CGAL::SegmentDelaunaygraph filtered traits without intersections2<CK,CM,EK,EM,FK,FM>
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CGAL::Segment Delaunay graph storage site 2<Gt>

Definition

The class SegmentDelaunaygraph storagesite 2<Gt> is a model for the concept
SegmentDelaunayGraphStorageSite2. It is parametrized by a single template parameterGt, which
must be a model of theSegmentDelaunayGraphTraits2 concept.

#include<CGAL/SegmentDelaunaygraph storagesite 2.h>

Is Model for the Concepts

SegmentDelaunayGraphStorageSite2

Types

The classSegmentDelaunaygraph storagesite 2<Gt> introduces the following type in addition to the types
in the conceptSegmentDelaunayGraphStorageSite2.

typedef Gt Geomtraits; A type for the template parameterGt.

See Also

SegmentDelaunayGraphSite2
SegmentDelaunayGraphTraits2
CGAL::SegmentDelaunaygraph site 2<K>
CGAL::SegmentDelaunaygraph traits 2<K,MTag>
CGAL::SegmentDelaunaygraph traits without intersections2<K,MTag>
CGAL::SegmentDelaunaygraph filtered traits 2<CK,CM,EK,EM,FK,FM>
CGAL::SegmentDelaunaygraph filtered traits without intersections2<CK,CM,EK,EM,FK,FM>
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SegmentDelaunayGraphDataStructure2

Definition

The conceptSegmentDelaunayGraphDataStructure2 refines the conceptApolloniusGraphDataStructure2. In
addition it provides two methods for the merging of two vertices joined by an edge of the data structure, and
the splitting of a vertex into two. The method that merges two vertices, calledjoin verticesidentifies the two
vertices and deletes their common two faces. The method that splits a vertex, calledsplit vertexintroduces a
new vertex that shares an edge and two faces with the old vertex (see figure below). Notice that thejoin vertices
andsplit vertexoperations are complementary, in the sense that one reverses the action of the other.

v1 2v

f 1

f 2

f 1

f 2

f

i

v

g
join_vertices

split_vertex

Figure 26.3: The join and split operations. Left to right: The vertexv is split intov1 andv2. The facesf andg
are inserted afterf1 and f2, respectively, in the counter-clockwise sense. The verticesv1, v2 and the facesf and
g are returned as aboost tuplein that order. Right to left: The edge(f,i) is collapsed, and thus the verticesv1

andv2 are joined. The vertexv is returned.

We only describe the additional requirements with respect to theApolloniusGraphDataStructure2 concept.

Refines

ApolloniusGraphDataStructure2

Modification

Vertexhandle sdgds.joinvertices( Facehandle f, int i) Joins the vertices that are endpoints of the edge
(f,i). It returns a vertex handle to common ver-
tex.

1678



boost::tuples::tuple<Vertexhandle, Vertexhandle, Facehandle, Facehandle>

sdgds.splitvertex( Vertexhandle v, Facehandle f1, Facehandle f2)

Splits the vertexv into two verticesv1 andv2.
The common facesf andg of v1andv2are cre-
ated after (in the counter-clockwise sense) the
facesf1 and f2. The 4-tuple(v1,v2,f,g)is re-
turned (see Fig.26.6).

Has Models

CGAL::Triangulationdata structure2<Vb,Fb>

See Also

TriangulationDataStructure2
ApolloniusGraphDataStructure2
SegmentDelaunayGraphVertexBase2
TriangulationFaceBase2
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SegmentDelaunayGraphVertexBase2

Definition

The conceptSegmentDelaunayGraphVertexBase2 describes the requirements for the vertex base class of the
SegmentDelaunayGraphDataStructure2 concept. A vertex stores a site of the segment Delaunay graph and
provides access to one of its incident faces through aFace handle.

Refines

DefaultConstructible
CopyConstructible
Assignable

Types

SegmentDelaunayGraphVertexBase2:: Geomtraits A type for the geometric traits that defines
the site.
Precondition: The typeGeomtraits must
define the typeSite 2.

SegmentDelaunayGraphVertexBase2:: Site 2 A type for the site. This type must coincide
with the typeGeomtraits::Site 2.

SegmentDelaunayGraphVertexBase2:: Storagesite tag A type that indicates what kind of storage
type to use.Storagesite tag must either be
CGAL::Tag trueor CGAL::Tag false.

SegmentDelaunayGraphVertexBase2:: Storagesite 2 A type for the internal representa-
tion of sites. This type must sat-
isfy the requirements of the concept
SegmentDelaunayGraphStorageSite2.

SegmentDelaunayGraphVertexBase2:: Data structure A type for the underlying data structure, to
which the vertex belongs to.

SegmentDelaunayGraphVertexBase2:: Vertex handle A type for the vertex handle of the segment
Delaunay graph data structure.

SegmentDelaunayGraphVertexBase2:: Face handle A type for the face handle of the segment
Delaunay graph data structure.

Creation

In addition to the default and copy constructors and following constructors are required:

SegmentDelaunayGraphVertexBase2 v( Storagesite 2 ss); Constructs a vertex associated with the site
represented by the storage sitess.

SegmentDelaunayGraphVertexBase2 v( Storagesite 2 ss, Facehandle f );

Constructs a vertex associated with the site
represented by the storage sitess, and point-
ing to the face associated with the face han-
dle f .
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Access Functions

Storagesite 2 v.storagesite() Returns the storage site representing the site.
Site 2 v.site() Returns the site.
Face handle v.face() Returns a handle to an incident face.

Setting

void v.setsite( Storagesite 2 ss) Sets the storage site.
void v.setface( Facehandle f) Sets the incident face.

Checking

bool v.is valid( bool verbose, int level) Performs any required tests on a vertex.

Has Models

CGAL::SegmentDelaunaygraph vertexbase2<Gt>.

See Also

SegmentDelaunayGraphDataStructure2
SegmentDelaunayGraphTraits2
SegmentDelaunayGraphSite2
SegmentDelaunayGraphStorageSite2
CGAL::SegmentDelaunaygraph vertexbase2<Gt>
CGAL::SegmentDelaunaygraph site 2<K>
CGAL::SegmentDelaunaygraph storagesite 2<Gt,SSTag>
CGAL::Triangulationdata structure2<Vb,Fb>
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CGAL::Segment Delaunay graph vertex base2<Gt,SSTag>

Definition

The class SegmentDelaunaygraph vertexbase2<Gt,SSTag> provides a model for the
SegmentDelaunayGraphVertexBase2 concept which is the vertex base required by the
SegmentDelaunayGraphDataStructure2 concept. The classSegmentDelaunaygraph vertexbase2<
Gt,SSTag> has two template arguments, the first being the geometric traits of the segment Delaunay graph and
should be a model of the conceptSegmentDelaunayGraphTraits2. The second template argument indicates
whether or not to use the simple storage site that does not support intersecting segments, or the full storage
site, that supports intersecting segments. The possible values areCGAL::Tag true and CGAL::Tag false.
CGAL::Tag true indicates that the full storage site is to be used, whereasCGAL::Tag false indicates that the
simple storage site is to be used.

#include<CGAL/SegmentDelaunaygraph vertexbase2.h>

Is Model for the Concepts

SegmentDelaunayGraphVertexBase2

See Also

SegmentDelaunayGraphVertexBase2
SegmentDelaunayGraphDataStructure2
SegmentDelaunayGraphTraits2
CGAL::Triangulationdata structure2<Vb,Fb>
CGAL::SegmentDelaunaygraph traits 2<K,MTag>
CGAL::SegmentDelaunaygraph traits without intersections2<K,MTag>
CGAL::SegmentDelaunaygraph filtered traits 2<CK,CM,EK,EM,FK,FM>
CGAL::SegmentDelaunaygraph filtered traits without intersections2<CK,CM,EK,EM,FK,FM>
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SegmentDelaunayGraphTraits2

Definition

The conceptSegmentDelaunayGraphTraits2 provides the traits requirements for theSegmentDelaunay
graph 2<Gt,DS> andSegmentDelaunaygraph hierarchy 2<Gt,STag,DS> classes. In particular, it provides
a typeSite 2, which must be a model of the conceptSegmentDelaunayGraphSite2. It also provides construc-
tions for sites and several function object types for the predicates.

Refines

DefaultConstructible
CopyConstructible
Assignable

Types

SegmentDelaunayGraphTraits2:: Intersectionstag Indicates or not whether the intersecting segments
are to be supported. The tag must either be
CGAL::Tag trueor CGAL::Tag false.

SegmentDelaunayGraphTraits2:: Site 2 A type for a site of the segment Delaunay
graph. Must be a model of the concept
SegmentDelaunayGraphSite2.

SegmentDelaunayGraphTraits2:: Point 2 A type for a point.
SegmentDelaunayGraphTraits2:: Line 2 A type for a line. Only required if the segment De-

launay graph is inserted in a stream.

SegmentDelaunayGraphTraits2:: Ray 2 A type for a ray. Only required if the segment Delau-
nay graph is inserted in a stream.

SegmentDelaunayGraphTraits2:: Segment2 A type for a segment. Only required if if the segment
Delaunay graph is inserted in a stream.

SegmentDelaunayGraphTraits2:: FT A type for the field number type of sites, points, etc..

SegmentDelaunayGraphTraits2:: RT A type for the ring number type of sites, points, etc.
SegmentDelaunayGraphTraits2:: Arrangementtype An enumeration type that indicates the type of

the arrangement of two sites. The possible val-
ues are DISJOINT, IDENTICAL, CROSSING,
TOUCHING 1, TOUCHING 2, TOUCHING 11,
TOUCHING 12, TOUCHING 21, TOUCHING
22, OVERLAPPING11, OVERLAPPING12,
OVERLAPPING21, OVERLAPPING22, INTE-
RIOR, INTERIOR1, INTERIOR2, TOUCHING
11 INTERIOR1, TOUCHING 11 INTERIOR2,
TOUCHING 12 INTERIOR1, TOUCHING 12
INTERIOR2, TOUCHING 21 INTERIOR1,
TOUCHING 21 INTERIOR2, TOUCHING 22
INTERIOR1, TOUCHING 22 INTERIOR2. A
detailed description of the meaning of these values
is shown the end of the reference manual for this
concept. (to be done)
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SegmentDelaunayGraphTraits2:: Object 2 A type representing different types of objects in two
dimensions, namely:Point 2, Site 2, Line 2, Ray 2
andSegment2.

SegmentDelaunayGraphTraits2:: Assign2 Must providetemplate<class T> bool operator() (
T& t, Object 2 o) which assignso to t if o was con-
structed from an object of typeT. Returnstrue, if the
assignment was possible.

SegmentDelaunayGraphTraits2:: Constructobject 2 Must provide template<class T> Object 2 opera-
tor()( T t) that constructs an object of typeObject 2
that containst and returns it.

SegmentDelaunayGraphTraits2:: Constructsvd vertex2

A constructor for a point of the segment Voronoi di-
agram equidistant from three sites. Must provide
Point 2 operator()(Site2 s1, Site2 s2, Site2 s3),
which constructs a point equidistant from the sites
s1, s2ands3.

SegmentDelaunayGraphTraits2:: Comparex 2

A predicate object type. Must provideComparisonresult operator()(Site
2 s1, Site2 s2), which compares thex-coordinates of the points represented
by the sitess1ands2.
Precondition: s1ands2must be points.

SegmentDelaunayGraphTraits2:: Comparey 2

A predicate object type. Must provideComparisonresult operator()(Site
2 s1, Site2 s2), which compares they-coordinates of the points represented
by the sitess1ands2.
Precondition: s1ands2must be points.

SegmentDelaunayGraphTraits2:: Orientation 2

A predicate object type. Must provideOrientation operator()(Site2 s1,
Site 2 s2, Site2 s3), which performs the usual orientation test for three
points.s1, s2ands3.
Precondition: the sitess1, s2ands3must be points.

SegmentDelaunayGraphTraits2:: Equal 2

A predicate object type. Must providebool operator()(Site2 s1, Site2
s2), which determines is the points represented by the sitess1 ands2 are
identical.
Precondition: s1ands2must be points.

SegmentDelaunayGraphTraits2:: Are parallel 2

A predicate object type. Must providebool operator()(Site2 s1, Site2
s2), which determines is the segments represented by the sitess1 ands2
are parallel.
Precondition: s1ands2must be segments.

SegmentDelaunayGraphTraits2:: Oriented side of bisector2

A predicate object type. Must provideOrientedside operator()(Site2 s1,
Site 2 s2, Point2 p), which returns the oriented side of the bisector ofs1
ands2 that containsp. ReturnsON POSITIVESIDE if p lies in the half-
space ofs1 (i.e., p is closer tos1 thans2); returnsON NEGATIVESIDE
if p lies in the half-space ofs2; returnsON ORIENTEDBOUNDARYif p
lies on the bisector ofs1ands2.
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SegmentDelaunayGraphTraits2:: Vertex conflict 2

A predicate object type. Must provideSign operator()(Site2 s1, Site2 s2,
Site 2 s3, Site2 q), which returns the sign of the distance ofq from the
Voronoi circle ofs1, s2, s3 (the Voronoi circle of three sitess1, s2, s3 is
a circle co-tangent to all three sites, that touches them in that order as we
walk on its circumference in the counter-clockwise sense).
Precondition: the Voronoi circle ofs1, s2, s3must exist.
Must also provideSign operator()(Site2 s1, Site2 s2, Site2 q), which
returns the sign of the distance ofq from the bitangent line ofs1, s2 (a
degenerate Voronoi circle, with its center at infinity).

SegmentDelaunayGraphTraits2:: Finite edgeinterior conflict 2

A predicate object type. Must providebool operator()(Site2 s1, Site2 s2,
Site 2 s3, Site2 s4, Site2 q, Sign sgn). The sitess1, s2, s3ands4define
a Voronoi edge that lies on the bisector ofs1ands2and has as endpoints
the Voronoi vertices defined by the tripletss1, s2, s3ands1, s4ands2. The
signsgnis the common sign of the distance of the siteq from the Voronoi
circle of the tripletss1, s2, s3ands1, s4ands2. In case thatsgnis equal to
NEGATIVE, the predicate returnstrue if and only if the entire Voronoi edge
is in conflict withq. If sgn is equal toPOSITIVEor ZERO, the predicate
returnsfalseif and only if q is not in conflict with the Voronoi edge.
Precondition: the Voronoi vertices ofs1, s2, s3, ands1, s4, s2must exist.
Must also providebool operator()(Site2 s1, Site2 s2, Site2 s3, Site2 q,
Sign sgn). The sitess1, s2, s3 and the site at infinitys∞ define a Voronoi
edge that lies on the bisector ofs1ands2and has as endpoints the Voronoi
verticesv123 andv1∞2 defined by the tripletss1, s2, s3 ands1, s∞ ands2
(the second vertex is actually at infinity). The signsgn is the common
sign of the distance of the siteq from the two Voronoi circles centered at
the Voronoi verticesv123 and v1∞2. In case thatsgn is NEGATIVE, the
predicate returnstrue if and only if the entire Voronoi edge is in conflict
with q. If sgnis POSITIVEor ZERO, the predicate returnsfalseif and only
if q is not in conflict with the Voronoi edge.
Precondition: the Voronoi vertexv123 of s1, s2, s3must exist.
Must finally providebool operator()(Site2 s1, Site2 s2, Site2 q, Sign
sgn). The sitess1, s2and the site at infinitys∞ define a Voronoi edge that
lies on the bisector ofv12∞ andv1∞2 s1 ands2 and has as endpoints the
Voronoi vertices defined by the tripletss1, s2, s∞ ands1, s∞ ands2 (both
vertices are actually at infinity). The signsgndenotes the common sign
of the distance of the siteq from the Voronoi circles centered atv12∞ and
v1∞2. If sgn is NEGATIVE, the predicate returnstrue if and only if the
entire Voronoi edge is in conflict withq. If POSITIVEor ZEROis false,
the predicate returnsfalseif and only if q is not in conflict with the Voronoi
edge.

SegmentDelaunayGraphTraits2:: Infinite edgeinterior conflict 2

A predicate object type. Must providebool operator()(Site2 s1, Site2 s2,
Site 2 s3, Site2 q, Sign sgn). The sitess∞, s1, s2ands3define a Voronoi
edge that lies on the bisector ofs∞ ands1and has as endpoints the Voronoi
verticesv∞12 andv∞31 defined by the tripletss∞, s1, s2ands∞, s3ands1.
The signsgn is the common sign of the distances ofq from the Voronoi
circles centered at the verticesv∞12 andv∞31. If sgn is NEGATIVE, the
predicate returnstrue if and only if the entire Voronoi edge is in conflict
with q. If sgnis POSITIVEor ZERO, the predicate returnsfalseif and only
if q is not in conflict with the Voronoi edge.
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SegmentDelaunayGraphTraits2:: Oriented side 2

A predicate object type. Must provideOrientedside operator()(Site1 s1,
Site 2 s2, Site2 s3, Site2 s, Site2 p). Determines the oriented side of the
line ` that contains the point sitep, where` is the line that passes through
the Voronoi vertex of the sitess1, s2, s3and is perpendicular to the segment
sites.
Precondition: s must be a segment andp must be a point.

SegmentDelaunayGraphTraits2:: Arrangementtype 2

A predicate object type. Must provideArrangementtype operator()(Site2
s1, Site2 s2) that returns the type of the arrangement of the two sitess1
ands2.

Access to predicate objects

Comparex 2 gt.comparex 2 object()
Comparey 2 gt.comparey 2 object()
Orientation 2 gt.orientation2 object()
Equal 2 gt.equal2 object()
Are parallel 2 gt.are parallel 2 object()
Orientedside of bisector2 gt.orientedside of bisector test 2 object()
Vertexconflict 2 gt.vertexconflict 2 object()
Finite edgeinterior conflict 2 gt.finite edgeinterior conflict 2 object()
Infinite edgeinterior conflict 2 gt.infinite edgeinterior conflict 2 object()
Orientedside 2 gt.orientedside 2 object()
Arrangementtype 2 gt.arrangementtype 2 object()

Access to contructor objects

Constructobject 2 gt.constructobject 2 object()
Constructsvd vertex2 gt.constructsvd vertex2 object()

Access to other objects

Assign2 gt.assign2 object()

Has Models

CGAL::SegmentDelaunaygraph traits 2<K,MTag>
CGAL::SegmentDelaunaygraph traits without intersections2<K,MTag>
CGAL::SegmentDelaunaygraph filtered traits 2<CK,CM,EK,EM,FK,FM>
CGAL::SegmentDelaunaygraph filtered traits without intersections2<CK,CM,EK,EM,FK,FM>

See Also

SegmentDelaunayGraphSite2
CGAL::SegmentDelaunaygraph 2<Gt,DS>
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CGAL::SegmentDelaunaygraph hierarchy 2<Gt,STag,DS>
CGAL::SegmentDelaunaygraph traits 2<K,MTag>
CGAL::SegmentDelaunaygraph traits without intersections2<K,MTag>
CGAL::SegmentDelaunaygraph filtered traits 2<CK,CM,EK,EM,FK,FM>
CGAL::SegmentDelaunaygraph filtered traits without intersections2<CK,CM,EK,EM,FK,FM>
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CGAL::Segment Delaunay graph traits 2<K,MTag>

Definition

The class SegmentDelaunaygraph traits 2<K,MTag> provides a model for the
SegmentDelaunayGraphTraits2 concept. This class has two template parameters. The first template
parameter must be a model of theKernel concept. The second template parameter corresponds to how
predicates are evaluated. There are two possible values forMTag, namely CGAL::Sqrt field tag and
CGAL::Field tag. The first one must be used when the number type used in the representation supports the
exact evaluation of signs of expressions involving all four basic operations and square roots, whereas the
second one requires the exact evaluation of signs of field-type expressions, i.e., expressions involving additions,
subtractions, multiplications and divisions. The default value forMTag is CGAL::Field tag. The way the
predicates are evaluated is discussed in [Bur96] and [Kar04] (the geometric filtering part).

#include<CGAL/SegmentDelaunaygraph traits 2.h>

Is Model for the Concepts

SegmentDelaunayGraphTraits2

Types

typedef CGAL::Tagtrue Intersectionstag;

The SegmentDelaunaygraph traits 2<K,MTag> class introduces a few additional types with respect to the
SegmentDelaunayGraphTraits2 concept. These are:

typedef K Kernel; A typedef for the template parameterK.
typedef MTag Methodtag; A typedef for the template parameterMTag.

See Also

Kernel
SegmentDelaunayGraphTraits2
CGAL::Field tag
CGAL::Sqrt field tag
CGAL::SegmentDelaunaygraph 2<Gt,DS>
CGAL::SegmentDelaunaygraph hierarchy 2<Gt,STag,DS>
CGAL::SegmentDelaunaygraph traits without intersections2<K,MTag>
CGAL::SegmentDelaunaygraph filtered traits 2<CK,CM,EK,EM,FK,FM>
CGAL::SegmentDelaunaygraph filtered traits without intersections2<CK,CM,EK,EM,FK,FM>

1688



C
la

ss

CGAL::Segment Delaunay graph traits without intersections 2<
K,MTag>

Definition

The class SegmentDelaunaygraph traits without intersections2<K,MTag> provides a model for the
SegmentDelaunayGraphTraits2 concept. This class has two template parameters. The first template parame-
ter must be a model of theKernelconcept. The second template parameter corresponds to how predicates are
evaluated. There are two possible values forMTag, namelyCGAL::Sqrt field tag andCGAL::Ring tag. The
first one must be used when the number type used in the representation supports the exact evaluation of signs
of expressions involving all four basic operations and square roots, whereas the second one requires the exact
evaluation of signs of ring-type expressions, i.e., expressions involving only additions, subtractions and multi-
plications. The default value forMTag is CGAL::Ring tag. The way the predicates are evaluated is discussed
in [Bur96] and [Kar04] (the geometric filtering part).

#include<CGAL/SegmentDelaunaygraph traits 2.h>

Is Model for the Concepts

SegmentDelaunayGraphTraits2

Types

typedef CGAL::Tagfalse Intersectionstag;

TheSegmentDelaunaygraph traits without intersections2<K,MTag> class introduces a few additional types
with respect to theSegmentDelaunayGraphTraits2 concept. These are:

typedef K Kernel; A typedef for the template parameterK.
typedef MTag Methodtag; A typedef for the template parameterMTag.

See Also

Kernel
SegmentDelaunayGraphTraits2
CGAL::Ring tag
CGAL::Sqrt field tag
CGAL::SegmentDelaunaygraph 2<Gt,DS>
CGAL::SegmentDelaunaygraph hierarchy 2<Gt,STag,DS>
CGAL::SegmentDelaunaygraph traits 2<K,MTag>
CGAL::SegmentDelaunaygraph filtered traits 2<CK,CM,EK,EM,FK,FM>
CGAL::SegmentDelaunaygraph filtered traits without intersections2<CK,CM,EK,EM,FK,FM>
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CGAL::Segment Delaunay graph filtered traits 2<
CK,CM,EK,EM,FK,FM >

Definition

The classSegmentDelaunaygraph filtered traits 2<CK,CM,EK,EM,FK,FM> provides a model for the
SegmentDelaunayGraphTraits2 concept.

The classSegmentDelaunaygraph filtered traits 2<CK,CM,EK,EM,FK,FM> uses the filtering technique
[BBP01] to achieve traits for theSegmentDelaunaygraph 2<Gt,DS> class with efficient and exact predicates
given an exact kernelEK and a filtering kernelFK. The geometric constructions associated provided by this
class are equivalent to those provided by the traits classSegmentDelaunaygraph traits 2<CK,CM>, which
means that they may be inexact depending on the choice of theCK kernel.

This class has six template parameters. The first, third and fifth template parameters must be a models of
the Kernel concept. The parameterCK is the construction kernel and it is the kernel that will be used for
constructions. The parameterFK is the filtering kernel; this kernel will be used for performing the arithmetic
filtering for the predicates involved in the computation of the segment Delaunay graph. Finally, the parameter
EK is the exact kernel; this kernel will be used for computing the predicates if the filtering kernel fails to produce
an answer.

The second, fourth and sixth template parameters correspond to how predicates are evaluated. There are two
predefined possible values for these parameters, namelyCGAL::Sqrt field tag andCGAL::Field tag. The first
one must be used when the number type used in the representation supports the exact evaluation of signs of
expressions involving all four basic operations and square roots, whereas the second one requires that only field
operations are exact. Finally, in order to get exact constructionsCM must be set toCGAL::Sqrt field tag and
the number type inCK must support operations involing divisions and square roots (as well as the other three
basic operations of course). The way the predicates are evaluated is discussed in [Bur96] and [Kar04] (the
geometric filtering part).

The default values for the template parameters are as follows:CM = CGAL::Sqrt field tag (it is assumed
that CGAL::Cartesian<double> or CGAL::Simplecartesian<double> will be the entry for the template pa-
rameterCK), EM = CGAL::Field tag, FK = CGAL::Simplecartesian<CGAL::Interval nt<false> >, FM =
CGAL::Sqrt field tag. If the GMP package is installed with CGAL, the template parameterEK has the default
value: EK = CGAL::Simplecartesian<CGAL::Gmpq>, otherwise its default value isEK = CGAL::Simple
cartesian<CGAL::Quotient<CGAL::MP Float> >.

#include<CGAL/SegmentDelaunaygraph filtered traits 2.h>

Is Model for the Concepts

SegmentDelaunayGraphTraits2
DefaultConstructible
CopyConstructible
Assignable

Types

typedef CGAL::Tagtrue Intersectionstag;
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In addition to the types required by theSegmentDelaunayGraphTraits2 concept the classSegmentDelaunay
graph filtered traits 2<CK,CM,EK,EM,FK,FM> defines the following types:

typedef CK Kernel;
typedef CK Constructionkernel;
typedef FK Filteringkernel;
typedef EK Exactkernel;
typedef CM Methodtag;
typedef CM Constructiontraits methodtag;
typedef FM Filteringtraits methodtag;
typedef EM Exacttraits methodtag;
SegmentDelaunaygraph filtered traits 2<CK,CM,EK,EM,FK,FM>:: Construction traits;

A type for the segment Delaunay graph traits, where the ker-
nel isCK.

SegmentDelaunaygraph filtered traits 2<CK,CM,EK,EM,FK,FM>:: Filtering traits;

A type for the segment Delaunay graph traits, where the ker-
nel isFK.

SegmentDelaunaygraph filtered traits 2<CK,CM,EK,EM,FK,FM>:: Exact traits;

A type for the segment Delaunay graph traits, where the ker-
nel isEK.

See Also

Kernel
SegmentDelaunayGraphTraits2
CGAL::Field tag
CGAL::Sqrt field tag
CGAL::SegmentDelaunaygraph 2<Gt,DS>
CGAL::SegmentDelaunaygraph hierarchy 2<Gt,STag,DS>
CGAL::SegmentDelaunaygraph traits 2<K,MTag>
CGAL::SegmentDelaunaygraph traits without intersections2<K,MTag>
CGAL::SegmentDelaunaygraph filtered traits without intersections2<CK,CM,EK,EM,FK,FM>
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CGAL::Segment Delaunay graph filtered traits without intersections
2<CK,CM,EK,EM,FK,FM >

Definition

The classSegmentDelaunaygraph filtered traits without intersections2<CK,CM,EK,EM,FK,FM> provides
a model for theSegmentDelaunayGraphTraits2 concept.

The classSegmentDelaunaygraph filtered traits without intersections2<CK,CM,EK,EM,FK,FM> uses the
filtering technique [BBP01] to achieve traits for theSegmentDelaunaygraph 2<Gt,DS> class with efficient
and exact predicates given an exact kernelEK and a filtering kernelFK. The geometric constructions associated
provided by this class are equivalent to those provided by the traits classSegmentDelaunaygraph traits
without intersections2<CK,CM>, which means that they may be inexact, depending on the choice of theCK
kernel.

This class has six template parameters. The first, third and fifth template parameters must be a models of
the Kernel concept. The parameterCK is the construction kernel and it is the kernel that will be used for
constructions. The parameterFK is the filtering kernel; this kernel will be used for performing the arithmetic
filtering for the predicates involved in the computation of the segment Delaunay graph. Finally, the parameter
EK is the exact kernel; this kernel will be used for computing the predicates if the filtering kernel fails to produce
an answer.

The second, fourth and sixth template parameters correspond to how predicates are evaluated. There are two
predefined possible values for these parameters, namelyCGAL::Sqrt field tag andCGAL::Ring tag. The first
one must be used when the number type used in the representation supports the exact evaluation of signs of ex-
pressions involving all four basic operations and square roots, whereas the second requires the exact evaluation
of signs of ring-type expressions, i.e., expressions involving only additions, subtractions and multiplications.
Finally, in order to get exact constructionsCM must be set toCGAL::Sqrt field tag and the number type in
CK must support operations involing divisions and square roots (as well as the other three basic operations of
course). The way the predicates are evaluated is discussed in [Bur96] and [Kar04] (the geometric filtering part).

The default values for the template parameters are as follows:CM = CGAL::Sqrt field tag (it is assumed that
CGAL::Cartesian<double> or CGAL::Simplecartesian<double> will be the entry for the template parameter
CK), EM = CGAL::Ring tag, FK = CGAL::Simplecartesian<CGAL::Interval nt<false> >, FM = CGAL::Sqrt
field tag. If the GMP package is installed with CGAL, the template parameterEK has the default value:EK
= CGAL::Simplecartesian<CGAL::Gmpq>, otherwise its default value isEK = CGAL::Simplecartesian<
CGAL::MP Float>.

#include<CGAL/SegmentDelaunaygraph filtered traits 2.h>

Is Model for the Concepts

SegmentDelaunayGraphTraits2
DefaultConstructible
CopyConstructible
Assignable

Types

typedef CGAL::Tagfalse Intersectionstag;
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In addition to the types required by theSegmentDelaunayGraphTraits2 concept the classSegmentDelaunay
graph filtered traits without intersections2<CK,CM,EK,EM,FK,FM> defines the following types:

typedef CK Kernel;
typedef CK Constructionkernel;
typedef FK Filteringkernel;
typedef EK Exactkernel;
typedef CM Methodtag;
typedef CM Constructiontraits methodtag;
typedef FM Filteringtraits methodtag;
typedef EM Exacttraits methodtag;
SegmentDelaunaygraph filtered traits without intersections2<CK,CM,EK,EM,FK,FM>:: Construction
traits;

A type for the segment Delaunay graph traits, where the ker-
nel isCK.

SegmentDelaunaygraph filtered traits without intersections2<CK,CM,EK,EM,FK,FM>:: Filtering traits;

A type for the segment Delaunay graph traits, where the ker-
nel isFK.

SegmentDelaunaygraph filtered traits without intersections2<CK,CM,EK,EM,FK,FM>:: Exact traits;

A type for the segment Delaunay graph traits, where the ker-
nel isEK.

See Also

Kernel
SegmentDelaunayGraphTraits2
CGAL::Ring tag
CGAL::Sqrt field tag
CGAL::SegmentDelaunaygraph 2<Gt,DS>
CGAL::SegmentDelaunaygraph hierarchy 2<Gt,STag,DS>
CGAL::SegmentDelaunaygraph traits 2<K,MTag>
CGAL::SegmentDelaunaygraph traits without intersections2<K,MTag>
CGAL::SegmentDelaunaygraph filtered traits 2<CK,CM,EK,EM,FK,FM>
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CGAL::Segment Delaunay graph hierarchy 2<Gt,STag,DS>

Definition

We provide an alternative to the classSegmentDelaunaygraph 2<Gt,DS> for the incremental construction
of the segment Delaunay graph. TheSegmentDelaunaygraph hierarchy 2<Gt,STag,DS> class maintains a
hierarchy of Delaunay graphs. There are two possibilities as to how this hierarchy is constructed.

In the first case the bottom-most level of the hierarchy contains the full segment Delaunay graph. The upper
levels of the hierarchy contain only points that are either point sites or endpoints of segment sites in the bottom-
most Delaunay graph. A point that is in leveli (either as an individdual point or as the endpoint of a segment), is
inserted in leveli +1 with probability 1/α whereα > 1 is some constant. In the second case the upper levels of
the hierarchy contains not only points but also segments. A site that is in leveli, is in leveli +1 with probability
1/β whereβ > 1 is some constant.

The difference between theSegmentDelaunaygraph 2<Gt,DS> class and theSegmentDelaunaygraph
hierarchy 2<Gt,STag,DS> class (both versions of it) is on how the nearest neighbor location is done. Given
a point p the location is done as follows: at the top most level we find the nearest neighbor ofp as in the
SegmentDelaunaygraph 2<Gt,DS> class. At every subsequent leveli we use the nearest neighbor found at
level i +1 to find the nearest neighbor at leveli. This is a variant of the corresponding hierarchy for points found
in [Dev02]. The details are described in [Kar04].

The class has three template parameters. The first and third have essentially the same semantics as
in the SegmentDelaunaygraph 2<Gt,DS> class. The first template parameter must be a model of
the SegmentDelaunayGraphTraits2 concept. The third template parameter must be a model of the
SegmentDelaunayGraphDataStructure2 concept. However, the vertex base class that is to be used in the
segment Delaunay graph data structure must be a model of theSegmentDelaunayGraphHierarchyVertexBase2
concept. The third template parameter defaults toTriangulation data structure2< SegmentDelaunaygraph
hierarchy vertexbase2< SegmentDelaunaygraph vertexbase2<Gt> >, Triangulation face base2<Gt> >.
The second template parameter controls whether or not segments are added in the upper levels of the hierar-
chy. It’s possible values areCGAL::Tag true andCGAL::Tag false. If it is set toCGAL::Tag true, segments
are also inserted in the upper levels of the hierarchy. The valueCGAL::Tag false indicates that only points
are to be inserted in the upper levels of the hierarchy. The default value for the second template parameter is
CGAL::Tag false.

TheSegmentDelaunaygraph hierarchy 2<Gt,STag,DS> class derives publicly from theSegmentDelaunay
graph 2<Gt,DS> class. The interface is the same with its base class. In the sequel only additional types and
methods defined are documented.

#include<CGAL/SegmentDelaunaygraph hierarchy 2.h>

Is Model for the Concepts

DefaultConstructible
CopyConstructible
Assignable

Inherits From

CGAL::SegmentDelaunaygraph 2<Gt,DS>
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Types

SegmentDelaunaygraph hierarchy 2<Gt,STag,DS> introduces the following types in addition to those intro-
duced by its base classSegmentDelaunaygraph 2<Gt,DS>.

typedef STag Segmentsin hierarchy tag;

A type for theSTagtemplate parameter.

typedef CGAL::SegmentDelaunaygraph 2<Gt,DS> Base; A type for the base class.

Creation

In addition to the default and copy constructors, the following constructors are defined:

SegmentDelaunaygraph hierarchy 2<Gt,STag,DS> sdgh( Gt gt=Gt());

Creates a hierarchy of segment Delaunay graphs usinggt as geometric
traits.

template< class Inputiterator >
SegmentDelaunaygraph hierarchy 2<Gt,STag,DS> sdgh( Inputiterator first,

Input iterator beyond,
Gt gt=Gt())

Creates a segment Delaunay graph hierarchy usinggt as geometric
traits and inserts all sites in the range [first, beyond). Input iterator
must be a model ofInputIterator. The value type ofInput iterator
must be eitherPoint 2 or Site 2.

I/O

std::ostream& std::ostream& os<< svdh Writes the current state of the segment Delaunay graph hierar-
chy to an output stream. In particular, all sites in the diagram
are written to the stream (represented through appropriate in-
put sites), as well as the underlying combinatorial hierarchical
data structure.

std::istream& std::istream& is >> svdh Reads the state of the segment Delaunay graph hierarchy from
an input stream.

See Also

SegmentDelaunayGraphDataStructure2
SegmentDelaunayGraphTraits2
SegmentDelaunayGraphHierarchyVertexBase2
CGAL::SegmentDelaunaygraph 2<Gt,DS>
CGAL::Triangulationdata structure2<Vb,Fb>
CGAL::SegmentDelaunaygraph traits 2<K,MTag>
CGAL::SegmentDelaunaygraph traits without intersections2<K,MTag>
CGAL::SegmentDelaunaygraph filtered traits 2<CK,CM,EK,EM,FK,FM>
CGAL::SegmentDelaunaygraph filtered traits without intersections2<CK,CM,EK,EM,FK,FM>
CGAL::SegmentDelaunaygraph hierarchy vertexbase2<Vbb>
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SegmentDelaunayGraphHierarchyVertexBase2

Definition

The vertex of a segment Delaunay graph included in a segment Delaunay graph hierarchy has to provide some
pointers to the corresponding vertices in the graphs of the next and preceeding levels. Therefore, the concept
SegmentDelaunayGraphHierarchyVertexBase2 refines the conceptSegmentDelaunayGraphVertexBase2, by
adding two vertex handles to the correponding vertices for the next and previous level graphs.

Refines

SegmentDelaunayGraphVertexBase2

Types

SegmentDelaunayGraphHierarchyVertexBase2 does not introduce any types in addition to those of
SegmentDelaunayGraphVertexBase2.

Creation

TheSegmentDelaunayGraphHierarchyVertexBase2 concept does not introduce any constructors in addition to
those of theSegmentDelaunayGraphVertexBase2 concept.

Operations

Vertexhandle v.up() Returns a handle to the corresponding vertex of the next
level segment Delaunay graph. If such a vertex does not
existVertexhandle()is returned.

Vertexhandle v.down() Returns a handle to the corresponding vertex of the previ-
ous level segment Delaunay graph. If such a vertex does
not existVertexhandle()is returned.

void v.setup( Vertexhandle u) Sets the handle for the vertex of the next level segment De-
launay graph.

void v.setdown( Vertexhandle d) Sets the handle for the vertex of the previous level segment
Delaunay graph.

Has Models

CGAL::SegmentDelaunaygraph hierarchy vertexbase2<CGAL::SegmentDelaunaygraph vertexbase
2<Gt,SSTag> >

See Also

SegmentDelaunayGraphDataStructure2
SegmentDelaunayGraphVertexBase2
CGAL::SegmentDelaunaygraph hierarchy 2<Gt,DS>
CGAL::Triangulationdata structure2<Vb,Fb>
CGAL::SegmentDelaunaygraph vertexbase2<Gt,SSTag>
CGAL::SegmentDelaunaygraph hierarchy vertexbase2<Vbb>
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CGAL::Segment Delaunay graph hierarchy vertex base2<Vbb>

Definition

The class SegmentDelaunaygraph hierarchy vertexbase2<Vbb> provides a model for the
SegmentDelaunayGraphHierarchyVertexBase2 concept, which is the vertex base required by theSegment
Delaunaygraph hierarchy 2<Gt,DS> class. The classSegmentDelaunaygraph hierarchy vertexbase
2<Vbb> is templated by a classVbb which must be a model of theSegmentDelaunayGraphVertexBase2
concept.

#include<CGAL/SegmentDelaunaygraph hierarchy vertexbase2.h>

Inherits From

Vbb

Is Model for the Concepts

SegmentDelaunayGraphHierarchyVertexBase2

See Also

SegmentDelaunayGraphVertexBase2
SegmentDelaunayGraphHierarchyVertexBase2
SegmentDelaunayGraphDataStructure2
CGAL::SegmentDelaunaygraph vertexbase2<Gt,SSTag>
CGAL::Triangulationdata structure2<Vb,Fb>
CGAL::SegmentDelaunaygraph hierarchy 2<Gt,STag,DS>
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Chapter 27

2D Apollonius Graphs (Delaunay Graphs
of Disks)
Menelaos Karavelas and Mariette Yvinec
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This chapter describes the two-dimensional Apollonius graph of CGAL. We start with a few definitions in Sec-
tion 27.1. The software design of the 2D Apollonius graph package is described in Section27.2. In Section27.3
we discuss the geometric traits of the 2D Apollonius graph package and in Section27.4the Apollonius graph
hierarchy, a data structure suitable for fast nearest neighbor queries, is briefly described.

27.1 Definitions

The 2D Apollonius graph class of CGAL is designed to compute the dual of theApollonius diagramor, as
it is also known, theAdditively weighted Voronoi diagram. The algorithm that has been implemented is dy-
namic, which means that we can perform insertions and deletions on line. The corresponding CGAL class is
calledApolloniusgraph 2<ApolloniusGraphTraits2,ApolloniusGraphDataStructure2> and will be discussed
in more detail in the sequel. The interested reader may want to refer to the paper by Karavelas and Yvinec
[KY02] for the general idea as well as the details of the algorithm implemented.

Before describing the details of the implementation we make a brief introduction to the theory of Apollonius
diagrams. The Apollonius diagram is defined over a set of sitesPi = (ci ,wi), i = 1, . . . ,n, whereci is the point
andwi the weight ofPi . It is a subdivision of the plane into connected regions, calledcells, associated with the
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Figure 27.1: The Apollonius diagram (left) and its dual the Apollonius graph (right).

sites (see Fig.27.1(left)). The cell of a sitePi is the locus of points on the plane that are closer toPi than any
other sitePj , j 6= i. The distanceδ(x,Pi) of a pointx in the plane to a sitePi is defined as:

δ(x,Pi) = ‖x−ci‖−wi ,

where‖ · ‖ denotes the Euclidean norm. It can easily be seen that it is a generalization of the Voronoi diagram
for points, which can actually be obtained if all the weightswi are equal. Unlike the case of points, however, it
is possible that a sitePi might have an empty cell. This can also happen in the case of the power diagram, whose
dual is the regular triangulation (see Section20.6). If this is the case we call the sitehidden(these are the black
circles in Fig.27.1). A site which is not hidden will be referred to asvisible.

If all weights wi are non-negative, the Apollonius diagram can be viewed as the Voronoi diagram of the set
of circles{P1, . . . ,Pn}, whereci is the center of the circlePi andwi its radius. If the weights are allowed to be
negative, we need to go to 3D in order to explain what the Apollonius diagram means geometrically. We identify
the 2D Euclidean plane with thexy-plane in 3D. Then the Voronoi diagram of a set of points can be seen as the
vertical projection on thexy-plane of the lower envelope of a set of 3D cones defined as follows: for each point
p in the set of 2D points we have a coneCp whose apex is the pointp. The axis ofCp is a line parallel to the
z-axis passing throughp, the angle ofCp is 45◦ and, finallyCp is facing in the positivez-direction (that is,Cp is
contained in the positivez-halfspace). The Apollonius diagram corresponds to shifting the apexes of these cones
in the z-direction by a quantity equal to the weight. Sites with negative weight will give rise to cones whose
apex is in the negativez-halfspace and sites with positive weight will give rise to cones whose apex is in the
positivez-halfspace. In a manner analogous to the case of points, the Apollonius diagram can then be defined
as the vertical projection on thexy-plane of the lower envelope of the set of shifted cones. Notice that when all
apexes are translated along thez-direction by the same amount, the projection of the lower envelope of the set
of cones does not change. In particular, we can translate all cones by a large enough amount so that all apexes
are in the positivez-halfspace. Algebraically, this means that the Apollonius diagram does not change if we add
to all weights the same quantity, which in particular, implies that we can assume without loss of generality that
all weights are positive. Given the observations above and in order to simplify our discussion of Apollonius
diagrams, we will, from now on, assume that all weights are positive, and we will refer to the sites as circles.

The Apollonius diagram is a planar graph, and so is its dual, the Apollonius graph. There are many ways to
embed it on the plane and one such way is shown in Fig.27.1(right). The Apollonius graph is uniquely defined
once we have the Apollonius diagram. If the circles are ingeneral position(see precise definition below),
then the Apollonius graph is a graph with triangular faces away from the convex hull of the set of circles (by
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triangular we mean that every face has exactly three edges). Near the convex hull we may have some spikes
(i.e., vertices of degree 1). To unify our approach and handling of the Apollonius graph we add to the set of
(finite) circles a fictitious circle at infinity, which we call thesite at infinity. We can then connect all vertices
of the outer face of the Apollonius graph to the site at infinity which gives us a graph with the property that all
of its faces are now triangular. However, the Apollonius graph is not a triangulation for two main reasons: we
cannot always embed it on the plane with straight line segments that yield a triangulation and, moreover, we
may have two faces of the graph that have two edges in common, which is not allowed in a triangulation. Both
of these particularities appear when we consider the Apollonius graph of the set of circles in Fig.27.1(right).

We would like to finish our brief introduction to the theory of Apollonius graphs by discussing the concept
of general position. We say that a set of circles is in general position if no two triplets of circles have the
same tritangent circle. This statement is rather technical and it is best understood in the context of points. The
equivalent statement for points is that we have no two triplets of points that define the same circumcircle, or
equivalently that no four points are co-circular. The statement about general position made above is a direct
generalization of the (much simpler to understand) statement about points. On the contrary, when we have
circles in degenerate position, the Apollonius graph has faces with more than three edges on their boundary.
We can get a triangulated version of the graph by simplytriangulating the corresponding faces in an arbitrary
way. In fact the algorithm that has been implemented in CGAL has the property that it always returns a valid
triangulatedversion of the Apollonius graph. By valid we mean that it contains the actual Apollonius graph
(i.e., the actual dual of the Apollonius diagram) and whenever there are faces with more than three faces then
they are triangulated. The way that they are triangulated depends on the order of insertion and deletion of the
circles in the diagram.

One final point has to be made about hidden circles. First of all we would like to be more precise about our
definition of hidden circles: we say that a circle is hidden if its cell has empty interior. This definition allows
us to guarantee that all visible circles have cells that are two-dimensional regions. Geometrically the fact that a
circle is hidden means that it is contained in the closure of the disk of another circle (see again Fig.27.1). Note
that a circle contained in the union of several disks, but not in the closure of any one of them, is not hidden.

Hidden circles pose an additional difficulty to our algorithm and software design. Since we allow circles to be
inserted and deleted at wish, it is possible that a circle that was hidden at some point in time, may become visible
at a later point in time; for example this can happen if we delete the circle that hides it. For this purpose we store
hidden circles and have them reappear when they become visible. We will discuss this issue in detail below.
For the time being it suffices to say that the user has the ability to control this behavior. More specifically it is
possible to discard the circles that become hidden. This choice is totally natural when for example we expect
to do only insertions, since in this case a circle that becomes hidden will never reappear. On the other hand if
deletions are expected as well, then we lose the ability to have the hidden circles reappear.

Degenerate Dimensions. The dimension of the Apollonius graph is in general 2. The exceptions to this rule
are as follows:

• The dimension is−1 if the Apollonius graph contains no circles.

• The dimension is 0 if the Apollonius graph contains exactly one visible circle.

• The dimension is 1 is the Apollonius graph contains exactly two visible circles.

27.2 Software Design

The 2D Apollonius graph class Apolloniusgraph 2<ApolloniusGraphTraits
2,ApolloniusGraphDataStructure2> follows the design of the triangulation package of CGAL. It is
parametrized by two arguments:
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• the geometric traits class. It provides the basic geometric objects involved in the algorithm, such as
sites, points etc. It also provides the geometric predicates for the computation of the Apollonius graph, as
well as some basic constructions that can be used, for example, to visualize the Apollonius graph or the
Apollonius diagram. The geometric traits for the Apollonius graph will be discussed in more detail in the
next section.

• the Apollonius graph data structure. This is essentially the same as the triangulation data structure
(discussed in Chapter21), augmented with some additional operations that are specific to Apollonius
graphs. The corresponding concept is that ofApolloniusGraphDataStructure2, which in fact is a refine-
ment of theTriangulationDataStructure2 concept. The classTriangulation data structure2<Vb,Fb> is
a model of the conceptApolloniusGraphDataStructure2. A default value for the corresponding template
parameter is provided, so the user does not need to specify it.

Storing Hidden Sites. As we have already mentioned a circle is hidden if it is contained inside some visible
circle. This creates a parent-child relationship between visible and hidden circles: the parent of a hidden circle
is the visible circle that contains it. If more than one visible circles contain a hidden circle then the hidden circle
can be assigned to any of the visible circles arbitrarily.

To store hidden circles we assign to every visible circle a list. This list comprises the hidden circles that are
contained in the visible circle. The user can access the hidden circles associated with a visible circle through an
iterator calledHidden sites iterator. This iterator is defined in theApolloniusGraphVertexBase2 concept and
is implemented by its model, theApolloniusgraph vertexbase2<Gt,StoreHidden> class. It is also possible to
iterate through the entire set of hidden sites using an homonymous iterator defined by theApolloniusgraph 2<
Gt,Agds> class.

Since storing hidden sites may not be of interest in some cases (e.g., for example this is the case if we only
perform insertions in the Apollonius graph), the user has the possibility of controllong this behavior. More
precisely, the classApolloniusgraph vertexbase2<Gt,StoreHidden> has two template parameters, the second
of which is a boolean value. This value is by defaulttrueand it indicates that hidden sites should be stored. The
user can indicate that hidden sites may be discarded by setting this value tofalse.

27.3 The Geometric Traits

The predicates required for the computation of the Apollonius graph are rather complicated. It is not the purpose
of this document to discuss them in detail. The interested reader may refer to the papers by Karavelas and Emiris
for the details [KE02, KE03]. However, we would like to give a brief overview of what they compute. There
are several predicates needed by this algorithm. We will discuss the most important/complicated ones. It turns
out that it is much easier to describe them in terms of the Apollonius diagram, rather than the Apollonius graph.
Whenever it is applicable we will also describe their meaning in terms of the Apollonius graph.

The first two geometric predicates are calledIs hidden2 andOrientedside of bisector2. The first one in-
volves two circles, sayP1 andP2. It determines ifP1 is hidden with respect toP2; more precisely it checks
whether the circleP1 is contained in the closure of the disk defined by the circleP2. As its name indicates, it
determines if a circle is hidden or not. The second predicate involves two circlesP1 andP2 and a pointq. It
answers the question whetherq is closer toP1 or P2. Its name stems from the fact that answering the afore-
mentioned question is equivalent to determining the oriented side of the bisector ofP1 andP2 that contains the
query pointq. This predicate is used by the algorithm for closest neighbor queries for points.

The next geometric predicate is calledVertexconflict 2 and it involves four circlesP1, P2, P3, andP4 (see Fig.
27.3). The first three (red circles in Fig.27.3) define a tritangent circle (yellow circle in Fig.27.3). What we
want to determine is the sign of the distance of the green circle from the yellow circle. The distance between
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two circlesK1 = (c1, r1) andK2 = (c2, r2) is defined as the distance of their centers minus their radii:

δ(K1,K2) = ‖c1−c2‖− r1− r2.

This predicate determines if a vertex in the Apollonius diagram (the center of the yellow circle) is destroyed
when a new circle is inserted in the diagram (the green circle). In the Apollonius graph it tells us if a triangular
face of the diagram is to be destroyed or not.

Figure 27.2: TheVertexconflict 2 predicate. The left-most, bottom-most and top-most circles define the
tritangent circle in the middle. We want to determine the sign of the distance of the left-most circle from the
one in the middle. The almost horizontal curve is the bisector of the top-most and bottom-most circles. Left:
the predicate returnsCGAL::NEGATIVE. Right: the predicate returnsCGAL::POSITIVE.

What we essentially want to compute when we construct incrementally a Voronoi diagram, is whether the object
to be inserted destroys an edge of the Voronoi diagram or not. In the case of points this is really easy and it
amounts to the well knownincircle test. In the case of circles the situation is more complicated. We can
have six possible outcomes as to what portion of an edge of the Apollonius diagram the new circle destroys
(see Fig. 27.3). The first two can be answered directly by theVertexconflict 2 predicate evaluated for the
two endpoints of the Apollonius diagram edge. This is due to the fact that the value of theVertexconflict 2
predicate is different for the two endpoints. If the two values are the same then we need an additional test
which determines if the interior of the Apollonius diagram edge is destroyed by the new circle. This is what the
Finite edgeinterior conflict 2 and Infinite edgeinterior conflict 2 predicates do. In essense, it is the same
predicate (same idea) applied to two different types of edges in the Apollonius diagram: a finite or an infinite
edge. An edge is infinite if its dual edge in the Apollonius graph connects the site at infinity with the vertex
corresponding to a (finite) circle; otherwise it is a finite edge.

The last predicate that we want to discuss is calledIs degenerateedge2. It tells us whether an edge in the
Apollonius diagram is degenerate, that is if its two endpoints coincide. In the Apollonius graph such an edge
corresponds to one of the additional edges that we use to triangulate the non-triangular faces.

The afore mentioned predicates are part of theApolloniusGraphTraits2 concept of CGAL. CGAL also provides
a model for this concept, theApolloniusgraph traits 2<K,Methodtag> class. The first template parameter of
this class must be a model of theKernelconcept. The second template parameter is a tag that indicates what
operations are allowed in the computations that take place within the traits class. The two possible values of the
Method tag parameter areCGAL::Ring tag andCGAL::Sqrt field tag. WhenCGAL::Ring tag is used, only
ring operations are used during the evaluation of the predicates, whereas ifCGAL::Sqrt field tag is chosen, all
four field operations, as well as square roots, are used during the predicate evaluation.

TheApolloniusgraph traits 2<K,Methodtag> class provides exact predicates if the number type in the kernel
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Figure 27.3: The 6 possible outcomes of theFinite edgeinterior conflict 2 predicate. Top left: only a neigh-
borhood around the left-most endpoint of the edge will be destroyed. Top right: only a neighborhood around the
right-most endpoint of the edge will be destroyed. Middle left: no portion of the edge is destroyed. Middle right:
the entire edge will be destroyed. Bottom left: a neighborhood in the interior of the edge will be destroyed; the
regions near the endpoints remain unaffected. Bottom right: The neighborhood around the two endpoints will
be destroyed, but an interval in the interior of the edge will remain in the new diagram.

K is an exact number type. This is to be associated with the type of operations allowed for the predicate evalu-
ation. For exampleCGAL::MP Float as number type, withCGAL::Ring tag as tag will give exact predicates,
whereasCGAL::MP Float with CGAL::Sqrt field tagwill give inexact predicates.

Since using an exact number type may be too slow, theApolloniusgraph traits 2<K,Methodtag> class is
designed to support the dynamic filtering of CGAL through theCGAL::Filtered exact<CT,ET> mechanism. In
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particular ifCT is an inexact number type that supports the operations denoted by the tagMethod tag andET
is an exact number type for these operations, then kernel with number typeCGAL::Filtered exact<CT,ET>
will yield exact predicates for the Apollonius graph traits. To give a concrete example,CGAL::Filtered exact<
double,CGAL::MPFloat> with CGAL::Ring tagwill produce exact predicates.

Another possibility for fast and exact predicate evalutation is to use theApolloniusgraph filtered traits 2<
CK,CM,EK,EM,FK,FM> class. This class is the analog of a filtered kernel. It takes a constructions kernelCK,
a filtering kernelFK and an exact kernelEK, as well as the corresponding tags (CM, FM andEM, respectively).
It evaluates the predicates by first using the filtering kernel, and if this fails the evaluation is performed using the
exact kernel. The constructions are done using the kernelCK, which means that they are not necessarily exact.
All template parameters exceptCK have default values, which are explained in the reference manual.

27.4 The Apollonius Graph Hierarchy

The Apolloniusgraph hierarchy 2<ApolloniusGraphTraits2,ApolloniusGraphDataStructure2> class is
nothing but the equivalent of theTriangulation hierarchy 2 class, applied to the Apollonius graph. It consists
of a series of Apollonius graphs constructed in a manner analogous to the Delaunay hierarchy by Devillers
[Dev98]. The classApolloniusgraph hierarchy 2<ApolloniusGraphTraits2,ApolloniusGraphDataStructure
2> has exactly the same interface and functionality as theApolloniusgraph 2<ApolloniusGraphTraits
2,ApolloniusGraphDataStructure2> class. Using the Apollonius graph hierarchy involves an additional cost
in space and time for maintaining the hierarchy. Our experiments have shown that it usually pays off to use the
hierarchy for inputs consisting of more than 1,000 circles. This threshold holds for both the construction of the
Apollonius diagram itself, as well as for nearest neighbor queries.

27.5 Examples

27.5.1 First Example

// file: examples/Apollonius_graph_2/ag2_exact_traits.C

#include <CGAL/basic.h>

// standard includes
#include <iostream>
#include <fstream>
#include <cassert>

// the number type
#include <CGAL/MP_Float.h>

// example that uses an exact number type

typedef CGAL::MP_Float NT;

// choose the kernel
#include <CGAL/Simple_cartesian.h>

typedef CGAL::Simple_cartesian<NT> Kernel;
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// typedefs for the traits and the algorithm

#include <CGAL/Apollonius_graph_2.h>
#include <CGAL/Apollonius_graph_traits_2.h>

typedef CGAL::Apollonius_graph_traits_2<Kernel> Traits;
typedef CGAL::Apollonius_graph_2<Traits> Apollonius_graph;

int main()
{

std::ifstream ifs("data/sites.cin");
assert( ifs );

Apollonius_graph ag;
Apollonius_graph::Site_2 site;

// read the sites and insert them in the Apollonius graph
while ( ifs >> site ) {

ag.insert(site);
}

// validate the Apollonius graph
assert( ag.is_valid(true, 1) );
std::cout << std::endl;

return 0;
}

27.5.2 Second Example

// file: examples/Apollonius_graph_2/ag2_exact_traits_sqrt.C

#include <CGAL/basic.h>

// standard includes
#include <iostream>
#include <fstream>
#include <cassert>

#if defined CGAL_USE_LEDA
# include <CGAL/leda_real.h>
#elif defined CGAL_USE_CORE
# include <CGAL/CORE_Expr.h>
#endif

#if defined CGAL_USE_LEDA
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// If LEDA is present use leda_real as the exact number type
typedef leda_real NT;

#elif defined CGAL_USE_CORE
// Otherwise if CORE is present use CORE’s Expr as the exact number type
typedef CORE::Expr NT;

#else

// Otherwise just use double. This may cause numerical errors but it
// is still worth doing it to show how to define correctly the traits
// class
typedef double NT;

#endif

#include <CGAL/Simple_cartesian.h>

typedef CGAL::Simple_cartesian<NT> Kernel;

// typedefs for the traits and the algorithm

#include <CGAL/Apollonius_graph_2.h>
#include <CGAL/Apollonius_graph_traits_2.h>

// the traits class is now going to assume that the operations
// +,-,*,/ and sqrt are supported exactly
typedef
CGAL::Apollonius_graph_traits_2<Kernel,CGAL::Sqrt_field_tag> Traits;

typedef CGAL::Apollonius_graph_2<Traits> Apollonius_graph;

int main()
{

std::ifstream ifs("data/sites.cin");
assert( ifs );

Apollonius_graph ag;
Apollonius_graph::Site_2 site;

// read the sites and insert them in the Apollonius graph
while ( ifs >> site ) {

ag.insert(site);
}

// validate the Apollonius graph
assert( ag.is_valid(true, 1) );
std::cout << std::endl;

return 0;
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}

27.5.3 Third Example

// file: examples/Apollonius_graph_2/ag2_filtered_traits_no_hidden.C

#include <CGAL/basic.h>

// standard includes
#include <iostream>
#include <fstream>
#include <cassert>

#include <CGAL/basic.h>

// example that uses the filtered traits

// choose the representation
#include <CGAL/Simple_cartesian.h>

typedef CGAL::Simple_cartesian<double> Rep;

#include <CGAL/Apollonius_graph_2.h>
#include <CGAL/Triangulation_data_structure_2.h>
#include <CGAL/Apollonius_graph_vertex_base_2.h>
#include <CGAL/Triangulation_face_base_2.h>
#include <CGAL/Apollonius_graph_filtered_traits_2.h>

// typedef for the traits; the filtered traits class is used
typedef CGAL::Apollonius_graph_filtered_traits_2<Rep> Traits;

// typedefs for the algorithm

// With the second template argument in the vertex base class being
// false, we indicate that there is no need to store the hidden sites.
// One case where this is indeed not needed is when we only do
// insertions, like in the main program below.
typedef CGAL::Apollonius_graph_vertex_base_2<Traits,false> Vb;
typedef CGAL::Triangulation_face_base_2<Traits> Fb;
typedef CGAL::Triangulation_data_structure_2<Vb,Fb> Agds;
typedef CGAL::Apollonius_graph_2<Traits,Agds> Apollonius_graph;

int main()
{

std::ifstream ifs("data/sites.cin");
assert( ifs );

Apollonius_graph ag;
Apollonius_graph::Site_2 site;

// read the sites and insert them in the Apollonius graph
while ( ifs >> site ) {
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ag.insert(site);
}

// validate the Apollonius graph
assert( ag.is_valid(true, 1) );
std::cout << std::endl;

// now remove all sites
std::cout << "Removing all sites... " << std::flush;
while ( ag.number_of_vertices() > 0 ) {

ag.remove( ag.finite_vertex() );
}
std::cout << "done!" << std::endl << std::endl;

return 0;
}

27.5.4 Fourth Example

// file: examples/Apollonius_graph_2/ag2_hierarchy.C

#include <CGAL/basic.h>

// standard includes
#include <iostream>
#include <fstream>
#include <cassert>

// example that uses the filtered traits

#include <CGAL/MP_Float.h>
#include <CGAL/Simple_cartesian.h>

// constructions kernel (inexact)
typedef CGAL::Simple_cartesian<double> CK;

// exact kernel
typedef CGAL::Simple_cartesian<CGAL::MP_Float> EK;

// typedefs for the traits and the algorithm

#include <CGAL/Apollonius_graph_hierarchy_2.h>
#include <CGAL/Apollonius_graph_filtered_traits_2.h>

// Type definition for the traits class.
// In this example we explicitly define the exact kernel. We also
// explicitly define what operations to use for the evaluation of the
// predicates and constructions, when the filtering and the exact
// kernels are used respectively.
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// Note that the operations allowed for the filtering and the
// constructions (field operations plus square roots) are different
// from the operations allowed when the exact kernel is used (ring
// operations).
typedef CGAL::Sqrt_field_tag CM;
typedef CGAL::Ring_tag EM;
typedef CGAL::Apollonius_graph_filtered_traits_2<CK,CM,EK,EM> Traits;

// Now we use the Apollonius graph hierarchy.
// The hierarchy is faster for inputs consisting of about more than
// 1,000 sites
typedef CGAL::Apollonius_graph_hierarchy_2<Traits> Apollonius_graph;

int main()
{

std::ifstream ifs("data/hierarchy.cin");
assert( ifs );

Apollonius_graph ag;
Apollonius_graph::Site_2 site;

// read the sites and insert them in the Apollonius graph
while ( ifs >> site ) {

ag.insert(site);
}

// validate the Apollonius graph
assert( ag.is_valid(true, 1) );

return 0;
}
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2D Apollonius Graphs (Delaunay Graphs
of Disks)
Reference Manual
Menelaos Karavelas and Mariette Yvinec

An Apollonius graph is the dual of the Apollonius diagram, also known as theadditively weighted Voronoi
diagram. It is essentially the Voronoi diagram of a set of disks, where the distance of a point of the plane from
a disk is defined as the Euclidean distance of the point and the center of the circle, minus the radius of the disk.

CGAL provides the classCGAL::Apolloniusgraph 2<Gt,Agds> for computing the 2D Apollonius graph. The
two template parameters must be models of theApolloniusGraphTraits2 andApolloniusGraphDataStructure
2 concepts. The first concept is related to the geometric objects and predicates associated with Apollonius
graphs, whereas the second concept refers to the data structure used to represent the Apollonius graph. The
classesApolloniusgraph traits 2<K,Methodtag> andTriangulation data structure2<Vb,Fb> are models of
the afore-mentioned concepts.
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CGAL::Apollonius graph 2<Gt,Agds>

Definition

The classApolloniusgraph 2<Gt,Agds> represents the Apollonius graph. It supports insertions and deletions
of sites. It is templated by two template argumentsGt, which must be a model ofApolloniusGraphTraits
2, and Agds, which must be a model ofApolloniusGraphDataStructure2. The second template argu-
ment defaults toCGAL::Triangulationdata structure2< CGAL::Apolloniusgraph vertexbase2<Gt,true>,
CGAL::Triangulation face base2<Gt> >.

#include<CGAL/Apolloniusgraph 2.h>

Is Model for the Concepts

DelaunayGraph2

Types

typedef Agds Datastructure; A type for the underlying data structure.
typedef Datastructure Triangulationdata structure; Same as theData structure type. This type

has been introduced in order for theApollonius
graph 2<Gt,Agds> class to be a model of the
DelaunayGraph2 concept.

typedef Gt Geomtraits; A type for the geometric traits.
typedef Gt::Point2 Point 2; A type for the point defined in the geometric traits.

typedef Gt::Site2 Site2; A type for the Apollonius site, defined in the geo-
metric traits.

The vertices and faces of the Apollonius graph are accessed throughhandles, iterators andcirculators. The
iterators and circulators are all bidirectional and non-mutable. The circulators and iterators are assignable to
the corresponding handle types, and they are also convertible to the corresponding handles. The edges of the
Apollonius graph can also be visited through iterators and circulators, the edge circulators and iterators are also
bidirectional and non-mutable. In the following, we callinfinite any face or edge incident to the infinite vertex
and the infinite vertex itself. Any other feature (face, edge or vertex) of the Apollonius graph is said to befinite.
Some iterators (theAll iterators ) allow to visit finite or infinite features while the others (theFinite iterators)
visit only finite features. Circulators visit both infinite and finite features.

typedef Datastructure::Edge Edge; the edge type. TheEdge(f,i)is the edge
common to facesf andf.neighbor(i). It
is also the edge joining the verticesver-
tex(cw(i))andvertex(ccw(i))of f .
Precondition: i must be0, 1 or 2.

typedef Datastructure::Vertex Vertex; A type for a vertex.
typedef Datastructure::Face Face; A type for a face.
typedef Datastructure::Vertexhandle Vertexhandle; A type for a handle to a vertex.
typedef Datastructure::Facehandle Facehandle; A type for a handle to a face.
typedef Datastructure::Vertexcirculator Vertexcirculator; A type for a circulator over vertices in-

cident to a given vertex.
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typedef Datastructure::Facecirculator Facecirculator; A type for a circulator over faces inci-
dent to a given vertex.

typedef Datastructure::Edgecirculator Edgecirculator; A type for a circulator over edges inci-
dent to a given vertex.

typedef Datastructure::Vertexiterator All verticesiterator; A type for an iterator over all vertices.
typedef Datastructure::Faceiterator All facesiterator; A type for an iterator over all faces.
typedef Datastructure::Edgeiterator All edgesiterator; A type for an iterator over all edges.
typedef Datastructure::sizetype sizetype; An unsigned integral type.

Apolloniusgraph 2<Gt,Agds>:: Finite verticesiterator; A type for an iterator over finite vertices.
Apolloniusgraph 2<Gt,Agds>:: Finite facesiterator; A type for an iterator over finite faces.
Apolloniusgraph 2<Gt,Agds>:: Finite edgesiterator; A type for an iterator over finite edges.

In addition to iterators and circulators for vertices and faces, iterators for sites are provided. In particular there
are iterators for the entire set of sites, the hidden sites and the visible sites of the Apollonius graph.

Apolloniusgraph 2<Gt,Agds>:: Sites iterator A type for an iterator over all sites.
Apolloniusgraph 2<Gt,Agds>:: Visible sites iterator A type for an iterator over all visible sites.
Apolloniusgraph 2<Gt,Agds>:: Hidden sites iterator A type for an iterator over all hidden sites.

Creation

Apolloniusgraph 2<Gt,Agds> ag( Gt gt=Gt()); Creates an Apollonius graph usinggt as geometric traits.

template< class Inputiterator >
Apolloniusgraph 2<Gt,Agds> ag( Input iterator first, Input iterator beyond, Gt gt=Gt());

Creates an Apollonius graph usinggt as geometric traits
and inserts all sites in the range [first, beyond).
Precondition: Input iterator must be a model ofInputIt-
erator. The value type ofInput iterator must beSite 2.

Apolloniusgraph 2<Gt,Agds> ag( other); Copy constructor. All faces and vertices are duplicated.
After the construction,agandotherrefer to two different
Apollonius graphs : ifother is modified,ag is not.

Apolloniusgraph 2<Gt,Agds> ag= other Assignment. Ifagandotherare the same object nothing
is done. Otherwise, all the vertices and faces are dupli-
cated. After the assignment,ag andother refer to differ-
ent Apollonius graphs : ifother is modified,ag is not.

Access Functions

Geomtraits ag.geomtraits() Returns a reference to the Apollonius graph traits object.
Data structure ag.datastructure() Returns a reference to the underlying data structure.
Data structure ag.tds() Same asdata structure(). This method has been added in

compliance with theDelaunayGraph2 concept.

int ag.dimension() Returns the dimension of the Apollonius graph.
size type ag.numberof vertices() Returns the number of finite vertices.
size type ag.numberof visible sites() Returns the number of visible sites.
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size type ag.numberof hiddensites() Returns the number of hidden sites.
size type ag.numberof faces() Returns the number of faces (both finite and infinite) of the

Apollonius graph.

Face handle ag.infiniteface() Returns a face incident to theinfinite vertex.
Vertexhandle ag.infinitevertex() Returns theinfinite vertex.
Vertexhandle ag.finitevertex() Returns a vertex distinct from theinfinite vertex.

Precondition: The number of (visible) vertices in the Apol-
lonius graph must be at least one.

Traversal of the Apollonius graph

An Apollonius graph can be seen as a container of faces and vertices. Therefore the Apollonius graph provides
several iterators and circulators that allow to traverse it (completely or partially).

Face, Edge and Vertex Iterators

The following iterators allow respectively to visit finite faces, finite edges and finite vertices of the Apollonius
graph. These iterators are non-mutable, bidirectional and their value types are respectivelyFace, Edgeand
Vertex. They are all invalidated by any change in the Apollonius graph.

Finite verticesiterator ag.finite verticesbegin() Starts at an arbitrary finite vertex.
Finite verticesiterator ag.finite verticesend() Past-the-end iterator.

Finite edgesiterator ag.finite edgesbegin() Starts at an arbitrary finite edge.
Finite edgesiterator ag.finite edgesend() Past-the-end iterator.

Finite facesiterator ag.finite facesbegin() Starts at an arbitrary finite face.
Finite facesiterator ag.finite facesend() Past-the-end iterator.

The following iterators allow respectively to visit all (both finite and infinite) faces, edges and vertices of the
Apollonius graph. These iterators are non-mutable, bidirectional and their value types are respectivelyFace,
EdgeandVertex. They are all invalidated by any change in the Apollonius graph.

All verticesiterator ag.all verticesbegin() Starts at an arbitrary vertex.
All verticesiterator ag.all verticesend() Past-the-end iterator.

All edgesiterator ag.all edgesbegin() Starts at an arbitrary edge.
All edgesiterator ag.all edgesend() Past-the-end iterator.

All facesiterator ag.all facesbegin() Starts at an arbitrary face.
All facesiterator ag.all facesend() Past-the-end iterator.

Site iterators

The following iterators allow respectively to visit all sites, the visible sites and the hidden sites. These iterators
are non-mutable, bidirectional and their value type isSite 2. They are all invalidated by any change in the
Apollonius graph.

Sitesiterator ag.sitesbegin() Starts at an arbitrary site.
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Sitesiterator ag.sitesend() Past-the-end iterator.

Visible sites iterator ag.visiblesitesbegin() Starts at an arbitrary visible site.
Visible sites iterator ag.visiblesitesend() Past-the-end iterator.

Hidden sites iterator ag.hiddensitesbegin() Starts at an arbitrary hidden site.
Hidden sites iterator ag.hiddensitesend() Past-the-end iterator.

Face, Edge and Vertex Circulators

The Apollonius graph also provides circulators that allow to visit respectively all faces or edges incident to
a given vertex or all vertices adjacent to a given vertex. These circulators are non-mutable and bidirectional.
The operatoroperator++ moves the circulator counterclockwise around the vertex while theoperator--moves
clockwise. A face circulator is invalidated by any modification of the face pointed to. An edge circulator is
invalidated by any modification in one of the two faces incident to the edge pointed to. A vertex circulator is
invalidated by any modification in any of the faces adjacent to the vertex pointed to.

Face circulator ag.incidentfaces( Vertexhandle v)

Starts at an arbitrary face incident tov.

Face circulator ag.incidentfaces( Vertexhandle v, Facehandle f)

Starts at facef .
Precondition: Facef is incident to vertexv.

Edgecirculator ag.incidentedges( Vertexhandle v)

Starts at an arbitrary edge incident tov.

Edgecirculator ag.incidentedges( Vertexhandle v, Facehandle f)

Starts at the first edge off incident tov, in counterclockwise
order aroundv.
Precondition: Facef is incident to vertexv.

Vertexcirculator ag.incidentvertices( Vertexhandle v)

Starts at an arbitrary vertex incident tov.

Vertexcirculator ag.incidentvertices( Vertexhandle v, Facehandle f)

Starts at the first vertex off adjacent tov in counterclockwise
order aroundv.
Precondition: Facef is incident to vertexv.

Traversal of the Convex Hull

Applied on theinfinite vertexthe above functions allow to visit the vertices on the convex hull and the infi-
nite edges and faces. Note that a counterclockwise traversal of the vertices adjacent to theinfinite vertexis a
clockwise traversal of the convex hull.

Vertexcirculator ag.incidentvertices( ag.infinitevertex())
Vertexcirculator ag.incidentvertices( ag.infinitevertex(), Facehandle f)
Face circulator ag.incidentfaces( ag.infinitevertex())
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Face circulator ag.incidentfaces( ag.infinitevertex(), Facehandle f)
Edgecirculator ag.incidentedges( ag.infinitevertex())
Edgecirculator ag.incidentedges( ag.infinitevertex(), Facehandle f)

Predicates

The classApolloniusgraph 2<Gt,Agds> provides methods to test the finite or infinite character of any feature.

bool ag.is infinite( Vertexhandle v) true, iff v is theinfinite vertex.
bool ag.is infinite( Facehandle f) true, iff face f is infinite.
bool ag.is infinite( Facehandle f, int i) true, iff edge(f,i) is infinite.
bool ag.is infinite( Edge e) true, iff edgee is infinite.
bool ag.is infinite( Edgecirculator ec) true, iff edge*ec is infinite.

Insertion

template< class Inputiterator >
unsigned int ag.insert( Inputiterator first, Input iterator beyond)

Inserts the sites in the range [first,beyond). The number of sites in the
range [first, beyond) is returned.
Precondition: Input iterator must be a model ofInputIteratorand its
value type must beSite 2.

Vertexhandle ag.insert( Site2 s) Inserts the sites in the Apollonius graph. Ifs is visible then the vertex
handle ofs is returned, otherwiseVertexhandle(NULL)is returned.

Vertexhandle ag.insert( Site2 s, Vertexhandle vnear)

Insertss in the Apollonius graph using the site associated withvn-
ear as an estimate for the nearest neighbor of the center ofs. If s
is visible then the vertex handle ofs is returned, otherwiseVertex
handle(NULL)is returned.

Removal

void ag.remove( Vertexhandle v) Removes the site associated to the vertex handlev from the Apollonius
graph.
Precondition: v must correspond to a valid finite vertex of the Apollo-
nius graph.

Nearest neighbor location

Vertexhandle ag.nearestneighbor( Point2 p) Finds the nearest neighbor of the pointp. In other words
it finds the site whose Apollonius cell containsp. Ties
are broken arbitrarily and one of the nearest neighbors
of p is returned. If there are no visible sites in the Apol-
lonius diagramVertexhandle(NULL)is returned.
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Vertexhandle ag.nearestneighbor( Point2 p, Vertexhandle vnear)

Finds the nearest neighbor of the pointp using the site
associated withvnear as an estimate for the nearest
neighbor ofp. Ties are broken arbitrarily and one of the
nearest neighbors ofp is returned. If there are no visible
sites in the Apollonius diagramVertexhandle(NULL)is
returned.

Access to the dual

TheApolloniusgraph 2 class provides access to the duals of the faces of the graph. The dual of a face of the
Apollonius graph is a site. If the originating face is infinite, its dual is a site with center at infinity (or equivalently
with infinite weight), which means that it can be represented geometrically as a line. If the originating face is
finite, its dual is a site with finite center and weight. In the following three methods the returned object is
assignable to eitherSite 2 or Gt::Line 2, depending on whether the corresponding face of the Apollonius graph
is finite or infinite, respectively.

Gt::Object 2 ag.dual( Facehandle f) Returns the dual corresponding to the face handlef . The
returned object can be assignable to one of the following:
Site 2, Gt::Line 2.

Gt::Object 2 ag.dual( All facesiterator it) Returns the dual of the face to whichit points to. The
returned object can be assignable to one of the following:
Site 2, Gt::Line 2.

Gt::Object 2 ag.dual( Finitefacesiterator it) Returns the dual of the face to whichit points to. The
returned object can be assignable to one of the following:
Site 2, Gt::Line 2.

I/O

template< class Stream>
Stream& ag.draw primal( Stream& str) Draws the Apollonius graph to the streamstr.

Precondition: The following operators must be defined:
Stream& operator<<(Stream&, Gt::Segment2),
Stream& operator<<(Stream&, Gt::Ray 2).

template< class Stream>
Stream& ag.draw dual( Stream& str) Draws the dual of the Apollonius graph, i.e., the Apollonius dia-

gram, to the streamstr.
Precondition: The following operators must be defined:
Stream& operator<<(Stream&, Gt::Segment2),
Stream& operator<<(Stream&, Gt::Ray 2),
Stream& operator<<(Stream&, Gt::Line 2).

template< class Stream>
Stream& ag.draw primal edge( Edge e, Stream& str) Draws the edgee of the Apollonius graph to the

streamstr.
Precondition: The following operators must be de-
fined:
Stream& operator<<(Stream&, Gt::Segment2),
Stream& operator<<(Stream&, Gt::Ray 2).

template< class Stream>
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Stream& ag.draw dual edge( Edge e, Stream& str) Draws the dual of the edgee to the streamstr. The
dual ofe is an edge of the Apollonius diagram.
Precondition: The following operators must be de-
fined:
Stream& operator<<(Stream&, Gt::Segment2),
Stream& operator<<(Stream&, Gt::Ray 2),
Stream& operator<<(Stream&, Gt::Line 2).

void ag.file output( std::ostream& os) Writes the current state of the Apollonius graph to an
output stream. In particular, all visible and hidden sites
are written as well as the underlying combinatorial data
structure.

void ag.file input( std::istream& is) Reads the state of the Apollonius graph from an input
stream.

std::ostream& std::ostream& os<< ag Writes the current state of the Apollonius graph to an
output stream.

std::istream& std::istream& is >> ag Reads the state of the Apollonius graph from an input
stream.

Validity check

bool ag.isvalid( bool verbose = false, int level = 1) Checks the validity of the Apollonius graph. Ifver-
boseis true a short message is sent tostd::cerr. If
level is 0, only the data structure is validated. If
levelis 1, then both the data structure and the Apol-
lonius graph are validated. Negative values oflevel
always return true, and values greater then 1 are
equivalent tolevelbeing 1.

Miscellaneous

void ag.clear() Clears all contents of the Apollonius graph.
void ag.swap( other) The Apollonius graphsotherandagare swapped.ag.swap(other)should be pre-

ferred toag= otheror toag(other)if other is deleted afterwards.

See Also

DelaunayGraph2
ApolloniusGraphTraits2
ApolloniusGraphDataStructure2
ApolloniusGraphVertexBase2
TriangulationFaceBase2
CGAL::Apolloniusgraph traits 2<K,Methodtag>
CGAL::Apolloniusgraph filtered traits 2<CK,CM,EK,EM,FK,FM>
CGAL::Triangulationdata structure2<Vb,Fb>
CGAL::Apolloniusgraph vertexbase2<Gt,StoreHidden>
CGAL::Triangulation face base2<Gt>
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ApolloniusSite 2

Definition

The conceptApolloniusSite2 provides the requirements for an Apollonius site class.

Types

ApolloniusSite2:: Point 2 The point type.
ApolloniusSite2:: FT The field number type.
ApolloniusSite2:: RT The ring number type.
ApolloniusSite2:: Weight The weight type.

Precondition: It must be the same asFT.

Creation

ApolloniusSite2 s( Point2 p=Point 2(), Weight w= Weight(0));
ApolloniusSite2 s( other); Copy constructor.

Access Functions

Point 2 s.point() Returns the center of the Apollonius site.
Weight s.weight() Returns the weight of the Apollonius site.

See Also

ApolloniusGraphTraits2
CGAL::Apolloniussite 2<K>
CGAL::Apolloniusgraph traits 2<K,Methodtag>
CGAL::Apolloniusgraph filtered traits 2<CK,CM,EK,EM,FK,FM>
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CGAL::Apollonius site 2<K>

Definition

The classApolloniussite 2<K> is a model for the conceptApolloniusSite2. It is parametrized by a template
parameterK which must be a model of theKernelconcept.

#include<CGAL/Apolloniussite 2.h>

Is Model for the Concepts

ApolloniusSite2

Types

The classApolloniussite 2<K> does not introduce any types in addition to the conceptApolloniusSite2.

Creation

Apolloniussite 2<K> s( Point 2 p=Point 2(), Weight w= Weight(0));
Apolloniussite 2<K> s( other); Copy constructor.

I/O

The I/O operators are defined foriostream.

std::ostream& std::ostream& os<< s Inserts the Apollonius sites into the streamos.
Precondition: The insert operator must be defined forPoint 2 and
Weight.

std::istream& std::istream& is >> s Reads an Apollonius site from the streamis and assigns it tos.
Precondition: The extract operator must be defined forPoint 2 and
Weight.

The information output in theiostreamis: the point of the Apollonius site and its weight.

#include<CGAL/IO/Qt widget Apolloniussite 2.h>

Qt widget& Qt widget& w << s Inserts the Apollonius sites into theQt widgetstreamw.
Precondition: The insert operator must be defined forK::Circle 2.

See Also

Kernel
ApolloniusSite2
CGAL::Qt widget
CGAL::Apolloniusgraph traits 2<K,Methodtag>
CGAL::Apolloniusgraph filtered traits 2<CK,CM,EK,EM,FK,FM>
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ApolloniusGraphDataStructure 2

Definition

The conceptApolloniusGraphDataStructure2 refines the conceptTriangulationDataStructure2. In addition
it provides two methods for the insertion and removal of a degree 2 vertex in the data structure. The insertion
method adds a new vertex to the specified edge, thus creating two new edges. Moreover, it creates two new
faces that have the two newly created edges in common (see figure below). The removal method performs the
reverse operation.

Figure 27.4: Insertion and removal of degree 2 vertices. Left to right: The edge(f,i) is replaced by two edges
by means of inserting a vertexv on the edge. The facesf1 and f2 are created. Right to left: the facesf1 and f2
are destroyed. The vertexv is deleted and its two adjacent edges are merged.

We only describe the additional requirements with respect to theTriangulationDataStructure2 concept.

Refines

TriangulationDataStructure2

Insertion

Vertexhandle agds.insertdegree2( Facehandle f, int i) Inserts a degree two vertex and two faces ad-
jacent to it that have two common edges. The
edge defined by the face handlef and the in-
tegeri is duplicated. It returns a handle to the
vertex created.
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Removal

void agds.removedegree2( Vertexhandle v) Removes a degree 2 vertex and the two faces
adjacent to it. The two edges of the star ofv
that are not incident to it are collapsed.
Precondition: The degree ofv must be equal
to 2.

Has Models

CGAL::Triangulationdata structure2<Vb,Fb>

See Also

TriangulationDataStructure2
ApolloniusGraphVertexBase2
TriangulationFaceBase2
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ApolloniusGraphVertexBase 2

Definition

The conceptApolloniusGraphVertexBase2 describes the requirements for the vertex base class of the
ApolloniusGraphDataStructure2 concept. A vertex stores an Apollonius site and provides access to one of
its incident faces through aFace handle. In addition, it maintains a container of sites. The container stores the
hidden sites related to the vertex.

Types

ApolloniusGraphVertexBase2:: Geomtraits A type for the geometric traits that defines the site
stored.
Precondition: The typeGeomtraits must define the
typeSite 2.

ApolloniusGraphVertexBase2:: Store hidden A boolean that indicates if hidden sites are actually
stored or not. Its value istrue if hidden sites are
stored,falseotherwise.

ApolloniusGraphVertexBase2:: Site 2 A type for the site stored.
Precondition: This type must coincide with the type
Geomtraits::Site 2.

ApolloniusGraphVertexBase2:: Apollonius graph data structure2

A type for the Apollonius graph data structure, to
which the vertex belongs to.

ApolloniusGraphVertexBase2:: Vertex handle A type for the vertex handle of the Apollonius graph
data structure.

ApolloniusGraphVertexBase2:: Face handle A type for the face handle of the Apollonius graph
data structure.

ApolloniusGraphVertexBase2:: Hidden sites iterator An iterator that iterates over the hidden sites in the
hidden sites container of the vertex.
Precondition: Must be a model ofIterator.

Creation

ApolloniusGraphVertexBase2 v; Default constructor.
ApolloniusGraphVertexBase2 v( Site2 s); Constructs a vertex associated with the Apol-

lonius sites and embedded at the center ofs.
ApolloniusGraphVertexBase2 v( Site2 s, Facehandle f ); Constructs a vertex associated with the sites,

embedded at the center ofs, and pointing to
the face associated with the face handlef .

Access Functions

Site 2 v.site() Returns the Apollonius site.
Face handle v.face() Returns a handle to an incident face.
unsigned int v.numberof hiddensites() Returns the number of hidden sites in the hidden sites

container.
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Hidden sites iterator v.hiddensitesbegin() Starts at an arbitrary hidden site.
Hidden sites iterator v.hiddensitesend() Past-the-end iterator.

Setting and unsetting

void v.setsite( Site2 s) Sets the Apollonius site.
void v.setface( Facehandle f) Sets the incident face.
void v.addhiddensite( Site2 s) Adds a hidden site to the container of hidden sites.
void v.clearhiddensitescontainer() Clears the container of hidden sites.

Checking

bool

v.is valid( bool verbose, int level) Performs any required tests on a vertex.

Has Models

CGAL::Apolloniusgraph vertexbase2<Gt,StoreHidden>.

See Also

ApolloniusGraphDataStructure2
ApolloniusGraphTraits2
CGAL::Apolloniusgraph vertexbase2<Gt,StoreHidden>
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CGAL::Apollonius graph vertex base2<Gt,StoreHidden>

Definition

The class Apolloniusgraph vertexbase2<Gt,StoreHidden> provides a model for the
ApolloniusGraphVertexBase2 concept which is the vertex base required by the
ApolloniusGraphDataStructure2 concept. The classApolloniusgraph vertexbase2<Gt,StoreHidden>
has two template arguments, the first being the geometric traits of the Apollonius graph and should be a model
of the conceptApolloniusGraphTraits2. The second is a boolean which controls whether hidden sites are
actually stored. Such a control is important if the user is not interested in hidden sites and/or if only insertions
are made, in which case no hidden site can become visible. IfStoreHiddenis set totrue, hidden sites are stored,
otherwise they are discarded. By defaultStoreHiddenis set totrue.

#include<CGAL/Apolloniusgraph vertexbase2.h>

Is Model for the Concepts

ApolloniusGraphVertexBase2

Creation

Apolloniusgraph vertexbase2<Gt,StoreHidden> vb; Default constructor.
Apolloniusgraph vertexbase2<Gt,StoreHidden> vb( Site2 s); Constructs a vertex associated with the

sites and embedded at the center ofs.

Apolloniusgraph vertexbase2<Gt,StoreHidden> vb( Site2 s, Facehandle f );

Constructs a vertex associated with the
site s, embedded at the center ofs, and
pointing to the face associated with the
face handlef .

See Also

ApolloniusGraphVertexBase2
ApolloniusGraphDataStructure2
ApolloniusGraphTraits2
CGAL::Triangulationdata structure2<Vb,Fb>
CGAL::Apolloniusgraph traits 2<K,Methodtag>
CGAL::Apolloniusgraph filtered traits 2<CK,CM,EK,EM,FK,FM>
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ApolloniusGraphTraits 2

Definition

The conceptApolloniusGraphTraits2 provides the traits requirements for theApolloniusgraph 2 class. In
particular, it provides a typeSite 2, which must be a model of the conceptApolloniusSite2. It also provides
constructions for sites and several function object types for the predicates.

Types

ApolloniusGraphTraits2:: Point 2 A type for a point.
ApolloniusGraphTraits2:: Site 2 A type for an Apollonius site. Must be a model of the concept

ApolloniusSite2.

ApolloniusGraphTraits2:: Line 2 A type for a line. Only required if access to the dual of the Apollo-
nius graph is required or if the primal or dual diagram are inserted
in a stream.

ApolloniusGraphTraits2:: Ray 2 A type for a ray. Only required if access to the dual of the Apollonius
graph is required or if the primal or dual diagram are inserted in a
stream.

ApolloniusGraphTraits2:: Segment2 A type for a segment. Only required if access to the dual of the
Apollonius graph is required or if the primal or dual diagram are
inserted in a stream.

ApolloniusGraphTraits2:: Object 2 A type representing different types of objects in two dimensions,
namely:Point 2, Site 2, Line 2, Ray 2 andSegment2.

ApolloniusGraphTraits2:: FT A type for the field number type of sites.
ApolloniusGraphTraits2:: RT A type for the ring number type of sites.
ApolloniusGraphTraits2:: Assign2 Must providetemplate<class T> bool operator() ( T& t, Object 2 o)

which assignso to t if o was constructed from an object of typeT.
Returnstrue, if the assignment was possible.

ApolloniusGraphTraits2:: Constructobject 2

Must providetemplate<class T> Object 2 operator()( T t)that con-
structs an object of typeObject 2 that containst and returns it.

ApolloniusGraphTraits2:: ConstructApolloniusvertex2

A constructor for a point of the Apollonius diagram equidistant from
three sites. Must providePoint 2 operator()(Site2 s1, Site2 s2,
Site 2 s3), which constructs a point equidistant from the sitess1, s2
ands3.

ApolloniusGraphTraits2:: ConstructApolloniussite 2

A constructor for a dual Apollonius site (a site whose center is a
vertex of the Apollonius diagram and its weight is the common dis-
tance of its center from the three defining sites). Must provideSite 2
operator()(Site2 s1, Site2 s2, Site2 s3), which constructs a dual
site whose centerc is equidistant froms1, s2ands3, and its weight
is equal to the (signed) distance ofc from s1(or s2or s3).
Must also provideLine 2 operator()(Site2 s1, Site2 s2), which
constructs a line bitangent tos1 ands2. This line is the dual site
of s1, s2and the site at infinity; it can be viewed as a dual Apollo-
nius site whose center is at infinity and its weight is infinite.
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ApolloniusGraphTraits2:: Comparex 2

A predicate object type. Must provideComparisonresult operator()(Site2 s1,
Site 2 s2), which compares thex-coordinates of the centers ofs1ands2.

ApolloniusGraphTraits2:: Comparey 2

A predicate object type. Must provideComparisonresult operator()(Site2 s1,
Site 2 s2), which compares they-coordinates of the centers ofs1ands2.

ApolloniusGraphTraits2:: Compareweight 2

A predicate object type. Must provideComparisonresult operator()(Site2 s1,
Site 2 s2), which compares the weights ofs1ands2.

ApolloniusGraphTraits2:: Orientation 2

A predicate object type. Must provideOrientation operator()(Site2 s1, Site2 s2,
Site 2 s3), which performs the usual orientation test for the centers of the three
sitess1, s2ands3.
Must also provideOrientation operator()(Site2 s1, Site2 s2, Site2 s3, Site2 p1,
Site 2 p2), which performs the usual orientation test for the Apollonius vertex of
s1, s2, s3and the centers ofp1andp2.
Precondition: the Apollonius vertex ofs1, s2ands3must exist.

ApolloniusGraphTraits2:: Is hidden2

A predicate object type. Must providebool operator()(Site2 s1, Site2 s2), which
returnstrue if the circle corresponding tos2 is contained in the closure of the disk
corresponding tos1, falseotherwise.

ApolloniusGraphTraits2:: Oriented side of bisector2

A predicate object type. Must provideOrientedside operator()(Site2 s1, Site2
s2, Point2 p), which returns the oriented side of the bisector ofs1 ands2 that
containsp. ReturnsON POSITIVESIDE if p lies in the half-space ofs1 (i.e., p
is closer tos1thans2); returnsON NEGATIVESIDE if p lies in the half-space of
s2; returnsON ORIENTEDBOUNDARYif p lies on the bisector ofs1ands2.

ApolloniusGraphTraits2:: Vertex conflict 2

A predicate object type. Must provideSign operator()(Site2 s1, Site2 s2, Site2
s3, Site2 q), which returns the sign of the distance ofq from the dual Apollonius
site ofs1, s2, s3.
Precondition: the dual Apollonius site ofs1, s2, s3must exist.
Must also provideSign operator()(Site2 s1, Site2 s2, Site2 q), which returns
the sign of the distance ofq from the bitangent line ofs1, s2 (a degenerate dual
Apollonius site, with its center at infinity).
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ApolloniusGraphTraits2:: Finite edgeinterior conflict 2

A predicate object type. Must providebool operator()(Site2 s1, Site2 s2, Site2
s3, Site2 s4, Site2 q, bool b). The sitess1, s2, s3 ands4 define an Apollonius
edge that lies on the bisector ofs1 ands2 and has as endpoints the Apollonius
vertices defined by the tripletss1, s2, s3ands1, s4ands2. The booleanb denotes
if the two Apollonius vertices are in conflict with the siteq (in which caseb should
be true, otherwisefalse). In case thatb is true, the predicate returnstrue if and
only if the entire Apollonius edge is in conflict withq. If b is false, the predicate
returnsfalseif and only if q is not in conflict with the Apollonius edge.
Precondition: the Apollonius vertices ofs1, s2, s3, ands1, s4, s2must exist.
Must also providebool operator()(Site2 s1, Site2 s2, Site2 s3, Site2 q, bool b).
The sitess1, s2, s3and the site at infinitys∞ define an Apollonius edge that lies on
the bisector ofs1ands2and has as endpoints the Apollonius vertices defined by
the tripletss1, s2, s3ands1, s∞ ands2(the second Apollonius vertex is actually at
infinity). The booleanb denotes if the two Apollonius vertices are in conflict with
the siteq (in which caseb should betrue, otherwisefalse). In case thatb is true,
the predicate returnstrue if and only if the entire Apollonius edge is in conflict
with q. If b is false, the predicate returnsfalse if and only if q is not in conflict
with the Apollonius edge.
Precondition: the Apollonius vertex ofs1, s2, s3must exist.
Must finally providebool operator()(Site2 s1, Site2 s2, Site2 q, bool b). The
sitess1, s2 and the site at infinitys∞ define an Apollonius edge that lies on the
bisector ofs1ands2and has as endpoints the Apollonius vertices defined by the
tripletss1, s2, s∞ ands1, s∞ ands2(both Apollonius vertices are actually at infin-
ity). The booleanb denotes if the two Apollonius vertices are in conflict with the
siteq (in which caseb should betrue, otherwisefalse). In case thatb is true, the
predicate returnstrue if and only if the entire Apollonius edge is in conflict with
q. If b is false, the predicate returnsfalseif and only if q is not in conflict with the
Apollonius edge.

ApolloniusGraphTraits2:: Infinite edgeinterior conflict 2

A predicate object type. Must providebool operator()(Site2 s1, Site2 s2, Site2
s3, Site2 q, bool b). The sitess∞, s1, s2ands3define an Apollonius edge that lies
on the bisector ofs∞ ands1and has as endpoints the Apollonius vertices defined
by the tripletss∞, s1, s2 and s∞, s3 and s1. The booleanb denotes if the two
Apollonius vertices are in conflict with the siteq (in which caseb should betrue,
otherwisefalse. In case thatb is true, the predicate returnstrue if and only if the
entire Apollonius edge is in conflict withq. If b is false, the predicate returnsfalse
if and only if q is not in conflict with the Apollonius edge.

ApolloniusGraphTraits2:: Is degenerateedge2

A predicate object type. Must providebool operator()(Site2 s1, Site2 s2, Site2
s3, Site2 s4). It returnstrue if the Apollonius edge defined bys1, s2, s3ands4
is degenerate,falseotherwise. An Apollonius edge is called degenerate if its two
endpoints coincide.
Precondition: the Apollonius vertices ofs1, s2, s3, ands1, s4, s2must exist.

Creation

ApolloniusGraphTraits2 gt; Default constructor.
ApolloniusGraphTraits2 gt( other); Copy constructor.
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ApolloniusGraphTraits2 gt= other Assignment operator.

Access to predicate objects

Comparex 2 gt.comparex 2 object()
Comparey 2 gt.comparey 2 object()
Compareweight 2 gt.compareweight 2 object()
Orientation 2 gt.orientation2 object()
Is hidden2 gt.is hidden2 object()
Orientedside of bisector2 gt.orientedside of bisector test 2 object()
Vertexconflict 2 gt.vertexconflict 2 object()
Finite edgeinterior conflict 2 gt.finite edgeinterior conflict 2 object()
Infinite edgeinterior conflict 2 gt.infinite edgeinterior conflict 2 object()
Is degenerateedge2 gt.is degenerateedge2 object()

Access to contructor objects

Constructobject 2 gt.constructobject 2 object()
ConstructApolloniusvertex2 gt.constructApolloniusvertex2 object()
ConstructApolloniussite 2 gt.constructApolloniussite 2 object()

Access to other objects

Assign2 gt.assign2 object()

Has Models

CGAL::Apolloniusgraph traits 2<K,Methodtag>
CGAL::Apolloniusgraph filtered traits 2<CK,CM,EK,EM,FK,FM>

See Also

CGAL::Apolloniusgraph 2<Gt,Agds>
CGAL::Apolloniusgraph traits 2<K,Methodtag>
CGAL::Apolloniusgraph filtered traits 2<CK,CM,EK,EM,FK,FM>
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CGAL::Apollonius graph traits 2<K,Method tag>

Definition

The classApolloniusgraph traits 2<K,Methodtag> provides a model for theApolloniusGraphTraits2 con-
cept. This class has two template parameters. The first template parameter must be a model of theKernel
concept. The second template parameter corresponds to how predicates are evaluated. There are two predefined
possible values forMethod tag, namelyCGAL::Sqrt field tagandCGAL::Ring tag. The first one must be used
when the number type used in the representation supports the exact evaluation of signs of expressions involving
all four basic operations and square roots, whereas the second one requires the exact evaluation of signs of
ring-type expressions, i.e., expressions involving only additions, subtractions and multiplications. The default
value forMethod tag is CGAL::Ring tag. The way the predicates are evaluated is discussed in [KE02, KE03].

#include<CGAL/Apolloniusgraph traits 2.h>

Is Model for the Concepts

ApolloniusGraphTraits2

Creation

Apolloniusgraph traits 2<K,Methodtag> traits; Default constructor.
Apolloniusgraph traits 2<K,Methodtag> traits( other); Copy constructor.
Apolloniusgraph traits 2<K,Methodtag> traits = other

Assignment operator.

See Also

Kernel
ApolloniusGraphTraits2
CGAL::Ring tag
CGAL::Sqrt field tag
CGAL::Apolloniusgraph 2<Gt,Agds>
CGAL::Apolloniusgraph filtered traits 2<CK,CM,EK,EM,FK,FM>
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CGAL::Apollonius graph filtered traits 2<CK,CM,EK,EM,FK,FM >

Definition

The class Apolloniusgraph filtered traits 2<CK,CM,EK,EM,FK,FM> provides a model for the
ApolloniusGraphTraits2 concept.

The classApolloniusgraph filtered traits 2<CK,CM,EK,EM,FK,FM> uses the filtering technique [BBP01] to
achieve traits for theApolloniusgraph 2<Gt,Agds> class with efficient and exact predicates given an exact
kernelEK and a filtering kernelFK. The geometric constructions associated provided by this class are equivalent
to those provided by the traits classApolloniusgraph traits 2<CK,CM>, which means that they may be inexact.

This class has six template parameters. The first, third and fifth template parameters must be a models of the
Kernelconcept. The second, fourth and sixth template parameters correspond to how predicates are evaluated.
There are two predefined possible values forMethod tag, namelyCGAL::Sqrt field tag andCGAL::Ring tag.
The first one must be used when the number type used in the representation supports the exact evaluation of
signs of expressions involving all four basic operations and square roots, whereas the second one requires the
exact evaluation of signs of ring-type expressions, i.e., expressions involving only additions, subtractions and
multiplications. The way the predicates are evaluated is discussed in [KE02, KE03].

The default values for the template parameters are as follows:CM = CGAL::Ring tag, EK = CGAL::Simple
cartesian<CGAL::MP Float>, EM = CM, FK = CGAL::Simplecartesian<CGAL::Interval nt<false> >, FM =
CM.

#include<CGAL/Apolloniusgraph filtered traits 2.h>

Is Model for the Concepts

ApolloniusGraphTraits2

Creation

Apolloniusgraph filtered traits 2<CK,CM,EK,EM,FK,FM> traits; Default
constructor.

Apolloniusgraph filtered traits 2<CK,CM,EK,EM,FK,FM> traits( other); Copy
constructor.

Apolloniusgraph filtered traits 2<CK,CM,EK,EM,FK,FM> traits = other Assignment
operator.

See Also

Kernel
ApolloniusGraphTraits2
CGAL::Ring tag
CGAL::Sqrt field tag
CGAL::Apolloniusgraph 2<Gt,Agds>
CGAL::Apolloniusgraph traits 2<K,Methodtag>
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CGAL::Apollonius graph hierarchy 2<Gt,Agds>

Definition

We provide an alternative to the classApolloniusgraph 2<Gt,Agds> for the dynamic construction of the Apol-
lonius graph. TheApolloniusgraph hierarchy 2<Gt,Agds> class maintains a hierarchy of Apollonius graphs.
The bottom-most level of the hierarchy contains the full Apollonius diagram. A site that is in leveli, is
in level i + 1 with probability 1/α whereα > 1 is some constant. The difference between theApollonius
graph 2<Gt,Agds> class and theApolloniusgraph hierarchy 2<Gt,Agds> is on how the nearest neighbor lo-
cation is done. Given a pointp the location is done as follows: at the top most level we find the near-
est neighbor ofp as in theApolloniusgraph 2<Gt,Agds> class. At every subsequent leveli we use the
nearest neighbor found at leveli + 1 to find the nearest neighbor at leveli. This is a variant of the corre-
sponding hierarchy for points found in [Dev98]. The class has two template parameters which have essen-
tially the same meaning as in theApolloniusgraph 2<Gt,Agds> class. The first template parameter must be
a model of theApolloniusGraphTraits2 concept. The second template parameter must be a model of the
ApolloniusGraphDataStructure2 concept. However, the vertex base class that is to be used in the Apollonius
graph data structure must be a model of theApolloniusGraphHierarchyVertexBase2 concept. The second
template parameter defaults toTriangulation data structure2< Apolloniusgraph hierarchy vertexbase2<
Apolloniusgraph vertexbase2<Gt,true> >, Triangulation face base2<Gt> >.

The Apolloniusgraph hierarchy 2<Gt,Agds> class derives publicly from theApolloniusgraph 2<Gt,Agds>
class. The interface is the same with its base class. In the sequel only the methods overridden are documented.

#include<CGAL/Apolloniusgraph hierarchy 2.h>

Inherits From

CGAL::Apolloniusgraph 2<Gt,Agds>

Types

Apolloniusgraph hierarchy 2<Gt,Agds> does not introduce other types than those introduced by its base class
Apolloniusgraph 2<Gt,Agds>.

Creation

Apolloniusgraph hierarchy 2<Gt,Agds> agh( Gt gt=Gt()); Creates an hierarchy of Apollonius graphs us-
ing gt as geometric traits.

template< class Inputiterator >
Apolloniusgraph hierarchy 2<Gt,Agds> agh( Input iterator first, Input iterator beyond, Gt gt=Gt());

Creates an Apollonius graph hierarchy using
gt as geometric traits and inserts all sites in
the range [first, beyond).

Apolloniusgraph hierarchy 2<Gt,Agds> agh( other); Copy constructor. All faces, vertices and
inter-level pointers are duplicated. After the
construction,agh andother refer to two dif-
ferent Apollonius graph hierarchies: ifother
is modified,agh is not.
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Apolloniusgraph hierarchy 2<Gt,Agds> agh= other Assignment. All faces, vertices and inter-
level pointers are duplicated. After the con-
struction,agh andother refer to two differ-
ent Apollonius graph hierarchies: ifother is
modified,agh is not.

Insertion

template< class Inputiterator >
unsigned int agh.insert( Inputiterator first, Input iterator beyond)

Inserts the sites in the range [first,beyond). The number of sites in
the range [first, beyond) is returned.
Precondition: Input iterator must be a model ofInputIteratorand its
value type must beSite 2.

Vertexhandle agh.insert( Site2 s) Inserts the sites in the Apollonius graph hierarchy. Ifs is visible then
the vertex handle ofs is returned, otherwiseVertexhandle(NULL)is
returned.

Vertexhandle agh.insert( Site2 s, Vertexhandle vnear)

Insertss in the Apollonius graph hierarchy using the site associated
with vnear as an estimate for the nearest neighbor of the center of
s. If s is visible then the vertex handle ofs is returned, otherwise
Vertexhandle(NULL)is returned. A call to this method is equivalent
to agh.insert(s);and it has been added for the sake of conformity with
the interface of theApolloniusgraph 2<Gt,Agds> class.

Removal

void agh.remove( Vertexhandle v) Removes the site associated to the vertex handlev from the Apollo-
nius graph hierarchy.
Precondition: v must correspond to a valid finite vertex of the Apol-
lonius graph hierarchy.

Nearest neighbor location

Vertexhandle agh.nearestneighbor( Point p) Finds the nearest neighbor of the pointp. In other words
it finds the site whose Apollonius cell containsp. Ties are
broken arbitrarily and one of the nearest neighbors ofp
is returned. If there are no visible sites in the Apollonius
diagramVertexhandle(NULL)is returned.

Vertexhandle agh.nearestneighbor( Point p, Vertexhandle vnear)

Finds the nearest neighbor of the pointp. If there
are no visible sites in the Apollonius diagramVertex
handle(NULL) is returned. A call to this method is
equivalent toagh.nearestneighbor(p); and it has been
added for the sake of conformity with the interface of the
Apolloniusgraph 2<Gt,Agds> class.
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I/O

void agh.fileoutput( std::ostream& os) Writes the current state of the Apollonius graph hierar-
chy to an output stream. In particular, all visible and
hidden sites are written as well as the underlying com-
binatorial hierarchical data structure.

void agh.file input( std::istream& is) Reads the state of the Apollonius graph hierarchy from
an input stream.

std::ostream& std::ostream& os<< agh Writes the current state of the Apollonius graph hierar-
chy to an output stream.

std::istream& std::istream& is >> agh Reads the state of the Apollonius graph hierarchy from
an input stream.

Validity check

bool agh.isvalid( bool verbose = false, int level = 1)

Checks the validity of the Apollonius graph hierarchy.
If verboseis true a short message is sent tostd::cerr.
If level is 0, the data structure at all levels is validated,
as well as the inter-level pointers. Iflevel is 1, then the
data structure at all levels is validated, the inter-level
pointers are validated and all levels of the Apollonius
graph hierarchy are also validated. Negative values of
level always returntrue, and values greater then 1 are
equivalent tolevelbeing 1.

Miscellaneous

void agh.clear() Clears all contents of the Apollonius graph hierarchy.
void agh.swap( other) The Apollonius graph hierarchiesother andagh are swapped.agh.swap(other)

should be preferred toagh= otheror toagh(other)if other is deleted afterwards.

See Also

ApolloniusGraphDataStructure2
ApolloniusGraphTraits2
ApolloniusGraphHierarchyVertexBase2
CGAL::Apolloniusgraph 2<Gt,Agds>
CGAL::Triangulationdata structure2<Vb,Fb>
CGAL::Apolloniusgraph traits 2<K,Methodtag>
CGAL::Apolloniusgraph filtered traits 2<CK,CM,EK,EM,FK,FM>
CGAL::Apolloniusgraph hierarchy vertexbase2<Agvb>
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ApolloniusGraphHierarchyVertexBase 2

Definition

The vertex of an Apollonius graph included in an Apollonius graph hierarchy has to provide some point-
ers to the corresponding vertices in the graphs of the next and preceeding levels. Therefore, the concept
ApolloniusGraphHierarchyVertexBase2 refines the conceptApolloniusGraphVertexBase2, by adding two
vertex handles to the correponding vertices for the next and previous level graphs.

Refines

ApolloniusGraphVertexBase2

Types

ApolloniusGraphHierarchyVertexBase2 does not introduce any types in addition to those of
ApolloniusGraphVertexBase2.

Creation

ApolloniusGraphHierarchyVertexBase2 v; Default constructor.
ApolloniusGraphHierarchyVertexBase2 v( Site2 s); Constructs a vertex associated with

the sites and embedded at the cen-
ter ofs.

ApolloniusGraphHierarchyVertexBase2 v( Site2 s, Facehandle f ); Constructs a vertex associated with
the sites, embedded at the center of
s, and pointing to facef .

Operations

Vertexhandle v.up() Returns a handle to the corresponding vertex of the next
level Apollonius graph. If such a vertex does not exist
Vertexhandle(NULL)is returned.

Vertexhandle v.down() Returns a handle to the corresponding vertex of the previ-
ous level Apollonius graph.

void v.setup( Vertexhandle u) Sets the handle for the vertex of the next level Apollonius
graph.

void v.setdown( Vertexhandle d) Sets the handle for the vertex of the previous level Apollo-
nius graph;

Has Models

CGAL::Apolloniusgraph hierarchy vertexbase2<CGAL::Apolloniusgraph vertexbase2<
Gt,StoreHidden> >
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See Also

ApolloniusGraphDataStructure2
ApolloniusGraphVertexBase2
CGAL::Apolloniusgraph hierarchy 2<Gt,Agds>
CGAL::Triangulationdata structure2<Vb,Fb>
CGAL::Apolloniusgraph vertexbase2<Gt,StoreHidden>
CGAL::Apolloniusgraph hierarchy vertexbase2<Agvb>
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CGAL::Apollonius graph hierarchy vertex base2<Agvb>

Definition

The class Apolloniusgraph hierarchy vertexbase2<Agvb> provides a model for the
ApolloniusGraphHierarchyVertexBase2 concept, which is the vertex base required by theApollonius
graph hierarchy 2<Gt,Agds> class. The classApolloniusgraph hierarchy vertexbase2<Agvb> is templated
by a classAgvbwhich must be a model of theApolloniusGraphVertexBase2 concept.

#include<CGAL/Apolloniusgraph hierarchy vertexbase2.h>

Inherits From

Agvb

Is Model for the Concepts

ApolloniusGraphHierarchyVertexBase2

Creation

Apolloniusgraph hierarchy vertexbase2<Agvb> hvb; Default constructor.
Apolloniusgraph hierarchy vertexbase2<Agvb> hvb( Site2 s); Constructs a vertex associated with the

sites and embedded at the center ofs.

Apolloniusgraph hierarchy vertexbase2<Agvb> hvb( Site2 s, Facehandle f );

Constructs a vertex associated with the
sites, embedded at the center ofs, and
pointing to the face associated with the
face handlef .

See Also

ApolloniusGraphVertexBase2
ApolloniusGraphHierarchyVertexBase2
CGAL::Apolloniusgraph vertexbase2<Gt,StoreHidden>
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Chapter 28

2D Voronoi Diagram Adaptor
Menelaos Karavelas
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This chapter describes an adaptor that adapts two-dimensional triangulated Delaunay graphs to the correspond-
ing Voronoi diagrams. We start with a few definitions and a description of the issues that this adaptor addresses
in Section28.1. The software design of the Voronoi diagram adaptor package is described in Section28.2. In
Section28.3we discuss the traits required for performing the adaptation, and finally in Section28.5we present
a few examples using this adaptor.

28.1 Introduction

A Voronoi diagram is typically defined for a set of objects, also called sites in the sequel, that lie in some space
Σ and a distance function that measures the distance of a pointx in Σ from an object in the object set. In this
package we are interested in planar Voronoi diagrams, so in the sequel the spaceΣ will be the spaceR2. Let
S = {S1,S2, . . . ,Sn} be our set of sites and letδ(x,Si) denote the distance of a pointx ∈ R2 from the siteSi .
Given two sitesSi andSj , the setVi j of points that are closer toSi than toSj with respect to the distance function
δ(x, ·) is simply the set:

Vi j = {x∈ R2 : δ(x,Si) < δ(x,Sj)}.

We can then define the setVi of points on the plane that are closer toSi than to any other object inS as:

Vi =
\
i 6= j

Vi j .

The setVi is said to be theVoronoi cellor Voronoi faceof the siteSi . The locus of points on the plane that are
equidistant from exactly two sitesSi andSj is called aVoronoi bisector. A point that is equidistant to three or
more objects inS is called aVoronoi vertex. A simply connected subset of a Voronoi bisector is called aVoronoi
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edge. The collection of Voronoi faces, edges and vertices is called theVoronoi diagramof the setS with respect
to the distance functionδ(x, ·), and it turns out that it is a subdivision of the plane, i.e., it is a planar graph.

We typically think of faces as 2-dimensional objects, edges as 1-dimensional objects and vertices as 0-
dimensional objects. However, this may not be the case for several combinations of sites and distance fuctions
(for example points inR2 under theL1 or theL∞ distance can produce 2-dimensional Voronoi edges). We call a
Voronoi diagramnice if no such artifacts exist, i.e., if all vertices edges and faces are 0-, 1- and 2-dimensional,
respectively.

Even nice Voronoi diagrams can end up being not so nice. The cell of a site can in general consist of several
disconnected components. Such a case can happen, for example, when we consider weighted pointsQi =
(pi ,λi), wherepi ∈ R2, λi ∈ R, and the distance function is the Euclidean distance multiplied by the weight of
each site, i.e.,δM(x,Qi) = λi ‖x− pi‖, where‖ · ‖ denotes the Euclidean norm. In this package we are going to
restrict ourselves to nice Voronoi diagrams that have the property that the Voronoi cell of each site is a simply
connected region of the plane. We are going to call such Voronoi diagramssimple Voronoi diagrams. Examples
of simple Voronoi diagrams include the usual Euclidean Voronoi diagram of points, the Euclidean Voronoi
diagram of a set of disks on the plane (i.e., the Apollonius diagram), the Euclidean Voronoi diagram of a set of
disjoint convex objects on the plane, or the power or (Laguerre) diagram for a set of circles on the plane. In fact
every instance of anabstract Voronoi diagramin the sense of Klein [Kle89] is a simple Voronoi diagram in our
setting. In the sequel when we refer to Voronoi diagrams we will refer to simple Voronoi diagrams.

In many cases we are not really interested in computing the Voronoi diagram itself, but rather its dual graph,
called theDelaunay graph. In general the Delaunay graph is a planar graph, each face of which consists of
at least three edges. Under the non-degeneracy assumption that no point on the plane is equidistant, under
the distance function, to more than three sites, the Delaunay graph is a planar graph with triangular faces. In
certain cases this graph can actually be embedded with straight line segments in which case we talk about a
triangulation. This is the case, for example, for the Euclidean Voronoi diagram of points, or the power diagram
of a set of circles. The dual graphs are, respectively, the Delaunay triangulation and the regular triangulation of
the corresponding site sets. Graphs of non-constant non-uniform face complexity can be undesirable in many
applications, so typically we end up triangulating the non-triangular faces of the Delaunay graph. Intuitively
this amounts to imposing an implicit or explicit perturbation scheme during the construction of the Delaunay
graph, that perturbs the input sites in such a way so as not to have degenerate configurations.

Choosing between computing the Voronoi diagram or the (triangulated) Delaunay graph is a major decision
while implementing an algorithm. It heavily affects the design and choice of the different data structures in-
volved. Although in theory the two approaches are entirely equivalent, it is not so straightforward to go from one
representation to the other. The objective of this package is to provide a generic way of going from triangulated
Delaunay graphs to planar subdivisions represented through a DCEL data structure. The goal is to provide an
adaptor that gives the look and feel of a DCEL data structure, although internally it keeps a graph data structure
representing triangular graphs.

The adaptation might seem straightforward at a first glance, and more or less this is case; after all one graph is
the dual of the other. The situation becomes complicated whenever we want to treat artifacts of the representa-
tion used. Suppose for example that we have a set of sites that contains subsets of sites in degenerate positions.
The computed triangulated Delaunay graph has triangular faces that may be the result of an implicit or explicit
perturbation scheme. The dual of such a triangulated Delaunay graph is a Voronoi diagram that has all its ver-
tices of degree 3, and for that purpose we are going to call it adegree-3 Voronoi diagramin order to distinguish
it from the true Voronoi diagram of the input sites. A degree-3 Voronoi diagram can have degenerate features,
namely Voronoi edges of zero length, and/or Voronoi faces of zero area. Athough we can potentially treat such
artifacts, they are nontheless artifacts of the algorithm we used and do not correspond to the true geometry of
the Voronoi diagram.

The manner that we treat such issues in this package in a generic way is by defining anadaptation policy.
The adaptation policy is responsible for determining which features in the degree-3 Voronoi diagram are to be
rejected and which not. The policy to be used can vary depending on the application or the intended usage of
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the resulting Voronoi diagram. What we care about is that firstly the policy itself is consistent and, secondly,
that the adaptation is also done in a consistent manner. The latter is the responsibility of the adaptor provided
by this package, whereas the former is the responsibility of the implementor of a policy.

In this package we currently provide two types of adaptation policies. The first one is the simplest: we reject
no feature of the degree-3 Voronoi diagram; we call such a policy anidentity policysince the Voronoi diagram
produced is identical to the degree-3 Voronoi diagram. The second type of policy eliminates the degenerate
features from the degree-3 Voronoi diagram yielding the true geometry of the Voronoi diagram of the input
sites; we call such policiesdegeneracy removal policies.

Delaunay graphs can be mutable or non-mutable. By mutable we mean that sites can be inserted or removed
at any time, in an entirely on-line fashion. By non-mutable we mean that once the Delaunay graph has been
created, no changes, with respect to the set of sites defining it, are allowed. If the Delaunay graph is a non-
mutable one, then the Voronoi diagram adaptor is a non-mutable adaptor as well.

If the Delaunay graph is mutable then the question of whether the Voronoi diagram adaptor is also mutable is
slightly more complex to answer. As long as the adaptation policy used does not maintain a state, the Voronoi
diagram adaptor is a mutable one; this is the case, for example, with our identity policy or the degeneracy
removal policies. If, however, the adaptor mantains a state, then whether it is mutable or non-mutable really
depends on whether its state can be updated after every change in the Delaunay graph. Such policies are our
caching degeneracy removal policies: some of them result in mutable adaptors others result in non-mutable
ones. In Section28.4we discuss the issue in more detail.

28.2 Software Design

TheVoronoi diagram 2<DG,AT,AP> class is parameterized by three template parameters. The first one must
be a model of theDelaunayGraph2 concept. It corresponds to the API required by an object representing a
Delaunay graph. All classes of CGAL that represent Delaunay diagrams are models of this concept, namely,
Delaunay triangulations, regular triangulations, Apollonius graphs and segment Delaunay graphs. The second
template parameter must be a model of theAdaptationTraits2 concept. We discuss this concept in detail
in Section28.3. The third template parameter must be model of theAdaptationPolicy2 concept, which we
discuss in detail in Section28.4.

The Voronoi diagram 2<DG,AT,AP> class has been intentionally designed to provide an API similar to the
arrangements class in CGAL: Voronoi diagrams are special cases of arrangements after all. The API of the two
classes, however, could not be identical. The reason is that arrangements in CGAL do not yet support more than
one unbounded faces, or equivalently, cannot handle unbounded curves. On the contrary, a Voronoi diagram
defined over at least two generating sites, has at least two unbounded faces.

On a more technical level, theVoronoi diagram 2<DG,AT,AP> class imitates the representation of the Voronoi
diagram (seen as a planar subdivision) by a DCEL (Doubly Connected Edge List) data structure. We have
vertices (the Voronoi vertices), halfedges (oriented versions of the Voronoi edges) and faces (the Voronoi cells).
In particular, we can basically perform every operation we can perform in a standard DCEL data structure:

• go from a halfedge to its next and previous in the face;

• go from one face to an adjacent one through a halfedge and its twin (opposite) halfedge;

• walk around the boundary of a face;

• enumerate/traverse the halfedges incident to a vertex

• from a halfedge, access the adjacent face;
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• from a face, access an adjacent halfedges;

• from a halfedges, access its source and target vertices;

• from a vertex, access an incident halfedge.

In addition to the above possibilities for traversal, we can also traverse the following features through iterators:

• the vertices of the Voronoi diagram;

• the edges or halfedges of the Voronoi diagram;

• the faces of the Voronoi diagram;

• the bounded faces of the Voronoi diagram;

• the bounded halfedges of the Voronoi diagram;

• the unbounded faces of the Voronoi diagram;

• the unbounded halfedges of the Voronoi diagram;

• the sites defining the Voronoi diagram.

Finally, depending on the adaptation traits passed to the Voronoi diagram adaptor, we can perform point location
queries, namely given a pointp we can determine the feature of the Voronoi diagram (vertex, edge, face) on
which p lies.

28.3 The Adaptation Traits

The AdaptationTraits2 concept defines the types and functor required by the adaptor in order to access ge-
ometric information in the Delaunay graph that is needed by theVoronoi diagram 2<DG,AT,AP> class. In
particular, it provides functors for accessing sites in the Delaunay graph and constructing Voronoi vertices from
their dual faces in the Delaunay graph. Finally, it defines a tag that indicates whether nearest site queries are to
be supported by the Voronoi diagram adaptor. If such queries are to be supported, a functor is required.

Given a query point, the nearest site functor should return information related to how many and which sites of
the Voronoi diagram are at equal and minimal distance from the query point. In particular, if the query point
is closest to a single site, the vertex handle of the Delaunay graph corresponding to this site is returned. If the
query point is closest to exactly two site, the edge of the Delaunay graph that is dual to the Voronoi edges on
which the query point lies is returned. If three (or more) sites are closest to the query point, then the query point
conicides with a vertex in the Voronoi diagram, and the face handle of the face in the Delaunay graph that is
dual to the Voronoi vertex is returned. This way of abstracting the point location mechanism allows for multiple
different point location strategies, which are passed to the Voronoi diagram adaptor through different models
of the AdaptationTraits2 concept. The point location and nearest sites queries of theVoronoi diagram 2<
DG,AT,AP> class use internally this nearest site query functor.

In this package we provide four adaptation traits classes, all of which support nearest site queries:

• The Apolloniusgraph adaptationtraits 2<AG2> class: it provides the adaptation traits for Apollonius
graphs.

• TheDelaunaytriangulation adaptationtraits 2<DT2> class: it provides the adaptation traits for Delau-
nay triangulations.
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• The Regular triangulation adaptationtraits 2<RT2> class: it provides the adaptation traits for regular
triangulations.

• The SegmentDelaunaygraph adaptationtraits 2<SDG2> class: it provides the adaptation traits for
segment Delaunay graphs.

28.4 The Adaptation Policy

As mentioned above, when we perform the adaptation of a triangulated Delaunay graph to a Voronoi diagram,
a question that arises is whether we want to eliminate certain features of the Delaunay graph when we construct
its Voronoi diagram representation (such features could be the Voronoi edges of zero length or, for the Voronoi
diagram of a set of segments forming a polygon, all edges outside the polygon). The manner that we treat such
issues in this package in a generic way is by defining an adaptation policy. The adaptation policy is reponsible
for determining which features in the degree-3 Voronoi diagram are to be rejected and which not. The policy to
be used can vary depending on the application or the intended usage of the resulting Voronoi diagram.

The conceptAdaptationPolicy2 defines the requirements on the predicate functors that determine whether a
feature of the triangulated Delaunay graph should be rejected or not. More specifically it defines anEdge
rejectorand aFace rejector functor that answer the question: “should this edge (face) of the Voronoi diagram
be rejected?”. In addition to the edge and face rejectors the adaptation policy defines a tag, theHas inserter
tag. This tag is either set toCGAL::Tag true or to CGAL::Tag false. Semantically it determines if the adaptor
is allowed to insert sites in an on-line fashion (on-line removals are not yet supported). In the former case, i.e.,
when on-line site insertions are allowed, an additional functor is required, theSite inserterfunctor. This functor
takes a reference to a Delaunay graph and a site, and inserts the site in the Delaunay graph. Upon successful
insertion, a handle to the vertex representing the site in the Delaunay graph is returned.

We have implemented two types of policies that provide two different ways for answering the question of
which features of the Voronoi diagram to keep and which to discard. The first one is called theidentity policy
and corresponds to theIdentity policy 2<DG,VT> class. This policy is in some sense the simplest possible
one, since it does not reject any feature of the Delaunay graph. The Voronoi diagram provided by the adaptor
is the true dual (from the graph-theoretical point of view) of the triangulated Delaunay graph adapted. This
policy assumes that the Delaunay graph adapted allows for on-line insertions, and theHas insertertag is set to
CGAL::Tag true. A default site inserter functor is also provided.

The second type of policy we provide is calleddegeneracy removal policy. If the set of sites defining the
triangulated Delaunay graph contains subsets of sites in degenerate configurations, the graph-theoretical dual
of the triangulated Delaunay graph has edges and potentially faces that are geometrically degenerate. By that
we mean that the dual of the triangulated Delaunay graph can have Voronoi edges of zero length or Voronoi
faces/cells of zero area. Such features may not be desirable and ideally we would like to eliminate them. The
degeneracy removal policies eliminate exactly these features and provide a Voronoi diagram where all edges
have non-zero length and all cells have non-zero area. More specifically, in these policies theEdgerejectorand
Face rejector functors reject the edges and vertices of the Delaunay graph that correspond to dual edges and
faces that have zero length and area, respectively. In this package we provide four degeneracy removal policies,
namely:

• The Apolloniusgraph degeneracyremovalpolicy 2<AG2> class: it provides an adaptation policy for
removing degeneracies when adapting an Apollonius graph to an Apollonius diagram.

• TheDelaunaytriangulation degeneracyremovalpolicy 2<DT2> class: it provides an adaptation policy
for removing degeneracies when adapting a Delaunay triangulation to a point Voronoi diagram.

• The Regular triangulation degeneracyremovalpolicy 2<RT2> class: it provides an adaptation policy
for removing degeneracies when adapting a regular triangulation to a power diagram
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• The SegmentDelaunaygraph degeneracyremovalpolicy 2<SDG2> class: it provides an adaptation
policy for removing degeneracies when adapting a segment Delaunay graph to a segment Voronoi dia-
gram.

A variation of the degeneracy removal policies are thecaching degeneracy removal policies. In these policies
we cache the results of the edge and face rejectors. In particular, every time we want to determine, for example,
if an edge of the Delaunay graph has, as dual edge in the Voronoi diagram, an edge of zero length, we check if
the result has already been computed. If yes, we simply return the outcome. If not, we perform the necessary
geometric tests, compute the answer, cache it and return it. Such a policy really pays off when we have a lot of
degenerate data in our input set of sites. Verifying whether a Voronoi edge is degenerate or not implies comput-
ing the outcome of a predicate in a possibly degenerate or near degenerate configuration, which is typically very
constly (compared to computing the same predicate in a generic configuration). To avoid this cost every single
time we want to check if a Voronoi edge is degenerate or not, we compute the result of the geometric predicate
the first time the adaptor asks for it, and simply lookup the answer in the future. In this package we provide
four caching degeneracy removal policies, one per degeneracy removal policy mentioned above. Intentionally,
we have not indicated the value of theHas inserter tag for the degeneracy removal and caching degeneracy
removal policies. The issue is discussed in detail in the sequel.

We raised the question above, as to whether the adaptor is a mutable or non-mutable one, in the sense of whether
we can add/remove sites in an on-line fashion. The answer to this question depends on: (1) whether the Delaunay
graph adapted allows for on-line insertions/removals and (2) whether the adaptation policies maintains a state
and whether this state is easily maintanable when we want to allow for on-line modifications.

The way we indicate if we allow on-line insertions of sites is via theHas inserter tag (as mentioned, on-line
removals are currently not supported). TheHas inserter tag has two possible values, namely,CGAL::Tag
true andCGAL::Tag false. The valueCGAL::Tag true indicates that the Delaunay graph allows for on-line
insertions, whereas the valueCGAL::Tag falseindicates the opposite. Note that these valuesdo notindicate if
the Delaunay graph supports on-line insertions, but rather whether the Voronoi diagram adaptor should be able
to perform on-line insertions or not. This delicate point will be become clearer below.

Let us consider the various scenarios. If the Delaunay graph is non-mutable, the Voronoi diagram adaptor
cannot perform on-line insertions of sites. In this case not only degeneracy removal policies, but rather every
single adaptation policy for adapting the Delaunay graph in question should have theHas inserter tag set to
CGAL::Tag false.

If the Delaunay graph is mutable, i.e., on-line site insertions as are allowed, we can choose between two types of
adaptation policies, those that allow these on-line insertions and those that do not. In the former case theHas
insertertag should be set toCGAL::Tag true, whereas in the latter toCGAL::Tag false. In other words, even
if the Delaunay graph is mutable, we can choose (by properly determining the value of theHas insertertag) if
the adaptor should be mutable as well. At a first glance it may seem excessive to restrict existing functionality.
There are situations, however, where such a choice is necessary.

Consider a caching degeneracy removal policy. If we do not allow for on-line insertions then the cached quan-
tities are always valid since the Voronoi diagram nevers changes. If we allow for on-line insertions the Voronoi
diagram can change, which implies that the results of the edge and faces degeneracy testers that we have cached
are no longer valid or relevant. In these cases, we need to somehow update these cached results, and ideally
we would like to do this in an efficient manner. The inherent dilemma in the above discussion is whether the
Voronoi diagram adaptor should be able to perform on-line insertions of sites. The answer to this question in
this framework is given by theHas insertertag. If the tag is set toCGAL::Tag falsethe adaptor cannot insert
sites on-line, whereas if the tag is set toCGAL::Tag true the adaptor can add sites on-line. In other words,
theHas inserter tag determines how the Voronoi diagram adaptor should behave, and this is enough from the
adaptor’s point of view.

From the point of a view of a policy writer the dilemma is still there: should the policy allow for on-line
insertions or not? The answer really depends on what are the consequences of such a choice. For a policy that
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has no state, such as our degeneracy removal policies, it is natural to set theHas inserter tag toCGAL::Tag
true. For our caching degeneracy removal policies, our choice was made on the grounds of whether we can
update the cached results efficiently when insertions are performed. For CGAL ’s Apollonius graphs, Delaunay
triangulation and regular triangulations it is possible to ask what are the edges and faces of the Delaunay graph
that are to be destroyed when a query site is inserted. This is done via theget conflictsmethod provided by
these classes. Using the outcome of theget conflictsmethod the site inserter can first update the cached results
(i.e., indicate which are invalidated) and then perform the actual insertion. Such a method does not yet exist for
segment Delaunay graphs. We have thus chosen to support on-line insertions for all non-caching degeneracy
removal policies. The caching degeneracy removal policy for segment Delaunay graphs does not support on-line
insertions, whereas the remaining three caching degeneracy removal policies support on-line insertions.

28.4.1 Efficiency Considerations

One last item that merits some discussion are the different choices from the point of view of time- and space-
efficiency.

As far as the Voronoi diagram adaptor is concerned, only a copy of the adaptation traits and a copy of the
adaptation policy are stored in it. The various adaptation traits classes we provide are empty classes (i.e., they
do not store anything). The major time and space efficiency issues arise from the various implementations of the
adaptation policies. Clearly, the identity policy has no dominant effect on neither the time or space efficiency.
The costs when choosing this policy are due to the underlying Delaunay graph.

The non-caching degeneracy removal policies create a significant time overhead since every time we want to
access a feature of the Voronoi diagram, we need to perform geometric tests in order to see if this feature or one
of its neighboring ones has been rejected. Such a policy is acceptable if we know we are away from degeneracies
or for small input sizes. In the case of the segment Delaunay graph, it is also the only policy we provide that
at the same time removes degeneracies and allows for on-line insertion of sites. Caching policies seem to be
the best choice for moderate to large input sizes (1000 sites and more). They do not suffer from the problem of
dealing with degenerate configurations, but since they cache the results, they increase the space requirements
by linear additive factor. To conclude, if the user is interested in getting a Voronoi diagram without degenerate
features and knowns all sites in advance, the best course of action is to insert all sites at construction time and
use a caching degeneracy removal policy. This strategy avoids the updates of the cached results after each
individual insertion, due to the features of the Voronoi diagram destroyed because of the site inserted.

28.5 Examples

In this section we present an example that shows how to perform point location queries.

// examples/Voronoi_diagram_2/point_location.C

#include <CGAL/basic.h>

// standard includes
#include <iostream>
#include <fstream>
#include <cassert>

// includes for defining the Voronoi diagram adaptor
#include <CGAL/Exact_predicates_inexact_constructions_kernel.h>
#include <CGAL/Delaunay_triangulation_2.h>
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#include <CGAL/Voronoi_diagram_2.h>
#include <CGAL/Delaunay_triangulation_adaptation_traits_2.h>
#include <CGAL/Delaunay_triangulation_adaptation_policies_2.h>

// typedefs for defining the adaptor
typedef CGAL::Exact_predicates_inexact_constructions_kernel K;
typedef CGAL::Delaunay_triangulation_2<K> DT;
typedef CGAL::Delaunay_triangulation_adaptation_traits_2<DT> AT;
typedef CGAL::Delaunay_triangulation_caching_degeneracy_removal_policy_2<DT> AP;
typedef CGAL::Voronoi_diagram_2<DT,AT,AP> VD;

// typedef for the result type of the point location
typedef AT::Site_2 Site_2;
typedef AT::Point_2 Point_2;

typedef VD::Locate_result Locate_result;
typedef VD::Vertex_handle Vertex_handle;
typedef VD::Face_handle Face_handle;
typedef VD::Halfedge_handle Halfedge_handle;
typedef VD::Ccb_halfedge_circulator Ccb_halfedge_circulator;

void print_endpoint(Halfedge_handle e, bool is_src) {
std::cout << "\t";
if ( is_src ) {

if ( e->has_source() ) std::cout << e->source()->point() << std::endl;
else std::cout << "point at infinity" << std::endl;

} else {
if ( e->has_target() ) std::cout << e->target()->point() << std::endl;
else std::cout << "point at infinity" << std::endl;

}
}

int main()
{

std::ifstream ifs("data/data1.dt.cin");
assert( ifs );

VD vd;

Site_2 t;
while ( ifs >> t ) { vd.insert(t); }
ifs.close();

assert( vd.is_valid() );

std::ifstream ifq("data/queries1.dt.cin");
assert( ifq );

Point_2 p;
while ( ifq >> p ) {

std::cout << "Query point (" << p.x() << "," << p.y()
<< ") lies on a Voronoi " << std::flush;

Locate_result lr = vd.locate(p);
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if ( Vertex_handle* v = boost::get<Vertex_handle>(&lr) ) {
std::cout << "vertex." << std::endl;
std::cout << "The Voronoi vertex is:" << std::endl;
std::cout << "\t" << (*v)->point() << std::endl;

} else if ( Halfedge_handle* e = boost::get<Halfedge_handle>(&lr) ) {
std::cout << "edge." << std::endl;
std::cout << "The source and target vertices "

<< "of the Voronoi edge are:" << std::endl;
print_endpoint(*e, true);
print_endpoint(*e, false);

} else if ( Face_handle* f = boost::get<Face_handle>(&lr) ) {
std::cout << "face." << std::endl;
std::cout << "The vertices of the Voronoi face are"

<< " (in counterclockwise order):" << std::endl;
Ccb_halfedge_circulator ec_start = (*f)->outer_ccb();
Ccb_halfedge_circulator ec = ec_start;
do {

print_endpoint(ec, false);
} while ( ++ec != ec_start );

}
std::cout << std::endl;

}
ifq.close();

return 0;
}
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2D Voronoi Diagram Adaptor
Reference Manual
Menelaos Karavelas

CGAL provides the classCGAL::Voronoi diagram 2<DG,AT,AP> for adapting the various (triangulated) De-
launay graphs to Voronoi diagrams according to some adaptation policy. In particular, the classCGAL::Voronoi
diagram 2<DG,AT,AP> provides an API for the duals of (triangulated) Delaunay graphs, that makes them look
like planar subdivisions. The adaptation policy is responsible for deciding which edges and faces of these duals
should be eliminated. This is especially important when, for instance, we want to eliminate degenerate features
in the Voronoi diagram that are the result of the fact that Delaunay graphs are always triangulated and are due
to degenerate configurations in the generating data.

The three template parameters must be models of theDelaunayGraph2, AdaptationTraits2 and
AdaptationPolicy2 concepts, respectively. The first concept is related to the Delaunay graphs that are to be
adapted, whereas the second one is responsible for manipulating/accessing in a unified way the geometry of a
specific Voronoi diagram as well as for performing nearest site queries. The third template parameter corre-
sponds to the chosen adaptation policy and provides the necessary types and functors needed for performing
this adaptation.
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CGAL::Voronoi diagram 2<DG,AT,AP>

Definition

The classVoronoi diagram 2<DG,AT,AP> provides an adaptor that enables us to view a triangulated Delaunay
graph as their dual subdivision, the Voronoi diagram. The classVoronoi diagram 2<DG,AT,AP> is designed to
provide an API that is similar to that of CGAL ’s arrangements.
The first template parameter of theVoronoi diagram 2<DG,AT,AP> class corresponds to the triangulated
Delaunay graph and must be a model of theDelaunayGraph2 concept. The second template parameter
must be a model of theAdaptationTraits2 concept. The third template parameter must be a model of the
AdaptationPolicy2 concept. The third template parameter defaults toCGAL::Identity policy 2<DG,AT>.

#include<CGAL/Voronoidiagram 2.h>

Refines

DefaultConstructible, CopyConstructible, Assignable

Types

typedef DG Delaunaygraph; A type for the dual Delaunay graph.
typedef AT Adaptationtraits; A type for the adaptation traits

needed by the Voronoi diagram
adaptor.

typedef AP Adaptationpolicy; A type for the adaptation policy
used.

typedef Adaptationtraits::Point 2 Point 2; A type a point.
typedef Adaptationtraits::Site 2 Site2; A type for the sites of the Voronoi

diagram.

typedef Delaunaygraph::sizetype sizetype; A type for sizes.
typedef Delaunaygraph::Geomtraits Delaunaygeomtraits; A type for the geometric traits of the

Delaunay graph.

typedef Delaunaygraph::Vertexhandle Delaunayvertexhandle; A type for the vertex handles of the
Delaunay graph.

typedef Delaunaygraph::Facehandle Delaunayface handle; A type for the face handles of the
Delaunay graph.

typedef Delaunaygraph::Edge Delaunayedge; A type for the edges of the Delaunay
graph.

Voronoi diagram 2<DG,AT,AP>:: Halfedge A type for the halfedges of the Voronoi diagram.
Voronoi diagram 2<DG,AT,AP>:: Vertex A type for the vertices of the Voronoi diagram.
Voronoi diagram 2<DG,AT,AP>:: Face A type for the faces of the Voronoi diagram.

The vertices, edges and faces of the Voronoi diagram are accessed throughhandles, iteratorsandcirculators.
The iterators and circulators are all bidirectional and non-mutable. The circulators and iterators are assignable
to the corresponding handle types, and they are also convertible to the corresponding handles.

Voronoi diagram 2<DG,AT,AP>:: Halfedge handle Handle for halfedges.
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Voronoi diagram 2<DG,AT,AP>:: Vertex handle Handle for vertices.
Voronoi diagram 2<DG,AT,AP>:: Face handle Handle for faces.
Voronoi diagram 2<DG,AT,AP>:: Edge iterator A type for an iterator over Voronoi

edges. Edges are considered non-
oriented. Its value type isHalfedge.

Voronoi diagram 2<DG,AT,AP>:: Halfedge iterator A type for an iterator over Voronoi
halfedges. Halfedges are oriented and
come in pairs. Its value type is
Halfedge.

Voronoi diagram 2<DG,AT,AP>:: Face iterator A type for an iterator over Voronoi
faces. Its value type isFace.

Voronoi diagram 2<DG,AT,AP>:: Vertex iterator A type for an iterator over Voronoi ver-
tices. Its value type isVertex.

Voronoi diagram 2<DG,AT,AP>:: Halfedge around vertexcirculator

A type for a circulator over the
halfedges that have a common vertex as
their target. Its value type isHalfedge.

Voronoi diagram 2<DG,AT,AP>:: Ccb halfedgecirculator A type for a circulator over the
halfedges on the boundary of a Voronoi
face. Its value type of isHalfedge.

Voronoi diagram 2<DG,AT,AP>:: Unboundedfacesiterator A type for an iterator over the un-
bounded faces of the Voronoi diagram.
Its value type isFace.

Voronoi diagram 2<DG,AT,AP>:: Boundedfacesiterator A type for an iterator over the bounded
faces of the Voronoi diagram. Its value
type isFace.

Voronoi diagram 2<DG,AT,AP>:: Unboundedhalfedgesiterator A type for an iterator over the un-
bounded halfedges of the Voronoi dia-
gram. Its value type isHalfedge.

Voronoi diagram 2<DG,AT,AP>:: Boundedhalfedgesiterator A type for an iterator over the bounded
halfedges of the Voronoi diagram. Its
value type isHalfedge.

Voronoi diagram 2<DG,AT,AP>:: Site iterator A type for an iterator over the sites of
the Voronoi diagram. Its value type is
Site 2.

typedef boost::variant<Face handle,Halfedgehandle,Vertexhandle> Locate result; The result type of
the point location
queries.

Creation

Voronoi diagram 2<DG,AT,AP> vd( Adaptationtraits at = Adaptationtraits(),
Adaptationpolicy ap = Adaptationpolicy(),
Delaunaygeomtraits gt = Delaunaygeomtraits())

Creates a Voronoi diagram usingat as adaptation traits andap as
adaptation policy; the underlying Delaunay graph is created usinggt
as geometric traits.
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Voronoi diagram 2<DG,AT,AP> vd( Delaunaygraph dg,
bool swapdg = false,
Adaptationtraits at = Adaptationtraits(),
Adaptationpolicy ap = Adaptationpolicy())

Creates a Voronoi diagram from the Delaunay graphdgand usingat
as adaptation traits andapas adaptation policy. The Delaunay graph
dg is fully copied ifswapdg is set tofalse, or swapped with the one
stored internally ifswapdg is set totrue.

template<class Iterator>
Voronoi diagram 2<DG,AT,AP> vd( Iterator first,

Iterator beyond,
Adaptationtraits at = Adaptationtraits(),
Adaptationpolicy ap = Adaptationpolicy(),
Delaunaygeomtraits gt = Delaunaygeomtraits())

Creates a Voronoi diagram using as sites the sites in the iterator range
[first, beyond), at as adaptation traits andapas adaptation policy; the
underlying Delaunay graph is created usinggt as geometric traits.
Iterator must be a model of theInputIterator concept and its value
type must beSite 2.

Access Methods

Delaunaygraph vd.dual() Returns a const reference to the dual graph,
i.e., the Delaunay graph.

Halfedgehandle vd.dual( Delaunayedge e) Returns a handle to the halfedge in the
Voronoi diagram that is dual to the edgee
in the Delaunay graph.

Face handle vd.dual( Delaunayvertexhandle v) Returns a handle to the face in the Voronoi
diagram that is dual to the vertex correspond-
ing to the vertex handlev in the Delaunay
graph.

Vertexhandle vd.dual( Delaunayface handle f) Returns a handle to the vertex in the Voronoi
diagram that is dual to the face correspond-
ing to the face handlef in the Delaunay
graph.

Adaptationtraits vd.adaptationtraits() Returns a reference to the Voronoi traits.
Adaptationpolicy vd.adaptationpolicy() Returns a reference to the adaptation policy.
size type vd.numberof vertices() Returns the number of Voronoi vertices.
size type vd.numberof faces() Returns the number of Voronoi faces

(bounded and unbounded).

size type vd.numberof halfedges() Returns the number of halfedges (bounded
and unbounded) in the Voronoi diagram.
This is always an even number.

size type vd.numberof connectedcomponents() Returns the number of connected compo-
nents of the Voronoi skeleton.

Face handle vd.unboundedface() Returns one of the unbounded faces of the
Voronoi diagram. If no unbounded faces ex-
ist (this can happen if the number of sites is
zero) the default constructed face handle is
returned.
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Face handle vd.boundedface() Returns one of the bounded faces of the
Voronoi diagram. If no bounded faces ex-
ist the default constructed face handle is re-
turned.

Halfedgehandle vd.unboundedhalfedge() Returns one of the unbounded halfedges
of the Voronoi diagram. If no un-
bounded halfedges exist the default con-
structed halfedge handle is returned.

Halfedgehandle vd.boundedhalfedge() Returns one of the bounded halfedges of the
Voronoi diagram. If no bounded halfedges
exist the default constructed halfedge handle
is returned.

Traversal of the Voronoi diagram

A Voronoi diagram can be seen as a container of faces, vertices and halfedges. Therefore the Voronoi diagram
provides several iterators and circulators that allow to traverse it.

Iterators

The following iterators allow respectively to visit the faces (all or only the unbounded/bounded ones), edges,
halfedges (all or only the unbounded/bounded ones) and vertices of the Voronoi diagram. These iterators are
non-mutable, bidirectional and their value types are respectivelyFace, Halfedge, HalfedgeandVertex. All
iterators are convertible to the corresponding handles and are invalidated by any change in the Voronoi diagram.

Face iterator vd.facesbegin() Starts at an arbitrary Voronoi face.
Face iterator vd.facesend() Past-the-end iterator.

Unboundedfacesiterator vd.unboundedfacesbegin() Starts at an arbitrary unbounded
Voronoi face.

Unboundedfacesiterator vd.unboundedfacesend() Past-the-end iterator.

Boundedfacesiterator vd.boundedfacesbegin() Starts at an arbitrary bounded Voronoi
face.

Boundedfacesiterator vd.boundedfacesend() Past-the-end iterator.

Edge iterator vd.edgesbegin() Starts at an arbitrary Voronoi edge.
Edge iterator vd.edgesend() Past-the-end iterator.

Halfedgeiterator vd.halfedgesbegin() Starts at an arbitrary Voronoi halfedge.

Halfedgeiterator vd.halfedgesend() Past-the-end iterator.

Unboundedhalfedgesiterator vd.unboundedhalfedgesbegin() Starts at an arbitrary unbounded
Voronoi edge.

Unboundedhalfedgesiterator vd.unboundedhalfedgesend() Past-the-end iterator.

Boundedhalfedgesiterator vd.boundedhalfedgesbegin() Starts at an arbitrary bounded Voronoi
edge.

Boundedhalfedgesiterator vd.boundedhalfedgesend() Past-the-end iterator.
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Vertex iterator vd.verticesbegin() Starts at an arbitrary Voronoi vertex.
Vertex iterator vd.verticesend() Past-the-end iterator.

The following iterator provides access to the sites that define the Voronoi diagram. Its value type isSite 2. It is
invalidated by any change in the Voronoi diagram.

Site iterator vd.sitesbegin() Starts at an arbitrary site.
Site iterator vd.sitesend() Past-the-end iterator.

Circulators

The Voronoi diagram adaptor also provides circulators that allow to visit all halfedges whose target is a given
vertex – this is theHalfedgearound vertexcirculator, as well as all halfedges on the boundary of a Voronoi
face – this is theCcb halfedgecirculator. These circulators are non-mutable and bidirectional. The operator
operator++ moves the former circulator counterclockwise around the vertex while theoperator--moves clock-
wise. The latter circulator is moved by the operatoroperator++ to the next halfedge on the boundary in the
counterclockwise sense, whileoperator--moves clockwise. When theCcb halfedgecirculator is defined over
an infinite Voronoi facef , then applyingoperator++ to a circulator corresponding to a halfedge whose target
is not finite moves to the next infinite (or semi-infinite) halfedge off in the counterclockwise sense. Similarly,
applyingoperator++ to a circulator corresponding to a halfedge whose source is not finite, moves to the pre-
vious infinite (or semi-infinite) halfedge off in the clockwise sense. TheHalfedgearound vertexcirculator
circulator is invalidated by any modification in the faces adjacent to the vertex over which it is defined. The
Ccb halfedgecirculator is invalidated by any modification in the face over which it is defined.

Ccb halfedgecirculator vd.ccbhalfedges( Facehandle f) Returns a circulator over the halfedges on the
boundary off . The circulator is initialized to
an arbitrary halfedge on the boundary of the
Voronoi facef .

Ccb halfedgecirculator vd.ccbhalfedges( Facehandle f, Halfedgehandle h)

Returns a circulator over the halfedges on the
boundary off . The circulator is initialized
with the halfedgeh.
Precondition: The halfedgeh must lie on the
boundary off .

Halfedgearound vertexcirculator vd.incidenthalfedges( Vertexhandle v)

Returns a circulator over the halfedges whose
target is the Voronoi vertexv. The circulator
is initialized to an arbitrary halfedge incident
to v.

Halfedgearound vertexcirculator vd.incidenthalfedges( Vertexhandle v, Halfedgehandle h)

Returns a circulator over the halfedges whose
target is the Voronoi vertexv. The circulator
is initialized with the halfedgeh.
Precondition: The vertexv must be the target
vertex of the halfedgeh.
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Insertion

Face handle vd.insert( Site2 t) Inserts the sitet in the Voronoi diagram. A handle to the face corre-
sponding to the Voronoi face oft in the Voronoi diagram is returned. If
t has an empty Voronoi cell, the default constructed face handle is re-
turned. This method is supported only ifVoronoi traits::Has inserter
is set toCGAL::Tag true.

template<class Iterator>
size type vd.insert( Iterator first, Iterator beyond)

Inserts, in the Voronoi diagram, the sites in the iterator range[first, be-
yond). The value type ofIterator must beSite 2. The number of sites in
the iterator range is returned. This method is supported only ifVoronoi
traits::Has inserteris set toCGAL::Tag true.

Queries

Locate result vd.locate( Point2 p) Performs point location for the query pointp. In other words, the
face, halfedge or vertex of the Voronoi diagram is found on which the
point p lies. This method is supported only ifVoronoi traits::Has
nearestsite 2 is set toCGAL::Tag true.
Precondition: The Voronoi diagram must contain at least one face.

I/O

void vd.file output( std::ostream& os) Writes the current state of the Voronoi diagram to the
output streamos.
The following operator must be defined:
std::ostream& operator<<(std::ostream&, Delaunay
graph)

void vd.file input( std::istream& is) Reads the current state of the Voronoi diagram from the
input streamis.
The following operator must be defined:
std::istream& operator>>(std::istream&, Delaunay
graph)

std::ostream& std::ostream& os<< vd Writes the current state of the Voronoi diagram to the
output streamos.
The following operator must be defined:
std::ostream& operator<<(std::ostream&, Delaunay
graph)

std::istream& std::istream& is >> vd Reads the current state of the Voronoi diagram from the
input streamis.
The following operator must be defined:
std::istream& operator>>(std::istream&, Delaunay
graph)

Validity check

bool vd.isvalid() Checks the validity of the dual Delaunay graph and the Voronoi diagram adaptor.
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Miscellaneous

void vd.clear() Clears all contents of the Voronoi diagram.
void vd.swap( other) The Voronoi diagramsother andvd are swapped.vd.swap(other)should be pre-

ferred tovd= otheror tovd(other)if other is deleted afterwards.

See Also

DelaunayGraph2
AdaptationTraits2
AdaptationPolicy2
CGAL::Voronoi diagram 2<DG,AT,AP>::Face
CGAL::Voronoi diagram 2<DG,AT,AP>::Halfedge
CGAL::Voronoi diagram 2<DG,AT,AP>::Vertex
CGAL::Delaunaytriangulation 2<Traits,Tds>
CGAL::Regulartriangulation 2<Traits,Tds>
CGAL::Triangulationhierarchy 2<Tr> provided thatTr is a model ofDelaunayGraph2
CGAL::SegmentDelaunaygraph 2<Gt,DS>
CGAL::SegmentDelaunaygraph hierarchy 2<Gt,STag,DS>
CGAL::Apolloniusgraph 2<Gt,Agds>
CGAL::Apolloniusgraph hierarchy 2<Gt,Agds>
CGAL::Apolloniusgraph adaptationtraits 2<AG2>
CGAL::Delaunaytriangulation adaptationtraits 2<DT2>
CGAL::Regulartriangulation adaptationtraits 2<RT2>
CGAL::SegmentDelaunaygraph adaptationtraits 2<SDG2>
CGAL::Identity policy 2<DG,AT>
CGAL::Apolloniusgraph degeneracyremovalpolicy 2<AG2>
CGAL::Apolloniusgraph cachingdegeneracyremovalpolicy 2<AG2>
CGAL::Delaunaytriangulation degeneracyremovalpolicy 2<DT2>
CGAL::Delaunaytriangulation cachingdegeneracyremovalpolicy 2<DT2>
CGAL::Regulartriangulation degeneracyremovalpolicy 2<RT2>
CGAL::Regulartriangulation cachingdegeneracyremovalpolicy 2<RT2>
CGAL::SegmentDelaunaygraph degeneracyremovalpolicy 2<SDG2>
CGAL::SegmentDelaunaygraph cachingdegeneracyremovalpolicy 2<SDG2>

1757



C
la

ss

CGAL::Voronoi diagram 2<DG,AT,AP>::Halfedge

Definition

The classHalfedgeis the class provided by theVoronoi diagram 2<DG,AT,AP> class for Voronoi halfedges.
Below we present its interface.

Is Model for the Concepts

DefaultConstructible, CopyConstructible, Assignable, EqualityComparable, LessThanComparable

Types

Halfedge:: Vertex A type for the vertices of the
Voronoi diagram.

Halfedge:: Face A type for the faces of the Voronoi
diagram.

Halfedge:: Vertexhandle Handle for the vertices of the
Voronoi diagram.

Halfedge:: Facehandle Handle for the faces of the Voronoi
diagram.

Halfedge:: Halfedgehandle Handle for the halfedges of the
Voronoi diagram.

Halfedge:: Ccbhalfedgecirculator A type for a bidirectional cir-
culator over the halfedges of
the boundary of a Voronoi face.
The value type of the circulator
is CGAL::Voronoi diagram 2<
DG,AT,AP>::Halfedge and is
convertible toHalfedgehandle.

Halfedge:: Delaunaygraph A type for the Delaunay graph. It
is a model of theDelaunayGraph
2 concept.

typedef Delaunaygraph::Edge Delaunayedge; A type for the dual edge in the Delau-
nay graph.

typedef Delaunaygraph::Vertexhandle Delaunayvertexhandle; A type for vertex handles in the De-
launay graph.

Access Methods

Halfedgehandle e.twin() Returns the twin halfedge.
Halfedgehandle e.opposite() Same ase.twin().
Halfedgehandle e.next() Returns the next halfedge in the counterclockwise sense around

the boundary of the face thate is incident to.

Halfedgehandle e.previous() Returns the previous halfedge in the counterclockwise sense
around the boundary of the adjacent face.
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Face handle e.face() Returns the face thate is incident to.
Vertexhandle e.source() Returns the source vertex ofe.

Precondition: The source vertex must exist, i.e.,has source()
must returntrue.

Vertexhandle e.target() Returns the target vertex ofe.
Precondition: The target vertex must exist, i.e.,has target()must
returntrue.

Ccb halfedgecirculator e.ccb() Returns a bidirectional circulator to traverse the halfedges on the
boundary of the Voronoi face containinge. The circulator is ini-
tialized toe. Applying operator++ (resp.operator--) to this cir-
culator returns the next halfedge on the boundary of the face con-
taininge in the counterclockwise (resp. clockwise) sense.

Delaunayedge e.dual() Returns the corresponding dual edge in the Delaunay graph.

In the four methods below we consider Voronoi halfedges to be “parallel” to thex-axis, oriented from left to
right.

Delaunayvertexhandle e.up() Returns a handle to the vertex in the Delaunay graph correspond-
ing to the defining site above the Voronoi edge.

Delaunayvertexhandle e.down() Returns a handle to the vertex in the Delaunay graph correspond-
ing to the defining site below the Voronoi edge.

Delaunayvertexhandle e.left() Returns a handle to the vertex in the Delaunay graph correspond-
ing to the defining site to the left of the Voronoi edge.
Precondition: has source()must betrue.

Delaunayvertexhandle e.right() Returns a handle to the vertex in the Delaunay graph correspond-
ing to the defining site to the right of the Voronoi edge.
Precondition: has target()must betrue.

Predicate Methods

bool e.hassource() Returnstrue iff the halfedge corresponds to a bisecting segment or a bisecting
ray oriented appropriately so that its apex is its source.

bool e.hastarget() Returnstrue iff the halfedge corresponds to a bisecting segment or a bisecting
ray oriented appropriately so that its apex is its target.

bool e.isunbounded() Returnstrue iff the source or the target of the halfedge does not exist, i.e., if either
of has source()or has target()returnfalse.

bool e.isbisector() Returnstrue iff the Voronoi edge is an entire bisector.
bool e.issegment() Returnstrue iff the Voronoi edge has both a source and a target Voronoi vertex.
bool e.isray() Returnstrue iff the Voronoi edge has either a source or a target Voronoi vertex,

but not both; in other words it is a bisecting ray.

bool e.isvalid() Returnstrue if the following conditions are met: the halfedge is not a rejected
edge with respect to the chosen adaptation policy; the twin edge of its twin edge is
itself; its adjacent face is not a rejected face with respect to the chosen adaptation
policy; its source and target vertices are valid (provided they exist, of course); the
previous of its next halfedge is itself and the next of its previous halfedge is itself.

See Also

CGAL::Voronoi diagram 2<DG,AT,AP>
CGAL::Voronoi diagram 2<DG,AT,AP>::Vertex
CGAL::Voronoi diagram 2<DG,AT,AP>::Face
DelaunayGraph2
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CGAL::Voronoi diagram 2<DG,AT,AP>::Vertex

Definition

The classVertexis the Voronoi vertex class provided by the classVoronoi diagram 2<DG,AT,AP> class. Below
we present its interface.

Is Model for the Concepts

DefaultConstructible, CopyConstructible, Assignable, EqualityComparable, LessThanComparable

Types

Vertex:: Halfedge A type for the halfedges of the Voronoi dia-
gram.

Vertex:: Face A type for the faces of the Voronoi diagram.
Vertex:: Vertexhandle Handle for the vertices of the Voronoi dia-

gram.

Vertex:: Facehandle Handle for the faces of the Voronoi diagram.
Vertex:: Halfedgehandle Handle for the halfedges of the Voronoi dia-

gram.

Vertex:: Point2 A type for the point represented by the vertex.

Vertex:: sizetype A type for sizes.
Vertex:: Halfedgearound vertexcirculator A type for a bidirectional circulator that

allows to traverse all incident halfedges,
i.e., all halfedges that have the vertex
as their target. The value type of the
circulator is CGAL::Voronoi diagram 2<
DG,AT,AP>::Halfedge and is convertible to
Halfedgehandle.

Vertex:: Delaunaygraph A type for the Delaunay graph. It is a
model of theDelaunayGraph2 con-
cept.

typedef Delaunaygraph::Facehandle Delaunayface handle; A type for the handle of the dual face.

typedef Delaunaygraph::Vertexhandle Delaunayvertexhandle; A type for the vertex handles in the
Delaunay graph.

Access Methods

Halfedgehandle v.halfedge() Returns an incident halfedge that hasv as its target.
size type v.degree() Returns the in-degree of the vertex, i.e. the number of

halfedges that havev as their target.

Point 2 v.point() Returns the point represented by the vertex.
Delaunayface handle v.dual() Returns a handle to the corresponding dual face in the

Delaunay graph.
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Delaunayvertexhandle v.site( unsigned int i) Returns a handle to the vertex in the Delaunay graph cor-
responding to the(i +1)-th generating site of the Voronoi
vertex.
Precondition: i must be smaller or equal to 2.

Halfedgearound vertexcirculator v.incidenthalfedges() Returns a bidirectional circulator that allows
the traversal of the halfedges that havev
as their target. Applyingoperator++ (resp.
operator--) to this circulator returns the next
incident halfedge in the counterclockwise
(resp. clockwise) sense.

Predicate Methods

bool v.is incident edge( Halfedgehandle e) Returnstrue if the halfedgee is incident tov.
bool v.is incident face( Facehandle e) Returnstrue if the facef is incident tov.
bool v.is valid() Returnstrue if the following conditions are met: the dual

face is not an infinite face; all incident halfedges have the
vertex as their target.

See Also

CGAL::Voronoi diagram 2<DG,AT,AP>
CGAL::Voronoi diagram 2<DG,AT,AP>::Halfedge
CGAL::Voronoi diagram 2<DG,AT,AP>::Face
DelaunayGraph2
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CGAL::Voronoi diagram 2<DG,AT,AP>::Face

Definition

The classFaceis the class provided by theVoronoi diagram 2<DG,AT,AP> class for Voronoi faces. Below we
present its interface.

Is Model for the Concepts

DefaultConstructible, CopyConstructible, Assignable, EqualityComparable, LessThanComparable

Types

Face:: Vertex A type for the vertices of the Voronoi diagram.
Face:: Halfedge A type for the halfedges of the Voronoi dia-

gram.

Face:: Vertexhandle Handle for the vertices of the Voronoi diagram.

Face:: Facehandle Handle for the faces of the Voronoi diagram.
Face:: Halfedgehandle Handle for the halfedges of the Voronoi dia-

gram.

Face:: Ccbhalfedgecirculator A type for a bidirectional circulator over the
halfedges on the boundary of the face. The
value type of the circulator isCGAL::Voronoi
diagram 2<DG,AT,AP>::Halfedge, and is con-
vertible toHalfedgehandle.

Face:: Delaunaygraph A type for the Delaunay graph. It is a model of
theDelaunayGraph2 concept.

typedef Delaunaygraph::Vertexhandle Delaunayvertexhandle; A type for the handle of the dual ver-
tex.

Access Methods

Halfedgehandle f .halfedge() Returns an incident halfedge on the boundary off .
Ccb halfedgecirculator f .ccb() Returns a bidirectional circulator for traversing the halfedges on

the boundary off . The halfedges are traversed in counterclockwise
order.

Delaunayvertexhandle f .dual() Returns a handle to the corresponding dual vertex in the Delaunay
graph.

Predicate Methods

bool f .is unbounded() Returnstrue iff the face is an unbounded face in the Voronoi
diagram.

bool f .is halfedgeon ccb( Halfedge e) Returnstrue iff e is a halfedge of the boundary off .
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bool f .is valid() Returnstrue iff the following conditions are met: the face is
not rejected by the chosen adaptation policy; all its adjacent
halfedges do not have zero length; all its adjacent halfedges re-
turn the face as their adjacent face.

See Also

CGAL::Voronoi diagram 2<DG,AT,AP>
CGAL::Voronoi diagram 2<DG,AT,AP>::Vertex
CGAL::Voronoi diagram 2<DG,AT,AP>::Halfedge
DelaunayGraph2

1763



C
on

ce
pt

DelaunayGraph 2

Definition

The conceptDelaunayGraph2 defines the requirements for the first template parameter of theVoronoi
diagram 2<DG,AT,AP> class. TheDelaunayGraph2 concept essentially defines the requirements that a class
representing a Delaunay graph must obey so that the Voronoi diagram adaptor can adapt it.

Refines

DefaultConstructible, CopyConstructible, Assignable

Types

DelaunayGraph2:: size type A type for sizes.
DelaunayGraph2:: Geomtraits A type for the geometric traits associated with the Delau-

nay graph.

DelaunayGraph2:: Triangulation data structure A type for the underlying triangulation data
structure. It must be a model of the concept
TriangulationDataStructure2.

DelaunayGraph2:: Vertex A type for the vertices of the Delaunay graph.
DelaunayGraph2:: Face A type for the faces of the Delaunay graph.
typedef std::pair<Face handle,int> Edge; The type of the edges of the Delaunay graph.
DelaunayGraph2:: Vertex handle Handle to the vertices of the Delaunay graph.
DelaunayGraph2:: Face handle Handle to the faces of the Delaunay graph.

The following iterators and circulators must be defined. All iterators and circulators must be assignable and
convertible to their corresponding handles.

DelaunayGraph2:: All edgesiterator A type for an iterator over all edges of the Delaunay
graph. Its value type must beEdge.

DelaunayGraph2:: Finite edgesiterator A type for an iterator over the finite edges of the Delau-
nay graph. Its value type must beEdge.

DelaunayGraph2:: All facesiterator A type for an iterator over all faces of the Delaunay
graph. Its value type must beFace.

DelaunayGraph2:: Finite facesiterator A type for an iterator over the finite faces of the Delaunay
graph. Its value type must beFace.

DelaunayGraph2:: All verticesiterator A type for an iterator over all vertices of the Delaunay
graph. Its value type must beVertex.

DelaunayGraph2:: Finite verticesiterator A type for an iterator over the finite vertices of the De-
launay graph. Its value type must beVertex.

DelaunayGraph2:: Face circulator A type for a circulator over the adjacent faces of a vertex
of the Delaunay graph. Its value type must beFace.

DelaunayGraph2:: Vertex circulator A type for a circulator over the adjacent vertices of a ver-
tex of the Delaunay graph. Its value type must beVertex.

DelaunayGraph2:: Edge circulator A type for a circulator over the adjacent edges of a vertex
of the Delaunay graph. Its value type must beEdge.
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Creation

In addition to the default and copy constructors, as well as the assignment operator, the following constructors
are required.

DelaunayGraph2 dg( Geomtraits gt); Constructor that takes an instance of the geo-
metric traits.

template<class It>
DelaunayGraph2 dg( It first, It beyond); Constructor that takes an iterator range. The

value type of the iterator must be the type of
the sites of the Delaunay graph.

template<class It>
DelaunayGraph2 dg( It first, It beyond, Geomtraits gt); Constructor that takes an iterator range and

an instance of the geometric traits. The value
type of the iterator must be the type of the
sites of the Delaunay graph.

Access methods

Triangulation data structure dg.tds() Returns a reference to the underlying triangula-
tion data structure.

Geomtraits dg.geomtraits() Returns a reference to the geometric traits object.

Vertexhandle dg.infinitevertex() Returns a handle to the infinite vertex.
Vertexhandle dg.finitevertex() Returns a handle to a finite vertex, provided there

exists one.

Face handle dg.infiniteface() Returns a handle to a face incident to the infinite
vertex.

int dg.dimension() Returns the dimension of the Delaunay graph.
size type dg.numberof vertices() Returns the number of finite vertices.
size type dg.numberof faces() Returns the number of faces (both finite and infi-

nite).

Traversal of the Delaunay graph

A model of theDelaunayGraph2 concept must provide several iterators and circulators that allow to traverse
it (completely or partially). All iterators and circulators must be convertible to the corresponding handles.

Face, Edge and Vertex Iterators

The following iterators must allow, respectively, to visit finite faces, finite edges and finite vertices of the De-
launay graph. These iterators must be non-mutable, bidirectional and their value types are respectivelyFace,
EdgeandVertex.

Finite verticesiterator dg.finite verticesbegin() Starts at an arbitrary finite vertex.
Finite verticesiterator dg.finite verticesend() Past-the-end iterator.

Finite edgesiterator dg.finite edgesbegin() Starts at an arbitrary finite edge.
Finite edgesiterator dg.finite edgesend() Past-the-end iterator.

Finite facesiterator dg.finite facesbegin() Starts at an arbitrary finite face.
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Finite facesiterator dg.finite facesend() Past-the-end iterator.

The following iterators must allow, respectively, to visit all (both finite and infinite) faces, edges and vertices of
the Delaunay graph. These iterators are non-mutable, bidirectional and their value types are respectivelyFace,
EdgeandVertex.

All verticesiterator dg.all verticesbegin() Starts at an arbitrary vertex.
All verticesiterator dg.all verticesend() Past-the-end iterator.

All edgesiterator dg.all edgesbegin() Starts at an arbitrary edge.
All edgesiterator dg.all edgesend() Past-the-end iterator.

All facesiterator dg.all facesbegin() Starts at an arbitrary face.
All facesiterator dg.all facesend() Past-the-end iterator.

Face, Edge and Vertex Circulators

A model of theDelaunayGraph2 concept must also provide circulators that allow to visit, respectively, all faces
or edges incident to a given vertex or all vertices adjacent to a given vertex. These circulators are non-mutable
and bidirectional. The operatoroperator++ must move the circulator counterclockwise around the vertex while
theoperator--must move the circulator clockwise.

Face circulator dg.incidentfaces( Vertexhandle v) Starts at an arbitrary face incident tov.
Face circulator dg.incidentfaces( Vertexhandle v, Facehandle f)

Starts at facef .
Precondition: Facef must be incident to
vertexv.

Edgecirculator dg.incidentedges( Vertexhandle v) Starts at an arbitrary edge incident tov.
Edgecirculator dg.incidentedges( Vertexhandle v, Facehandle f)

Starts at the first edge off incident tov, in
counterclockwise order aroundv.
Precondition: Facef must be incident to
vertexv.

Vertexcirculator dg.incidentvertices( Vertexhandle v) Starts at an arbitrary vertex incident tov.
Vertexcirculator dg.incidentvertices( Vertexhandle v, Facehandle f)

Starts at the first vertex off adjacent tov in
counterclockwise order aroundv.
Precondition: Facef must be incident to
vertexv.

Predicates

A model of theDelaunayGraph2 concept must provide methods to test the finite or infinite character of any
feature.
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bool dg.is infinite( Vertexhandle v) true, iff v is theinfinite vertex.
bool dg.is infinite( Facehandle f) true, iff face f is infinite.
bool dg.is infinite( Facehandle f, int i) true, iff edge(f,i) is infinite.
bool dg.is infinite( Edge e) true, iff edgee is infinite.
bool dg.is infinite( Edgecirculator ec) true, iff edge*ec is infinite.

Validity check

bool dg.isvalid( bool verbose = false) Checks the validity of the Delaunay graph. Ifverboseis true a
short message is sent tostd::cerr.

Miscellaneous

void dg.clear() Clears all contents of the Delaunay graph.
void dg.swap( other) The Delaunay graphsother anddg are swapped.dg.swap(other)should be pre-

ferred todg= otheror todg(other)if other is deleted afterwards.

Has Models

CGAL::Delaunaytriangulation 2<Traits,Tds>
CGAL::Regulartriangulation 2<Traits,Tds>
CGAL::Triangulationhierarchy 2<Tr> provided thatTr is a model ofDelaunayGraph2
CGAL::SegmentDelaunaygraph 2<Gt,DS>
CGAL::SegmentDelaunaygraph hierarchy 2<Gt,STag,DS>
CGAL::Apolloniusgraph 2<Gt,Agds>
CGAL::Apolloniusgraph hierarchy 2<Gt,Agds>

See Also

AdaptationTraits2
AdaptationPolicy2
CGAL::Voronoi diagram 2<DG,AT,AP>
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AdaptationTraits 2

Definition

The conceptAdaptationTraits2 defines the functors required for accessing geometric information in the De-
launay graph that is needed by theVoronoi diagram 2<DG,AT,AP> class. It optionally defines a functor for
performing nearest site queries. A tag is provided for determining whether this functor is defined or not.

Refines

DefaultConstructible, CopyConstructible, Assignable

Types

AdaptationTraits2:: Point 2 A type for a point.
AdaptationTraits2:: Site 2 A type for the sites of the Voronoi diagram.
AdaptationTraits2:: Delaunaygraph A type for the triangulated Delaunay graph. The typeDelaunay

graphmust be a model of theDelaunayGraph2 concept.

typedef Delaunaygraph::Edge Delaunayedge; The type of the edges of the Delau-
nay graph

typedef Delaunaygraph::Facehandle Delaunayface handle; The type of the face handles of the
Delaunay graph

typedef Delaunaygraph::Vertexhandle Delaunayvertexhandle; The type of the vertex handles of the
Delaunay graph.

AdaptationTraits2:: Accesssite 2 A type for a functor that accesses the site associated
with a vertex. The functor should be a model of
the conceptsDefaultConstructible, CopyConstructible,
AssignableandAdaptableFunctor(with one argument).
The functor must provide the following operator:

result type operator()(Delaunayvertexhandle v)
where the result typeresult typemust be eitherSite 2 or
const Site2&.

AdaptationTraits2:: ConstructVoronoi point 2 A type for a functor that constructs the dual point of a
(triangular) face in the Delaunay graph. This point is
the Voronoi vertex of the three sites defining the face in
the Delaunay graph. The functor must be a model of
the conceptsDefaultConstructible, CopyConstructible,
Assignable, AdaptableFunctor(with one argument). It
must provide the following operator:

Point 2 operator()(Delaunayface handle f) .
The face handlef must not correspond to an infinite
face.

AdaptationTraits2:: Has nearestsite 2 A tag for determining if the adaptation traits class pro-
vides a functor for performing nearest site queries. This
tag is equal to eitherCGAL::Tag true (a nearest site
query functor is available) orCGAL::Tag false(a near-
est site query functor is not available).
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AdaptationTraits2:: Nearestsite 2 A type for a functor that performs nearest site queries.
Semantically, the result of the query is either a face,
edge or vertex of the Delaunay graph. It is a face if the
query point has at least three closest sites; the returned
face has closest sites as vertices. It is an edge if the
query point is equidistant to exactly two vertices of
the Delaunay graph, which are the source and target
vertices of the edge. In all other cases, the search
result is a vertex, namely, the unique vertex of the
Delaunay graph closest to the query point. The functor
must be a model of the conceptsDefaultConstructible,
CopyConstructible, Assignable, AdaptableFunctor
(with two arguments). It must provide the following
operator:
result type operator()(Delaunaygraph dg, Point2 p)

where the result typeresult type is boost::variant<
Delaunayvertexhandle,Delaunayedge,Delaunay
face handle>.
This type is required only ifHas nearestsite 2 is equal
to CGAL::Tag true.

Access to objects

Accesssite 2 at.accesssite 2 object()
ConstructVoronoi point 2 at.constructVoronoi point 2 object()
Nearestsite 2 at.nearestsite 2 object() This method is required only if

Has nearestsite 2 is equal to
CGAL::Tag true.

Has Models

CGAL::Apolloniusgraph adaptationtraits 2<AG2>
CGAL::Delaunaytriangulation adaptationtraits 2<DT2>
CGAL::Regulartriangulation adaptationtraits 2<RT2>
CGAL::SegmentDelaunaygraph adaptationtraits 2<SDG2>

See Also

DelaunayGraph2
CGAL::Voronoi diagram 2<DG,AT,AP>
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AdaptationPolicy 2

Definition

The conceptAdaptationPolicy2 defines the requirements on the predicate functors that determine whether a
feature of the triangulated Delaunay graph should be rejected or not. It also provides a functor for inserting sites
in the Delaunay graph. The last functor is optional and a tag determines whether it is provided or not. Note that
while the first two functors do not modify the Delaunay graph they take as an argument, the last ones does.

Refines

DefaultConstructible, CopyConstructible, Assignable

Types

AdaptationPolicy2:: Site 2 A type for the sites of the Voronoi diagram.
AdaptationPolicy2:: Delaunaygraph A type for the triangulated Delaunay graph. The typeDelaunay

graphmust be a model of theDelaunayGraph2 concept.

typedef Delaunaygraph::Vertexhandle Delaunayvertexhandle;
typedef Delaunaygraph::Facehandle Delaunayface handle;
typedef Delaunaygraph::Edge Delaunayedge;
typedef Delaunaygraph::All edgesiterator All Delaunayedgesiterator;
typedef Delaunaygraph::Finite edgesiterator Finite Delaunayedgesiterator;
typedef Delaunaygraph::Edgecirculator Delaunayedgecirculator;
AdaptationPolicy2:: Edge rejector A type for the predicate functor that is responsible for rejecting an

edge of the Delaunay graph (or equivalently rejecting its dual edge
in the Voronoi diagram). It must be model of the conceptsDefault-
Constructible, CopyConstructible, Assignable, andAdaptableFunctor
(with two arguments). It must provide the following operators:

bool operator()(Delaunaygraph dg, Delaunayedge e)
bool operator()(Delaunaygraph dg, Delaunayface handle f, int i)
bool operator()(Delaunaygraph dg, Delaunayedgecirculator ec)
bool operator()(Delaunaygraph dg,

All Delaunayedgesiterator eit)
bool operator()(Delaunaygraph dg,

Finite Delaunayedgesiterator eit)
The functor returnstrue iff the edge is rejected.

AdaptationPolicy2:: Face rejector A type for the predicate functor that is responsible for rejecting a
vertex of the Delaunay graph (or equivalently its dual face in the
Voronoi diagram – hence the name of the functor). It must be model
of the conceptsDefaultConstructible, CopyConstructible, Assignable,
AdaptableFunctor(with two arguments). It must provide the follow-
ing operator:

bool operator()(Delaunay graph dg, Delaunayvertexhandle v)
The functor returnstrue iff the face is rejected.

AdaptationPolicy2:: Has inserter A tag for determining if the adaptation policy class provides a functor
for inserting sites in the Delaunay graph. This tag is equal to either
CGAL::Tag true (a site inserter functor is available) irCGAL::Tag
false(a site inserter functor is not available).
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AdaptationPolicy2:: Site inserter A type for a functor that inserts sites in the Delaunay graph. It must
be model of the conceptsDefaultConstructible, CopyConstructible,
Assignable, AdaptableFunctor(with two arguments). It must provide
the following operator

Delaunayvertexhandle operator()(Delaunaygraph& dg, Site2 t)
The vertex handle returned either points to the vertex of the Delau-
nay graph corresponding to the site just inserted or is the default con-
structed vertex handle. The latter case can happen if the site inserted is
hidden, i.e., it has an empty Voronoi cell.
This type is required only if theHas inserter tag is equal to
CGAL::Tag true.

Access to objects

Edgerejector ap.edgerejector object()
Face rejector ap.facerejector object()
Site inserter ap.siteinserter object() This method is required only ifHas inserter is equal to

CGAL::Tag true.

Miscellaneous

The following methods are important when the adaptation policy maintains a state. This can happen if we have
a caching adaptation policy, i.e., when we cache the results of the edge and face rejectors.

void ap.clear() Clears the state of the adaptation policy.
void ap.swap( other) The adaptation policiesap andother are swapped. This method should be pre-

ferred toap=otheror ap(other)if other is deleted afterwards.

bool ap.isvalid() Tests the validity of the adaptation policy.

bool ap.isvalid( Delaunaygraph dg)

Tests the validity of the adaptation policy using extra information from the De-
launay graphdg.

Has Models

CGAL::Identity policy 2<DG,AT>
CGAL::Apolloniusgraph degeneracyremovalpolicy 2<AG2>
CGAL::Apolloniusgraph cachingdegeneracyremovalpolicy 2<AG2>
CGAL::Delaunaytriangulation degeneracyremovalpolicy 2<DT2>
CGAL::Delaunaytriangulation cachingdegeneracyremovalpolicy 2<DT2>
CGAL::Regulartriangulation degeneracyremovalpolicy 2<RT2>
CGAL::Regulartriangulation cachingdegeneracyremovalpolicy 2<RT2>
CGAL::SegmentDelaunaygraph degeneracyremovalpolicy 2<SDG2>
CGAL::SegmentDelaunaygraph cachingdegeneracyremovalpolicy 2<SDG2>

See Also

DelaunayGraph2
AdaptationTraits2
CGAL::Voronoi diagram 2<DG,AT,AP>
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C
la

ss

CGAL::Apollonius graph adaptation traits 2<AG2>

Definition

The classApolloniusgraph adaptationtraits 2<AG2> provides a model for theAdaptationTraits2 concept.
The template parameter of theApolloniusgraph adaptationtraits 2<AG2> class must be a model of the
DelaunayGraph2 concept, and in particular it has the semantics of a (triangulated) 2D Apollonius graph.

#include<CGAL/Apolloniusgraph adaptationtraits 2.h>

Is Model for the Concepts

AdaptationTraits2

Types

typedef CGAL::Tagtrue Hasnearestsite 2;

See Also

AdaptationTraits2
DelaunayGraph2
CGAL::Voronoi diagram 2<DG,AT,AP>
CGAL::Apolloniusgraph 2<Gt,Agds>
CGAL::Apolloniusgraph hierarchy 2<Gt,Agds>
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C
la

ss

CGAL::Delaunay triangulation adaptation traits 2<DT2>

Definition

The classDelaunaytriangulation adaptationtraits 2<DT2> provides a model for theAdaptationTraits2 con-
cept. The template parameter of theDelaunaytriangulation adaptationtraits 2<DT2> class must be a model
of theDelaunayGraph2 concept, and in particular it has the semantics of a 2D Delaunay triangulation.

#include<CGAL/Delaunaytriangulation adaptationtraits 2.h>

Is Model for the Concepts

AdaptationTraits2

Types

typedef CGAL::Tagtrue Hasnearestsite 2;

See Also

AdaptationTraits2
DelaunayGraph2
CGAL::Voronoi diagram 2<DG,AT,AP>
CGAL::Delaunaytriangulation 2<Traits,Tds>
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C
la

ss

CGAL::Regular triangulation adaptation traits 2<RT2>

Definition

The classRegular triangulation adaptationtraits 2<RT2> provides a model for theAdaptationTraits2 con-
cept. The template parameter of theRegular triangulation adaptationtraits 2<RT2> class must be a model of
theDelaunayGraph2 concept, and in particular it has the semantics of a 2D regular triangulation.

#include<CGAL/Regulartriangulation adaptationtraits 2.h>

Is Model for the Concepts

AdaptationTraits2

Types

typedef CGAL::Tagtrue Hasnearestsite 2;

See Also

AdaptationTraits2
DelaunayGraph2
Voronoi diagram 2<DG,AT,AP>
CGAL::Regulartriangulation 2<Traits,Tds>
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C
la

ss

CGAL::Segment Delaunay graph adaptation traits 2<SDG2>

Definition

The classSegmentDelaunaygraph adaptationtraits 2<SDG2> provides a model for theAdaptationTraits2
concept. The template parameter of theSegmentDelaunaygraph adaptationtraits 2<SDG2> class must be a
model of theDelaunayGraph2 concept, and in particular it has the semantics of the 2D (triangulated) segment
Delaunay graph.

#include<CGAL/SegmentDelaunaygraph adaptationtraits 2.h>

Is Model for the Concepts

AdaptationTraits2

Types

typedef CGAL::Tagtrue Hasnearestsite 2;

See Also

AdaptationTraits2
DelaunayGraph2
CGAL::Voronoi diagram 2<DG,AT,AP>
CGAL::SegmentDelaunaygraph 2<Gt,DS>
CGAL::SegmentDelaunaygraph hierarchy 2<Gt,STag,DS>

1775



C
la

ss

CGAL::Identity policy 2<DG,AT>

Definition

The classIdentity policy 2<DG,AT> provides a model for theAdaptationPolicy2 concept. The first template
parameter of theIdentity policy 2<DG,AT> class must be a model of theDelaunayGraph2 concept, whereas
as the second template parameter must be a model of theAdaptationTraits2 concept. This policy rejects no
edge and no face of the Delaunay graph, thus giving a Voronoi diagram which is the true dual of the triangulation
Delaunay graph. The Voronoi diagram created with this adaptation policy may have degenerate features, such
as Voronoi edges of zero length, or Voronoi faces of zero area. This policy assumes that the Delaunay graph,
that is adapted, allows for site insertions through aninsert method that takes as argument an object of type
AT::Site 2. The site inserter functor provided by this policy uses the afore-mentionedinsertmethod.

#include<CGAL/Identitypolicy 2.h>

Is Model for the Concepts

AdaptationPolicy2

Types

typedef CGAL::Tagtrue Has inserter;

See Also

AdaptationTraits2
DelaunayGraph2
CGAL::Voronoi diagram 2<DG,AT,AP>

1776



C
la

ss

CGAL::Apollonius graph degeneracyremoval policy 2<AG2>

Definition

The classApolloniusgraph degeneracyremovalpolicy 2<AG2> provides a model for theAdaptationPolicy2
concept. The template parameter of theApolloniusgraph degeneracyremovalpolicy 2<AG2> class must be a
model of theDelaunayGraph2 concept, and in particular it has the semantics of a (triangulated) 2D Apollonius
graph. This policy results in a Voronoi diagram that has no degenerate features, i.e., it has no Voronoi edges of
zero length and no Voronoi faces of zero area.

#include<CGAL/Apolloniusgraph adaptationpolicies 2.h>

Is Model for the Concepts

AdaptationPolicy2

Types

typedef CGAL::Tagtrue Has inserter;

See Also

AdaptationTraits2
DelaunayGraph2
CGAL::Apolloniusgraph cachingdegeneracyremovalpolicy 2<AG2>
CGAL::Voronoi diagram 2<DG,AT,AP>
CGAL::Apolloniusgraph 2<Gt,Agds>
CGAL::Apolloniusgraph hierarchy 2<Gt,Agds>
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C
la

ss

CGAL::Delaunay triangulation degeneracyremoval policy 2<DT2>

Definition

The class Delaunaytriangulation degeneracyremovalpolicy 2<DT2> provides a model for the
AdaptationPolicy2 concept. The template parameter of theDelaunaytriangulation degeneracyremoval
policy 2<DT2> class must be a model of theDelaunayGraph2 concept, and in particular it has the semantics
of a (triangulated) 2D Delaunay triangulation. This policy results in a Voronoi diagram that has no degenerate
features, i.e., it has no Voronoi edges of zero length.

#include<CGAL/Delaunaytriangulation adaptationpolicies 2.h>

Is Model for the Concepts

AdaptationPolicy2

Types

typedef CGAL::Tagtrue Has inserter;

See Also

AdaptationTraits2
DelaunayGraph2
CGAL::Delaunaytriangulation cachingdegeneracyremovalpolicy 2<DT2>
CGAL::Voronoi diagram 2<DG,AT,AP>
CGAL::Delaunaytriangulation 2<Traits,Tds>
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C
la

ss

CGAL::Regular triangulation degeneracyremoval policy 2<RT2>

Definition

The class Regular triangulation degeneracyremovalpolicy 2<RT2> provides a model for the
AdaptationPolicy2 concept. The template parameter of theRegular triangulation degeneracyremoval
policy 2<RT2> class must be a model of theDelaunayGraph2 concept, and in particular it has the semantics
of a (triangulated) 2D regular triangulation. This policy results in a power diagram that has no degenerate
features, i.e., it has no Voronoi edges of zero length.

#include<CGAL/Regulartriangulation adaptationpolicies 2.h>

Is Model for the Concepts

AdaptationPolicy2

Types

typedef CGAL::Tagtrue Has inserter;

See Also

AdaptationTraits2
DelaunayGraph2
CGAL::Regulartriangulation cachingdegeneracyremovalpolicy 2<RT2>
CGAL::Voronoi diagram 2<DG,AT,AP>
CGAL::Regulartriangulation 2<Traits,Tds>
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C
la

ss

CGAL::Segment Delaunay graph degeneracyremoval policy 2<
SDG2>

Definition

The class SegmentDelaunaygraph degeneracyremovalpolicy 2<SDG2> provides a model for the
AdaptationPolicy2 concept. The template parameter of theSegmentDelaunaygraph degeneracyremoval
policy 2<SDG2> class must be a model of theDelaunayGraph2 concept, and in particular it has the semantics
of a (triangulated) 2D segment Delaunay graphs. This policy results in a Voronoi diagram that has no degenerate
features, i.e., it has no Voronoi edges of zero length and no Voronoi faces of zero area.

#include<CGAL/SegmentDelaunaygraph adaptationpolicies 2.h>

Is Model for the Concepts

AdaptationPolicy2

Types

typedef CGAL::Tagtrue Has inserter;

See Also

AdaptationTraits2
DelaunayGraph2
CGAL::SegmentDelaunaygraph cachingdegeneracyremovalpolicy 2<SDG2>
CGAL::Voronoi diagram 2<DG,AT,AP>
CGAL::SegmentDelaunaygraph 2<Gt,DS>
CGAL::SegmentDelaunaygraph hierarchy 2<Gt,STag,DS>
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C
la

ss

CGAL::Apollonius graph caching degeneracyremoval policy 2<
AG2>

Definition

The class Apolloniusgraph cachingdegeneracyremovalpolicy 2<AG2> provides a model for the
AdaptationPolicy2 concept. The template parameter of theApolloniusgraph cachingdegeneracyremoval
policy 2<AG2> class must be a model of theDelaunayGraph2 concept, and in particular it has the semantics
of a (triangulated) 2D Apollonius graph. This policy caches the results of the edge and face rejectors and results
in a Voronoi diagram that has no degenerate features, i.e., no Voronoi edges of zero length and no Voronoi faces
of zero area.

#include<CGAL/Apolloniusgraph adaptationpolicies 2.h>

Is Model for the Concepts

AdaptationPolicy2

Types

typedef CGAL::Tagtrue Has inserter;

See Also

AdaptationTraits2
DelaunayGraph2
CGAL::Apolloniusgraph degeneracyremovalpolicy 2<AG2>
CGAL::Voronoi diagram 2<DG,AT,AP>
CGAL::Apolloniusgraph 2<Gt,Agds>
CGAL::Apolloniusgraph hierarchy 2<Gt,Agds>
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C
la

ss

CGAL::Delaunay triangulation caching degeneracyremoval policy
2<DT2>

Definition

The classDelaunaytriangulation cachingdegeneracyremovalpolicy 2<DT2> provides a model for the
AdaptationPolicy2 concept. The template parameter of theDelaunaytriangulation cachingdegeneracy
removalpolicy 2<DT2> class must be a model of theDelaunayGraph2 concept, and in particular it has the
semantics of a (triangulated) 2D Delaunay triangulation. This policy caches the results of the edge and face
rejectors and results in a Voronoi diagram that has no degenerate features, i.e., no Voronoi edges of zero length.

#include<CGAL/Delaunaytriangulation adaptationpolicies 2.h>

Is Model for the Concepts

AdaptationPolicy2

Types

typedef CGAL::Tagtrue Has inserter;

See Also

AdaptationTraits2
DelaunayGraph2
CGAL::Delaunaytriangulation degeneracyremovalpolicy 2<DT2>
CGAL::Voronoi diagram 2<DG,AT,AP>
CGAL::Delaunaytriangulation 2<Traits,Tds>
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C
la

ss

CGAL::Regular triangulation caching degeneracyremoval policy 2<
RT2>

Definition

The classRegular triangulation cachingdegeneracyremovalpolicy 2<RT2> provides a model for the
AdaptationPolicy2 concept. The template parameter of theRegular triangulation cachingdegeneracy
removalpolicy 2<RT2> class must be a model of theDelaunayGraph2 concept, and in particular it has the
semantics of a (triangulated) 2D regular triangulation. This policy caches the results of the edge and face
rejectors and results in a Voronoi diagram that has no degenerate features, i.e., no Voronoi edges of zero length.

#include<CGAL/Regulartriangulation adaptationpolicies 2.h>

Is Model for the Concepts

AdaptationPolicy2

Types

typedef CGAL::Tagtrue Has inserter;

See Also

AdaptationTraits2
DelaunayGraph2
CGAL::Regulartriangulation degeneracyremovalpolicy 2<RT2>
CGAL::Voronoi diagram 2<DG,AT,AP>
CGAL::Regulartriangulation 2<Traits,Tds>
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C
la

ss

CGAL::Segment Delaunay graph caching degeneracyremoval
policy 2<SDG2>

Definition

The classSegmentDelaunaygraph cachingdegeneracyremovalpolicy 2<SDG2> provides a model for the
AdaptationPolicy2 concept. The template parameter of theSegmentDelaunaygraph cachingdegeneracy
removalpolicy 2<SDG2> class must be a model of theDelaunayGraph2 concept, and in particular it has the
semantics of a (triangulated) 2D segment Delaunay graph. This policy caches the results of the edge and face
rejectors and results in a Voronoi diagram that has no degenerate features, i.e., no Voronoi edges of zero length
and no Voronoi faces of zero area.

#include<CGAL/SegmentDelaunaygraph adaptationpolicies 2.h>

Is Model for the Concepts

AdaptationPolicy2

Types

typedef CGAL::Tagfalse Hasinserter;

See Also

AdaptationTraits2
DelaunayGraph2
CGAL::SegmentDelaunaygraph degeneracyremovalpolicy 2<SDG2>
CGAL::Voronoi diagram 2<DG,AT,AP>
CGAL::SegmentDelaunaygraph 2<Gt,DS>
CGAL::SegmentDelaunaygraph hierarchy 2<Gt,STag,DS>
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Chapter 29

2D Conforming Triangulations and
Meshes
Laurent Rineau

Contents

29.1 Conforming Triangulations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .1787

29.1.1 Definitions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .1787

29.1.2 Building Conforming Triangulations. . . . . . . . . . . . . . . . . . . . . . . . . . .1788

29.1.3 Example: Making a Triangulation Conforming Delaunay and Then Conforming Gabriel1788

29.2 Meshes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .1791

29.2.1 Definitions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .1791

29.2.2 Shape and Size Criteria. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .1791

29.2.3 The Meshing Algorithm. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .1793

29.2.4 Building Meshes. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .1794

29.2.5 Example Using the Global Function. . . . . . . . . . . . . . . . . . . . . . . . . . .1794

29.2.6 Example Using the ClassDelaunaymesher2<CDT> . . . . . . . . . . . . . . . . . . 1795

29.2.7 Example Using Seeds. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .1796

This package implements Shewchuk’s algorithm [She00] to construct conforming triangulations and 2D meshes.
Conforming triangulations will be described in Section29.1and meshes in Section29.2.

29.1 Conforming Triangulations

29.1.1 Definitions

A triangulation is aDelaunay triangulationif the circumscribing circle of any facet of the triangulation contains
no vertex in its interior. AconstrainedDelaunay triangulation is a constrained triangulation which is as much
Delaunay as possible. The circumscribing circle of any facet of a constrained Delaunay triangulation contains
in its interior no data pointvisiblefrom the facet.

An edge is said to be aDelaunay edgeif it is inscribed in an empty circle (containing no data point in its
interior). This edge is said to be aGabriel edgeif its diametrical circle is empty.
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A constrained Delaunay triangulation is said to be aconforming Delaunay triangulationif every constrained
edge is a Delaunay edge. Because any edge in a constrained Delaunay triangulation is either a Delaunay edge or
a constrained edge, a conforming Delaunay triangulation is in fact a Delaunay triangulation. The only difference
is that some of the edges are marked as constrained edges.

A constrained Delaunay triangulation is said to be aconforming Gabriel triangulationif every constrained edge
is a Gabriel edge. The Gabriel property is stronger than the Delaunay property and each Gabriel edge is a
Delaunay edge. Conforming Gabriel triangulations are thus also conforming Delaunay triangulations.

Any constrained Delaunay triangulation can be refined into a conforming Delaunay triangulation or into a
conforming Gabriel triangulation by adding vertices, calledSteiner vertices, on constrained edges until they are
decomposed into subconstraints small enough to be Delaunay or Gabriel edges.

29.1.2 Building Conforming Triangulations

Constrained Delaunay triangulations can be refined into conforming triangulations by the two following global
functions:
template<class CDT> void makeconformingDelaunay2 (CDT& t) and
template<class CDT> void makeconformingGabriel 2 (CDT& t).

In both cases, the template parameterCDT must be instantiated by a constrained Delaunay triangulation class.
Such a class must be a model of the conceptConstrainedDelaunayTriangulation2.

The geometric traits of the constrained Delaunay triangulation used to instantiate the parameterCDT has to be
a model of the conceptConformingDelaunayTriangulationTraits2.

The constrained Delaunay triangulationt is passed by reference and is refined into a conforming Delaunay
triangulation or into a conforming Gabriel triangulation by adding vertices. The user is advised to make a copy
of the input triangulation in the case where the original triangulation has to be preserved for other computations

The algorithm used bymakeconformingDelaunay2 and makeconformingGabriel 2 builds internal data
structures that would be computed twice if the two functions are called consecutively on the same triangu-
lation. In order to avoid these data to be constructed twice, the advanced user can use the classTriangulation
conformer2<CDT> to refine a constrained Delaunay triangulation into a conforming Delaunay triangulation
and then into a conforming Gabriel triangulation. For additional control of the refinement algorithm, this class
also provides separate functions to insert one Steiner point at a time.

29.1.3 Example: Making a Triangulation Conforming Delaunay and Then Conform-
ing Gabriel

This example inserts several segments into a constrained Delaunay triangulation, makes it conforming Delaunay,
and then conforming Gabriel. At each step, the number of vertices of the triangulation is printed.

// file: examples/Mesh_2/conforming.C

#include <CGAL/Exact_predicates_inexact_constructions_kernel.h>
#include <CGAL/Constrained_Delaunay_triangulation_2.h>
#include <CGAL/Triangulation_conformer_2.h>

#include <iostream>
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struct K : public CGAL::Exact_predicates_inexact_constructions_kernel {};
typedef CGAL::Constrained_Delaunay_triangulation_2<K> CDT;
typedef CDT::Point Point;
typedef CDT::Vertex_handle Vertex_handle;

int main()
{

CDT cdt;

// construct a constrained triangulation
Vertex_handle

va = cdt.insert(Point( 5., 5.)),
vb = cdt.insert(Point(-5., 5.)),
vc = cdt.insert(Point( 4., 3.)),
vd = cdt.insert(Point( 5.,-5.)),
ve = cdt.insert(Point( 6., 6.)),
vf = cdt.insert(Point(-6., 6.)),
vg = cdt.insert(Point(-6.,-6.)),
vh = cdt.insert(Point( 6.,-6.));

cdt.insert_constraint(va,vb);
cdt.insert_constraint(vb,vc);
cdt.insert_constraint(vc,vd);
cdt.insert_constraint(vd,va);
cdt.insert_constraint(ve,vf);
cdt.insert_constraint(vf,vg);
cdt.insert_constraint(vg,vh);
cdt.insert_constraint(vh,ve);

std::cout << "Number of vertices before: "
<< cdt.number_of_vertices() << std::endl;

// make it conforming Delaunay
CGAL::make_conforming_Delaunay_2(cdt);

std::cout << "Number of vertices after make_conforming_Delaunay_2: "
<< cdt.number_of_vertices() << std::endl;

// then make it conforming Gabriel
CGAL::make_conforming_Gabriel_2(cdt);

std::cout << "Number of vertices after make_conforming_Gabriel_2: "
<< cdt.number_of_vertices() << std::endl;

}

See figures29.1, 29.2and29.3.
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Figure 29.1: Initial triangulation.

Figure 29.2: The corresponding conforming Delaunay triangulation.
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Figure 29.3: The corresponding conforming Gabriel triangulation.

29.2 Meshes

29.2.1 Definitions

A mesh is a partition of a given region into simplices whose shapes and sizes satisfy several criteria.

The domain is the region that the user wants to mesh. It has to be a bounded region of the plane. The domain is
defined by aplanar straight line graph, PSLG for short, which is a set of segments such that two segments in the
set are either disjoint or share an endpoint. The segments of the PSLG are constraints that will be represented
by a union of edges in the mesh. The PSLG can also contain isolated points that will appear as vertices of the
mesh.

The segments of the PSLG are either segments of the boundary or internals constraints. The segments of the
PSLG have to cover the boundary of the domain.

The PSLG divides the plane into several connected components. By default, the domain is the union of the
bounded connected components. The user can override this default by providing a set of seed points. Either
seed points mark components to be meshed or they mark components not to be meshed (holes).

See figures29.4and29.5for an example of a domain defined without using seed points, and a possible mesh of
it. See figure29.6for another domain defined with the same PSLG and two seed points used to define holes. In
the corresponding mesh (figure29.7), these two holes are triangulated but not meshed.

29.2.2 Shape and Size Criteria

The shape criterion for triangles is a lower boundB on the ratio between the circumradius and the shortest edge
length. Such a bound implies a lower bound of arcsin1

2B on the minimum angle of the triangle and an upper
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Figure 29.4: A domain defined without seed points.

Figure 29.5: A mesh of the domain defined without seed points.

Figure 29.6: A domain with two seeds points defining holes.
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Figure 29.7: A mesh of the domain with two seeds defining holes.

bound ofπ−2∗arcsin 1
2B on the maximum angle. Unfortunately, the termination of the algorithm is guaranteed

only if B≥
√

2, which corresponds to a lower bound of 20.7 degrees over the angles.

The size criterion can be any criterion that tends to prefer small triangles. For example, the size criterion can be
an upper bound on the length of longest edge of triangles, or an upper bound on the radius of the circumcircle.
The size bound can vary over the domain. For example, the size criterion could impose a small size for the
triangles intersecting a given line.

Both types of criteria are defined in an objectcriteria passed as parameter of the meshing functions.

29.2.3 The Meshing Algorithm

The input to a meshing problem is a PSLG and a set of seeds describing the domain to be meshed, and a
set of size and shape criteria. The algorithm implemented in this package starts with a constrained Delaunay
triangulation of the input PSLG and produces a mesh using the Delaunay refinement method. This method
inserts new vertices to the triangulation, as far as possible from other vertices, and stops when the criteria are
satisfied.

If all angles between incident segments of the input PSLG are greater than 60 degrees and if the bound on the
circumradius/edge ratio is greater than

√
2, the algorithm is guaranteed to terminate with a mesh satisfying the

size and shape criteria.

If some input angles are smaller than 60 degrees, the algorithm will end up with a mesh in which some triangles
violate the criteria near small input angles. This is unavoidable since small angles formed by input segments
cannot be suppressed. Furthermore, it has been shown ([She00]), that some domains with small input angles
cannot be meshed with angles even smaller than the small input angles. Note that if the domain is a polygonal
region, the resulting mesh will satisfy size and shape criteria except for the small input angles. In addition, the
algorithm may succeed in producing meshes with a lower angle bound greater than 20.7 degrees, but there is no
such guarantee.
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29.2.4 Building Meshes

Meshes are obtained from constrained Delaunay triangulations by calling the global function
template<class CDT, class Criteria> void refineDelaunaymesh2 (CDT&t, typename CDT::Geomtraits gt).
The template parameterCDT must be instantiated by a constrained Delaunay triangulation class, which is a
model of the conceptConstrainedDelaunayTriangulation2. In order to override the domain, a version of this
function has two more arguments that define a sequence of seed points.

The geometric traits class ofCDT has to be a model of the conceptDelaunayMeshTraits2. This concept refines
the conceptConformingDelaunayTriangulationTraits2 adding the geometric predicates and constructors. The
template parameterCriteria must be a model ofMeshingCriteria2. This concept defines criteria that the
triangles have to satisfy. CGAL provides two models for this concept:

• Delaunaymeshcriteria 2<CDT>, that defines a shape criterion that bounds the minimum angle of trian-
gles,

• Delaunaymeshsizecriteria 2<CDT>, that adds to the previous criterion a bound on the maximum edge
length.

If the functionrefine Delaunaymesh2 is called several times on the same triangulation with different criteria,
the algorithm rebuilds the internal data structure used for meshing at every call. In order to avoid rebuild the
data structure at every call, the advanced user can use the classDelaunaymesher2<CDT>. This class provides
also step by step functions. Those functions insert one vertex at a time.

Any object of typeDelaunaymesher2<CDT> is constructed from a reference to aCDT, and has several mem-
ber functions to define the domain to be meshed and to mesh theCDT. See the example given below and the
reference manual for details. Note that theCDT should not be externally modified during the life time of the
Delaunaymesher2<CDT> object.

29.2.5 Example Using the Global Function

The following example inserts several segments into a constrained triangulation and then meshes it using the
global functionrefine Delaunaymesh2. The size and shape criteria are the default ones provided by the criteria
classDelaunaymeshcriteria 2<K>. No seeds are given, meaning that the mesh domain covers the whole plane
except the unbounded component.

// file: examples/Mesh_2/mesh_global.C

#include <CGAL/Exact_predicates_inexact_constructions_kernel.h>
#include <CGAL/Constrained_Delaunay_triangulation_2.h>
#include <CGAL/Delaunay_mesher_2.h>
#include <CGAL/Delaunay_mesh_face_base_2.h>
#include <CGAL/Delaunay_mesh_size_criteria_2.h>

#include <iostream>

struct K : public CGAL::Exact_predicates_inexact_constructions_kernel {};
typedef CGAL::Triangulation_vertex_base_2<K> Vb;
typedef CGAL::Delaunay_mesh_face_base_2<K> Fb;
typedef CGAL::Triangulation_data_structure_2<Vb, Fb> Tds;
typedef CGAL::Constrained_Delaunay_triangulation_2<K, Tds> CDT;
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typedef CGAL::Delaunay_mesh_size_criteria_2<CDT> Criteria;

typedef CDT::Vertex_handle Vertex_handle;
typedef CDT::Point Point;

int main()
{

CDT cdt;

Vertex_handle va = cdt.insert(Point(-4,0));
Vertex_handle vb = cdt.insert(Point(0,-1));
Vertex_handle vc = cdt.insert(Point(4,0));
Vertex_handle vd = cdt.insert(Point(0,1));
cdt.insert(Point(2, 0.6));

cdt.insert_constraint(va, vb);
cdt.insert_constraint(vb, vc);
cdt.insert_constraint(vc, vd);
cdt.insert_constraint(vd, va);

std::cout << "Number of vertices: " << cdt.number_of_vertices() << std::endl;

std::cout << "Meshing the triangulation..." << std::endl;
CGAL::refine_Delaunay_mesh_2(cdt, Criteria(0.125, 0.5));

std::cout << "Number of vertices: " << cdt.number_of_vertices() << std::endl;
}

29.2.6 Example Using the ClassDelaunaymesher2<CDT>

This example uses the classDelaunaymesher2<CDT> and calls therefine mesh()member function twice,
changing the size and shape criteria in between. In such a case, using twice the global functionrefine Delaunay
mesh2 would be less efficient, because some internal structures needed by the algorithm would be built twice.

// file: examples/Mesh_2/mesh_class.C

#include <CGAL/Exact_predicates_inexact_constructions_kernel.h>
#include <CGAL/Constrained_Delaunay_triangulation_2.h>
#include <CGAL/Delaunay_mesher_2.h>
#include <CGAL/Delaunay_mesh_face_base_2.h>
#include <CGAL/Delaunay_mesh_size_criteria_2.h>

#include <iostream>

struct K : public CGAL::Exact_predicates_inexact_constructions_kernel {};
typedef CGAL::Triangulation_vertex_base_2<K> Vb;
typedef CGAL::Delaunay_mesh_face_base_2<K> Fb;
typedef CGAL::Triangulation_data_structure_2<Vb, Fb> Tds;
typedef CGAL::Constrained_Delaunay_triangulation_2<K, Tds> CDT;
typedef CGAL::Delaunay_mesh_size_criteria_2<CDT> Criteria;
typedef CGAL::Delaunay_mesher_2<CDT, Criteria> Mesher;
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typedef CDT::Vertex_handle Vertex_handle;
typedef CDT::Point Point;

int main()
{

CDT cdt;

Vertex_handle va = cdt.insert(Point(-4,0));
Vertex_handle vb = cdt.insert(Point(0,-1));
Vertex_handle vc = cdt.insert(Point(4,0));
Vertex_handle vd = cdt.insert(Point(0,1));
cdt.insert(Point(2, 0.6));

cdt.insert_constraint(va, vb);
cdt.insert_constraint(vb, vc);
cdt.insert_constraint(vc, vd);
cdt.insert_constraint(vd, va);

std::cout << "Number of vertices: " << cdt.number_of_vertices() << std::endl;

std::cout << "Meshing the triangulation with default criterias..."
<< std::endl;

Mesher mesher(cdt);
mesher.refine_mesh();

std::cout << "Number of vertices: " << cdt.number_of_vertices() << std::endl;

std::cout << "Meshing with new criterias..." << std::endl;
// 0.125 is the default shape bound. It corresponds to abound 20.6 degree.
// 0.5 is the upper bound on the length of the longuest edge.
// See reference manual for Delaunay_mesh_size_traits_2<K>.
mesher.set_criteria(Criteria(0.125, 0.5));
mesher.refine_mesh();

std::cout << "Number of vertices: " << cdt.number_of_vertices() << std::endl;
}

29.2.7 Example Using Seeds

This example uses the global functionrefine Delaunaymesh2 but defines a domain by using one seed. The
size and shape criteria are the default ones provided by the criteria classDelaunaymeshcriteria 2<K>.

// file: examples/Mesh_2/mesh_with_seeds.C

#include <CGAL/Exact_predicates_inexact_constructions_kernel.h>
#include <CGAL/Constrained_Delaunay_triangulation_2.h>
#include <CGAL/Delaunay_mesher_2.h>
#include <CGAL/Delaunay_mesh_face_base_2.h>
#include <CGAL/Delaunay_mesh_size_criteria_2.h>

#include <iostream>
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struct K : public CGAL::Exact_predicates_inexact_constructions_kernel {};
typedef CGAL::Triangulation_vertex_base_2<K> Vb;
typedef CGAL::Delaunay_mesh_face_base_2<K> Fb;
typedef CGAL::Triangulation_data_structure_2<Vb, Fb> Tds;
typedef CGAL::Constrained_Delaunay_triangulation_2<K, Tds> CDT;
typedef CGAL::Delaunay_mesh_size_criteria_2<CDT> Criteria;

typedef CDT::Vertex_handle Vertex_handle;
typedef CDT::Point Point;

int main()
{

CDT cdt;
Vertex_handle va = cdt.insert(Point(2,0));
Vertex_handle vb = cdt.insert(Point(0,2));
Vertex_handle vc = cdt.insert(Point(-2,0));
Vertex_handle vd = cdt.insert(Point(0,-2));

cdt.insert_constraint(va, vb);
cdt.insert_constraint(vb, vc);
cdt.insert_constraint(vc, vd);
cdt.insert_constraint(vd, va);

va = cdt.insert(Point(3,3));
vb = cdt.insert(Point(-3,3));
vc = cdt.insert(Point(-3,-3));
vd = cdt.insert(Point(3,0-3));

cdt.insert_constraint(va, vb);
cdt.insert_constraint(vb, vc);
cdt.insert_constraint(vc, vd);
cdt.insert_constraint(vd, va);

std::list<Point> list_of_seeds;

list_of_seeds.push_back(Point(0, 0));

std::cout << "Number of vertices: " << cdt.number_of_vertices() << std::endl;

std::cout << "Meshing the domain..." << std::endl;
CGAL::refine_Delaunay_mesh_2(cdt, list_of_seeds.begin(), list_of_seeds.end(),

Criteria());

std::cout << "Number of vertices: " << cdt.number_of_vertices() << std::endl;
}
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ConformingDelaunayTriangulationTraits 2

Definition

The concept ConformingDelaunayTriangulationTraits2 refines the concept
ConstrainedDelaunayTriangulationTraits2 by providing a numeric field typeFT, a type Vector 2 and
several constructors onVector 2, Point 2, and a predicate on angles. The field type has to be a model of the
conceptSqrtFieldNumberType. This field type and the constructors are used by the conforming algorithm to
compute Steiner points on constrained edges.

Refines

DelaunayTriangulationTraits2

Types

ConformingDelaunayTriangulationTraits2:: FT

The field type. It must be a model ofSqrtFieldNumberType,
that is must be a number type supporting the operations+,
−, ∗, /, and

√
·.

ConformingDelaunayTriangulationTraits2:: Vector 2

The vector type.

ConformingDelaunayTriangulationTraits2:: Constructvector 2

Constructor object. Must provide the operatorVector 2 op-
erator()(Point a, Point b)that computes the vectorb−a.

ConformingDelaunayTriangulationTraits2:: Constructscaledvector 2

Constructor object. Must provide the operatorVector 2
operator()(Vector2 v, FT scale)that computes the vector
scale·v.

ConformingDelaunayTriangulationTraits2:: Construct translatedpoint 2

Constructor object. Must provide the operatorPoint 2
operator()(Point2 p, Vector2 v) that computes the point
p+v.

ConformingDelaunayTriangulationTraits2:: Constructmidpoint 2

Constructor object. Must provide the operatorPoint 2
operator()(Point2 a, Point 2 b) that computes the midpoint
of the segmentab.
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ConformingDelaunayTriangulationTraits2:: Computesquareddistance2

Constructor object. Must provide the operatorFT
operator()(Point2 a, Point 2 b) that computes the squared
distance betweena andb.

ConformingDelaunayTriangulationTraits2:: Angle 2

Predicate object. Must provide the operatorCGAL::Angle
operator()(Point2 p, Point 2 q, Point 2 r) that returns OB-
TUSE, RIGHT or ACUTE depending on the angle formed
by the three points p, q, r (q being the vertex of the angle).

Access to predicate and constructor objects

Constructvector 2 traits.constructvector 2 object()
Constructscaledvector 2 traits.constructscaledvector 2 object()
Constructtranslatedpoint 2 traits.constructtranslatedpoint 2 object()
Constructormidpoint 2 traits.constructmidpoint 2 object()
Computesquareddistance2 traits.computesquareddistance2 object()
Angle 2 traits.angle2 object()

Has Models

Any model ofKernelconcept. In particular, all CGAL kernels.
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DelaunayMeshFaceBase2

Definition

The concept DelaunayMeshFaceBase2 refines the conceptTriangulationFaceBase2. It adds two functions
giving access to a boolean marker, that indicates if the face is in the meshing domain or not.

Refines

ConstrainedTriangulationFaceBase2

Access Functions

bool f .is in domain() returns true if this face is in the domain to be refined.

void f .setin domain( const bool b)

sets if this face is in the domain.

Has Models

Delaunaymeshface base2<Traits, Fb>
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DelaunayMeshTraits 2

Definition

The concept DelaunayMeshTraits2 refines the conceptConformingDelaunayTriangulationTraits2. It pro-
vides a construction objectConstructcircumcenter2.

Refines

ConformingDelaunayTriangulationTraits2

Types

DelaunayMeshTraits2:: Constructcircumcenter2

Constructor object. Must provide an operatorPoint 2
operator()(Point2 p, Point 2 q, Point 2 r); that computes
the center of the circle passing through the pointsp, q andr.
Precondition: p, q andr are not collinear.

Access to predicate and constructor objects

Constructcircumcenter2 traits.constructcircumcenter2 object()

Has Models

Any model of theKernelconcept. In particular, all CGAL kernels.
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CGAL::Delaunay mesher 2<CDT, Criteria >

This class implements a 2D mesh generator.

Parameters

The template parameterCDT should be a model of the conceptConstrainedDelaunayTriangulation2, and type
CDT::Faceshould be a model of the conceptMeshFaceBase2.

The geometric traits class of the instance ofCDT has to be a model of the conceptDelaunayMeshTraits2.

The template parameterCriteria should be a model of the conceptMeshingCriteria2. This traits class defines
the shape and size criteria for the triangles of the mesh.Criteria::Face handlehas to be the same asCDT::Face
handle.

Using this class

The constructor of the classDelaunaymesher2<CDT, Criteria> takes a reference to aCDT as an argument. A
call to the refinement methodrefine mesh()will refine the constrained Delaunay triangulation into a mesh sat-
isfying the size and shape criteria specified in the traits class. Note that if, during the life time of theDelaunay
mesher2<CDT, Criteria> object, the triangulation is externally modified, any further call to its member meth-
ods may crash. Considere constructing a newDelaunaymesher2<CDT, Criteria> object if the triangulation
has been modified.

Meshing domain

The domain to be mesh is defined by the constrained edges and a set of seed points. The constrained edges
divides the plane into several connected components. The mesh domain is either the union of the bounded
connected components including at least one seed, or the union of the bounded connected components that do
no contain any seed. Note that the unbounded component of the plane is never meshed.

#include<CGAL/Delaunaymesher2.h>

Types

typedef CDT::Geomtraits

Geomtraits; the geometric traits class.

Delaunaymesher2<CDT, Criteria>:: Seedsiterator

const iterator over defined seeds. Its value type isGeom
traits::Point 2.

Creation

Delaunaymesher2<CDT, Criteria> mesher( CDT& t, Criteria criteria = Criteria());

Create a new mesher, working ont, with meshing criteria
criteria.
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Seeds functions

The following functions are used to define seeds.

void mesher.clearseeds() Sets seeds to the empty set. All finite connected components
of the constrained triangulation will be refined.

template<class InputIterator>
void mesher.setseeds( InputIterator begin, InputIterator end, const bool mark=false)

Sets seeds to the sequence [begin, end]. If mark=true, the
mesh domain is the union of the bounded connected compo-
nents including at least one seed. Ifmark=false, the domain
is the union of the bounded components including no seed.
Note that the unbounded component of the plane is never
meshed.
Requirement: The value type of begin and end is Geom
traits::Point 2.

Seedsconst iterator mesher.seedsbegin() Start of the seeds sequence.
Seedsconst iterator mesher.seedsend() Past the end of the seeds sequence.

Meshing methods

void mesher.refinemesh() Refines the constrained Delaunay triangulation into a mesh
satisfying the criteria defined by the traits.

Criteria mesher.getcriteria() Returns a const reference to the criteria traits object.

void mesher.setcriteria( Criteria criteria)

Assignscriteria to the criteria traits object.

advanced

The functionset criteria scans all faces to recalculate the list ofbad faces, that are faces not conforming to the
meshing criteria. This function actually has an optional argument that permits to prevent this recalculation. The
filling of the list of bad faces can then be done by a call toset bad faces.

void mesher.setcriteria( Criteria criteria, bool recalculatebad faces)

Assignscriteria to the criteria traits object. Ifrecalculate
bad facesis false, the list of bad faces is let empty and the
functionset bad facesshould be called beforerefine mesh.

template<class InputIterator>
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void mesher.setbad faces( InputIterator begin, InputIterator end)

This method permits to set the list of bad triangles directly,
from the sequence [begin, end], so that the algorithm will
not scan the whole set of triangles to find bad ones. To use if
there is a non-naive way to find bad triangles.
Requirement: The value type of begin and end is Face
handle.

advanced

advanced

Step by step operations

TheDelaunaymesher2<CDT, Criteria> class allows, for debugging or demos, to play the meshing algorithm
step by step, using the following methods.

void mesher.init() This method must be called just before the first call to the
following step by step refinement method, that is when all
vertices and constrained edges have been inserted into the
constrained Delaunay triangulation. It must be called again
before any subsequent calls to the step by step refinement
method if new vertices or constrained edges have been in-
serted since the last call.

bool mesher.isrefinementdone()

Tests if the step by step refinement algorithm is done. If it
returnstrue, the following calls tostepby step refine mesh
will not insert any points, until some new constrained seg-
ments or points are inserted in the triangulation andinit is
called again.

bool mesher.stepby step refine mesh()

Applies one step of the algorithm, by inserting one point, if
the algorithm is not done. Returnsfalseiff no point has been
inserted because the algorithm is done.

advanced
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CGAL::Delaunay mesh criteria 2<CDT>

Definition

The classDelaunaymeshcriteria 2<CDT> is a model for theMeshingCriteria2 concept. The shape criterion
on triangles is given by a boundB such that for good trianglesrl ≤ B wherel is the shortest edge length andr is
the circumradius of the triangle. By default,B=

√
2, which is the best bound one can use with the guarantee that

the refinement algorithm will terminate. The upper boundB is related to a lower boundαmin on the minimum
angle in the triangle:

sinαmin =
1

2B

soB =
√

2 corresponds toαmin≥ 20.7 degrees.

#include<CGAL/Delaunaymeshcriteria 2.h>

Is Model for the Concepts

MeshingCriteria2

Creation

Delaunaymeshcriteria 2<CDT> traits; Default constructor.B =
√

2.

Delaunaymeshcriteria 2<CDT> traits( double b = 0.125);

Construct a traits class with boundB =
√

1
4b.
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CGAL::Delaunay mesh face base2<Traits, Fb>

Definition

The classDelaunaymeshface base2<Traits, Fb> is a model for the conceptDelaunayMeshFaceBase2.

This class can be used directly or it can serve as a base to derive other classes with some additional attributes (a
color for example) tuned to a specific application.

#include<CGAL/Delaunaymeshface base2.h>

Parameters

• The first parameterTraits is the geometric traits class. It must be the same as the one used for the Delaunay
mesh.

• The second parameterFb is the base class from whichDelaunaymeshface base2<Traits, Fb> derives.
It must be a model of theTriangulationFaceBase2 concept.

Inherits From

Fb

Is Model for the Concepts

DelaunayMeshFaceBase2
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CGAL::Delaunay mesh size criteria 2<CDT>

Definition

The classDelaunaymeshsizecriteria 2<CDT> is a model for theMeshingCriteria2 concept. The shape
criterion on triangles is given by a boundB such that for good trianglesrl ≤B wherel is the shortest edge length
and r is the circumradius of the triangle. By default,B =

√
2, which is the best bound one can use with the

guarantee that the refinement algorithm will terminate. The upper boundB is related to a lower boundαmin on
the minimum angle in the triangle:

sinαmin =
1

2B

soB =
√

2 corresponds toαmin≥ 20.7 degrees.

This traits class defines also a size criteria: all segments of all triangles must be shorter than a boundS.

#include<CGAL/Delaunaymeshsizecriteria 2.h>

Is Model for the Concepts

MeshingCriteria2

Creation

Delaunaymeshsizecriteria 2<CDT> traits; Default constructor.B =
√

2. No bound on size

Delaunaymeshsizecriteria 2<CDT> traits( double b = 0.125, double S = 0);

Construct a traits class with boundB =
√

1
4b. If S 6= 0, the

size bound isS. If S= 0, there is no bound on size.
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CGAL::Mesh 2::Face badness

#include<CGAL/Mesh2/Facebadness.h>

enum Mesh2::Face badness{ NOT BAD, BAD, IMPERATIVELYBAD};
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CGAL::make conforming Delaunay 2

#include<CGAL/Triangulationconformer2.h>

template<class CDT>
void makeconformingDelaunay2( CDT&t)

Refines the constrained Delaunay triangulationt into a con-
forming Delaunay triangulation. After a call to this function,
all edges oft are Delaunay edges.
Requirement: The template parameterCDT should be a
model of the conceptConstrainedDelaunayTriangulation
2. The geometric traits class of into the con-
strained Delaunay triangulation must be a model of
ConformingDelaunayTriangulationTraits2.
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CGAL::make conforming Gabriel 2

#include<CGAL/Triangulationconformer2.h>

template<class CDT>
void makeconformingGabriel 2( CDT&t)

Refines the constrained Delaunay triangulationt into a con-
forming Gabriel triangulation. After a call to this function,
all constrained edges oft have theGabriel property: the cir-
cle that hase as diameter does not contain any vertex from
the triangulation.
Requirement: The template parameterCDT should be a
model of the conceptConstrainedDelaunayTriangulation
2. The geometric traits class of the constrained
Delaunay triangulation must be a model of
ConformingDelaunayTriangulationTraits2.
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MeshingCriteria 2

Definition

The concept MeshingCriteria2 defines the meshing criteria to be used in the algorithm. It provides a predicate
Is bad that tests a triangle according to criteria. The return type ofIs bad is an enumMesh2::Face badness.

The possible values ofMesh2::Face badnessareNOT BAD, BADandIMPERATIVELYBAD. If the predicate
returnsBAD, the triangle is marked as bad and the algorithm will try to destroy it. If the predicates returns
IMPERATIVELYBAD, the algorithm will destroy the triangle unconditionally during its execution.

The termination of the algorithm is guaranteed when criteria are shape criteria corresponding to a bound on
smallest angles not less than 20.7 degrees (this corresponds to a radius-edge ratio bound not less than

√
2). Any

size criteria that are satisfied by small enough tetrahedra can be added to the set of criteria without compromising
the termination.

Note that, in the presence of input angles smaller than 60 degrees, some bad shaped triangles can appear in
the finale mesh in the neighboring of small angles. To achieve termination and the respect of size criteria
everywhere, theIs bad predicate has to returnIMPERATIVELYBAD when size criteria are not satisfied, and
BADwhen shape criteria are not satisfied.

MeshingCriteria2 also provides a typeQuality designed to code a quality measure for triangles. The type
Quality must beless-than comparableas the meshing algorithm will order bad triangles by quality, to split
those with smallest quality first. The predicateIs badcomputes the quality of the triangle as a by-product.

Types

MeshingCriteria2:: Face handle Handle to a face of the triangulation.

MeshingCriteria2:: Quality Default constructible, copy constructible, assignable, and
less-than comparable type.

MeshingCriteria2:: Is bad Predicate object. Must provide two operators. The first
operatorMesh2::Face badness operator()(Facehandle fh,
Quality& q) returns NOT BAD if it satisfies the desired
criteria for mesh triangles,BAD if it does not, and
IMPERATIVELYBAD if it does not and should be refined
unconditionally. In addition, this operator assigns toqa value
measuring the quality of the triangle pointed byfh. The sec-
ond operatorMesh2::Face badness operator()(Quality q)
returnsNOT BAD if q is the quality of a good triangle,BAD
if the q represents a poor quality, andIMPERATIVELYBAD
if q represents the quality of a bad triangle that should be
refined unconditionally.

Access to predicate and constructor objects

Is bad traits.isbad object()
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Has Models

Delaunaymeshcriteria 2<CDT>
Delaunaymeshsizecriteria 2<CDT>
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CGAL::refine Delaunay mesh 2

template<class CDT, class Criteria>
void refineDelaunaymesh2( CDT&t, Criteria criteria = Criteria())

Refines the default domain defined by a constrained Delau-
nay triangulation without seeds into a mesh satifying the cri-
teria defined by the traitscriteria. The domain of the mesh
covers all the connected components of the plane defined by
the constrained edges oft, except for the unbounded compo-
nent.
Precondition: The template parameterCDT must be a model
of the conceptConstrainedDelaunayTriangulation2. The
geometric traits class of the constrained Delaunay triangula-
tion must be a model ofDelaunayMeshTraits2.
Requirement: The face of the constrained Delau-
nay triangulation must be a model of the concept
DelaunayMeshFaceBase2. Criteria must be a model
of the conceptMeshingCriteria2 and CDT::Face handle
must be the same asCriteria::Face handle.

template<class CDT, class Criteria, class InputIterator>
void refineDelaunaymesh2( CDT& t,

InputIterator begin,
InputIterator end,
Criteria criteria = Criteria(),
bool mark = false)

Refines the default domain defined by a constrained Delau-
nay triangulation into a mesh satifying the criteria defined
by the traitscriteria.The sequence [begin, end] gives a set of
seeds points, that defines the domain to be meshed as fol-
lows. The constrained edges oft partition the plane into
connected components. Ifmark=true, the mesh domain is
the union of the bounded connected components including
at least one seed. Ifmark=false, the domain is the union of
the bounded components including no seed. Note that the
unbounded component of the plane is never meshed.
Requirement: The value type of begin and end is
CDT::Geomtraits::Point 2.
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CGAL::Triangulation conformer 2<CDT>

The classTriangulation conformer2<CDT> is an auxiliary class ofDelaunaymesher2<CDT>. It permits to
refine a constrained Delaunay triangulation into a conforming Delaunay or conforming Gabriel triangulation.
For standard needs, consider using the global functionsmakeconformingGabriel 2 andmakeconforming
Delaunay2.

Parameters

The template parameterCDT should be a model of the conceptConstrainedDelaunayTriangulation2.

The geometric traits class of the instance ofCDT has to be a model of the concept
ConformingDelaunayTriangulationTraits2.

Using this class

The constructor of the classTriangulation conformer2<CDT> takes a reference to aCDT as an argument.
A call to the methodmakeconformingDelaunay()or makeconformingGabriel() will refine this contrained
Delaunay triangulation into a conforming Delaunay or conforming Gabriel triangulation. Note that if, during the
life time of theTriangulation conformer2<CDT> object, the triangulation is externally modified, any further
call to its member methods may lead to undefined behavior. Consider reconstructing a newTriangulation
conformer2<CDT> object if the triangulation has been modified.

The conforming methods insert points into constrained edges, thereby splitting them into several sub-
constraints. You have access to the initial inserted constraints if you instantiate the template parameter by a
CGAL::Constrainedtriangulation plus 2<CDT>.

#include<CGAL/Triangulationconformer2.h>

Creation

Triangulation conformer2<CDT> m( CDT& t);

Create a new conforming maker, working ont.

Operations

Conforming methods

void m.makeconformingDelaunay()

Refines the triangulation into a conforming Delaunay trian-
gulation. After a call to this method, all triangles fulfill the
Delaunay property, that is the empty circle property.
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void m.makeconformingGabriel()

Refines the triangulation into a conforming Gabriel triangu-
lation. After a call to this method, all constrained edgese
have theGabriel property: the circle with diametere does
not contain any vertex of the triangulation.

Checking

The following methods verify that the constrained triangulation is conforming Delaunay or conforming Gabriel.
These methods scan the whole triangulation and their complexity is proportional to the number of edges.

bool m.isconformingDelaunay()

Returnstrue iff all triangles fulfill the Delaunay property.

bool m.isconformingGabriel()

Returnstrue iff all constrained edges have the Gabriel prop-
erty: their circumsphere is empty.

advanced

Step by step operations

The Triangulation conformer2<CDT> class allows, for debugging or demos, to play the conforming algo-
rithm step by step, using the following methods. They exist in two versions, depending on whether you want
the triangulation to be conforming Delaunay or conforming Gabriel, respectively. Any call to astepby step
conformingXX function requires a previous call to the corresponding functioninit XX and Gabriel and Delau-
nay methods can not be mixed between two calls ofinit XX.

void m.init Delaunay() The method must be called after all points and constrained
segments are inserted and before any call to the following
methods. If some points or segments are then inserted in the
triangulation, this method must be called again.

bool m.stepby stepconformingDelaunay()

Applies one step of the algorithm, by inserting one point, if
the algorithm is not done. Returnsfalseiff no point has been
inserted because the algorithm is done.

void m.init Gabriel() Analog toinit Delaunayfor Gabriel conforming.

bool m.stepby stepconformingGabriel()

Analog tostepby stepconformingDelaunay()for Gabriel
conforming.
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bool m.isconformingdone()

Tests if the step by step conforming algorithm is done. If it
returnstrue, the following calls tostepby stepconforming
XX will not insert any points, until some new constrained
segments or points are inserted in the triangulation andinit
XX is called again.

advanced
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30.1 Introduction

This package provides a function template to compute a triangular mesh approximating a surface.

The meshing algorithm requires to know the surface to be meshed only through an oracle able to tell whether a
given segment, line or ray intersects the surface or not and to compute an intersection point if any. This feature
makes the package generic enough to be applied in a wide variety of situations. For instance, it can be used
to mesh implicit surfaces described as the zero level set of some function. It may also be used in the field of
medical imaging to mesh surfaces described as a gray level set in a three dimensional image.

The meshing algorithm is based on the notion of the restricted Delaunay triangulation. Basically the algorithm
computes a set of sample points on the surface, and extract an interpolating surface mesh from the three di-
mensional triangulation of these sample points. Points are iteratively added to the sample, as in a Delaunay
refinement process, until some size and shape criteria on mesh elements are satisfied.

The size and shape criteria guide the behaviour of the refinement process and control its termination. They also
condition the size and shape of the elements in the final mesh. Naturally, those criteria can be customized to
satisfy the user needs. TheSurface mesherpackage offers a set of standard criteria that can be scaled through
three numerical values. Also the user can also plug in its own set of refinement criteria.

There is no restriction on the topology and number of components of the surface provided that the oracle (or the
user) is able to provide one initial sample point on each connected component. If the surface is smooth enough,
and if the size criteria are small enough, the algorithm guarantees that the output mesh is homeomorphic to
the surface, and is within a small bounded distance (Hausdorff or even Frechet distance) from the surface. The
algorithm can also be used for non smooth surfaces but then there is no guarantee.

30.2 The Surface Mesher Interface

The meshing process is launched through a call to a function template. There are two overloaded versions of
the meshing function whose signatures are the following:

template<class SurfaceMeshC2T3, class Surface, class Criteria, class Tag>
void makesurfacemesh( SurfaceMeshC2T3& c2t3,

Surface surface,
Criteria criteria,
Tag)

template<class SurfaceMeshC2T3, class SurfaceMeshTraits, class Criteria, class Tag>
void makesurfacemesh( SurfaceMeshC2T3& c2t3,

SurfaceMeshTraits::Surface3 surface,
SurfaceMeshTraits traits,
Criteria criteria,
Tag)

The template parameterSurfaceMeshC2T3stands for a data structure type that is used to store the surface mesh.
This type is required to be a model of the conceptSurfaceMeshComplex2InTriangulation3. Such a data
structure has a pointer to a three dimensional triangulation and encodes the surface mesh as a subset of facets in
this triangulation. An argument of typeSurfaceMeshC2T3is passed by reference to the meshing function. This
argument holds the output mesh at the end of the process.
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The template parameterSurfacestands for the surface type. This type has to be a model of the conceptSurface
3.

The knowledge on the surface, required by the surface mesher is encapsulated in a traits class. Actually, the
mesher accesses the surface to be meshed through this traits class only. The traits class is required to be a model
of the conceptSurfaceMeshTraits3. The difference between the two overloaded versions ofmakesurface
meshcan be explained as follows

• In the first overloaded version ofmakesurfacemesh, the surface type is given as template parameter (Sur-
face) and thesurfaceto be meshed is passed as parameter to the mesher. In that case the surface mesher
traits type is automatically generated form the surface type by an auxiliary class called theSurfacemesh
traits generator3.

• In the second overloaded version ofmakesurfacemesh, the surface mesher traits type is provided by the
template parameterSurfaceMeshTraits3 and the surface type is obtained from this traits type. Both a
surface and a traits are passed to the mesher as arguments.

The first overloaded version can be used whenever the surface type either provides a nested type
Surface::Surfacemeshertraits 3 that is a model ofSurfaceMeshTraits3 or is a surface type for which a spe-
cialization of the traits generatorSurfacemeshtraits generator3<Surface> is provided. Currently, the library
provides partial specializations ofSurfacemeshertraits generator3<Surface> for implicit surfaces (Implicit
surface3<Traits, Function>) and grey level images (Gray level image3<FT, Point>).

The parametercriteria handles the description of the size and shape criteria driving the meshing process. The
template parameterCriteria has to be instantiated by a model of the conceptMeshCriteria.

The parameterTag is a tag whose type influences the behavior of the meshing algorithm. For instance, this
parameter can be used to enforce the manifold property of the output mesh while avoiding an over-refinement
of the mesh. Further details on this subject are given in Section30.4.

A call to makesurfacemesh(c2t3,surface, criteria, tag)launches the meshing process with an initial set of
points which is the union of two subsets: the set of vertices in the initial triangulation pointed to byc2t3, and
a set of points provided by theComputeinitial points()functor of the traits class. This initial set of points is
required to include at least one point on each connected component of the surface to be meshed.

30.3 Examples

30.3.1 Meshing an implicit surface

The first code example meshes a sphere given as the zero level set of a functionR3 −→ R. More precisely,
the surface to be meshed is created by the constructor of the classImplicit surface3<Kernel, Function> from a
pointer to the function (spherefunction) and a bounding sphere.

The default meshing criteria are determined by three numerical values:

• angular boundis a lower bound in degrees for the angles of mesh facets.

• radius boundis an upper bound on the radii of surface Delaunay balls. A surface Delaunay ball is a ball
circumscribing a mesh facet and centered on the surface.

• distancebound is an upper bound for the distance between the circumcenter of a mesh facet and the
center of a surface Delaunay ball of this facet.
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Given this surface type, the surface mesher will use an automatically generated traits class.

The resulting mesh is shown on figure30.1.

Figure 30.1: Surface mesh of a sphere

// file examples/Surface_mesher/implicit_surface_mesher.C
#include <CGAL/Exact_predicates_inexact_constructions_kernel.h>
#include <CGAL/make_surface_mesh.h>
#include <CGAL/Implicit_surface_3.h>

struct Kernel : public CGAL::Exact_predicates_inexact_constructions_kernel {};
typedef CGAL::Surface_mesh_vertex_base_3<Kernel> Vb;
typedef CGAL::Surface_mesh_cell_base_3<Kernel> Cb;
typedef CGAL::Triangulation_data_structure_3<Vb, Cb> Tds;
typedef CGAL::Delaunay_triangulation_3<Kernel, Tds> Tr;
typedef CGAL::Surface_mesh_complex_2_in_triangulation_3<Tr> C2t3;
typedef Kernel::Sphere_3 Sphere_3;
typedef Kernel::Point_3 Point_3;
typedef Kernel::FT FT;

typedef FT (*Function)(Point_3);

typedef CGAL::Implicit_surface_3<Kernel, Function> Surface_3;

FT sphere_function (Point_3 p) {
const FT x2=p.x()*p.x(), y2=p.y()*p.y(), z2=p.z()*p.z();
return x2+y2+z2-1;

1824



}

int main(int, char **) {
Tr tr; // 3D-Delaunay triangulation
C2t3 c2t3 (tr); // 2D-complex in 3D-Delaunay triangulation

// defining the surface
Surface_3 surface(sphere_function, // pointer to function

Sphere_3(CGAL::ORIGIN, 2.)); // bounding sphere

// defining meshing criteria
CGAL::Surface_mesh_default_criteria_3<Tr> criteria(30., // angular bound

0.1, // radius bound
0.1); // distance bound

// meshing surface
make_surface_mesh(c2t3, surface, criteria, CGAL::Non_manifold_tag());

std::cout << "Final number of points: " << tr.number_of_vertices() << "\n";
}

30.3.2 Meshing a surface defined as a gray level in a 3D image

In this example the surface to be meshed is defined as the locus of points with a given gray level in a 3D image.
The code is quite similar to the previous example.

The main difference with the previous code is that the function used to define the surface is an object of type
CGAL::Gray level image3 created from an image file and a numerical value that is the gray value of the level
one wishes to mesh.

Note that surface, which is still an object of typeImplicit surface3 is now, defined by three parameters that
are the function, the bounding sphere and a numerical value calledthe precision. This precision, whose value
is relative to the bounding sphere radius, is used in the intersection computation. This parameter has a default
which was used in the previous example. Also note that the center of the bounding sphere is required to be
internal a point where the function has a negative value.

The chosen iso-value of this 3D image corresponds to a head skull. The resulting mesh is the introducing picture
of this chapter.

// file examples/Surface_mesher/3d_image_surface_mesher.C
#include <CGAL/Exact_predicates_inexact_constructions_kernel.h>
#include <CGAL/make_surface_mesh.h>
#include <CGAL/Gray_level_image_3.h>
#include <CGAL/Implicit_surface_3.h>

struct Kernel : public CGAL::Exact_predicates_inexact_constructions_kernel {};
typedef CGAL::Surface_mesh_vertex_base_3<Kernel> Vb;
typedef CGAL::Surface_mesh_cell_base_3<Kernel> Cb;
typedef CGAL::Triangulation_data_structure_3<Vb, Cb> Tds;
typedef CGAL::Delaunay_triangulation_3<Kernel, Tds> Tr;
typedef CGAL::Surface_mesh_complex_2_in_triangulation_3<Tr> C2t3;

typedef CGAL::Gray_level_image_3<Kernel::FT, Kernel::Point_3> Gray_level_image;
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typedef CGAL::Implicit_surface_3<Kernel, Gray_level_image> Surface_3;

int main(int, char **) {
Tr tr; // 3D-Delaunay triangulation
C2t3 c2t3 (tr); // 2D-complex in 3D-Delaunay triangulation

// the ’function’ is a 3D gray level image
Gray_level_image image("ImageIO/data/skull_2.9.inr.gz", 2.9);

// Carefully choosen bounding sphere: the center must be inside the
// surface defined by ’image’ and the radius must be high enough so that
// the sphere actually bounds the whole image.
Kernel::Point_3 bounding_sphere_center(122., 102., 117.);
Kernel::FT bounding_sphere_squared_radius = 200.*200.*2.;
Kernel::Sphere_3 bounding_sphere(bounding_sphere_center,

bounding_sphere_squared_radius);

// definition of the surface, with 10ˆ-2 as relative precision
Surface_3 surface(image, bounding_sphere, 1e-2);

// defining meshing criteria
CGAL::Surface_mesh_default_criteria_3<Tr> criteria(30.,

5.,
5.);

// meshing surface, with the "manifold without boundary" algorithm
make_surface_mesh(c2t3, surface, criteria, CGAL::Manifold_tag());

std::cout << "Final number of points: " << tr.number_of_vertices() << "\n";
}

30.4 Meshing Criteria, Guarantees and Variations

The guarantees on the output mesh depend on the mesh criteria. Theoretical guarantees are given in [BO05].
First, the meshing algorithm is proved to terminate if the angular bound is not smaller than 30 degrees. Fur-
thermore, the output mesh is guaranteed to be homeomorphic to the surface, and there is a guaranteed bound
on the distance (Hausdorff and even Frechet distance) between the mesh and the surface if the radius bound is
everywhere smaller than theε times the local feature size. Hereε is a constant that has to be less than 0.16, and
the local feature sizel f s(x) is defined on each pointx of the surface as the distance fromx to the medial axis.
Note that the radius bound need not be uniform, although it is a uniform bound in the default criteria.

Naturally, such a theoretical guarantee can be only achieved for smooth surfaces that have a finite, non zero
reach value. (The reach of a surface is the minimum value of local feature size on this surface).

The value of the local feature size on any point of the surface or its minimum on the surface it usually unknown
although it can sometimes be guessed. Also it happens frequently that setting the meshing criteria so as to fulfill
the theoretical conditions yields an over refined mesh. On the other hand, when the size criteria are relaxed,
no homeomorphism with the input surface is guaranteed, and the output mesh is not even guaranteed to be
manifold. To remedy this problem and give a more flexible meshing algorithm, the function templatemake
surfacemeshhas a tag template parameter allowing to slightly change the behavior of the refinement process.
This feature allows, for instance, to run the meshing algorithm with a relaxed size criteria, more coherent with
the size of the mesh expected by the user, and still have a guarantee that the output mesh forms a manifold
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surface. The functionmakesurfacemeshhas specialized versions for the following tag types:
Manifold tag: the output mesh is guaranteed to be a manifold surface without boundary.
Manifold with boundarytag: the output mesh is guaranteed to be manifold but may have boundaries.
Non manifold tag: the algorithm relies on the given criteria and guarantees nothing else.

30.5 Design and Implementation History

The algorithm implemented in this package is mainly based on the work of Boissonnat and Oudot [BO05]

The meshing algorithm is implemented using the design of mesher levels described in [RY06].

David Rey, Steve Oudot and Andreas Fabri have participated in the development of this package.
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3D Surface Mesher
Reference Manual
Laurent Rineau and Mariette Yvinec

The surface mesher package offers a function template which builds a triangular mesh approximating a surface.

The meshing algorithms requires to know the surface to be meshed through an oracle that mainly can tell whether
a given segment, ray or line intersects the surface or not and can compute the compute the intersections point
if any. The oracle is represented by a traits class which can be passed to the meshing function or automatically
generated for certains types of surfaces. The current implementation provides traits classes to mesh implicit
surfaces as well as surfaces described as a gray level in a three dimensional image.

The output mesh conforms to some size and shape criteria which are customizable. The criteria are passed to
the mesher through a parameter whose type is a model of the conceptSurfaceMeshCriteria3.

The meshing algorithm is a Delaunay refinement process which is mainly guided by the criteria. The output
mesh may offer some guarantees, as being manifold, homeomorphic to the surface or within a given Hausdorff
distance. However, these guarantees depend on the quality of the input surface (smoothness, with or without
boundary, manifold or not), the type and values of the given criteria. The behavior of the refinement process can
also be influenced through a tag, which allows for instance to enforce the manifold property of the output mesh
while avoiding an over-refinement of the mesh.
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CGAL::Gray level image 3<FT, Point>

Definition

A 3D gray image is a tri-dimensional array that associates a scalar value to each triple of integer(x,y,z) in the
range of the image. A trilinear interpolation algorithm provides a mapf : R3−→ R.

The classGray level image3<FT, Point> is a 3D gray image loader and a model of the conceptImplicit-
Function. An object of the classGray level image3<FT, Point> is created with a parameteriso and then its
operator()implements the functionsign of (f(p) - iso), for p∈ R3. Plugging such a function in the creation of
the Implicit surface3 object given as parameter tomakesurfacemeshyields a mesh approximating the level
with valueiso in the input 3D gray image.

Gray level image3<FT, Point> provides an interface with an auxiliary library calledImageIO. An executable
that usesGray level image3<FT, Point> must be linked with theImageIOlibrary. This library is shipped with
CGAL in theexamples/Surfacemesher/subdirectory.

The library ImageIOand thereforeGray level image3<FT, Point> support several types of 3D images: IN-
RIMAGE (extension .inr[.gz]), GIS (extension .dim, of .ima[.gz]), and ANALYZE (extension .hdr, or .img[.gz]).

#include<CGAL/Gray level image3.h>

Is Model for the Concepts

ImplicitFunction

Types

Gray level image3<FT, Point>:: FT the numerical typeFT

Gray level image3<FT, Point>:: FT the point typePoint

Creation

Gray level image3<FT, Point> image( const char* filename, FT isovalue);

filenameis the path to a file of a type supported byImageIO.
iso valueis an isovalue off .

See Also

ImplicitFunction,
Implicit surface3<Traits, Function>,
makesurfacemesh
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ImplicitFunction

Definition

The concept ImplicitFunction describes a function object whoseoperator()computes the values of a function
f : R3−→ R.

Types

ImplicitFunction:: FT Number type

ImplicitFunction:: Point Point type

Operations

FT function( Point p) Returns the valuef (p), wherep∈ R3.

Has Models

Gray level image function,
any pointer to a function of typeFT (*)(Point).

See Also

Implicit surface3<Traits, Function>,
makesurfacemesh
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CGAL::Implicit surface 3<Traits, Function>

Definition

The classImplicit surface3<Traits, Function> implements a surface described as the zero level set of a function
f : R3−→ R.

For this type of surface, the library provides a partial specialization of the surface mesher traits generator:
Surfacemeshtraits generator3<Implicit surface3<Traits, Function> >, that provides a traits class, model of
the conceptSurfaceMeshTraits3, to be used by the surface mesher.

The parameterTraits is a traits class that has to be implemented with a model ofImplicitSurfaceTraits3. Actu-
ally, this traits class implements the oracle needed by the surface mesher: the types, predicates and constructors
provided inTraits are passed by the surface mesher traits generator to the generated the traits class used by the
surface mesher.

The template parameterFunctionstands for a model of the conceptImplicitFunction. The number typeFunc-
tion::FT has to match the typeTraits::FT.

#include<CGAL/Implicit surface3.h>

Creation

Implicit surface3<Traits, Function> surface( Function f,
Sphere3 boundingsphere,
FT error bound = FT(1e-3))

f is the object of typeFunction that represents the implicit
surface.
boundingsphereis a bounding sphere of the implicit sur-
face. The evaluation off at the centerc of this sphere must
be negative:f (c) < 0.
error boundis a relative error bound used to compute inter-
section points between the implicit surface and query seg-
ments. This bound is used in the default generated traits
class. In this traits class, the intersection points between the
surface and segments/rays/line are constructed by dichotomy.
The dichotomy is stopped when the size of the intersected
segment is less than the product oferror boundby the ra-
dius ofboundingsphere.

See Also

makesurfacemesh,
Surfacemeshtraits generator3<Surface>,
ImplicitSurfaceTraits,
ImplicitFunction.
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ImplicitSurfaceTraits 3

Definition

The concept ImplicitSurfaceTraits3 describes the requirements of the traits class to be plugged asTraits in
Implicit surface3<Traits, Function>.

When makesurfacemeshis called with a surface of typeImplicit surface3<Traits,Function>, the surface
mesher traits generator generates automatically a traits class that is a model ofSurfaceMeshTraits3. Actu-
ally, the concept ImplicitSurfaceTraits3 provides the types, predicates and constructors that are passed to the
generated model ofSurfaceMeshTraits3.

Types

ImplicitSurfaceTraits3:: FT The numerical type. It must be model ofSqrtFieldNumber-
Typeand constructible from adouble.

ImplicitSurfaceTraits3:: Point 3 The point type. This point type must have a constructor
Point 3(FT, FT, FT).

ImplicitSurfaceTraits3:: Line 3 The line type.
ImplicitSurfaceTraits3:: Ray 3 The ray type.
ImplicitSurfaceTraits3:: Segment3 The segment type.
ImplicitSurfaceTraits3:: Vector 3 The vector type.
ImplicitSurfaceTraits3:: Sphere3 The sphere type.

ImplicitSurfaceTraits3:: Computescalar product 3

A function object that provides the operator
FT operator()(Vector3 v, Vector3 w)which returns the scalar (inner) product
of the two vectorsv andw.

ImplicitSurfaceTraits3:: Computesquareddistance3

A function object that provides the operator
FT operator()(Point3, Point 3) which returns the squared distance between
two points.

ImplicitSurfaceTraits3:: Computesquaredradius 3

A function object providing the operator
FT operator()(const Sphere3& s) which returns the squared radius ofs.

ImplicitSurfaceTraits3:: Constructcenter3

A function object providing the operator
Point 3 operator()(const Sphere3& s) which computes the center of the
spheres.
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ImplicitSurfaceTraits3:: Constructmidpoint 3

A function object providing the operator
Point 3 operator()(const Point3& p, const Point3& q) which computes the
midpoint of the segmentpq.

ImplicitSurfaceTraits3:: Constructpoint on 3

A function object providing the following operators:
Point 3 operator()(const Line3& l,int i); which returns an arbitrary point onl.
It holdspoint(i) == point(j), iff i==j . Furthermore, is directed frompoint(i) to
point(j), for all i < j.
Point 3 operator()(const Ray3& r,int i); which returns a point onr. point(0)
is the source,point(i), with i > 0, is different from the source.
Precondition: i ≥ 0.
Point 3 operator()(const Segment3& s,int i); which returns source or target
of s: point(0) returns the source ofs, point(1) returns the target ofs. The
parameteri is taken modulo 2, which gives easy access to the other end point.

ImplicitSurfaceTraits3:: Constructsegment3

A function object providing the operators
Segment3 operator()(const Point3 &p, const Point3 &q); which returns a
segment with sourcep and targetq. It is directed from the source towards the
target.

ImplicitSurfaceTraits3:: Constructscaledvector 3

A function object providing the operator
Vector 3 operator()(const Vector3 &v, const FT& scale)which returns the
vectorv scaled by a factorscale.

ImplicitSurfaceTraits3:: Construct translatedpoint 3

A function object providing the operator
Point 3 operator()(const Point3& p, const Vector3& v) which returns the
point obtained by translatingp by the vectorv.

ImplicitSurfaceTraits3:: Constructvector 3

A function object providing the operator
Vector 3 operator()(const Point3&a, const Point3&b) which returns the vec-
tor b-a.

ImplicitSurfaceTraits3:: Has on boundedside 3

A function object providing the operator
bool operator()(const Sphere3&s, const Point3&p); which returns true iffp
lies on the bounded side ofs.
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Operations

The following functions give access to the predicate and construction objects:

Computescalar product 3 traits.computescalar product 3 object()

Computesquareddistance3 traits.computesquareddistance3 object()

Computesquaredradius 3 traits.computesquaredradius 3 object()

Constructcenter3 traits.constructcenter3 object()

Constructmidpoint 3 traits.constructmidpoint 3 object()

Constructpoint on 3 traits.constructpoint on 3 object()

Constructscaledvector 3 traits.constructscaledvector 3 object()

Constructsegment3 traits.constructsegment3 object()

Constructtranslatedpoint 3 traits.constructtranslatedpoint 3 object()

Constructvector 3 traits.constructvector 3 object()

Has on boundedside 3 traits.hason boundedside 3 object()

Has Models

Any CGAL Kernel.

See Also

Implicit surface3<Traits, Function>,
makesurfacemesh
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CGAL::make surface mesh

#include<CGAL/makesurfacemesh.h>

Definition

The functionmakesurfacemeshis a surface mesher, that is a function to build a two dimensional mesh ap-
proximating a surface.

The library provides two overloaded version of this function:

template<class SurfaceMeshC2T3, class Surface, class Criteria, class Tag>
void makesurfacemesh( SurfaceMeshC2T3& c2t3,

Surface surface,
Criteria criteria,
Tag,
int initial numberof points = 20)

template<class SurfaceMeshC2T3, class SurfaceMeshTraits, class Criteria, class Tag>
void makesurfacemesh( SurfaceMeshC2T3& c2t3,

SurfaceMeshTraits::Surface3 surface,
SurfaceMeshTraits traits,
Criteria criteria,
Tag,
int initial numberof points = 20)

Parameters

The template parameterSurfaceMeshC2T3is required to be a model of the conceptSurfaceMeshComplex
2InTriangulation3, a data structure able to represent a two dimensional complex embedded in a three dimen-
sional triangulation. The argumentc2t3of typeSurfaceMeshC2T3, passed by reference to the surface mesher,
is used to maintain the current approximating mesh and it stores the final mesh at the end of the procedure. The
typeSurfaceMeshC2T3is in particuler required to provide a typeSurfaceMeshC2T3::Triangulation3 for the
three dimensional triangulation embedding the surface mesh. The vertex and cell base classes of the triangula-
tion SurfaceMeshC2T3::Triangulation3 are required to be models of the conceptsSurfaceMeshVertexBase3
andSurfaceMeshCellBase3 respectively.

The template parameterSurfacestands for the surface type. This type has to be a model of the conceptSurface
3.

The knowledge on the surface, required by the surface mesher is encapsulated in a traits class. Actually, the
mesher accesses the surface to be meshed through this traits class only. The traits class is required to be a model
of the conceptSurfaceMeshTraits3.

In the first version ofmakesurfacemesh the surface type is a template paramaterSurfaceand the surface
mesher traits type is automatically generated form the surface type through the classSurfacemeshtraits
generator3<Surface>.

The difference between the two overloaded versions ofmakesurfacemeshcan be explained as follows
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• In the first overloaded version of ofmakesurfacemesh, the surface type is given as template para-
mater (Surface) and thesurfaceto be meshed is passed as parameter to the mesher. In that case the
surface mesher traits type is automatically generated form the surface type by an auxiliary class called the
Surfacemeshtraits generator3.

• In the second overloaded version ofmakesurfacemesh, the surface mesher traits type is provided by the
template parameterSurfaceMeshTraits3 and the surface type is obtained from this traits type. Both the
surface and the traits are passed to the mesher as arguments.

The first overloaded version can be used whenever the surface type either provides a nested type
Surface::Surfacemeshertraits 3 that is a model ofSurfaceMeshTraits3 or is a surface type for which a spe-
cialization of the traits generatorSurfacemeshtraits generator3<Surface> is provided. Currently, the library
provides partial specializations ofSurfacemeshertraits generator3<Surface> for implicit surfaces (Implicit
surface3<Traits, Function>) and grey level images (Gray level image3<FT, Point>).

The template parameterCriteria has to be a model of the conceptSurfaceMeshCriteria3. The argument of type
Criteria passed to the surface mesher specifies the size and shape requirements on the output surface mesh.

The template parameterTag is a tag whose type affects the behaviour of the meshing algorithm. The function
makesurfacemeshhas specialized versions for the following tag types:
- Manifold tag: the output mesh is guaranteed to be a manifold surface without boundary.
- Manifold with boundarytag: the output mesh is guaranteed to be manifold but may have boundaries.
- Non manifold tag: the algorithm relies on the given criteria and guarantees nothing else.

The Delaunay refinement process is started with an initial set of points which is the union of two sets: the set
of vertices in the initial triangulation pointed to by thec2t3argument and a set of points provided by the traits
class. The optional parameterinitial numberof pointsallows to monitor the number of points in this second
set. (This parameter is passed to theoperator()of the constructor objectConstructinitial points in the traits
class.) The meshing algorithm requires that the initial set of points includes at least one point on each connected
components of the surface to be meshed. one.

See Also

SurfaceMeshComplex2InTriangulation3
SurfaceMeshCellBase3
SurfaceMeshVertexBase3
Surface3
SurfaceMeshCriteria3
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CGAL::Manifold tag

Definition

The classManifold tag is a tag class used to monitor the surface meshing algorithm. When instantiated with the
tagManifold tag the function templatemakesurfacemeshensures that the output mesh is a manifold surface
without boundary.

#include<CGAL/makesurfacemesh.h>

See Also

makesurfacemesh
Manifold with boundarytag
Non manifold tag
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CGAL::Manifold with boundary tag

Definition

The classManifold with boundarytag is a tag class used to monitor the surface meshing algorithm. When
instantiated with the tagManifold with boundarytag, the function templatemakesurfacemeshensures that
the output mesh is a manifold surface but it may have boundaries.

#include<CGAL/makesurfacemesh.h>

See Also

makesurfacemesh
Manifold tag
Non manifold tag

1840



C
la

ss

CGAL::Non manifold tag

Definition

The classNon manifold tag is a tag class used to monitor the surface meshing algorithm. When instantiated
with the tagNon manifold tag the function templatemakesurfacemeshdoes not ensure that the output mesh is
a manifold surface. The manifold property of output mesh may nevertheless result from the choice of appropriate
meshing criteria.

#include<CGAL/makesurfacemesh.h>

See Also

makesurfacemesh
Manifold tag
Manifold with boundarytag
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Surface 3

Definition

The concept Surface3 describes the types of surfaces to be meshed. The surface types are required to be copy
constructible and assignable.

Types

In addition, surface types are required

• either to provide a nested type:Surface3:: Surfacemeshertraits 3 a model odSurfaceMesherTraits3

• or to be a surface type for which a specialization of the traits generatorSurfacemeshtraits generator
3<Surface> exists.

Has Models

Implicit surface3<Traits, Function>

See Also

makesurfacemesh,
SurfaceMeshTraits3
Surfacemeshtraits generator3<Surface>
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CGAL::Surface mesh cell base3<Gt,Cb>

Definition

The classSurfacemeshcell base3<Gt,Cb> is a model of the conceptSurfaceMeshCellBase3. It is designed
to serve as vertex base class in a triangulation classTr plugged in aSurfacemeshcomplex2 in triangulation
3<Tr> class.

The first template parameter is the geometric traits class.

The second template parameter is a base class. It has to be a model of the conceptTriangulationCellBase3 and
defaults toTriangulation cell base3 <GT>.

#include<CGAL/Surfacemeshcell base3.h>

Is Model for the Concepts

SurfaceMeshCellBase3

Inherits From

Cb

See Also

SurfaceMeshComplex2InTriangulation3
Surfacemeshcomplex2 in triangulation 3<Tr>
SurfaceMeshTriangulation3
makesurfacemesh
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SurfaceMeshCellBase3

Definition

The concept SurfaceMeshCellBase3 describes the cell base type of the three dimensional triangulation used to
embed the surface mesh.

More precisely, the first template parameterSurfaceMeshC2T3of the surface meshermakesurfacemeshis
a model of the conceptSurfaceMeshComplex2InTriangulation3 which describes a data structure to store a
pure two dimensional complex embedded in a three dimensional triangulation. In particular, the typeSur-
faceMeshC2T3is required to provide a three dimensional triangulation typeSurfaceMeshC2T3::Triangulation
3. The concept SurfaceMeshCellBase3 describes the cell base type required in this triangulation type.

Generalizes

TriangulationCellBase3

The concept SurfaceMeshCellBase3 adds four markers to mark the facets of the triangulation that belong to
the two dimensional complex, and four markers that are helpers used in some operations to mark for instance
the facets that have been visited.

This concept also provides storage for the center of a Delaunay surface ball. Given a surface and a 3D Delaunay
triangulation, a Delaunay surface ball is a ball circumscribed to a facet of the triangulation and centered on the
surface and empty of triangulation vertices. Such a ball does exist when the facet is part of the restriction to the
surface of a three dimensional triangulation. In the following we callsurface centerof a facet, the center of its
biggest Delaunay surface ball.

Types

SurfaceMeshCellBase3:: Point The point type, required to match the point type of the three
dimensional triangulation in which the surface mesh is em-
bedded.

Creation

Operations

bool cell.is facet on surface( int i)

returnstrue, if facet(i) is in the 2D complex.

void cell.setfacet on surface( int i, bool b)

Setsfacet(i)as part of the 2D complex, ifb is true, andNOT
IN COMPLEX, otherwise.

bool cell.is facet visited( int i)

Returnstrue, if facet(i)has been visited,falseotherwise.
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void cell.setfacet visited( int i, bool b)

Marks facet(i)as visited, ifb is true, and non visited other-
wise.

Point cell.getfacet surfacecenter( int i)

Returns a const reference to the surface center offacet(i).

void cell.setfacet surfacecenter( int i, Point p)

Sets pointp as the surface center offacet(i).

Has Models

Surfacemeshcell base3<Gt,Vb>

See Also

SurfaceMeshTriangulation3
SurfaceMeshComplex2InTriangulation3
Surfacemeshcomplex2 in triangulation 3<Tr>
makesurfacemesh
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CGAL::Surface mesh complex 2 in triangulation 3<Tr >

Definition

The classSurfacemeshcomplex2 in triangulation 3<Tr> implements a data structure to store the restricted
Delaunay triangulation used by the surface mesher. The restricted Delaunay triangulation is stored as a two
dimensional complex embedded in a thre dimensional triangulation.

The classSurfacemeshcomplex2 in triangulation 3<Tr> is a model of the conceptSurfaceMeshComplex
2InTriangulation3 and can be plugged as the template parameterC2T3in the function templatemakesurface
mesh.

The template parameterTr has to be instantiated with a model of the conceptSurfaceMeshTriangulation3.
(Any three dimensional triangulation of CGAL is a model ofTriangulation 3 provided that its vertex and cell
base class be models of the conceptSurfaceMeshVertexBase3 andSurfaceMeshCellBase3 repectively.)

#include<CGAL/Surfacemeshcomplex2 in triangulation 3.h>

Is Model for the Concepts

SurfaceMeshComplex2InTriangulation3

See Also

makesurfacemesh
SurfaceMeshTriangulation3
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SurfaceMeshComplex2InTriangulation 3

Definition

The concept SurfaceMeshComplex2InTriangulation3 describes a data structure designed to represent a two
dimensional pure complex embedded in a three dimensional triangulation.

A complexis a setC of faces such that:
- any subface of a face inC is a face ofC
- two faces ofC are disjoint or share a common subface
The complex istwo dimensional, if its faces have dimension at most two. It ispure if any face in the complex is
a subface of some face of maximal dimension. Thus, a two dimensional pure complex is a set of facets together
with their edges and vertices. A two dimensional pure complex embedded in a three dimensional triangulation
is a subset of the facets of this triangulation, together with their edges and vertices.

The concept SurfaceMeshComplex2InTriangulation3 is particularly suited to handle surface meshes obtained
as the restriction to a surface of a three dimensional Delaunay triangulation. A model of this concept is a type
to be plugged as first template parameter in the function templatemakesurfacemesh.

The concept SurfaceMeshComplex2InTriangulation3 is a simplification of more general concepts called re-
spectivelyPureComplex2InTriangulation3andComplex2InTriangulation3. PureComplex2InTriangulation3is
designed to represent a pure complex andComplex2InTriangulation3is designed to represent any two dimen-
sional complex. Both concepts include member functions to analyse the complex, e.g. find its size, number of
connected components, genus etc...

Types

SurfaceMeshComplex2InTriangulation3 provides the following types.

SurfaceMeshComplex2InTriangulation3:: Triangulation

The type of the embedding 3D triangulation. Must be a
model ofSurfaceMeshTriangulation3.

typedef Triangulation::Vertexhandle

Vertexhandle; The type of the embedding triangulation vertex handles.
typedef Triangulation::Cellhandle

Cell handle; The type of the embedding triangulation cell handles.
typedef Triangulation::Facet

Facet; The type of the embedding triangulation facets.
typedef Triangulation::Edge

Edge; The type of the embedding triangulation edges.
typedef Triangulation::sizetype

size type; Size type (an unsigned integral type)
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enum Facestatus{ NOT IN COMPLEX, BOUNDARY, REGULAR, SINGULAR};

A type to describe the status of a face (facet, edge, or vertex)
with respect to the 2D pure complex. ANOT IN COMPLEX
face does not belong to the 2D complex. Facets can only
beNOT IN COMPLEXorREGULARdepending on whether
they belong to the 2D complex on not. Edges and vertices can
be NOT IN COMPLEX, BOUNDARY, REGULARor SIN-
GULAR. An edge in the complex isBOUNDARY, REGU-
LAR, or SINGULAR, if it is incident to respectively 1, 2, or
3 or more facets in the complex. The status of a vertex is
determined by the adjacency graph of the facets of the 2D
complex incident to that vertex. The vertex of the 2D com-
plex isBOUNDARY, if this adjacency graph is a simple path,
it is REGULARif the adjacency graph is cyclic, andSINGU-
LARin any other case.

SurfaceMeshComplex2InTriangulation3:: Facet iterator

An iterator type to visit the facets of the 2D complex.

SurfaceMeshComplex2InTriangulation3:: Edge iterator

An iterator type to visit the edges of the 2D complex.

SurfaceMeshComplex2InTriangulation3:: Vertex iterator

An iterator type to visit vertices of the 2D complex.

SurfaceMeshComplex2InTriangulation3:: Boundaryedgesiterator

An iterator type to visit the boundary edges of the 2D com-
plex.

Creation

SurfaceMeshComplex2InTriangulation3 c2t3( Triangulation& t3);

Builds an empty 2D complex embedded in the triangula-
tion t3

template< class FacetSelector>
SurfaceMeshComplex2InTriangulation3 c2t3( Triangulation& t3, FacetSelector select);

Builds a 2D complex embedded in the triangulationt3, in-
cluding in the 2D complex the facets oft3 for which the pred-
icateselectreturnstrue.
The typeFacetSelectormust be a function object with an op-
erator to select facets:bool operator()(Facet f);.
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Member access

Triangulation& c2t3.triangulation() Returns the reference to the triangulation.

Modifications

void c2t3.addto complex( Facet f)

Adds facetf to the 2D complex.

void c2t3.addto complex( Cellhandle c, int i)

Adds facet(c,i) to the 2D complex.

void c2t3.removefrom complex( Facet f)

Removes facetf from the 2D complex.

void c2t3.removefrom complex( Cellhandle c, int i)

Removes facet(c,i) from the 2D complex.

Queries

Queries on the status of individual face with respect to the 2D complex.

size type c2t3.numberof facets()

Returns the number of facets that belong to the 2D complex.

Face status c2t3.facestatus( Facet f)

Returns the status of the facetf with respect to the 2D com-
plex.

Face status c2t3.facestatus( Cellhandle c, int i)

Returns the status of the facet(c,i) with respect to the 2D
complex.

Face status c2t3.facestatus( Edge e)

Returns the status of edgee in the 2D complex.

Face status c2t3.facestatus( Cellhandle c, int i, int j)

Returns the status of edge(c,i,j) in the 2D complex.

Face status c2t3.facestatus( Vertexhandle v)

Returns the status of vertexv in the 2D complex.

bool c2t3.isin complex( Facet f)

Returnstrue, if the facetf belongs to the 2D complex.
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bool c2t3.isin complex( Cellhandle c, int i)

Returnstrue, if the facet(c,i) belongs to the 2D complex.

bool c2t3.isin complex( Edge e)

Returnstrue, if the edgeebelongs to the 2D complex.

bool c2t3.isin complex( Cellhandle c, int i, int j)

Returnstrue, if the edge(c,i,j) belongs to the 2D complex.

bool c2t3.isin complex( Vertexhandle v)

Returnstrue, if the vertexv belongs to the 2D complex.

bool c2t3.isregular or boundaryfor vertices( Vertexhandle v)

Returns true if the status of vertexv is REGULAR or
BOUNDARY.
Precondition: All the edges of the complex incident tov are
REGULARor BOUNDARY.

Traversal of the complex

The data structure provides iterators to visit the facets, edges and vertices of the complex. All those iterators are
bidirectional and non mutable.

Facet iterator c2t3.facetsbegin() Returns an iterator with value typeFacetto visit the facets of
the 2D complex.

Facet iterator c2t3.facetsend() Returns the past the end iterator for the above iterator.

Edge iterator c2t3.edgesbegin() Returns an iterator with value typeEdgeto visit the edges of
the 2D complex which are not isolated.

Edge iterator c2t3.edgesend() Returns the past the end iteror for the above iterator.
Boundaryedgesiterator

c2t3.boundaryedgesbegin()

Returns an iterator with value typeEdgeto visit the boundary
edges of the complex.

Boundaryedgesiterator

c2t3.boundaryedgesend()

Returns the past the end iterator for the above iterator.

Vertex iterator c2t3.verticesbegin() Returns an iterator with value typeVertexhandleto visit the
vertices of the 2D complex.

Vertex iterator c2t3.verticesend() Returns the past the end iterator for the above iterator.

template<class OutputIterator>
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OutputIterator c2t3.incidentfacets( Vertexhandle v, OutputIterator facets)

Copies theFacets of the complex incident tov to the output
iteratorfacets. Returns the resulting output iterator.
Precondition: c2t3.triangulation().dimension()= 3, v 6=
Vertexhandle(), c2t3.triangulation().is vertex(v).

Has Models

Surfacemeshcomplex2 in triangulation 3<Tr>

See Also

makesurfacemesh.
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SurfaceMeshCriteria 3

Definition

The Delaunay refinement process involved in the function templatemakesurfacemeshis guided by a set of
refinement criteria. The concept SurfaceMeshCriteria3 describes the type which handles those criteria. It cor-
responds to the requirements for the template parameterCriteria of the surface mesher functionmakesurface
mesh<SurfaceMeshC2T3,Surface,Criteria,Tag>.

Typically the meshing criteria are a set of elementary criteria, each of which has to be met by the facets of the
final mesh. The meshing algorithm eliminates in turnbadfacets, i.e., facets that do not meet all the criteria.

The size and quality of the final mesh depends on the order according to which bad facets are handled. Therefore,
the meshing algorithm needs to be able to quantify the facet qualities and to compare the qualities of different
faces. The concept SurfaceMeshCriteria3 defines a typeQuality designed to measure the quality of a mesh
facet. Typically this quality is a multicomponent variable. Each component corresponds to one criterion and
measures how much the facet deviates from meeting this criterion. Then, the comparison operator on qualities is
just a lexicographical comparison. The meshing algorithm handles facets with lowest quality first. The qualities
are computed by a functionis bad(Facet f, Quality& q).

Types

SurfaceMeshCriteria3:: Facet The type of facets. This type has to match theFacettype in
the triangulation type used by the mesher function. (This tri-
angulation type is the typeSurfaceMeshC2T3::Triangulation
provided by the the model ofSurfaceMeshComplex
2InTriangulation3 plugged as first template parameter of
makesurfacemesh).

SurfaceMeshCriteria3:: Quality Default constructible, copy constructible, assignable, and
less-than comparable type.

Operations

bool criteria.is bad( Facet f, Quality& q)

Assigns the quality of the facetf to q, and returnstrue is f
does not meet the criteria.

Has Models

Surfacemeshdefault criteria 3<Tr>

See Also

makesurfacemesh<SurfaceMeshC2T3,Surface,Criteria,Tag>
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CGAL::Surface mesh default criteria 3<Tr >

Definition

The classSurfacemeshdefault criteria 3<Tr> implements the most commonly used combination of meshing
criteria. It involves mainly three criteria which are in order:

• a lower bound on the minimum angle in degrees of the surface mesh facets.

• an upper bound on the radius of surface Delaunay balls. A surface Delaunay ball is a ball circumscribing
a facet, centered on the surface and empty of vertices. Such a ball exists for each facet of the current
surface mesh. Indeed the current surface mesh is the Delaunay triangulation of the current sampling
restricted to the surface which is just the set of facets in the three dimensional Delaunay triangulation of
the sampling that have a Delaunay surface ball.

• an upper bound on the center-center distances of the surface mesh facets. The center-center distance of a
surface mesh facet is the distance between the facet circumcenter and the center of its surface Delaunay
ball.

#include<CGAL/Surfacemeshdefault criteria 3.h>

Is Model for the Concepts

SurfaceMeshCriteria3

Types

typedef Tr::FT FT; The numerical type.

Creation

Surfacemeshdefault criteria 3<Tr> criteria( FT anglebound, FT radiusbound, FT distancebound);

Returns aSurfacemeshdefault criteria 3<Tr> with angle
bound, radius bound, distanceboundas bounds for the min-
imum facet angle in degrees, the radius of the surface Delau-
nay balls and the center-center distances respectively.

See Also

makesurfacemesh
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SurfaceMeshTraits 3

Definition

The concept SurfaceMeshTraits3 describes the knowledge that is required on the surface to be meshed. A
model of this concept implements an oracle that is able to tell whether a segment (or a ray, or a line) intersects
the surface or not and to compute some intersection points if any. The concept SurfaceMeshTraits3 also
includes a constructor able to provide a small set of initial points on the surface.

Types

SurfaceMeshTraits3:: Point 3 The type of points. This type is required to match the
point type of the three dimensional embedding triangulation
C2T3::Triangulation3.

SurfaceMeshTraits3:: Segment3 The type of segments.
SurfaceMeshTraits3:: Ray 3 The type of rays.
SurfaceMeshTraits3:: Line 3 The type of lines.
SurfaceMeshTraits3:: Surface3 The surface type.

SurfaceMeshTraits3:: Intersect3 A model of this type provides the operator
CGAL::object operator()(Surface3 surface, Type1 type1)
to compute the intersection of the surface with an object of
typeType1which may beSegment3, Ray 3 or Line 3 .

SurfaceMeshTraits3:: Construct initial points

A model of this type provides the following operators to con-
struct initial points on the surface
template<class OutputIteratorPoints>
OutputIteratorPoints operator()(OutputIteratorPoints pts);
which outputs a set of points on the surface.
template<class OutputIteratorPoints>
OutputIteratorPoints operator() (OutputIteratorPoints pts,
int n);
which outputs a set ofn points on the surface.

Operations

The following functions give access to the construction objects:

Intersect3 traits.intersect3 object()
Constructinitial points

traits.constructinitial points object()

Has Models

Surfacemeshtraits 3<Surface>
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See Also

makesurfacemesh
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CGAL::Surface mesh traits generator 3<Surface>

Definition

The classSurfacemeshtraits generator3<Surface> provides provides a typeType , that is a model of the
conceptSurfaceMeshTraits3 for the surface typeSurface.

The typeSurfaceis required to be a model of the conceptSurface3, which means that it is copy constructible
and assignable. In addition, aSurfacetype is required

• either to provide a nested typeSurface::Surfacemeshertraits 3 that is a model ofSurfaceMeshTraits3

• or to be a surface type for which a specialization of the traits generatorSurfacemeshtraits generator
3<Surface> exists.

Currently, the library provides partial specializations of the traits generator for implicit surfaces (Implicit
surface3<Traits, Function>) and grey level images (Gray level image3<FT, Point>).

#include<CGAL/Surfacemeshtraits generator3.h>

Surfacemeshtraits generator3<Surface>:: Type

A model of the conceptSurfaceMeshTraits3.

See Also

SurfaceMeshTraits3 makesurfacemesh
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SurfaceMeshTriangulation 3

Definition

The concept SurfaceMeshTriangulation3 describes the triangulation type used by the surface meshermake
surfacemeshto represent the three dimensional triangulation embedding the surface mesh. Thus, this concept
describes the requirements for the triangulation typeSurfaceMeshC2T3::Triangulationnested in the model
of SurfaceMeshComplex2InTriangulation3plugged as the template parameterSurfaceMeshC2T3of make
surfacemesh. It also describes the requirements for the triangulation type plugged in the classSurfacemesh
complex2 in triangulation 3<Tr>.

Types

SurfaceMeshTriangulation3:: Point The point type. It must be DefaultConstructible, CopyCon-
structible and Assignable.

Verticesandcellsof the triangulation are manipulated via handles, which support the two dereference operators
operator*andoperator->.

SurfaceMeshTriangulation3:: Vertex handle Handle to a data representing avertex. Vertexhandlemust
be a model ofHandleand itsvalue typemust be model of
TriangulationDataStructure3::Vertex.

SurfaceMeshTriangulation3:: Cell handle Handle to a data representing acell. Cell handlemust be
a model ofHandle and its value typemust be model of
TriangulationDataStructure3::Cell.

typedef CGAL::Triple<Cell handle, int, int>

Edge; The edge type.
typedef std::pair<Cell handle, int>

Facet; The facet type.

The following iterators allow one to visit all finite vertices, edges and facets of the triangulation.

SurfaceMeshTriangulation3:: Finite verticesiterator

Iterator over finite vertices

SurfaceMeshTriangulation3:: Finite edgesiterator

Iterator over finite edges

SurfaceMeshTriangulation3:: Finite facetsiterator

Iterator over finite facets

SurfaceMeshTriangulation3:: Geomtraits The geometric traits class. Must be a model of
DelaunayTriangulationTraits3.
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Creation

SurfaceMeshTriangulation3 t; default constructor.

SurfaceMeshTriangulation3 t( tr); Copy constructor. All vertices and faces are duplicated.

Assignment

SurfaceMeshTriangulation3 &

t = tr The triangulationtr is duplicated, and modifying the copy
after the duplication does not modify the original. The pre-
vious triangulation held byt is deleted.

void t.clear() Deletes all finite vertices and all cells oft.

Access Functions

int t.dimension() Returns the dimension of the affine hull.

DelaunayTriangulationTraits3

t.geomtraits() Returns a const reference to a model of
DelaunayTriangulationTraits3.

Voronoi diagram

Object t.dual( Facet f) Returns the dual of facetf , which is
in dimension 3: either a segment, if the two cells incident to
f are finite, or a ray, if one of them is infinite;
in dimension 2: a point.

Queries

A point p is said to be in conflict with a cellc in dimension 3 (resp. a facetf in dimension 2) iff t.side
of sphere(c, p)(resp. t.side of circle(f, p)) returnsON BOUNDED SIDE. The set of cells (resp. facets in
dimension 2) which are in conflict withp is connected, and it forms a hole.

template<class OutputIteratorBoundaryFacets, class OutputIteratorCells, class OutputIteratorInternalFacets>

Triple<OutputIteratorBoundaryFacets, OutputIteratorCells, OutputIteratorInternalFacets>

t.find conflicts( Point p,
Cell handle c,
OutputIteratorBoundaryFacets bfit,
OutputIteratorCells cit,
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OutputIteratorInternalFacets ifit)

Computes the conflict hole induced byp. The starting cell
(resp. facet)c must be in conflict. Then this function returns
respectively in the output iterators:
– cit: the cells (resp. facets) in conflict.
– bfit: the facets (resp. edges) on the boundary, that is, the
facets (resp. edges)(t, i) where the cell (resp. facet)t is in
conflict, butt->neighbor(i)is not.
– ifit : the facets (resp. edges) inside the hole, that is, delim-
iting two cells (resp facets) in conflict.
Returns theTriple composed of the resulting output iterators.

The following iterators allow the user to visit facets, edges and vertices of the triangulation.

Finite verticesiterator

t.finite verticesbegin()

Starts at an arbitrary finite vertex. Then++ and -- will it-
erate over finite vertices. Returnsfinite verticesend()when
t.numberof vertices()= 0.

Finite verticesiterator

t.finite verticesend() Past-the-end iterator
Finite edgesiterator t.finite edgesbegin() Starts at an arbitrary finite edge. Then++ and -- will it-

erate over finite edges. Returnsfinite edgesend() when
t.dimension()< 1.

Finite edgesiterator t.finite edgesend() Past-the-end iterator
Finite facetsiterator

t.finite facetsbegin() Starts at an arbitrary finite facet. Then++ and -- will it-
erate over finite facets. Returnsfinite facetsend() when
t.dimension()< 2.

Finite facetsiterator

t.finite facetsend() Past-the-end iterator

template<class OutputIterator>
OutputIterator t.incidentcells( Vertexhandle v, OutputIterator cells)

Copies theCell handles of all cells incident tov to the output
iteratorcells. If t.dimension()< 3, then do nothing. Returns
the resulting output iterator.
Precondition: v 6= Vertexhandle(), t.is vertex(v).

template<class OutputIterator>
OutputIterator t.incidentcells( Vertexhandle v, OutputIterator cells)

Copies theCell handles of all cells incident tov to the output
iteratorcells. If t.dimension()< 3, then do nothing. Returns
the resulting output iterator.
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bool t.is vertex( Point p, Vertexhandle& v)

Tests whetherp is a vertex oft by locatingp in the triangula-
tion. If p is found, the associated vertexv is given.

bool t.is edge( Vertexhandle u, Vertexhandle v, Cellhandle& c, int & i, int & j)

Tests whether(u,v) is an edge oft. If the edge is found, it
gives a cellc having this edge and the indicesi and j of the
verticesu andv in c, in this order.
Precondition: u andv are vertices oft.

bool t.is infinite( const Vertexhandle v)

true, iff vertex v is the infinite vertex.

bool t.is infinite( const Cellhandle c)

true, iff c is incident to the infinite vertex.
Precondition: t.dimension()= 3.

Facet t.mirror facet( Facet f)

Returns the same facet viewed from the other adjacent cell.

int t.vertextriple index( const int i, const int j)

Return the indexes of thejth vertex of the facet of a cell op-
posite to vertexi.

Point location

Cell handle t.locate( Point query, Cellhandle start = Cellhandle())

If the pointquerylies inside the convex hull of the points, the
cell that contains the query in its interior is returned. Ifquery
lies on a facet, an edge or on a vertex, one of the cells having
queryon its boundary is returned.
If the pointquery lies outside the convex hull of the points,
an infinite cell with vertices{p,q, r,∞} is returned such that
the tetrahedron(p,q, r,query) is positively oriented (the rest
of the triangulation lies on the other side of facet(p,q, r)).
Note that locate works even in degenerate dimensions: in
dimension 2 (resp. 1, 0) theCell handlereturned is the one
that represents the facet (resp. edge, vertex) containing the
query point.
The optional argumentstart is used as a starting place for the
search.
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Cell handle t.locate( Point query,
Locate type& lt,
int & li,
int & lj,
Cell handle start = Cellhandle())

If querylies inside the affine hull of the points, thek-face (fi-
nite or infinite) that containsqueryin its interior is returned,
by means of the cell returned together withlt, which is set
to the locate type of the query (VERTEX, EDGE, FACET,
CELL, or OUTSIDECONVEXHULL if the cell is infinite
andquerylies strictly in it) and two indicesli andlj that spec-
ify the k-face of the cell containingquery.
If the k-face is a cell,li andlj have no meaning; if it is a facet
(resp. vertex),li gives the index of the facet (resp. vertex)
andlj has no meaning; if it is and edge,li andlj give the in-
dices of its vertices.
If the point query lies outside the affine hull of the points,
which can happen in case of degenerate dimensions,lt is set
to OUTSIDEAFFINE HULL, and the cell returned has no
meaning. As a particular case, if there is no finite vertex yet
in the triangulation,lt is set toOUTSIDEAFFINE HULL
andlocatereturns the default constructed handle.
The optional argumentstart is used as a starting place for the
search.

template<class CellIt>
Vertexhandle t.insertin hole( Point p, CellIt cellbegin, CellIt cellend, Cellhandle begin, int i)

Creates a new vertex by starring a hole. It takes an iterator
range [cell begin; cell end[ of Cell handles which specifies
a hole: a set of connected cells (resp. facets in dimension
2) which is star-shaped wrtp. (begin, i) is a facet (resp. an
edge) on the boundary of the hole, that is,begin belongs
to the set of cells (resp. facets) previously described, and
begin->neighbor(i)does not. Then this function deletes all
the cells (resp. facets) describing the hole, creates a new
vertexv, and for each facet (resp. edge) on the boundary of
the hole, creates a new cell (resp. facet) withv as vertex.
Thenv->set point(p) is called andv is returned.

Precondition: t.dimension()≥ 2, the set of cells (resp. facets
in dimension 2) is connected, its boundary is connected, and
p lies inside the hole, which is star-shaped wrtp.

Has Models

Any 3D Delaunay triangulation class of CGAL

See Also

Triangulation 3<TriangulationTraits3,TriangulationDataStructure3>
Delaunaytriangulation 3<DelaunayTriangulationTraits3,TriangulationDataStructure3>
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SurfaceMeshComplex2InTriangulation3
Surfacemeshcomplex2 in triangulation 3<Tr>
makesurfacemesh
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CGAL::Surface mesh vertex base3<Gt,Vb>

Definition

The classSurfacemeshvertexbase3<Gt,Vb> is a model of the conceptSurfaceMeshVertexBase3. It is
designed to serve as vertex base class in a triangulation classTr plugged in aSurfacemeshcomplex2 in
triangulation 3<Tr> class.

The first template parameter is the geometric traits class.

The second template parameter is a base class. It has to be a model of the conceptTriangulationVertexBase3
and defaults toTriangulation vertexbase3 <GT>.

#include<CGAL/Surfacemeshvertexbase3.h>

Is Model for the Concepts

SurfaceMeshVertexBase3

Inherits From

Vb

See Also

SurfaceMeshComplex2InTriangulation3
Surfacemeshcomplex2 in triangulation 3<Tr>
SurfaceMeshTriangulation3
makesurfacemesh
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SurfaceMeshVertexBase3

Definition

The concept SurfaceMeshVertexBase3 describes the vertex base type of the three dimensional triangulation
used to embed the surface mesh.

More precisely, the first template parameterSurfaceMeshC2T3of the surface meshermakesurfacemeshis
a model of the conceptSurfaceMeshComplex2InTriangulation3 which describes a data structure to store a
pure two dimensional complex embedded in a three dimensional triangulation. In particular, the typeSur-
faceMeshC2T3is required to provide a three dimensional triangulation typeSurfaceMeshC2T3::Triangulation
3 The concept SurfaceMeshVertexBase3 describes the vertex base type required in this triangulation type.

Generalizes

TriangulationVertexBase3

The surface mesher algorithm issues frequent queries about the status of the vertices with respect to the two
dimensional complex that represents the current surface approximation. The class SurfaceMeshVertexBase3
offers a caching mechanism to answer more efficiently these queries. The caching mechanism includes two
cached integers, which, when they are valid, store respectively the number of complex facets incident to the
vertex and the number of connected components of the adjacency graph of those facets.

Creation

Operations

bool vb.isc2t3 cachevalid()

Returnstrue if the cache is valid.

void vb.invalidatec2t3 cache()

Invalidates the cash.

int vb.cachednumberof incident facets()

Returns the cached number of facets of the complex incident
to the vertex.

int vb.cachednumberof components()

This method concerns the adjacency graph of the facets of
the complex incident to the vertex and returns a cached value
for the number of connected components this graph.

Has Models

Surfacemeshvertexbase3<Gt,Vb>
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See Also

SurfaceMesherComplex2InTriangulation3
Surfacemeshcomplex2 in triangulation 3<Tr>.
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Chapter 31

3D Surface Subdivision Methods
Le-Jeng Andy Shiue
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31.1 Introduction

Subdivision methods are simple yet powerful ways to generate smooth surfaces from arbitrary polyhedral
meshes. Unlike spline-based surfaces (e.g NURBS) or other numeric-based modeling techniques, users of
subdivision methods do not need the mathematical knowledge of the subdivision methods. The natural intuition
of the geometry suffices to control the subdivision methods.

Subdivisionmethod3, designed to work on the classPolyhedron3, aims to be easy to use and to extend.
Subdivisionmethod3 is not a class, but a namespace which contains four popular subdivision methods and
their refinement functions. These include Catmull-Clark, Loop, Doo-Sabin and

√
3 subdivisions. Variations of

these methods can be easily extended by substituting the geometry computation of the refinement host.
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31.2 Subdivision Method

In this chapter, we explain some fundamentals of subdivision methods. We focus only on the topics that help
you to understand the design of the package. [WW02] has details on subdivision methods. Some terminology
introduced in this section will be used again in later sections. If you are only interested in using a specific
subdivision method, Section31.3gives a quick tutorial on Catmull-Clark subdivision.

A subdivision method recursively refines a coarse mesh and generates an ever closer approximation to a smooth
surface. The coarse mesh can have arbitrary shape, but it has to be a 2-manifold. In a 2-manifold, every interior
point has a neighborhood homeomorphic to a 2D disk. Subdivision methods on non-manifolds have been
developed, but are not considered inSubdivisionmethod3. The chapter teaser shows the steps of Catmull-
Clark subdivision on a CAD model. The coarse mesh is repeatedly refined by a quadrisection pattern, and new
points are generated to approximate a smooth surface.

Many refinement patterns are used in practice.Subdivisionmethod3 supports the four most popular patterns,
and each of them is used by Catmull-Clark[CC78], Loop, Doo-Sabin and

√
3 subdivision (left to right in the fig-

ure). We name these patterns by their topological characteristics instead of the associated subdivision methods.
PQQ indicates thePrimal QuadtrateralQuadrisection. PTQ indicates thePrimal TriangleQuadrisection. DQQ
indicates theDual QuadtrateralQuadrisection.

√
3 indicates the converging speed of the triangulation toward

the subdivision surface.

DQQ Sqrt3PQQ PTQ

The figure demonstrates these four refinement patterns on the 1-disk of a valence-5 vertex/facet. Refined meshes
are shown below the source meshes. Points on the refined mesh are generated by averaging neighbor points on
the source mesh. A graph, calledstencil, determines the source neighborhood whose points contribute to the
position of a refined point. A refinement pattern usually defines more than one stencil. For example, the PQQ
refinement has a vertex-node stencil, which defines the 1-ring of an input vertex; an edge-node stencil, which
defines the 1-ring of an input edge; and a facet-node stencil, which defines an input facet. The stencils of
the PQQ refinement are shown in the following figure. The blue neighborhoods in the top row indicate the
corresponding stencils of the refined nodes in red.

1868



Vertex−nodeEdge−nodeFacet−node

Stencils with weights are calledgeometry masks. A subdivision method defines a geometry mask for each
stencil, and generates new points by averaging source points weighted by the mask. Geometry masks are
carefully chosen to meet requirements of certain surface smoothness and shape quality. The geometry masks of
Catmull-Clark subdivision are shown below.
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The weights shown here are unnormalized, andn is the valence of the vertex. The generated point, in red, is
computed by a summation of the weighted points. For example, a Catmull-Clark facet-node is computed by the
summation of 1/4 of each point on its stencil.

A stencil can have an unlimited number of geometry masks. For example, a facet-node of PQQ refinement may
be computed by the summation of 1/5 of each stencil node instead of 1/4. Although it is legal inSubdivision
method3 to have any kind of geometry mask, the result surfaces may be odd, not smooth, or not even exist.
[WW02] explains the details on designing masks for a quality subdivision surface.

31.3 A Quick Example: Catmull-Clark Subdivision

Assuming you are familiar withPolyhedron3, you can integrateSubdivisionmethod3 into your program
without much effort.

// file: examples/Subdivision_method_3/CatmullClark_subdivision.C

#include <CGAL/Cartesian.h>
#include <CGAL/Subdivision_method_3.h>
#include <iostream>
#include <CGAL/Polyhedron_3.h>
#include <CGAL/IO/Polyhedron_iostream.h>

typedef CGAL::Cartesian<double> Kernel;
typedef CGAL::Polyhedron_3<Kernel> Polyhedron;
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using namespace std;
using namespace CGAL;

int main(int argc, char** argv) {
if (argc != 2) {

cout << "Usage: CatmullClark_subdivision d < filename" << endl;
cout << " d: the depth of the subdivision (0 < d < 10)" << endl;
cout << " filename: the input mesh (.off)" << endl;
return 0;

}

int d = argv[1][0] - ’0’;

Polyhedron P;
cin >> P; // read the .off

Subdivision_method_3::CatmullClark_subdivision(P,d);

cout << P; // write the .off

return 0;
}

This example demonstrates the use of the Catmull-Clark subdivision method on aPolyhedron3. The polyhe-
dron is restricted in the Cartesian space, where most subdivision applications are designed to work. There is
only one line deserving a detailed explanation:

Subdivision_method_3::CatmullClark_subdivision(P,d);

Subdivisionmethod3 specifies the namespace of our subdivision functions.CatmullClark subdivision(P,d)
computes the Catmull-Clark subdivision surface of the polyhedronP afterd iterations of the refinements. The
polyhedronP is passed by reference, and is modified (i.e. subdivided) by the subdivision function.

This example shows how to subdivide a simplePolyhedron3 with Subdivisionmethod3. An application-
defined polyhedron might use a specialized kernel and/or a specialized internal container. There are two major
restrictions on the application-defined polyhedron to work withSubdivisionmethod3.

• Point 3 is type-defined by the kernel. WithoutPoint 3 and the associated operations being defined,
Subdivisionmethod3 can not know how to compute and store the new vertex points.

• The primitives (such as vertices, halfedges and facets) in the internal container are sequentially ordered
(e.g. std::vectorandstd::list). This implies that the iterators traverse the primitives in the order of their
creations/insertions.

Section31.5gives detailed explanations on those two restrictions.

31.4 Catmull-Clark Subdivision

Subdivisionmethod3 is designed to allow customization of the subdivision methods. This section explains
the implementation of the Catmull-Clark subdivision function inSubdivisionmethod3. The implementation
demonstrates the customization of the PQQ refinement to Catmull-Clark subdivision.
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When a subdivision method is developed, a refinement pattern is chosen, and then a set of geometry masks are
developed to position the new points. There are three key components to implement a subdivision method:

• a mesh data structure that can represent arbitrary 2-manifolds,

• a process that refines the mesh data structure,

• and the geometry masks that compute the new points.

E. Catmull and J. Clark picked the PQQ refinement for their subdivision method, and developed a set of ge-
ometry masks to generate (or more precisely, to approximate) the B-spline surface from the control mesh.
Subdivisionmethod3 provides a function that glues all three components of the Catmull-Clark subdivision
method.

template <class Polyhedron_3, template <typename> class Mask>
void PQQ(Polyhedron_3& p, Mask<Polyhedron_3> mask, int depth)

Polyhedron3 is a generic mesh data structure for arbitrary 2-manifolds.PQQ(), which refines the control mesh
p, is arefinement hostthat uses a policy classMask<Polyhedron3> as part of it geometry computation. During
the refinement,PQQ()computes and assigns new points by cooperating with themask. To implement Catmull-
Clark subdivision,Mask, thegeometry policy, has to realize the geometry masks of Catmull-Clark subdivision.
depthspecifies the iterations of the refinement on the control mesh.

To implement the geometry masks, we need to know how a refinement host communicates with its geometry
masks. The PQQ refinement defines three stencils, and hence three geometry masks are required for Catmull-
Clark subdivision. The following class defines the interfaces of the stencils for the PQQ refinement.

template <class Polyhedron_3>
class PQQ_stencil_3 {

void facet_node(Facet_handle facet, Point_3& pt);
void edge_node(Halfedge_handle edge, Point_3& pt);
void vertex_node(Vertex_handle vertex, Point_3& pt);

};

Each class function inPQQ stencil 3 computes a new point based on the neighborhood of the primitive handle,
and assigns the new point toPoint 3& pt.

We realize each class function with the geometry masks of Catmull-Clark subdivision.

template <class Polyhedron_3>
class CatmullClark_mask_3 {

void facet_node(Facet_handle facet, Point_3& pt) {
Halfedge_around_facet_circulator hcir = facet->facet_begin();
int n = 0;
Point_3 p(0,0,0);
do {
p = p + (hcir->vertex()->point() - ORIGIN);
++n;

} while (++hcir != facet->facet_begin());
pt = ORIGIN + (p - ORIGIN)/FT(n);

}
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void edge_node(Halfedge_handle edge, Point_3& pt) {
Point_3 p1 = edge->vertex()->point();
Point_3 p2 = edge->opposite()->vertex()->point();
Point_3 f1, f2;
facet_node(edge->facet(), f1);
facet_node(edge->opposite()->facet(), f2);
pt = Point_3((p1[0]+p2[0]+f1[0]+f2[0])/4,

(p1[1]+p2[1]+f1[1]+f2[1])/4,
(p1[2]+p2[2]+f1[2]+f2[2])/4 );

}
void vertex_node(Vertex_handle vertex, Point_3& pt) {

Halfedge_around_vertex_circulator vcir = vertex->vertex_begin();
int n = circulator_size(vcir);

FT Q[] = {0.0, 0.0, 0.0}, R[] = {0.0, 0.0, 0.0};
Point_3& S = vertex->point();

Point_3 q;
for (int i = 0; i < n; i++, ++vcir) {
Point_3& p2 = vcir->opposite()->vertex()->point();
R[0] += (S[0]+p2[0])/2;
R[1] += (S[1]+p2[1])/2;
R[2] += (S[2]+p2[2])/2;
facet_node(vcir->facet(), q);
Q[0] += q[0];
Q[1] += q[1];
Q[2] += q[2];

}
R[0] /= n; R[1] /= n; R[2] /= n;
Q[0] /= n; Q[1] /= n; Q[2] /= n;

pt = Point_3((Q[0] + 2*R[0] + S[0]*(n-3))/n,
(Q[1] + 2*R[1] + S[1]*(n-3))/n,
(Q[2] + 2*R[2] + S[2]*(n-3))/n );

}
};

This example shows the default implementation of Catmull-Clark masks inSubdivisionmethod3. This de-
fault implementation assumes thetypes(such asPoint 3 andFacet handle) are defined withinPolyhedron3.
CatmullClark mask3 is designed to work on aPolyhedron3 with the Cartesiankernel. You may need to
rewrite the geometry computation to match the kernel geometry of your application.

To invoke the Catmull-Clark subdivision method, we callPQQ()with the Catmull-Clark masks we just defined.

PQQ(p, CatmullClark_mask_3<Polyhedron_3>(), depth);

Loop, Doo-Sabin and
√

3 subdivisions are implemented in the similar process: pick a refinement host and
implement the geometry policy. The key of developing your own subdivision method is implementing the right
combination of the refinement host and the geometry policy. It is explained in the next two sections.
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31.5 Refinement Host

A refinement host is a template function of a polyhedron class and a geometry mask class. It refines the input
polyhedron, and computes new points through the geometry masks.Subdivisionmethod3 supports four refine-
ment hosts: primal quadrilateral quadrisection (PQQ), primal triangle quadrisection (PTQ), dual quadrilateral
quadrisection (DQQ) and

√
3 triangulation. Respectively, they are used by Catmull-Clark, Loop, Doo-Sabin

and
√

3 subdivision.

DQQ Sqrt3PQQ PTQ

namespace Subdivision_method_3 {
template <class Polyhedron_3, template <typename> class Mask>
void PQQ(Polyhedron_3& p, Mask<Polyhedron_3> mask, int step);

template <class Polyhedron_3, template <typename> class Mask>
void PTQ(Polyhedron_3& p, Mask<Polyhedron_3> mask, int step);

template <class Polyhedron_3, template <typename> class Mask>
void DQQ(Polyhedron_3& p, Mask<Polyhedron_3> mask, int step)

template <class Polyhedron_3, template <typename> class Mask>
void Sqrt3(Polyhedron_3& p, Mask<Polyhedron_3> mask, int step)

}

The polyhedron class is a specialization ofPolyhedron3, and the mask is a policy class realizing the geometry
masks of the subdivision method.

A refinement host refines the input polyhedron, maintains the stencils (i.e., the mapping between the control
mesh and the refined mesh), and calls the geometry masks to compute the new points. InSubdivisionmethod
3, refinements are implemented as a sequence of connectivity operations (mainly Euler operations). The order
of the connectivity operations plays a key role when maintaining stencils. By matching the order of the source
submeshes to the refined vertices, no flag in the primitives is required to register the stencils. It avoids the data
dependency of the refinement host on the polyhedron class. To make the ordering trick work, the polyhedron
class must have a sequential container, such as a vector or a linked-list, as the internal storage. A sequential
container guarantees that the iterators of the polyhedron always traverse the primitives in the order of their
insertions. Non-sequential structures such as trees or maps do not provide the required ordering, and hence can
not be used withSubdivisionmethod3.

AlthoughSubdivisionmethod3 does not require flags to support the refinements and the stencils, it still needs
to know how to compute and store the geometry data (i.e. the points).Subdivisionmethod3 expects that the
typenamePoint 3 is defined in the geometry kernel of the polyhedron (i.e. thePolyhedron3::Traits::Kernel).
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A point of the typePoint 3 is returned by the geometry policy and is then assigned to the new vertex. The
geometry policy is explained in next section.

Refinement hostsPQQ andDQQ work on a general polyhedron, andPTQ andSqrt3work on a triangulated
polyhedron. The result ofPTQandSqrt3on a non-triangulated polyhedron is undefined.Subdivisionmethod3
does not verify the precondition of the mesh characteristics before the refinement.

For details of the refinement implementation, interested users should refer to [SP05].

31.6 Geometry Policy

A geometry policy defines a set of geometry masks. Each geometry mask is realized as a member function that
computes new points of the subdivision surface.

Each geometry mask receives a primitive handle (e.g.Halfedgehandle) of the control mesh, and returns a
Point 3 to the subdivided vertex. The function collects the vertex neighbors of the primitive handle (i.e. nodes
on the stencil), and computes the new point based on the neighbors and the mask (i.e. the stencil weights).
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This figure shows the geometry masks of Catmull-Clark subdivision. The weights shown here are unnormalized,
andn is the valence of the vertex. The new points are computed by the summation of the weighted points on
their stencils. Following codes show an implementation of the geometry mask of the facet-node. The complete
listing of a Catmull-Clark geometry policy is in the Section31.4.

template <class Polyhedron_3>
class CatmullClark_mask_3 {

void facet_node(Facet_handle facet, Point_3& pt) {
Halfedge_around_facet_circulator hcir = facet->facet_begin();
int n = 0;
Point_3 p(0,0,0);
do {
p = p + (hcir->vertex()->point() - ORIGIN);
++n;

} while (++hcir != facet->facet_begin());
pt = ORIGIN + (p - ORIGIN)/FT(n);

}
}

In this example, the computation is based on the assumption that thePoint 3 is theCGAL::Point 3. It is an
assumption, but not a restriction. You are allowed to use any point class as long as it is defined as thePoint 3 in
your polyhedron. You may need to modify the geometry policy to support the computation and the assignment
of the specialized point. This extension is not unusual in graphics applications. For example, you might want to
subdivide the texture coordinates for your subdivision surface.
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The refinement host of Catmull-Clark subdivision requires three geometry masks for polyhedrons without open
boundaries: a vertex-node mask, an edge-node mask, and a facet-node mask. To support polyhedrons with
boundaries, a border-node mask is also required. The border-node mask for Catmull-Clark subdivision is listed
below, whereept returns the new point splittingedgeandvpt returns the new point on the vertex pointed by
edge.

void border_node(Halfedge_handle edge, Point_3& ept, Point_3& vpt) {
Point_3& ep1 = edge->vertex()->point();
Point_3& ep2 = edge->opposite()->vertex()->point();
ept = Point_3((ep1[0]+ep2[0])/2, (ep1[1]+ep2[1])/2, (ep1[2]+ep2[2])/2);

Halfedge_around_vertex_circulator vcir = edge->vertex_begin();
Point_3& vp1 = vcir->opposite()->vertex()->point();
Point_3& vp0 = vcir->vertex()->point();
Point_3& vp_1 = (--vcir)->opposite()->vertex()->point();
vpt = Point_3((vp_1[0] + 6*vp0[0] + vp1[0])/8,

(vp_1[1] + 6*vp0[1] + vp1[1])/8,
(vp_1[2] + 6*vp0[2] + vp1[2])/8 );

}

The mask interfaces of all four refinement hosts are listed below.DQQ stencil 3 andSqrt3 stencil 3 do not
have the border-node stencil because the refinement hosts of DQQ and

√
3 refinements do not support global

boundaries in the current release. This might be changed in the future releases.

template <class Polyhedron_3>
class PQQ_stencil_3 {

void facet_node(Facet_handle, Point_3&);
void edge_node(Halfedge_handle, Point_3&);
void vertex_node(Vertex_handle, Point_3&);

void border_node(Halfedge_handle, Point_3&, Point_3&);
};

template <class Polyhedron_3>
class PTQ_stencil_3 {

void edge_node(Halfedge_handle, Point_3&);
void vertex_node(Vertex_handle, Point_3&);

void border_node(Halfedge_handle, Point_3&, Point_&);
};

template <class Polyhedron_3>
class DQQ_stencil_3 {
public:

void corner_node(Halfedge_handle edge, Point_3& pt);
};

template <class Polyhedron_3>
class Sqrt3_stencil_3 {
public:

void vertex_node(Vertex_handle vertex, Point_3& pt);
};
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The source codes ofCatmullClark mask3, Loop mask3, DooSabinmask3, andSqrt3 mask3 are the best
sources of learning these stencil interfaces.

31.7 The Four Subdivision Methods

Subdivisionmethod3 supports Catmull-Clark, Loop, Doo-Sabin and
√

3 subdivisions by specializing their re-
spective refinement hosts. They are designed to work on aPolyhedron3. If your application uses a polyhedron
with a specialized geometry kernel, you need to specialize the refinement host with a geometry policy based on
that kernel.

namespace Subdivision_method_3 {
template <class Polyhedron_3>
void CatmullClark_subdivision(Polyhedron_3& p, int step = 1) {

PQQ(p, CatmullClark_mask_3<Polyhedron_3>(), step);
}

template <class Polyhedron_3>
void Loop_subdivision(Polyhedron_3& p, int step = 1) {

PTQ(p, Loop_mask_3<Polyhedron_3>() , step);
}

template <class Polyhedron_3>
void DooSabin_subdivision(Polyhedron_3& p, int step = 1) {

DQQ(p, DooSabin_mask_3<Polyhedron_3>(), step);
}

template <class Polyhedron_3>
void Sqrt3_subdivision(Polyhedron_3& p, int step = 1) {

Sqrt3(p, Sqrt3_mask_3<Polyhedron_3>(), step);
}

}

The following example demonstrates the use of Doo-Sabin subdivision on a polyhedral mesh.

// file: examples/Subdivision_method_3/DooSabin_subdivision.C

#include <CGAL/Cartesian.h>
#include <CGAL/Subdivision_method_3.h>

#include <iostream>

#include <CGAL/Polyhedron_3.h>
#include <CGAL/IO/Polyhedron_iostream.h>

typedef CGAL::Cartesian<double> Kernel;
typedef CGAL::Polyhedron_3<Kernel> Polyhedron;

using namespace std;
using namespace CGAL;
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int main(int argc, char **argv) {
if (argc != 2) {

cout << "Usage: DooSabin_subdivision d < filename" << endl;
cout << " d: the depth of the subdivision (0 < d < 10)" << endl;
cout << " filename: the input mesh (.off)" << endl;
return 0;

}

int d = argv[1][0] - ’0’;

Polyhedron P;
cin >> P; // read the .off

Subdivision_method_3::DooSabin_subdivision(P,d);

cout << P; // write the .off

return 0;
}

31.8 Other Subdivision Methods

Subdivisionmethod3 supports four practical subdivision methods on a CartesianPolyhedron3. More subdi-
vision methods can be supported through the specialization of refinement hosts with custom geometry masks.
The following example develops a subdivision method generating an improved Loop subdivision surface.

// file: examples/Subdivision_method_3/Customized_subdivision.C

#include <CGAL/Cartesian.h>
#include <CGAL/Subdivision_method_3.h>

#include <cstdio>
#include <iostream>

#include <CGAL/Polyhedron_3.h>
#include <CGAL/IO/Polyhedron_iostream.h>

typedef CGAL::Cartesian<double> Kernel;
typedef CGAL::Polyhedron_3<Kernel> Polyhedron;

using namespace std;
using namespace CGAL;

// ======================================================================
template <class Poly>
class WLoop_mask_3 {

typedef Poly Polyhedron;

typedef typename Polyhedron::Vertex_iterator Vertex_iterator;
typedef typename Polyhedron::Halfedge_iterator Halfedge_iterator;
typedef typename Polyhedron::Facet_iterator Facet_iterator;
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typedef typename Polyhedron::Halfedge_around_facet_circulator
Halfedge_around_facet_circulator;

typedef typename Polyhedron::Halfedge_around_vertex_circulator
Halfedge_around_vertex_circulator;

typedef typename Polyhedron::Traits Traits;
typedef typename Traits::Kernel Kernel;

typedef typename Kernel::FT FT;
typedef typename Kernel::Point_3 Point;
typedef typename Kernel::Vector_3 Vector;

public:
void edge_node(Halfedge_iterator eitr, Point& pt) {

Point& p1 = eitr->vertex()->point();
Point& p2 = eitr->opposite()->vertex()->point();
Point& f1 = eitr->next()->vertex()->point();
Point& f2 = eitr->opposite()->next()->vertex()->point();

pt = Point((3*(p1[0]+p2[0])+f1[0]+f2[0])/8,
(3*(p1[1]+p2[1])+f1[1]+f2[1])/8,
(3*(p1[2]+p2[2])+f1[2]+f2[2])/8 );

}
void vertex_node(Vertex_iterator vitr, Point& pt) {

float R[] = {0.0, 0.0, 0.0};
Point& S = vitr->point();

Halfedge_around_vertex_circulator vcir = vitr->vertex_begin();
int n = circulator_size(vcir);
for (int i = 0; i < n; i++, ++vcir) {
Point& p = vcir->opposite()->vertex()->point();
R[0] += p[0]; R[1] += p[1]; R[2] += p[2];

}
if (n == 6) {
pt = Point((10*S[0]+R[0])/16, (10*S[1]+R[1])/16, (10*S[2]+R[2])/16);

} else if (n == 3) {
double B = (5.0/8.0 - std::sqrt(3+2*std::cos(6.283/n))/64.0)/n;
double A = 1-n*B;
pt = Point((A*S[0]+B*R[0]), (A*S[1]+B*R[1]), (A*S[2]+B*R[2]));

} else {
double B = 3.0/8.0/n;
double A = 1-n*B;
pt = Point((A*S[0]+B*R[0]), (A*S[1]+B*R[1]), (A*S[2]+B*R[2]));

}
}
void border_node(Halfedge_iterator eitr, Point& ept, Point& vpt) {

Point& ep1 = eitr->vertex()->point();
Point& ep2 = eitr->opposite()->vertex()->point();
ept = Point((ep1[0]+ep2[0])/2, (ep1[1]+ep2[1])/2, (ep1[2]+ep2[2])/2);

Halfedge_around_vertex_circulator vcir = eitr->vertex_begin();
Point& vp1 = vcir->opposite()->vertex()->point();
Point& vp0 = vcir->vertex()->point();

1878



Point& vp_1 = (--vcir)->opposite()->vertex()->point();
vpt = Point((vp_1[0] + 6*vp0[0] + vp1[0])/8,

(vp_1[1] + 6*vp0[1] + vp1[1])/8,
(vp_1[2] + 6*vp0[2] + vp1[2])/8 );

}
};

int main(int argc, char **argv) {
if (argc != 2) {

cout << "Usage: Customized_subdivision d < filename" << endl;
cout << " d: the depth of the subdivision (0 < d < 10)" << endl;
cout << " filename: the input mesh (.off)" << endl;
return 0;

}

int d = argv[1][0] - ’0’;

Polyhedron P;
cin >> P; // read the .off

Subdivision_method_3::PTQ(P, WLoop_mask_3<Polyhedron>(), d);

cout << P; // write the .off

return 0;
}

The points generated by the geometry mask are semantically required to converge to a smooth surface. This is
the requirement imposed by the theory of the subdivision surface.Subdivisionmethod3 does not enforce this
requirement, nor will it verify the smoothness of the subdivided mesh.Subdivisionmethod3 guarantees the
topological properties of the subdivided mesh. A genus-n 2-manifold is assured to be subdivided into a genus-n
2-manifold. But when specialized with ill-designed geometry masks,Subdivisionmethod3 may generate a
surface that is odd, not smooth, or not even exist.
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3D Surface Subdivision Methods
Reference Manual
Le-Jeng Andy Shiue

Subdivision methods recursively refine the control mesh (i.e. the input mesh) and generate points approximating
the limit surface. Designed to work on the classPolyhedron3, Subdivisionmethod3 aims to be easy to use
and to extend.Subdivisionmethod3 is not a class, but a namespace which consists of four popular subdivision
methods and their refinement hosts. Supported subdivision methods include Catmull-Clark, Loop, Doo-Sabin
and
√

3 subdivisions. Their respective refinement hosts are PQQ, PTQ, DQQ and
√

3 refinements. Variations
of those methods can be easily extended by substituting the geometry computation of the refinement host.
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CGAL::Subdivision method 3

Definition

A subdivision method recursively refines a coarse mesh and generates an ever closer approximation to a smooth
surface.Subdivisionmethod3 consists of four subdivision methods and their refinement hosts. Each refinement
host is a template function of a polyhedron class and a geometry policy class. It refines the connectivity of the
control mesh and computes the geometry of the refined mesh. The geometry computation is dedicated to the
custom geometry policy. A geometry policy consists of functions that compute the new point based on the
subdivision stencil. A stencil defines the footprint (a submesh of the control mesh) of a new point.

The four supported refinement hosts are the primal quadrilateral quadrisection (PQQ), the primal triangle quadri-
section (PTQ), the dual quadrilateral quadrisection (DQQ), and the

√
3 triangulation. These refinements are

respectively used in Catmull-Clark, Loop, Doo-Sabin and
√

3 subdivision.

#include<CGAL/Subdivisionmethod3.h>

Refinement Host

A refinement host is a template function of a polyhedron class and a geometry mask class. It refines the in-
put polyhedron, and computes new points through the geometry masks.Subdivisionmethod3 supports four
refinement hosts:PQQ, PTQ, DQQandSqrt3.

DQQ Sqrt3PQQ PTQ

template<class Polyhedron3, template<typename> class Mask>
void PQQ( Polyhedron3& p, Mask<Polyhedron3> mask, int step = 1)

applies the PQQ refinement on the control meshp steptimes. The geometry of the refined
mesh is computed by the geometry policymask. This function overwrites the control meshp
with the refined mesh.

template<class Polyhedron3, template<typename> class Mask>
void PTQ( Polyhedron3& p, Mask<Polyhedron3> mask, int step = 1)

applies the PTQ refinement on the control meshp steptimes, wherep contains only triangle
facets. The geometry of the refined mesh is computed by the geometry policymask. This
function overwrites the control meshp with the refined mesh. The result of a non-triangle
meshp is undefined.
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template<class Polyhedron3, template<typename> class Mask>
void DQQ( Polyhedron3& p, Mask<Polyhedron3> mask, int step = 1)

applies the DQQ refinement on the control meshp steptimes. The geometry of the refined
mesh is computed by the geometry policymask. This function overwrites the control meshp
with the refined mesh.

template<class Polyhedron3, template<typename> class Mask>
void Sqrt3( Polyhedron3& p, Mask<Polyhedron3> mask, int step = 1)

applies the
√

3 triangulation on the control meshp steptimes, wherep contains only triangle
facets. The geometry of the refined mesh is computed by the geometry policymask. This
function overwrites the control meshp with the refined mesh. The result of a non-triangle
meshp is undefined.

Subdivision Method

template<class Polyhedron3>
void CatmullClarksubdivision( Polyhedron3& p, int step = 1)

applies Catmull-Clark subdivisionsteptimes on the control meshp. This function overwrites the
control meshp with the subdivided mesh.

template<class Polyhedron3>
void Loopsubdivision( Polyhedron3& p, int step = 1)

applies Loop subdivisionsteptimes on the control meshp. This function overwrites the control
meshp with the subdivided mesh.

template<class Polyhedron3>
void DooSabinsubdivision( Polyhedron3& p, int step = 1)

applies Doo-Sabin subdivisionsteptimes on the control meshp. This function overwrites the
control meshp with the subdivided mesh.

template<class Polyhedron3>
void Sqrt3subdivision( Polyhedron3& p, int step = 1)

applies
√

3 subdivisionsteptimes on the control meshp. This function overwrites the control
meshp with the subdivided mesh.

See Also

CGAL::CatmullClarkmask3<Polyhedron3> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1890
CGAL::Loop mask3<Polyhedron3> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1892
CGAL::Sqrt3mask3<Polyhedron3> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1894
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Example

This example program subdivides a polyhedral mesh with Catmull-Clark subdivision.

// file: examples/Subdivision_method_3/CatmullClark_subdivision.C

#include <CGAL/Cartesian.h>
#include <CGAL/Subdivision_method_3.h>
#include <iostream>
#include <CGAL/Polyhedron_3.h>
#include <CGAL/IO/Polyhedron_iostream.h>

typedef CGAL::Cartesian<double> Kernel;
typedef CGAL::Polyhedron_3<Kernel> Polyhedron;

using namespace std;
using namespace CGAL;

int main(int argc, char** argv) {
if (argc != 2) {

cout << "Usage: CatmullClark_subdivision d < filename" << endl;
cout << " d: the depth of the subdivision (0 < d < 10)" << endl;
cout << " filename: the input mesh (.off)" << endl;
return 0;

}

int d = argv[1][0] - ’0’;

Polyhedron P;
cin >> P; // read the .off

Subdivision_method_3::CatmullClark_subdivision(P,d);

cout << P; // write the .off

return 0;
}
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PQQMask 3

Required member functions for the PQQMask3 concept. This policy concept of geometric computations is
used inCGAL::Subdivisionmethod3::PQQ<Polyhedron3, Mask>.

Operations

void mask.facetnode( Facethandle facet, Point3& pt)

computes the facet-pointpt based on the neighborhood of the
facetf .

void mask.edgenode( Edgehandle e, Point3& pt)

computes the edge-pointpt based on the neighborhood of the
edgee.

void mask.vertexnode( Vertexhandle v, Point3& pt)

computes the vertex-pointpt based on the neighborhood of
the vertexv.

void mask.bordernode( Halfedgehandle e, Point3& ept, Point3& vpt)

computes the edge-pointept and the vertex-pointvpt based
on the neighborhood of the border edgee.

Has Models

CGAL::CatmullClarkmask3<Polyhedron3> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1890

See Also

CGAL::Subdivisionmethod3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1883
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PTQMask 3

Required member functions for the PTQMask3 concept. This policy concept of geometric computations is
used inCGAL::Subdivisionmethod3::PTQ<Polyhedron3, Mask>.

Operations

void mask.edgenode( Edgehandle e, Point3& pt)

computes the edge-pointpt based on the neighborhood of the
edgee.

void mask.vertexnode( Vertexhandle v, Point3& pt)

computes the vertex-pointpt based on the neighborhood of
the vertexv.

void mask.bordernode( Halfedgehandle e, Point3& ept, Point3& vpt)

computes the edge-pointept and the vertex-pointvpt based
on the neighborhood of the border edgee.

Has Models

CGAL::Loop mask3<Polyhedron3> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1892

See Also

CGAL::Subdivisionmethod3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1883
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DQQMask 3

Required member functions for the DQQMask3 concept. This policy concept of geometric computations is
used inCGAL::Subdivisionmethod3::DQQ<Polyhedron3, Mask>.

Operations

void mask.cornernode( Halfedgehandle he, Point3& pt)

computes the subdivided pointpt based on the neighborhood
of the vertex pointed by the halfedgehe.

Has Models

CGAL::DooSabinmask3<Polyhedron3> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1893

See Also

CGAL::Subdivisionmethod3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1883
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Sqrt3Mask 3

Required member functions for the Sqrt3Mask3 concept. This policy concept of geometric computations is
used inCGAL::Subdivisionmethod3::Sqrt3<Polyhedron3, Mask>.

Operations

void mask.facetnode( Facethandle f, Point3& pt)

computes the subdivided pointpt based on the neighborhood
of the facetf .

void mask.vertexnode( Vertexhandle v, Point& pt)

computes the subdivided pointpt based on the neighborhood
of the vertexv.

Has Models

CGAL::Sqrt3mask3<Polyhedron3> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1894

See Also

CGAL::Subdivisionmethod3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1883

1889



C
la

ss

CGAL::CatmullClark mask 3<Polyhedron 3>

Definition

A stencil determines a source neighborhood whose points contribute to the position of a refined point. The
geometry mask of a stencil specifies the computation on the nodes of the stencil.CatmullClark mask3<
Polyhedron3> implements the geometry masks of Catmull-Clark subdivision on aPolyhedron3<Cartesian>.

#include<CGAL/Subdivisionmask3.h>

Parameters

The full template declaration ofCatmullClark mask3<Polyhedron3> states one template parameter:

template< class Polyhedron3> class CatmullClarkmask3;

The only parameter requires aPolyhedron3 as the argument. ThePolyhedron3 should be specialized with the
Cartesiankernel, which defines thePoint 3 for the vertices.

Creation

CatmullClark mask3<Polyhedron3> CC; default constructor.

Stencil functions

void CC.facetnode( Facethandle f, Point3& pt)

computes the Catmull-Clark facet-pointpt of the facetf .

void CC.edgenode( Edgehandle e, Point3& pt)

computes the Catmull-Clark edge-pointpt of the edgee.

void CC.vertexnode( Vertexhandle v, Point3& pt)

computes the Catmull-Clark vertex-pointpt of the vertexv.

void CC.bordernode( Halfedgehandle e, Point3& ept, Point3& vpt)

computes the Catmull-Clark edge-pointept and the Catmull-Clark vertex-pointvpt of the
border edgee.
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See Also

CGAL::Subdivisionmethod3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1883
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CGAL::Loop mask 3<Polyhedron 3>

Definition

A stencil determines a source neighborhood whose points contribute to the position of a refined point. The
geometry mask of a stencil specifies the computation on the nodes of the stencil.Loop mask3<Polyhedron3>
implements the geometry masks of Loop subdivision on a triangulatedPolyhedron3<Cartesian>.

#include<CGAL/Subdivisionmask3.h>

Parameters

The full template declaration ofLoop mask3<Polyhedron3> states one template parameter:

template< class Polyhedron3> class Loopmask3;

The only parameter requires aPolyhedron3 as the argument. ThePolyhedron3 should be specialized with the
Cartesiankernel, which defines thePoint 3 for the vertices.

Creation

Loop mask3<Polyhedron3> L; default constructor.

Stencil functions

void L.edgenode( Edgehandle e, Point3& pt)

computes the Loop edge-pointpt of the edgee.

void L.vertexnode( Vertexhandle v, Point3& pt)

computes the Loop vertex-pointpt of the vertexv.

void L.bordernode( Halfedgehandle e, Point3& ept, Point3& vpt)

computes the Loop edge-pointeptand the Loop vertex-pointvpt of the border edgee.

See Also

CGAL::Subdivisionmethod3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1883
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CGAL::DooSabin mask 3<Polyhedron 3>

Definition

A stencil determines a source neighborhood whose points contribute to the position of a refined point. The ge-
ometry mask of a stencil specifies the computation on the nodes of the stencil.DooSabinmask3<Polyhedron
3> implements the geometry masks of Doo-Sabin subdivision on aPolyhedron3<Cartesian>.

#include<CGAL/Subdivisionmask3.h>

Parameters

The full template declaration ofDooSabinmask3<Polyhedron3> states one template parameter:

template< class Polyhedron3> class DooSabinmask3;

The only parameter requires aPolyhedron3 as the argument. ThePolyhedron3 should be specialized with the
Cartesiankernel, which defines thePoint 3 for the vertices.

Creation

DooSabinmask3<Polyhedron3> DS; default constructor.

Stencil functions

void DS.cornernode( Halfedgehandle he, Point3& pt)

computes the Doo-Sabin pointpt of the vertex pointed by the halfedgehe.

See Also

CGAL::Subdivisionmethod3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1883
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CGAL::Sqrt3 mask 3<Polyhedron 3>

Definition

A stencil determines a source neighborhood whose points contribute to the position of a refined point. The
geometry mask of a stencil specifies the computation on the nodes of the stencil.Sqrt3 mask3<Polyhedron3>
implements the geometry masks of

√
3 subdivision on a triangulatedPolyhedron3<Cartesian>.

#include<CGAL/Subdivisionmask3.h>

Parameters

The full template declaration ofSqrt3 mask3<Polyhedron3> states one template parameter:

template< class Polyhedron3> class Sqrt3mask3;

The only parameter requires aPolyhedron3 as the argument. ThePolyhedron3 should be specialized with the
Cartesiankernel, which defines thePoint 3 for the vertices.

Creation

Sqrt3 mask3<Polyhedron3> S; default constructor.

Stencil functions

void S.facetnode( Facethandle f, Point3& pt)

computes the
√

3 facet-pointpt of the facetf .

void S.vertexnode( Vertexhandle v, Point& pt)

computes the
√

3 vertex-pointpt of the vertexv.

See Also

CGAL::Subdivisionmethod3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1883
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32.1 Introduction

Parameterizing a surface amounts to finding a one-to-one mapping from a suitable domain to the surface. A good
mapping is the one which minimizes either angle distortions (conformal parameterization) or area distortions
(equiareal parameterization) in some sense. In this package, we focus on parameterizing triangulated surfaces
which are homeomorphic to a disk, and on piecewise linear mappings onto a planar domain.

Although the main motivation behind the first parameterization methods was the application to texture mapping,
it is now frequently used for mapping more sophisticated modulation signals (such as normal, transparency,
reflection or light modulation maps), fitting scattered data, re-parameterizing spline surfaces, repairing CAD
models, approximating surfaces and remeshing.

This CGAL package implements some of the state-of-the-art surface parameterization methods, such as least
squares conformal maps, discrete conformal map, discrete authalic parameterization, Floater mean value coor-
dinates or tutte barycentric mapping. These methods mainly distinguish by the distortion they minimize (angles
vs. areas), by the constrained border onto the planar domain (convex polygon vs. free border) and by the
guarantees provided in terms of bijective mapping.

The package proposes currently an interface withCGAL::Polyhedron3<Traits> data structure.

Since parameterizing meshes require efficient representation of sparse matrices and efficient iterative or direct
linear solvers, we provide a unified interface to state-of-the-art linear solver libraries (TAUCS), and propose a
separate package devoted to OpenNL sparse linear solver.

Note that linear solvers commonly use double precision floating point numbers. Therefore, this package is
intended to be used with a CGAL Cartesian kernel with doubles.

The intended audience of this package is researchers, developers or students developing algorithms around
parameterization of triangle meshes for geometry processing as well as for signal mapping on triangulated
surfaces.
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Figure 32.1: Texture mapping via Least Squares Conformal Maps parameterization. Top: original mesh and
texture. Bottom: parameterized mesh (left: parameter space, right: textured mesh).

32.2 Basics

32.2.1 Default Surface Parameterization

From the user point of view, the simplest entry point to this package is the following function:
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Parameterizertraits 3<ParameterizationMesh3>::Error code

parameterize( ParameterizationMesh3 & mesh)

Compute a one-to-one mapping from a 3D triangle surface
mesh to a 2D circle, using Floater Mean Value Coordinates
algorithm. A one-to-one piecewise linear mapping is guar-
anteed. The result is a pair of (u,v) parameter coordinates for
each vertex of the input mesh.
Preconditions: mesh must be a triangle mesh surface with
one connected component.

The function CGAL::parameterize()applies a default surface parameterization method: Floater Mean
Value Coordinates [Flo03a], with an arc-length circular border parameterization, and using OpenNL
sparse linear solver [Lev05]. The ParameterizationMesh3 concept defines the input meshes handled by
CGAL::parameterize(). See Section32.2.2. The result is stored into the (u,v) fields of the mesh halfedges.

Note: CGAL::Parameterizertraits 3<ParameterizationMesh3> is the (pure virtual) superclass of all surface
parameterizations and defines the error codes.

32.2.2 Input Mesh for parameterize()

The input meshes handleddirectly by CGAL::parameterize()must be models ofParameterizationMesh3, tri-
angulated, 2-manifold, oriented, and homeomorphic to discs (possibly with holes).

Note:ParameterizationMesh3 is a general concept to access a polyhedral mesh. It is optimized for theSurface
meshparameterizationpackage only in the sense that it defines the accessors to fields specific to the parame-
terization domain (index, u, v, is parameterized). The extra constraints needed by the surface parameterization
methods (triangulated, 2-manifold, homeomorphic to a disc) are not part of the concept and are checked at
runtime.

This package provides a model of theParameterizationMesh3 concept to accessCGAL::Polyhedron3<Traits>
:
CGAL::Parameterizationpolyhedronadaptor 3<Polyhedron3 >

We will see later thatCGAL::parameterize()can supportindirectlymeshes that are not topological disks.

32.2.3 Default Parameterization Example

Simpleparameterization.Capplies the default parameterization to aCGAL::Polyhedron3<Traits> mesh (must
be a topological disk). Eventually, it extracts the result from halfedges and prints it.

// Simple_parameterization.C

#include <CGAL/Cartesian.h>
#include <CGAL/Polyhedron_3.h>
#include <CGAL/IO/Polyhedron_iostream.h>
#include <CGAL/Parameterization_polyhedron_adaptor_3.h>
#include <CGAL/parameterize.h>
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#include <iostream>
#include <stdlib.h>
#include <stdio.h>
#include <fstream>

// ----------------------------------------------------------------------------
// Private types
// ----------------------------------------------------------------------------

typedef CGAL::Cartesian<double> Kernel;
typedef CGAL::Polyhedron_3<Kernel> Polyhedron;

// ----------------------------------------------------------------------------
// main()
// ----------------------------------------------------------------------------

int main(int argc, char * argv[])
{

std::cerr << "PARAMETERIZATION" << std::endl;
std::cerr << " Floater parameterization" << std::endl;
std::cerr << " Circle border" << std::endl;
std::cerr << " OpenNL solver" << std::endl;

//***************************************
// decode parameters
//***************************************

if (argc-1 != 1)
{

std::cerr << "Usage: " << argv[0] << " input_file.off" << std::endl;
return(EXIT_FAILURE);

}

// File name is:
const char* input_filename = argv[1];

//***************************************
// Read the mesh
//***************************************

// Read the mesh
std::ifstream stream(input_filename);
if(!stream)
{

std::cerr << "FATAL ERROR: cannot open file " << input_filename << std::endl;
return EXIT_FAILURE;

}
Polyhedron mesh;
stream >> mesh;

//***************************************
// Create Polyhedron adaptor
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// Note: no cutting => we support only
// meshes that are topological disks
//***************************************

typedef CGAL::Parameterization_polyhedron_adaptor_3<Polyhedron>
Parameterization_polyhedron_adaptor;

Parameterization_polyhedron_adaptor mesh_adaptor(mesh);

//***************************************
// Floater Mean Value Coordinates parameterization
// (defaults are circular border and OpenNL solver)
//***************************************

// Type that defines the error codes
typedef CGAL::Parameterizer_traits_3<Parameterization_polyhedron_adaptor>

Parameterizer;

Parameterizer::Error_code err = CGAL::parameterize(mesh_adaptor);
if (err != Parameterizer::OK)

std::cerr << "FATAL ERROR: " << Parameterizer::get_error_message(err) << std::endl;

//***************************************
// Output
//***************************************

if (err == Parameterizer::OK)
{

// Raw output: dump (u,v) pairs
Polyhedron::Vertex_const_iterator pVertex;
for (pVertex = mesh.vertices_begin();

pVertex != mesh.vertices_end();
pVertex++)

{
// (u,v) pair is stored in any halfedge
double u = mesh_adaptor.info(pVertex->halfedge())->uv().x();
double v = mesh_adaptor.info(pVertex->halfedge())->uv().y();
std::cout << "(u,v) = (" << u << "," << v << ")" << std::endl;

}
}

return (err == Parameterizer::OK) ? EXIT_SUCCESS : EXIT_FAILURE;
}

32.2.4 Enhanced parameterize() function

This package provides a secondCGAL::parameterize()entry point where the user can specify a parameteriza-
tion method:

Parameterizertraits 3<ParameterizationMesh3>::Error code

parameterize( ParameterizationMesh3 & mesh,
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ParameterizerTraits3 parameterizer)

Compute a one-to-one mapping from a 3D triangle surface
’mesh’ to a simple 2D domain. The mapping is piecewise
linear on the triangle mesh. The result is a pair (u,v) of pa-
rameter coordinates for each vertex of the input mesh. One-
to-one mapping may be guaranteed or not, depending on the
chosenParametizerTraits3 algorithm.
Preconditions: ’mesh’ must be a triangle surface mesh with
one connected component, and the mesh border must be
mapped onto a convex polygon (for fixed border parameteri-
zations).

32.2.5 Introduction to the Package Concepts

The ParameterizerTraits 3 concept

This CGAL package implements some of the state-of-the-art surface parameterization methods, such as Least
Squares Conformal Maps, Discrete Conformal Map, Discrete Authalic Parameterization, Floater Mean Value
Coordinates or Tutte Barycentric Mapping. These methods are provided as models of theParameterizerTraits3
concept. See Section32.3.

Each of these surface parameterization methods is templated by the input mesh type, a border parameterization
and a solver:

Figure 32.2: A parameterizer UML class diagram (simplified).

The BorderParameterizer 3 concept

Parameterization methods for borders are used as traits classes modifying the behavior ofParameterizerTraits3
models. They are provided as models of theBorderParameterizer3 concept. See Sections32.3.1and32.3.2.

The SparseLinearAlgebraTraits d concept

This package solves sparse linear systems using solvers which are models ofSparseLinearAlgebraTraitsd. See
Section32.4.
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The ParameterizationMesh3 and ParameterizationPatchableMesh3 Concepts

As described in Section32.2.2the input meshes handled byCGAL::parameterize()must be models of the
ParameterizationMesh3 concept. The surface parameterization methods provided by this package only support
surfaces which are homeomorphic to disks, possibly with holes. Nevertheless meshed with arbitrary topology
and number of connected components can be parameterized, provided that the user specifies acut graph(an
oriented list of vertices) which is the border of a topological disc. If no cut graph is specified as input, the
longest border of the input mesh is taken by default, the others being considered as holes.

For this purpose, theCGAL::Parameterizationmeshpatch 3<ParameterizationPatchableMesh3> class is re-
sponsible forvirtually cutting a patch into aParameterizationPatchableMesh3 mesh. The resulting patch is a
topological disk (if the input cutting path is correct) and provides aParameterizationMesh3 interface. It can
be used as parameter for the functionCGAL::parameterize().

ParameterizationPatchableMesh3 inherits fromParameterizationMesh3, thus is a concept for a 3D surface
mesh.ParameterizationPatchableMesh3 adds the ability to support patches and virtual seams.Patchesare a
subset of a 3D mesh.Virtual seamsbehave as if the surface was cut along a cut graph. More information is
provided in Section32.5.

32.3 Surface Parameterization Methods

This CGAL package implements some of the state-of-the-art surface parameterization methods, such as Least
Squares Conformal Maps, Discrete Conformal Map, Discrete Authalic Parameterization, Floater Mean Value
Coordinates or Tutte Barycentric Mapping. These methods are provided as models of theParameterizerTraits3
concept.

32.3.1 Fixed Border Surface Parameterizations

Fixed Border Surface Parameterizations need a set of constraints: two (u,v) coordinates for each vertex along
the border. Such border parameterizations are described in Section32.3.1.

Tutte Barycentric Mapping

CGAL::Barycentricmappingparameterizer3<ParameterizationMesh3, BorderParameterizer3,
SparseLinearAlgebraTraitsd>

The Barycentric Mapping parameterization method has been introduced by Tutte [Tut63]. In parameter space,
each vertex is placed at the barycenter of its neighbors to achieve the so-called convex combination condition.
This algorithm amounts to solve one sparse linear solver for each set of parameter coordinates, with a #vertices
x #vertices sparse and symmetric positive definite matrix (if the border vertices are eliminated from the linear
system). A coefficient(i, j) of the matrix is set to 1 for an edge linking the vertexvi to the vertexv j , to minus the
degree of the vertexvi for a diagonal element, and to 0 for any other matrix entry. Although a bijective mapping
is guaranteed when the border is convex, this method does not minimize angles nor areas distortion.
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Figure 32.3: Left: Tutte barycentric mapping parameterization (the red line depicts the cut graph). Right:
parameter space.

Discrete Conformal Map

CGAL::Discreteconformalmap parameterizer3<ParameterizationMesh3, BorderParameterizer3,
SparseLinearAlgebraTraitsd>

Discrete conformal map parameterization has been introduced by Eck et al. to the graphics commu-
nity [EDD+95]. It attempts to lower angle deformation by minimizing a discrete version of the Dirichlet energy
as derived by Pinkall and Polthier [PP93]. A one-to-one mapping is guaranteed only when the two following
conditions are fulfilled: the barycentric mapping condition (each vertex in parameter space is a convex combi-
nation if its neighboring vertices), and the border is convex. This method solves two #vertices x #vertices sparse
linear systems. The matrix (the same for both systems) is sparse and symmetric definite positive (if the border
vertices are eliminated from the linear system and if the mesh contains no hole), thus can be efficiently solved
using dedicated linear solvers.

Figure 32.4: Left: discrete conformal map. Right: parameter space.
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Floater Mean Value Coordinates

CGAL::Meanvalue coordinatesparameterizer3<ParameterizationMesh3, BorderParameterizer3,
SparseLinearAlgebraTraitsd>

The mean value coordinates parameterization method has been introduced by Floater [Flo03a]. Each vertex
in parameter space is optimized so as to be a convex combination of its neighboring vertices. The barycentric
coordinates are this time unconditionally positive, by deriving an application of the mean theorem for harmonic
functions. This method is in essence an approximation of the discrete conformal maps, with a guaranteed one-
to-one mapping when the border is convex. This method solves two #vertices x #vertices sparse linear systems.
The matrix (the same for both systems) is asymmetric.

Figure 32.5: Floater Mean Value Coordinates

Discrete Authalic parameterization

CGAL::Discreteauthalic parameterizer3<ParameterizationMesh3, BorderParameterizer3,
SparseLinearAlgebraTraitsd>

The discrete authalic parameterization method has been introduced by Desbrun et al. [DMA02]. It corresponds
to a weak formulation of an area-preserving method, and in essence locally minimizes the area distortion. A
one-to-one mapping is guaranteed only if the convex combination condition is fulfilled and the border is convex.
This method solves two #vertices x #vertices sparse linear systems. The matrix (the same for both systems) is
asymmetric.
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Figure 32.6: Discrete Authalic Parameterization

Border Parameterizations for Fixed Methods

Parameterization methods for borders are used as traits classes modifying the behavior ofParameterizerTraits
3 models. They are provided as models of theBorderParameterizer3 concept. Border parameterizations for
fixed border surface parameterizations are a family of methods to define a set of constraints, namely twou,v
coordinates for each vertex along the border.

• The user can select a border parameterization among two commonly used methods: uniform or arc-length
parameterization.

Usage:

Uniform border parameterization is more stable, although it gives poor visual results. The arc-length
border parameterization is used by default.

• One convex shape specified by one shape among two standard ones: a circle or a square.

Usage:

The circular border parameterization is used by default as it corresponds to the simplest convex shape.
The square border parameterization is commonly used for texture mapping.

CGAL::Circular border arc length parameterizer3<ParameterizationMesh3>
CGAL::Circular border uniform parameterizer3<ParameterizationMesh3>
CGAL::Squareborder arc length parameterizer3<ParameterizationMesh3>
CGAL::Squareborder uniform parameterizer3<ParameterizationMesh3>
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Figure 32.7: Left: Julius Cesar mask parameterization with Authalic/circular border. Right: Julius Cesar mask’s
image with Floater/square border.

32.3.2 Free Border Surface Parameterizations

Least Squares Conformal Maps

CGAL::LSCMparameterizer3<ParameterizationMesh3, BorderParameterizer3,
SparseLinearAlgebraTraitsd>

The Least Squares Conformal Maps (LSCM) parameterization method has been introduced by Lévy et
al. [LPRM02]. It corresponds to a conformal method with a free border (at least two vertices have to be
constrained to obtain a unique solution), which allows further lowering of the angle distortion. A one-to-one
mapping is not guaranteed by this method. It solves a (2× #triangles)× #vertices sparse linear system in the
least squares sense, which implies solving a symmetric matrix.
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Figure 32.8: Least squares conformal maps.

Border Parameterizations for Free Methods

Parameterization methods for borders are used as traits classes modifying the behavior ofParameterizerTraits
3 models. They are provided as models of theBorderParameterizer3 concept. The border parameterizations
associated to free border surface parameterization methods define only two constraints: the pinned vertices.

• CGAL::Two verticesparameterizer3<ParameterizationMesh3>

Usage:

CGAL::Two verticesparameterizer3<ParameterizationMesh3> is the default free border parameteri-
zation, and is the only one available in the current version of this package.

32.3.3 Discrete Authalic Parameterization Example

Authalic parameterization.Ccomputes a Discrete Authalic parameterization over aCGAL::Polyhedron3<
Traits> mesh. Specifying a specific surface parameterization instead of the default one means using the second
parameter ofCGAL::parameterize(). The differences with the first exampleSimpleparameterization.Care:

#include <CGAL/Discrete_authalic_parameterizer_3.h>

...

//***************************************
// Discrete Authalic Parameterization
//***************************************

typedef CGAL::Discrete_authalic_parameterizer_3<Parameterization_polyhedron_adaptor>
Parameterizer;

Parameterizer::Error_code err = CGAL::parameterize(mesh_adaptor, Parameterizer());

...

32.3.4 Square Border Arc Length Parameterization Example

Squareborder parameterization.Ccomputes a Floater mean value coordinates parameterization with a
square border arc length parameterization. Specifying a specific border parameterization instead of
the default one means using the second parameter ofCGAL::Meanvalue coordinatesparameterizer3<
ParameterizationMesh3, BorderParameterizer3, SparseLinearAlgebraTraitsd>. The differences with the
first exampleSimpleparameterization.Care:

#include <CGAL/Square_border_parameterizer_3.h>

1907



...

//***************************************
// Floater Mean Value Coordinates parameterization
// with square border
//***************************************

// Square border parameterizer
typedef CGAL::Square_border_arc_length_parameterizer_3<Parameterization_polyhedron_adaptor>

Border_parameterizer;

// Floater Mean Value Coordinates parameterizer with square border
typedef CGAL::Mean_value_coordinates_parameterizer_3<Parameterization_polyhedron_adaptor,

Border_parameterizer>
Parameterizer;

Parameterizer::Error_code err = CGAL::parameterize(mesh_adaptor, Parameterizer());

...

32.4 Sparse Linear Algebra

Parameterizing triangle meshes requires both efficient representation of sparse matrices and efficient iterative or
direct linear solvers. We provide links to standard libraries (TAUCS) and include a separate package devoted to
OpenNL sparse linear solver.

32.4.1 List of Solvers

We provide an interface to several sparse linear solvers, as models of theSparseLinearAlgebraTraitsd concept:

• OpenNL [Lev05] is shipped with CGAL. This is the default solver.

OpenNL::DefaultLinearSolverTraits<COEFFTYPE, MATRIX, VECTOR, SOLVER> in OpenNL package
OpenNL::SymmetricLinearSolverTraits<COEFFTYPE, MATRIX, VECTOR, SOLVER> in OpenNL
package

Usage:

OpenNL (in the version shipped with CGAL) is a lightweight sparse linear solver. It does not support
large systems, but it is highly portable and supports exact number types.

• TAUCS is a state-of-the-art direct solver for sparse symmetric matrices. It also includes an out-of-core
general sparse solver.

CGAL::Taucssolver traits<T>
CGAL::Taucssymmetricsolver traits<T>

Usage:
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TAUCS is very robust and supports large systems. On the other hand, it is not available on all platforms
supported by CGAL and does not support exact number types.

Install:

TAUCS can be downloaded fromhttp://www.tau.ac.il/ stoledo/taucs/2.2/taucsfull.zip.

32.4.2 TAUCS Solver Example

Taucsparameterization.Ccomputes the default parameterization method (Floater mean value coordinates with
a circular border), but specifically instantiates the TAUCS solver. Specifying a specific solver instead of the
default one (OpenNL) means using the third parameter ofCGAL::Meanvalue coordinatesparameterizer3<
ParameterizationMesh3, BorderParameterizer3, SparseLinearAlgebraTraitsd>. The differences with the
first exampleSimpleparameterization.Care:

#include <CGAL/Taucs_solver_traits.h>

...

//***************************************
// Floater Mean Value Coordinates parameterization
// (circular border) with TAUCS solver
//***************************************

// Circular border parameterizer (the default)
typedef CGAL::Circular_border_arc_length_parameterizer_3<Parameterization_polyhedron_adaptor>

Border_parameterizer;
// TAUCS solver
typedef CGAL::Taucs_solver_traits<double> Solver;

// Floater Mean Value Coordinates parameterization
// (circular border) with TAUCS solver
typedef CGAL::Mean_value_coordinates_parameterizer_3<Parameterization_polyhedron_adaptor,

Border_parameterizer,
Solver>

Parameterizer;

Parameterizer::Error_code err = CGAL::parameterize(mesh_adaptor, Parameterizer());

...

32.5 Cutting a Mesh

32.5.1 Computing a Cut Graph

All surface parameterization methods proposed in this package only deal with meshes which are homeomorphic
(topologically equivalent) to discs. Nevertheless meshes with arbitrary topology and number of connected
components car be parameterized, provided that the user specifies a cut graph (an oriented list of vertices),

1909



which is the border of a topological disc. If no cut graph is provided as input, the longest border already in the
input mesh is taken as default border, all other borders being considered as holes. Note that only the inside part
(i.e., one connected component) of the given border is parameterized.

Figure 32.9: Cut Graph

This package does not provide any algorithm to transform an arbitrary mesh into a topological disk, the user be-
ing responsible for generating such a cut graph. Nevertheless, we provide inpolyhedronex parameterization.C
a simple cutting algorithm for the sake of completeness.

32.5.2 Applying a Cut

The surface parameterization classes in this package onlydirectly support surfaces which are homeomorphic
to disks (models ofParameterizationMesh3). This software design simplifies the implementation of all new
parameterization methods.

TheCGAL::Parameterizationmeshpatch 3<ParameterizationPatchableMesh3> class is responsible forvir-
tually cutting a patch in aParameterizationPatchableMesh3 mesh. The resulting patch is a topological disk
(if the cut graph is correct) and provides aParameterizationMesh3 interface. It can be used as parameter of
CGAL::parameterize().

ParameterizationPatchableMesh3 inherits from conceptParameterizationMesh3, thus is a concept for a 3D
surface mesh.ParameterizationPatchableMesh3 adds the ability to support patches and virtual seams.Patches
are a subset of a 3D mesh.Virtual seamsbehave exactly as if the surface was cut along a certain graph.

The ParameterizationMesh3 interface with the Polyhedron is both a model ofParameterizationMesh3 and
ParameterizationPatchableMesh3:
CGAL::Parameterizationpolyhedronadaptor 3<Polyhedron3 >

Note that this class is a decorator which addson the flythe necessary fields to unmodified CGAL data structures
(using STL maps). For better performances, it is recommended to use CGAL data structures enriched with the
proper fields. SeePolyhedronexclass inpolyhedronex parameterization.Cexample.

32.5.3 Cutting a Mesh Example

Meshcutting parameterization.C virtuallycuts aCGAL::Polyhedron3<Traits> mesh to make it a topological
disk, then applies the default parameterization:
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// Mesh_cutting_parameterization.C

#include <CGAL/Cartesian.h>
#include <CGAL/Polyhedron_3.h>
#include <CGAL/IO/Polyhedron_iostream.h>
#include <CGAL/Parameterization_polyhedron_adaptor_3.h>
#include <CGAL/parameterize.h>
#include <CGAL/Parameterization_mesh_patch_3.h>

#include <iostream>
#include <stdlib.h>
#include <stdio.h>
#include <fstream>

// ----------------------------------------------------------------------------
// Private types
// ----------------------------------------------------------------------------

typedef CGAL::Cartesian<double> Kernel;
typedef CGAL::Polyhedron_3<Kernel> Polyhedron;

// Polyhedron adaptor
typedef CGAL::Parameterization_polyhedron_adaptor_3<Polyhedron>

Parameterization_polyhedron_adaptor;

// Type describing a border or seam as a vertex list
typedef std::list<Parameterization_polyhedron_adaptor::Vertex_handle>

Seam;

// ----------------------------------------------------------------------------
// Private functions
// ----------------------------------------------------------------------------

// If the mesh is a topological disk, extract its longest border,
// else compute a very simple cut to make it homeomorphic to a disk.
// Return the border of this region (empty on error)
//
// CAUTION: this cutting algorithm is very naive. Write your own!
static Seam cut_mesh(Parameterization_polyhedron_adaptor& mesh_adaptor)
{

// Helper class to compute genus or extract borders
typedef CGAL::Parameterization_mesh_feature_extractor<Parameterization_polyhedron_adaptor>

Mesh_feature_extractor;

Seam seam; // returned list

// Get reference to Polyhedron_3 mesh
Polyhedron& mesh = mesh_adaptor.get_adapted_mesh();

// Extract mesh borders and compute genus
Mesh_feature_extractor feature_extractor(mesh_adaptor);
int nb_borders = feature_extractor.get_nb_borders();
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int genus = feature_extractor.get_genus();

// If mesh is a topological disk
if (genus == 0 && nb_borders > 0)
{

// Pick the longest border
seam = feature_extractor.get_longest_border();

}
else // if mesh is NOT a topological disk, create a virtual cut
{

const int CUT_LENGTH = 6;

// Build consecutive halfedges array
Polyhedron::Halfedge_handle seam_halfedges[CUT_LENGTH];
seam_halfedges[0] = mesh.halfedges_begin();
if (seam_halfedges[0] == NULL)

return seam; // return empty list
int i;
for (i=1; i<CUT_LENGTH; i++)
{

seam_halfedges[i] = seam_halfedges[i-1]->next()->opposite()->next();
if (seam_halfedges[i] == NULL)

return seam; // return empty list
}

// Convert halfedges array to two-ways vertices list
for (i=0; i<CUT_LENGTH; i++)

seam.push_back(seam_halfedges[i]->vertex());
for (i=CUT_LENGTH-1; i>=0; i--)

seam.push_back(seam_halfedges[i]->opposite()->vertex());
}

return seam;
}

// ----------------------------------------------------------------------------
// main()
// ----------------------------------------------------------------------------

int main(int argc, char * argv[])
{

std::cerr << "PARAMETERIZATION" << std::endl;
std::cerr << " Floater parameterization" << std::endl;
std::cerr << " Circle border" << std::endl;
std::cerr << " OpenNL solver" << std::endl;
std::cerr << " Very simple cut if model is not a topological disk" << std::endl;

//***************************************
// decode parameters
//***************************************

if (argc-1 != 1)
{
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std::cerr << "Usage: " << argv[0] << " input_file.off" << std::endl;
return(EXIT_FAILURE);

}

// File name is:
const char* input_filename = argv[1];

//***************************************
// Read the mesh
//***************************************

// Read the mesh
std::ifstream stream(input_filename);
if(!stream)
{

std::cerr << "FATAL ERROR: cannot open file " << input_filename << std::endl;
return EXIT_FAILURE;

}
Polyhedron mesh;
stream >> mesh;

//***************************************
// Create Polyhedron adaptor
//***************************************

Parameterization_polyhedron_adaptor mesh_adaptor(mesh);

//***************************************
// Virtually cut mesh
//***************************************

// The parameterization methods support only meshes that
// are topological disks => we need to compute a "cutting" of the mesh
// that makes it homeomorphic to a disk
Seam seam = cut_mesh(mesh_adaptor);
if (seam.empty())
{

std::cerr << "FATAL ERROR: an unexpected error occurred while cutting the shape" << std::endl;
return EXIT_FAILURE;

}

// Create a second adaptor that virtually "cuts" the mesh following the ’seam’ path
typedef CGAL::Parameterization_mesh_patch_3<Parameterization_polyhedron_adaptor>

Mesh_patch_polyhedron;
Mesh_patch_polyhedron mesh_patch(mesh_adaptor, seam.begin(), seam.end());

//***************************************
// Floater Mean Value Coordinates parameterization
//***************************************

// Type that defines the error codes
typedef CGAL::Parameterizer_traits_3<Mesh_patch_polyhedron>

Parameterizer;
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Parameterizer::Error_code err = CGAL::parameterize(mesh_patch);
if (err != Parameterizer::OK)

std::cerr << "FATAL ERROR: " << Parameterizer::get_error_message(err) << std::endl;

//***************************************
// Output
//***************************************

if (err == Parameterizer::OK)
{

// Raw output: dump (u,v) pairs
Polyhedron::Vertex_const_iterator pVertex;
for (pVertex = mesh.vertices_begin();

pVertex != mesh.vertices_end();
pVertex++)

{
// (u,v) pair is stored in any halfedge
double u = mesh_adaptor.info(pVertex->halfedge())->uv().x();
double v = mesh_adaptor.info(pVertex->halfedge())->uv().y();
std::cout << "(u,v) = (" << u << "," << v << ")" << std::endl;

}
}

return (err == Parameterizer::OK) ? EXIT_SUCCESS : EXIT_FAILURE;
}

32.6 Output

Parameterization methods compute(u,v) fields for each vertex of the input mesh, with the seam vertices being
virtually duplicated (thanks toCGAL::Parameterizationmeshpatch 3<ParameterizationPatchableMesh3>).
To support this duplication,CGAL::Parameterizationpolyhedronadaptor 3<Polyhedron3 > stores the result
in the(u,v) fields of the input mesh halfedges. A(u,v) pair is computed for each inner vertex (i.e. its halfedges
share the same(u,v) pair), while a(u,v) pair is computed for each border halfedge. The user has to iterate over
the mesh halfedges to get the result. Note that(u,v) fields do not exist inCGAL::Polyhedron3<Traits>, thus
the output traversal is specific to the way the (u,v) fields are implemented by the adaptor.

32.6.1 EPS Output Example

Completeparameterizationexample.Cis a complete parameterization example which outputs the resulting
parameterization to a EPS file. It gets the(u,v) fields computed by a parameterization method over a
CGAL::Polyhedron3<Traits> mesh with aCGAL::Parameterizationpolyhedronadaptor 3<Polyhedron3 >
adaptor:

// Complete_parameterization_example.C

#include <CGAL/basic.h> // include basic.h before testing #defines

#ifdef CGAL_USE_TAUCS
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#include <CGAL/Cartesian.h>
#include <CGAL/Polyhedron_3.h>
#include <CGAL/IO/Polyhedron_iostream.h>
#include <CGAL/Parameterization_polyhedron_adaptor_3.h>
#include <CGAL/parameterize.h>
#include <CGAL/Discrete_authalic_parameterizer_3.h>
#include <CGAL/Square_border_parameterizer_3.h>
#include <CGAL/Parameterization_mesh_patch_3.h>

#include <CGAL/Taucs_solver_traits.h>

#include <iostream>
#include <stdlib.h>
#include <stdio.h>
#include <fstream>

// ----------------------------------------------------------------------------
// Private types
// ----------------------------------------------------------------------------

typedef CGAL::Cartesian<double> Kernel;
typedef CGAL::Polyhedron_3<Kernel> Polyhedron;

// Polyhedron adaptor
typedef CGAL::Parameterization_polyhedron_adaptor_3<Polyhedron>

Parameterization_polyhedron_adaptor;

// Type describing a border or seam as a vertex list
typedef std::list<Parameterization_polyhedron_adaptor::Vertex_handle>

Seam;

// ----------------------------------------------------------------------------
// Private functions
// ----------------------------------------------------------------------------

// If the mesh is a topological disk, extract its longest border,
// else compute a very simple cut to make it homeomorphic to a disk.
// Return the border of this region (empty on error)
//
// CAUTION: this cutting algorithm is very naive. Write your own!
static Seam cut_mesh(Parameterization_polyhedron_adaptor& mesh_adaptor)
{

// Helper class to compute genus or extract borders
typedef CGAL::Parameterization_mesh_feature_extractor<Parameterization_polyhedron_adaptor>

Mesh_feature_extractor;

Seam seam; // returned list

// Get reference to Polyhedron_3 mesh
Polyhedron& mesh = mesh_adaptor.get_adapted_mesh();
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// Extract mesh borders and compute genus
Mesh_feature_extractor feature_extractor(mesh_adaptor);
int nb_borders = feature_extractor.get_nb_borders();
int genus = feature_extractor.get_genus();

// If mesh is a topological disk
if (genus == 0 && nb_borders > 0)
{

// Pick the longest border
seam = feature_extractor.get_longest_border();

}
else // if mesh is NOT a topological disk, create a virtual cut
{

const int CUT_LENGTH = 6;

// Build consecutive halfedges array
Polyhedron::Halfedge_handle seam_halfedges[CUT_LENGTH];
seam_halfedges[0] = mesh.halfedges_begin();
if (seam_halfedges[0] == NULL)

return seam; // return empty list
int i;
for (i=1; i<CUT_LENGTH; i++)
{

seam_halfedges[i] = seam_halfedges[i-1]->next()->opposite()->next();
if (seam_halfedges[i] == NULL)

return seam; // return empty list
}

// Convert halfedges array to two-ways vertices list
for (i=0; i<CUT_LENGTH; i++)

seam.push_back(seam_halfedges[i]->vertex());
for (i=CUT_LENGTH-1; i>=0; i--)

seam.push_back(seam_halfedges[i]->opposite()->vertex());
}

return seam;
}

// Dump parameterized mesh to an eps file
static bool write_file_eps(const Parameterization_polyhedron_adaptor& mesh_adaptor,

const char *pFilename,
double scale = 500.0)

{
const Polyhedron& mesh = mesh_adaptor.get_adapted_mesh();

std::ofstream out(pFilename);
if(!out)

return false;
CGAL::set_ascii_mode(out);

// compute bounding box
double xmin,xmax,ymin,ymax;
xmin = ymin = xmax = ymax = 0;
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Polyhedron::Halfedge_const_iterator pHalfedge;
for (pHalfedge = mesh.halfedges_begin();

pHalfedge != mesh.halfedges_end();
pHalfedge++)

{
double x1 = scale * mesh_adaptor.info(pHalfedge->prev())->uv().x();
double y1 = scale * mesh_adaptor.info(pHalfedge->prev())->uv().y();
double x2 = scale * mesh_adaptor.info(pHalfedge)->uv().x();
double y2 = scale * mesh_adaptor.info(pHalfedge)->uv().y();
xmin = std::min(xmin,x1);
xmin = std::min(xmin,x2);
xmax = std::max(xmax,x1);
xmax = std::max(xmax,x2);
ymax = std::max(ymax,y1);
ymax = std::max(ymax,y2);
ymin = std::min(ymin,y1);
ymin = std::min(ymin,y2);

}

out << "%!PS-Adobe-2.0 EPSF-2.0" << std::endl;
out << "%%BoundingBox: " << int(xmin+0.5) << " "

<< int(ymin+0.5) << " "
<< int(xmax+0.5) << " "
<< int(ymax+0.5) << std::endl;

out << "%%HiResBoundingBox: " << xmin << " "
<< ymin << " "
<< xmax << " "
<< ymax << std::endl;

out << "%%EndComments" << std::endl;
out << "gsave" << std::endl;
out << "0.1 setlinewidth" << std::endl;

// color macros
out << std::endl;
out << "% RGB color command - r g b C" << std::endl;
out << "/C { setrgbcolor } bind def" << std::endl;
out << "/white { 1 1 1 C } bind def" << std::endl;
out << "/black { 0 0 0 C } bind def" << std::endl;

// edge macro -> E
out << std::endl;
out << "% Black stroke - x1 y1 x2 y2 E" << std::endl;
out << "/E {moveto lineto stroke} bind def" << std::endl;
out << "black" << std::endl << std::endl;

// for each halfedge
for (pHalfedge = mesh.halfedges_begin();

pHalfedge != mesh.halfedges_end();
pHalfedge++)

{
double x1 = scale * mesh_adaptor.info(pHalfedge->prev())->uv().x();
double y1 = scale * mesh_adaptor.info(pHalfedge->prev())->uv().y();
double x2 = scale * mesh_adaptor.info(pHalfedge)->uv().x();
double y2 = scale * mesh_adaptor.info(pHalfedge)->uv().y();
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out << x1 << " " << y1 << " " << x2 << " " << y2 << " E" << std::endl;
}

/* Emit EPS trailer. */
out << "grestore" << std::endl;
out << std::endl;
out << "showpage" << std::endl;

return true;
}

// ----------------------------------------------------------------------------
// main()
// ----------------------------------------------------------------------------

int main(int argc, char * argv[])
{

std::cerr << "PARAMETERIZATION" << std::endl;
std::cerr << " Discrete Authalic Parameterization" << std::endl;
std::cerr << " Square border" << std::endl;
std::cerr << " TAUCS solver" << std::endl;
std::cerr << " Very simple cut if model is not a topological disk" << std::endl;
std::cerr << " Output: EPS" << std::endl;

//***************************************
// decode parameters
//***************************************

if (argc-1 != 2)
{

std::cerr << "Usage: " << argv[0] << " input_file.off output_file.eps" << std::endl;
return(EXIT_FAILURE);

}

// File names are:
const char* input_filename = argv[1];
const char* output_filename = argv[2];

//***************************************
// Read the mesh
//***************************************

// Read the mesh
std::ifstream stream(input_filename);
if(!stream)
{

std::cerr << "FATAL ERROR: cannot open file " << input_filename << std::endl;
return EXIT_FAILURE;

}
Polyhedron mesh;
stream >> mesh;

//***************************************
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// Create Polyhedron adaptor
//***************************************

Parameterization_polyhedron_adaptor mesh_adaptor(mesh);

//***************************************
// Virtually cut mesh
//***************************************

// The parameterization methods support only meshes that
// are topological disks => we need to compute a "cutting" of the mesh
// that makes it homeomorphic to a disk
Seam seam = cut_mesh(mesh_adaptor);
if (seam.empty())
{

std::cerr << "FATAL ERROR: an unexpected error occurred while cutting the shape" << std::endl;
return EXIT_FAILURE;

}

// Create a second adaptor that virtually "cuts" the mesh following the ’seam’ path
typedef CGAL::Parameterization_mesh_patch_3<Parameterization_polyhedron_adaptor>

Mesh_patch_polyhedron;
Mesh_patch_polyhedron mesh_patch(mesh_adaptor, seam.begin(), seam.end());

//***************************************
// Discrete Authalic Parameterization (square border)
// with TAUCS solver
//***************************************

// Border parameterizer
typedef CGAL::Square_border_arc_length_parameterizer_3<Mesh_patch_polyhedron>

Border_parameterizer;
// TAUCS solver
typedef CGAL::Taucs_solver_traits<double> Solver;

// Discrete Authalic Parameterization (square border)
// with TAUCS solver
typedef CGAL::Discrete_authalic_parameterizer_3<Mesh_patch_polyhedron,

Border_parameterizer,
Solver> Parameterizer;

Parameterizer::Error_code err = CGAL::parameterize(mesh_patch, Parameterizer());
if (err != Parameterizer::OK)

std::cerr << "FATAL ERROR: " << Parameterizer::get_error_message(err) << std::endl;

//***************************************
// Output
//***************************************

// Write Postscript file
if (err == Parameterizer::OK)
{

if ( ! write_file_eps(mesh_adaptor, output_filename) )
{
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std::cerr << "FATAL ERROR: cannot write file " << output_filename << std::endl;
return EXIT_FAILURE;

}
}

return (err == Parameterizer::OK) ? EXIT_SUCCESS : EXIT_FAILURE;
}

#else // CGAL_USE_TAUCS

#include <iostream>
#include <stdlib.h>
#include <stdio.h>

// ----------------------------------------------------------------------------
// Empty main() if TAUCS is not installed
// ----------------------------------------------------------------------------

int main(int argc, char * argv[])
{

std::cerr << "Skip test as TAUCS is not installed" << std::endl;
return EXIT_SUCCESS;

}

#endif // CGAL_USE_TAUCS

32.7 Complexity and Guarantees

32.7.1 Parameterization Methods and Guarantees

• Fixed boundaries

– One-to-one mapping
Tutte’s theorem guarantees a one-to-one mapping provided that the weights are all positive and the
border convex. It is the case for Tutte barycentric mapping and Floater mean value coordinates. It is
not always the case for discrete conformal map (cotangents) and discrete authalic parameterization.

– Non-singularity of the matrix
Geshorgin’s theorem guarantees the convergence of the solver if the matrix is diagonal dominant.
This is the case with positive weights (Tutte barycentric mapping and Floater mean value coordi-
nates).

• Free boundaries

– One-to-one mapping
No guarantee is provided by LSCM (both global overlaps and triangle flips can occur).

– Non-singularity of the matrix
For LSCM, the matrix of the system is the Gramm matrix of a matrix with maximal rank, and is
therefore non-singular (Gramm theorem).
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32.7.2 Precision

Two algorithms of this package construct the sparse linear system(s) using trigonometric functions, and are this
incompatible with exact arithmetic:

• Floater mean value coordinates

• Circular border parameterization

On the other hand, linear solvers commonly use double precision floating point numbers.
OpenNL’s BICGSTAB solver (accessible through theOpenNL::DefaultLinearSolverTraits<COEFFTYPE, MA-
TRIX, VECTOR, SOLVER> interface) is the only solver supported by this package which computes exact results,
when used with an exact arithmetic. This package is intended to be used mainly with a CGAL Cartesian kernel
with doubles.

OpenNL’s BICGSTAB Solver with an Exact Arithmetic

The BICGSTAB conjugate gradient is in disguise a direct solver. In a nutshell, it computes a vector basis
orthogonal with respect to the matrix, and the coordinates of the solution in this vector basis. Each iteration
computes one component of the basis and one coordinate, therefore the algorithm converges to the solution inn
iterations, wheren is the dimension of the matrix. More precisely, it is shown to converge ink iteration, where
k is the number of distinct eigenvalues of the matrix.

Solvers with a Floating Point Arithmetic

OpenNL’s BICGSTAB example:

When inexact numerical types are used (e.g. doubles), accumulated errors slow down convergence (in practice, it
requires approximately 5k iterations to converge). The required number of iterations depends on the eigenvalues
of the matrix, and these eigenvalues depend on the shape of the triangles. The optimum is when the triangles
are equilateral (then the solver converges in less than 10 iterations). The worst case is obtained when the mesh
has a large number of skinny triangles (near-singular Jacobian matrix of the triangle). In this case, the spectrum
of the matrix is wide (many different eigenvalues), and the solver requires nearly 5n iterations to converge.

32.7.3 Algorithmic Complexity

In this package, we focus on piecewise linear mappings onto a planar domain. All surface parameterization
methods are based on solving one (or two) sparse linear system(s). The algorithmic complexity is dominated by
the resolution of the sparse linear system(s).

OpenNL’s BICGSTAB example:

At each iteration, the operation of highest complexity is the product between the sparse-matrix and a vector.
The sparse matrix has a fixed number of non-zero coefficients per row, therefore the matrix / vector product
hasO(n) complexity. Since convergence is reached afterk iterations, the complexity isO(k.n) (wherek is the
number of distinct eigenvalues of the matrix). Therefore, best case complexity isO(n) (equilateral triangles),
and worst case complexity isO(n2) (skinny triangles).
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32.8 Software Design

32.8.1 Global Function parameterize()

This package’s entry point is:

// Compute a one-to-one mapping from a 3D triangle surface ’mesh’ to a
// 2D circle, using Floater Mean Value Coordinates algorithm.
// A one-to-one mapping is guaranteed.
template <class ParameterizationMesh_3>
typename Parameterizer_traits_3<ParameterizationMesh_3>::Error_code
parameterize(ParameterizationMesh_3& mesh) // 3D mesh, model of ParameterizationMesh_3 concept
{

Mean_value_coordinates_parameterizer_3<ParameterizationMesh_3> parameterizer;
return parameterizer.parameterize(mesh);

}

// Compute a one-to-one mapping from a 3D triangle surface ’mesh’ to a
// simple 2D domain.
// One-to-one mapping may be guaranteed or not,
// depending on the chosen ParametizerTraits_3 algorithm.
template <class ParameterizationMesh_3, class ParameterizerTraits_3>
typename Parameterizer_traits_3<ParameterizationMesh_3>::Error_code
parameterize(ParameterizationMesh_3& mesh, // 3D mesh, model of ParameterizationMesh_3

ParameterizerTraits_3 parameterizer) // Parameterization method for ’mesh’
{

return parameterizer.parameterize(mesh);
}

You may notice that these global functions simply call the parameterize() method of aParameterizerTraits3
object. The purpose of these global functions is:

• to be consistent with other CGAL algorithms that are also provided as global functions, e.g.
CGAL::convexhull 2(),

• to provide a default parameterization method (Floater Mean Value Coordinates), which wouldn’t be pos-
sible with a direct call to an object’s method.

You may also wonder why there is not just oneCGAL::parameterize() function with a de-
fault ParameterizerTraits3 argument equal to CGAL::Meanvalue coordinatesparameterizer3<
ParameterizationMesh3>. The reason is simply that this is not allowed by the C++ standard (see [C++98],
paragraph 14.1/9).

32.8.2 No Common Parameterization Algorithm

ParameterizerTraits3 models modify the behavior of the global functionCGAL::parameterize()- hence the
Traits in the name. On the other hand,ParameterizerTraits3 models do not modify the behavior of a common
parameterization algorithm - as you might expect.
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In this package, we focus on triangulated surfaces that are homeomorphic to a disk and on piecewise linear
mappings onto planar domains. A consequence is that the skeleton of all parameterization methods of this
package is the same:

• Allocate a sparse linear systemA.X = B

• Parameterize the mesh border and initializeB

• Parameterize the inner points of the mesh and setA coefficients

• Solve the system

It is tempting to make the parameterization method a traits class that modifies the behavior of a common pa-
rameterization algorithm. On the other hand, there are several differences among methods:

• Fixed border methods need to parameterize all border vertices, while free border methods parameterize
only two vertices.

• Some methods create symmetric definite positive systems, which may be solved more efficiently than
general systems.

• Most parameterization methods use two #vertices x #vertices systems, where Least Squares Conformal
Maps uses one (2 * #triangles) x #vertices system.

• Most parameterization methods invert theA matrix, when Least Squares Conformal Maps solves the
system in the least squares sense.

Therefore, the software design chosen is:

• EachParameterizerTraits3 model implements its own version of the parameterization algorithm as a
parameterize() method.

• EachParameterizerTraits3 model has template arguments defining the border parameterization and
sparse linear solver to use, with default values adapted to the method.

• Code factorization is achieved using a class hierarchy and (few) virtual methods.
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Figure 32.10: A parameterizer UML class diagram (main types and methods only)

Figure 32.11: Surface parameterizer classes hierarchy

Note: CGAL::Parameterizertraits 3<ParameterizationMesh3> is the (pure virtual) superclass of all surface
parameterization classes.

32.8.3 Fixedborder parameterizer 3 Class

Linear fixed border parameterization algorithms are very close. They mainly differ by the energy that
they try to minimize, i.e. by the value of thewi j coefficient of theA matrix, for vi and v j neighbor
vertices of the mesh [FH05]. One consequence is that most of the code of the fixed border methods
is factorized in theCGAL::Fixed border parameterizer3<ParameterizationMesh3, BorderParameterizer3,
SparseLinearAlgebraTraitsd> class.

Subclasses:
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• must provideBorderParameterizer3 andSparseLinearAlgebraTraitsd default template parameters that
make sense,

• must implementcomputew ij () to computewi j = (i, j) coefficient of matrixA for v j neighbor vertex of
vi ,

• may implement an optimized version ofis one to one mapping().

See CGAL::Barycentricmappingparameterizer3<ParameterizationMesh3, BorderParameterizer3,
SparseLinearAlgebraTraitsd> class as an example.

32.8.4 Border Parameterizations

Border Parameterizations are models of theBorderParameterizer3 concept. To simplify the implementation,
BorderParameterizer3 models know only theParameterizationMesh3 mesh class. They do not know the
parameterization algorithm or the sparse linear solver used.

32.8.5 ParameterizationMesh3 and ParameterizationPatchableMesh3 Concepts

All parameterization methods are templated by the kind of mesh they are applied on. The mesh type must be a
model ofParameterizationMesh3.

The purpose of such a model is to:

1. Support several kind of meshes.

2. Hide the implementation of extra fields specific to the parameterization domain (index, u, v, is
parameterized).

3. Handle in the mesh type the complexity ofvirtually cutting a mesh to make it homeomorphic to a disk
(instead of duplicating this code in each parameterization method).

Two options are possible for 1) and 2):

• Pass to all classes and methods a mesh pointer, a traits class to manipulate it, and accessors to the extra
field arrays. This is the choice of the Boost Graph Library withboost::graphtraits<> and the property
maps.

• Pass to all classes and methods an object that points to the actual mesh and knows how to access to its
fields. This is the Adaptor concept [GHJV95].

The current design of this package uses the second option, which is simpler. Of course, we may decide at some
point to switch to the first one to reach a deeper integration of CGAL with Boost.

Point 3) is solved by classCGAL::Parameterizationmeshpatch 3<ParameterizationPatchableMesh3>,
which takes care ofvirtually cutting a patch in aParameterizationPatchableMesh3 mesh, to make it appear as
a topological disk with aParameterizationMesh3 interface.ParameterizationPatchableMesh3 inherits from
conceptParameterizationMesh3 and adds the ability to support patches and virtual seams.

This mainly means that:
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• vertices can be tagged as inside or outside the patch to parameterize,

• the fields specific to parameterizations (index, u, v, is parameterized) can be setper corner(which is a
more general way of sayingper half-edge).

32.8.6 SparseLinearAlgebraTraitsd Concept

This package solves sparse linear systems using solvers which are models ofSparseLinearAlgebraTraitsd.

SparseLinearAlgebraTraitsd is a sub-concept of theLinearAlgebraTraitsd concept inKernel d. The goal is
to adapt easily code written for dense matrices to sparse ones, and vice-versa.

32.8.7 Cutting a Mesh

In this package, we focus on triangulated surfaces that are homeomorphic to a disk.

Computing a cutting path that transforms a closed mesh of arbitrary genus into a topological disk is a research
topic on its own. This package does not intend to cover this topic at the moment.

32.9 Extending the Package and Reusing Code

32.9.1 Reusing Mesh Adaptors

ParameterizationMesh3 defines a concept to access to a general polyhedral mesh. It is optimized for the
Surfacemeshparameterizationpackage only in the sense that it defines the accessors to fields specific to the
parameterization domain (index, u, v, is parameterized).

It may be easily generalized.

32.9.2 Reusing Sparse Linear Algebra

TheSparseLinearAlgebraTraitsd concept and the traits classes for OpenNL and TAUCS are independent of the
rest of theSurfacemeshparameterizationpackage, and may be reused by CGAL developers for other purposes.

32.9.3 Adding New Parameterization Methods

Implementing a new fixed border linear parameterization is easy. Most of the code of the fixed border methods
is factorized in theCGAL::Fixed border parameterizer3<ParameterizationMesh3, BorderParameterizer3,
SparseLinearAlgebraTraitsd> class. Subclasses must mainly implement acomputew ij () method which com-
putes eachwi j = (i, j) coefficient of the matrixA for v j neighboring vertices ofvi .

Although implementing a new free border linear parameterization method is more challenging, the Least
Squares Conformal Maps parameterization method provides a good starting point.

Implementingnon linear parameterizations is a natural extension to this package, although only the mesh adap-
tors can be reused.
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32.9.4 Adding New Border Parameterization Methods

Implementing a new border parameterization method is easy. Square, circular and two-points border parame-
terizations are good starting points.

32.9.5 Mesh Cutting

Obviously, this package would benefit of having robust algorithms which transform arbitrary meshes into topo-
logical disks.
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Planar Parameterization of Triangulated
Surface Meshes
Reference Manual
Laurent Saboret, Pierre Alliez and Bruno Lévy

Parameterizing a surface amounts to finding a one-to-one mapping from a suitable domain to the surface. A
good mapping is the one which minimizes either angle or area distortions in some sense. In this package, we
focus on triangulated surfaces that are homeomorphic to a disk and on piecewise linear mappings into a planar
domain.

32.10 Classified Reference Pages

Main Function

CGAL::parameterize. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1979

Concepts

ParameterizerTraits3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1981
BorderParameterizer3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1936
ParameterizationMesh3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1958
ParameterizationPatchableMesh3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1962
SparseLinearAlgebraTraitsd . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1986

Surface Parameterization Methods

This CGAL package implements some of the state-of-the-art parameterization methods:

• Fixed border:

– Tutte Barycentric Mapping [Tut63]. One-to-one mapping is guaranteed for convex border.

– Floater Mean Value Coordinates [Flo03a]. One-to-one mapping is guaranteed for convex border.
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– Discrete Conformal Map [EDD+95]. Conditionally guaranteed if all weights are positive and border
is convex.

– Discrete Authalic parameterization [DMA02]. Conditionally guaranteed if all weights are positive
and border is convex.

• Free border:

– Least Squares Conformal Maps [LPRM02].

CGAL::Parameterizertraits 3<ParameterizationMesh3> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page1983
CGAL::Fixed border parameterizer3<ParameterizationMesh3, BorderParameterizer3,
SparseLinearAlgebraTraitsd> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1947
CGAL::Barycentricmappingparameterizer3<ParameterizationMesh3, BorderParameterizer3,
SparseLinearAlgebraTraitsd> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1934
CGAL::Discreteauthalic parameterizer3<ParameterizationMesh3, BorderParameterizer3,
SparseLinearAlgebraTraitsd> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1943
CGAL::Discreteconformalmap parameterizer3<ParameterizationMesh3, BorderParameterizer3,
SparseLinearAlgebraTraitsd> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1945
CGAL::LSCMparameterizer3<ParameterizationMesh3, BorderParameterizer3,
SparseLinearAlgebraTraitsd> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1951
CGAL::Meanvalue coordinatesparameterizer3<ParameterizationMesh3, BorderParameterizer3,
SparseLinearAlgebraTraitsd> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1956

Border Parameterization Methods

Border parameterization methods define a set of constraints (a constraint specifies two (u,v) coordinates for each
instance of a vertex along the border).

This package implements all common border parameterization methods:

• For fixed border methods:

– the user can select a border parameterization among two common methods: uniform or arc-length
parameterizations.

– one convex shape specified by:

∗ one shape among a set of standard ones (circle, square).

• For free border methods: at least two constraints (the pinned vertices).

CGAL::Circular border arc length parameterizer3<ParameterizationMesh3> . . . . . . . . . . . . . . . . . page1937
CGAL::Circular border uniform parameterizer3<ParameterizationMesh3> . . . . . . . . . . . . . . . . . . . page1941
CGAL::Squareborder arc length parameterizer3<ParameterizationMesh3> . . . . . . . . . . . . . . . . . . page1987
CGAL::Squareborder uniform parameterizer3<ParameterizationMesh3> . . . . . . . . . . . . . . . . . . . . . page1991
CGAL::Two verticesparameterizer3<ParameterizationMesh3> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page2001

Mesh

The general definition of input meshes handleddirectlyby CGAL::parameterize()is:
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• Model ofParameterizationMesh3.

• Triangulated.

• 2-manifold.

• Oriented.

• Homeomorphic to a disc (may have holes).

This package provides a model of theParameterizationMesh3 concept to accessCGAL::Polyhedron3<Traits>
:
CGAL::Parameterizationpolyhedronadaptor 3<Polyhedron3 >

Fortunately, the meshes supportedindirectly by the package can be of any genus and have any number of
connected components. If it is not a topological disc, the input mesh has to come with a description of a cutting
path (an oriented list of vertices) which is the border of a topological disc. If no cutting path is given as input,
we assume that the surface border is the longest border already in the input mesh (the other borders will be
considered as holes).

TheCGAL::Parameterizationmeshpatch 3<ParameterizationPatchableMesh3> class is responsible forvir-
tually cutting a patch in aParameterizationPatchableMesh3 mesh. The resulting patch is a topological disk (if
the input cutting path is correct) and provides aParameterizationMesh3 interface. It can be used as parameter
of CGAL::parameterize().

Note that this way the user is responsible for cutting a closed mesh of arbitrary genus (even a topological disc
with an intricate seam cut), as long as this condition is fulfilled.

The package provides an interface withCGAL::Polyhedron3<Traits>:
CGAL::Parameterizationpolyhedronadaptor 3<Polyhedron3 > . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1972

Output

A (u,v) pair is computed for each inner vertex (i.e. its halfedges share the same(u,v) pair), while a(u,v) pair
is computed for each border halfedge. The user has to iterate over the mesh halfedges to get the result.

Sparse Linear Algebra

Since parameterizing meshes requires efficient representation of sparse matrices and efficient iterative or direct
linear solvers, we provide an interface to several sparse linear solvers:

• OpenNL (Bruno Ĺevy) is shipped with CGAL. This is the default solver.

• TAUCS is a state-of-the-art direct solver for sparse symmetric matrices. It also includes an out-of-core
general solver.

OpenNL::DefaultLinearSolverTraits<COEFFTYPE, MATRIX, VECTOR, SOLVER> in OpenNL package
OpenNL::SymmetricLinearSolverTraits<COEFFTYPE, MATRIX, VECTOR, SOLVER> in OpenNL package
CGAL::Taucssolver traits<T> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1995
CGAL::Taucssymmetricsolver traits<T> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1998
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Helper Classes

CGAL::Parameterizationmeshfeatureextractor<ParameterizationMesh3> . . . . . . . . . . . . . . . . . . . . page1965

Assertions

The assertion flags for the package useSURFACEMESH PARAMETERIZATIONin their names (e.g., CGAL
SURFACEMESH PARAMETERIZATIONNO ASSERTIONS).

Forfixedborder parameterizations:

• Preconditions:

– check that the border is mapped onto a convex polygon.

– check that the input mesh is triangular (expensive check).

– check that the input mesh is a surface with one connected component (expensive check).

• Postconditions:

– check one-to-one mapping.

For freeborder parameterizations:

• Preconditions:

– check that the input mesh is triangular (expensive check).

– check that the input mesh is a surface with one connected component (expensive check).

• Postconditions:

– check one-to-one mapping.

Expensive checking is off by default. It can be enabled by definingCGAL SURFACEMESH
PARAMETERIZATIONCHECK EXPENSIVE.

32.11 Alphabetical List of Reference Pages

Barycentricmappingparameterizer3<ParameterizationMesh3, BorderParameterizer3,
SparseLinearAlgebraTraitsd> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1934
BorderParameterizer3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1936
Circular border arc length parameterizer3<ParameterizationMesh3> . . . . . . . . . . . . . . . . . . . . . . . . page1937
Circular border parameterizer3<ParameterizationMesh3> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1939
Circular border uniform parameterizer3<ParameterizationMesh3> . . . . . . . . . . . . . . . . . . . . . . . . . . . page1941
Discreteauthalic parameterizer3<ParameterizationMesh3, BorderParameterizer3,
SparseLinearAlgebraTraitsd> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1943
Discreteconformalmap parameterizer3<ParameterizationMesh3, BorderParameterizer3,
SparseLinearAlgebraTraitsd> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1945
Fixed border parameterizer3<ParameterizationMesh3, BorderParameterizer3,
SparseLinearAlgebraTraitsd> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1947
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LSCM parameterizer3<ParameterizationMesh3, BorderParameterizer3, SparseLinearAlgebraTraitsd>
page1951
Matrix . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1954
Mean value coordinatesparameterizer3<ParameterizationMesh3, BorderParameterizer3,
SparseLinearAlgebraTraitsd> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1956
ParameterizationMesh3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1958
ParameterizationPatchableMesh3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1962
Parameterizationmeshfeatureextractor<ParameterizationMesh3> . . . . . . . . . . . . . . . . . . . . . . . . . . . .page1965
Parameterizationmeshpatch 3<ParameterizationPatchableMesh3> . . . . . . . . . . . . . . . . . . . . . . . . . . . page1967
Parameterizationpolyhedronadaptor 3<Polyhedron3 > . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1972
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CGAL::Barycentric mapping parameterizer 3<ParameterizationMesh
3, BorderParameterizer 3, SparseLinearAlgebraTraits d>

Definition

The classBarycentricmappingparameterizer3 implements Tutte Barycentric Mapping algorithm [Tut63].
This algorithm is also calledTutte Uniform Weightsby other authors.

One-to-one mapping is guaranteed if the surface’s border is mapped to a convex polygon.

This class is a Strategy [GHJV95] called by the main parameterization algorithmFixed border parameterizer
3::parameterize(). Barycentricmappingparameterizer3:

• provides defaultBorderParameterizer3 and SparseLinearAlgebraTraitsd template parameters that
make sense.

• implementscomputew ij () to computew ij = (i,j) coefficient of matrix A for j neighbor vertex of i based
on Tutte Barycentric Mapping method.

• implements an optimized version ofis one to one mapping().

#include<CGAL/Barycentricmappingparameterizer3.h>

Is Model for the Concepts

Model of theParameterizerTraits3 concept.

Design Pattern

Barycentricmappingparameterizer3<ParameterizationMesh3, ...> class is a Strategy [GHJV95]: it imple-
ments a strategy of surface parameterization for models ofParameterizationMesh3.

Parameters

The full template declaration is:

template<
classParameterizationMesh3,
classBorderParameterizer3 = Circular border arc length parameterizer3<ParameterizationMesh3>,
classSparseLinearAlgebraTraitsd = OpenNL::DefaultLinearSolverTraits<typename ParameterizationMesh
3::NT>>
classBarycentricmappingparameterizer3;

Parameters: ParameterizationMesh3 3D surface mesh.

BorderParameterizer3 Strategy to parameterize the surface border.

SparseLinearAlgebraTraitsd Traits class to solve a sparse linear system. Note: the system is NOT
symmetric becauseFixed border parameterizer3 does not remove (yet) border vertices from the
system.
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Creation

Barycentricmappingparameterizer3<ParameterizationMesh3, BorderParameterizer3,
SparseLinearAlgebraTraitsd> param( Borderparam borderparam = Borderparam(),

Sparse
LA sparsela = SparseLA())

Constructor.

Parameters: border param Object that maps the surface’s border to 2D space.

sparsela Traits object to access a sparse linear system.

Operations

virtual NT param.computew ij( Adaptor mesh,
Vertexconsthandle mainvertexv i,
Vertexaround vertexconstcirculator neighborvertexv j)

Computew ij = (i,j) coefficient of matrix A for j neighbor
vertex of i. Tutte Barycentric Mapping algorithm is the most
simple one:w ij = 1 for j neighbor vertex of i.

virtual bool param.isone to one mapping( Adaptor mesh, Matrix A, Vector Bu, Vector Bv)

Check if 3D -> 2D mapping is one-to-one. Theorem: one-
to-one mapping is guaranteed if allw ij coefficients are> 0
(for j vertex neighbor of i) and if the surface border is mapped
onto a 2D convex polygon. Allw ij coefficients = 1 (for j ver-
tex neighbor of i), thus mapping is guaranteed if the surface
border is mapped onto a 2D convex polygon.

See Also

CGAL::Parameterizertraits 3<ParameterizationMesh3> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page1983
CGAL::Fixed border parameterizer3<ParameterizationMesh3, BorderParameterizer3,
SparseLinearAlgebraTraitsd> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1947
CGAL::Discreteauthalic parameterizer3<ParameterizationMesh3, BorderParameterizer3,
SparseLinearAlgebraTraitsd> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1943
CGAL::Discreteconformalmap parameterizer3<ParameterizationMesh3, BorderParameterizer3,
SparseLinearAlgebraTraitsd> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1945
CGAL::LSCMparameterizer3<ParameterizationMesh3, BorderParameterizer3,
SparseLinearAlgebraTraitsd> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1951
CGAL::Meanvalue coordinatesparameterizer3<ParameterizationMesh3, BorderParameterizer3,
SparseLinearAlgebraTraitsd> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1956
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BorderParameterizer 3

Definition

BorderParameterizer3 is a concept of class that parameterizes a given type of mesh, ’Adaptor’, which is a
model of theParameterizationMesh3 concept.

Implementation note: To simplify the implementation,BorderParameterizer3 models know only the
ParameterizationMesh3 class. They do not know the parameterization algorithm requirements or the kind
of sparse linear system used.

Design Pattern

BorderParameterizer3 models are Strategies [GHJV95]: they implement a strategy of border parameterization
for models ofParameterizationMesh3.

Types

BorderParameterizer3:: Adaptor ExportParameterizationMesh3 template parameter.
BorderParameterizer3:: Error code The various errors detected by this package.

Creation

Construction and destruction are undefined.

Operations

Error code bp.parameterizeborder( Adaptor& mesh)

Assign to mesh’s border vertices a 2D position (ie a (u,v)
pair) on border’s shape. Mark them asparameterized. Return
false on error.

bool bp.isborder convex()

Indicate if border’s shape is convex.

Has Models

CGAL::Circular border arc length parameterizer3<ParameterizationMesh3> . . . . . . . . . . . . . . . . . page1937
CGAL::Circular border uniform parameterizer3<ParameterizationMesh3> . . . . . . . . . . . . . . . . . . . page1941
CGAL::Squareborder arc length parameterizer3<ParameterizationMesh3> . . . . . . . . . . . . . . . . . . page1987
CGAL::Squareborder uniform parameterizer3<ParameterizationMesh3> . . . . . . . . . . . . . . . . . . . . . page1991
CGAL::Two verticesparameterizer3<ParameterizationMesh3> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page2001

See Also

ParameterizerTraits3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1981
ParameterizationMesh3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1958
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CGAL::Circular border arc length parameterizer 3<
ParameterizationMesh 3>

Definition

Circular border arc length parameterizer3 is the default border parameterizer for fixed border parameteriza-
tion methods.

This class parameterizes the border of a 3D surface onto a circle, with an arc-length parameterization: (u,v)
values are proportional to the length of border edges.Circular border parameterizer3 implements most of the
border parameterization algorithm. This class implements onlycomputeedgelength() to compute a segment’s
length.

#include<CGAL/Circular border parameterizer3.h>

Is Model for the Concepts

Model of theBorderParameterizer3 concept.

Design Pattern

BorderParameterizer3 models are Strategies [GHJV95]: they implement a strategy of border parameterization
for models ofParameterizationMesh3

Parameters

The full template declaration is:

template<
classParameterizationMesh3>
classCircular border arc length parameterizer3;

Types

Creation

Circular border arc length parameterizer3<ParameterizationMesh3> bp;

default constructor.

Operations

virtual double bp.computeedgelength( Adaptor mesh,
Vertexconsthandle source,
Vertexconsthandle target)

Compute the length of an edge. Arc-length border parameter-
ization: (u,v) values are proportional to the length of border
edges.

1937



See Also

CGAL::Circular border uniform parameterizer3<ParameterizationMesh3> . . . . . . . . . . . . . . . . . . . page1941
CGAL::Squareborder arc length parameterizer3<ParameterizationMesh3> . . . . . . . . . . . . . . . . . . page1987
CGAL::Squareborder uniform parameterizer3<ParameterizationMesh3> . . . . . . . . . . . . . . . . . . . . . page1991
CGAL::Two verticesparameterizer3<ParameterizationMesh3> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page2001

Example

SeeTaucsparameterization.Cexample.
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CGAL::Circular border parameterizer 3<ParameterizationMesh 3>

Definition

This is the base class of strategies that parameterize the border of a 3D surface onto a circle.Circular border
parameterizer3 is a pure virtual class, thus cannot be instantiated. It implements most of the algorithm. Sub-
classes just have to implementcomputeedgelength() to compute a segment’s length.

Implementation note: To simplify the implementation,BorderParameterizer3 models know only the
ParameterizationMesh3 class. They do not know the parameterization algorithm requirements or the kind
of sparse linear system used.

#include<CGAL/Circular border parameterizer3.h>

Is Model for the Concepts

Model of theBorderParameterizer3 concept (although you cannot instantiate this class).

Design Pattern

BorderParameterizer3 models are Strategies [GHJV95]: they implement a strategy of border parameterization
for models ofParameterizationMesh3.

Parameters

The full template declaration is:

template<
classParameterizationMesh3>
classCircular border parameterizer3;

Types

Circular border parameterizer3<ParameterizationMesh3>:: Adaptor

ExportParameterizationMesh3 template parameter.

Creation

Circular border parameterizer3<ParameterizationMesh3> bp;

default constructor.

Operations
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Parameterizertraits 3<Adaptor>::Error code

bp.parameterizeborder( Adaptor& mesh)

Assign to mesh’s border vertices a 2D position (ie a (u,v)
pair) on border’s shape. Mark them asparameterized.

bool bp.isborder convex()

Indicate if border’s shape is convex.

virtual double bp.computeedgelength( Adaptor mesh,
Vertexconsthandle source,
Vertexconsthandle target)

Compute the length of an edge.

See Also

CGAL::Circular border arc length parameterizer3<ParameterizationMesh3> . . . . . . . . . . . . . . . . . page1937
CGAL::Circular border uniform parameterizer3<ParameterizationMesh3> . . . . . . . . . . . . . . . . . . . page1941
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CGAL::Circular border uniform parameterizer 3<
ParameterizationMesh 3>

Definition

This class parameterizes the border of a 3D surface onto a circle in a uniform manner: points are equally
spaced. Circular border parameterizer3 implements most of the border parameterization algorithm. This
class implements onlycomputeedgelength() to compute a segment’s length.

#include<CGAL/Circular border parameterizer3.h>

Is Model for the Concepts

Model of theBorderParameterizer3 concept.

Design Pattern

BorderParameterizer3 models are Strategies [GHJV95]: they implement a strategy of border parameterization
for models ofParameterizationMesh3

Parameters

The full template declaration is:

template<
classParameterizationMesh3>
classCircular border uniform parameterizer3;

Types

Creation

Circular border uniform parameterizer3<ParameterizationMesh3> bp;

default constructor.

Operations

virtual double bp.computeedgelength( Adaptor mesh,
Vertexconsthandle source,
Vertexconsthandle target)

Compute the length of an edge. Uniform border parameteri-
zation: points are equally spaced.
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See Also

CGAL::Circular border arc length parameterizer3<ParameterizationMesh3> . . . . . . . . . . . . . . . . . page1937
CGAL::Squareborder arc length parameterizer3<ParameterizationMesh3> . . . . . . . . . . . . . . . . . . page1987
CGAL::Squareborder uniform parameterizer3<ParameterizationMesh3> . . . . . . . . . . . . . . . . . . . . . page1991
CGAL::Two verticesparameterizer3<ParameterizationMesh3> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page2001
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CGAL::Discrete authalic parameterizer 3<ParameterizationMesh 3,
BorderParameterizer 3, SparseLinearAlgebraTraits d>

Definition

The classDiscreteauthalic parameterizer3 implements the Discrete Authalic Parameterization algorithm
[DMA02]. This method is sometimes calledDAPor justAuthalic parameterization.

DAP is a weak area-preserving parameterization. It is a compromise between area-preserving and angle-
preserving.

One-to-one mapping is guaranteed if surface’s border is mapped onto a convex polygon.

This class is a Strategy [GHJV95] called by the main parameterization algorithmFixed border parameterizer
3::parameterize(). Discreteauthalic parameterizer3:

• provides defaultBorderParameterizer3 and SparseLinearAlgebraTraitsd template parameters that
make sense.

• implementscomputew ij () to computew ij = (i, j) coefficient of matrix A for j neighbor vertex of i based
on Discrete Authalic Parameterization algorithm.

#include<CGAL/Discreteauthalic parameterizer3.h>

Is Model for the Concepts

Model of theParameterizerTraits3 concept.

Design Pattern

Discreteauthalic parameterizer3<ParameterizationMesh3, ...> class is a Strategy [GHJV95]: it implements
a strategy of surface parameterization for models ofParameterizationMesh3.

Parameters

The full template declaration is:

template<
classParameterizationMesh3,
classBorderParameterizer3 = Circular border arc length parameterizer3<ParameterizationMesh3>,
classSparseLinearAlgebraTraitsd = OpenNL::DefaultLinearSolverTraits<typename ParameterizationMesh
3::NT>>
classDiscreteauthalic parameterizer3;

Types

1943



Creation

Discreteauthalic parameterizer3<ParameterizationMesh3, BorderParameterizer3,
SparseLinearAlgebraTraitsd> param( Borderparam borderparam = Borderparam(),

Sparse
LA sparsela = SparseLA())

Constructor.

Parameters: border param Object that maps the surface’s border to 2D space.

sparsela Traits object to access a sparse linear system.

Operations

virtual NT param.computew ij( Adaptor mesh,
Vertexconsthandle mainvertexv i,
Vertexaround vertexconstcirculator neighborvertexv j)

Computew ij = (i, j) coefficient of matrix A for j neighbor
vertex of i.

See Also

CGAL::Parameterizertraits 3<ParameterizationMesh3> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page1983
CGAL::Fixed border parameterizer3<ParameterizationMesh3, BorderParameterizer3,
SparseLinearAlgebraTraitsd> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1947
CGAL::Barycentricmappingparameterizer3<ParameterizationMesh3, BorderParameterizer3,
SparseLinearAlgebraTraitsd> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1934
CGAL::Discreteconformalmap parameterizer3<ParameterizationMesh3, BorderParameterizer3,
SparseLinearAlgebraTraitsd> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1945
CGAL::LSCMparameterizer3<ParameterizationMesh3, BorderParameterizer3,
SparseLinearAlgebraTraitsd> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1951
CGAL::Meanvalue coordinatesparameterizer3<ParameterizationMesh3, BorderParameterizer3,
SparseLinearAlgebraTraitsd> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1956

Example

SeeAuthalic parameterization.Cexample.
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CGAL::Discrete conformal map parameterizer 3<
ParameterizationMesh 3, BorderParameterizer 3,
SparseLinearAlgebraTraits d>

Definition

The classDiscreteconformalmap parameterizer3 implements the Discrete Conformal Map (DCM) param-
eterization [EDD+95]. This algorithm is also calledDiscrete Conformal Parameterization (DCP), Discrete
Harmonic Mapor Fixed Conformal Parameterizationby other authors.

This is a conformal parameterization, i.e. it attempts to preserve angles.

One-to-one mapping is guaranteed if surface’s border is mapped onto a convex polygon.

This class is a Strategy [GHJV95] called by the main parameterization algorithmFixed border parameterizer
3::parameterize(). Discreteconformalmap parameterizer3:

• provides defaultBorderParameterizer3 and SparseLinearAlgebraTraitsd template parameters that
make sense.

• implementscomputew ij () to computew ij = (i, j) coefficient of matrix A for j neighbor vertex of i based
on Discrete Conformal Map method.

#include<CGAL/Discreteconformalmap parameterizer3.h>

Is Model for the Concepts

Model of theParameterizerTraits3 concept.

Design Pattern

Discreteconformalmap parameterizer3<ParameterizationMesh3, ...> class is a Strategy [GHJV95]: it im-
plements a strategy of surface parameterization for models ofParameterizationMesh3.

Parameters

The full template declaration is:

template<
classParameterizationMesh3,
classBorderParameterizer3 = Circular border arc length parameterizer3<ParameterizationMesh3>,
classSparseLinearAlgebraTraitsd = OpenNL::DefaultLinearSolverTraits<typename ParameterizationMesh
3::NT>>
classDiscreteconformalmap parameterizer3;

Parameters: ParameterizationMesh3 3D surface mesh.

BorderParameterizer3 Strategy to parameterize the surface border.
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SparseLinearAlgebraTraitsd Traits class to solve a sparse linear system. Note: the system is NOT
symmetric becauseFixed border parameterizer3 does not remove (yet) border vertices from the
system.

Types

Creation

Discreteconformalmap parameterizer3<ParameterizationMesh3, BorderParameterizer3,
SparseLinearAlgebraTraitsd> param( Borderparam borderparam = Borderparam(),

Sparse
LA sparsela = SparseLA())

Constructor.

Parameters: border param Object that maps the surface’s border to 2D space.

sparsela Traits object to access a sparse linear system.

Operations

virtual NT param.computew ij( Adaptor mesh,
Vertexconsthandle mainvertexv i,
Vertexaround vertexconstcirculator neighborvertexv j)

Computew ij = (i,j) coefficient of matrix A for j neighbor
vertex of i.

See Also

CGAL::Parameterizertraits 3<ParameterizationMesh3> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page1983
CGAL::Fixed border parameterizer3<ParameterizationMesh3, BorderParameterizer3,
SparseLinearAlgebraTraitsd> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1947
CGAL::Barycentricmappingparameterizer3<ParameterizationMesh3, BorderParameterizer3,
SparseLinearAlgebraTraitsd> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1934
CGAL::Discreteauthalic parameterizer3<ParameterizationMesh3, BorderParameterizer3,
SparseLinearAlgebraTraitsd> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1943
CGAL::LSCMparameterizer3<ParameterizationMesh3, BorderParameterizer3,
SparseLinearAlgebraTraitsd> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1951
CGAL::Meanvalue coordinatesparameterizer3<ParameterizationMesh3, BorderParameterizer3,
SparseLinearAlgebraTraitsd> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1956

1946



C
la

ss

CGAL::Fixed border parameterizer 3<ParameterizationMesh 3,
BorderParameterizer 3, SparseLinearAlgebraTraits d>

Definition

The classFixed border parameterizer3 is the base class of fixed border parameterization methods (Tutte,
Floater, ...).

One-to-one mapping is guaranteed if surface’s border is mapped onto a convex polygon.

This class is a pure virtual class, thus cannot be instantiated. Anyway, it implements most of the parameteriza-
tion algorithm parameterize(). Subclasses are Strategies [GHJV95] that modify the behavior of this algorithm:

• They provideBorderParameterizer3 andSparseLinearAlgebraTraitsd template parameters that make
sense.

• They implementcomputew ij () to computew ij = (i, j) coefficient of matrix A for j neighbor vertex of i.

• They may implement an optimized version ofis one to one mapping().

Todo Fixed border parameterizer3 should remove border vertices from the linear systems in order to have
a symmetric definite positive matrix for Tutte Barycentric Mapping and Discrete Conformal Map algo-
rithms.

#include<CGAL/Fixedborder parameterizer3.h>

Is Model for the Concepts

Model of theParameterizerTraits3 concept (although you cannot instantiate this class).

Design Pattern

Fixed border parameterizer3<ParameterizationMesh3, ...> class is a Strategy [GHJV95]: it implements (part
of) a strategy of surface parameterization for models ofParameterizationMesh3.

Parameters

The full template declaration is:

template<
classParameterizationMesh3,
classBorderParameterizer3 = Circular border arc length parameterizer3<ParameterizationMesh3>,
classSparseLinearAlgebraTraitsd = OpenNL::DefaultLinearSolverTraits<typename ParameterizationMesh
3::NT>>
classFixed border parameterizer3;
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Types

Fixed border parameterizer3<ParameterizationMesh3, BorderParameterizer3,
SparseLinearAlgebraTraitsd>:: Border param

ExportBorderParameterizer3 template parameter.

Fixed border parameterizer3<ParameterizationMesh3, BorderParameterizer3,
SparseLinearAlgebraTraitsd>:: SparseLA

ExportSparseLinearAlgebraTraitsd template parameter.

Creation

Fixed border parameterizer3<ParameterizationMesh3, BorderParameterizer3,
SparseLinearAlgebraTraitsd> param( Borderparam borderparam = Borderparam(),

Sparse
LA sparsela = SparseLA())

Constructor.

Parameters: border param Object that maps the surface’s border to 2D space

sparsela Traits object to access a sparse linear system

Operations

Parameterizertraits 3<Adaptor>::Error code

param.parameterize( Adaptor& mesh)

Compute a one-to-one mapping from a triangular 3D surface
’mesh’ to a piece of the 2D space. The mapping is linear by
pieces (linear in each triangle). The result is the (u,v) pair
image of each vertex of the 3D surface. Preconditions:

• ’mesh’ must be a surface with one connected compo-
nent.

• ’mesh’ must be a triangular mesh.

• the mesh border must be mapped onto a convex poly-
gon.

Parameterizertraits 3<Adaptor>::Error code

param.checkparameterizepreconditions( Adaptor& mesh)

Check parameterize() preconditions:

• ’mesh’ must be a surface with one connected compo-
nent.

• ’mesh’ must be a triangular mesh.

• the mesh border must be mapped onto a convex poly-
gon.
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void param.initializesystemfrom meshborder( Matrix& A,
Vector& Bu,
Vector& Bv,
Adaptor mesh)

Initialize A, Bu and Bv after border parameterization. Fill
the border vertices’ lines in both linear systems:u = constant
andv = constant. Preconditions:

• vertices must be indexed.

• A, Bu and Bv must be allocated.

• border vertices must be parameterized.

virtual NT param.computew ij( Adaptor mesh,
Vertexconsthandle mainvertexv i,
Vertexaround vertexconstcirculator neighborvertexv j)

Computew ij = (i, j) coefficient of matrix A for j neighbor
vertex of i. Implementation note: Subclasses must at least
implementcomputew ij ().

Parameterizertraits 3<Adaptor>::Error code

param.setupinner vertex relations( Matrix& A,
Vector& Bu,
Vector& Bv,
Adaptor mesh,
Vertexconsthandle vertex)

Compute the line i of matrix A for i inner vertex:

• call computew ij () to compute the A coefficientw ij
for each neighborv j.

• computew ii = - sum ofw ijs.

Preconditions:

• vertices must be indexed.

• vertex i musn’t be already parameterized.

• line i of A must contain only zeros.

void param.setmeshuv from system( Adaptor& mesh, Vector Xu, Vector Xv)

Copy Xu and Xv coordinates into the (u,v) pair of each sur-
face vertex.

Parameterizertraits 3<Adaptor>::Error code

param.checkparameterizepostconditions( Adaptor mesh,
Matrix A,
Vector Bu,
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Vector Bv)

Check parameterize() postconditions:

• 3D -> 2D mapping is one-to-one.

bool param.isone to one mapping( Adaptor mesh, Matrix A, Vector Bu, Vector Bv)

Check if 3D -> 2D mapping is one-to-one. The default im-
plementation checks each normal.

Border param& param.getborder parameterizer()

Get the object that maps the surface’s border onto a 2D space.

SparseLA& param.getlinear algebra traits()

Get the sparse linear algebra (traits object to access the linear
system).

See Also

CGAL::Parameterizertraits 3<ParameterizationMesh3> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page1983
CGAL::Barycentricmappingparameterizer3<ParameterizationMesh3, BorderParameterizer3,
SparseLinearAlgebraTraitsd> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1934
CGAL::Discreteauthalic parameterizer3<ParameterizationMesh3, BorderParameterizer3,
SparseLinearAlgebraTraitsd> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1943
CGAL::Discreteconformalmap parameterizer3<ParameterizationMesh3, BorderParameterizer3,
SparseLinearAlgebraTraitsd> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1945
CGAL::LSCMparameterizer3<ParameterizationMesh3, BorderParameterizer3,
SparseLinearAlgebraTraitsd> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1951
CGAL::Meanvalue coordinatesparameterizer3<ParameterizationMesh3, BorderParameterizer3,
SparseLinearAlgebraTraitsd> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1956
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CGAL::LSCM parameterizer 3<ParameterizationMesh 3,
BorderParameterizer 3, SparseLinearAlgebraTraits d>

Definition

The classLSCM parameterizer3 implements the Least Squares Conformal Maps (LSCM) parameterization
[LPRM02].

This is a conformal parameterization, i.e. it attempts to preserve angles.

This is a free border parameterization. No need to map the surface’s border onto a convex polygon (only two
pinned vertices are needed to ensure a unique solution), but one-to-one mapping is NOT guaranteed.

#include<CGAL/LSCMparameterizer3.h>

Is Model for the Concepts

Model of theParameterizerTraits3 concept.

Design Pattern

LSCM parameterizer3<ParameterizationMesh3, ...> class is a Strategy [GHJV95]: it implements a strategy
of surface parameterization for models ofParameterizationMesh3.

Parameters

The full template declaration is:

template<
classParameterizationMesh3,
classBorderParameterizer3 = Two verticesparameterizer3<ParameterizationMesh3>,
class SparseLinearAlgebraTraitsd = OpenNL::SymmetricLinearSolverTraits<typename
ParameterizationMesh3::NT>>
classLSCM parameterizer3;

Types

LSCM parameterizer3<ParameterizationMesh3, BorderParameterizer3, SparseLinearAlgebraTraitsd>::
Border param

ExportBorderParameterizer3 template parameter.

LSCM parameterizer3<ParameterizationMesh3, BorderParameterizer3, SparseLinearAlgebraTraitsd>::
SparseLA

ExportSparseLinearAlgebraTraitsd template parameter.
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Creation

LSCM parameterizer3<ParameterizationMesh3, BorderParameterizer3, SparseLinearAlgebraTraitsd>
param( Borderparam borderparam = Borderparam(),

Sparse
LA sparsela = SparseLA())

Constructor.

Parameters: border param Object that maps the surface’s border to 2D space

sparsela Traits object to access a sparse linear system

Operations

Parameterizertraits 3<Adaptor>::Error code

param.parameterize( Adaptor& mesh)

Compute a one-to-one mapping from a triangular 3D surface
’mesh’ to a piece of the 2D space. The mapping is linear by
pieces (linear in each triangle). The result is the (u,v) pair
image of each vertex of the 3D surface. Preconditions:

• ’mesh’ must be a surface with one connected compo-
nent.

• ’mesh’ must be a triangular mesh.

Parameterizertraits 3<Adaptor>::Error code

param.checkparameterizepreconditions( Adaptor& mesh)

Check parameterize() preconditions:

• ’mesh’ must be a surface with one connected compo-
nent.

• ’mesh’ must be a triangular mesh.

void param.initializesystemfrom meshborder( LeastSquaresSolver& solver,
Adaptor mesh)

Initialize A∗X = B linear system after (at least two) border
vertices are parameterized. Preconditions:

• vertices must be indexed.

• X and B must be allocated and empty.

• (at least two) border vertices must be parameterized.

void param.projecttriangle( Point 3 p0,
Point 3 p1,
Point 3 p2,
Point 2& z0,
Point 2& z1,
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Point 2& z2)

Utility for setuptriangle relations(): Computes the coordi-
nates of the vertices of a triangle in a local 2D orthonormal
basis of the triangle’s plane.

Parameterizertraits 3<Adaptor>::Error code

param.setuptriangle relations( LeastSquaresSolver& solver,
Adaptor mesh,
Facet consthandle facet)

Create two lines in the linear system per triangle (one for u,
one for v). Preconditions:

• vertices must be indexed.

void param.setmeshuv from system( Adaptor& mesh, LeastSquaresSolver solver)

Copy X coordinates into the (u,v) pair of each vertex.

Parameterizertraits 3<Adaptor>::Error code

param.checkparameterizepostconditions( Adaptor mesh,
LeastSquaresSolver solver)

Check parameterize() postconditions:

• 3D -> 2D mapping is one-to-one.

bool param.isone to one mapping( Adaptor mesh, LeastSquaresSolver solver)

Check if 3D -> 2D mapping is one-to-one.

Border param& param.getborder parameterizer()

Get the object that maps the surface’s border onto a 2D space.

SparseLA& param.getlinear algebra traits()

Get the sparse linear algebra (traits object to access the linear
system).

See Also

CGAL::Parameterizertraits 3<ParameterizationMesh3> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page1983
CGAL::Fixed border parameterizer3<ParameterizationMesh3, BorderParameterizer3,
SparseLinearAlgebraTraitsd> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1947
CGAL::Barycentricmappingparameterizer3<ParameterizationMesh3, BorderParameterizer3,
SparseLinearAlgebraTraitsd> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1934
CGAL::Discreteauthalic parameterizer3<ParameterizationMesh3, BorderParameterizer3,
SparseLinearAlgebraTraitsd> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1943
CGAL::Discreteconformalmap parameterizer3<ParameterizationMesh3, BorderParameterizer3,
SparseLinearAlgebraTraitsd> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1945
CGAL::Meanvalue coordinatesparameterizer3<ParameterizationMesh3, BorderParameterizer3,
SparseLinearAlgebraTraitsd> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1956
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SparseLinearAlgebra d::Matrix

Definition

SparseLinearAlgebraTraitsd::Matrix is a concept of a sparse matrix class.

Refines

This is a sub-concept ofLinearAlgebraTraitsd::Matrix.

Types

Matrix:: NT

Creation

Matrix M( int dimension); Create a square matrix initialized with zeros.
Matrix M( int rows, int columns); Create a rectangular matrix initialized with zeros.

Operations

int M.row dimension() Return the matrix number of rows.
int M.columndimension()

Return the matrix number of columns.

NT M.getcoef( int row, int column)

Read access to a matrix coefficient. Preconditions:

• 0 <= row < row dimension().

• 0 <= column< columndimension().

void M.addcoef( int row, int column, NT value)

Write access to a matrix coefficient:a ij <- a ij + val. Pre-
conditions:

• 0 <= row < row dimension().

• 0 <= column< columndimension().

void M.setcoef( int row, int column, NT value)

Write access to a matrix coefficient. Preconditions:

• 0 <= row < row dimension().

• 0 <= column< columndimension().
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Has Models

Taucsmatrix<T>
Taucssymmetricmatrix<T>
OpenNL::SparseMatrix<T> in OpenNL package

See Also

SparseLinearAlgebraTraitsd . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1986
SparseLinearAlgebraTraitsd::Vector. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page??
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CGAL::Mean value coordinates parameterizer 3<
ParameterizationMesh 3, BorderParameterizer 3,
SparseLinearAlgebraTraits d>

Definition

The classMean value coordinatesparameterizer3 implements Floater Mean Value Coordinates parameteri-
zation [Flo03a]. This method is sometimes called simplyFloater parameterization.

This is a conformal parameterization, i.e. it attempts to preserve angles.

One-to-one mapping is guaranteed if the surface’s border is mapped to a convex polygon.

This class is a Strategy [GHJV95] called by the main parameterization algorithmFixed border parameterizer
3::parameterize(). Mean value coordinatesparameterizer3:

• provides defaultBorderParameterizer3 and SparseLinearAlgebraTraitsd template parameters that
make sense.

• implementscomputew ij () to computew ij = (i, j) coefficient of matrix A for j neighbor vertex of i based
on Floater Mean Value Coordinates parameterization.

• implements an optimized version ofis one to one mapping().

#include<CGAL/Meanvalue coordinatesparameterizer3.h>

Is Model for the Concepts

Model of theParameterizerTraits3 concept.

Design Pattern

Mean value coordinatesparameterizer3<ParameterizationMesh3, ...>class is a Strategy [GHJV95]: it im-
plements a strategy of surface parameterization for models ofParameterizationMesh3.

Parameters

The full template declaration is:

template<
classParameterizationMesh3,
classBorderParameterizer3 = Circular border arc length parameterizer3<ParameterizationMesh3>,
classSparseLinearAlgebraTraitsd = OpenNL::DefaultLinearSolverTraits<typename ParameterizationMesh
3::NT>>
classMean value coordinatesparameterizer3;

Types
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Creation

Mean value coordinatesparameterizer3<ParameterizationMesh3, BorderParameterizer3,
SparseLinearAlgebraTraitsd> param( Borderparam borderparam = Borderparam(),

Sparse
LA sparsela = SparseLA())

Constructor.

Parameters: border param Object that maps the surface’s border to 2D space.

sparsela Traits object to access a sparse linear system.

Operations

virtual NT param.computew ij( Adaptor mesh,
Vertexconsthandle mainvertexv i,
Vertexaround vertexconstcirculator neighborvertexv j)

Computew ij = (i, j) coefficient of matrix A for j neighbor
vertex of i.

virtual bool param.isone to one mapping( Adaptor mesh, Matrix A, Vector Bu, Vector Bv)

Check if 3D -> 2D mapping is one-to-one. Theorem: one-
to-one mapping is guaranteed if allw ij coefficients are> 0
(for j vertex neighbor of i) and if the surface border is mapped
onto a 2D convex polygon. Floater formula above implies
that w ij > 0 (for j vertex neighbor of i), thus mapping is
guaranteed if the surface border is mapped onto a 2D convex
polygon.

See Also

CGAL::Parameterizertraits 3<ParameterizationMesh3> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page1983
CGAL::Fixed border parameterizer3<ParameterizationMesh3, BorderParameterizer3,
SparseLinearAlgebraTraitsd> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1947
CGAL::Barycentricmappingparameterizer3<ParameterizationMesh3, BorderParameterizer3,
SparseLinearAlgebraTraitsd> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1934
CGAL::Discreteauthalic parameterizer3<ParameterizationMesh3, BorderParameterizer3,
SparseLinearAlgebraTraitsd> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1943
CGAL::Discreteconformalmap parameterizer3<ParameterizationMesh3, BorderParameterizer3,
SparseLinearAlgebraTraitsd> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1945
CGAL::LSCMparameterizer3<ParameterizationMesh3, BorderParameterizer3,
SparseLinearAlgebraTraitsd> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1951

Example

SeeSimpleparameterization.Cexample.
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ParameterizationMesh 3

Definition

ParameterizationMesh3 is a concept for a 3D surface mesh. Its main purpose is to allow the parameterization
methods to access meshes in a uniform manner.

A ParameterizationMesh3 surface consists of vertices, facets and an incidence relation on them. No notion of
edge is requested. Vertices represent points in 3d-space. Facets are planar polygons without holes defined by
the circular sequence of vertices along their border. The surface itself can have holes. The vertices along the
border of a hole are calledborder vertices. A surface isclosedif it contains no border vertices.

The surface must be an oriented 2-manifold with border vertices, i.e. the neighborhood of each point on the
surface is either homeomorphic to a disc or to a half disc, except for vertices where many holes and surfaces
with border can join.

ParameterizationMesh3 defines the types, data and methods that a mesh must implement to allow surface
parameterization. Among other things, this concept defines accessors to fields specific to parameterizations
methods: index, u, v,is parameterized.

ParameterizationMesh3 meshes can have any genus, arity or number of components. On the other hand,
as parameterization methods deal only with topological disks,ParameterizationMesh3 defines an interface
oriented towards topological disks.

Design Pattern

ParameterizationMesh3 is an Adaptor [GHJV95]: it changes the interface of a 3D mesh to match the interface
expected by the parameterization methods.

Types

The following mutable handles, iterators, and circulators have appropriate non-mutable counterparts, i.e.const
handle, const iterator, andconstcirculator. The mutable types are assignable to their non-mutable counter-
parts. Both circulators are assignable to theVertex iterator. The iterators are assignable to the respective handle
types. Wherever the handles appear in function parameter lists, the corresponding iterators can be used as well.

ParameterizationMesh3:: NT Number type to represent coordinates.
ParameterizationMesh3:: Point 2 2D point that represents (u,v) coordinates computed by pa-

rameterization methods. Must provide X() and Y() methods.

ParameterizationMesh3:: Point 3 3D point that represents vertices coordinates. Must provide
X() and Y() methods.

ParameterizationMesh3:: Vector 2 2D vector. Must provide X() and Y() methods.
ParameterizationMesh3:: Vector 3 3D vector. Must provide X() and Y() methods.
ParameterizationMesh3:: Facet Opaque type representing a facet of the 3D mesh. No meth-

ods are expected.

ParameterizationMesh3:: Facet handle Handle to a facet. Model of the Handle concept.
ParameterizationMesh3:: Facet consthandle
ParameterizationMesh3:: Facet iterator Iterator over all mesh facets. Model of the ForwardIterator

concept.
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ParameterizationMesh3:: Facet const iterator
ParameterizationMesh3:: Vertex Opaque type representing a vertex of the 3D mesh. No meth-

ods are expected.

ParameterizationMesh3:: Vertex handle Handle to a vertex. Model of the Handle concept.
ParameterizationMesh3:: Vertex consthandle
ParameterizationMesh3:: Vertex iterator Iterator over all vertices of a mesh. Model of the ForwardIt-

erator concept.

ParameterizationMesh3:: Vertex const iterator
ParameterizationMesh3:: Border vertex iterator

Iterator over vertices of the meshmain border. Model of the
ForwardIterator concept.

ParameterizationMesh3:: Border vertexconst iterator
ParameterizationMesh3:: Vertex around facet circulator

Counter-clockwise circulator over a facet’s vertices. Model
of the BidirectionalCirculator concept.

ParameterizationMesh3:: Vertex around facet constcirculator
ParameterizationMesh3:: Vertex around vertexcirculator

Clockwise circulator over the vertices incident to a vertex.
Model of the BidirectionalCirculator concept.

ParameterizationMesh3:: Vertex around vertexconstcirculator

Creation

Construction and destruction are undefined.

Operations

The following mutable methods returning a handle, iterator, or circulator have appropriate non-mutable coun-
terpart methods, i.e.const, returning aconsthandle, const iterator, or constcirculator.

Vertex iterator mesh.meshverticesbegin()

Get iterator over first vertex of mesh.

Vertexconst iterator

mesh.meshverticesbegin()
Vertex iterator mesh.meshverticesend()

Get iterator over past-the-end vertex of mesh.

Vertexconst iterator

mesh.meshverticesend()
int mesh.countmeshvertices()

Count the number of vertices of the mesh.

void mesh.indexmeshvertices()

Index vertices of the mesh from 0 tocount meshvertices()-
1.
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Border vertex iterator

mesh.meshmain border verticesbegin()

Get iterator over first vertex of mesh’smain border.

Border vertexconst iterator

mesh.meshmain border verticesbegin()
Border vertex iterator

mesh.meshmain border verticesend()

Get iterator over past-the-end vertex of mesh’smain border.

Border vertexconst iterator

mesh.meshmain border verticesend()
std::list<Vertexhandle>

mesh.getborder( Vertexhandle seedvertex)

Return the border containingseedvertex. Return an empty
list if not found.

Facet iterator mesh.meshfacetsbegin()

Get iterator over first facet of mesh.

Facet const iterator mesh.meshfacetsbegin()
Facet iterator mesh.meshfacetsend()

Get iterator over past-the-end facet of mesh.

Facet const iterator mesh.meshfacetsend()
int mesh.countmeshfacets()

Count the number of facets of the mesh.

bool mesh.ismeshtriangular()

Return true of all mesh’s facets are triangles.

int mesh.countmeshhalfedges()

Count the number of halfedges of the mesh.

Vertexaround facet circulator

mesh.facetverticesbegin( Facethandle facet)

Get circulator over facet’s vertices.

Vertexaround facet constcirculator

mesh.facetverticesbegin( Facetconsthandle facet)
int mesh.countfacet vertices( Facetconsthandle facet)

Count the number of vertices of a facet.

Point 3 mesh.getvertexposition( Vertexconsthandle vertex)

Get the 3D position of a vertex.
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Point 2 mesh.getvertexuv( Vertexconsthandle vertex)

Get/set the 2D position (u/v pair) of a vertex. Default value
is undefined.

void mesh.setvertexuv( Vertexhandle vertex, Point2 uv)
bool mesh.isvertexparameterized( Vertexconsthandle vertex)

Get/setis parameterizedfield of vertex. Default value is un-
defined.

void mesh.setvertexparameterized( Vertexhandle vertex, bool parameterized)
int mesh.getvertex index( Vertexconsthandle vertex)

Get/set vertex index. Default value is undefined.

void mesh.setvertex index( Vertexhandle vertex, int index)
int mesh.getvertex tag( Vertexconsthandle vertex)

Get/set vertex’ all purpose tag. Default value is undefined.

void mesh.setvertex tag( Vertexhandle vertex, int tag)
bool mesh.isvertexon border( Vertexconsthandle vertex)

Return true if a vertex belongs to ANY mesh’s border.

bool mesh.isvertexon main border( Vertexconsthandle vertex)

Return true if a vertex belongs to the UNIQUE mesh’s main
border.

Vertexaround vertexcirculator

mesh.verticesaround vertexbegin( Vertexhandle vertex,
Vertexhandle startposition = Vertexhandle())

Get circulator over the vertices incident to ’vertex’. ’start
position’ defines the optional initial position of the circulator.

Vertexaround vertexconstcirculator

mesh.verticesaround vertexbegin( Vertexconsthandle vertex,
Vertexconsthandle startposition = Vertex

consthandle())

Has Models

Parameterizationpolyhedronadaptor 3<Polyhedron3 >
Parameterizationmeshpatch 3<ParameterizationPatchableMesh3>

See Also

ParameterizationPatchableMesh3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1962
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ParameterizationPatchableMesh3

Definition

ParameterizationPatchableMesh3 inherits from conceptParameterizationMesh3, thus is a concept of a 3D
surface mesh.

ParameterizationPatchableMesh3 adds the ability to support patches and virtual seams.Patchesare a subset
of a 3D mesh.Virtual seamsare the ability to behave exactly as if the surface was cut following a certain path.

This mainly means that:

• vertices can be tagged as inside or outside the patch to parameterize.

• the fields specific to parameterizations (index, u, v,is parameterized) can be set percorner (aka half-
edge).

The main purpose of this feature is to allow theSurfacemeshparameterizationpackage to parameterize any
3D surface by decomposing it as a list of topological disks.

Design Pattern

ParameterizationPatchableMesh3 is an Adaptor [GHJV95]: it changes the interface of a 3D mesh to match
the interface expected by classParameterizationmeshpatch 3.

Refines

ParameterizationPatchableMesh3 inherits from conceptParameterizationMesh3.

In addition to the requirements described in the conceptParameterizationMesh3,
ParameterizationPatchableMesh3 provides the following:

Types

Creation

Construction and destruction are undefined.

Operations

int mesh.getvertexseaming( Vertexconsthandle vertex)

Get/set vertex seaming flag. Default value is undefined.

void mesh.setvertexseaming( Vertexhandle vertex, int seaming)
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int mesh.gethalfedgeseaming( Vertexconsthandle source,
Vertexconsthandle target)

Get/set oriented edge’s seaming flag, ie position of the ori-
ented edge wrt to the UNIQUE main border.

void mesh.sethalfedgeseaming( Vertexhandle source,
Vertexhandle target,
int seaming)

Point 2 mesh.getcornersuv( Vertexconsthandle vertex,
Vertexconsthandle prevvertex,
Vertexconsthandle nextvertex)

Get/set the 2D position (= (u,v) pair) of corners at theright of
theprev vertex-> vertex -> next vertexline. Default value
is undefined.

void mesh.setcornersuv( Vertexhandle vertex,
Vertexconsthandle prevvertex,
Vertexconsthandle nextvertex,
Point 2 uv)

bool mesh.arecornersparameterized( Vertexconsthandle vertex,
Vertexconsthandle prevvertex,
Vertexconsthandle nextvertex)

Get/setis parameterizedfield of corners at theright of the
prev vertex-> vertex -> next vertexline. Default value is
undefined.

void mesh.setcornersparameterized( Vertexhandle vertex,
Vertexconsthandle prevvertex,
Vertexconsthandle nextvertex,
bool parameterized)

int mesh.getcorners index( Vertexconsthandle vertex,
Vertexconsthandle prevvertex,
Vertexconsthandle nextvertex)

Get/set index of corners at theright of the prev vertex->
vertex -> next vertexline. Default value is undefined.

void mesh.setcorners index( Vertexhandle vertex,
Vertexconsthandle prevvertex,
Vertexconsthandle nextvertex,
int index)

int mesh.getcorners tag( Vertexconsthandle vertex,
Vertexconsthandle prevvertex,
Vertexconsthandle nextvertex)

Get/set all purpose tag of corners at theright of the prev
vertex-> vertex -> next vertexline. Default value is unde-
fined.

void mesh.setcorners tag( Vertexhandle vertex,
Vertexconsthandle prevvertex,
Vertexconsthandle nextvertex,
int tag)
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Has Models

Adaptator forPolyhedron3 is provided.

CGAL::Parameterizationpolyhedronadaptor 3<Polyhedron3 > . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1972

See Also

ParameterizationMesh3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1958
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CGAL::Parameterization mesh feature extractor<
ParameterizationMesh 3>

Definition

The classParameterizationmeshfeatureextractor computes features (genus, borders, ...) of a 3D surface,
model of theParameterizationMesh3 concept.

#include<CGAL/Parameterizationmeshfeatureextractor.h>

Parameters

The full template declaration is:

template<
classParameterizationMesh3>
classParameterizationmeshfeatureextractor;

Types

Parameterizationmeshfeatureextractor<ParameterizationMesh3>:: Adaptor

ExportParameterizationMesh3 template parameter.

Parameterizationmeshfeatureextractor<ParameterizationMesh3>:: Border

Type representing a border = STL container of vertex han-
dles.

Parameterizationmeshfeatureextractor<ParameterizationMesh3>:: Skeleton

Type representing the list of all borders of the mesh = STL
container of Border elements.

Creation

Parameterizationmeshfeatureextractor<ParameterizationMesh3> extractor( Adaptor& mesh);

Constructor. CAUTION: This class caches the result of fea-
ture extractions => The caller must NOT modify ’mesh’ dur-
ing theParameterizationmeshfeatureextractorlife cycle.

Operations

int extractor.getnb borders()

Get number of borders.

Skeleton extractor.getborders()

Get extracted borders. The longest border is the first one.
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Border extractor.getlongestborder()

Get longest border.

int extractor.getnb connexcomponents()

Get # of connected components.

int extractor.getgenus() Get the genus.

See Also

ParameterizationMesh3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1958

Example

SeeMeshcutting parameterization.Cexample.
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CGAL::Parameterization mesh patch 3<ParameterizationPatchableMesh
3>

Definition

Parameterizationmeshpatch 3 is a Decorator class to virtually cut a patch in a
ParameterizationPatchableMesh3 3D surface. Only the patch is exported, making the 3D surface look
like a topological disk.

The input mesh can be of any genus, but it has to come with aseamthat describes the border of a topological
disc. This border may be an actual border of the mesh or a virtual border.

#include<CGAL/Parameterizationmeshpatch 3.h>

Is Model for the Concepts

Model of ParameterizationMesh3 concept, whose purpose is to allow theSurfacemeshparameterization
package to access meshes in a uniform manner.

Design Pattern

Parameterizationmeshpatch 3 is a Decorator [GHJV95]: it changes the behavior of a
ParameterizationPatchableMesh3 3D surface while keeping itsParameterizationMesh3 interface.

Parameters

The full template declaration is:

template<
classParameterizationPatchableMesh3>
classParameterizationmeshpatch 3;

Types

The following mutable handles, iterators, and circulators have appropriate non-mutable counterparts, i.e.const
handle, const iterator, andconstcirculator. The mutable types are assignable to their non-mutable counter-
parts. Both circulators are assignable to theVertex iterator. The iterators are assignable to the respective handle
types. Wherever the handles appear in function parameter lists, the corresponding iterators can be used as well.

Parameterizationmeshpatch 3<ParameterizationPatchableMesh3>:: Adaptor

Export template parameter.

Parameterizationmeshpatch 3<ParameterizationPatchableMesh3>:: NT

Number type to represent coordinates.

Parameterizationmeshpatch 3<ParameterizationPatchableMesh3>:: Point 2

2D point that represents (u,v) coordinates computed by pa-
rameterization methods. Must provide X() and Y() methods.
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Parameterizationmeshpatch 3<ParameterizationPatchableMesh3>:: Point 3

3D point that represents vertices coordinates. Must provide
X() and Y() methods.

Parameterizationmeshpatch 3<ParameterizationPatchableMesh3>:: Vector 2

2D vector. Must provide X() and Y() methods.

Parameterizationmeshpatch 3<ParameterizationPatchableMesh3>:: Vector 3

3D vector. Must provide X() and Y() methods.

Parameterizationmeshpatch 3<ParameterizationPatchableMesh3>:: Facet

Opaque type representing a facet of the 3D mesh. No meth-
ods are expected.

Parameterizationmeshpatch 3<ParameterizationPatchableMesh3>:: Facet handle

Handle to a facet. Model of the Handle concept.

Parameterizationmeshpatch 3<ParameterizationPatchableMesh3>:: Facet consthandle
Parameterizationmeshpatch 3<ParameterizationPatchableMesh3>:: Facet iterator

Iterator over all mesh facets. Model of the ForwardIterator
concept.

Parameterizationmeshpatch 3<ParameterizationPatchableMesh3>:: Facet const iterator
Parameterizationmeshpatch 3<ParameterizationPatchableMesh3>:: Vertex

Opaque type representing a vertex of the 3D mesh. No meth-
ods are expected.

Parameterizationmeshpatch 3<ParameterizationPatchableMesh3>:: Vertex handle

Handle to a vertex. Model of the Handle concept.

Parameterizationmeshpatch 3<ParameterizationPatchableMesh3>:: Vertex consthandle
Parameterizationmeshpatch 3<ParameterizationPatchableMesh3>:: Vertex iterator

Iterator over all vertices of a mesh. Model of the ForwardIt-
erator concept.

Parameterizationmeshpatch 3<ParameterizationPatchableMesh3>:: Vertex const iterator
Parameterizationmeshpatch 3<ParameterizationPatchableMesh3>:: Border vertex iterator

Iterator over vertices of the meshmain border. Model of the
ForwardIterator concept.

Parameterizationmeshpatch 3<ParameterizationPatchableMesh3>:: Border vertexconst iterator
Parameterizationmeshpatch 3<ParameterizationPatchableMesh3>:: Vertex around facet circulator

Counter-clockwise circulator over a facet’s vertices. Model
of the BidirectionalCirculator concept.

Parameterizationmeshpatch 3<ParameterizationPatchableMesh3>:: Vertex around facet constcirculator
Parameterizationmeshpatch 3<ParameterizationPatchableMesh3>:: Vertex around vertexcirculator

Clockwise circulator over the vertices incident to a vertex.
Model of the BidirectionalCirculator concept.

Parameterizationmeshpatch 3<ParameterizationPatchableMesh3>:: Vertex around vertexconst
circulator
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Creation

Parameterizationmeshpatch 3<ParameterizationPatchableMesh3> mesh( Adaptor& mesh,
InputIterator first seamvertex,
InputIterator endseamvertex)

Create a Decorator for an existing
ParameterizationPatchableMesh3 mesh. The input
mesh can be of any genus, but it has to come with aseam
that describes the border of a topological disc. This border
may be an actual border of the mesh or a virtual border.
Preconditions:

• first seamvertex -> end seamvertex defines the
outer seam, ieParameterizationmeshpatch 3 will
export theright of the seam.

• the seamis given as a container ofAdaptor::Vertex
handleelements.

Operations

The following methods returning a mutable handle, iterator, or circulator have appropriate non-mutable coun-
terpart methods, i.e.const, returning aconsthandle, const iterator, or constcirculator.

Adaptor& mesh.getdecoratedmesh()

Get the decorated mesh.

Adaptor mesh.getdecoratedmesh()
Vertex iterator mesh.meshverticesbegin()

Get iterator over first vertex of mesh.

Vertexconst iterator

mesh.meshverticesbegin()
Vertex iterator mesh.meshverticesend()

Get iterator over past-the-end vertex of mesh.

Vertexconst iterator

mesh.meshverticesend()
int mesh.countmeshvertices()

Count the number of vertices of the mesh.

void mesh.indexmeshvertices()

Index vertices of the mesh from 0 tocount meshvertices()-
1.

Border vertex iterator

mesh.meshmain border verticesbegin()

Get iterator over first vertex of mesh’s main border (aka
seam).
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Border vertexconst iterator

mesh.meshmain border verticesbegin()
Border vertex iterator

mesh.meshmain border verticesend()

Get iterator over past-the-end vertex of mesh’s main border
(akaseam).

Border vertexconst iterator

mesh.meshmain border verticesend()
std::list<Vertexhandle>

mesh.getborder( Vertexhandle seedvertex)

Return the border containingseedvertex. Return an empty
list if not found.

Facet iterator mesh.meshfacetsbegin()

Get iterator over first facet of mesh.

Facet const iterator mesh.meshfacetsbegin()
Facet iterator mesh.meshfacetsend()

Get iterator over past-the-end facet of mesh.

Facet const iterator mesh.meshfacetsend()
int mesh.countmeshfacets()

Count the number of facets of the mesh.

bool mesh.ismeshtriangular()

Return true of all mesh’s facets are triangles.

int mesh.countmeshhalfedges()

Count the number of halfedges of the mesh.

Vertexaround facet circulator

mesh.facetverticesbegin( Facethandle facet)

Get circulator over facet’s vertices.

Vertexaround facet constcirculator

mesh.facetverticesbegin( Facetconsthandle facet)
int mesh.countfacet vertices( Facetconsthandle facet)

Count the number of vertices of a facet.

Point 3 mesh.getvertexposition( Vertexconsthandle vertex)

Get the 3D position of a vertex.

Point 2 mesh.getvertexuv( Vertexconsthandle vertex)

Get/set the 2D position (u/v pair) of a vertex. Default value
is undefined.
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void mesh.setvertexuv( Vertexhandle vertex, Point2 uv)
bool mesh.isvertexparameterized( Vertexconsthandle vertex)

Get/setis parameterizedfield of vertex. Default value is un-
defined.

void mesh.setvertexparameterized( Vertexhandle vertex, bool parameterized)
int mesh.getvertex index( Vertexconsthandle vertex)

Get/set vertex index. Default value is undefined.

void mesh.setvertex index( Vertexhandle vertex, int index)
int mesh.getvertex tag( Vertexconsthandle vertex)

Get/set vertex’ all purpose tag. Default value is undefined.

void mesh.setvertex tag( Vertexhandle vertex, int tag)
bool mesh.isvertexon border( Vertexconsthandle vertex)

Return true if a vertex belongs to ANY mesh’s border.

bool mesh.isvertexon main border( Vertexconsthandle vertex)

Return true if a vertex belongs to the UNIQUE mesh’s main
border set by the constructor.

Vertexaround vertexcirculator

mesh.verticesaround vertexbegin( Vertexhandle vertex,
Vertexhandle startposition = Vertexhandle())

Get circulator over the vertices incident to ’vertex’. ’start
position’ defines the optional initial position of the circulator.

Vertexaround vertexconstcirculator

mesh.verticesaround vertexbegin( Vertexconsthandle vertex,
Vertexconsthandle startposition = Vertex

consthandle())

See Also

CGAL::Parameterizationpolyhedronadaptor 3<Polyhedron3 > . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1972

Example

SeeMeshcutting parameterization.Cexample.
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CGAL::Parameterization polyhedron adaptor 3<Polyhedron 3 >

Definition

Parameterizationpolyhedronadaptor 3 is an adaptor class to access to a Polyhedron 3D mesh using the
ParameterizationPatchableMesh3 interface. Among other things, this concept defines the accessor to the (u,v)
values computed by parameterizations methods.

Note that these interfaces are decorators that addon the flythe necessary fields to unmodified CGAL data
structures (using STL maps). For performance reasons, it is recommended to use CGAL data structures enriched
with the proper fields.

A ParameterizationMesh3 surface consists of vertices, facets and an incidence relation on them. No notion of
edge is requested.

ParameterizationMesh3 meshes can have any genus, arity or number of components.

It can have have any number of borders. Itsmain borderwill be the mesh’s longest border (if there is at least
one border).

It has also the ability to support patches and virtual seams.Patchesare a subset of a 3D mesh.Virtual seamsare
the ability to behave exactly as if the surface was cut following a certain path.

#include<CGAL/Parameterizationpolyhedronadaptor 3.h>

Is Model for the Concepts

Model of ParameterizationPatchableMesh3 concept, whose purpose is to allow theSurfacemesh
parameterizationpackage to access meshes in a uniform manner.

Design Pattern

Parameterizationpolyhedronadaptor 3 is an Adaptor [GHJV95]: it changes the Polyhedron interface to match
theParameterizationPatchableMesh3 concept.

Parameters

The full template declaration is:

template<
classPolyhedron3 >
classParameterizationpolyhedronadaptor 3;

Types

The following mutable handles, iterators, and circulators have appropriate non-mutable counterparts, i.e.const
handle, const iterator, andconstcirculator. The mutable types are assignable to their non-mutable counter-
parts. Both circulators are assignable to theVertex iterator. The iterators are assignable to the respective handle
types. Wherever the handles appear in function parameter lists, the corresponding iterators can be used as well.
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Parameterizationpolyhedronadaptor 3<Polyhedron3 >:: Polyhedron

Export template parameter.

Parameterizationpolyhedronadaptor 3<Polyhedron3 >:: NT

Number type to represent coordinates.

Parameterizationpolyhedronadaptor 3<Polyhedron3 >:: Point 2

2D point that represents (u,v) coordinates computed by pa-
rameterization methods. Must provide X() and Y() methods.

Parameterizationpolyhedronadaptor 3<Polyhedron3 >:: Point 3

3D point that represents vertices coordinates. Must provide
X() and Y() methods.

Parameterizationpolyhedronadaptor 3<Polyhedron3 >:: Vector 2

2D vector. Must provide X() and Y() methods.

Parameterizationpolyhedronadaptor 3<Polyhedron3 >:: Vector 3

3D vector. Must provide X() and Y() methods.

Parameterizationpolyhedronadaptor 3<Polyhedron3 >:: Facet

Opaque type representing a facet of the 3D mesh. No meth-
ods are expected.

Parameterizationpolyhedronadaptor 3<Polyhedron3 >:: Facet handle

Handle to a facet. Model of the Handle concept.

Parameterizationpolyhedronadaptor 3<Polyhedron3 >:: Facet consthandle
Parameterizationpolyhedronadaptor 3<Polyhedron3 >:: Facet iterator

Iterator over all mesh facets. Model of the ForwardIterator
concept.

Parameterizationpolyhedronadaptor 3<Polyhedron3 >:: Facet const iterator
Parameterizationpolyhedronadaptor 3<Polyhedron3 >:: Vertex

Opaque type representing a vertex of the 3D mesh. No meth-
ods are expected.

Parameterizationpolyhedronadaptor 3<Polyhedron3 >:: Vertex handle

Handle to a vertex. Model of the Handle concept.

Parameterizationpolyhedronadaptor 3<Polyhedron3 >:: Vertex consthandle
Parameterizationpolyhedronadaptor 3<Polyhedron3 >:: Vertex iterator

Iterator over all vertices of a mesh. Model of the ForwardIt-
erator concept.

Parameterizationpolyhedronadaptor 3<Polyhedron3 >:: Vertex const iterator
Parameterizationpolyhedronadaptor 3<Polyhedron3 >:: Border vertex iterator

Iterator over vertices of the meshmain border. Model of the
ForwardIterator concept.

Parameterizationpolyhedronadaptor 3<Polyhedron3 >:: Border vertexconst iterator
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Parameterizationpolyhedronadaptor 3<Polyhedron3 >:: Vertex around facet circulator

Counter-clockwise circulator over a facet’s vertices. Model
of the BidirectionalCirculator concept.

Parameterizationpolyhedronadaptor 3<Polyhedron3 >:: Vertex around facet constcirculator
Parameterizationpolyhedronadaptor 3<Polyhedron3 >:: Vertex around vertexcirculator

Clockwise circulator over the vertices incident to a vertex.
Model of the BidirectionalCirculator concept.

Parameterizationpolyhedronadaptor 3<Polyhedron3 >:: Vertex around vertexconstcirculator

Creation

Parameterizationpolyhedronadaptor 3<Polyhedron3 > mesh( Polyhedron& mesh);

Create an adaptator for an existingPolyhedron3 mesh. The
input mesh can be of any genus. It can have have any number
of borders. Itsmain borderwill be the mesh’s longest border
(if there is at least one border).

Operations

The following methods returning a mutable handle, iterator, or circulator have appropriate non-mutable coun-
terpart methods, i.e.const, returning aconsthandle, const iterator, or constcirculator.

Polyhedron& mesh.getadaptedmesh()

Get the adapted mesh.

Polyhedron mesh.getadaptedmesh()
Polyhedron::Halfedgeconsthandle

mesh.gethalfedge( Vertexconsthandle source, Vertexconsthandle target)

Get halfedge from source and target vertices. Will assert if
such an halfedge doesn’t exist.

Polyhedron::Halfedgehandle

mesh.gethalfedge( Vertexhandle source, Vertexhandle target)
const Halfedgeinfo* mesh.info( Halfedgeconsthandle halfedge)

Access to additional info attached to halfedges.

Halfedgeinfo* mesh.info( Halfedgeconsthandle halfedge)
const Vertexinfo* mesh.info( Vertexconsthandle vertex)

Access to additional info attached to vertices.

Vertex info* mesh.info( Vertexconsthandle vertex)
Vertex iterator mesh.meshverticesbegin()

Get iterator over first vertex of mesh.

Vertexconst iterator

mesh.meshverticesbegin()
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Vertex iterator mesh.meshverticesend()

Get iterator over past-the-end vertex of mesh.

Vertexconst iterator

mesh.meshverticesend()
int mesh.countmeshvertices()

Count the number of vertices of the mesh.

void mesh.indexmeshvertices()

Index vertices of the mesh from 0 tocount meshvertices()-
1.

Border vertex iterator

mesh.meshmain border verticesbegin()

Get iterator over first vertex of mesh’smain border.

Border vertexconst iterator

mesh.meshmain border verticesbegin()
Border vertex iterator

mesh.meshmain border verticesend()

Get iterator over past-the-end vertex of mesh’smain border.

Border vertexconst iterator

mesh.meshmain border verticesend()
std::list<Vertexhandle>

mesh.getborder( Vertexhandle seedvertex)

Return the border containingseedvertex. Return an empty
list if not found.

Facet iterator mesh.meshfacetsbegin()

Get iterator over first facet of mesh.

Facet const iterator mesh.meshfacetsbegin()
Facet iterator mesh.meshfacetsend()

Get iterator over past-the-end facet of mesh.

Facet const iterator mesh.meshfacetsend()
int mesh.countmeshfacets()

Count the number of facets of the mesh.

bool mesh.ismeshtriangular()

Return true of all mesh’s facets are triangles.

int mesh.countmeshhalfedges()

Count the number of halfedges of the mesh.
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Vertexaround facet circulator

mesh.facetverticesbegin( Facethandle facet)

Get circulator over facet’s vertices.

Vertexaround facet constcirculator

mesh.facetverticesbegin( Facetconsthandle facet)
int mesh.countfacet vertices( Facetconsthandle facet)

Count the number of vertices of a facet.

Point 3 mesh.getvertexposition( Vertexconsthandle vertex)

Get the 3D position of a vertex.

Point 2 mesh.getvertexuv( Vertexconsthandle vertex)

Get/set the 2D position (u/v pair) of a vertex. Default value
is undefined. (stored in halfedges sharing the same vertex).

void mesh.setvertexuv( Vertexhandle vertex, Point2 uv)
bool mesh.isvertexparameterized( Vertexconsthandle vertex)

Get/setis parameterizedfield of vertex. Default value is un-
defined. (stored in halfedges sharing the same vertex).

void mesh.setvertexparameterized( Vertexhandle vertex, bool parameterized)
int mesh.getvertex index( Vertexconsthandle vertex)

Get/set vertex index. Default value is undefined. (stored in
Polyhedron vertex for debugging purpose).

void mesh.setvertex index( Vertexhandle vertex, int index)
int mesh.getvertex tag( Vertexconsthandle vertex)

Get/set vertex’ all purpose tag. Default value is undefined.
(stored in halfedges sharing the same vertex).

void mesh.setvertex tag( Vertexhandle vertex, int tag)
bool mesh.isvertexon border( Vertexconsthandle vertex)

Return true if a vertex belongs to ANY mesh’s border.

bool mesh.isvertexon main border( Vertexconsthandle vertex)

Return true if a vertex belongs to the UNIQUE mesh’s main
border, ie the mesh’s LONGEST border.

Vertexaround vertexcirculator

mesh.verticesaround vertexbegin( Vertexhandle vertex,
Vertexhandle startposition = Vertexhandle())

Get circulator over the vertices incident to ’vertex’. ’start
position’ defines the optional initial position of the circulator.

Vertexaround vertexconstcirculator

mesh.verticesaround vertexbegin( Vertexconsthandle vertex,
Vertexconsthandle startposition = Vertex

consthandle())
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int mesh.getvertexseaming( Vertexconsthandle vertex)

Get/set vertex seaming flag. Default value is undefined.

void mesh.setvertexseaming( Vertexhandle vertex, int seaming)
int mesh.gethalfedgeseaming( Vertexconsthandle source,

Vertexconsthandle target)

Get/set oriented edge’s seaming flag, ie position of the ori-
ented edge wrt to the UNIQUE main border.

void mesh.sethalfedgeseaming( Vertexhandle source,
Vertexhandle target,
int seaming)

Point 2 mesh.getcornersuv( Vertexconsthandle vertex,
Vertexconsthandle prevvertex,
Vertexconsthandle nextvertex)

Get/set the 2D position (= (u,v) pair) of corners at theright of
theprev vertex-> vertex -> next vertexline. Default value
is undefined. (stored in incident halfedges).

void mesh.setcornersuv( Vertexhandle vertex,
Vertexconsthandle prevvertex,
Vertexconsthandle nextvertex,
Point 2 uv)

bool mesh.arecornersparameterized( Vertexconsthandle vertex,
Vertexconsthandle prevvertex,
Vertexconsthandle nextvertex)

Get/setis parameterizedfield of corners at theright of the
prev vertex-> vertex -> next vertexline. Default value is
undefined. (stored in incident halfedges).

void mesh.setcornersparameterized( Vertexhandle vertex,
Vertexconsthandle prevvertex,
Vertexconsthandle nextvertex,
bool parameterized)

int mesh.getcorners index( Vertexconsthandle vertex,
Vertexconsthandle prevvertex,
Vertexconsthandle nextvertex)

Get/set index of corners at theright of theprev vertex-> ver-
tex -> next vertexline. Default value is undefined. (stored
in incident halfedges).

void mesh.setcorners index( Vertexhandle vertex,
Vertexconsthandle prevvertex,
Vertexconsthandle nextvertex,
int index)

int mesh.getcorners tag( Vertexconsthandle vertex,
Vertexconsthandle prevvertex,
Vertexconsthandle nextvertex)

Get/set all purpose tag of corners at theright of the prev
vertex-> vertex -> next vertexline. Default value is unde-
fined. (stored in incident halfedges).
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void mesh.setcorners tag( Vertexhandle vertex,
Vertexconsthandle prevvertex,
Vertexconsthandle nextvertex,
int tag)

See Also

CGAL::Parameterizationmeshpatch 3<ParameterizationPatchableMesh3> . . . . . . . . . . . . . . . . . . . . page1967

Example

SeeSimpleparameterization.Cexample.
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CGAL::parameterize

Definition

CGAL::parameterize()is the main entry-point of theSurfacemeshparameterizationpackage.

It computes a one-to-one mapping from a 3D triangle surface ’mesh’ to a simple 2D domain. The mapping
is piecewise linear on the triangle mesh. The result is a pair (u,v) of parameter coordinates for each vertex of
the input mesh. One-to-one mapping may be guaranteed or not, depending on the chosen ParametizerTraits
algorithm.

The CGAL::parameterize()function exists in two flavors, to provide a default parameterization algorithm of
Floater Mean Value Coordinates.

#include<CGAL/parameterize.h>

Parameterizertraits 3<ParameterizationMesh3>::Error code

parameterize( ParameterizationMesh3& mesh)

Compute a one-to-one mapping from a 3D triangle surface
’mesh’ to a 2D circle, using Floater Mean Value Coordinates
algorithm. A one-to-one mapping is guaranteed. The map-
ping is piecewise linear on the input mesh triangles. The
result is a (u,v) pair of parameter coordinates for each vertex
of the input mesh. Preconditions:

• ’mesh’ must be a surface with one connected compo-
nent.

• ’mesh’ must be a triangular mesh.

Parameters: mesh 3D mesh, model ofParameterizationMesh3 concept

Parameterizertraits 3<ParameterizationMesh3>::Error code

parameterize( ParameterizationMesh3& mesh,
ParameterizerTraits3 parameterizer)

Compute a one-to-one mapping from a 3D triangle surface
’mesh’ to a simple 2D domain. The mapping is piecewise
linear on the triangle mesh. The result is a pair (u,v) of pa-
rameter coordinates for each vertex of the input mesh. One-
to-one mapping may be guaranteed or not, depending on the
chosenParametizerTraits3 algorithm. Preconditions:

• ’mesh’ must be a surface with one connected compo-
nent.

• ’mesh’ must be a triangular mesh.

• the mesh border must be mapped onto a convex poly-
gon (for fixed border parameterizations).
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Parameters: mesh 3D mesh, model ofParameterizationMesh3

parameterizer Parameterization method for ’mesh’

Parameters

The full template declarations are:

template<
classParameterizationMesh3>
Parameterizertraits 3<ParameterizationMesh3>::Error code
parameterize (ParameterizationMesh3 &mesh);

template<
classParameterizationMesh3,
classParameterizerTraits3>
Parameterizertraits 3<ParameterizationMesh3>::Error code
parameterize (ParameterizationMesh3 &mesh,ParameterizerTraits3 parameterizer);

See Also

CGAL::Barycentricmappingparameterizer3<ParameterizationMesh3, BorderParameterizer3,
SparseLinearAlgebraTraitsd> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1934
CGAL::Discreteauthalic parameterizer3<ParameterizationMesh3, BorderParameterizer3,
SparseLinearAlgebraTraitsd> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1943
CGAL::Discreteconformalmap parameterizer3<ParameterizationMesh3, BorderParameterizer3,
SparseLinearAlgebraTraitsd> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1945
CGAL::LSCMparameterizer3<ParameterizationMesh3, BorderParameterizer3,
SparseLinearAlgebraTraitsd> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1951
CGAL::Meanvalue coordinatesparameterizer3<ParameterizationMesh3, BorderParameterizer3,
SparseLinearAlgebraTraitsd> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1956

Example

SeeSimpleparameterization.Cexample.

Implementation

This function simply calls the parameterize() method of the parameterization algorithm chosen.
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ParameterizerTraits 3

Definition

ParameterizerTraits3 is a concept of parameterization object for a given type of mesh, ’Adaptor’, which is a
model of theParameterizationMesh3 concept.

Design Pattern

ParameterizerTraits3 models are Strategies [GHJV95]: they implement a strategy of surface parameterization
for models ofParameterizationMesh3.

Types

ParameterizerTraits3:: Adaptor Export the type of mesh to parameterize.

Constants

enum Errorcode{ OK,
ERROREMPTYMESH,
ERRORNON TRIANGULARMESH,
ERRORNO SURFACEMESH,
ERRORINVALID BORDER,
ERRORCANNOTSOLVELINEAR SYSTEM,
ERRORNO 1 TO 1 MAPPING,
ERRORNOT ENOUGH MEMORY,
ERRORWRONGPARAMETER}

List of errors detected by this package.

Enumeration values: OK Success.

ERROREMPTYMESH Error: input mesh is empty.

ERRORNON TRIANGULARMESH Error: input mesh is not triangular.

ERRORNO SURFACEMESH Error: input mesh is not a surface.

ERRORINVALID BORDER Error: parameterization requires a convex border.

ERRORCANNOTSOLVELINEAR SYSTEM Error: cannot solve linear system.

ERRORNO 1 TO 1 MAPPING Error: parameterization does not ensure a one-to-one mapping.

ERRORNOT ENOUGH MEMORY Error: not enough memory.

ERRORWRONGPARAMETER Error: a method received an unexpected parameter.

Creation

Construction and destruction are undefined.
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Operations

Error code param.parameterize( Adaptor& mesh)

Compute a one-to-one mapping from a triangular 3D surface
’mesh’ to a piece of the 2D space. The mapping is linear by
pieces (linear in each triangle). The result is the (u,v) pair
image of each vertex of the 3D surface. Preconditions:

• ’mesh’ must be a surface with one connected compo-
nent and no hole.

• ’mesh’ must be a triangular mesh.

Has Models

CGAL::Parameterizertraits 3<ParameterizationMesh3> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page1983
CGAL::Fixed border parameterizer3<ParameterizationMesh3, BorderParameterizer3,
SparseLinearAlgebraTraitsd> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1947
CGAL::Barycentricmappingparameterizer3<ParameterizationMesh3, BorderParameterizer3,
SparseLinearAlgebraTraitsd> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1934
CGAL::Discreteauthalic parameterizer3<ParameterizationMesh3, BorderParameterizer3,
SparseLinearAlgebraTraitsd> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1943
CGAL::Discreteconformalmap parameterizer3<ParameterizationMesh3, BorderParameterizer3,
SparseLinearAlgebraTraitsd> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1945
CGAL::LSCMparameterizer3<ParameterizationMesh3, BorderParameterizer3,
SparseLinearAlgebraTraitsd> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1951
CGAL::Meanvalue coordinatesparameterizer3<ParameterizationMesh3, BorderParameterizer3,
SparseLinearAlgebraTraitsd> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1956

See Also

ParameterizationMesh3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1958
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CGAL::Parameterizer traits 3<ParameterizationMesh 3>

Definition

The classParameterizertraits 3 is the base class of all parameterization methods. This class is a pure virtual
class, thus cannot be instantiated.

This class doesn’t do much. Its main goal is to ensure that subclasses will be proper models of the
ParameterizerTraits3 concept:

• Parameterizertraits 3 defines theError codelist of errors detected by this package

• Parameterizertraits 3 declares a pure virtual method parameterize()

#include<CGAL/Parameterizertraits 3.h>

Is Model for the Concepts

Model of theParameterizerTraits3 concept (although you cannot instantiate this class).

Design Pattern

ParameterizerTraits3 models are Strategies [GHJV95]: they implement a strategy of surface parameterization
for models ofParameterizationMesh3.

Parameters

The full template declaration is:

template<
classParameterizationMesh3>
classParameterizertraits 3;

Types

Parameterizertraits 3<ParameterizationMesh3>:: Adaptor

ExportParameterizationMesh3 template parameter.

Constants

enum Errorcode{ OK,
ERROREMPTYMESH,
ERRORNON TRIANGULARMESH,
ERRORNO SURFACEMESH,
ERRORINVALID BORDER,
ERRORCANNOTSOLVELINEAR SYSTEM,
ERRORNO 1 TO 1 MAPPING,
ERRORNOT ENOUGH MEMORY,
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ERRORWRONGPARAMETER}

List of errors detected by this package.

Enumeration values: OK Success.

ERROREMPTYMESH input mesh is empty

ERRORNON TRIANGULARMESH input mesh is not triangular

ERRORNO SURFACEMESH input mesh is not a surface

ERRORINVALID BORDER parameterization requires a convex border

ERRORCANNOTSOLVELINEAR SYSTEM cannot solve linear system

ERRORNO 1 TO 1 MAPPING parameterization does not ensure a one-to-one mapping

ERRORNOT ENOUGH MEMORY not enough memory

ERRORWRONGPARAMETER a method received an unexpected parameter

Creation

Parameterizertraits 3<ParameterizationMesh3> param;

default constructor.

Operations

virtual Error code param.parameterize( Adaptor& mesh)

Compute a one-to-one mapping from a 3D surface ’mesh’ to
a piece of the 2D space. The mapping is linear by pieces
(linear in each triangle). The result is the (u,v) pair image of
each vertex of the 3D surface. Preconditions:

• ’mesh’ must be a surface with one connected compo-
nent.

• ’mesh’ must be a triangular mesh.

static const char* param.geterror message( int errorcode)

Get message (in english) corresponding to an error code

Parameters: error code The code returned by parameterize()

Returns: The string describing the error code

See Also

CGAL::Fixed border parameterizer3<ParameterizationMesh3, BorderParameterizer3,
SparseLinearAlgebraTraitsd> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1947
CGAL::Barycentricmappingparameterizer3<ParameterizationMesh3, BorderParameterizer3,
SparseLinearAlgebraTraitsd> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1934
CGAL::Discreteauthalic parameterizer3<ParameterizationMesh3, BorderParameterizer3,
SparseLinearAlgebraTraitsd> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1943
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CGAL::Discreteconformalmap parameterizer3<ParameterizationMesh3, BorderParameterizer3,
SparseLinearAlgebraTraitsd> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1945
CGAL::LSCMparameterizer3<ParameterizationMesh3, BorderParameterizer3,
SparseLinearAlgebraTraitsd> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1951
CGAL::Meanvalue coordinatesparameterizer3<ParameterizationMesh3, BorderParameterizer3,
SparseLinearAlgebraTraitsd> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1956
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SparseLinearAlgebraTraits d

Definition

The conceptSparseLinearAlgebraTraitsd is used to solve sparse linear systemsA∗X = B.

Refines

This is a sub-concept ofLinearAlgebraTraitsd.

Types

SparseLinearAlgebraTraitsd:: Matrix
SparseLinearAlgebraTraitsd:: Vector
SparseLinearAlgebraTraitsd:: NT

Creation

SparseLinearAlgebraTraitsd sparseLA; Default constructor.

Operations

bool sparseLA.linear solver( Matrix A, Vector B, Vector& X, NT& D)

Solve the sparse linear systemA∗X = B. Return true on suc-
cess. The solution is then (1/D)∗ X. Preconditions:

• A.row dimension() == B.dimension().

• A.columndimension() == X.dimension().

Has Models

CGAL::Taucssolver traits<T> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1995
CGAL::Taucssymmetricsolver traits<T> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1998
OpenNL::DefaultLinearSolverTraits<COEFFTYPE, MATRIX, VECTOR, SOLVER> in OpenNL package
OpenNL::SymmetricLinearSolverTraits<COEFFTYPE, MATRIX, VECTOR, SOLVER> in OpenNL package

See Also

SparseLinearAlgebraTraitsd::Matrix . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page??
SparseLinearAlgebraTraitsd::Vector. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page??
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CGAL::Square border arc length parameterizer 3<
ParameterizationMesh 3>

Definition

This class parameterizes the border of a 3D surface onto a square, with an arc-length parameterization: (u,v)
values are proportional to the length of border edges.

Squareborder parameterizer3 implements most of the border parameterization algorithm. This class imple-
ments onlycomputeedgelength() to compute a segment’s length.

#include<CGAL/Squareborder parameterizer3.h>

Is Model for the Concepts

Model of theBorderParameterizer3 concept.

Design Pattern

BorderParameterizer3 models are Strategies [GHJV95]: they implement a strategy of border parameterization
for models ofParameterizationMesh3

Parameters

The full template declaration is:

template<
classParameterizationMesh3>
classSquareborder arc length parameterizer3;

Types

Creation

Squareborder arc length parameterizer3<ParameterizationMesh3> bp;

default constructor.

Operations

virtual double bp.computeedgelength( Adaptor mesh,
Vertexconsthandle source,
Vertexconsthandle target)

Compute the length of an edge. Arc-length border parameter-
ization: (u,v) values are proportional to the length of border
edges.
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See Also

CGAL::Circular border arc length parameterizer3<ParameterizationMesh3> . . . . . . . . . . . . . . . . . page1937
CGAL::Circular border uniform parameterizer3<ParameterizationMesh3> . . . . . . . . . . . . . . . . . . . page1941
CGAL::Squareborder uniform parameterizer3<ParameterizationMesh3> . . . . . . . . . . . . . . . . . . . . . page1991
CGAL::Two verticesparameterizer3<ParameterizationMesh3> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page2001

Example

SeeSquareborder parameterization.Cexample.

1988



C
la

ss

CGAL::Square border parameterizer 3<ParameterizationMesh 3>

Definition

This is the base class of strategies that parameterize the border of a 3D surface onto a square.Squareborder
parameterizer3 is a pure virtual class, thus cannot be instantiated.

It implements most of the algorithm. Subclasses just have to implementcomputeedgelength() to compute a
segment’s length.

Implementation note: To simplify the implementation,BorderParameterizer3 models know only the
ParameterizationMesh3 class. They do not know the parameterization algorithm requirements or the kind
of sparse linear system used.

#include<CGAL/Squareborder parameterizer3.h>

Is Model for the Concepts

Model of theBorderParameterizer3 concept (although you cannot instantiate this class).

Design Pattern

BorderParameterizer3 models are Strategies [GHJV95]: they implement a strategy of border parameterization
for models ofParameterizationMesh3.

Parameters

The full template declaration is:

template<
classParameterizationMesh3>
classSquareborder parameterizer3;

Types

Squareborder parameterizer3<ParameterizationMesh3>:: Adaptor

ExportParameterizationMesh3 template parameter.

Creation

Squareborder parameterizer3<ParameterizationMesh3> bp;

default constructor.
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Operations

Parameterizertraits 3<Adaptor>::Error code

bp.parameterizeborder( Adaptor& mesh)

Assign to mesh’s border vertices a 2D position (ie a (u,v)
pair) on border’s shape. Mark them asparameterized.

bool bp.isborder convex()

Indicate if border’s shape is convex.

virtual double bp.computeedgelength( Adaptor mesh,
Vertexconsthandle source,
Vertexconsthandle target)

Compute the length of an edge.

See Also

CGAL::Squareborder arc length parameterizer3<ParameterizationMesh3> . . . . . . . . . . . . . . . . . . page1987
CGAL::Squareborder uniform parameterizer3<ParameterizationMesh3> . . . . . . . . . . . . . . . . . . . . . page1991
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CGAL::Square border uniform parameterizer 3<
ParameterizationMesh 3>

Definition

This class parameterizes the border of a 3D surface onto a square in a uniform manner: points are equally
spaced.

Squareborder parameterizer3 implements most of the border parameterization algorithm. This class imple-
ments onlycomputeedgelength() to compute a segment’s length.

#include<CGAL/Squareborder parameterizer3.h>

Is Model for the Concepts

Model of theBorderParameterizer3 concept.

Design Pattern

BorderParameterizer3 models are Strategies [GHJV95]: they implement a strategy of border parameterization
for models ofParameterizationMesh3.

Parameters

The full template declaration is:

template<
classParameterizationMesh3>
classSquareborder uniform parameterizer3;

Types

Creation

Squareborder uniform parameterizer3<ParameterizationMesh3> bp;

default constructor.

Operations

virtual double bp.computeedgelength( Adaptor mesh,
Vertexconsthandle source,
Vertexconsthandle target)

Compute the length of an edge. Uniform border parameteri-
zation: points are equally spaced.
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See Also

CGAL::Circular border arc length parameterizer3<ParameterizationMesh3> . . . . . . . . . . . . . . . . . page1937
CGAL::Circular border uniform parameterizer3<ParameterizationMesh3> . . . . . . . . . . . . . . . . . . . page1941
CGAL::Squareborder arc length parameterizer3<ParameterizationMesh3> . . . . . . . . . . . . . . . . . . page1987
CGAL::Two verticesparameterizer3<ParameterizationMesh3> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page2001
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CGAL::Taucs matrix <T>

Definition

The classTaucsmatrix is a C++ wrapper around TAUCS’ matrix typetaucsccs matrix.

This kind of matrix can be either symmetric or not. Symmetric matrices store only the lower triangle.

#include<CGAL/Taucsmatrix.h>

Is Model for the Concepts

Model of theSparseLinearAlgebraTraitsd::Matrix concept.

Parameters

The full template declaration is:

template<
class T>
structTaucsmatrix;

Types

Taucsmatrix<T>:: NT

Creation

Taucsmatrix<T> M( int dim, bool issymmetric = false);

Create a square matrix initialized with zeros.

Parameters: dim Matrix dimension.

is symmetricSymmetric/hermitian?

Taucsmatrix<T> M( int rows, int columns, bool issymmetric = false);

Create a rectangular matrix initialized with zeros.

Parameters: rows Matrix dimensions.

is symmetricSymmetric/hermitian?

Operations

int M.row dimension() Return the matrix number of rows.
int M.columndimension()

Return the matrix number of columns.
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T M.get coef( int i, int j)

Read access to a matrix coefficient. Preconditions:

• 0 <= i < row dimension().

• 0 <= j < columndimension().

void M.setcoef( int i, int j, T val)

Write access to a matrix coefficient:a ij <- val. Optimiza-
tion: For symmetric matrices,Taucsmatrix stores only the
lower triangleset coef() does nothing if (i, j) belongs to the
upper triangle. Preconditions:

• 0 <= i < row dimension().

• 0 <= j < columndimension().

void M.addcoef( int i, int j, T val)

Write access to a matrix coefficient:a ij <- a ij + val. Opti-
mization: For symmetric matrices,Taucsmatrix stores only
the lower triangleadd coef() does nothing if (i, j) belongs to
the upper triangle. Preconditions:

• 0 <= i < row dimension().

• 0 <= j < columndimension().

const taucsccs matrix*

M.get taucsmatrix() Construct and return the TAUCS matrix wrapped by this ob-
ject. Note: the TAUCS matrix returned by this method is
valid only until the next call toset coef(), add coef() or get
taucsmatrix().

See Also

CGAL::Taucssolver traits<T> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1995
CGAL::Taucssymmetricsolver traits<T> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1998
CGAL::Taucssymmetricmatrix<T> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1997
CGAL::Taucsvector<T> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2000
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CGAL::Taucs solver traits<T>

Definition

The classTaucssolver traits is a traits class for solving GENERAL (aka unsymmetric) sparse linear systems
using TAUCS out-of-core LU factorization.

#include<CGAL/Taucssolver traits.h>

Is Model for the Concepts

Model of theSparseLinearAlgebraTraitsd concept.

Parameters

The full template declaration is:

template<
class T>
classTaucssolver traits;

Types

Taucssolver traits<T>:: Matrix
Taucssolver traits<T>:: Vector
Taucssolver traits<T>:: NT

Creation

Taucssolver traits<T> solver; default constructor.

Taucssolver traits<T> solver; Create a TAUCS sparse linear solver for GENERAL (aka un-
symmetric) matrices.

Operations

bool solver.linearsolver( Matrix A, Vector B, Vector& X, NT& D)

Solve the sparse linear systemA∗X = B. Return true on suc-
cess. The solution is then (1/D)∗ X. Preconditions:

• A.row dimension() == B.dimension().

• A.columndimension() == X.dimension().

See Also

CGAL::Taucssymmetricsolver traits<T> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1998
CGAL::Taucsmatrix<T> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page1993
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CGAL::Taucssymmetricmatrix<T> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1997
CGAL::Taucsvector<T> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2000
OpenNL::DefaultLinearSolverTraits<COEFFTYPE, MATRIX, VECTOR, SOLVER> in OpenNL package
OpenNL::SymmetricLinearSolverTraits<COEFFTYPE, MATRIX, VECTOR, SOLVER> in OpenNL package

Example

SeeTaucsparameterization.Cexample.
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CGAL::Taucs symmetric matrix <T>

Definition

The classTaucssymmetricmatrix is a C++ wrapper around a TAUCS∗symmetric∗ matrix (typetaucsccs
matrix).

Symmetric matrices store only the lower triangle.

#include<CGAL/Taucsmatrix.h>

Is Model for the Concepts

Model of theSparseLinearAlgebraTraitsd::Matrix concept.

Parameters

The full template declaration is:

template<
class T>
structTaucssymmetricmatrix;

Types

Taucssymmetricmatrix<T>:: NT

Creation

Taucssymmetricmatrix<T> M( int dim); Create a square SYMMETRIC matrix initialized with zeros.
The max number of non 0 elements in the matrix is automat-
ically computed.

Parameters: dim Matrix dimension.

Taucssymmetricmatrix<T> M( int rows, int columns, int nbmax elements = 0);

Create a square SYMMETRIC matrix initialized with zeros.

Parameters: rows Matrix dimensions.

nb max elementsMax number of non 0 elements in the matrix (automatically computed if 0).

Operations

See Also

CGAL::Taucssolver traits<T> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1995
CGAL::Taucssymmetricsolver traits<T> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1998
CGAL::Taucsmatrix<T> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page1993
CGAL::Taucsvector<T> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2000
OpenNL::DefaultLinearSolverTraits<COEFFTYPE, MATRIX, VECTOR, SOLVER> in OpenNL package
OpenNL::SymmetricLinearSolverTraits<COEFFTYPE, MATRIX, VECTOR, SOLVER> in OpenNL package
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CGAL::Taucs symmetric solver traits<T>

Definition

The classTaucssymmetricsolver traits is a traits class for solving SYMMETRIC DEFINITE POSITIVE
sparse linear systems using TAUCS solvers family. The default solver is the Multifrontal Supernodal Cholesky
Factorization.

#include<CGAL/Taucssolver traits.h>

Is Model for the Concepts

Model of theSparseLinearAlgebraTraitsd concept.

Parameters

The full template declaration is:

template<
class T>
classTaucssymmetricsolver traits;

Types

Taucssymmetricsolver traits<T>:: Matrix
Taucssymmetricsolver traits<T>:: Vector
Taucssymmetricsolver traits<T>:: NT

Creation

Taucssymmetricsolver traits<T> solver( const char * options[] = NULL,
const void * arguments[] = NULL)

Create a TAUCS sparse linear solver for SYMMETRIC
DEFINITE POSITIVE matrices. The default solver is the
Multifrontal Supernodal Cholesky Factorization. Seetaucs
linsolve() documentation for the meaning of the ’options’ and
’arguments’ parameters.

Parameters: options must be persistent

arguments must be persistent

Operations

bool solver.linearsolver( Matrix A, Vector B, Vector& X, NT& D)

Solve the sparse linear systemA∗X = B. Return true on suc-
cess. The solution is then (1/D)∗ X. Preconditions:

• A.row dimension() == B.dimension().

• A.columndimension() == X.dimension().
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See Also

CGAL::Taucssolver traits<T> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1995
CGAL::Taucsmatrix<T> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page1993
CGAL::Taucssymmetricmatrix<T> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1997
CGAL::Taucsvector<T> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2000
OpenNL::DefaultLinearSolverTraits<COEFFTYPE, MATRIX, VECTOR, SOLVER> in OpenNL package
OpenNL::SymmetricLinearSolverTraits<COEFFTYPE, MATRIX, VECTOR, SOLVER> in OpenNL package
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CGAL::Taucs vector<T>

Definition

The classTaucsvectoris a C++ wrapper around TAUCS’ vector type, which is a simple array.

#include<CGAL/Taucsvector.h>

Is Model for the Concepts

Model of theSparseLinearAlgebraTraitsd::Vectorconcept.

Parameters

The full template declaration is:

template<
class T>
classTaucsvector;

Types

Taucsvector<T>:: NT

Creation

Taucsvector<T> v( int dimension); Create a vector initialized with zeros.
Taucsvector<T> v( toCopy); Copy constructor.

Operations

Taucsvector& v = toCopy operator =()
int v.dimension() Return the vector’s number of coefficients.
T v[ int i] Read/write access to a vector coefficient. Preconditions: 0

<= i < dimension().

T& v[ int i]
const T* v.gettaucsvector() Get TAUCS vector wrapped by this object.
T* v.get taucsvector()

See Also

CGAL::Taucssolver traits<T> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1995
CGAL::Taucssymmetricsolver traits<T> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1998
CGAL::Taucsmatrix<T> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page1993
CGAL::Taucssymmetricmatrix<T> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1997
OpenNL::DefaultLinearSolverTraits<COEFFTYPE, MATRIX, VECTOR, SOLVER> in OpenNL package
OpenNL::SymmetricLinearSolverTraits<COEFFTYPE, MATRIX, VECTOR, SOLVER> in OpenNL package
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CGAL::Two vertices parameterizer 3<ParameterizationMesh 3>

Definition

Two verticesparameterizer3 is the default border parameterizer for Least Squares Conformal Maps parame-
terization.

The classTwo verticesparameterizer3 parameterizes two extreme vertices of a 3D surface. This kind of
border parameterization is used by free border parameterizations.

Implementation note: To simplify the implementation,BorderParameterizer3 models know only the
ParameterizationMesh3 class. They do not know the parameterization algorithm requirements or the kind
of sparse linear system used.

#include<CGAL/Twoverticesparameterizer3.h>

Is Model for the Concepts

Model of theBorderParameterizer3 concept.

Design Pattern

BorderParameterizer3 models are Strategies [GHJV95]: they implement a strategy of border parameterization
for models ofParameterizationMesh3.

Parameters

The full template declaration is:

template<
classParameterizationMesh3>
classTwo verticesparameterizer3;

Types

Two verticesparameterizer3<ParameterizationMesh3>:: Adaptor

ExportParameterizationMesh3 template parameter.

Creation

Two verticesparameterizer3<ParameterizationMesh3> bp;

default constructor.
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Operations

Parameterizertraits 3<Adaptor>::Error code

bp.parameterizeborder( Adaptor& mesh)

Map two extreme vertices of the 3D mesh and mark them as
parameterized. Map two extreme vertices of the 3D mesh
and mark them asparameterized. Return false on error.

bool bp.isborder convex()

Indicate if border’s shape is convex. Meaningless for free
border parameterization algorithms.

See Also

CGAL::Circular border arc length parameterizer3<ParameterizationMesh3> . . . . . . . . . . . . . . . . . page1937
CGAL::Circular border uniform parameterizer3<ParameterizationMesh3> . . . . . . . . . . . . . . . . . . . page1941
CGAL::Squareborder arc length parameterizer3<ParameterizationMesh3> . . . . . . . . . . . . . . . . . . page1987
CGAL::Squareborder uniform parameterizer3<ParameterizationMesh3> . . . . . . . . . . . . . . . . . . . . . page1991
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SparseLinearAlgebra d::Vector

Definition

SparseLinearAlgebraTraitsd::Vector is a concept of a vector that can be multiplied by a sparse matrix.

Refines

This is a sub-concept ofLinearAlgebraTraitsd::Vector.

Types

Vector:: NT

Creation

Vector v( int rows); Create a vector initialized with zeros.
Vector v( Vector toCopy); Copy constructor.

Operations

Vector& v = Vector toCopy operator =()
int v.dimension() Return the vector’s number of coefficients.
NT v[ int row] Read/write access to a vector coefficient. Precondition: 0<=

row < dimension().

NT& v[ int row]

Has Models

CGAL::Taucsvector<T>
OpenNL::FullVector<T> in OpenNL package

See Also

SparseLinearAlgebraTraitsd . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1986
SparseLinearAlgebraTraitsd::Matrix . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page??
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33.1 Introduction

Geometric queries are fundamental to many applications in computational geometry. The task is to maintain
a dynamic set of geometric objects in such a way that certain queries can be performed efficiently. Typical
examples of queries are: find out whether a given object is contained in the set, find all objects of the set lying
in a given area (e.g. rectangle), find the object closest to a given point or find the pair of objects in the set lying
closest to each other. Furthermore, the set should be dynamic in the sense that deletions and insertions of objects
can be performed efficiently.

In computational geometry literature one can find many different data structures for maintaining sets of geo-
metric objects. Most of them are data structures that have been developed to support a single very special kind
of query operation. Examples are Voronoi diagrams for answering nearest neighbor searches, range trees for
orthogonal range queries, partition trees for more general range queries, hierarchical triangulations for point
location and segment trees for intersection queries . . . .

In many applications, different types of queries have to be performed on the same set of objects. A naive
approach to this problem would use a collection of the above mentioned data structures to represent the set
of objects and delegate every query operation to the corresponding structure. However, this is completely
impractical since it uses too much memory and requires the maintenance of all these data structures in the
presence of update operations.

Data structures that are non-optimal in theory seem to perform quite well in practice for many of these queries.
For example, the Delaunay diagram turns out to be a very powerful data structure for storing dynamic sets
of points under range and nearest neighbor queries. A first implementation and computational study of using
Delaunay diagrams for geometric queries is described by Mehlhorn and Näher in [MN00].

In this section we present a generic variant of a two dimensional point set data type supporting various geometric
queries.
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TheCGAL::Point set 2 class in this section is inherited from the two-dimensional CGAL Delaunay Triangula-
tion data type.

The CGAL::Point set 2 class depends on two template parametersT1 and T2. They are used as template
parameters for theCGAL::Delaunaytriangulation 2 classCGAL::Point set 2 is inherited from.T1 is a model
for the geometric traits andT2 is a model for the triangulation data structure that the Delaunay triangulation
expects.

TheCGAL::Point set 2 class supports the following kinds of queries:

• circular range search

• triangular range search

• isorectangular range search

• (k) nearest neighbor(s)

For details about the running times see [MN00].

33.2 Examples

33.2.1 Range search operations

The following example program demonstrates the various range search operations of the two dimensional point
set. First we construct a two dimensional point setPSetand initialize it with a few points. Then we perform
circular, triangular and isorectangular range search operations on the point set.

rs example.C :

// file: examples/Point_set_2/rs_example.C

#include <CGAL/Cartesian.h>
#include <list>
#include <CGAL/Point_set_2.h>

typedef CGAL::Cartesian<double> K;

typedef CGAL::Point_set_2<K>::Vertex_handle Vertex_handle;
typedef CGAL::Point_2<K> Point;

int main()
{

CGAL::Point_set_2<K> PSet;
std::list<Point> Lr;

Point p1(12,14);
Point p2(-12,14);
Point p3(2,11);
Point p4(5,6);
Point p5(6.7,3.8);
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Point p6(11,20);
Point p7(-5,6);
Point p8(12,0);
Point p9(4,31);
Point p10(-10,-10);

Lr.push_back(p1); Lr.push_back(p2); Lr.push_back(p3);
Lr.push_back(p4); Lr.push_back(p5); Lr.push_back(p6);
Lr.push_back(p7); Lr.push_back(p8); Lr.push_back(p9);
Lr.push_back(p10);

PSet.insert(Lr.begin(),Lr.end());

std::cout << "circular range search !\n";
CGAL::Circle_2<K> rc(p5,p6);

std::list<Vertex_handle> LV;
PSet.range_search(rc, std::back_inserter(LV));

std::list<Vertex_handle>::const_iterator it;
for (it=LV.begin();it != LV.end(); it++)

std::cout << (*it)->point() << "\n";

std::cout << "triangular range search !\n";

LV.clear();
PSet.range_search(p1,p2,p3, std::back_inserter(LV));
for (it=LV.begin();it != LV.end(); it++)

std::cout << (*it)->point() << "\n";
LV.clear();

std::cout << "isorectangular range search !\n";
Point pt1=p10;
Point pt3=p3;
Point pt2 = Point(pt3.x(),pt1.y());
Point pt4 = Point(pt1.x(),pt3.y());

PSet.range_search(pt1,pt2,pt3,pt4, std::back_inserter(LV));
for (it=LV.begin();it != LV.end(); it++)

std::cout << (*it)->point() << "\n";
return 0;

}
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2D Search Structures
Reference Manual
Matthias B̈asken

The two dimensional point set is a class for geometric queries. It supports circular, triangular and iso rectangular
range searches and nearest neighbor searches. The point set is inherited from the CGAL Delaunay triangulation
data type. That means that it is a dynamic data structure supporting the insertion and deletion of points.

This package also provides function template versions of the range search and nearest neighbor query opera-
tions. They all have to be templated by the type of a CGAL Delaunay triangulation and provide functionality
similar to the corresponding member functions of the point set class.

33.3 Classified Reference Pages

Concepts

PointSetTraits

Classes

CGAL::Point set 2

Functions

CGAL::nearestneighbor
CGAL::nearestneighbors
CGAL::rangesearch

33.4 Alphabetical List of Reference Pages

nearestneighbors. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2018
nearestneighbor. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2017
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CGAL::Point set 2<Gt,Tds>

Definition

#include<CGAL/Pointset 2.h>

An instancePSof the data typePoint set 2<Gt,Tds> is a Delaunay Triangulationof its vertex set. The class
Point set 2<Gt,Tds> is inherited from the CGAL Delaunay triangulation, and provides additional nearest neigh-
bor query operations and range searching operations.

The Point set 2<Gt,Tds> class of CGAL depends on template parameters standing for the geometric traits
classes used by the point set and by the Delaunay triangulation (Gt) and for the triangulation data structure
(Tds).

Types

typedef Gt::Point2 Point; the point type

typedef Gt::Segment2 Segment; the segment type

typedef Gt::Circle2 Circle; the circle type

typedef Gt::FT Numbtype; the representation field number type.

Point set 2<Gt,Tds>:: Triangulation::Vertex

the vertex type of the underlying triangulation.

Point set 2<Gt,Tds>:: Triangulation::Edge

the edge type of the underlying triangulation.

Point set 2<Gt,Tds>:: Triangulation::Vertexhandle

handles to vertices.

Creation

Point set 2<Gt,Tds> PS; creates an emptyPoint set 2<Gt,Tds> .

template<class InputIterator>
Point set 2<Gt,Tds> PS( InputIterator first, InputIterator last);

creates aPoint set 2<Gt,Tds> PS of the points in the range
[ f irst,last).
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Operations

Vertexhandle PS.lookup( Point p)

if PScontains a Vertexv with |pos(v)|= p the result is a handle
to v otherwise the result isNULL.

Vertexhandle PS.nearestneighbor( Point p)

computes a handle to a vertexv of PSthat is closest top. If PS
is empty,NULL is returned.

Vertexhandle PS.nearestneighbor( Vertexhandle v)

computes a handle to a vertexw of PSthat is closest tov. If v is
the only vertex inPS, NULL is returned.

template<class OutputIterator>
OutputIterator PS.nearestneighbors( Point p, int k, OutputIterator res)

computes thek nearest neighbors ofp in PS, and places the han-
dles to the corresponding vertices as a sequence of objects of
type Vertexhandle in a container of value type ofres which
points to the first object in the sequence. The function returns
an output iterator pointing to the position beyond the end of the
sequence.

template<class OutputIterator>
OutputIterator PS.nearestneighbors( Vertexhandle v, int k, OutputIterator res)

computes thek nearest neighbors ofv, and places them as a se-
quence of objects of type Vertexhandle in a container of value
type of reswhich points to the first object in the sequence. The
function returns an output iterator pointing to the position be-
yond the end of the sequence.

template<class OutputIterator>
OutputIterator PS.rangesearch( Circle C, OutputIterator res)

computes handles to all vertices contained in the closure of disk
C. The computed vertex handles will be placed as a sequence
of objects in a container of value type ofres which points to
the first object in the sequence. The function returns an output
iterator pointing to the position beyond the end of the sequence.

template<class OutputIterator>
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OutputIterator PS.rangesearch( Point a, Point b, Point c, OutputIterator res)

computes handles to all vertices contained in the closure of the
triangle(a,b,c).

Precondition: a, b, andc must not be collinear. The computed
vertex handles will be placed as a sequence of objects in a con-
tainer of value type ofreswhich points to the first object in the
sequence. The function returns an output iterator pointing to the
position beyond the end of the sequence.

template<class OutputIterator>
OutputIterator PS.rangesearch( Point a1, Point b1, Point c1, Point d1, OutputIterator res)

computes handles to all vertices contained in the closure of the
iso-rectangle(a1,b1,c1,d1).

Precondition: a1 is the upper left point,b1 the lower left,c1 the
lower right andd1 the upper right point of the iso rectangle. The
computed vertex handles will be placed as a sequence of objects
in a container of value type ofreswhich points to the first object
in the sequence. The function returns an output iterator pointing
to the position beyond the end of the sequence.
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PointSetTraits

A point set traits class has to provide some primitives that are used by the point set class. The following catalog
lists the involved primitives. For details about these types see the Kernel traits documentation.

Types

PointSetTraits:: Point2

PointSetTraits:: Circle2

PointSetTraits:: Segment2

PointSetTraits:: FT

PointSetTraits:: Orientation2

PointSetTraits:: Sideof orientedcircle 2

PointSetTraits:: Constructcircle 2

PointSetTraits:: Computesquareddistance2

PointSetTraits:: Boundedside 2

PointSetTraits:: Comparedistance2

PointSetTraits:: Constructcenter2
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CGAL::nearest neighbor

Definition

The functionnearestneighbor is the function template version of the nearest neighbor search on Delaunay
triangulations.

#include<CGAL/nearestneighbordelaunay2.h>

template<class Dt>
Dt::Vertex handle nearestneighbor( Dt delau, Dt::Vertexhandle v)

computes a handle to a vertexw of delauthat is closest tov.
If v is the only vertex indelau, NULL is returned.

Requirements

Dt is a CGAL Delaunay triangulation and contains the following subset of types from the concept PointSetTraits
and from the Delaunay triangulation data type:

• Dt::Geom traits

• Dt::Point

• Dt::Vertex circulator

• Dt::Vertex handle

• Dt::Geom traits::Comparedistance2
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CGAL::nearest neighbors

Definition

The functionnearestneighborsis the function template version of the k nearest neighbors search on Delaunay
triangulations. There are two versions of this function, one taking a point of the Delanay triangulation and the
other taking a vertex handle.

#include<CGAL/nearestneighbordelaunay2.h>

template<class Dt, class OutputIterator>
OutputIterator nearestneighbors( Dt& delau, Dt::Point p, int k, OutputIterator res)

computes thek nearest neighbors ofp in delau, and places
the handles to the corresponding vertices as a sequence of
objects of type Vertexhandle in a container of value type
of res which points to the first object in the sequence. The
function returns an output iterator pointing to the position
beyond the end of the sequence.

Requirements

Dt is a CGAL Delaunay triangulation and contains the following subset of types from the concept PointSetTraits
and from the Delaunay triangulation data type:

• Dt::Geom traits

• Dt::Vertex handle

• Dt::Vertex iterator

• Dt::Vertex circulator

• Dt::Vertex

• Dt::Face

• Dt::Face handle

• Dt::Locate type

• Dt::Point

• Dt::Geom traits::FT

• Dt::Geom traits::Computesquareddistance2

template<class Dt, class OutputIterator>
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OutputIterator nearestneighbors( Dt& delau, Dt::Vertexhandle v, int k, OutputIterator res)

computes thek nearest neighbors ofv (includingv) in delau,
and places them as a sequence of objects of type Ver-
tex handle in a container of value type ofres which points
to the first object in the sequence. The function returns an
output iterator pointing to the position beyond the end of the
sequence.

Requirements

Dt is a CGAL Delaunay triangulation and contains the following subset of types from the concept PointSetTraits
and from the Delaunay triangulation data type:

• Dt::Geom traits

• Dt::Vertex handle

• Dt::Vertex iterator

• Dt::Vertex circulator

• Dt::Vertex

• Dt::Point

• Dt::Geom traits::FT

• Dt::Geom traits::Computesquareddistance2

2019



F
un

ct
io

n

CGAL::range search

Definition

There are six versions of the function templaterange searchthat perform range searches on Delaunay triangu-
lations. The first performs circular range searches, the second triangular range searches and the third performs
iso-rectangular range searches. The other three range search function templates perform enhanced variants of
the three beforementioned operations.
They get a user-defined object that has to control the range search operation. This way one can for instance stop
the search, whenn points were found.

#include<CGAL/rangesearchdelaunay2.h>

template<class Dt, class Circle, class OutputIterator>
OutputIterator rangesearch( Dt& delau, Circle C, OutputIterator res)

computes handles to all vertices contained in the closure of
disk C. The computed vertex handles will be placed as a
sequence of objects in a container of value type ofreswhich
points to the first object in the sequence. The function returns
an output iterator pointing to the position beyond the end of
the sequence.delauis the CGAL Delaunay triangulation on
which we perform the range search operation.

Requirements

• Dt is a CGAL Delaunay triangulation and contains the following subset of types from the concept
PointSetTraits and from the Delaunay triangulation data type:

– Dt::Geom traits

– Dt::Vertex handle

– Dt::Vertex

– Dt::Vertex circulator

– Dt::Vertex iterator

– Dt::Point

– Dt::Geom traits::Boundedside 2

– Dt::Geom traits::Constructcenter2

• the template parameterCircle corresponds toDt::Geom traits::Cricle 2

template<class Dt, class OutputIterator>
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OutputIterator rangesearch( Dt& delau, Dt::Point a, Dt::Point b, Dt::Point c, OutputIterator res)

computes handles to all vertices contained in the closure of
the triangle(a,b,c).

Precondition: a, b, andc must not be collinear. The com-
puted vertex handles will be placed as a sequence of objects
in a container of value type ofres which points to the first
object in the sequence. The function returns an output itera-
tor pointing to the position beyond the end of the sequence.
delauis the CGAL Delaunay triangulation on which we per-
form the range search operation.

Requirements

Dt is a CGAL Delaunay triangulation and contains the following subset of types from the concept PointSetTraits
and from the Delaunay triangulation data type:

• Dt::Geom traits

• Dt::Vertex handle

• Dt::Vertex

• Dt::Vertex circulator

• Dt::Vertex iterator

• Dt::Point

• Dt::Geom traits::Circle 2

• Dt::Geom traits::Boundedside 2

• Dt::Geom traits::Constructcenter2

• Dt::Geom traits::Orientation 2

• Dt::Geom traits::Constructcircle 2

template<class Dt, class OutputIterator>
OutputIterator rangesearch( Dt& delau,

Dt::Point a,
Dt::Point b,
Dt::Point c,
Dt::Point d,
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OutputIterator res)

computes handles to all vertices contained in the closure of
the iso-rectangle(a,b,c,d).

Precondition: a is the upper left point,b the lower left,c the
lower right andd the upper right point of the iso rectangle.
The computed vertex handles will be placed as a sequence of
objects in a container of value type ofreswhich points to the
first object in the sequence. The function returns an output
iterator pointing to the position beyond the end of the se-
quence.delauis the CGAL Delaunay triangulation on which
we perform the range search operation.

Requirements

Dt is a CGAL Delaunay triangulation and contains the following subset of types from the concept PointSetTraits
and from the Delaunay triangulation data type:

• Dt::Geom traits

• Dt::Vertex handle

• Dt::Vertex

• Dt::Vertex circulator

• Dt::Vertex iterator

• Dt::Point

• Dt::Geom traits::Circle 2

• Dt::Geom traits::Boundedside 2

• Dt::Geom traits::Constructcenter2

• Dt::Geom traits::Orientation 2

• Dt::Geom traits::Constructcircle 2

template<class Dt, class Circle, class OutputIterator, class Pred>
OutputIterator rangesearch( Dt& delau,

Circle C,
OutputIterator res,
Pred& pred,
bool return if succeded)

computes handles to all vertices contained in the closure of
disk C. The computed vertex handles will be placed as a
sequence of objects in a container of value type ofreswhich
points to the first object in the sequence. The function returns
an output iterator pointing to the position beyond the end of
the sequence.delauis the CGAL Delaunay triangulation on
that we perform the range search operation.predcontrols the
search operation. Ifreturn i f succededis true, we will end
the search after the first success of the predicate, otherwise
we will continue till the search is finished.
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Requirements

For the requirements ofDt see the description for the non-predicate version.
Requirements ofPred:

• void setresult(bool);

• bool operator()(const Point&);

The operator() is used for testing the current point in the search operation. If this operator returnstrue and
return i f succededis true, the range search will stop. Otherwise the range search operation will continue.
Member functionset result can be used to store the result of the range search in the function object. The result
will be true if the last call to theoperator()of the predicate returnedtrue, f alseotherwise.

template<class Dt, class OutputIterator, class Pred>
OutputIterator rangesearch( Dt& delau,

Dt::Point a,
Dt::Point b,
Dt::Point c,
OutputIterator res,
Pred& pred,
bool return if succeded)

computes handles to all vertices contained in the closure of
the triangle(a,b,c).

Precondition: a, b, andc must not be collinear. The com-
puted vertex handles will be placed as a sequence of objects
in a container of value type ofres which points to the first
object in the sequence. The function returns an output itera-
tor pointing to the position beyond the end of the sequence.
delauis the CGAL Delaunay triangulation on which we per-
form the range search operation.pred controls the search
operation. Ifreturn i f succededis true, we will end the
search after the first success of the predicate, otherwise we
will continue till the search is finished.

Requirements

For the requirements ofDt see the description for the non-predicate version.
For the requirements ofPredsee the description above.

template<class Dt, class OutputIterator, class Pred>
OutputIterator rangesearch( Dt& delau,

Dt::Point a,
Dt::Point b,
Dt::Point c,
Dt::Point d,
OutputIterator res,
Pred& pred,
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bool return if succeded)

computes handles to all vertices contained in the closure of
the iso-rectangle(a,b,c,d).

Precondition: a is the upper left point,b the lower left,c the
lower right andd the upper right point of the iso rectangle.
The computed vertex handles will be placed as a sequence of
objects in a container of value type ofreswhich points to the
first object in the sequence. The function returns an output
iterator pointing to the position beyond the end of the se-
quence.delauis the CGAL Delaunay triangulation on which
we perform the range search operation.pred controls the
search operation. Ifreturn i f succededis true, we will end
the search after the first success of the predicate, otherwise
we will continue till the search is finished.

Requirements

For the requirements ofDt see the description for the non-predicate version.
For the requirements ofPredsee the description above.
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Chapter 34

Interval Skip List
Andreas Fabri

34.1 Definition

An interval skip list is a data strucure for finding all intervals that contain a point, and for stabbing queries, that
is for answering the question whether a given point is contained in an interval or not. The implementation we
provide is dynamic, that is the user can freely mix calls to the methodsinsert(..), remove(..), find intervals(..),
andis contained(..)

The interval skip list class is parameterized with an interval class.

The data structure was introduced by Hanson [Han91], and it is called interval skip list, because it is an extension
of the randomized list structure known as skip list [Pug90].

34.2 Example Programs

We give two examples. The first one uses a basic interval class. In the second example we create an interval
skip list for thez-ranges of the faces of a terrain, allowing to answer level queries.

34.2.1 First Example with Simple Interval

The first example reads two numbersn and d from std::cin. It createsn intervals of lengthd with the left
endpoint atn. It then reads out the intervals for the 1-dimensional points with coordinates 0...n+d.

The interval skip list class has as template argument an interval class. In this example we use the classInterval
skip list interval.
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// file: examples/Interval_skip_list/intervals.C

#include <CGAL/Interval_skip_list.h>
#include <CGAL/Interval_skip_list_interval.h>
#include <vector>
#include <list>
#include <iostream>

typedef CGAL::Interval_skip_list_interval<double> Interval;
typedef CGAL::Interval_skip_list<Interval> Interval_skip_list;

int main()
{

Interval_skip_list isl;
int i, n, d;

n = 10;
d = 3;
//std::cin >> n >> d;
std::vector<Interval> intervals(n);
for(i = 0; i < n; i++) {

intervals[i] = Interval(i, i+d);
}
std::random_shuffle(intervals.begin(), intervals.end());

isl.insert(intervals.begin(), intervals.end());

for(i = 0; i < n+d; i++) {
std::list<Interval> L;
isl.find_intervals(i, std::back_inserter(L));
for(std::list<Interval>::iterator it = L.begin(); it != L.end(); it++){
std::cout << *it;

}
std::cout << std::endl;

}

for(i = 0; i < n; i++) {
isl.remove(intervals[i]);

}
return 0;

}

34.2.2 Example with Faces of a Triangulated Terrain

The second example creates an interval skip list that allows to find all the faces of a terrain intersected by an
horizontal plane at a given height. The data points for the terrain are read from a file.

As model for the interval concept, we use a class that is a wrapper around a face handle of a triangulated terrain.
Lower and upper bound of the interval are smallest and largestz-coordinate of the face.
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// file: examples/Interval_skip_list/terrain.C

#include <CGAL/Simple_cartesian.h>
#include <CGAL/Delaunay_triangulation_2.h>
#include <CGAL/Triangulation_euclidean_traits_xy_3.h>
#include <CGAL/Interval_skip_list.h>
#include <CGAL/Level_interval.h>
#include <iostream>
#include <fstream>

typedef CGAL::Simple_cartesian<double> SC;
typedef SC::Point_3 Point_3;
typedef CGAL::Triangulation_euclidean_traits_xy_3<SC> K;
typedef CGAL::Delaunay_triangulation_2<K> Delaunay;
typedef Delaunay::Face_handle Face_handle;
typedef Delaunay::Finite_faces_iterator Finite_faces_iterator;
typedef CGAL::Level_interval<Face_handle> Interval;
typedef CGAL::Interval_skip_list<Interval> Interval_skip_list;

int main()
{

std::ifstream fin("terrain.pts"); // elevation ranges from 0 to 100
Delaunay dt;

dt.insert(std::istream_iterator<Point_3>(fin),
std::istream_iterator<Point_3>());

Interval_skip_list isl;
for(Finite_faces_iterator fh = dt.finite_faces_begin();

fh != dt.finite_faces_end();
++fh){

isl.insert(Interval(fh));
}
std::list<Interval> level;
isl.find_intervals(50, std::back_inserter(level));
for(std::list<Interval>::iterator it = level.begin();

it != level.end();
++it){

std::cout << dt.triangle(it->face_handle()) << std::endl;
}
return 0;

}
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Interval Skip List
Reference Manual
Andreas Fabri

This chapter presents the interval skip list introduced by Hanson [Han91], and derived from the skip list data
structure [Pug90].

The data structure stores intervals and allows to perform stabbing queries, that is to test wether a point is covered
by any of the intervals. It further allows to find all intervals that contain a point.

The interval skip list is, as far as its functionality is concerned, related to theSegmenttree. Both allow to do
stabbing queries and both allow to find all intervals that contain a given point. The implementation of segment
trees in CGAL works in higher dimensions, whereas the interval skip list is limited to the 1D case. However, this
interval skip list implementation is fully dynamic, whereas the segment tree implementation in CGAL is static,
that is all intervals must be known in advance.

This package has one concept, namely for the interval with which the interval skip list class is parameterized.

34.3 Classified Reference Pages

Concepts

Interval . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2033

Classes

CGAL::Interval skip list<Interval> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page2031
CGAL::Interval skip list interval<Value> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page2034
CGAL::Level interval<FaceHandle> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2035

34.4 Alphabetical List of Reference Pages

Interval skip list<Interval> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2031
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CGAL::Interval skip list<Interval >

Definition

The classInterval skip list<Interval> is a dynamic datastructure that allows to find all members of a set of
intervals that overlap a point.

#include<CGAL/Interval skip list.h>

Types

typedef Interval::Value Value; the type of inf and sup of the interval.

Interval skip list<Interval>:: const iterator

An iterator over all intervals.

Creation

Interval skip list<Interval> isl; Default constructor.

template< class InputIterator>
Interval skip list<Interval> isl( InputIterator first, InputIterator last);

Constructor that inserts the iterator range[first, last) in the interval skip
list.
Precondition: Thevalue typeof first andlast is Interval.

Operations

template< class InputIterator>
int isl.insert( InputIterator first, InputIterator last)

Inserts the iterator range[first, last) in the interval skip list, and returns
the number of inserted intervals.
Precondition: Thevalue typeof first andlast is Interval.

void isl.insert( Interval i)

inserts intervali in the interval skip list.

bool isl.remove( Interval i)

removes intervali from the interval skip list. Returnstrue iff removal
was succesful.
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bool isl.is contained( Value v)

Returnstrue iff there is an interval that containsv.

template< class OutputIterator>
OutputIterator isl.findintervals( Value v, OutputIterator out)

Writes the intervalsi with i.inf() ≤ v≤ i.supto the output iteratorout.
Precondition: Thevalue typeof out is Interval.

void isl.clear()

Removes all intervals from the interval skip list.

const iterator isl.begin()

Returns an iterator over all intervals.

const iterator isl.end() Returns the past the end iterator.

I/O

ostream& ostream& os<< isl

Inserts the interval skip listisl into the streamos.
Precondition: The output operator must be defined forInterval.

Implementation

The insertion and deletion of a segment in the interval skip list takes expected timeO(log2n), if the segment
endpoints are chosen from a continuous distribution. A stabbing query takes expected timeO(logn), and finding
all intervals that contain a point takes expected timeO(logn+k), wherek is the number of intervals.

The implementation is based on the code developed by Eric N. Hansen, which can be found at
http://www-pub.cise.ufl.edu/˜hanson/IS-lists/. Attention, this code has memory leaks.
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Interval

Definition

The concept Interval describes the requirements for the template argumentInterval of a Interval skip list<
Interval>.

The concept does not specify, whether the interval is open or closed. It is up to the implementer of a model for
this concept to define that.

Creation

Interval in; default constructor.

Types

Interval:: Value The type of the lower and upper bound of the interval.

Access Functions

Value in.inf() returns the lower bound.
Value in.sup() returns the upper bound.

bool in.contains( Value v) returnstrue, iff in containsv.

bool in.containsinterval( Value i, Value s)

returnstrue, iff in contains(i,s).

bool in== I Equality test.

bool in ! = I Unequality test.

Has Models

CGAL::Interval skip list interval<Value>
CGAL::Face interval

See Also

Interval skip list
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CGAL::Interval skip list interval<Value>

Definition

The classInterval skip list interval<Value> represents intervals with lower and upper bound of typeValue.
These intervals can be opened or closed at each endpoint.

#include<CGAL/Intervalskip list interval.h>

Creation

Interval skip list interval<Value> i;

Default constructor.

Interval skip list interval<Value> i( Value i, Value s, bool ic = true, bool uc = true);

Constructs the interval with infimumi and supremums. The arguments
ic anduchave valuetrue, iff the interval is closed at the lower and upper
bound, respectively.

Operations

bool i.inf closed() returnstrue, iff the interval is closed at the lower bound.

bool i.supclosed() returnstrue, iff the interval is closed at the upper bound.

I/O

The output operator is defined forstd::ostream.

ostream& ostream& os<< Interval skip list interval<V> i

Inserts the intervali into the streamos.

Precondition: The output operator forValueis defined.

Is Model for the Concepts

Interval
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CGAL::Level interval<FaceHandle>

Definition

The classLevel interval<FaceHandle> represents intervals for the minimum and maximum value of thez-
coordinate of a face of a triangulation.

#include<CGAL/Levelinterval.h>

Requirements

Thevalue typeof FaceHandlemust beFace, which must have a nested typeVertex, which must have a nested
typePoint, whoseKernel traits<Point>Kernelmust have a nested typeFT. These requirements are fulfilled, if
one uses a CGAL triangulation and a CGAL kernel.

Types

typedef FT Value; The type of thez-coordinate of points stored in vertices of faces.

Creation

Level interval<FaceHandle> i; Default constructor.

Level interval<FaceHandle> i( FaceHandle fh);

Constructs the interval with smallest and largestz coordinate of the
points stored in the vertices of the facefh points to.

Operations

FaceHandle i.facehandle() returns the face handle.

I/O

ostream& ostream& os<< i Inserts the intervali into the streamos.
Precondition: The output operator for*Face handleis defined.

Is Model for the Concepts

Interval
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Chapter 35

dD Spatial Searching
Hans Tangelder and Andreas Fabri

35.1 Introduction

The spatial searching package implements exact and approximate distance browsing by providing implementa-
tions of algorithms supporting

• both nearest and furthest neighbor searching

• both exact and approximate searching

• (approximate) range searching

• (approximate)k-nearest andk-furthest neighbor searching

• (approximate) incremental nearest and incremental furthest neighbor searching

• query items representing points and spatial objects.

In these searching problems a setP of data points ind-dimensional space is given. The points can be represented
by Cartesian coordinates or homogeneous coordinates. These points are preprocessed into a tree data structure,
so that given any query itemq the points ofP can be browsed efficiently. The approximate spatial searching
package is designed for data sets that are small enough to store the search structure in main memory (in contrast
to approaches from databases that assume that the data reside in secondary storage).

35.1.1 Neighbor Searching

Spatial searching supports browsing through a collection ofd-dimensional spatial objects stored in a spatial data
structure on the basis of their distances to a query object. The query object may be a point or an arbitrary spatial
object, e.g, ad-dimensional sphere. The objects in the spatial data structure ared-dimensional points.

Often the number of the neighbors to be computed is not know beforehand, e.g., because the number may
depend on some properties of the neighbors (for example when querying for the nearest city to Paris with
population greater than a million) or the distance to the query point. The convential approach isk-nearest
neighbor searchingthat makes use of ak-nearest neighbor algorithm, wherek is known prior to the invocation
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of the algorithm. Hence, the number of nearest neighbors has to be guessed. If the guess is too large redundant
computations are performed. If the number is too small the computation has to be reinvoked for a larger number
of neighbors, thereby performing redundant computations. Therefore, Hjaltason and Samet [HS95] introduced
incremental nearest neighbor searchingin the sense that having obtained thek nearest neighbors, thek + 1st

neighbor can be obtained without having to calculate thek + 1 nearest neighbor from scratch.

Spatial searching typically consists of a preprocessing phase and a searching phase. In the preprocessing phase
one builds a search structure and in the searching phase one makes the queries. In the preprocessing phase the
user builds a tree data structure storing the spatial data. In the searching phase the user invokes a searching
method to browse the spatial data.

With relatively minor modifications, nearest neighbor searching algorithms can be used to find the furthest
object from the query object. Therefore,furthest neighbor searchingis also supported by the spatial searching
package.

The execution time for exact neighbor searching can be reduced by relaxing the requirement that the neighbors
should be computed exactly. If the distances of two objects to the query object are approximately the same,
instead of computing the nearest/furthest neighbor exactly, one of these objects may be returned as the approx-
imate nearest/furthest neighbor. I.e., given some non-negative constantε the distance of an object returned as
an approximatek-nearest neighbor must not be larger than(1+ ε)r, wherer denotes the distance to the realkth

nearest neighbor. Similar the distance of an approximatek-furthest neighbor must not be smaller thanr/(1+ε).
Obviously, forε = 0 we get the exact result, and the largerε is, the less exact the result.

Neighbor searching is implemented by the following four classes.

The classCGAL::Orthogonalk neighborsearch<Traits, OrthogonalDistance, Splitter, SpatialTree> imple-
ments the standard search strategy for orthogonal distances like the weighted Minkowski distance. It requires
the use of extended nodes in the spatial tree and supports onlyk neighbor searching for point queries.

The classCGAL::K neighborsearch<Traits, GeneralDistance, Splitter, SpatialTree> implements the standard
search strategy for general distances like the Manhattan distance for iso-rectangles. It does not require the use
of extended nodes in the spatia tree and supports onlyk neighbor searching for queries defined by points or
spatial objects.

The classOrthogonal incrementalneighborsearch<Traits, GeneralDistance, Splitter, SpatialTree> imple-
ments the incrementral search strategy for general distances like the weighted Minkowski distance. It requires
the use of extended nodes in the spatial tree and supports incremental neighbor searching and distance browsing
for point queries.

The classCGAL::Incrementalneighborsearch<Traits, GeneralDistance, Splitter, SpatialTree> implements the
incremental search strategy for general distances like the Manhattan distance for iso-rectangles. It does not re-
quires the use of extended nodes in the spatial tree and supports incremental neighbor searching and distance
browsing for queries defined by points or spatial objects.

35.1.2 Range Searching

Exact range searchingandapproximate range searchingis supported using exact or fuzzyd-dimensional objects
enclosing a region. The fuzziness of the query object is specified by a parameterε denoting a maximal allowed
distance to the boundary of a query object. If the distance to the boundary is at leastε, points inside the object
are always reported and points outside the object are never reported. Points within distanceε to the boundary
may be or may be not reported. For exact range searching the fuzziness parameterε is set to zero.

The classKd treeimplements range searching in the methodsearch, which is a template method with an output
iterator and a model of the conceptFuzzyQueryItemasCGAL::Fuzzyiso box d or CGAL::Fuzzysphered.
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For range searching of large data sets the user may set the parameterbucketsizeused in building thek-d tree to
a large value (e.g. 100), because in general the query time will be less then using the default value.

35.2 Splitting Rules

Instead of using the default splitting ruleSliding midpointdescribed below, a user may, depending upon the
data, select one from the following splitting rules, which determine how a separating hyperplane is computed:

Midpoint of rectangle This splitting rule cuts a rectangle through its midpoint orthogonal to the longest side.

Midpoint of max spread This splitting rule cuts a rectangle through(Mind+ Maxd)/2 orthogonal to the di-
mension with the maximum point spread[Mind,Maxd].

Sliding midpoint This is a modification of the midpoint of rectangle splitting rule. It first attempts to perform
a midpoint of rectangle split as described above. If data points lie on both sides of the separating plane
the sliding midpoint rule computes the same separator as the midpoint of rectangle rule. If the data points
lie only on one side it avoids this by sliding the separator, computed by the midpoint of rectangle rule, to
the nearest datapoint.

Median of rectangle The splitting dimension is the dimension of the longest side of the rectangle. The splitting
value is defined by the median of the coordinates of the data points along this dimension.

Median of max spread The splitting dimension is the dimension of the longest side of the rectangle. The
splitting value is defined by the median of the coordinates of the data points along this dimension.

Fair This splitting rule is a compromise between the median of rectangle splitting rule and the midpoint of
rectangle splitting rule. This splitting rule maintains an upper bound on the maximal allowed ratio of the
longest and shortest side of a rectangle (the value of this upper bound is set in the constructor of the fair
splitting rule). Among the splits that satisfy this bound, it selects the one in which the points have the
largest spread. It then splits the points in the most even manner possible, subject to maintaining the bound
on the ratio of the resulting rectangles.

Sliding fair This splitting rule is a compromise between the fair splitting rule and the sliding midpoint rule.
Sliding fair-split is based on the theory that there are two types of splits that are good: balanced splits that
produce fat rectangles, and unbalanced splits provided the rectangle with fewer points is fat.

Also, this splitting rule maintains an upper bound on the maximal allowed ratio of the longest and shortest
side of a rectangle (the value of this upper bound is set in the constructor of the fair splitting rule). Among
the splits that satisfy this bound, it selects the one one in which the points have the largest spread. It then
considers the most extreme cuts that would be allowed by the aspect ratio bound. This is done by dividing
the longest side of the rectangle by the aspect ratio bound. If the median cut lies between these extreme
cuts, then we use the median cut. If not, then consider the extreme cut that is closer to the median. If all
the points lie to one side of this cut, then we slide the cut until it hits the first point. This may violate the
aspect ratio bound, but will never generate empty cells.

35.3 Example Programs

We give six examples. The first example illustrates k nearest neighbor searching, and the second example
incremental neighbor searching. The third is an example of approximate furthest neighbor searching using ad-
dimensional iso-rectangle as an query object. Approximate range searching is illustrated by the fourth example.
The fifth example illustrates k neighbour searching for a user defined point class. The last example shows how
to choose another splitting rule in thek-d tree that is used as search tree.
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35.3.1 Example of K Neighbor Searching

The first example illustrates k neighbor searching with an Euclidean distance and 2-dimensional points. The
generated random data points are inserted in a search tree. We then initialize the k neighbor search object with
the origin as query. Finally, we obtain the result of the computation in the form of an iterator range. The value of
the iterator is a pair of a point and its square distance to the query point. We use square distances, ortransformed
distancesfor other distance classes, as they are computationally cheaper.

// file: examples/Spatial_searching/Nearest_neighbor_searching.C

#include <CGAL/Simple_cartesian.h>
#include <CGAL/point_generators_2.h>
#include <CGAL/Orthogonal_k_neighbor_search.h>
#include <CGAL/Search_traits_2.h>
#include <list>
#include <cmath>

typedef CGAL::Simple_cartesian<double> K;
typedef K::Point_2 Point_d;
typedef CGAL::Search_traits_2<K> TreeTraits;
typedef CGAL::Orthogonal_k_neighbor_search<TreeTraits> Neighbor_search;
typedef Neighbor_search::Tree Tree;

int main() {
const int N = 1;

std::list<Point_d> points;
points.push_back(Point_d(0,0));

Tree tree(points.begin(), points.end());

Point_d query(0,0);

// Initialize the search structure, and search all N points

Neighbor_search search(tree, query, N);

// report the N nearest neighbors and their distance
// This should sort all N points by increasing distance from origin
for(Neighbor_search::iterator it = search.begin(); it != search.end(); ++it){

std::cout << it->first << " "<< std::sqrt(it->second) << std::endl;
}

return 0;
}
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35.3.2 Example of Incremental Searching

This example program illustrates incremental searching for the closest point with a positive first coordinate. We
can use the orthogonal incremental neighbor search class, as the query is also a point and as the distance is the
Euclidean distance.

As for thek neighbor search, we first initialize the search tree with the data. We then create the search object,
and finally obtain the iterator with thebegin()method. Note that the iterator is of the input iterator category,
that is one can make only one pass over the data.

// file: examples/Spatial_searching/Distance_browsing.C

#include <CGAL/Simple_cartesian.h>
#include <CGAL/Orthogonal_incremental_neighbor_search.h>
#include <CGAL/Search_traits_2.h>

typedef CGAL::Simple_cartesian<double> K;
typedef K::Point_2 Point_d;
typedef CGAL::Search_traits_2<K> TreeTraits;
typedef CGAL::Orthogonal_incremental_neighbor_search<TreeTraits> NN_incremental_search;
typedef NN_incremental_search::iterator NN_iterator;
typedef NN_incremental_search::Tree Tree;

// A functor that returns true, iff the x-coordinate of a dD point is not positive
struct X_not_positive {

bool operator()(const NN_iterator& it) { return ((*it).first)[0]<0; }
};

// An iterator that only enumerates dD points with positive x-coordinate
typedef CGAL::Filter_iterator<NN_iterator, X_not_positive> NN_positive_x_iterator;

int main() {

Tree tree;
tree.insert(Point_d(0,0));
tree.insert(Point_d(1,1));
tree.insert(Point_d(0,1));
tree.insert(Point_d(10,110));
tree.insert(Point_d(45,0));
tree.insert(Point_d(0,2340));
tree.insert(Point_d(0,30));

Point_d query(0,0);

NN_incremental_search NN(tree, query);
NN_positive_x_iterator it(NN.end(), X_not_positive(), NN.begin()), end(NN.end(), X_not_positive());

std::cout << "The first 5 nearest neighbours with positive x-coord are: " << std::endl;
for (int j=0; (j < 5)&&(it!=end); ++j,++it)

std::cout << (*it).first << " at squared distance = " << (*it).second << std::endl;

return 0;
}
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35.3.3 Example of General Neighbor Searching

This example program illustrates approximate nearest and furthest neighbor searching using 4-dimensional
Cartesian coordinates. Five approximate nearest neighbors of the query rectangle[0.1,0.2]4 are computed.
Because the query object is a rectangle we cannot use the Orthogonal neighbor search. As in the previous
examples we first initialize a search tree, create the search object with the query, and obtain the result of the
search as iterator range.

// file: examples/Spatial_searching/General_neighbor_searching.C

#include <CGAL/Cartesian_d.h>
#include <CGAL/point_generators_2.h>
#include <CGAL/Manhattan_distance_iso_box_point.h>
#include <CGAL/K_neighbor_search.h>
#include <CGAL/Search_traits_2.h>

typedef CGAL::Cartesian_d<double> K;
typedef K::Point_d Point_d;
typedef CGAL::Random_points_in_square_2<Point_d> Random_points_iterator;
typedef K::Iso_box_d Iso_box_d;
typedef K TreeTraits;
typedef CGAL::Manhattan_distance_iso_box_point<TreeTraits> Distance;
typedef CGAL::K_neighbor_search<TreeTraits, Distance> Neighbor_search;
typedef Neighbor_search::Tree Tree;

int main() {
const int N = 1000;
const int K = 10;

Tree tree;
Random_points_iterator rpg;
for(int i = 0; i < N; i++){

tree.insert(*rpg++);
}
Point_d pp(0.1,0.1);
Point_d qq(0.2,0.2);
Iso_box_d query(pp,qq);

Distance tr_dist;
Neighbor_search N1(tree, query, K, 0.0, false); // eps=10.0, nearest=false

std::cout << "For query rectange = [0.1,0.2]ˆ2 " << std::endl
<< "The " << K << " approximate furthest neighbors are: " << std::endl;

for (Neighbor_search::iterator it = N1.begin();it != N1.end();it++) {
std::cout << " Point " << it->first << " at distance = " << tr_dist.inverse_of_transformed_distance(it->second) << std::endl;

}
return 0;

}
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35.3.4 Example of a Range Query

This example program illustrates approximate range querying for 4-dimensional fuzzy iso-rectangles and
spheres using homogeneous coordinates. The range queries are member functions of thek-d tree class.

// file: examples/Spatial_searching/Fuzzy_range_query.C
#include <CGAL/Cartesian_d.h>
#include <CGAL/point_generators_d.h>
#include <CGAL/Kd_tree.h>
#include <CGAL/Fuzzy_sphere.h>
#include <CGAL/Fuzzy_iso_box.h>
#include <CGAL/Search_traits_d.h>

typedef CGAL::Cartesian_d<double> K;
typedef K::Point_d Point_d;
typedef CGAL::Search_traits_d<K> Traits;
typedef CGAL::Random_points_in_iso_box_d<Point_d> Random_points_iterator;
typedef CGAL::Counting_iterator<Random_points_iterator> N_Random_points_iterator;
typedef CGAL::Kd_tree<Traits> Tree;
typedef CGAL::Fuzzy_sphere<Traits> Fuzzy_sphere;
typedef CGAL::Fuzzy_iso_box<Traits> Fuzzy_iso_box;

int main() {
const int D = 4;
const int N = 1000;
// generator for random data points in the square ( (-1000,-1000), (1000,1000) )
Random_points_iterator rpit(4, 1000.0);

// Insert N points in the tree
Tree tree(N_Random_points_iterator(rpit,0),

N_Random_points_iterator(N));

// define range query objects
double pcoord[D] = { 300, 300, 300, 300 };
double qcoord[D] = { 900.0, 900.0, 900.0, 900.0 };
Point_d p(D, pcoord, pcoord+D);
Point_d q(D, qcoord, qcoord+D);
Fuzzy_sphere fs(p, 700.0, 100.0);
Fuzzy_iso_box fib(p, q, 100.0);

std::cout << "points approximately in fuzzy range query" << std::endl;
std::cout << "with center (300.0, 300.0, 300.0, 300.0)" << std::endl;
std::cout << "and fuzzy radius <200.0,400.0> are:" << std::endl;
tree.search(std::ostream_iterator<Point_d>(std::cout, "\n"), fs);

std::cout << "points approximately in fuzzy range query ";
std::cout << "[<200,4000>,<800,1000>]]ˆ4 are:" << std::endl;

tree.search(std::ostream_iterator<Point_d>(std::cout, "\n"), fib);
return 0;

}
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35.3.5 Example Illustrating Use of User Defined Point and Distance Class

The neighbor searching works with all CGAL kernels, as well as with user defined points and distance classes.
In this example we assume that the user provides the following 3-dimensional points class.

struct Point {
double vec[3];

Point() { vec[0]= vec[1] = vec[2] = 0; }
Point (double x, double y, double z) { vec[0]=x; vec[1]=y; vec[2]=z; }

double x() const { return vec[ 0 ]; }
double y() const { return vec[ 1 ]; }
double z() const { return vec[ 2 ]; }

double& x() { return vec[ 0 ]; }
double& y() { return vec[ 1 ]; }
double& z() { return vec[ 2 ]; }

bool operator==(const Point& p) const
{

return (x() == p.x()) && (y() == p.y()) && (z() == p.z()) ;
}

bool operator!=(const Point& p) const { return ! (*this == p); }
}; //end of class

namespace CGAL {

template <>
struct Kernel_traits<Point> {

struct Kernel {
typedef double FT;
typedef double RT;

};
};

}

struct Construct_coord_iterator {
const double* operator()(const Point& p) const
{ return static_cast<const double*>(p.vec); }

const double* operator()(const Point& p, int) const
{ return static_cast<const double*>(p.vec+3); }

};

We have put the glue layer in this file as well, that is a class that allows to iterate over the Cartesian coordinates
of the point, and a class to construct such an iterator for a point. We next need a distance class
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struct Distance {
typedef Point Query_item;

double transformed_distance(const Point& p1, const Point& p2) const {
double distx= p1.x()-p2.x();
double disty= p1.y()-p2.y();
double distz= p1.z()-p2.z();
return distx*distx+disty*disty+distz*distz;

}

template <class TreeTraits>
double min_distance_to_rectangle(const Point& p,
const CGAL::Kd_tree_rectangle<TreeTraits>& b) const {
double distance(0.0), h = p.x();
if (h < b.min_coord(0)) distance += (b.min_coord(0)-h)*(b.min_coord(0)-h);
if (h > b.max_coord(0)) distance += (h-b.max_coord(0))*(h-b.max_coord(0));
h=p.y();
if (h < b.min_coord(1)) distance += (b.min_coord(1)-h)*(b.min_coord(1)-h);
if (h > b.max_coord(1)) distance += (h-b.max_coord(1))*(h-b.min_coord(1));
h=p.z();
if (h < b.min_coord(2)) distance += (b.min_coord(2)-h)*(b.min_coord(2)-h);
if (h > b.max_coord(2)) distance += (h-b.max_coord(2))*(h-b.max_coord(2));
return distance;

}

template <class TreeTraits>
double max_distance_to_rectangle(const Point& p,
const CGAL::Kd_tree_rectangle<TreeTraits>& b) const {
double h = p.x();

double d0 = (h >= (b.min_coord(0)+b.max_coord(0))/2.0) ?
(h-b.min_coord(0))*(h-b.min_coord(0)) : (b.max_coord(0)-h)*(b.max_coord(0)-h);

h=p.y();
double d1 = (h >= (b.min_coord(1)+b.max_coord(1))/2.0) ?

(h-b.min_coord(1))*(h-b.min_coord(1)) : (b.max_coord(1)-h)*(b.max_coord(1)-h);
h=p.z();
double d2 = (h >= (b.min_coord(2)+b.max_coord(2))/2.0) ?

(h-b.min_coord(2))*(h-b.min_coord(2)) : (b.max_coord(2)-h)*(b.max_coord(2)-h);
return d0 + d1 + d2;

}

double new_distance(double& dist, double old_off, double new_off,
int cutting_dimension) const {

return dist + new_off*new_off - old_off*old_off;
}

double transformed_distance(double d) const { return d*d; }

double inverse_of_transformed_distance(double d) { return std::sqrt(d); }

}; // end of struct Distance

2046



We are ready to put the pices together. The classSearchtraits<..> which you see in the next file is then a mere
wrapper for all these types. The searching itself works exactly as for CGAL kernels.

//file: examples/Spatial_searching/User_defined_point_and_distance.C

#include <CGAL/basic.h>
#include <CGAL/Search_traits.h>
#include <CGAL/point_generators_3.h>
#include <CGAL/Orthogonal_k_neighbor_search.h>
#include "Point.h" // defines types Point, Construct_coord_iterator
#include "Distance.h"

typedef CGAL::Random_points_in_cube_3<Point> Random_points_iterator;
typedef CGAL::Counting_iterator<Random_points_iterator> N_Random_points_iterator;
typedef CGAL::Search_traits<double, Point, const double*, Construct_coord_iterator> Traits;
typedef CGAL::Orthogonal_k_neighbor_search<Traits, Distance> K_neighbor_search;
typedef K_neighbor_search::Tree Tree;

int main() {
const int N = 1000;
const int K = 5;
// generator for random data points in the cube ( (-1,-1,-1), (1,1,1) )
Random_points_iterator rpit( 1.0);

// Insert number_of_data_points in the tree
Tree tree(N_Random_points_iterator(rpit,0),

N_Random_points_iterator(N));

Point query(0.0, 0.0, 0.0);
Distance tr_dist;

// search K nearest neighbours
K_neighbor_search search(tree, query, K);
for(K_neighbor_search::iterator it = search.begin(); it != search.end(); it++){

std::cout << " d(q, nearest neighbor)= "
<< tr_dist.inverse_of_transformed_distance(it->second) << std::endl;

}
// search K furthest neighbour searching, with eps=0, search_nearest=false
K_neighbor_search search2(tree, query, K, 0.0, false);

for(K_neighbor_search::iterator it = search2.begin(); it != search2.end(); it++){
std::cout << " d(q, furthest neighbor)= "
<< tr_dist.inverse_of_transformed_distance(it->second) << std::endl;

}
return 0;

}
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35.3.6 Example of Selecting a Splitting Rule and Setting the Bucket Size

This example program illustrates selecting a splitting rule and setting the maximal allowed bucket size. The
only differences with the first example are the declaration of theFair splitting rule, needed to set the maximal
allowed bucket size.

// file: examples/Spatial_searching/Using_fair_splitting_rule.C

#include <CGAL/Simple_cartesian.h>
#include <CGAL/point_generators_2.h>
#include <CGAL/Search_traits_2.h>
#include <CGAL/Orthogonal_k_neighbor_search.h>
#include <cmath>

typedef CGAL::Simple_cartesian<double> R;
typedef R::Point_2 Point_d;
typedef CGAL::Random_points_in_square_2<Point_d> Random_points_iterator;
typedef CGAL::Counting_iterator<Random_points_iterator> N_Random_points_iterator;
typedef CGAL::Search_traits_2<R> Traits;
typedef CGAL::Euclidean_distance<Traits> Distance;
typedef CGAL::Fair<Traits> Fair;
typedef CGAL::Orthogonal_k_neighbor_search<Traits,Distance,Fair> Neighbor_search;
typedef Neighbor_search::Tree Tree;

int main() {
const int N = 1000;
// generator for random data points in the square ( (-1,-1), (1,1) )
Random_points_iterator rpit( 1.0);

Fair fair(5); // bucket size=5
// Insert number_of_data_points in the tree
Tree tree(N_Random_points_iterator(rpit,0),

N_Random_points_iterator(N),
fair);

Point_d query(0,0);

// Initialize the search structure, and search all N points
Neighbor_search search(tree, query, N);

// report the N nearest neighbors and their distance
// This should sort all N points by increasing distance from origin
for(Neighbor_search::iterator it = search.begin(); it != search.end(); ++it){

std::cout << it->first << " "<< std::sqrt(it->second) << std::endl;
}
return 0;

}
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35.4 Software Design

35.4.1 Thek-d tree

Bentley [Ben75] introduced thek-d tree as a generalization of the binary search tree in higher dimensions.k-d
trees hierarchically decompose space into a relatively small number of rectangles such that no rectangle contains
too many input objects. For our purposes, arectanglein reald dimensional space,Rd, is the product ofd closed
intervals on the coordinate axes.k-d trees are obtained by partitioning point sets inRd using (d-1)-dimensional
hyperplanes. Each node in the tree is split into two children by one such separating hyperplane. Several splitting
rules (see Section35.2can be used to compute a seperating (d-1)-dimensional hyperplane.

Each internal node of thek-d tree is associated with a rectangle and a hyperplane orthogonal to one of the
coordinate axis, which splits the rectangle into two parts. Therefore, such a hyperplane, defined by a splitting
dimension and a splitting value, is called a separator. These two parts are then associated with the two child
nodes in the tree. The process of partitioning space continues until the number of data points in the rectangle
falls below some given threshold. The rectangles associated with the leaf nodes are calledbuckets, and they
define a subdivision of the space into rectangles. Data points are only stored in the leaf nodes of the tree, not in
the internal nodes.

Friedmann, Bentley and Finkel [FBF77] described the standard search algorithm to find thekth nearest neighbor
by searching ak-d tree recursively.

When encountering a node of the tree, the algorithm first visits the child that is closest to the query point.
On return, if the rectangle containing the other child lies within 1/ (1+ε) times the distance to thekth nearest
neighbors so far, then the other child is visited recursively. Priority search [AM93b] visits the nodes in increasing
order of distance from the queue with help of a priority queue. The search stops when the distance of the query
point to the nearest nodes exceeds the distance to the nearest point found with a factor 1/ (1+ε). Priority search
supports next neighbor search, standard search does not.

In order to speed-up the internal distance computations in nearest neighbor searching in high dimensional
space, the approximate searching package supports orthogonal distance computation. Orthogonal distance
computation implements the efficient incremental distance computation technique introduced by Arya and
Mount [AM93a]. This technique works only for neighbor queries with query items represented as points and
with a quadratic form distance, defined bydA(x,y) = (x− y)A(x− y)T , where the matrixA is positive def-
inite, i.e. dA(x,y) ≥ 0. An important class of quadratic form distances are weighted Minkowski distances.
Given a parameterp > 0 and parameterswi ≥ 0,0 < i ≤ d, the weighted Minkowski distance is defined by
lp(w)(r,q) = (Σi=d

i=1 wi(r i−qi)p)1/p for 0 < p < ∞ and defined byl∞(w)(r,q) = max{wi |r i − qi | | 1≤ i ≤ d}.
The Manhattan distance (p = 1, wi = 1) and the Euclidean distance (p = 2, wi = 1) are examples of a weighted
Minkowski metric.

To speed up distance computations also transformed distances are used instead of the distance itself. For instance
for the Euclidean distance, to avoid the expensive computation of square roots, squared distances are used
instead of the Euclidean distance itself.
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This package provides data structures and algorithms for exact and approximate distance browsing, supporting

• both nearest and furthest neighbor searching,

• both exact and approximate searching,

• (approximate) range searching,

• (approximate)k-nearest andk-furthest neighbor searching,

• (approximate) incremental nearest and incremental furthest neighbor searching,

• query items representing points and spatial objects.

The spatial searching package consists of the following concepts and classes that are described in the reference
pages.
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CGAL::Euclidean distance<Traits>

Definition

The classEuclideandistance<Traits> provides an implementation of the conceptOrthogonalDistance, with the
Euclidean distance (l2 metric). To optimize distance computations squared distances are used.

#include<CGAL/Euclideandistance.h>

Parameters

Expects for the first template argument a model of the conceptSearchTraits, for exampleCGAL::Searchtraits
2<CGAL::Cartesian<double> >.

Is Model for the Concepts

OrthogonalDistance

Types

Traits::FT FT; Number type.

Traits::Point d Point d; Point type.

Point d Query item; Query item type.

Creation

Euclideandistance<Traits> ed; Default constructor.

Operations

FT ed.transformeddistance( Queryitem q, Pointd p)

Returns the squared Euclidean distance betweenq andp.

FT ed.mindistanceto rectangle( Queryitem q, Kdtree rectangle<FT> r)

Returns the squared Euclidean distance betweenq and the
point on the boundary ofr closest toq.

FT ed.maxdistanceto rectangle( Queryitem q, Kdtree rectangle<FT> r;)

Returns the squared Euclidean distance, whered denotes the
distance betweenqand the point on the boundary ofr farthest
to q.
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FT ed.newdistance( FT dist, FT oldoff, FT newoff, int cutting dimension)

Updates the squareddist incrementally and returns the up-
dated squared distance.

FT ed.transformeddistance( FT d)

Returnsd2.

FT ed.inverseof transformeddistance( FT d)

Returnsd1/2.

See Also

OrthogonalDistance
CGAL::WeightedMinkowskidistance<Traits>.
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CGAL::Euclidean distance sphere point<Traits>

Definition

The classEuclideandistancespherepoint<Traits> provides an implementation of theGeneralDistancecon-
cept for the Euclidean distance (l2 metric) between ad-dimensional sphere and a point, and the Euclidean
distance between ad-dimensional sphere and ad-dimensional iso-rectangle defined as ak-d tree rectangle.

#include<CGAL/Euclideandistancespherepoint.h>

Parameters

Expects for the template argument a model of the conceptSearchTraits, for exampleCGAL::Cartesiand<
double>.

Is Model for the Concepts

GeneralDistance

Types

Traits::FT FT; Number type.

Traits::Point d Point d; Point type.

Traits::Sphered Sphered; Query item type.

Creation

Euclideandistancespherepoint<Traits> ed; Default constructor.

Operations

NT ed.transformeddistance( Queryitem s, Pointd p)

Returns the distance betweens andp.

NT ed.mindistanceto rectangle( Queryitem s, Kdtree rectangle<Traits> r)

Returns the minimal distance between a point from the
spheres and a point fromr.
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NT ed.maxdistanceto rectangle( Queryitem s, Kdtree rectangle<Traits> r)

Returns the maximal distance between the spheres and a
point fromr furthest tos.

NT ed.transformeddistance( NT d)

Returnsd2.

NT ed.inverseof transformeddistance( NT d)

Returnsd1/2.

See Also

GeneralDistance
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CGAL::Fair <Traits, SpatialSeparator>

Definition

Implements thefair splitting rule. This splitting rule is a compromise between the median of rectangle splitting
rule and the midpoint of rectangle splitting rule. This splitting rule maintains an upper bound on the maximal
allowed ratio of the longest and shortest side of a rectangle (the value of this upper bound is set in the constructor
of the fair splitting rule). Among the splits that satisfy this bound, it selects the one in which the points have the
largest spread. It then splits the points in the most even manner possible, subject to maintaining the bound on
the ratio of the resulting rectangles.

#include<CGAL/Splitters.h>

Parameters

Expects for the first template argument a model of the conceptSearchTraits, for exampleCartesiand<double>.

Expects for the second template argument a model of the conceptSeparator. It has as default value the type,
CGAL::Planeseparator<Traits::FT>.

Is Model for the Concepts

Splitter

Types

Traits::FT FT; Number type.

Creation

Fair<Traits, SpatialSeparator> s; Default constructor.

Fair<Traits, SpatialSeparator> s( unsigned int bucketsize, FT aspectratio=FT(3));

Constructor.

Operations

FT s.aspectratio() Returns the maximal ratio between the largest and smallest
side of a cell allowed for fair splitting.

unsigned int s.bucketsize() Returns the bucket size of the leaf nodes.

See Also

Splitter,
SpatialSeparator
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FuzzyQueryItem

Definition

The concept FuzzyQueryItem describes the requirements for fuzzyd-dimensional spatial objects.

Has Models

CGAL::Fuzzysphere<Traits>,
CGAL::Fuzzyiso box<Traits>

Types

FuzzyQueryItem:: Pointd represents ad-dimensional point.

FuzzyQueryItem:: FT Number type.

Operations

bool q.contains( Pointd p)

test whetherq containsp.

bool q.innerrange intersects( Kdtree rectangle<Traits> rectangle)

test whether the inner approximation of the spatial object in-
tersects a rectangle associated with a node of a tree.

bool q.outerrange contains( Kdtree rectangle<Traits> rectangle)

test whether the outer approximation of the spatial object en-
closes the rectangle associated with a node of a tree.
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CGAL::Fuzzy iso box<Traits>

Definition

The classFuzzyiso box<Traits> implements fuzzyd-dimensional iso boxes. A fuzzy iso box with fuzziness
valueε has as outer approximation a box dilated, and as inner approximation a box eroded by ad-dim square
with side lengthε.

#include<CGAL/Fuzzyiso box.h>

Parameters

Expects for the template argument a model of the conceptSearchTraits, for exampleCGAL::Searchtraits 2<
CGAL::Simplecartesian<double> >.

Is Model for the Concepts

FuzzyQueryItem

Types

Traits::Point d Point d; Point type.

Traits::FT FT; Number type.

Creation

Fuzzyiso box<Traits> b( Point d p, Point d q, FT epsilon=FT(0));

Constructs a fuzzy iso box specified by the minimal iso box
containingp andq and fuzziness valueepsilon.
Precondition: p must be lexicographically smaller thanq.

Operations

bool b.contains( Pointd p)

test whetherb containsp.

bool b.innerrange intersects( Kdtree rectangle<FT> rectangle)

test whether the inner box intersects the rectangle associated
with a node of a tree.
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bool b.outerrange contains( Kdtree rectangle<FT> rectangle)

test whether the outer box encloses the rectangle associated
with a node of a tree.

See Also

FuzzyQueryItem
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CGAL::Fuzzy sphere<Traits>

Definition

The classFuzzysphere<Traits> implements fuzzyd-dimensional spheres. A fuzzy sphere with radiusr and
fuzziness valueε has as outer approximation a sphere with radiusr + ε and as inner approximation a sphere
with radiusr− ε.

#include<CGAL/Fuzzysphere.h>

Parameters

Expects for the template argument a model of the conceptSearchTraits, for exampleCGAL::Cartesiand<
double>.

Is Model for the Concepts

FuzzyQueryItem

Types

Traits::Point d Point d; Point type.

Traits::FT FT; Number type.

Creation

Fuzzysphere<Traits> s( Point d center, FT radius, FT epsilon=FT(0));

Constructs a fuzzy sphere centered atcenterwith radiusra-
diusand fuzziness valueepsilon.

Operations

bool s.contains( Pointd p) test whethers containsp.

bool s.innerrange intersects( Kdtree rectangle<FT> rectangle)

test whether the inner sphere intersects the rectangle associ-
ated with a node of a tree.

bool s.outerrange contains( Kdtree rectangle<FT> rectangle)

test whether the outer sphere encloses the rectangle associ-
ated with a node of a tree.
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See Also

FuzzyQueryItem
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GeneralDistance

Definition

Requirements of a distance class defining a distance between a query item denoting a spatial object and a point.
To optimize distance computations transformed distances are used, e.g., for a Euclidean distance the transformed
distance is the squared Euclidean distance.

Has Models

CGAL::Manhattandistancerectanglepoint<Traits, IsoBox>
CGAL::Euclideandistancespherepoint<Traits, Sphere>.

Types

GeneralDistance:: FT Number type.

GeneralDistance:: Pointd Point type.

GeneralDistance:: Queryitem Query item type.

Operations

FT gd.transformeddistance( Queryitem q, Pointd r)

Returns the transformed distance betweenq andr.

FT gd.mindistanceto rectangle( Queryitem q, Kdtree rectangle<FT> r)

Returns the transformed distance betweenq and the point on
the boundary ofr closest toq.

FT gd.maxdistanceto rectangle( Queryitem q, Kdtree rectangle<FT> r)

Returns the transformed distance betweenq and the point on
the boundary ofr furthest toq.

FT gd.transformeddistance( FT d)

Returns the transformed distance.

FT gd.inverseof transformeddistance( FT d)

Returns the inverse of the transformed distance.
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CGAL::Incremental neighbor search<Traits, GeneralDistance, Splitter,
SpatialTree>

Definition

The classIncrementalneighborsearch<Traits, GeneralDistance, Splitter, SpatialTree> implements incremen-
tal nearest and furthest neighbor searching on a tree. The tree may have extended or unextended nodes.

#include<CGAL/Incrementalneighborsearch.h>

Parameters

Expects for the first template argument a model of the conceptSearchTraits, for exampleCGAL::Searchtraits
2<CGAL::Cartesian<double> >.

Expects for the second template argument a model of the conceptGeneralDistance. The default type is
CGAL::Euclideandistance<Traits>.

Expects for third template argument a model of the conceptSplitter. The default type isCGAL::Sliding
midpoint<Traits>.

Expects for fourth template argument a model of the conceptSpatialTree. The default type isCGAL::Kd tree<
Traits,Splitter,CGAL::Tagfalse>. The template argumentCGAL::Tag falsemakes that the tree is built with
unextended nodes.

Types

Traits::Point d Point d; Point type.

Traits::NT NT; Number type.

std::pair<Point d,NT>

Point with transformeddistance;

Pair of point and transformed distance.

Incrementalneighborsearch<Traits, GeneralDistance, Splitter, SpatialTree>:: iterator

Input iterator with value typePoint with transformed
distancefor enumerating approximate neighbors.

GeneralDistance::Queryitem

Query item; Query item type.

SpatialTree Tree; The tree type.
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Creation

Incrementalneighborsearch<Traits, GeneralDistance, Splitter, SpatialTree> s(
Tree& tree,
QueryItem q,
NT eps=NT(0.0),
bool searchnearest=true,
GeneralDistance d=GeneralDistance())

Constructor for incremental neighbor searching of the query
itemq in the points storedtreeusing a distanced and approx-
imation factoreps.

Operations

iterator s.begin() Returns an iterator to the approximate nearest or furthest
neighbor.

iterator s.end() Past-the-end iterator.

advanced

std::ostream& s.statistics( std::ostream& s)

Inserts statistics of the search process into the output stream
s.

advanced

See Also

CGAL::Orthogonalincrementalneighborsearch<Traits, OrthogonalDistance, Splitter, SpatialTree>.
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CGAL::K neighbor search<Traits, GeneralDistance, Splitter, Spatial-
Tree>

Definition

The classK neighborsearch<Traits, GeneralDistance, Splitter, SpatialTree> implements approximatek-
nearest andk-furthest neighbor searching using standard search on a tree using a general distance class. The
tree may be built with extended or unextended nodes.

#include<CGAL/K neighborsearch.h>

Parameters

Expects for the first template argument an implementation of the conceptSearchTraits, for example
CGAL::Cartesiand<double>.

Expects for the second template argument a model of the conceptGeneralDistance. The default type is
CGAL::Euclideandistance<Traits>.

Expects for fourth template argument an implementation of the conceptSpatialTree. The default type is
CGAL::Kd tree<Traits, Splitter, CGAL::Tagfalse>. The template argumentCGAL::Tag falsemakes that the
tree is built with unextended nodes.

Types

Traits::Point d Point d; Point type.

Traits::FT FT; Number type.

std::pair<Point d,FT>

Point with transformeddistance;

Pair of point and transformed distance.

K neighborsearch<Traits, GeneralDistance, Splitter, SpatialTree>:: iterator

Bidirectional iterator with value typePoint with distancefor
enumerating approximate neighbors.

GeneralDistance::Queryitem

Query item; Query item type.

SpatialTree Tree; The tree type.
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Creation

K neighborsearch<Traits, GeneralDistance, Splitter, SpatialTree> s(
Tree& tree,
Query item q,
int k=1,
FT eps=FT(0.0),
bool searchnearest=true,
GeneralDistance d=GeneralDistance())

Constructor for searching approximatelyk neighbors of the
query itemq in the points stored intreeusing distance class
d and approximation factoreps.

Operations

iterator s.begin() Returns an iterator to the approximate neighbors.

iterator s.end() Past-the-end iterator.

advanced

std::ostream& s.statistics( std::ostream& s)

Inserts statistics of the search process into the output stream
s.

advanced

See Also

CGAL::Orthogonalk neighborsearch<Traits, OrthogonalDistance, Splitter, SpatialTree>.
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CGAL::Kd tree<Traits, Splitter, UseExtendedNode>

Definition

The classKd tree<Traits, Splitter, UseExtendedNode> defines ak-d tree.

#include<CGAL/Kd tree.h>

Parameters

Expects for the first template argument a model of the conceptSearchTraits, for exampleCGAL::Searchtraits
2<CGAL::Cartesian<double> >.

Excepts for the second template argument a model for the conceptSplitter. It defaults toSliding midpoint<
Traits>.

Expects for the third template argumentCGAL::Tag true, if the tree shall be built with extended nodes, and
CGAL::Tag falseotherwise.

Types

Traits::Point d Point d; Point class.

Traits::FT FT; Number type.

Kd tree<Traits, Splitter, UseExtendedNode>:: Splitter;

Splitter type.

Kd tree<Traits, Splitter, UseExtendedNode>:: iterator;

Bidirectional iterator with value typePoint d that allows to
enumerate all points in the tree.

advanced

Kd tree<Traits, Splitter, UseExtendedNode>:: Node handle;

A handle with value typeKd tree node<Traits,Splitter>.

Kd tree<Traits, Splitter, UseExtendedNode>:: Point d iterator;

Random access iterator with value typePoint d*.

advanced
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Creation

Kd tree<Traits, Splitter, UseExtendedNode> tree( Splitter s=Splitter());

Constructs an emptyk-d tree.

template<class InputIterator>
Kd tree<Traits, Splitter, UseExtendedNode> tree( InputIterator first,

InputIterator beyond,
Splitter s=Splitter())

Constructs ak-d tree on the elements from the sequence
[first, beyond)using the splitting rule implemented bys. The
value type of theInputIteratormust bePoint d.

Operations

void tree.insert( Pointd p)

Inserts the pointp in thek-d tree.

template<class InputIterator>
void tree.insert( InputIterator first, InputIterator beyond)

Inserts the elements from the sequence[first, beyond)in the
k-d tree. The value type of theInputIteratormust bePoint d.

template<class OutputIterator, class FuzzyQueryItem>
OutputIterator tree.search( OutputIterator it, FuzzyQueryItem q)

Reports the points that are approximately contained byq.
The typesFuzzyQueryItem::Pointd and Point d must be
equivalent.

iterator tree.begin() Returns an iterator to the first point in the tree.

iterator tree.end() Returns the corresponding past-the-end iterator.

void tree.clear() Removes all points from thek-d tree.

unsigned int tree.size() Returns the number of points that are stored in the tree.

advanced

Nodehandle tree.root() Returns a handle to the root node of the tree.
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Kd tree rectangle<Traits>

tree.boundingbox() returns a const reference to the bounding box of the root node
of the tree.

std::ostream& tree.statistics( std::ostream& s)

Inserts statistics of the tree into the output streams.

advanced

See Also

Tree.CGAL::Kd tree node<Traits>,
CGAL::Searchtraits 2<Kernel>,
CGAL::Searchtraits 3<Kernel>,
CGAL::Searchtraits<FT ,Point,CartesianIterator,ConstructCartesianIterator>.
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CGAL::Kd tree node<Traits, Splitter, UseExtendedNode>

advanced

Definition

The classKd tree node<Traits, Splitter, UseExtendedNode> implements a node class for ak-d tree. A node is
either a leaf node, an internal node or an extended internal node. A leaf node contains one or more points. An
internal node contains a pointer to its lower child, a pointer to its upper child, and a pointer to its separator. An
extended internal node is an internal node containing the lower and upper limit of an extended node’s rectangle
along the node’s cutting dimension.

#include<CGAL/Kd tree node.h>

Parameters

Expects for the template argument a model of the conceptSearchTraits, for exampleCGAL::Searchtraits 2<
CGAL::Cartesian<double> >, or CGAL::Cartesiand<double>.

Types

enum Nodetype{ LEAF, INTERNAL, EXTENDEDINTERNAL};

Denotes type of node.

Traits::FT FT; Number type.

Traits::Point d Point d; Point type.

Splitter::Separator Separator; Separator type.

Kd tree<Traits,Splitter,UseExtendedNode>::Point d iterator

Point d iterator; Iterator over points.

Kd tree<Traits,Splitter,UseExtendedNode>::Node handle

Nodehandle; Node handle.

Creation

Operations

template<class OutputIterator, class FuzzyQueryItem>
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OutputIterator n.search( OutputIterator it, FuzzyQueryItem q)

Reports the points from the subtree of the node, that are ap-
proximately contained by q.

template<class OutputIterator>
OutputIterator n.treepoints( OutputIterator it)

Reports all the points contained by the subtree of the node.

bool n.is leaf() Indicates whether a node is a leaf node.

int n.size() Returns the number of items stored in a leaf node.

Point d iterator n.begin() Returns the iterator to the first item in a leaf node.

Point d iterator n.end() Returns the past-the-end iterator in a leaf node.

Nodehandle n.lower() Returns a handle to the lower child of an internal node.

Nodehandle n.upper() Returns a handle to the upper child of an internal node.

Separator& n.separator() Returns a reference to the separator.

FT n.low val() Returns the lower limit of an exteneded node’s rectangle
along the node’s cutting dimension.

FT n.high val() Returns the upper limit of an extended node’s rectangle along
the node’s cutting dimension.

advanced
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CGAL::Kd tree rectangle<Traits>

advanced

Definition

The classKd tree rectangle<Traits> implementsd-dimensional iso-rectangles and related operations, e.g.,
methods to compute bounding boxes of point sets.

#include<CGAL/Kd tree rectangle.h>

Types

Traits::FT FT; Number type.

Creation

Kd tree rectangle<Traits> r( int d); Constructs ad-dimensional rectangler with lower bound and
upper bound set to zero in each dimension.

template<class PointIter>
Kd tree rectangle<Traits> r( int d, PointIter begin, PointIter end);

Constructs the bounding box of the points in the range
[begin,end), where the value type ofPointIter must be
Traits::Point d.

Operations

FT r.min coord( int i) Returns the lower bound of the rectangle in dimensioni.

FT r.max coord( int i) Returns the upper bound of the rectangle in dimensioni.

void r.setupper bound( int i, FT x)

Sets upper bound in dimensioni to x.

void r.set lower bound( int i, FT x)

Sets lower bound in dimensioni to x.

FT r.max span() Returns the maximal span of the rectangle.

FT r.max spancoord() Returns the smallest coordinate for which the rectangle has
its maximal span.
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int r.dimension() Returns the dimension of the rectangle.

void r.split(& r, int d, FT value)

Splits rectangle in dimensiond at coordinate-valuevalueby
modifying itself to lower half and by modifyingr to upper
half.

Output Routines

template<class FT>
std::ostream& std::ostream& s<< & r

Inserts rectangler in the output streams and returnss.

advanced
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CGAL::Manhattan distance iso box point<Traits>

Definition

The classManhattandistanceiso box point<Traits> provides an implementation of theGeneralDistancecon-
cept for the Manhattan distance (l1 metric) between ad-dimensional iso-box and ad-dimensional point and
the Manhattan distance between ad-dimensional iso-box and ad-dimensional iso-box defined as ak-d tree
rectangle.

#include<CGAL/Manhattandistanceiso box point.h>

Parameters

Expects for the template argument a model for the conceptSearchTraits, for exampleCGAL::Searchtraits 3<
CGAL::Cartesian<double> >.

Is Model for the Concepts

GeneralDistance

Types

Traits::FT FT; Number type.

Traits::Point d Point d; Point type.

Traits::Iso box d Query item; Query item type.

Creation

Manhattandistanceiso box point<Traits> md;

Default constructor.

Operations

FT md.transformeddistance( Queryitem b, Pointd p)

Returns the transformed distance betweenb andp.

FT md.transformeddistance( FT d)

Returns the transformed value of ofd.
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FT md.inverseof transformeddistance( FT d)

Returns the value of the inverse of the transform function
applied tod.

FT md.mindistanceto rectangle( Queryitem b, Kdtree rectangle<Traits> r)

Returns the minimal distance between a point fromb and a
point fromr.

FT md.maxdistanceto rectangle( Queryitem b, Kdtree rectangle<Traits> r)

Returns the maximal distance between the iso-boxb and a
point fromr furthest tob.

See Also

GeneralDistance.
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CGAL::Median of max spread<Traits, SpatialSeparator>

Definition

Implements themedian of max spreadsplitting rule. The splitting dimension is the dimension of the longest
side of the rectangle. The splitting value is defined by the median of the coordinates of the data points along
this dimension.

#include<CGAL/Splitters.h>

Parameters

Expects for the first template argument a model of the conceptSearchTraits, for example the type
CGAL::Searchtraits 3< Cartesian<double> >.

Expects for the second template argument a model of the conceptSeparator. It has as default value the type,
CGAL::Planeseparator<Traits::FT>.

Is Model for the Concepts

Splitter

Creation

Median of max spread<Traits, SpatialSeparator> s;

Default constructor.

Median of max spread<Traits, SpatialSeparator> s( unsigned int bucketsize);

Constructor.

Operations

unsigned int s.bucketsize() Returns the bucket size of the leaf nodes.

See Also

Splitter,
SpatialSeparator
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CGAL::Median of rectangle<Traits, SpatialSeparator>

Definition

Implements themedian of rectanglesplitting rule. The splitting dimension is the dimension of the longest side
of the rectangle. The splitting value is defined by the median of the coordinates of the data points along this
dimension.

#include<CGAL/Splitters.h>

Parameters

Expects for the first template argument a model of the conceptSearchTraits, for example the type
CGAL::Searchtraits 3< Cartesian<double> >.

Expects for the second template argument a model of the conceptSeparator. It has as default value the type,
CGAL::Planeseparator<Traits::FT>.

Is Model for the Concepts

Splitter

Creation

Median of rectangle<Traits, SpatialSeparator> s;

Default constructor.

Median of rectangle<Traits, SpatialSeparator> s( unsigned int bucketsize);

Constructor.

Operations

unsigned int s.bucketsize() Returns the bucket size of the leaf nodes.

See Also

Splitter,
SpatialSeparator
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CGAL::Midpoint of max spread<Traits, SpatialSeparator>

Definition

Implements themidpoint of max spreadsplitting rule. A rectangle is cut through(Mind+Maxd)/2 orthogonal
to the dimension with the maximum point spread[Mind,Maxd].

#include<CGAL/Splitters.h>

Parameters

Expects for the first template argument a model of the conceptSearchTraits, for example the type
CGAL::Searchtraits 3< Cartesian<double> >.

Expects for the second template argument a model of the conceptSeparator. It has as default value the type,
CGAL::Planeseparator<Traits::FT>

Is Model for the Concepts

Splitter

Creation

Midpoint of max spread<Traits, SpatialSeparator> s;

Default constructor.

Midpoint of max spread<Traits, SpatialSeparator> s( unsigned int bucketsize);

Constructor.

Operations

unsigned int s.bucketsize() Returns the bucket size of the leaf nodes.

See Also

Splitter,
SpatialSeparator
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CGAL::Midpoint of rectangle<Traits, SpatialSeparator>

Definition

Implements themidpoint of rectanglesplitting rule. A rectangles is cut through its midpoint orthogonal to the
longest side.

#include<CGAL/Splitters.h>

Parameters

Expects for the first template argument a model of the conceptSearchTraits, for example the type
CGAL::Searchtraits 3< Cartesian<double> >.

Expects for the second template argument a model of the conceptSeparator. It has as default value the type,
CGAL::Planeseparator<Traits::FT>

Is Model for the Concepts

Splitter

Creation

Midpoint of rectangle<Traits, SpatialSeparator> s;

Default constructor.

Midpoint of rectangle<Traits, SpatialSeparator> s( unsigned int bucketsize);

Constructor.

Operations

unsigned int s.bucketsize() Returns the bucket size of the leaf nodes.

See Also

Splitter,
SpatialSeparator
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OrthogonalDistance

Definition

Requirements of an orthogonal distance class supporting incremental distance updates. To optimize distance
computations transformed distances are used. E.g., for an Euclidean distance the transformed distance is the
squared Euclidean distance.

Refines

GeneralDistance

Has Models

CGAL::Euclideandistance<Traits>,
CGAL::WeightedMinkowskidistance<Traits>

Types

OrthogonalDistance:: FT Number type.

OrthogonalDistance:: Pointd Point type.

OrthogonalDistance:: Queryitem Query item type.

Creation

OrthogonalDistance od( int d); Constructor implementing distance ford-dimensional points.

Operations

FT od.transformeddistance( Queryitem q, Pointd r)

Returns the transformed distance betweenq andr.

FT od.mindistanceto rectangle( Queryitem q, Kdtree rectangle<Traits> r)

Returns the transformed distance betweenq and the point on
the boundary ofr closest toq.

FT od.maxdistanceto rectangle( Queryitem q, Kdtree rectangle<Traits> r)

Returns the transformed distance betweenq and the point on
the boundary ofr farthest toq.
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FT od.transformeddistance( FT d)

Returns the transformed distance.

FT od.inverseof transformeddistance( FT d)

Returns the inverse of the transformed distance.

FT od.newdistance( FT dist, FT oldoff, FT newoff, int cutting dimension)

Updatesdist incrementally and returns the updated distance.
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CGAL::Orthogonal incremental neighbor search<Traits, Orthogo-
nalDistance, Splitter, SpatialTree>

Definition

The classOrthogonal incrementalneighborsearch<Traits, OrthogonalDistance, Splitter, SpatialTree> imple-
ments incremental nearest and furthest neighbor searching on a tree.

#include<CGAL/Orthogonalincrementalneighborsearch.h>

Parameters

Expects for the first template argument a model of the conceptSearchTraits, for exampleCGAL::Searchtraits
2<CGAL::Cartesian<double> >.

Expects for the second template argument a model of the conceptGeneralDistance. The default type is
CGAL::Euclideandistance<Traits>.

Expects for third template argument a model of the conceptSplitter. The default type isCGAL::Sliding
midpoint<Traits>.

Expects for fourth template argument a model of the conceptSpatialTree. The default type isCGAL::Kd tree<
Traits, Splitter, CGAL::Tagtrue>. The template argument must beCGAL::Tag truebecause orthogonal search
needs extended kd tree nodes.

Types

Traits::Point d Point d; Point type.

Traits::FT FT; Number type.

OrthogonalDistance::Queryitem

Query item; Query item.

std::pair<Point d,FT>

Point with transformeddistance;

Pair of point and transformed distance.

Orthogonal incrementalneighborsearch<Traits, OrthogonalDistance, Splitter, SpatialTree>:: iterator

Input iterator with value typePoint with transformed
distancefor enumerating approximate neighbors.

SpatialTree Tree; The tree type.
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Creation

Orthogonal incrementalneighborsearch<Traits, OrthogonalDistance, Splitter, SpatialTree> s(
SpatialTree& tree,
Query item query,
FT eps=FT(0.0),
bool searchnearest=true,
OrthogonalDistance d=OrthogonalDistance())

Constructor for incremental neighbor searching of the query
item query in the points storedtree using a distanced and
approximation factoreps.

Operations

iterator s.begin() Returns an iterator to the approximate neighbors.

iterator s.end() Returns the corresponding past-the-end iterator.

advanced

std::ostream& s.statistics( std::ostream& s)

Inserts statistics of the search process into the output
streams.

advanced

See Also

CGAL::Incrementalneighborsearch<Traits, GeneralDistance, SpatialTree>.
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CGAL::Orthogonal k neighbor search<Traits, OrthogonalDistance,
Splitter, SpatialTree>

Definition

The classOrthogonalk neighborsearch<Traits, OrthogonalDistance, Splitter, SpatialTree> implements ap-
proximatek-nearest andk-furthest neighbor searching on a tree using an orthogonal distance class.

#include<CGAL/Orthogonalk neighborsearch.h>

Parameters

Expects for the first template argument an implementation of the conceptSearchTraits, for example
CGAL::Searchtraits 2<CGAL::Cartesian<double> >.

Expects for the second template argument a model of the conceptGeneralDistance. The default type is
CGAL::Euclideandistance<Traits>.

Expects for third template argument a model of the conceptSplitter. The default type isCGAL::Sliding
midpoint<Traits>.

Expects for fourth template argument an implementation of the conceptSpatialTree. The default type is
CGAL::Kd tree<Traits, Splitter, CGAL::Tagtrue>. The template argument must beCGAL::Tag true because
orthogonal search needs extended kd tree nodes.

Types

Traits::Point d Point d; Point type.

Traits::FT FT; Number type.

GeneralDistance::Queryitem

Query item; Query item.

std::pair<Point d,FT>

Point with transformeddistance;

Pair of point and transformed distance.

Orthogonalk neighborsearch<Traits, OrthogonalDistance, Splitter, SpatialTree>:: iterator

Bidirectional iterator with value type Point with
transformeddistance for enumerating approximate
neighbors.

SpatialTree Tree; The tree type.
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Operations

Orthogonalk neighborsearch<Traits, OrthogonalDistance, Splitter, SpatialTree> s(
SpatialTree tree,
Query item query,
int k=1,
FT eps=FT(0.0),
bool searchnearest=true,
OrthogonalDistance d=OrthogonalDistance())

Constructor for searching approximatelyk neighbors of the
query itemqueryin the points stored intreeusing distanced
and approximation factoreps.

iterator s.begin() Returns an iterator to the approximate neighbors.

iterator s.end() Past-the-end iterator.

advanced

std::ostream& s.statistics( std::ostream& s)

Inserts statistics of the search process into the output
streams.

advanced

See Also

CGAL::K neighborsearch<Traits, GeneralDistance, Splitter, SpatialTree>.
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CGAL::Plane separator<FT>

advanced

Definition

The classPlane separator<FT> implements a plane separator, i.e., a hyperplane that is used to separate two half
spaces. This hyperplane is defined by a cutting dimensiond and a cutting valuev asxd = v, wherev denotes the
dth coordinate value.

#include<CGAL/Planeseparator.h>

Is Model for the Concepts

SpatialSeparator

Creation

Plane separator<FT> s( int d, FT v); Constructs a separator that separates two half spaces by a
hyperplane defined byxd = v, wherev denotes thedth coor-
dinate value.

Plane separator<FT> s( p); Copy constructor.

Operations

void s.setcutting dimension( int d)

Sets the cutting dimension tod.

void s.setcutting value( FT v)

Sets the cutting value tov.

int s.cuttingdimension() Returns the number of the cutting dimension.

FT s.cuttingvalue() Returns the cutting value.

template<class SpatialPoint>
bool s.hason negativeside( SpatialPoint p)

Returns true if and only if the coordinate ofp in the cutting
dimension is smaller than the cutting value.

Plane separator<FT>

s= s2 Assignment operator.
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Output Operators

template<class FT>
std::ostream& std::ostream& os<< s

Inserts the plane separators in the output streamos and re-
turnsos.

advanced
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SearchTraits

Definition

The conceptSearchTraitsdefines the requirements for the template parameter of the search classes.

Types

SearchTraits:: Pointd Point type. CGAL::Kernel traits has to be specialized for
this type.

SearchTraits:: Isobox d Iso box type. It is only needed for range search queries.

SearchTraits:: Sphered Sphere type. It is only needed for range search queries.

SearchTraits:: FT The number type of the Cartesian coordinates of typesPoint
d

SearchTraits:: Cartesianconst iterator An random access iterator type to enumerate the Cartesian
coordinates of a point.

SearchTraits:: Constructcartesianconst iterator

Functor with operators to construct iterators on the first and
the past-the-end iterator for the Cartesian coordinates of a
point.

SearchTraits:: Constructcenterd; Functor with operator to construct the center of an object of
typeSphered.

SearchTraits:: Constructsquaredradius d; Functor with operator to compute the squared radius of a an
object of typeSphered.

SearchTraits:: Constructmin vertexd; Functor with operator to construct the vertex with lexico-
graphically smallest coordinates of an object of typeIso box
d.

SearchTraits:: Constructmax vertexd; Functor with operator to construct the vertex with lexico-
graphically largest coordinates of an object of typeIso box
d.

Has Models

CGAL::Cartesiand<FT>
CGAL::Homogeneousd<RT>
CGAL::Searchtraits 2<Kernel>
CGAL::Searchtraits 3<Kernel>,
CGAL::Searchtraits<NT,Point,CartesianCoordinateIterator,ConstructCartesianCoordinateIterator,ConstructMinVertex,ConstructMaxVertex>
.
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CGAL::Search traits 2<Kernel>

Definition

The classSearchtraits 2<Kernel> can be used as a template parameter of the kd tree and the search classes.

#include<CGAL/Searchtraits 2.h>

Parameters

Expects for the template argument a model of the conceptKernel, for exampleCGAL::Cartesian<double> or
CGAL::Simplecartesian<CGAL::Gmpq>.

Is Model for the Concepts

SearchTraits.

Types

Kernel::FT FT; Number type.

Kernel::Point 2 Point d; Point type.

Kernel::Iso rectangle2

Iso box d; Iso box type.

Kernel::Sphere2 Sphered; Sphere type.

Kernel::Cartesianconst iterator 2

Cartesianconst iterator d;

An iterator over the Cartesian coordinates.

Kernel::Constructcartesianconst iterator 2

Constructcartesianconst iterator d;

A functor with two function operators, which return the begin
and past the end iterator for the Cartesian coordinates. The
functor for begin has as argument aPoint d. The functor for
the past the end iterator, has as argument aPoint d and an
int.
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Kernel::Constructiso rectangle2

Constructiso box d; Functor with operator to construct the iso box from two
points.

Kernel::Constructcenter2

Constructcenterd; Functor with operator to construct the center of an object of
typeSphered.

Kernel::Computesquaredradius 2

Constructsquaredradius d;

Functor with operator to compute the squared radius of a an
object of typeSphered.

Kernel::Constructmin vertex2

Constructmin vertexd;

Functor with operator to construct the vertex with lexico-
graphically smallest coordinates of an object of typeIso box
d.

Kernel::Constructmax vertex2

Constructmax vertexd;

Functor with operator to construct the vertex with lexico-
graphically largest coordinates of an object of typeIso box
d.

See Also

Searchtraits 3<Kernel>
Searchtraits<NT ,Point,CartesianConstIterator,ConstructCartesianConstIterator
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CGAL::Search traits 3<Kernel>

Definition

The classSearchtraits 3<Kernel> can be used as a template parameter of the kd tree and the search classes.
Kernelmust be a CGAL kernel.

#include<CGAL/Searchtraits 3.h>

Parameters

Expects for the template argument a model of the conceptKernel, for exampleCGAL::Cartesian<double> or
CGAL::Simplecartesian<CGAL::Gmpq>.

Is Model for the Concepts

SearchTraits.

Types

Kernel::FT FT; Number type.

Kernel::Point 3 Point d; Point type.

Kernel::Iso cuboid 3

Iso box d; Iso box type.

Kernel::Sphere3 Sphered; Sphere type.

Kernel::Cartesianconst iterator 3

Cartesianconst iterator d;

An iterator over the Cartesian coordinates.

Kernel::Constructcartesianconst iterator 3

Constructcartesianconst iterator d;

A functor with two function operators, which return the begin
and past the end iterator for the Cartesian coordinates. The
functor for begin has as argument aPoint d. The functor for
the past the end iterator, has as argument aPoint d and an
int.
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Kernel::Constructcenter3

Constructcenterd; Functor with operator to construct the center of an object of
typeSphered.

Kernel::Computesquaredradius 3

Constructsquaredradius d;

Functor with operator to compute the squared radius of a an
object of typeSphered.

Kernel::Constructmin vertex3

Constructmin vertexd;

Functor with operator to construct the vertex with lexico-
graphically smallest coordinates of an object of typeIso box
d.

Kernel::Constructmax vertex3

Constructmax vertexd;

Functor with operator to construct the vertex with lexico-
graphically largest coordinates of an object of typeIso box
d.

See Also

Searchtraits 2<Kernel>
Searchtraits<Point,CartesianConstIterator,ConstructCartesianConstIterator
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CGAL::Search traits d<Kernel>

Definition

The classSearchtraits d<Kernel> can be used as a template parameter of the kd tree and the search classes.
Kernelmust be a CGAL kernel.

Kernelmust be a d-dimensional CGAL kernel.

#include<CGAL/Searchtraits d.h>

Parameters

Expects for the template argument a model of the conceptKernel d, for exampleCGAL::Cartesiand<double>
or CGAL::Homogeneousd<CGAL::Gmpz>.

Is Model for the Concepts

SearchTraits.

Types

Kernel::FT NT; Number type.

Kernel::Point d Point d; Point type.

Kernel::Iso cuboid d

Iso box d; Iso box type.

Kernel::Sphered Sphered; Sphere type.

Kernel::Cartesianconst iterator d

Cartesianconst iterator;

An iterator over the Cartesian coordinates.

Kernel::Constructcartesianconst iterator d

Constructcartesianconst iterator;

A functor with two function operators, which return the begin
and past the end iterator for the Cartesian coordinates. The
functor for begin has as argument aPoint d. The functor for
the past the end iterator, has as argument aPoint d and an
int.
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Kernel::Constructmin vertexd

Constructmin vertexd;

Functor with operator to construct the vertex with lexico-
graphically smallest coordinates of an object of typeIso box
d.

Kernel::Constructmax vertexd

Constructmax vertexd;

Functor with operator to construct the vertex with lexico-
graphically largest coordinates of an object of typeIso box
d.

See Also

Searchtraits 2<Kernel>
Searchtraits 3<Kernel>
Searchtraits<Point,CartesianConstIterator,ConstructCartesianConstIterator>
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CGAL::Search traits<NT,Point,CartesianIterator,ConstructCartesianIterator,ConstructMinVertex,ConstructMaxVertex >

Definition

The classSearchtraits<NT,Point,CartesianIterator,ConstructCartesianIterator,ConstructMinVertex,ConstructMaxVertex>
can be used as a template parameter of the kd tree and the search classes. It is a mere wrapper for the geometric
types needed by these classes.

#include<CGAL/Searchtraits.h>

Is Model for the Concepts

SearchTraits.

Types

NT FT; The number type of the coordinates.

Point Point d; Point type.

CartesianIterator Cartesianconst iterator d;

An iterator over the coordinates.

ConstructCartesianIterator

ConstructCartesianconst iterator d;

A functor with two function operators, which return the begin
and past the end iterator for the Cartesian coordinates. The
functor for begin has as argument aPoint d. The functor for
the past the end iterator, has as argument aPoint d and an
int.

ConstructMinVertex Constructmin vertexd;

Functor with operator to construct the vertex with lexico-
graphically smallest coordinates of an object of typeIso box
d.

Kernel::ConstructMaxVertex

Constructmax vertexd;

Functor with operator to construct the vertex with lexico-
graphically largest coordinates of an object of typeIso box
d.
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See Also

Searchtraits 2<Kernel>
Searchtraits 3<Kernel>
Searchtraits d<Kernel>
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CGAL::Sliding fair <Traits, SpatialSeparator>

Definition

Implements thesliding fair splitting rule. This splitting rule is a compromise between theFair splitting rule and
theSliding midpointrule. Sliding fair-split is based on the theory that there are two types of splits that are good:
balanced splits that produce fat rectangles, and unbalanced splits provided the rectangle with fewer points is fat.

Also, this splitting rule maintains an upper bound on the maximal allowed ratio of the longest and shortest side
of a rectangle (the value of this upper bound is set in the constructor of the fair splitting rule). Among the splits
that satisfy this bound, it selects the one one in which the points have the largest spread. It then considers the
most extreme cuts that would be allowed by the aspect ratio bound. This is done by dividing the longest side
of the rectangle by the aspect ratio bound. If the median cut lies between these extreme cuts, then we use the
median cut. If not, then consider the extreme cut that is closer to the median. If all the points lie to one side of
this cut, then we slide the cut until it hits the first point. This may violate the aspect ratio bound, but will never
generate empty cells.

#include<CGAL/Splitters.h>

Parameters

Expects for the first template argument a model of the conceptSearchTraits, for exampleCGAL::Cartesiand<
double>.

Expects for the second template argument a model of the conceptSeparator. It has as default value the type,
CGAL::Planeseparator<Traits::FT>

Is Model for the Concepts

Splitter

Types

Traits::FT FT; Number type.

Creation

Sliding fair<Traits, SpatialSeparator> s( unsigned int bucketsize, FT aspectratio=FT(3));

Constructor.

Operations

FT s.aspectratio() Returns the maximal ratio between the largest and smallest
side of a cell allowed for fair splitting.

unsigned int s.bucketsize() Returns the bucket size of the leaf nodes.
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See Also

Splitter,
SpatialSeparator

2100



C
la

ss
F

un
ct

or

CGAL::Sliding midpoint<Traits, SpatialSeparator>

Definition

Implements thesliding midpointsplitting rule. This is a modification of theMidpoint of rectanglesplitting
rule. It first attempts to perform a midpoint of rectangle split as described above. If data points lie on both
sides of the separating plane the sliding midpoint rule computes the same separator as the midpoint of rectangle
rule. If the data points lie only on one side it avoids this by sliding the separator, computed by the midpoint of
rectangle rule, to the nearest datapoint.

#include<CGAL/Splitters.h>

Parameters

Expects for the first template argument a model of the conceptSearchTraits, for exampleCGAL::Cartesiand<
double>.

Expects for the second template argument a model of the conceptSeparator. It has as default value the type,
CGAL::Planeseparator<Traits::FT>.

Is Model for the Concepts

Splitter

Creation

Sliding midpoint<Traits, SpatialSeparator> s( unsigned int bucketsize);

Constructor.

Operations

unsigned int s.bucketsize() Returns the bucket size of the leaf nodes.

See Also

Splitter,
SpatialSeparator
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SpatialSeparator

advanced

Definition

The concept SpatialSeparator defines the requirements for a separator. A separator is a (d-1)-dimensional sub-
space that separates ad-dimensional space into two parts. One part of space is said to be on the negative side of
the separator and the other part of space is said to be on the positive side of the separator.

Has Models

CGAL::Planeseparator<FT>.

Types

SpatialSeparator:: FT; Number type.

Creation

SpatialSeparator s; Default constructor.

Operations

void s.setcutting dimension( int d)

Sets the cutting dimension tod.

void s.setcutting value( FT v)

Sets the cutting value tov.

int s.cuttingdimension() Returns the number of the cutting dimension.

FT s.cuttingvalue() Returns the cutting value.

template<class Pointd>
bool s.hason negativeside( Pointd p)

Returns true if and only if the pointp is on the negative side
of the separator.

advanced
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SpatialTree

Definition

The concept SpatialTree defines the requirements for a tree supporting both neighbor searching and approximate
range searching.

Types

SpatialTree:: SearchTraits Search traits.

SpatialTree:: Pointd Point type.

SpatialTree:: iterator; Bidirectional iterator with value typePoint d that allows to
enumerate all points in the tree.

SpatialTree:: Nodehandle; Node handle.

SpatialTree:: Pointd iterator; Iterator with value typePoint d*.

SpatialTree:: Splitter Splitter.

SpatialTree:: Distance Distance.

Creation

template<class InputIterator>
SpatialTree tree( InputIterator first, InputIterator beyond, SearchTraits t);

Constructs a tree on the elements from the sequence
[first,beyond).

Operations

template<class OutputIterator, class FuzzyQueryItem>
OutputIterator tree.search( OutputIterator it, FuzzyQueryItem q)

Reports the points that are approximately contained byq.
The value type ofOutputIteratormust bePoint d.

iterator tree.begin() Returns an iterator to the first point in the tree.

iterator tree.end() Returns the corresponding past-the-end iterator.
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Nodehandle tree.root() Returns a handle to the root node of the tree.

Kd tree rectangle<SearchTraits>

tree.boundingbox() returns a const reference to the bounding box of the root node
of the tree.

unsigned int tree.size() Returns the number of items that are stored in the tree.

Has Models

CGAL::Kd tree<Traits,Splitter,UseExtendedNode>.
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Splitter

advanced

Definition

The concept Splitter defines the requirements for a function object class implementing a splitting rule.

Has Models

CGAL::Fair<Traits, SpatialSeparator>,
CGAL::Medianof rectangle<Traits, SpatialSeparator>,
CGAL::Medianof max spread<Traits, SpatialSeparator>,
CGAL::Midpoint of rectangle<Traits, SpatialSeparator>,
CGAL::Midpoint of max spread<Traits, SpatialSeparator>,
CGAL::Sliding fair<Traits, SpatialSeparator>,
CGAL::Sliding midpoint<Traits, SpatialSeparator>.

Types

Splitter:: FT; Number type.

Splitter:: Separator; Separator.

The parametersaspectratio andbucketsizedefine the way in whichk-d tree is constructed.

Operations

FT s.aspectratio() Returns the maximal ratio between the largest and smallest
side of a cell allowed for fair splitting.

unsigned int s.bucketsize() Returns the bucket size of the leaf nodes.

advanced
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CGAL::Weighted Minkowski distance<Traits>

Definition

The classWeightedMinkowskidistance<Traits> provides an implementation of the conceptOrthogo-
nalDistance, with a weighted Minkowski metric ond-dimensional points defined bylp(w)(r,q) =
(Σi=d

i=1 wi(r i−qi)p)1/p for 0 < p < ∞ and defined byl∞(w)(r,q) = max{wi |r i − qi | | 1≤ i ≤ d}. For the pur-
pose of the distance computations it is more efficient to compute the transformed distanceσi=d

i=1 wi(r i−qi)p

instead of the actual distance.

#include<CGAL/WeightedMinkowskidistance.h>

Parameters

Expects for the template argument a model of the conceptSearchTraits, for exampleCGAL::Searchtraits 2<
Kernel>.

Is Model for the Concepts

OrthogonalDistance

Types

Traits::FT FT; Number type.

Traits::Point d Point d; Point type.

Creation

WeightedMinkowskidistance<Traits> wd( int d);

Constructor implementingl2 metric for d-dimensional
points.

template<class InputIterator>
WeightedMinkowskidistance<Traits> wd( FT power, int dim, InputIterator wb, InputIterator we);

Constructor implementing thelpower(weights) metric.
power≤ 0 denotes thel∞(weights) metric. The values in the
iterator range[wb,we)are the weight.

Operations

FT wd.transformeddistance( Pointd q, Point d r)

Returnsdpower, where d denotes the distance betweenq
andr.
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FT wd.mindistanceto rectangle( Pointd q, Kd tree rectangle<Traits> r;)

Returnsdpower, whered denotes the distance between the
query itemq and the point on the boundary ofr closest toq.

FT wd.maxdistanceto rectangle( Pointd q, Kd tree rectangle<Traits> r;)

Returnsdpower, whered denotes the distance between the
query itemq and the point on the boundary ofr farthest toq.

FT wd.newdistance( FT dist, FT oldoff, FT newoff, int cutting dimension)

Updatesdist incrementally and returns the updated distance.

FT wd.transformeddistance( FT d)

Returnsdp for 0 < p < ∞ . Returnsd for p = ∞ .

FT wd.inverseof transformeddistance( FT d)

Returnsd1/p for 0 < p < ∞. Returnsd for p = ∞.

See Also

OrthogonalDistance
CGAL::Euclideandistance<Traits>
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Chapter 36

dD Range and Segment Trees
Gabriele Neyer

36.1 Introduction

This chapter presents the CGAL range tree and segment tree data structures.

36.2 Definitions

This section presentsd-dimensional range and segment trees. A one-dimensional range tree is a binary search
tree onone-dimensional point data. Here we call all one-dimensional data types having a strict ordering (like
integer and double)point data. d-dimensional point dataared-tuples of one-dimensional point data.

A one-dimensional segment tree is a binary search tree as well, but withone-dimensional interval dataas input
data. One-dimensional interval data is a pair (i.e., 2-tuple)(a,b), wherea andb are one-dimensional point data
of the same type anda < b. The pair(a,b) represents a half open interval[a,b). Analogously, ad-dimensional
interval is represented by ad-tuple of one-dimensional intervals.

The input data typefor a d-dimensional tree is a container class consisting of ad-dimensional point data type,
interval data type or a mixture of both, and optionally avalue type, which can be used to store arbitrary data. E.g.,
thed–dimensional bounding box of ad–dimensional polygon may define the interval data of ad–dimensional
segment tree and the polygon itself can be stored as its value. Aninput data itemis an instance of an input data
type.

The range and segment tree classes are fully generic in the sense that they can be used to definemultilayer
trees. A multilayer tree of dimension (number of layers)d is a simple tree in thed-th layer, whereas thek-th
layer, 1≤ k≤ d−1, of the tree defines a tree where each (inner) vertex contains a multilayer tree of dimension
d− k+1. Thek−1-dimensional tree which is nested in thek-dimensional tree (T) is called thesublayer tree
(of T). For example, ad-dim tree can be a range tree on the first layer, constructed with respect to the first
dimension ofd-dimensional data items. On all the data items in each subtree, a(d− 1)-dimensional tree is
built, either a range or a segment tree, with respect to the second dimension of the data items. And so on.
Figures36.2, 36.3and36.5illustrate the meaning of a sublayer tree graphically.

After creation of the tree, further insertions or deletions of data items are disallowed. The tree class does neither
depend on the type of data nor on the concrete physical representation of the data items. E.g., let a multilayer
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tree be a segment tree for which each vertex defines a range tree. We can choose the data items to consist of
intervals of typedoubleand the point data of typeinteger. As value type we can choosestring.

For this generality we have to define what the tree of each dimension looks like and how the input data is
organized. For dimensionk, 1≤ k≤ 4, CGAL provides ready-to-use range and segment trees that can store
k-dimensional keys (intervals resp.). Examples illustrating the use of these classes are given in Sections36.5.1
and36.6.1. The description of the functionality of these classes as well as the definition of higher dimensional
trees and mixed multilayer trees is given in the reference manual.

In the following two sections we give short definitions of the version of the range tree and segment tree imple-
mented here together with some examples. The presentation closely follows [dBvKOS97].

36.3 Software Design

In order to be able to define a multilayer tree we first designed the range and segment tree to have a template
argument defining the type of the sublayer tree. With this sublayer tree type information the sublayers could
be created. This approach lead to nested template arguments, since the sublayer tree can again have a template
argument defining the sublayer. Therefore, the internal class and function identifiers got longer than a compiler-
dependent limit. This happend already ford = 2.

Therefore, we chose another, object oriented, design. We defined a pure virtual base class calledTree base
from which we derived the classesRangetree d andSegmenttree d. The constructor of these classes expects
an argument calledsublayerprototypeof typeTree base. Since classRangetree d and classSegmenttree d
are derived from classTree base, one can use an instantiation of classRangetree d or classSegmenttree d as
constructor argument. This argument defines the sublayer tree of the tree. E.g., you can construct aRangetree
d with an instantiation of classSegmenttree d as constructor argument. You then have defined a range tree with
a segment tree as sublayer tree. Since both classesRangetree d andSegmenttree d expect a sublayer tree in
their constructor we had to derive a third class calledTree anchorfrom classTree basewhich does not expect
a constructor argument. An instantiation of this class is used as constructor argument of classRangetree d or
Segmenttree d in order to stop the recursion.

All classes provide aclone() function which returns an instance (a copy) of the same tree type. Theclone()
function of thesublayerprototypeis called in the construction of the tree. In case that the sublayer tree again
has a sublayer, it also has asublayerprototypewhich is also cloned and so on. Thus, a call to theclone()
function generates a sublayer tree which has the complete knowledge about its sublayer tree.

The trees allow to perform window queries, enclosing queries, and inverse range queries on the keys. Clearly,
an inverse range query makes only sense in the segment tree. In order to perform an inverse range query, a range
query ofε width has to be performed. We prefered not to offer an extra function for this sort of query, since
the inverse range query is a special case of the range query. Furthermore, offering an inverse range query in the
segment tree class implies offering this function also in the range tree class and having an extra item in the traits
class that accesses the inverse range query point.

The trees are templatized with three arguments:Data, WindowandTraits. TypeData defines the input data
type and typeWindowdefines the query window type. The tree uses a well defined set of functions in order to
access data. These functions have to be provided by classTraits.

The design partly follows theprototype design patternin [GHJV95]. In comparison to our first approach using
templates we want to note the following: In this approach the sublayer type is defined in use of object oriented
programming at run time, while in the approach using templates, the sublayer type is defined at compile time.

The runtime overhead caused in use of virtual member functions in this object oriented design is negligible
since all virtual functions are non trivial. The design concept is illustrated in Figure36.1.
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E.g. in order to define a two dimensional multilayer tree, which consists of a range tree in the first dimension
and a segment tree in the second dimension we proceed as follows: We construct an object of typeTree anchor
which stops the recursion. Then we construct an object of typeSegmenttree d, which gets as prototype argu-
ment our object of typeTree anchor. After that, we define an object of typeRangetree d which is constructed
with the object of typeSegmenttree d as prototype argument. The following piece of code illustrates the
construction of the two-dimensional multilayer tree.

int main(){
Tree_Anchor *anchor=new Tree_Anchor;
Segment_Tree_d *segment_tree = new Segment_Tree_d(*anchor);
Range_Tree_d *range_segment_tree = new Range_Tree_d(*segment_tree);
/* let data_items be a list of Data items */
range_segment_tree->make_tree(data_items.begin(),data_items.end());

}

Here, classTree Anchor, SegmentTree d, andRangeTree d are defined bytypedefs:

typedef Tree_anchor<Data,Window> Tree_Anchor;
typedef Segment_tree_d<Data,Window,Interval_traits> Segment_Tree_d;
typedef Range_tree_d<Data,Window,Point_traits> Range_Tree_d;

ClassTree baseand classTree anchor get two template arguments: a classData which defines the type of
data that is stored in the tree, and a classWindowwhich defines the type of a query range. The derived classes
Rangetree d andSegmenttree d additionally get an argument calledTree traits which defines the interface
between theData and the tree. Let theData type be ad-dimensional tuple, which is either a point data or an
interval data in each dimension. Then, the classTree traits provides accessors to the point (resp. interval) data
of that tree layer and a compare function. Remind our example of the two-dimensional tree which is a range tree
in the first dimension and a segment tree in the second dimension. Then, theTree traits class template argument
of classSegmenttree d defines an accessor to the interval data of theData, and theTree traits class template
argument of classRangetree d defines an accessor to the point data ofData. An example implementation for
these classes is listed below.

struct Data{
int min,max; /* interval data */
double point; /* point data */

};

struct Window{
int min,max;
double min_point, max_point;

};

class Point_traits{
public:
typedef double Key;
Key get_key(Data& d){return d.point;} /*key accessor */
Key get_left(Window& w){return w.min_point;}
Key get_right(Window& w){return w.max_point;}
bool comp(Key& key1, Key& key2){return (key1 < key2);}

}
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class Interval_traits{
public:
typedef int Key;
Key get_left(Data& d){return d.min;}
Key get_right(Data& d){return d.max;}
Key get_left_win(Window& w){return w.min;}
Key get_right_win(Window& w){return w.max;}
bool comp(Key& key1, Key& key2){return (key1 < key2);}

}

36.4 Creating an Arbitrary Multilayer Tree

Now let us have a closer look on how a multilayer tree is built. In case of creating ad-dimensional tree, we
handle a sequence of arbitrary data items, where each item defines ad-dimensional interval, point or other
object. The tree is constructed with an iterator over this structure. In thei-th layer, the tree is built with respect
to the data slot that defines thei-th dimension. Therefore, we need to define which data slot corresponds to
which dimension. In addition we want our tree to work with arbitrary data items. This requires an adaptor
between the algorithm and the data item. This is resolved by the use of traits classes, implemented in form of a
traits class using function objects. These classes provide access functions to a specified data slot of a data item.
A d-dimensional tree is then defined separately for each layer by defining a traits class for each layer.

36.5 Range Trees

A one-dimensional range tree is a binary search tree on one-dimensional point data. The point data of the tree
is stored in the leaves. Each inner vertex stores the highest entry of its left subtree. The version of a range tree
implemented here is static, which means that after construction of the tree, no elements be inserted or deleted.
A d-dimensional range tree is a binary leaf search tree according to the first dimension of thed-dimensional
point data, where each vertex contains a(d−1)-dimensional search tree of the points in the subtree (sublayer
tree) with respect to the second dimension. See [dBvKOS97] and [Sam90] for more detailed information.

A d-dimensional range tree can be used to determine alld-dimensional points that lie inside a givend-
dimensional interval (window query). Figure36.2 shows a two-dimensional range tree, Figure36.3 a d-
dimensional one.

The tree can be built inO(nlogd−1n) time and needsO(nlogd−1n) space. Thed-dimensional points that lie in
the d-dimensional query interval can be reported inO(logd n+ k) time, wheren is the total number of points
andk is the number of reported points.

36.5.1 Example ofRange Tree on Map-like Data

The following example program uses the predefinedRangetree 2 data structure together with the predefined
traits classRangetree map traits 2 which has two template arguments specifying the type of the point data in
each dimension (CGAL::Cartesian<double>) and the value type of the 2-dimensional point data (char). There-
fore theRangetree 2 is defined on 2-dimensional point data each of which is associated with a character. Then,
a few data items are created and put into a list. After that the tree is constructed according to that list, a window
query is performed, and the query elements are given out.
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Data Items of v

Data Items of v

Sublevel

Tree of v

Range Tree

Figure 36.2: A two-dimensional range tree. The
tree is a binary search tree on the first dimension.
Each sublayer tree of a vertexv is a binary search
tree on the second dimension. The data items in a
sublayer tree ofv are all data items of the subtree
of v.

Figure 36.3: A d-dimensional range tree. For each
layer of the tree, one sublayer tree is illustrated.

#include <CGAL/Cartesian.h>
#include <CGAL/Range_segment_tree_traits.h>
#include <CGAL/Range_tree_k.h>

typedef CGAL::Cartesian<double> K;
typedef CGAL::Range_tree_map_traits_2<K, char> Traits;
typedef CGAL::Range_tree_2<Traits> Range_tree_2_type;

int main()
{

typedef Traits::Key Key;
typedef Traits::Interval Interval;

std::vector<Key> InputList, OutputList;
InputList.push_back(Key(K::Point_2(8,5.1), ’a’));
InputList.push_back(Key(K::Point_2(1,1.1), ’b’));
InputList.push_back(Key(K::Point_2(3,2.1), ’c’));

Range_tree_2_type Range_tree_2(InputList.begin(),InputList.end());
Interval win(Interval(K::Point_2(4,8.1),K::Point_2(5,8.2)));
std::cout << "\n Window Query:\n ";
Range_tree_2.window_query(win, std::back_inserter(OutputList));
std::vector<Key>::iterator current=OutputList.begin();
while(current!=OutputList.end()){

std::cout << (*current).first.x() << "," << (*current).first.y()
<< ":" << (*current++).second << std::endl;

}
}
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36.5.2 Example of Range Tree on Set-like Data

This example illustrates the use of the range tree on 2-dimensional point data (no value is associated to a data
item). After the definition of the tree, some input data items are created and the tree is constructed according to
the input data items. After that, a window query is performed and the query elements are given to standard out.

#include <CGAL/Cartesian.h>
#include <CGAL/Range_segment_tree_traits.h>
#include <CGAL/Range_tree_k.h>

typedef CGAL::Cartesian<double> K;
typedef CGAL::Range_segment_tree_set_traits_2<K> Traits;
typedef CGAL::Range_tree_2<Traits> Range_tree_2_type;

int main()
{

typedef Traits::Key Key;
typedef Traits::Interval Interval;
std::vector<Key> InputList, OutputList;
std::vector<Key>::iterator first, last, current;

InputList.push_back(Key(8,5.1));
InputList.push_back(Key(1,1.1));
InputList.push_back(Key(3,2.1));

Range_tree_2_type Range_tree_2(InputList.begin(),InputList.end());

Interval win=Interval(Key(4,8.1),Key(5,8.2));
std::cout << std::endl << "Window Query: lower left point: (4.0,5.0),";
std::cout << "upper right point: (8.1,8.2)" << std::endl;
Range_tree_2.window_query(win, std::back_inserter(OutputList));
current=OutputList.begin();
while(current!=OutputList.end()){

std::cout << (*current).x()<< "-" << (*current).y() << std::endl;
current++;

}
}

36.6 Segment Trees

A segment tree is a static binary search tree for a given set of coordinates. The set of coordinates is defined
by the endpoints of the input data intervals. Any two adjacent coordinates build an elementary interval. Every
leaf corresponds to an elementary interval. Inner vertices correspond to the union of the subtree intervals of the
vertex. Each vertex or leafv contains a sublayer type (or a list, if it is one-dimensional) that will contain all
intervalsI , such thatI contains the interval of vertexv but not the interval of the parent vertex ofv.

A d-dimensional segment tree can be used to solve the following problems:

• Determine alld-dimensional intervals that contain ad-dimensional point. This query type is called “in-
verse range query”.

2115



• Determine alld-dimensional intervals that enclose a givend-dimensional interval (enclosingquery).

• Determine alld-dimensional intervals that partially overlap or are contained in a givend-dimensional
interval (window query).

In Figure36.4an example of a one-dimensional segment tree is given. Figure36.5shows a two-dimensional
segment tree.

s1 s2
s3

s1

s2,s5 s3  s3

s3,s4 s2

s2

s5
s4

s4

Figure 36.4: A one-dimensional segment tree. The segments and the corre-
sponding elementary intervals are shown below the tree. The arcs from the
nodes point to their subsets.

Sublevel

Tree of v

  v

Segment Tree

Data Items

of v

Data Items

of v

Figure 36.5: A two-dimensional segment tree. The first layer of the tree is built
according to the elementary intervals of the first dimension. Each sublayer tree
of a vertexv is a segment tree according to the second dimension of all data
items ofv.

The tree can be built inO(nlogd n) time and needsO(nlogd n) space. The processing time for inverse range
queries in and-dimensional segment tree isO(logd n+k) time, wheren is the total number of intervals andk is
the number of reported intervals.

One possible application of a two-dimensional segment tree is the following. Given a set of convex polygons in
two-dimensional space (CGAL::Polygon2), we want to determine all polygons that intersect a given rectangular
query window. Therefore, we define a two-dimensional segment tree, where the two-dimensional interval of a
data item corresponds to the bounding box of a polygon and the value type corresponds to the polygon itself.
The segment tree is created with a sequence of all data items, and a window query is performed. The polygons
of the resulting data items are finally tested independently for intersections.
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36.6.1 Example of Segment Tree on Map-like Data

The following example program uses the predefinedSegmenttree 2 data structure together with the prede-
fined traits classSegmenttree map traits 2 which has two template arguments specifying the type of the point
data in each dimension (CGAL::Cartesian<double>) and the value type of the 2-dimensional point data (char).
Therefore theSegmenttree 2 is defined on 2-dimensional point data (CGAL::Point 2<Cartesian<double> >)
each of which is associated with a character. Then, a few data items are created and put into a list. After that the
tree is constructed according to that list, a window query is performed, and the query elements are given out.

#include <CGAL/Cartesian.h>
#include <CGAL/Segment_tree_k.h>
#include <CGAL/Range_segment_tree_traits.h>

typedef CGAL::Cartesian<double> K;
typedef CGAL::Segment_tree_map_traits_2<K, char> Traits;
typedef CGAL::Segment_tree_2<Traits > Segment_tree_2_type;

int main()
{

typedef Traits::Interval Interval;
typedef Traits::Pure_interval Pure_interval;
typedef Traits::Key Key;
std::list<Interval> InputList, OutputList1, OutputList2;

InputList.push_back(Interval(Pure_interval(Key(1,5), Key(2,7)),’a’));
InputList.push_back(Interval(Pure_interval(Key(2,7), Key(3,8)),’b’));
InputList.push_back(Interval(Pure_interval(Key(6,9), Key(9,13)),’c’));
InputList.push_back(Interval(Pure_interval(Key(1,3), Key(3,9)),’d’));

Segment_tree_2_type Segment_tree_2(InputList.begin(),InputList.end());

Interval a=Interval(Pure_interval(Key(3,6), Key(7,12)),’e’);
Segment_tree_2.window_query(a,std::back_inserter(OutputList1));

std::list<Interval>::iterator j = OutputList1.begin();
std::cout << "\n window_query (3,6),(7,12)\n";
while(j!=OutputList1.end()){

std::cout << (*j).first.first.x() << "-" << (*j).first.second.x() << " "
<< (*j).first.first.y() << "-" << (*j).first.second.y() << std::endl;

j++;
}

Interval b=Interval(Pure_interval(Key(6,10),Key(7,11)), ’f’);
Segment_tree_2.enclosing_query(b,std::back_inserter(OutputList2));
j = OutputList2.begin();
std::cout << "\n enclosing_query (6,10),(7,11)\n";
while(j!=OutputList2.end()){

std::cout << (*j).first.first.x() << "-" << (*j).first.second.x() << " "
<< (*j).first.first.y() << "-" << (*j).first.second.y() << std::endl;

j++;
}
return 0;

}

2117



36.6.2 Example of Segment Tree on Set-like Data

This example illustrates the use of the predefined segment tree on 3-dimensional interval data (with no value
associated). After the definition of the traits type and tree type, some intervals are constructed and the tree is
build according to the intervals. Then, a window query is performed and the query elements are given out.

#include <CGAL/Cartesian.h>
#include <CGAL/Segment_tree_k.h>
#include <CGAL/Range_segment_tree_traits.h>

typedef CGAL::Cartesian<int> K;
typedef CGAL::Range_segment_tree_set_traits_3<K> Traits;
typedef CGAL::Segment_tree_3<Traits > Segment_tree_3_type;

int main()
{

typedef Traits::Interval Interval;
typedef Traits::Key Key;
std::list<Interval> InputList, OutputList;

InputList.push_back(Interval(Key(1,5,7), Key(2,7,9)));
InputList.push_back(Interval(Key(2,7,6), Key(3,8,9)));
InputList.push_back(Interval(Key(6,9,5), Key(9,13,8)));
InputList.push_back(Interval(Key(1,3,4), Key(3,9,8)));

Segment_tree_3_type Segment_tree_3(InputList.begin(),InputList.end());

Interval a(Key(3,6,5), Key(7,12,8));
Segment_tree_3.window_query(a,std::back_inserter(OutputList));
std::list<Interval>::iterator j = OutputList1.begin();
std::cout << "\n window_query (3,6,5),(7,12,8) \n";
while(j!=OutputList.end()){

std::cout << (*j).first.x() << "," << (*j).first.y() << ",";
std::cout << (*j).first.z() <<", " << (*j).second.x() << ",";
std::cout << (*j).second.y() << "," << (*j).second.z() << std::endl;
j++;

}
}
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This chapter presents the CGAL range tree and segment tree data structures.

The range tree is theoretically superior to theKd-tree, but the latter often seems to perform better. However, the
range tree as implemented in CGAL is more flexible than theKd-tree implementation, in that it enables to layer
together range trees and segment trees in the same data structure.
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RangeSegmentTreeTraitsk

Definition

A tree traits class gives the range tree and segment tree class the necessary type information of the keys and
intervals. Further more, they define function objects that allow to access the keys and intervals, and provide
comparison functions that are needed for window queries.

Types

RangeSegmentTreeTraitsk:: Key The k-dimensional key type.

RangeSegmentTreeTraitsk:: Interval The k-dimensional interval type.

RangeSegmentTreeTraitsk:: Key i The type in dimensioni, with 1≤ i ≤ k.

RangeSegmentTreeTraitsk:: key i function object providing anoperator() that takes an argu-
ment of typeKeyand returns a component of typeKey i.

RangeSegmentTreeTraitsk:: low i function object providing anoperator() that takes an argu-
ment of typeIntervaland returns a component of typeKey i.

RangeSegmentTreeTraitsk:: high i function object providing anoperator() that takes an argu-
ment of typeIntervaland returns a component of typeKey i.

RangeSegmentTreeTraitsk:: comparei function object providing anoperator()that takes two argu-
ments argumenta, b of typeKey i and returns true ifa < b,
false otherwise.

Example

The following piece of code gives an example of how a traits class might look like, if you have keys that are of
the typeint in the first and that are of the typedoublein the second dimension.

class Int_double_tree_traits_2{
public:
typedef std::pair<int, double> Key;
typedef int Key_1;
typedef double Key_2;
typedef std::pair<Key,Key> Interval;

class C_Key_1{
public:

Key_1 operator()(const Key& k)
{ return k.first;}

};
class C_Key_2{
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public:
Key_2 operator()(const Key& k)
{ return k.second;}

};
class C_Low_1{
public:

Key_1 operator()(const Interval& i)
{ return i.first.first;}

};
class C_High_1{
public:

Key_1 operator()(const Interval& i)
{ return i.second.first;}

};
class C_Low_2{
public:

Key_2 operator()(const Interval& i)
{ return i.first.second;}

};
class C_High_2{
public:

Key_2 operator()(const Interval& i)
{ return i.second.second;}

};
class C_Compare_1{
public:

bool operator()(Key_1 k1, Key_1 k2)
{ return less<int>()(k1,k2);}

};
class C_Compare_2{
public:

bool operator()(Key_2 k1, Key_2 k2)
{ return less<double>()(k1,k2);}

};
typedef C_Compare_1 compare_1;
typedef C_Compare_2 compare_2;
typedef C_Low_1 low_1;
typedef C_High_1 high_1;
typedef C_Key_1 key_1;
typedef C_Low_2 low_2;
typedef C_High_2 high_2;
typedef C_Key_2 key_2;

};
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CGAL::Range segmenttree traits set 2<R>

Definition

The class is a range and segment tree traits class for the 2-dimensional point class from the CGAL kernel. The
class is parameterized with a representation classR.

#include<CGAL/Rangesegmenttree traits.h>

Types

Point 2<R> Key;

std::pair<Key, Key> Interval;
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CGAL::Range segmenttree traits set 3<R>

Definition

The class is a range and segment tree traits class for the 3-dimensional point class from the CGAL kernel. The
class is parameterized with a representation classR.

#include<CGAL/Rangesegmenttree traits.h>

Types

Point 3<R> Key;

std::pair<Key, Key> Interval;
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CGAL::Range tree d<Data, Window, Traits>

Types

Rangetree d<Data, Window, Traits>:: Data containerData.

Rangetree d<Data, Window, Traits>:: Window

containerWindow.

Rangetree d<Data, Window, Traits>:: Traits containerTraits.
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Creation

#include<CGAL/Rangetree d.h>
Rangetree d<Data, Window, Traits> r( Tree base<Data, Window> sublayertree);

A range tree is constructed, such that the subtree of each
vertex is of the same type prototypesublayertree is.
We assume that the dimension of the tree isd. This means,
thatsublayertree is a prototype of ad−1-dimensional tree.
All data items of thed-dimensional range tree have container
typeData. The query window of the tree has container type
Window. Traits provides access to the corresponding data
slots of containerData andWindowfor thed-th dimension.
The traits classTraits must at least provide all functions and
type definitions as described in, for example, the reference
page fortree point traits. The template class described there
is fully generic and should fulfill the most requirements one
can have. In order to generate a one-dimensional range tree
instantiateTree anchor<Data, Window> sublayertree with
the same template parameters (Data and Window) Range
tree d is defined. In order to construct a two-dimensional
range tree, createRangetree d with a one-dimensional
Rangetree d with the correspondingTraits class of the first
dimension.
Precondition: Traits::Data==Data and
Traits::Window==Window.

Operations

template<class ForwardIterator>
bool r.maketree( ForwardIterator first, ForwardIterator last)

The tree is constructed according to the data items in the se-
quence between the element pointed by iteratorfirst and iter-
ator last. The data items of the iterator must have typeData.

Precondition: This function can only be called once. If it is the first call the tree is build andtrue is returned.
Otherwise, nothing is done but aCGAL warningis given andfalsereturned.

template<class OutputIterator>
OutputIterator r.windowquery( Window win, OutputIterator result)

All elements that lay inside thed-dimensional interval de-
fined throughwin are placed in the sequence container of
OutputIterator; the output iterator that points to the last lo-
cation the function wrote to is returned.

bool r.is valid() The tree structure is checked. For each vertex the subtree is
checked on being valid and it is checked whether the value of
theKey typeof a vertex corresponds to the highestKey type
value of the left subtree.
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Protected Operations

bool r.is inside( Window win, Data object)

returns true, if the data ofobject lies between the start and
endpoint of intervalwin. False otherwise.

bool r.is anchor() returns false.

Implementation

The construction of ad-dimensional range tree takesO(nlognd−1) time. The points in the query window are
reported in timeO(k+ logdn), wherek is the number of reported points. The tree usesO(nlognd−1) storage.
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CGAL::Range tree k<Traits>

Definition

An object of the class is ak-dimensional range tree that can store k-dimensional keys of typeKey. The class
allows to perform window queries on the keys. The class is parameterized with a range tree traits classTraits
that defines, among other things, the type of theKey.

CGAL provides traits class implementations that allow to use the range tree with point classes from the CGAL

kernel as keys. These classes areCGAL::Rangesegmenttree traits set 2<R>, CGAL::Rangesegmenttree
traits set 3<R>, CGAL::Rangetree traits map 2<R> andCGAL::Rangetree traits map 3<R>. The concept
RangeSegmentTreeTraitsd defines the requirements that range tree traits classes must fulfill. This allows the
advanced user to develop further range tree traits classes.

#include<CGAL/Rangetree k.h>

Types

Rangetree k<Traits>:: Traits the type of the range tree traits class.

typedef Traits::Key Key;

typedef Traits::Interval

Interval;

Creation

Rangetree k<Traits> R; Introduces an empty range treeR.

template< class ForwardIterator>
Rangetree k<Traits> R( ForwardIterator first, ForwardIterator last);

Introduces a range treeRand initializes it with the data in the
range[first, last).
Precondition: value type(first) == Traits::Key.

Operations

template< class ForwardIterator>
void R.maketree( ForwardIterator first, ForwardIterator last)

Introduces a range treeRand initializes it with the data in the
range[first, last). This function can only be applied once on
an empty range tree.
Precondition: value type(first) == Traits::Key.
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template< class OutputIterator>
OutputIterator R.windowquery( Interval window, OutputIterator out)

writes all data that are in the intervalwindowto the container
whereout points to, and returns an output iterator that points
to the last location the function wrote to.
Precondition: value type(out) == Traits::Key.

Example

The following example program uses the predefinedRangetree 2 data structure together with the predefined
traits classRangetree map traits 2 which has two template arguments specifying the type of the point data in
each dimension (CGAL::Cartesian<double>) and the value type of the 2-dimensional point data (char). There-
fore theRangetree 2 is defined on 2-dimensional point data (CGAL::Point 2<Cartesian<double> >) each of
which is associated with a character. Then, a few data items are created and put into a list. After that the tree is
constructed according to that list, a window query is performed, and the query elements are given out.

#include <CGAL/Cartesian.h>
#include <CGAL/Range_segment_tree_traits.h>
#include <CGAL/Range_tree_k.h>

typedef CGAL::Cartesian<double> K;
typedef CGAL::Range_tree_map_traits_2<K, char> Traits;
typedef CGAL::Range_tree_2<Traits> Range_tree_2_type;

int main()
{

typedef Traits::Key Key;
typedef Traits::Interval Interval;

std::vector<Key> InputList, OutputList;
InputList.push_back(Key(K::Point_2(8,5.1), ’a’));
InputList.push_back(Key(K::Point_2(1,1.1), ’b’));
InputList.push_back(Key(K::Point_2(3,2.1), ’c’));

Range_tree_2_type Range_tree_2(InputList.begin(),InputList.end());
Interval win(Interval(K::Point_2(4,8.1), K::Point_2(5,8.2)));
std::cout << "\n Window Query:\n ";
Range_tree_2.window_query(win, std::back_inserter(OutputList));
std::vector<Key>::iterator current=OutputList.begin();
while(current!=OutputList.end()){

std::cout << (*current).first.x() << "," << (*current).first.y()
<< ":" << (*current++).second << std::endl;

}
}

2129



C
la

ss

CGAL::Range tree traits map 2<R,T>

Definition

The class is a range tree traits class for the 2-dimensional point class from the CGAL kernel, where data of
type T is associated to each key. The class is parameterized with a representation classR and the type of the
associated dataT.

#include<CGAL/Rangesegmenttree traits.h>

Types

std::pair<R::Point 2,T>

Key;

std::pair<R::Point 2, R::Point 2 >

Interval;
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CGAL::Range tree traits map 3<R,T>

Definition

The class is a range and segment tree traits class for the 3-dimensional point class from the CGAL kernel, where
data of typeT is associated to each key. The class is parameterized with a representation classRand the type of
the associated dataT.

#include<CGAL/Rangesegmenttree traits.h>

Types

std::pair<R::Point 3,T>

Key;

std::pair<R::Point 3, R::Point 3>

Interval;
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CGAL::Segment tree d<Data, Window, Traits>

Types

Segmenttree d<Data, Window, Traits>:: Data

containerData.

Segmenttree d<Data, Window, Traits>:: Window

containerWindow.

Segmenttree d<Data, Window, Traits>:: Traits

classTraits.

Creation

#include<CGAL/Segmenttree d.h>
Segmenttree d<Data, Window, Traits> s( Treebase<Data, Window> sublayertree);

A segment tree is defined, such that the subtree of each
vertex is of the same type prototypesublayertree is.
We assume that the dimension of the tree isd. This means,
that sublayertree is a prototype of ad− 1-dimensional
tree. All data items of thed-dimensional segment tree
have container typeData. The query window of the tree
has container typeWindow. Traits provides access to the
corresponding data slots of containerData and Window
for the d-th dimension. The traits classTraits must at
least provide all functions and type definitions described,
for example, in the reference page fortree point traits.
The template class described there is fully generic and
should fulfill the most requirements one can have. In order
to generate a one-dimensional segment tree instantiate
Tree anchor<Data, Window> sublayertree with the same
template parametersData and Window Segmenttree d
is defined. In order to construct a two-dimensional seg-
ment tree, createSegmenttree d with a one-dimensional
Segmenttree d with the correspondingTraits of the first
dimension.
Precondition: Traits::Data==Data and
Traits::Window==Window.
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Operations

bool s.maketree( In it first, In it last)

The tree is constructed according to the data items in the se-
quence between the element pointed by iteratorfirst and it-
eratorlast.

Precondition: This function can only be called once. If it is the first call the tree is build andtrue is returned.
Otherwise, nothing is done but aCGAL warningis given andfalsereturned.

OutputIterator s.windowquery( Window win, OutputIterator result)

win= [a1,b1), . . . , [ad,bd), ai ,bi ∈ Ti , 1≤ i ≤ d. All elements
that intersect the associatedd-dimensional interval ofwin are
placed in the associated sequence container ofOutputIterator
and returns an output iterator that points to the last location
the function wrote to. In order to perform an inverse range
query, a range query ofε width has to be performed.

OutputIterator s.enclosingquery( Window win, OutputIterator result)

All elements that enclose the associatedd-dimensional inter-
val of win are placed in the associated sequence container of
OutputIteratorand returns an output iterator that points to
the last location the function wrote to.

bool s.isvalid() The tree structure is checked. For each vertex either the sub-
layer tree is a tree anchor, or it stores a (possibly empty) list
of data items. In the first case, the sublayer tree of the ver-
tex is checked on being valid. In the second case, each data
item is checked weather it contains the associated interval of
the vertex and does not contain the associated interval of the
parent vertex or not. True is returned if the tree structure is
valid, false otherwise.

Protected Operations

bool s.is inside( Window win, Data object)

returns true, if the interval ofobjectis contained in the inter-
val of win. False otherwise.

bool s.isanchor() returns false.

Implementation

A d-dimensional segment tree is constructed inO(nlognd) time. An inverse range query is performed in time
O(k+ logdn), wherek is the number of reported intervals. The tree usesO(nlognd) storage.
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CGAL::Segment tree k<Traits>

Definition

An object of the class is ak-dimensional segment tree that can store k-dimensional intervals of typeInterval.
The class allows to perform window queries, enclosing queries, and inverse range queries on the keys. The class
is parameterized with a segment tree traits classTraits that defines, among other things, the type of theInterval.
In order to perform an inverse range query, a range query ofε width has to be performed. We prefered not to
offer an extra function for this sort of query, since the inverse range query is a special case of the range query.
Furthermore, offering an inverse range query in the segment tree class implies offering this function also in the
range tree class and having an extra item in the traits class that accesses the inverse range query point.

CGAL provides traits class implementations that allow to use the segment tree with point classes from the
CGAL kernel as keys. These classes areCGAL::Rangesegmenttree traits set 2<R>, CGAL::Rangesegment
tree traits set 3<R>, CGAL::Segmenttree traits map 2<R> andCGAL::Segmenttree traits map 3<R>. The
concept RangeSegmentTreeTraitsd defines the requirements that segment tree traits classes must fulfill. This
allows the advanced user to develop further segment tree traits classes.

#include<CGAL/Segmenttree k.h>

Types

Segmenttree k<Traits>:: Traits the type of the segment tree traits class.

typedef Traits::Key Key;

typedef Traits::Interval

Interval;

Creation

Segmenttree k<Traits> S; Introduces an empty segment treeS.

template< class ForwardIterator>
Segmenttree k<Traits> S( ForwardIterator first, ForwardIterator last);

Introduces a segment treeSand initializes it with the data in
the range[first, last).
Precondition: value type(first) == Traits::Interval.

Operations

template< class ForwardIterator>
void S.maketree( ForwardIterator first, ForwardIterator last)

Introduces a segment treeSand initializes it with the data in
the range[first, last). This function can only be applied once
on an empty segment tree.
Precondition: value type(first) == Traits::Interval.
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template< class OutputIterator>
OutputIterator S.windowquery( Interval window, OutputIterator out)

writes all intervals that have non empty intersection with in-
terval window to the container whereout points to, and re-
turns an output iterator that points to the last location the
function wrote to.
Precondition: value type(out) == Traits::Interval.

template< class OutputIterator>
OutputIterator S.enclosingquery( Interval window, OutputIterator out)

writes all intervals that enclose in the intervalwindowto the
container whereout points to, and returns an output iterator
that points to the last location the function wrote to.
Precondition: value type(out) == Traits::Interval.

Example

This example illustrates the use of the predefined segment tree on 3-dimensional interval data (with no value
associated). After the definition of the traits type and tree type, some intervals are constructed and the tree is
build according to the intervals. Then, a window query is performed and the query elements are given out.

#include <CGAL/Cartesian.h>
#include <CGAL/Segment_tree_k.h>
#include <CGAL/Range_segment_tree_traits.h>

typedef CGAL::Cartesian<int> K;
typedef CGAL::Range_segment_tree_set_traits_3<K> Traits;
typedef CGAL::Segment_tree_3<Traits> Segment_tree_3_type;

int main()
{

typedef Traits::Interval Interval;
typedef Traits::Key Key;
std::list<Interval> InputList, OutputList;

InputList.push_back(Interval(Key(1,5,7), Key(2,7,9)));
InputList.push_back(Interval(Key(2,7,6), Key(3,8,9)));
InputList.push_back(Interval(Key(6,9,5), Key(9,13,8)));
InputList.push_back(Interval(Key(1,3,4), Key(3,9,8)));

Segment_tree_3_type Segment_tree_3(InputList.begin(),InputList.end());

Interval a(Key(3,6,5), Key(7,12,8));
Segment_tree_3.window_query(a,std::back_inserter(OutputList));
std::list<Interval>::iterator j = OutputList1.begin();
std::cout << "\n window_query (3,6,5),(7,12,8) \n";
while(j!=OutputList.end()){

std::cout << (*j).first.x() << "," << (*j).first.y() << ",";
std::cout << (*j).first.z() <<", " << (*j).second.x() << ",";
std::cout << (*j).second.y() << "," << (*j).second.z() << std::endl;
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j++;
}

}
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CGAL::Segment tree traits map 2<R,T>

Definition

The class is a segment tree traits class for the 2-dimensional point class from the CGAL kernel, where data of
typeT is associated to each interval. The class is parameterized with a representation classRand the type of the
associated dataT.

#include<CGAL/Rangesegmenttree traits.h>

Types

R::Point 2 Key;

std::pair<std::pair<Key,Key>,T>

Interval;
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CGAL::Segment tree traits map 3<R,T>

Definition

The class is a segment tree traits class for the 3-dimensional point class from the CGAL kernel, where data of
typeT is associated to each interval. The class is parameterized with a representation classRand the type of the
associated dataT.

#include<CGAL/Rangesegmenttree traits.h>

Types

std::pair<R::Point 3 >

Key;

std::pair<std::pair<Key, Key>,T>

Interval;
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Sublayer

Definition

Defines the requirements that aSublayertypeof classRangetree d or Segmenttree d has to fulfill.

First of all, the class has to be derived from the abstract base classTree baseand therefore has to provide meth-
odsmaketree, window query, enclosingqueryandis insidewith the same parameter types as the instantiated
classRangetree d or Segmenttree d, respectively. Furthermore a methodbool is anchor()has to be provided.
If the Sublayertypeclass builds a recursion anchor for classSegmenttree d, this function is expected to return
true, falseotherwise.

Such a recursion anchor class is provided by the class class.Tree anchor<Data, Window>.

2139



C
la

ss

CGAL::tree interval traits

Definition

tree interval traits is a template class that provides an interface to data items. It is similar totree point traits,
except that it provides access to two data slots of the same type of each container class (Data, Window) instead
of providing access to one data slot of container classDataand two data slots of classWindow.

#include<CGAL/Treetraits.h>

Types

typedef
tree interval traits<Data, Window, Key, Dataleft func, Dataright func, Windowleft func, Windowright
func, Compare> Interval traits;

tree interval traits:: Data the containerData— the data type. It may consist of several
data slots. Two of these data slots have to be of typeKey.

tree interval traits:: Window the containerWindow— the query window type. It may
consist of several data slots. Two of these data slots have
to be of typeKey.

tree interval traits:: Key the typeKeyof the data slot this traits class provides access
to.

tree interval traits:: Data left func Data left func is a function object providing anoperator()
that takes an argument of typeData and returns a (the left)
component of typeKey.

tree interval traits:: Data right func Data right func is a function object providing anoperator()
that takes an argument of typeData and returns a (the right)
component of typeKey.

tree interval traits:: Window left func Windowleft func is a function objects that allow to access
the left data slot of containerWindowwhich has typeKey

tree interval traits:: Window right func Windowright func is a function objects that allow to access
the right data slot of containerWindowwhich has typeKey

tree interval traits:: Compare defines a comparison relation which must define a strict or-
dering of the objects of typeKey. If defined, less<Key> is
sufficient.

Creation

tree interval traits<Data, Window, Key, Dataleft func, Dataright func, Windowleft func, Windowright
func, Compare> d();

Generation of atree point traits instance. It is a template class that provides an interface
to data items.
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Operations

Key d.getleft( Data d) The data slot of the data item ofd of typeKey is accessed by
function objectData left func.

Key d.getright( Data d) The data slot of the data item ofd of typeKey is accessed by
function objectData right func.

Key d.getleft win( Window w)

The data slot of the data item ofw of typeKeyis accessed by
function objectWindow left func.

Key d.getright win( Window w)

The data slot of the data item ofw of typeKeyis accessed by
function objectWindowright func.

bool d.comp( Key& key1, Key& key2)

returns Compare(key1, key2).
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CGAL::tree point traits

Definition

tree point traits is a template class that provides an interface to data items.

#include<CGAL/Treetraits.h>

Types

typedef
tree point traits<Data, Window, Key, Datafunc, Windowleft func, Windowright func, Compare> Point
traits;

tree point traits:: Data the containerData — defines the Data type. It may consist
of several data slots. One of these data slots has to be of type
Key.

tree point traits:: Window the containerWindow— defines the type of the query rect-
angle. It may consist of several data slots. Two of these data
slots has to be of typeKey

tree point traits:: Key the typeKeyof the data slot this traits class provides access
to.

tree point traits:: Data func Data func is a function object providing anoperator() that
takes an argument of typeData and returns a component of
typeKey.

tree point traits:: Window left func Windowleft func is a function objects that allow to access
the left data slot of containerWindowwhich has typeKey

tree point traits:: Window right func Windowright func is a function objects that allow to access
the right data slot of containerWindowwhich has typeKey

tree point traits:: Compare defines a comparison relation which must define a strict or-
dering of the objects of typeKey. If defined, less<Key> is
sufficient.

Creation

tree point traits<Data, Window, Key, Datafunc, Windowleft func, Windowright func, Compare> d();
Generation of atree point traits instance. It is a template class that provides an interface
to data items.
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Operations

Key d.getkey( Data d) The data slot of the data item ofd of typeKey is accessed by
function objectData func.

Key d.getleft( Window w) The data slot of the data item ofw of typeKeyis accessed by
function objectWindow left func.

Key d.getright( Window w)

The data slot of the data item ofw of typeKeyis accessed by
function objectWindowright func.

bool d.comp( Key& key1, Key& key2)

returnsCompare(key1, key2).

bool d.keycomp( Data& data1, Data& data2)

returnsCompare(getkey(data1), getkey(data2)).
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CGAL::Tree anchor<Data, Window>

Definition

Tree anchor is also derived fromTree base. Therefore, it provides the same methods asRangetree d and
Segmenttree d, but does nothing; it can be used as a recursion anchor for those classes. Therefore, instantiate
Sublayertypeof Rangetree d (Segmenttree d respectively) withTree anchorand the container classes for
the data items (DataandWindow).

Definition

Tree anchor<Data, Window>:: Data containerData.

Tree anchor<Data, Window>:: Window containerWindow.

Creation

#include<CGAL/Treebase.h>

Tree anchor<Data, Window> a;

Operations

template<class OutputIterator>
OutputIterator a.windowquery( Window win, OutputIterator result)

template<class OutputIterator>
OutputIterator a.enclosingquery( Window win, OutputIterator result)

bool a.is valid() returns true;

Protected Operations

bool a.is inside( Window win, Data object)

returns true.

bool a.is anchor() returns true.

Example

The following figures show a number of rectangles and a 2-dimensional segment tree built on them.
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Figure 36.7: Two dimensional segment tree according to the interval data of Figure36.6.
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Chapter 37

Intersecting Sequences of dD Iso-oriented
Boxes
Lutz Kettner, Andreas Meyer, and Afra Zomorodian
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37.1 Introduction

Simple questions on geometric primitives, such as intersection and distance computations, can themselves be-
come quite expensive if the primitives are not so simple anymore, for example, three-dimensional triangles and
facets of polyhedral surfaces. Thus algorithms operating on these primitives tend to be slow in practice. A com-
mon (heuristic) optimization approximates the geometric primitives with their axis-aligned bounding boxes,
runs a suitable modification of the algorithm on the boxes, and whenever a pair of boxes has an interesting
interaction, only then the exact answer is computed on the complicated geometric primitives contained in the
boxes.

We provide an efficient algorithm [ZE02] for finding all intersecting pairs for large numbers of iso-oriented
boxes, i.e., typically these will be such bounding boxes of more complicated geometries. One immediate ap-
plication of this algorithm is the detection of all intersections (and self-intersections) for polyhedral surfaces,
i.e., applying the algorithm on a large set of triangles in space, we give an example program later in this chap-
ter. Not so obvious applications are proximity queries and distance computations among such surfaces, see
Section37.10for an example and [ZE02] for more details.
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37.2 Definition

A d-dimensional iso-oriented box is defined as the Cartesian product ofd intervals. We call the boxhalf-
openif the d intervals{[loi ,hii) |0≤ i < d} are half-open intervals, and we call the boxclosedif the d intervals
{[loi ,hii ] |0≤ i < d} are closed intervals. Note that closed boxes support zero-width boxes and they can intersect
at their boundaries, while non-empty half-open boxes always have a positive volume and they only intersect
iff their interiors overlap. The distinction between closed and half-open boxes does not require a different
representation of boxes, just a different interpretation when comparing boxes, which is selected with the two
possible values for thetopologyparameter:

• CGAL::Box intersectiond::HALF OPENand

• CGAL::Box intersectiond::CLOSED.

The number type of the interval boundaries must be one of the builtin typesint, unsigned int, double or
float.

In addition, a box has an uniqueid-number. It is used to order boxes consistently in each dimension even if
boxes have identical coordinates. In consequence, the algorithm guarantees that a pair of intersecting boxes
is reported only once. Note that boxes with equalid-number are not reported since they obviously intersect
trivially.

The box intersection algorithm comes in two flavors: One algorithm works on a single sequence of boxes
and computes all pairwise intersections, which is called thecompletecase, and used, for example, in the self-
intersection test. The other algorithm works on two sequences of boxes and computes the pairwise intersections
between boxes from the first sequence with boxes from the second sequence, which is called thebipartitecase.
For each pairwise intersection found a callback function is called with two arguments; the first argument is a
box from the first sequence and the second argument a box from the second sequence. In the complete case, the
second argument is a box from an internal copy of the first sequence.

37.3 Software Design

The box intersection algorithm is implemented as a family of generic functions; the functions for the complete
case accept one iterator range, and the functions for the bipartite case accept two iterator ranges. The callback
function for reporting the intersecting pairs is provided as a template parameter of theBinaryFunctionconcept.
The two principle function calls utilizing all default arguments look as follows:

#include<CGAL/boxintersectiond.h>

template< class RandomAccessIterator, class Callback>
void box intersectiond( RandomAccessIterator begin, RandomAccessIterator end, Callback callback)

template< class RandomAccessIterator1, class RandomAccessIterator2, class Callback>
void box intersectiond( RandomAccessIterator1 begin1,

RandomAccessIterator1 end1,
RandomAccessIterator2 begin2,
RandomAccessIterator2 end2,
Callback callback)

Additional parameters to the functions calls are acutoff value to adjust performance tradeoffs, and atopology
parameter selecting between topologically closed boxes (the default) and topologically half-open boxes.
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The algorithm reorders the boxes in the course of the algorithm. Now, depending on the size of a box it can be
faster to copy the boxes, or to work with pointers to boxes and copy only pointers. We offer automatic support
for both options. To simplify the description, let us call thevalue typeof the iterator rangesbox handle. Thebox
handlecan either be our box type itself or a pointer (or const pointer) to the box type; these choices represent
both options from above.

In general, the algorithms treat the box type as opaque type and just assume that they are models of the
Assignableconcept, so that the algorithms can modify the input sequences and reorder the boxes. The ac-
cess to the box dimension and box coordinates is mediated with a traits class of theBoxIntersectionTraitsd
concept. A default traits class is provided that assumes that the box type is a model of theBoxIntersectionBoxd
concept and that the box handle, i.e., the iterators value type, is identical to the box type or a pointer to the box
type (see the previous paragraph for the value versus pointer nature of the box handle).

Two implementations of iso-oriented boxes are provided;CGAL::Box intersectiond::Box d as a plain box,
andCGAL::Box intersectiond::Box with handled as a box plus a handle that can be used to point to the full
geometry that is approximated by the box. Both implementations have template parameters for the number type
used for the interval bounds, for the fixed dimension of the box, and for a policy class [Ale01] selecting among
several solutions for providing theid-number.

The function signatures for the bipartite case look as follows. The signatures for the complete case with the
box self intersectiond function look the same except for the single iterator range.

#include<CGAL/boxintersectiond.h>

template< class RandomAccessIterator1, class RandomAccessIterator2, class Callback>
void box intersectiond( RandomAccessIterator1 begin1,

RandomAccessIterator1 end1,
RandomAccessIterator2 begin2,
RandomAccessIterator2 end2,
Callback callback,
std::ptrdiff t cutoff = 10,
Box intersectiond::Topology topology = Boxintersectiond::CLOSED,
Box intersectiond::Setting setting = Boxintersectiond::BIPARTITE)

template< class RandomAccessIterator1, class RandomAccessIterator2, class Callback, class BoxTraits>
void box intersectiond( RandomAccessIterator1 begin1,

RandomAccessIterator1 end1,
RandomAccessIterator2 begin2,
RandomAccessIterator2 end2,
Callback callback,
BoxTraits boxtraits,
std::ptrdiff cutoff = 10,
Box intersectiond::Topology topology = Boxintersectiond::CLOSED,
Box intersectiond::Setting setting = Boxintersectiond::BIPARTITE)

37.4 Minimal Example for Intersecting Boxes

The box implementation provided withCGAL::Box intersectiond::Box d<double,2> has a dedicated construc-
tor for the CGAL bounding box typeCGAL::Bbox2 (similar for dimension 3). We use this in our minimal
example to create easily nine two-dimensionalboxesin a grid layout of 3×3 boxes. Additionally we pick the
center box and the box in the upper-right corner as our second box sequencequery.
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The default policy of the box type implements theid-number with an explicit counter in the boxes, which is the
default choice since it always works, but it costs space that could potentially be avoided, see the example in the
next section. We use theid-number in our callback function to report the result of the intersection algorithm.
The result will be that the firstquerybox intersects all nineboxesand the secondquerybox intersects the four
boxes in the upper-right quadrant. See Section37.7for the change of thetopologyparameter and its effect.

// file: examples/Box_intersection_d/minimal.C
#include <CGAL/box_intersection_d.h>
#include <CGAL/Bbox_2.h>
#include <iostream>

typedef CGAL::Box_intersection_d::Box_d<double,2> Box;
typedef CGAL::Bbox_2 Bbox;

// 9 boxes of a grid
Box boxes[9] = { Bbox( 0,0,1,1), Bbox( 1,0,2,1), Bbox( 2,0,3,1), // low

Bbox( 0,1,1,2), Bbox( 1,1,2,2), Bbox( 2,1,3,2), // middle
Bbox( 0,2,1,3), Bbox( 1,2,2,3), Bbox( 2,2,3,3)};// upper

// 2 selected boxes as query; center and upper right
Box query[2] = { Bbox( 1,1,2,2), Bbox( 2,2,3,3)};

void callback( const Box& a, const Box& b ) {
std::cout << "box " << a.id() << " intersects box " << b.id() << std::endl;

}
int main() {

CGAL::box_intersection_d( boxes, boxes+9, query, query+2, callback);
return 0;

}

37.5 Example for Finding Intersecting 3D Triangles

The conventional application of the axis-aligned box intersection algorithm will start from complex geometry,
here 3D triangles, approximate them with their bounding box, compute the intersecting pairs of boxes, and
check only for those if the original triangles intersect as well.

We start in themainfunction and create ten triangles with endpoints chosen randomly in a cube[−1,+1)3. We
store the triangles in a vector calledtriangles.

Next we create a vector for the bounding boxes of the triangles calledboxes. For the boxes we choose the
typeBox with handled<double,3,Iterator> that works nicely together with the CGAL bounding boxes of type
CGAL::Bbox3. In addition, each box stores the iterator to the corresponding triangle.

The default policy of this box type uses for theid-number the address of the value of the iterator, i.e., the address
of the triangle. This is a good choice that works correctly iff the boxes have unique iterators, i.e., there is a one-
to-one mapping between boxes and approximated geometry, which is the case here. It saves us the extra space
that was needed for the explicitid-number in the previous example.

We run the self intersection algorithm with thereport inters function as callback. This callback reports the
intersecting boxes. It uses thehandleand the globaltrianglesvector to calculate the triangle numbers. Then
it checks the triangles themselves for intersection and reports if not only the boxes but also the triangles inter-
sect. We take some precautions before the intersection test in order to avoid problems, although unlikely, with
degenerate triangles that we might have created with the random process.
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This example can be easily extended to test polyhedral surfaces of thePolyhedron3 class for (self-) intersec-
tions. The main difference are the numerous cases of incidences between triangles in the polyhedral surface that
should not be reported as intersections, see theexamples/Polyhedron/polyhedron self intersection.C
example program in the CGAL distribution.

// file: examples/Box_intersection_d/triangle_self_intersect.C
#include <CGAL/Exact_predicates_inexact_constructions_kernel.h>
#include <CGAL/intersections.h>
#include <CGAL/point_generators_3.h>
#include <CGAL/Bbox_3.h>
#include <CGAL/box_intersection_d.h>
#include <CGAL/function_objects.h>
#include <CGAL/Join_input_iterator.h>
#include <CGAL/copy_n.h>
#include <vector>

typedef CGAL::Exact_predicates_inexact_constructions_kernel Kernel;
typedef Kernel::Point_3 Point_3;
typedef Kernel::Triangle_3 Triangle_3;
typedef std::vector<Triangle_3> Triangles;
typedef Triangles::iterator Iterator;
typedef CGAL::Box_intersection_d::Box_with_handle_d<double,3,Iterator> Box;

Triangles triangles; // global vector of all triangles

// callback function that reports all truly intersecting triangles
void report_inters( const Box& a, const Box& b) {

std::cout << "Box " << (a.handle() - triangles.begin()) << " and "
<< (b.handle() - triangles.begin()) << " intersect";

if ( ! a.handle()->is_degenerate() && ! b.handle()->is_degenerate()
&& CGAL::do_intersect( *(a.handle()), *(b.handle()))) {
std::cout << ", and the triangles intersect also";

}
std::cout << ’.’ << std::endl;

}

int main() {
// Create 10 random triangles
typedef CGAL::Random_points_in_cube_3<Point_3> Pts;
typedef CGAL::Creator_uniform_3< Point_3, Triangle_3> Creator;
typedef CGAL::Join_input_iterator_3<Pts,Pts,Pts,Creator> Triangle_gen;
Pts points( 1); // in centered cube [-1,1)ˆ3
Triangle_gen triangle_gen( points, points, points);
CGAL::copy_n( triangle_gen, 10, std::back_inserter(triangles));

// Create the corresponding vector of bounding boxes
std::vector<Box> boxes;
for ( Iterator i = triangles.begin(); i != triangles.end(); ++i)

boxes.push_back( Box( i->bbox(), i));

// Run the self intersection algorithm with all defaults
CGAL::box_self_intersection_d( boxes.begin(), boxes.end(), report_inters);
return 0;

}
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37.6 Example for Using Pointers to Boxes

We modify the previous example, finding intersecting 3D triangles, and add an additional vectorptr that stores
pointers to the bounding boxes, so that the intersection algorithm will work on a sequence of pointers and not
on a sequence of boxes. The change just affects the preparation of the additional vector and the call of the box
intersection function. The box intersection function (actually its default traits class) detects automatically that
the value type of the iterators is a pointer type and not a class type.

// Create the corresponding vector of pointers to bounding boxes
std::vector<Box *> ptr;
for ( std::vector<Box>::iterator i = boxes.begin(); i != boxes.end(); ++i)

ptr.push_back( &*i);

// Run the self \ccHtmlNoLinksFrom{intersection} algorithm with all defaults on the
// indirect pointers to bounding boxes. Avoids copying the boxes.
CGAL::box_self_intersection_d( ptr.begin(), ptr.end(), report_inters);

In addition, the callback functionreport inters needs to be changed to work with pointers to boxes. See the
following file for the full example program.

examples/Box_intersection_d/triangle_self_intersect_pointers.C

A note on performance: The algorithm sorts and partitions the input sequences. It is clearly costly to copy
a large box compared to a simple pointer. However, the algorithm benefits from memory locality in the later
stages when it copies the boxes, while the pointers would refer to boxes that become wildly scattered in memory.
These two effects, copying costs and memory locality, counteract each other. For small box sizes, i.e., small
dimension, memory locality wins and one should work with boxes, while for larger box sizes one should work
with pointers. The exact threshold depends on the memory hierarchy (caching) of the hardware platform and
the size of the boxes, most notably the type used to represent the box coordinates. A concrete example; on a
laptop with an Intel Mobile Pentium4 running at 1.80GHz with 512KB cache and 254MB main memory under
Linux this version with pointers was 20% faster than the version above that copies the boxes for 10000 boxes,
but the picture reversed for 100000 boxes, where the version above that copies the boxes becomes 300% faster.

Note that switching to the builtin typefloat is supported by the box intersection algorithm, but the interfacing
with the CGAL bounding boxCGAL::Bbox3 would not be that easy. In particular, just converting from the
doubleto thefloat representation incurs rounding that needs to be controlled properly, otherwise the box might
shrink and one might miss intersections.

37.7 Example Using thetopologyand thecutoff Parameters

Boxes can be interpreted by the box intersection algorithm as closed or as half-open boxes, see also Section37.2.
Closed boxes support zero-width boxes and they can intersect at their boundaries, while half-open boxes always
have a positive volume and they only intersect iff their interiors overlap. The choice between closed or half-open
boxes is selected with thetopologyparameter and its two values:

• CGAL::Box intersectiond::HALF OPENand

• CGAL::Box intersectiond::CLOSED.
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The example program uses a two-dimensional box withint coordinates andid-numbers that are by default
explicitly stored. We create the same boxes as in the minimal example in Section37.4. We create a 3×3 grid
of boxes, and two boxes for thequerysequence, namely the box at the center and the box from the upper-right
corner of the grid.

We write a more involved callback function objectReport that stores an output iterator and writes theid-
number of the box in the first argument to the output iterator. We also provide a small helper functionreport
that simplifies the use of the function object.

We call the box intersection algorithm twice; once for the defaulttopology, which is the closed box topology,
and once for the half-open box topology. We sort the resulting output for better readability and verify its
correctness with thecheck1andcheck2data. For the closed box topology, the center box inqueryintersects all
boxes, and the upper-right box inqueryintersects the four boxes of the upper-right quadrant inboxes. Almost
all intersections are with the box boundaries, thus, for the half-open topology only one intersection remains per
querybox, namely its corresponding box inboxes. So, the output of the algorithm will be:

0 1 2 3 4 4 5 5 6 7 7 8 8
4 8

For the second box intersection function call we have to specify thecutoff parameter explicitly. See the Sec-
tion 37.8below for a detailed discussion.

// file: examples/Box_intersection_d/box_grid.C
#include <CGAL/box_intersection_d.h>
#include <vector>
#include <algorithm>
#include <iterator>
#include <assert.h>

typedef CGAL::Box_intersection_d::Box_d<int,2> Box;

// coordinates for 9 boxes of a grid
int p[9*4] = { 0,0,1,1, 1,0,2,1, 2,0,3,1, // lower

0,1,1,2, 1,1,2,2, 2,1,3,2, // middle
0,2,1,3, 1,2,2,3, 2,2,3,3};// upper

// 9 boxes
Box boxes[9] = { Box( p, p+ 2), Box( p+ 4, p+ 6), Box( p+ 8, p+10),

Box( p+12, p+14), Box( p+16, p+18), Box( p+20, p+22),
Box( p+24, p+26), Box( p+28, p+30), Box( p+32, p+34)};

// 2 selected boxes as query; center and upper right
Box query[2] = { Box( p+16, p+18), Box( p+32, p+34)};

// callback function object writing results to an output iterator
template <class OutputIterator>
struct Report {

OutputIterator it;
Report( OutputIterator i) : it(i) {} // store iterator in object
// We write the id-number of box a to the output iterator assuming
// that box b (the query box) is not interesting in the result.
void operator()( const Box& a, const Box&) { *it++ = a.id(); }

};
template <class Iter> // helper function to create the function object
Report<Iter> report( Iter it) { return Report<Iter>(it); }
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int main() {
// run the intersection algorithm and store results in a vector
std::vector<std::size_t> result;
CGAL::box_intersection_d( boxes, boxes+9, query, query+2,

report( std::back_inserter( result)));
// sort, check, and show result
std::sort( result.begin(), result.end());
std::size_t check1[13] = {0,1,2,3,4,4,5,5,6,7,7,8,8};
assert(result.size() == 13 && std::equal(check1,check1+13,result.begin()));
std::copy( result.begin(), result.end(),

std::ostream_iterator<std::size_t>( std::cout, " "));
std::cout << std::endl;

// run it again but for different cutoff value and half-open boxes
result.clear();
CGAL::box_intersection_d( boxes, boxes+9, query, query+2,

report( std::back_inserter( result)),
std::ptrdiff_t(1),
CGAL::Box_intersection_d::HALF_OPEN);

// sort, check, and show result
std::sort( result.begin(), result.end());
std::size_t check2[2] = {4,8};
assert(result.size() == 2 && std::equal(check2, check2+2, result.begin()));
std::copy( result.begin(), result.end(),

std::ostream_iterator<std::size_t>( std::cout, " "));
std::cout << std::endl;
return 0;

}

37.8 Runtime Performance

The implemented algorithm is described in [ZE02] as version two. Its performance depends on acutoff pa-
rameter. When the size of both iterator ranges drops below thecutoff parameter the function switches from the
streamed segment-tree algorithm to the two-way-scan algorithm, see [ZE02] for the details.

The streamed segment-tree algorithm needsO(nlogd(n)+ k) worst-case running time andO(n) space, where
n is the number of boxes in both input sequences,d the (constant) dimension of the boxes, andk the out-
put complexity, i.e., the number of pairwise intersections of the boxes. The two-way-scan algorithm needs
O(nlog(n)+ l) worst-case running time andO(n) space, wherel is the number of pairwise overlapping inter-
vals in one dimensions (the dimension where the algorithm is used instead of the segment tree). Note thatl is
not necessarily related tok and using the two-way-scan algorithm is a heuristic.

Unfortunately, we have no general method to automatically determine an optimal cutoff parameter, since it de-
pends on the used hardware, the runtime ratio between callback runtime and segment-tree runtime, and of course
the number of boxes to be checked and their distribution. In cases where the callback runtime is dominant, it
may be best to make the threshold parameter small. Otherwise acutoff=

√
n can lead to acceptable results. For

well distributed boxes the original paper [ZE02] gives optimal cutoffs in the thousands. Anyway, for optimal
runtime some experiments to compare different cutoff parameters are recommended.

To demonstrate that box intersection can be done quite fast, different box sequences are intersected in the
range between 4 and 800000 boxes total. We use three-dimensional default boxes of closed topology withfloat
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coordinates and without additional data fields. The algorithm works directly on the boxes, not on pointer to
boxes. Each box intersection is reported to an empty dummy callback.

For each box set, a near-optimal cutoff parameter is determined using an adaptive approximation. The runtime
required for streaming is compared against usual scanning. Results on a Xeon 2.4GHz with 4GB main memory
can be seen in Figure37.1. For a small number of boxes, pure scanning is still faster than streaming with optimal
cutoff, which would just delegate the box sets to the scanning algorithm. As there are more and more boxes, the
overhead becomes less important.
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Figure 37.1: Runtime comparison between the scanning and the streaming algorithm.

37.9 Example Using a Custom Box Implementation

The example in the previous Section37.7uses an array to provide the coordinates and then creates another array
for the boxes. In the following example we write our own box classBox that we can initialize directly with the
four coordinates and create the array of boxes directly. We also omit the explicitly storedid-number and use the
address of the box itself asid-number. This works only if the boxes do not change their position, i.e., we work
with pointers to the boxes in the intersection algorithm.

We follow with our own box classBox theBoxIntersectionBoxd concept, which allows us to reuse the default
traits implementation, i.e., we can use the same default function call to compute all intersections. See the
example in the next section for a self-written traits class. So, in principle, the remainder of the example stays
the same and we omit the part from the previous example for brevity that illustrates the half-open box topology.

The requirements for the box implementation are best studied on page2171 in the Reference Manual. In a
nutshell, we have to define the typeNT for the box coordinates and the typeID for the id-number. Member
functions give access to the coordinates and theid-number. A static member function returns the dimension.

// file: examples/Box_intersection_d/custom_box_grid.C
#include <CGAL/box_intersection_d.h>
#include <vector>
#include <algorithm>
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#include <iterator>
#include <assert.h>

struct Box {
typedef int NT;
typedef std::ptrdiff_t ID;
int x[2], y[2];
Box( int x0, int x1, int y0, int y1) { x[0]=x0; x[1]=x1; y[0]=y0; y[1]=y1;}
static int dimension() { return 2; }
int min_coord(int dim) const { return x[dim]; }
int max_coord(int dim) const { return y[dim]; }
// id-function using address of current box,
// requires to work with pointers to boxes later
std::ptrdiff_t id() const { return (std::ptrdiff_t)(this); }

};

// 9 boxes of a grid
Box boxes[9] = { Box( 0,0,1,1), Box( 1,0,2,1), Box( 2,0,3,1), // low

Box( 0,1,1,2), Box( 1,1,2,2), Box( 2,1,3,2), // middle
Box( 0,2,1,3), Box( 1,2,2,3), Box( 2,2,3,3)};// upper

// 2 selected boxes as query; center and upper right
Box query[2] = { Box( 1,1,2,2), Box( 2,2,3,3)};

// With the special id-function we need to work on box pointers
Box* b_ptr[9] = { boxes, boxes+1, boxes+2, boxes+3, boxes+4, boxes+5,

boxes+6, boxes+7, boxes+8};
Box* q_ptr[2] = { query, query+1};

// callback function object writing results to an output iterator
template <class OutputIterator>
struct Report {

OutputIterator it;
Report( OutputIterator i) : it(i) {} // store iterator in object
// We write the position with respect to ’boxes’ to the output iterator
// assuming that box b (the query box) is not interesting in the result.
void operator()( const Box* a, const Box*) {

*it++ = ( reinterpret_cast<Box*>(a->id()) - boxes);
}

};
template <class Iter> // helper function to create the function object
Report<Iter> report( Iter it) { return Report<Iter>(it); }

int main() {
// run the intersection algorithm and store results in a vector
std::vector<std::size_t> result;
CGAL::box_intersection_d( b_ptr, b_ptr+9, q_ptr, q_ptr+2,

report( std::back_inserter( result)),
std::ptrdiff_t(0));

// sort and check result
std::sort( result.begin(), result.end());
std::size_t chk[13] = {0,1,2,3,4,4,5,5,6,7,7,8,8};
assert( result.size()==13 && std::equal(chk,chk+13,result.begin()));
return 0;

}
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37.10 Example for Point Proximity Search with a Custom Traits Class

Given a set of 3D points, we want to find all pairs of points that are less than a certain distance apart. We use the
box intersection algorithm to find good candidates, namely those that are less than this specified distance apart
in theL∞ norm, which is a good approximation of the Euclidean norm.

We use an unusual representation for the box, namely pointers to the 3D points themselves. We implement a
special box traits class that interprets the point as a box of the dimensions[−eps,+eps]3 centered at this point.
The value forepsis half the specified distance from above, i.e., points are reported if their distance is smaller
than2*eps.

The requirements for the box traits class are best studied on page2172in the Reference Manual. In a nutshell, we
have to define the typeNT for the box coordinates, the typeID for the id-number, and the typeBox parameter
similar to the box handle, herePoint 3* since we work with the pointers. All member functions in the traits
class are static. Two functions give access to the max and min coordinates that we compute from the point
coordinates plus or minus theepsvalue, respectively. For theid-number function the address of the point itself
is sufficient, since the points stay stable. Another function returns the dimension.

Thereportcallback function computes than the Euclidean distance and prints a message for points that are close
enough.

Note that we need to reserve sufficient space in thepointsvector to avoid reallocations while we create the
pointsvector and theboxesvector in parallel, since otherwise thepointsvector might reallocate and invalidate
all pointers stored in theboxesso far.

// file: examples/Box_intersection_d/proximity_custom_box_traits.C
#include <CGAL/Simple_cartesian.h>
#include <CGAL/box_intersection_d.h>
#include <CGAL/point_generators_3.h>
#include <CGAL/copy_n.h>
#include <vector>
#include <algorithm>
#include <iterator>
#include <cmath>

typedef CGAL::Simple_cartesian<float> Kernel;
typedef Kernel::Point_3 Point_3;
typedef CGAL::Random_points_on_sphere_3<Point_3> Points_on_sphere;

std::vector<Point_3> points;
std::vector<Point_3*> boxes; // boxes are just pointers to points
const float eps = 0.1; // finds point pairs of distance < 2*eps

// Boxes are just pointers to 3d points. The traits class adds the
// +- eps size to each interval around the point, effectively building
// on the fly a box of size 2*eps centered at the point.
struct Traits {

typedef float NT;
typedef Point_3* Box_parameter;
typedef std::ptrdiff_t ID;

static int dimension() { return 3; }
static float coord( Box_parameter b, int d) {

return (d == 0) ? b->x() : ((d == 1) ? b->y() : b->z());
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}
static float min_coord( Box_parameter b, int d) { return coord(b,d)-eps;}
static float max_coord( Box_parameter b, int d) { return coord(b,d)+eps;}
// id-function using address of current box,
// requires to work with pointers to boxes later
static std::ptrdiff_t id(Box_parameter b) { return (std::ptrdiff_t)(b); }

};

// callback function reports pairs in close proximity
void report( const Point_3* a, const Point_3* b) {

float dist = std::sqrt( CGAL::squared_distance( *a, *b));
if ( dist < 2*eps) {

std::cout << "Point " << (a - &(points.front())) << " and Point "
<< (b - &(points.front())) << " have distance " << dist
<< "." << std::endl;

}
}

int main() {
// create some random points on the sphere of radius 1.0
Points_on_sphere generator( 1.0);
points.reserve( 50);
for ( int i = 0; i != 50; ++i) {

points.push_back( *generator++);
boxes.push_back( & points.back());

}

// run the intersection algorithm and report proximity pairs
CGAL::box_self_intersection_d( boxes.begin(), boxes.end(),

report, Traits());
return 0;

}

37.11 Design and Implementation History

Lutz Kettner and Andreas Meyer implemented the algorithms starting from the publication [ZE02]. We had
access to the original C implementation of Afra Zomorodian, which helped clarifying some questions, and we
are grateful to the help of Afra Zomorodian in answering our questions during his visit. We thank Steve Robbins
for an excellent review for this package. Steve Robbins provided an independent and earlier implementation of
this algorithm, however, we learned too late about this implementation.
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We provide an efficient algorithm [ZE02] for finding all intersecting pairs for large numbers of iso-oriented
boxes, i.e., typically these will be bounding boxes of more complicated geometries. For comparison and as a
base case for other methods, we also offer the simple all-pairs test as a generic function.
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CGAL::box intersection d

Definition

The functionbox intersectiond computes the pairwise intersecting boxes between two sequences of iso-
oriented boxes in arbitrary dimension. The sequences of boxes are given with two random-access iterator
ranges and will be reordered in the course of the algorithm. For each intersecting pair of boxes acallback
function object is called with the two intersecting boxes as argument; the first argument is a box from the first
sequence, the second argument a box from the second sequence. The performance of the algorithm can be tuned
with acutoff parameter, see the implementation section below for more details.

The algorithm reorders the boxes in the course of the algorithm. Now, depending on the size of a box it can be
faster to copy the boxes, or to work with pointers to boxes and copy only pointers. We offer automatic support
for both options. To simplify the description, let us call thevalue typeof the iteratorsbox handle. Thebox
handlecan either be our box type itself or a pointer (or const pointer) to the box type.

A d-dimensional iso-oriented box is defined as the Cartesian product ofd intervals. We call the boxhalf-
openif the d intervals{[loi ,hii) |0≤ i < d} are half-open intervals, and we call the boxclosedif the d intervals
{[loi ,hii ] |0≤ i < d} are closed intervals. Note that closed boxes support zero-width boxes and they can intersect
at their boundaries, while non-empty half-open boxes always have a positive volume and they only intersect iff
their interiors overlap. The distinction between closed or half-open boxes does not require a different represen-
tation of boxes, just a different interpretation when comparing boxes, which is selected with thetopologyparam-
eter and its two values,CGAL::Box intersectiond::HALF OPENandCGAL::Box intersectiond::CLOSED.

In addition, a box has an uniqueid-number. It is used to order boxes consistently in each dimension even if
boxes have identical coordinates. In consequence, the algorithm guarantees that a pair of intersecting boxes is
reported only once. Boxes with equalid-number are not reported since they obviously intersect trivially.

The algorithm uses a traits class of theBoxIntersectionTraitsd concept to access the boxes. A default traits
class is provided that assumes that the box type is a model of theBoxIntersectionBoxd concept and that the
box handle, i.e., the iterators value type, is identical to the box type or a pointer to the box type.

An important special application of this algorithm is the test for self-intersections where the second box se-
quence is an identical copy of the first sequence including the preservedid-number. Note that this implies
that the address of the box is not sufficient for theid-number if boxes are copied by value. To ease the use of
this special case we offer a simplified version of this function with one iterator range only, which then creates
internally the second copy of the boxes, under the nameCGAL::box self intersectiond.

In the general case, we distinguish between the bipartite case (the boxes are from different sequences) and the
complete case (the boxes are from the same sequence, i.e., the self intersection case). The default is the bipartite
case, since the complete case is typically handled with the simplified function call mentioned above. However,
the general function call offers thesettingparameter with the valuesCGAL::Box intersectiond::COMPLETE
andCGAL::Box intersectiond::BIPARTITE.

#include<CGAL/boxintersectiond.h>

template< class RandomAccessIterator1, class RandomAccessIterator2, class Callback>
void box intersectiond( RandomAccessIterator1 begin1,
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RandomAccessIterator1 end1,
RandomAccessIterator2 begin2,
RandomAccessIterator2 end2,
Callback callback,
std::ptrdiff t cutoff = 10,
Box intersectiond::Topology topology = Boxintersectiond::CLOSED,
Box intersectiond::Setting setting = Boxintersectiond::BIPARTITE)

Invocation of box intersection with default box traitsCGAL::Box intersectiond::Box
traits d<Box handle>, whereBox handlecorresponds to the iterator value type ofRan-
domAccessIterator1.

template< class RandomAccessIterator1, class RandomAccessIterator2, class Callback, class BoxTraits>
void box intersectiond( RandomAccessIterator1 begin1,

RandomAccessIterator1 end1,
RandomAccessIterator2 begin2,
RandomAccessIterator2 end2,
Callback callback,
BoxTraits boxtraits,
std::ptrdiff cutoff = 10,
Box intersectiond::Topology topology = Boxintersectiond::CLOSED,
Box intersectiond::Setting setting = Boxintersectiond::BIPARTITE)

Invocation with custom box traits.

Requirements

• RandomAccessIterator1, and . . .2, must be mutable random-access iterators and both value types must
be the same. We call this value typeBox handlein the following.

• Callbackmust be of theBinaryFunctionconcept. TheBox handlemust be convertible to both argument
types. The return type is not used and can bevoid.

• TheBox handlemust be a model of theAssignableconcept.

• In addition, if the default box traits is used theBox handlemust be a class typeT or a pointer to a class
type T, whereT must be a model of theBoxIntersectionBoxd concept. In both cases, the default box
traits specializes to a suitable implementation.

• BoxTraitsmust be of theBoxIntersectionTraitsd concept.

See Also

CGAL::box self intersectiond . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2166
CGAL::box intersectionall pairs d . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2164

CGAL::Box intersectiond::Box traits d<BoxHandle> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2177
BoxIntersectionBoxd. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page2171
BoxIntersectionTraitsd . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2172
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Implementation

The implemented algorithm is described in [ZE02] as version two. Its performance depends on acutoff pa-
rameter. When the size of both iterator ranges drops below thecutoff parameter the function switches from the
streamed segment-tree algorithm to the two-way-scan algorithm, see [ZE02] for the details.

The streamed segment-tree algorithm needsO(nlogd(n)+ k) worst-case running time andO(n) space, where
n is the number of boxes in both input sequences,d the (constant) dimension of the boxes, andk the out-
put complexity, i.e., the number of pairwise intersections of the boxes. The two-way-scan algorithm needs
O(nlog(n)+ l) worst-case running time andO(n) space, wherel is the number of pairwise overlapping inter-
vals in one dimensions (the dimension where the algorithm is used instead of the segment tree). Note thatl is
not necessarily related tok and using the two-way-scan algorithm is a heuristic.

Unfortunately, we have no general method to automatically determine an optimal cutoff parameter, since it de-
pends on the used hardware, the runtime ratio between callback runtime and segment-tree runtime, and of course
the number of boxes to be checked and their distribution. In cases where the callback runtime is dominant, it
may be best to make the threshold parameter small. Otherwise acutoff=

√
n can lead to acceptable results. For

well distributed boxes the original paper [ZE02] gives optimal cutoffs in the thousands. Anyway, for optimal
runtime some experiments to compare different cutoff parameters are recommended. See also Section37.8.

Example

The box implementation provided withCGAL::Box intersectiond::Box d<double,2> has a special constructor
for the CGAL bounding box typeCGAL::Bbox2 (and similar for dimension 3). We use this in the example to
create 3×3 boxesin a grid layout. Additionally we pick the center box and the box in the upper-right corner as
our second box sequencequery.

The default policy of the box type implements theid-number with an explicit counter in the boxes, which is the
default choice since it always works. We use theid-number in our callback function to report the result of the
intersection algorithm call. The result will be that the firstquerybox intersects all nineboxesand the second
querybox intersects the four boxes in the upper-right quadrant.

// file: examples/Box_intersection_d/minimal.C
#include <CGAL/box_intersection_d.h>
#include <CGAL/Bbox_2.h>
#include <iostream>

typedef CGAL::Box_intersection_d::Box_d<double,2> Box;
typedef CGAL::Bbox_2 Bbox;

// 9 boxes of a grid
Box boxes[9] = { Bbox( 0,0,1,1), Bbox( 1,0,2,1), Bbox( 2,0,3,1), // low

Bbox( 0,1,1,2), Bbox( 1,1,2,2), Bbox( 2,1,3,2), // middle
Bbox( 0,2,1,3), Bbox( 1,2,2,3), Bbox( 2,2,3,3)};// upper

// 2 selected boxes as query; center and upper right
Box query[2] = { Bbox( 1,1,2,2), Bbox( 2,2,3,3)};

void callback( const Box& a, const Box& b ) {
std::cout << "box " << a.id() << " intersects box " << b.id() << std::endl;

}
int main() {

CGAL::box_intersection_d( boxes, boxes+9, query, query+2, callback);
return 0;

}
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CGAL::box intersection all pairs d

Definition

The functionbox intersectionall pairs d computes the pairwise intersecting boxes between two sequences of
iso-oriented boxes in arbitrary dimension. It does so by comparing all possible pairs of boxes and is thus inferior
to the fastCGAL::box intersectiond algorithm on page2161.

The sequences of boxes are given with two forward iterator ranges. The sequences are not modified. For each
intersecting pair of boxes acallbackfunction object is called with the two intersecting boxes as argument; the
first argument is a box from the first sequence, the second argument a box from the second sequence.

The algorithm is interface compatible with theCGAL::box intersectiond function. Similarly, we call thevalue
typeof the iterators thebox handle, which is either our box type or a pointer type to our box type.

A d-dimensional iso-oriented box is defined as the Cartesian product ofd intervals. We call the boxhalf-
openif the d intervals{[loi ,hii) |0≤ i < d} are half-open intervals, and we call the boxclosedif the d intervals
{[loi ,hii ] |0≤ i < d} are closed intervals. Note that closed boxes support zero-width boxes and they can intersect
at their boundaries, while non-empty half-open boxes always have a positive volume and they only intersect iff
their interiors overlap. The distinction between closed or half-open boxes does not require a different represen-
tation of boxes, just a different interpretation when comparing boxes, which is selected with thetopologyparam-
eter and its two values,CGAL::Box intersectiond::HALF OPENandCGAL::Box intersectiond::CLOSED.

In addition, a box has an uniqueid-number. Boxes with equalid-number are not reported since they obviously
intersect trivially.

The algorithm uses a traits class of theBoxIntersectionTraitsd concept to access the boxes. A default traits
class is provided that assumes that the box type is a model of theBoxIntersectionBoxd concept and that the
box handle, i.e., the iterators value type, is identical to the box type or a pointer to the box type.

An important special application of this algorithm is the test for self-intersections where the second box se-
quence is an identical copy of the first sequence including the preservedid-number. We offer a specialized
implementationCGAL::box self intersectionall pairs for this application.

#include<CGAL/boxintersectiond.h>

template< class ForwardIterator1, class ForwardIterator2, class Callback>
void box intersectionall pairs d( ForwardIterator1 begin1,

ForwardIterator1 end1,
ForwardIterator2 begin2,
ForwardIterator2 end2,
Callback callback,
Box intersectiond::Topology topology = Boxintersectiond::CLOSED)

Invocation of box intersection with default box traitsCGAL::Box intersectiond::Box
traits d<Box handle>, whereBox handlecorresponds to the iterator value type ofFor-
wardIterator1.

template< class ForwardIterator1, class ForwardIterator2, class Callback, class BoxTraits>
void box intersectionall pairs d( ForwardIterator1 begin1,
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ForwardIterator1 end1,
ForwardIterator2 begin2,
ForwardIterator2 end2,
Callback callback,
BoxTraits boxtraits,
Box intersectiond::Topology topology = Boxintersectiond::CLOSED)

Invocation with custom box traits.

Requirements

• ForwardIterator1, and . . .2, must be forward iterators and both value types must be the same. We call
this value typeBox handlein the following.

• Callbackmust be of theBinaryFunctionconcept. TheBox handlemust be convertible to both argument
types. The return type is not used and can bevoid.

• TheBox handlemust be a model of theAssignableconcept.

• In addition, if the default box traits is used theBox handlemust be a class typeT or a pointer to a class
type T, whereT must be a model of theBoxIntersectionBoxd concept. In both cases, the default box
traits specializes to a suitable implementation.

• BoxTraitsmust be of theBoxIntersectionTraitsd concept.

See Also

CGAL::box intersectiond. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page2161
CGAL::box self intersectiond . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2166
CGAL::box self intersectionall pairs d. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page2169

CGAL::Box intersectiond::Box traits d<BoxHandle> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2177
BoxIntersectionBoxd. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page2171
BoxIntersectionTraitsd . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2172

Implementation

The algorithm is trivially testing all pairs and runs therefore in timeO(nm) wheren is the size of the first
sequence andm is the size of the second sequence.
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CGAL::box self intersection d

Definition

The functionbox self intersectiond computes the pairwise intersecting boxes in a sequence of iso-oriented
boxes in arbitrary dimension. The sequence of boxes is given with as a random-access iterator range and will be
reordered in the course of the algorithm. For each intersecting pair of boxes acallbackfunction object is called
with the two intersecting boxes as argument; the first argument is a box from the sequence, the second argument
is a copy of a box from the sequence. The performance of the algorithm can be tuned with acutoff parameter,
see the implementation section of theCGAL::box intersectiond function on page2161.

The algorithm creates a second copy of the boxes and reorders the boxes in the course of the algorithm. Now,
depending on the size of a box it can be faster to copy the boxes, or to work with pointers to boxes and copy only
pointers. We offer automatic support for both options. To simplify the description, let us call thevalue typeof
the iteratorsbox handle. Thebox handlecan either be our box type itself or a pointer (or const pointer) to the
box type.

A d-dimensional iso-oriented box is defined as the Cartesian product ofd intervals. We call the boxhalf-
openif the d intervals{[loi ,hii) |0≤ i < d} are half-open intervals, and we call the boxclosedif the d intervals
{[loi ,hii ] |0≤ i < d} are closed intervals. Note that closed boxes support zero-width boxes and they can intersect
at their boundaries, while non-empty half-open boxes always have a positive volume and they only intersect iff
their interiors overlap. The distinction between closed or half-open boxes does not require a different represen-
tation of boxes, just a different interpretation when comparing boxes, which is selected with thetopologyparam-
eter and its two values,CGAL::Box intersectiond::HALF OPENandCGAL::Box intersectiond::CLOSED.

In addition, a box has an uniqueid-number. It is used to order boxes consistently in each dimension even if
boxes have identical coordinates. In consequence, the algorithm guarantees that a pair of intersecting boxes is
reported only once. This self-intersection function creates internally a second copy of the box sequence. The
copying has to preserve theid-number of boxes. Note that this implies that the address of the box is not sufficient
for the id-number if boxes are copied by value. Boxes of equalid-number are not reported as intersecting pairs
since they are always intersecting trivially.

The algorithm uses a traits class of theBoxIntersectionTraitsd concept to access the boxes. A default traits
class is provided that assumes that the box type is a model of theBoxIntersectionBoxd concept and that the
box handle, i.e., the iterators value type, is identical to the box type or a pointer to the box type.

#include<CGAL/boxintersectiond.h>

template< class RandomAccessIterator, class Callback>
void boxself intersectiond( RandomAccessIterator begin,

RandomAccessIterator end,
Callback callback,
std::ptrdiff t cutoff = 10,
Box intersectiond::Topology topology = Boxintersectiond::CLOSED)

Invocation of box intersection with default box traitsCGAL::Box
intersectiond::Box traits d<Box handle>, where Box handle corre-
sponds to the iterator value type ofRandomAccessIterator.

template< class RandomAccessIterator, class Callback, class BoxTraits>
void boxself intersectiond( RandomAccessIterator begin,
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RandomAccessIterator end,
Callback callback,
BoxTraits boxtraits,
std::ptrdiff t cutoff = 10,
Box intersectiond::Topology topology = Boxintersectiond::CLOSED)

Invocation with custom box traits.

Requirements

• RandomAccessIteratormust be a mutable random-access iterator. We call its value typeBox handlein
the following.

• Callbackmust be of theBinaryFunctionconcept. TheBox handlemust be convertible to both argument
types. The return type is not used and can bevoid.

• TheBox handlemust be a model of theAssignableconcept.

• In addition, if the default box traits is used theBox handlemust be a class typeT or a pointer to a class
type T, whereT must be a model of theBoxIntersectionBoxd concept. In both cases, the default box
traits specializes to a suitable implementation.

• BoxTraitsmust be of theBoxIntersectionTraitsd concept.

See Also

CGAL::box intersectiond. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page2161
CGAL::box self intersectionall pairs d. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page2169

CGAL::Box intersectiond::Box traits d<BoxHandle> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2177
BoxIntersectionBoxd. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page2171
BoxIntersectionTraitsd . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2172

Implementation

See the implementation section of theCGAL::box intersectiond function on page2161.

Example

The box implementation provided withCGAL::Box intersectiond::Box d<double,2> has a special constructor
for the CGAL bounding box typeCGAL::Bbox2 (and similar for dimension 3). We use this in the example to
create 3×3 boxesin a grid layout.

The default policy of the box type implements theid-number with an explicit counter in the boxes, which is the
default choice since it always works. We use theid-number in our callback function to report the result of the
intersection algorithm call. The result will be 20 pairwise intersections, but the order in which they are reported
is non-intuitive.
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// file: examples/Box_intersection_d/minimal_self.C
#include <CGAL/box_intersection_d.h>
#include <CGAL/Bbox_2.h>
#include <iostream>

typedef CGAL::Box_intersection_d::Box_d<double,2> Box;
typedef CGAL::Bbox_2 Bbox;

// 9 boxes of a grid
Box boxes[9] = { Bbox( 0,0,1,1), Bbox( 1,0,2,1), Bbox( 2,0,3,1), // low

Bbox( 0,1,1,2), Bbox( 1,1,2,2), Bbox( 2,1,3,2), // middle
Bbox( 0,2,1,3), Bbox( 1,2,2,3), Bbox( 2,2,3,3)};// upper

void callback( const Box& a, const Box& b ) {
std::cout << "box " << a.id() << " intersects box " << b.id() << std::endl;

}

int main() {
CGAL::box_self_intersection_d( boxes, boxes+9, callback);
return 0;

}
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CGAL::box self intersection all pairs d

Definition

The functionbox self intersectionall pairs d computes the pairwise intersecting boxes in a sequence of iso-
oriented boxes in arbitrary dimension. It does so by comparing all possible pairs of boxes and is thus inferior to
the fastCGAL::box self intersectiond algorithm on page2166.

The sequence of boxes is given with a forward iterator range. The sequences are not modified. For each
intersecting pair of boxes acallbackfunction object is called with the two intersecting boxes as argument.

The algorithm is interface compatible with theCGAL::box self intersectiond function. Similarly, we call the
value typeof the iterators thebox handle, which is either our box type or a pointer type to our box type.

A d-dimensional iso-oriented box is defined as the Cartesian product ofd intervals. We call the boxhalf-
openif the d intervals{[loi ,hii) |0≤ i < d} are half-open intervals, and we call the boxclosedif the d intervals
{[loi ,hii ] |0≤ i < d} are closed intervals. Note that closed boxes support zero-width boxes and they can intersect
at their boundaries, while non-empty half-open boxes always have a positive volume and they only intersect iff
their interiors overlap. The distinction between closed or half-open boxes does not require a different represen-
tation of boxes, just a different interpretation when comparing boxes, which is selected with thetopologyparam-
eter and its two values,CGAL::Box intersectiond::HALF OPENandCGAL::Box intersectiond::CLOSED.

The algorithm uses a traits class of theBoxIntersectionTraitsd concept to access the boxes. A default traits
class is provided that assumes that the box type is a model of theBoxIntersectionBoxd concept and that the
box handle, i.e., the iterators value type, is identical to the box type or a pointer to the box type.

#include<CGAL/boxintersectiond.h>

template< class ForwardIterator, class Callback>
void boxself intersectionall pairs d(

ForwardIterator begin,
ForwardIterator end,
Callback callback,
Box intersectiond::Topology topology = Boxintersectiond::CLOSED)

Invocation of box intersection with default box traitsCGAL::Box intersectiond::Box
traits d<Box handle>, whereBox handlecorresponds to the iterator value type ofFor-
wardIterator.

template< class ForwardIterator, class Callback, class BoxTraits>
void boxself intersectionall pairs d(

ForwardIterator begin,
ForwardIterator end,
Callback callback,
BoxTraits boxtraits,
Box intersectiond::Topology topology = Boxintersectiond::CLOSED)

Invocation with custom box traits.

Requirements
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• ForwardIteratormust be a forward iterator. We call its value typeBox handlein the following.

• Callbackmust be of theBinaryFunctionconcept. TheBox handlemust be convertible to both argument
types. The return type is not used and can bevoid.

• TheBox handlemust be a model of theAssignableconcept.

• In addition, if the default box traits is used theBox handlemust be a class typeT or a pointer to a class
type T, whereT must be a model of theBoxIntersectionBoxd concept. In both cases, the default box
traits specializes to a suitable implementation.

• BoxTraitsmust be of theBoxIntersectionTraitsd concept.

See Also

CGAL::box intersectiond. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page2161
CGAL::box self intersectiond . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2166
CGAL::box intersectionall pairs d . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2164

CGAL::Box intersectiond::Box traits d<BoxHandle> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2177
BoxIntersectionBoxd. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page2171
BoxIntersectionTraitsd . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2172

Implementation

The algorithm is trivially testing all pairs and runs therefore in timeO(n2) wheren is the size of the input
sequence. This algorithm does not use the id-number of the boxes.
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BoxIntersectionBox d

Definition

The BoxIntersectionBoxd concept is used in the context of the intersection algorithms for sequences of iso-
oriented boxes. These algorithms come with a default traits class that assumes that the boxes are a model of this
BoxIntersectionBoxd concept. This concept defines the access functions to the dimension, theid-number, and
the boundaries of the box.

Refines

Assignable.

Has Models

CGAL::Box intersectiond::Box d<NT,int D,IdPolicy> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2174
CGAL::Box intersectiond::Box with handled<NT, int D, Handle, IdPolicy> . . . . . . . . . . . . . . . . . . . . page2178

Types

BoxIntersectionBoxd:: NT number type to represent the box boundaries. Allowed are the
builtin typesint, unsigned int, float, anddouble.

BoxIntersectionBoxd:: ID type for the boxid-number, must be a model of theLessThanCom-
parableconcept.

Access Functions

int BoxIntersectionBoxd::dimension()

returns the dimension of the box.

ID box.id() returns the uniqueid-number for thebox.

NT box.mincoord( int d) returns the lower boundary in dimensiond, 0≤d<dimension().

NT box.maxcoord( int d) returns the upper boundary in dimensiond, 0≤d<dimension().

See Also

CGAL::box intersectiond. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page2161
CGAL::box self intersectiond . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2166
CGAL::box intersectionall pairs d . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2164
CGAL::box self intersectionall pairs d. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page2169

CGAL::Box intersectiond::Box traits d<BoxHandle> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2177
BoxIntersectionTraitsd . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2172
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BoxIntersectionTraits d

Definition

The BoxIntersectionTraitsd concept is used for the intersection algorithms for sequences of iso-oriented boxes.
This concept defines the access functions to the dimension, theid-number, and the boundaries of the boxes
manipulated in these algorithms.

Refines

Assignable.

Has Models

CGAL::Box intersectiond::Box traits d<BoxHandle> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2177

Types

BoxIntersectionTraitsd:: Box parameter

type used for passing box parameters in the functions below. Since we support
in our algorithms passing the boxes by value as well as passing them as point-
ers, this type can be eitherconst B&, B*, or const B*respectively, whereB is
the actual box type. The difference to the box handle type lies in the first case
where the box handle would beB where this type isconst B&.

BoxIntersectionTraitsd:: NT number type to represent the box boundaries. Allowed are the builtin types
int, unsigned int, float, anddouble.

BoxIntersectionTraitsd:: ID type for theid-number, model of theLessThanComparableconcept.

Access Functions

int BoxIntersectionTraitsd::dimension() returns the dimension of the box.

ID BoxIntersectionTraitsd::id( Box parameter box) returns the uniqueid-number for thebox.

NT BoxIntersectionTraitsd::min coord( Boxparameter box, int d)

returns the lower boundary of thebox in dimensiond, 0≤d<dimension().

NT BoxIntersectionTraitsd::max coord( Boxparameter box, int d)

returns the upper boundary of thebox in dimensiond, 0≤d<dimension().
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See Also

CGAL::box intersectiond. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page2161
CGAL::box self intersectiond . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2166
CGAL::box intersectionall pairs d . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2164
CGAL::box self intersectionall pairs d. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page2169
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CGAL::Box intersection d::Box d<NT,int D,IdPolicy >

Definition

Box d<NT,int D,IdPolicy> is a generic iso-oriented bounding box in dimensionD. It provides in each dimension
an interval with lower and upper endpoints represented with the number typeNT. This class is designed to work
smoothly with the algorithms for intersecting sequences of iso-oriented boxes. For degeneracy handling, the
boxes need to provide a uniqueid-number. The policy parameterIdPolicy offers several choices. The template
parameters have to comply with the following requirements:

• NT: number type for the box boundaries, needs to be a model of theAssignableand theLessThanCom-
parableconcept.

• int D: the dimension of the box.

• IdPolicy: specifies how theid-number will be provided. Can be one of the following types, whereID
EXPLICIT is the default for this parameter:

– ID NONE: no id-number is provided. Can be useful ifBox d is used as a base class for a different
implementation ofid-numbers than the ones provided here.

– ID EXPLICIT: the id-number is stored explicitly in the box and automatically created and assigned
at construction time of the box. Note that copying a box (copy-constructor and assignment) does
not create a newid-number but keeps the old one, which is the behavior needed by theCGAL::box
self intersectionalgorithm. This is therefore the safe default implementation.

– ID FROM BOX ADDRESS: casts the address of the box into astd::ptrdiff t to create theid-number.
Works fine if the intersection algorithms work effectively with pointers to boxes, but not in the case
where the algorithms work with box values, because the algorithms modify the order of the boxes,
and theCGAL::box self intersectionalgorithm creates copies of the boxes that would not have
identicalid-numbers.

#include<CGAL/Boxintersectiond/Box d.h>
and also automatically with
#include<CGAL/boxintersectiond.h>

Is Model for the Concepts

BoxIntersectionBoxd. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page2171

Types

Box d<NT,int D,IdPolicy>:: NT number type to represent the box boundaries. Allowed
are the builtin typesint, unsigned int, float, anddouble.

typedef std::sizet ID; type for the boxid-number.
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Creation

Box d<NT,int D,IdPolicy> box; Default constructor. No particular initialization.

Box d<NT,int D,IdPolicy> box( bool complete); initializes to the complete or the empty space. If
empty, all interval starting(end) points will be set to posi-
tive(negative) infinity.

Box d<NT,int D,IdPolicy> box( NT lo[D], NT hi[D]);

initializes the box intervals to [lo[i] ,hi[i] ], 0≤ i < D.
Precondition: lo[i] < hi[i] for 0≤ i < D.

Box d<NT,int D,IdPolicy> box( Bbox2 bbox); constructs from bbox, exists iffD = 2 andNT≡double.
Box d<NT,int D,IdPolicy> box( Bbox3 bbox); constructs from bbox, exists iffD = 3 andNT≡double.

Modifiers

void box.init( bool complete = false) initializes to the complete or the empty space. If
empty, all interval starting(end) points will be set to posi-
tive(negative) infinity.

void box.extend( NT point[D]) extendbox to contain the oldboxandpoint.

Access Functions

int Box d::dimension() returnsD, the dimension of the box.

std::sizet box.id() returns a unique box id, see theIdPolicy template param-
eter above for the different choices. Does not exist ifID
NONEhas been chosen for theIdPolicy.

NT box.mincoord( int d) returns the lower boundary in dimensiond, 0≤d< D.

NT box.maxcoord( int d) returns the upper boundary in dimensiond, 0≤d< D.

Bbox 2 box.bbox() returns the bounding box iffD = 2 andNT≡double.
Bbox 3 box.bbox() returns the bounding box iffD = 3 andNT≡double.

void box.extend( NT p[N]) extendsboxto the smallest box that additionally contains
the point represented by coordinates inp.

void box.extend( std::pair<NT,NT> p[N])

extendsboxto the smallest box that additionally contains
the point represented by coordinate intervals inp.
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CGAL::Box intersection d::Box traits d<BoxHandle>

Definition

This is the default traits class for the intersection algorithms for iso-oriented boxes. There are actually three
versions depending on the type ofBoxHandle; there is one ifBoxHandleis a class type and there are two if
BoxHandleis a pointer type, one for a mutable and one for a const pointer, respectively.

This class implements the mapping from itsBoxHandleargument to theBox parametertype required in the
BoxIntersectionTraitsd concept. In particular in the case whereBoxHandleis a class typeB, it definesBox
parameterto be of typeconst B&, while for the other cases it just uses the pointer type.

• BoxHandle: either a class typeB, a pointerB*, or a const-pointerconst B*, whereB is a model of the
BoxIntersectionBoxd concept.

#include<CGAL/Boxintersectiond/Box traits d.h> and also automatically with
#include<CGAL/boxintersectiond.h>

Is Model for the Concepts

BoxIntersectionTraitsd . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2172

Creation

Box traits d<BoxHandle> traits; default constructor.
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CGAL::Box intersection d::Box with handle d<NT, int D, Handle, Id-
Policy>

Definition

Box with handled<NT, int D, Handle, IdPolicy> is a generic iso-oriented bounding box in dimensionD that
stores additionally a handle to some underlying geometric object. It provides in each dimension an interval
with lower and upper endpoints represented with the number typeNT. This class is designed to work smoothly
with the algorithms for intersecting sequences of iso-oriented boxes. For degeneracy handling, the boxes need
to provide a uniqueid-number. The policy parameterIdPolicy offers several choices. The template parameters
have to comply with the following requirements:

• NT: number type for the box boundaries, needs to be a model of theAssignableand theLessThanCom-
parableconcept.

• int D: the dimension of the box.

• Handleconcept, e.g., a pointer, an iterator, or a circulator.

• IdPolicy: specifies how theid-number will be provided. Can be one of the following types, whereID
EXPLICIT is the default for this parameter:

– ID NONE: no id-number is provided. Can be useful to have this class as a base class for different
implementations ofid-numbers than the ones provided here.

– ID EXPLICIT: the id-number is stored explicitly in the box and automatically created and assigned
at construction time of the box. Note that copying a box (copy-constructor and assignment) does
not create a newid-number but keeps the old one, which is the behavior needed by theCGAL::box
self intersectionalgorithm. This is therefore the safe default implementation.

– ID FROM BOX ADDRESS: casts the address of the box into astd::ptrdiff t to create theid-number.
Works fine if the intersection algorithms work effectively with pointers to boxes, but not in the case
where the algorithms work with box values, because the algorithms modify the order of the boxes,
and theCGAL::box self intersectionalgorithm creates copies of the boxes that would not have
identicalid-numbers.

– ID FROM HANDLE: casts the address of the value of the handle into astd::ptrdiff t to create the
id-number. Works in many conceivable settings, e.g., it works with boxes copied by value or by
pointer, and the self intersection test. It will not work if there is no one-to-one mapping between
boxes and the geometry that is referred to with the handles, i.e., thisid-number scheme fails if a
geometric object creates several boxes with the same handle value. Note that this option is not
available for theCGAL::Box intersectiond::Box d type that does not store a handle.

#include<CGAL/Boxintersectiond/Box with handled.h>
and also automatically with
#include<CGAL/boxintersectiond.h>

Is Model for the Concepts

BoxIntersectionBoxd. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page2171
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Types

Box with handled<NT, int D, Handle, IdPolicy>:: NT

number type to represent the box boundaries. Allowed
are the builtin typesint, unsigned int, float, anddouble.

typedef std::sizet ID; type for the boxid-number.

Creation

Box with handled<NT, int D, Handle, IdPolicy> box;

Default constructor. No particular initialization.

Box with handled<NT, int D, Handle, IdPolicy> box( bool complete, Handle h);

initializes to the complete or the empty space. If
empty, all interval starting(end) points will be set to posi-
tive(negative) infinity, sets handle toh.

Box with handled<NT, int D, Handle, IdPolicy> box( NT lo[D], NT hi[D], Handle h);

initializes the box intervals to [lo[i] ,hi[i] ], 0≤ i < D and
sets the handle toh.
Precondition: lo[i] < hi[i] for 0≤ i < D.

Box with handled<NT, int D, Handle, IdPolicy> box( Bbox2 bbox, Handle h);

constructs from bbox and sets the handle toh, exists iff
D = 2 andNT≡double.

Box with handled<NT, int D, Handle, IdPolicy> box( Bbox3 bbox, Handle h);

constructs from bbox and sets the handle toh, exists iff
D = 3 andNT≡double.

Modifiers

void box.init( bool complete = false) initializes to the complete or the empty space. If
empty, all interval starting(end) points will be set to posi-
tive(negative) infinity.

void box.extend( NT point[D]) extendbox to contain the oldboxandpoint.
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Access Functions

Handle box.handle() returns the handle stored inbox.

int Box with handled::dimension() returnsD, the dimension of the box.

std::sizet box.id() returns a unique box id, see theIdPolicy template param-
eter above for the different choices. Does not exist ifID
NONEhas been chosen for theIdPolicy.

NT box.mincoord( int d) returns the lower boundary in dimensiond, 0≤d< D.

NT box.maxcoord( int d) returns the upper boundary in dimensiond, 0≤d< D.

Bbox 2 box.bbox() returns the bounding box iffD = 2 andNT≡double.
Bbox 3 box.bbox() returns the bounding box iffD = 3 andNT≡double.

See Also

CGAL::box intersectiond. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page2161
CGAL::box self intersectiond . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2166
CGAL::box intersectionall pairs d . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2164
CGAL::box self intersectionall pairs d. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page2169
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Chapter 38

Geometric Optimization
Kaspar Fischer, Bernd G̈artner, Thomas Herrmann, Michael Hoffmann, Eli Packer, and Sven Schönherr

Geometric optimization deals with problems of computing geometric objects which are optimal subject to cer-
tain criteria and constraints. Our running example will be the problem of computing the sphere of smallest
radius which contains a given point set ind-dimensional Euclidean space.

The geometric optimization algorithms in CGAL fall into three categories, “Bounding Volumes”, “Optimal
Distances” and “Advanced Techniques”.

38.1 Bounding and Inscribed Volumes

This category contains algorithms which for a given point set compute the “best” circumscribing (or inscribed)
object from a specific class. If the class consists of all spheres ind-dimensional Euclidean space and “best”
is defined as having smallest radius, then we obtain the smallest enclosing sphere problem already mentioned
above.

In the following example a smallest enclosing circle (CGAL::Min circle 2<Traits>) is constructed from points
on a line and written to standard output. The example shows that it is advisable to switch on random shuffling
in order to deal with a ‘bad’ order of the input points.

#include <CGAL/Homogeneous.h>
#include <CGAL/Min_circle_2.h>
#include <CGAL/Min_circle_2_traits_2.h>



#include <CGAL/Gmpz.h>
#include <iostream>

// typedefs
typedef CGAL::Gmpz NT;
typedef CGAL::Homogeneous<NT> K;
typedef CGAL::Min_circle_2_traits_2<K> Traits;
typedef CGAL::Min_circle_2<Traits> Min_circle;

typedef K::Point_2 Point;

// main
int
main( int, char**)
{

int n = 100;
Point* P = new Point[ n];

for ( int i = 0; i < n; ++i)
P[ i] = Point( (i%2 == 0 ? i : -i), 0);

// (0,0), (-1,0), (2,0), (-3,0), ...

Min_circle mc1( P, P+n, false); // very slow
Min_circle mc2( P, P+n, true); // fast

CGAL::set_pretty_mode( std::cout);
std::cout << mc2;

delete[] P;

return( 0);
}

Other classes for which we provide solutions are ellipses (CGAL::Min ellipse 2<Traits>), rectangles
(CGAL::min rectangle2), parallelograms (CGAL::min parallelogram2) and strips (CGAL::min strip 2) in
the plane, with appropriate optimality criteria. For arbitrary dimensions we provide smallest enclosing spheres
for points (CGAL::Min sphered<Traits>) and spheres for spheres (CGAL::Min sphereof spheresd<Traits>
), smallest enclosing annuli (CGAL::Min annulusd<Traits>), and approximate minimum-volume enclosing
ellipsoid with user-specified approximation ratio (CGAL::Approximatemin ellipsoid d<Traits>).

Bounding volumes can be used to obtain simple approximations of complicated objects. For example, consider
the problem of deciding whether two moving polygons currently intersect. An obvious solution is to discretize
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time and perform a full intersection test for any time step. If the polygons are far apart most of the time, this is
unnecessary. Instead, simple bounding volumes (for examples, circles) are computed for both polygons at their
initial positions. At subsequent time steps, an intersection test between the moving bounding circles replaces
the actual intersection test; only if the circles do intersect, the expensive intersection test between the polygons
is performed. In practice, bounding volume hierarchies are often used on top of simple bounding volumes to
approximate complicated objects more accurately.

As far as inscribed volumes are concerned, we provide algorithms for computing maximal inscribedk-gons
(triangles, quadrilaterals, . . . ) of a planar point setP. Maximal k-gons are convex, and it is known that their
vertices can be chosen to be vertices of the convex hull ofP. Hence, the functionsCGAL::maximumarea
inscribedk gon 2 andCGAL::maximumperimeterinscribedk gon 2 operate on convex polygons only. The
example below shows that the largest area triangle (green) and the largest perimeter triangle (orange, containing
the top point) of a point set are different in general.

We further provide an algorithm for computing the maximal area inscribed axis parallel rectangle

Given a set of points in the plane, the classCGAL::Largestemptyiso rectangle2<T> is a data structure that
maintains an iso-rectangle with the largest area among all iso-rectangles that are inside a given iso-rectangles,
and that do not contain any point of the point set.

Bounding and inscribed volumes are also frequently applied to extract geometric properties of objects. For
example, the smallest enclosing annulus of a point set can be used to test whether a set of points is approximately
cospherical. Here, the width of the annulus (or its area, or still another criterion that we use) is a good measure
for this property. The largest area triangle is for example used in heuristics for matching archaeological aerial
photographs. Largest perimeter triangles are used in scoring cross country soaring flights, where the goal is
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basically to fly as far as possible, but still return to the departure airfield. To score simply based on the total
distance flown is not a good measure, since circling in thermals allows to increase it easily.

Bounding volumes also define geometric “center points” of objects. For example, if two objects are to be
matched (approximately), one approch is to first apply the translation that maps the centers of their smallest
enclosing spheres onto each other. Simpler centers are possible, of course (center of gravity, center of bounding
box), but more advanced bounding volumes might give better results in some cases. It can also make sense to
consider several center points instead of just one. For example, we provide algorithms to cover a planar point
set with between two and four minimal boxes (CGAL::rectangularp center2). Below is an example covering
with three boxes; the center points are shown in red.

38.2 Optimal Distances

This section currently consists of two algorithms only. On one hand, one can compute the computation of the
distance between the convex hulls of two given point sets ind-dimensional Euclidean space (CGAL::Polytope
distanced<Traits>). Moreover, it is possible to compute the width of a point set in three dimensions
(CGAL::Width 3<Traits>).

The obvious application is collision detection between convex bodies in space. In the spirit of the bounding vol-
ume application above, it also makes sense for nonconvex objects: a full intersection test between complicated
objects could in a first stage be approximated with the test between the convex hulls of the objects. Only if the
hulls intersect, a full intersection test is necessary.

To dampen fears concerning the performance of the distance computation, we want to mention that the convex
hulls of the input point sets are not explicitly computed. This avoids a runtime which grows exponentially ind.
In fact, the runtime is almost always linear in the size of the two point sets.
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38.3 Monotone and Sorted Matrix Search

CGAL::monotonematrix searchandCGAL::sortedmatrix searchare techniques that deal with the problem
of efficiently finding largest entries in matrices with certain structural properties. Many concrete problems can
be modelled as matrix search problems, and for some of them we provide explicit solutions that allow you to
solve them without knowing about the matrix search technique. Examples are, the computation of all furthest
neighbors for the vertices of a convex polygon, maximalk-gons inscribed into a planar point set, and computing
rectangularp-centers.
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Geometric Optimization
Reference Manual
Kaspar Fischer, Bernd G̈artner, Thomas Herrmann, Michael Hoffmann, Eli Packer, and Sven Schönherr

This chapter describes concepts, classes, and functions for solving geometric optimization problems. They are
divided into four categories.

Bounding Areas and Volumes. Smallest enclosing circle and ellipse (2D), smallest enclosing rectangle, par-
allelogram, and strip (2D), rectangularp-center (2D), smallest enclosing sphere and annulus (dD), approximate
minimum-volume enclosing ellipsoid with user-specified approximation ratio (dD).

Inscribed Areas. Maximum area and perimeter inscribedk-gon (2D), extremal inscribedk-gon (2D), largest
empty isorectangle (2D).

Optimal Distances. All furthest neigbors (2D), width of point set (3D), polytope distance (dD).

Advanced Techniques. Monotone and sorted matrix search.

Assertions

The optimization code uses infixOPTIMISATIONin the assertions, e.g. defining the compiler flagCGAL
OPTIMISATIONNO PRECONDITIONSswitches precondition checking off, cf. Section??.

38.4 Classified References Pages

Bounding Areas and Volumes

CGAL::Min circle 2<Traits> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2193

CGAL::Min circle 2 traits 2<K> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2199

MinCircle2Traits . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2200
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CGAL::Min ellipse 2<Traits> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2203

CGAL::Min ellipse 2 traits 2<K> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2210

MinEllipse2Traits . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2212

CGAL::Approximatemin ellipsoid d<Traits> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2265
ApproximateMinEllipsoidd Traits d . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page2274

CGAL::min rectangle2. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2215
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CGAL::min strip 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2219

CGAL::Min quadrilateral default traits 2<R> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page??

MinQuadrilateralTraits2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2225
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CGAL::Min circle 2<Traits>

Definition

An object of the classMin circle 2<Traits> is the unique circle of smallest area enclosing a finite (multi)set
of points in two-dimensional Euclidean spaceE2. For a point setP we denote bymc(P) the smallest circle
that contains all points ofP. Note thatmc(P) can be degenerate, i.e.mc(P) = /0 if P = /0 andmc(P) = {p} if
P = {p}.

An inclusion-minimal subsetSof P with mc(S) = mc(P) is called asupport set, the points inSare thesupport
points. A support set has size at most three, and all its points lie on the boundary ofmc(P). In general, neither
the support set nor its size are necessarily unique.

The underlying algorithm can cope with all kinds of input, e.g.P may be empty or points may occur more than
once. The algorithm computes a support setSwhich remains fixed until the next insert or clear operation.

Please note: This class is (almost) obsolete. The classCGAL::Min sphereof spheresd<Traits> solves a
more general problem and is faster thenMin circle 2<Traits> even if used only for points in two dimensions
as input. Most importantly,CGAL::Min sphereof spheresd<Traits> has a specialized implementation for
floating-point arithmetic which ensures correct results in a large number of cases (including highly degenerate
ones). In contrast,Min circle 2<Traits> is not tuned for floating-point computations. The only advantage of
Min circle 2<Traits> overCGAL::Min sphereof spheresd<Traits> is that the former can deal with points in
homogeneous coordinates, in which case the algorithm is division-free. Thus,Min circle 2<Traits> might still
be an option in case your input number type cannot (efficiently) divide.

#include<CGAL/Min circle 2.h>

Requirements

The template parameterTraits is a model forMinCircle2Traits.

We provide the modelCGAL::Min circle 2 traits 2 using the two-dimensional CGAL kernel.

Types

Min circle 2<Traits>:: Point typedef toTraits::Point.

Min circle 2<Traits>:: Circle typedef toTraits::Circle.

Min circle 2<Traits>:: Point iterator

non-mutable model of the STL conceptBidirectionalIteratorwith value type
Point. Used to access the points of the smallest enclosing circle.

Min circle 2<Traits>:: Support point iterator

non-mutable model of the STL conceptRandomAccessIteratorwith value
typePoint. Used to access the support points of the smallest enclosing circle.
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Creation

A Min circle 2<Traits> object can be created from an arbitrary point setP and by specialized construction
methods expecting no, one, two or three points as arguments. The latter methods can be useful for reconstructing
mc(P) from a given support setSof P.

template< class InputIterator>
Min circle 2<Traits> min circle( InputIterator first,

InputIterator last,
bool randomize,
Random& random = CGAL::defaultrandom,
Traits traits = Traits())

initializesmin circle to mc(P) with P being the set of points in the
range [first,last). If randomizeis true, a random permutation ofP
is computed in advance, using the random numbers generatorran-
dom. Usually, this will not be necessary, however, the algorithm’s
efficiency depends on the order in which the points are processed,
and a bad order might lead to extremely poor performance (see
example below).
Requirement: The value type offirst andlast is Point.

Min circle 2<Traits> min circle( Traits traits = Traits());

initializesmin circle to mc( /0), the empty set.
Postcondition: min circle.is empty()= true.

Min circle 2<Traits> min circle( Point p, Traits traits = Traits());

initializesmin circle to mc({p}), the set{p}.
Postcondition: min circle.is degenerate()= true.

Min circle 2<Traits> min circle( Point p1, Point p2, Traits traits = Traits());

initializes min circle to mc({p1, p2}), the circle with diameter
equal to the segment connectingp1 andp2.

Min circle 2<Traits> min circle( Point p1, Point p2, Point p3, Traits traits = Traits());

initializesmin circle to mc({p1, p2, p3}).

Access Functions

int min circle.numberof points() returns the number of points ofmin circle, i.e. |P|.

int min circle.numberof supportpoints()

returns the number of support points ofmin circle, i.e. |S|.
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Point iterator
min circle.pointsbegin() returns an iterator referring to the first point ofmin circle.

Point iterator
min circle.pointsend() returns the corresponding past-the-end iterator.

Supportpoint iterator
min circle.supportpoints begin()

returns an iterator referring to the first support point ofmin circle.

Supportpoint iterator
min circle.supportpoints end()

returns the corresponding past-the-end iterator.

Point min circle.supportpoint( int i)

returns thei-th support point ofmin circle. Between two modify-
ing operations (see below) any call tomin circle.supportpoint(i)
with the samei returns the same point.
Precondition: 0≤ i < min circle.numberof supportpoints().

Circle min circle.circle() returns the current circle ofmin circle.

Predicates

By definition, an emptyMin circle 2<Traits> has no boundary and no bounded side, i.e. its unbounded side
equals the whole spaceE2.

CGAL::Boundedside

min circle.boundedside( Point p)

returnsCGAL::ON BOUNDED SIDE, CGAL::ON BOUNDARY,
or CGAL::ON UNBOUNDEDSIDE iff p lies properly inside, on
the boundary of, or properly outside ofmin circle, resp.

bool min circle.hason boundedside( Point p)

returnstrue, iff p lies properly insidemin circle.

bool min circle.hason boundary( Point p)

returnstrue, iff p lies on the boundary ofmin circle.

bool min circle.hason unboundedside( Point p)

returnstrue, iff p lies properly outside ofmin circle.

bool min circle.is empty() returnstrue, iff min circle is empty (this implies degeneracy).
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bool min circle.is degenerate() returnstrue, iff min circle is degenerate, i.e. ifmin circle is empty
or equal to a single point, equivalently if the number of support
points is less than 2.

Modifiers

New points can be added to an existingmin circle, allowing to buildmc(P) incrementally, e.g. ifP is not known
in advance. Compared to the direct creation ofmc(P), this is not much slower, because the construction method
is incremental itself.

void min circle.insert( Point p) insertsp into min circle and recomputes the smallest enclosing cir-
cle.

template< class InputIterator>
void min circle.insert( InputIterator first, InputIterator last)

inserts the points in the range [first,last) into min circle and re-
computes the smallest enclosing circle by callinginsert(p)for each
pointp in [first,last).
Requirement: The value type offirst andlast is Point.

void min circle.clear() deletes all points inmin circle and setsmin circle to the empty set.
Postcondition: min circle.is empty()= true.

Validity Check

An objectmin circle is valid, iff

• min circle contains all points of its defining setP,

• min circle is the smallest circle spanned by its support setS, and

• S is minimal, i.e. no support point is redundant.

bool min circle.is valid( bool verbose = false, int level = 0)

returnstrue, iff min circle is valid. If verboseis true, some mes-
sages concerning the performed checks are written to standard er-
ror stream. The second parameterlevel is not used, we provide it
only for consistency with interfaces of other classes.

Miscellaneous

const Traits&

min circle.traits() returns a const reference to the traits class object.
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I/O

std::ostream&

std::ostream& os<< min circle

writesmin circle to output streamos.
Requirement: The output operator is defined forPoint (and for
Circle, if pretty printing is used).

std::istream&

std::istream& is >> min circle&

readsmin circle from input streamis.
Requirement: The input operator is defined forPoint.

#include<CGAL/IO/Windowstream.h>

CGAL::Windowstream&

CGAL::Windowstream& ws<< min circle

writesmin circle to window streamws.
Requirement: The window stream output operator is defined for
Point andCircle.

See Also

CGAL::Min ellipse 2<Traits> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2203
CGAL::Min sphered<Traits> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2238

CGAL::Min sphereof spheresd<Traits> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page2251

CGAL::Min circle 2 traits 2<K> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2199

MinCircle2Traits . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2200

Implementation

We implement the incremental algorithm of Welzl, with move-to-front heuristic [Wel91]. The whole implemen-
tation is described in [GS98a].

If randomization is chosen, the creation time is almost always linear in the number of points. Access functions
and predicates take constant time, inserting a point might take up to linear time, but substantially less than
computing the new smallest enclosing circle from scratch. The clear operation and the check for validity each
takes linear time.

Example

To illustrate the creation ofMin circle 2<Traits> and to show that randomization can be useful in certain cases,
we give an example.
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// file: examples/Min_circle_2/example_Min_circle_2.C

// includes
#include <CGAL/Homogeneous.h>
#include <CGAL/Min_circle_2.h>
#include <CGAL/Min_circle_2_traits_2.h>
#include <CGAL/Gmpz.h>
#include <iostream>

// typedefs
typedef CGAL::Gmpz NT;
typedef CGAL::Homogeneous<NT> K;
typedef CGAL::Min_circle_2_traits_2<K> Traits;
typedef CGAL::Min_circle_2<Traits> Min_circle;

typedef K::Point_2 Point;

// main
int
main( int, char**)
{

int n = 100;
Point* P = new Point[ n];

for ( int i = 0; i < n; ++i)
P[ i] = Point( (i%2 == 0 ? i : -i), 0);

// (0,0), (-1,0), (2,0), (-3,0), ...

Min_circle mc1( P, P+n, false); // very slow
Min_circle mc2( P, P+n, true); // fast

CGAL::set_pretty_mode( std::cout);
std::cout << mc2;

delete[] P;

return( 0);
}
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CGAL::Min circle 2 traits 2<K>

Definition

The classMin circle 2 traits 2<K> is a traits class forMin circle 2<Traits> using the two-dimensional CGAL

kernel.

#include<CGAL/Min circle 2 traits 2.h>

Requirements

The template parameterK is a model forKernel.

Is Model for the Concepts

MinCircle2Traits . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2200

Types

Min circle 2 traits 2<K>:: Point typedef toK::Point 2.

Min circle 2 traits 2<K>:: Circle internal type.

Creation

Min circle 2 traits 2<K> traits; default constructor.

Min circle 2 traits 2<K> traits( Min circle 2 traits 2<K>);

copy constructor.

Operations

CGAL::Orientation traits.orientation( Point p, Point q, Point r)

returnsCGAL::orientation( p, q, r).

See Also

CGAL::Min circle 2<Traits> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2193

MinCircle2Traits . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2200
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MinCircle2Traits

Definition

This concept defines the requirements for traits classes ofCGAL::Min circle 2<Traits>.

Types

MinCircle2Traits:: Point The point type must provide default and copy constructor,
assignment and equality test.

MinCircle2Traits:: Circle The circle type must fulfill the requirements listed below in
the next section.

Variables

Circle circle; The current circle. This variable is maintained by the algo-
rithm, the user should neither access nor modify it directly.

Creation

Only default and copy constructor are required.

MinCircle2Traits traits;

MinCircle2Traits traits( MinCircle2Traits);

Operations

The following predicate is only needed, if the member functionis valid of Min circle 2 is used.

CGAL::Orientation traits.orientation( Point p, Point q, Point r)

returns constants CGAL::LEFT TURN,
CGAL::COLLINEAR, or CGAL::RIGHT TURN iff r
lies properly to the left of, on, or properly to the right of the
oriented line throughp andq, resp.

Has Models

CGAL::Min circle 2 traits 2<K> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2199

See Also

CGAL::Min circle 2<Traits> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2193
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Circle Type (Circle)

Definition

An object of the classCircle is a circle in two-dimensional Euclidean planeE2. Its boundary splits the plane
into a bounded and an unbounded side. By definition, an emptyCircle has no boundary and no bounded side,
i.e. its unbounded side equals the whole planeE2. A Circle containing exactly one pointp has no bounded side,
its boundary is{p}, and its unbounded side equalsE2\{p}.

Types

Circle:: Point Point type.

The following type is only needed, if the member functionis valid of Min circle 2 is used.

Circle:: Distance Distance type. The functionsquaredradius(see below) returns an
object of this type.

Creation

void circle.set() setscircle to the empty circle.

void circle.set( Point p) setscircle to the circle containing exactly{p}.

void circle.set( Point p, Point q) setscircle to the circle with diameter equal to the segment connect-
ing p andq. The algorithm guarantees thatsetis never called with
two equal points.

void circle.set( Point p, Point q, Point r)

setscircle to the circle throughp,q,r. The algorithm guarantees
thatsetis never called with three collinear points.

Predicates

bool circle.hason unboundedside( Point p)

returnstrue, iff p lies properly outside ofcircle.

Each of the following predicates is only needed, if the corresponding predicate ofMin circle 2 is used.

CGAL::Boundedside

circle.boundedside( Point p)

returnsCGAL::ON BOUNDED SIDE, CGAL::ON BOUNDARY,
or CGAL::ON UNBOUNDEDSIDE iff p lies properly inside, on
the boundary, or properly outside ofcircle, resp.
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bool circle.hason boundedside( Point p)

returnstrue, iff p lies properly insidecircle.

bool circle.hason boundary( Point p)

returnstrue, iff p lies on the boundary ofcircle.

bool circle.is empty() returnstrue, iff circle is empty (this implies degeneracy).

bool circle.is degenerate() returnstrue, iff circle is degenerate, i.e. ifcircle is empty or equal
to a single point.

Additional Operations for Checking

The following operations are only needed, if the member functionis valid of Min circle 2 is used.

bool circle== circle2 returnstrue, iff circle andcircle2are equal.

Point circle.center() returns the center ofcircle.

Distance circle.squaredradius() returns the squared radius ofcircle.

I/O

The following I/O operators are only needed, if the corresponding I/O operators ofMin circle 2 are used.

std::ostream&

std::ostream& os<< circle writescircle to output streamos.

CGAL::Windowstream&

CGAL::Windowstream& ws<< circle

writescircle to window streamws.
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CGAL::Min ellipse 2<Traits>

Definition

An object of the classMin ellipse 2<Traits> is the unique ellipse of smallest area enclosing a finite (multi)set
of points in two-dimensional euclidean spaceE2. For a point setP we denote byme(P) the smallest ellipse that
contains all points ofP. Note thatme(P) can be degenerate, i.e.me(P) = /0 if P = /0, me(P) = {p} if P = {p},
andme(P) = {(1−λ)p+λq | 0≤ λ≤ 1} if P = {p,q}.

An inclusion-minimal subsetSof P with me(S) = me(P) is called asupport set, the points inSare thesupport
points. A support set has size at most five, and all its points lie on the boundary ofme(P). In general, neither
the support set nor its size are necessarily unique.

The underlying algorithm can cope with all kinds of input, e.g.P may be empty or points may occur more than
once. The algorithm computes a support setSwhich remains fixed until the next insert or clear operation.

#include<CGAL/Min ellipse 2.h>

Requirements

The template parameterTraits is a model forMinEllipse2Traits.

We provide the modelCGAL::Min ellipse 2 traits 2<K> using the two-dimensional CGAL kernel.

Types

Min ellipse 2<Traits>:: Point Typedef toTraits::Point.

Min ellipse 2<Traits>:: Ellipse Typedef toTraits::Ellipse. If you are using the predefined traits class
CGAL::Min ellipse 2 traits 2<K>, you can access the coefficients of the
ellipse, see the documentation ofCGAL::Min ellipse 2 traits 2<K> and the
example below.

Min ellipse 2<Traits>:: Point iterator

Non-mutable model of the STL conceptBidirectionalIterator with value
typePoint. Used to access the points of the smallest enclosing ellipse.

Min ellipse 2<Traits>:: Support point iterator

Non-mutable model of the STL conceptRandomAccessIteratorwith value
type Point. Used to access the support points of the smallest enclosing el-
lipse.

Creation
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A Min ellipse 2<Traits> object can be created from an arbitrary point setP and by specialized construction
methods expecting no, one, two, three, four or five points as arguments. The latter methods can be useful for
reconstructingme(P) from a given support setSof P.

template< class InputIterator>
Min ellipse 2<Traits> min ellipse( InputIterator first,

InputIterator last,
bool randomize,
Random& random = defaultrandom,
Traits traits = Traits())

initializesmin ellipseto me(P) with P being the set of points in the
range [first,last). If randomizeis true, a random permutation ofP
is computed in advance, using the random numbers generatorran-
dom. Usually, this will not be necessary, however, the algorithm’s
efficiency depends on the order in which the points are processed,
and a bad order might lead to extremely poor performance (see
example below).
Requirement: The value type offirst andlast is Point.

Min ellipse 2<Traits> min ellipse( Traits traits = Traits());

creates a variablemin ellipseof typeMin ellipse 2<Traits>. It is
initialized tome( /0), the empty set.
Postcondition: min ellipse.isempty()= true.

Min ellipse 2<Traits> min ellipse( Point p, Traits traits = Traits());

initializesmin ellipseto me({p}), the set{p}.
Postcondition: min ellipse.isdegenerate()= true.

Min ellipse 2<Traits> min ellipse( Point p, Point q, Traits traits = Traits());

initializesmin ellipseto me({p,q}),
the set{(1−λ)p+λq | 0≤ λ≤ 1}.
Postcondition: min ellipse.isdegenerate()= true.

Min ellipse 2<Traits> min ellipse( Point p1, Point p2, Point p3, Traits traits = Traits());

initializesmin ellipseto me({p1, p2, p3}).

Min ellipse 2<Traits> min ellipse( Point p1, Point p2, Point p3, Point p4, Traits traits = Traits());

initializesmin ellipseto me({p1, p2, p3, p4}).

Min ellipse 2<Traits> min ellipse( Point p1, Point p2, Point p3, Point p4, Point p5, Traits traits = Traits());

initializesmin ellipseto me({p1, p2, p3, p4, p5}).
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Access Functions

int min ellipse.numberof points()

returns the number of points ofmin ellipse, i.e. |P|.

int min ellipse.numberof supportpoints()

returns the number of support points ofmin ellipse, i.e. |S|.

Point iterator
min ellipse.pointsbegin() returns an iterator referring to the first point ofmin ellipse.

Point iterator
min ellipse.pointsend() returns the corresponding past-the-end iterator.

Supportpoint iterator
min ellipse.supportpoints begin()

returns an iterator referring to the first support point ofmin ellipse.

Supportpoint iterator
min ellipse.supportpoints end()

returns the corresponding past-the-end iterator.

Point min ellipse.supportpoint( int i)

returns thei-th support point ofmin ellipse. Between two modify-
ing operations (see below) any call tomin ellipse.supportpoint(i)
with the samei returns the same point.
Precondition: 0≤ i < min ellipse.numberof supportpoints().

Ellipse minellipse.ellipse() returns the current ellipse ofmin ellipse.

Predicates

By definition, an emptyMin ellipse 2<Traits> has no boundary and no bounded side, i.e. its unbounded side
equals the whole spaceE2.

CGAL::Boundedside

min ellipse.boundedside( Point p)

returnsCGAL::ON BOUNDED SIDE, CGAL::ON BOUNDARY,
or CGAL::ON UNBOUNDEDSIDE iff p lies properly inside, on
the boundary of, or properly outside ofmin ellipse, resp.

bool min ellipse.hason boundedside( Point p)

returnstrue, iff p lies properly insidemin ellipse.
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bool min ellipse.hason boundary( Point p)

returnstrue, iff p lies on the boundary ofmin ellipse.

bool min ellipse.hason unboundedside( Point p)

returnstrue, iff p lies properly outside ofmin ellipse.

bool min ellipse.isempty() returnstrue, iff min ellipseis empty (this implies degeneracy).

bool min ellipse.isdegenerate() returns true, iff min ellipse is degenerate, i.e. ifmin ellipse is
empty, equal to a single point or equal to a segment, equivalently
if the number of support points is less than 3.

Modifiers

New points can be added to an existingmin ellipse, allowing to buildme(P) incrementally, e.g. ifP is not
known in advance. Compared to the direct creation ofme(P), this is not much slower, because the construction
method is incremental itself.

void min ellipse.insert( Point p) insertsp into min ellipse and recomputes the smallest enclosing
ellipse.

template< class InputIterator>
void min ellipse.insert( InputIterator first, InputIterator last)

inserts the points in the range [first,last) into min ellipseand re-
computes the smallest enclosing ellipse by callinginsert(p) for
each pointp in [first,last).
Requirement: The value type offirst andlast is Point.

void min ellipse.clear() deletes all points inmin ellipseand setsmin ellipseto the empty
set.
Postcondition: min ellipse.isempty()= true.

Validity Check

An objectmin ellipseis valid, iff

• min ellipsecontains all points of its defining setP,

• min ellipseis the smallest ellipse spanned by its support setS, and

• S is minimal, i.e. no support point is redundant.

Note: In this release only the first item is considered by the validity check.
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bool min ellipse.isvalid( bool verbose = false, int level = 0)

returnstrue, iff min ellipsecontains all points of its defining set
P. If verboseis true, some messages concerning the performed
checks are written to standard error stream. The second parameter
levelis not used, we provide it only for consistency with interfaces
of other classes.

Miscellaneous

const Traits&

min ellipse.traits() returns a const reference to the traits class object.

I/O

std::ostream&

std::ostream& os<< min ellipse

writesmin ellipseto output streamos.
Requirement: The output operator is defined forPoint (and for
Ellipse, if pretty printing is used).

std::istream&

std::istream& is >> min ellipse&

readsmin ellipsefrom input streamis.
Requirement: The input operator is defined forPoint.

#include<CGAL/IO/Windowstream.h>

CGAL::Windowstream&

CGAL::Windowstream& ws<< min ellipse

writesmin ellipseto window streamws.
Requirement: The window stream output operator is defined for
Point andEllipse.

See Also

CGAL::Min circle 2<Traits> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2193

CGAL::Min ellipse 2 traits 2<K> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2210

MinEllipse2Traits . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2212
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Implementation

We implement the incremental algorithm of Welzl, with move-to-front heuristic [Wel91], using the primitives
as described in [GS97a, GS97b]. The whole implementation is described in [GS98b].

If randomization is chosen, the creation time is almost always linear in the number of points. Access functions
and predicates take constant time, inserting a point might take up to linear time, but substantially less than
computing the new smallest enclosing ellipse from scratch. The clear operation and the check for validity each
takes linear time.

Example

To illustrate the usage ofMin ellipse 2<Traits> and to show that randomization can be useful in certain cases,
we give an example. The example also shows how the coefficents of the constructed ellipse can be accessed.

// file: examples/Min_ellipse_2/example_Min_ellipse_2.C

// includes
#include <cassert>
#include <CGAL/Cartesian.h>
#include <CGAL/Point_2.h>
#include <CGAL/Min_ellipse_2.h>
#include <CGAL/Min_ellipse_2_traits_2.h>
#include <CGAL/Gmpq.h>

// typedefs
typedef CGAL::Gmpq NT;
typedef CGAL::Cartesian<NT> K;
typedef CGAL::Point_2<K> Point;
typedef CGAL::Min_ellipse_2_traits_2<K> Traits;
typedef CGAL::Min_ellipse_2<Traits> Min_ellipse;

// main
int
main( int, char**)
{

int n = 200;
Point* P = new Point[ n];

for ( int i = 0; i < n; ++i)
P[ i] = Point( i % 2 ? i : -i , 0);

// (0,0), (-1,0), (2,0), (-3,0)

std::cout << "Computing ellipse (without randomization)...";
std::cout.flush();
Min_ellipse me1( P, P+n, false); // very slow
std::cout << "done." << std::endl;

std::cout << "Computing ellipse (with randomization)...";
std::cout.flush();
Min_ellipse me2( P, P+n, true); // fast
std::cout << "done." << std::endl;
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// because all input points are collinear, the ellipse is
// degenerate and equals a line segment; the ellipse has
// two support points
assert(me2.is_degenerate());
assert(me2.number_of_support_points()==2);

// prettyprinting
CGAL::set_pretty_mode( std::cout);
std::cout << me2;

// in general, the ellipse is not explicitly representable
// over the input number type NT; when you use the default
// traits class CGAL::Min_ellipse_2_traits_2<K>, you can
// get double approximations for the coefficients of the
// underlying conic curve. NOTE: this curve only exists
// in the nondegenerate case!

me2.insert(Point(0,1)); // resolves the degeneracy
assert(!me2.is_degenerate());

// get the coefficients
double r,s,t,u,v,w;
me2.ellipse().double_coefficients( r, s, t, u, v, w);
std::cout << "ellipse has the equation " <<
r << " xˆ2 + " <<
s << " yˆ2 + " <<
t << " xy + " <<
u << " x + " <<
v << " y + " <<
w << " = 0." << std::endl;

delete[] P;

return( 0);
}

// ===== EOF ==================================================================
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CGAL::Min ellipse 2 traits 2<K>

Definition

The classMin ellipse 2 traits 2<K> is a traits class forCGAL::Min ellipse 2<Traits> using the two-dimen-
sional CGAL kernel.

#include<CGAL/Min ellipse 2 traits 2.h>

Requirements

The template parameterK is a model forKernel.

Is Model for the Concepts

MinEllipse2Traits . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2212

Types

Min ellipse 2 traits 2<K>:: Point typedef toK::Point 2.

Min ellipse 2 traits 2<K>:: Ellipse internal type.

The Ellipse type provides the following access methods not required by the conceptMinEllipse2Traits.

bool ellipse.iscircle() tests whether the ellipse is a circle.

void ellipse.doublecoefficients( double&r,
double&s,
double&t,
double&u,
double&v,
double&w)

gives a double approximation of the ellipse’s conic equa-
tion. If K is a Cartesian kernel, the ellipse is the set of
all points (x,y) satisfying rx2 + sy2 + txy+ ux+ vy+ w =
0. In the Homogeneous case, the ellipse is the set of
points (hx,hy,hw) satisfying r(hx)2 + s(hy)2 + t(hx)(hy) +
u(hx)(hw)+v(hy)(hw)+w(hw)2 = 0.

Creation

Min ellipse 2 traits 2<K> traits; default constructor.
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Min ellipse 2 traits 2<K> traits( Min ellipse 2 traits 2<K>);

copy constructor.

See Also

CGAL::Min ellipse 2<Traits> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2203

MinEllipse2Traits . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2212
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MinEllipse2Traits

Definition

This concept defines the requirements for traits classes ofCGAL::Min ellipse 2<Traits>.

Types

MinEllipse2Traits:: Point The point type must provide default and copy constructor,
assignment and equality test.

MinEllipse2Traits:: Ellipse The ellipse type must fulfill the requirements listed below in
the next section.

Variables

Ellipse ellipse; The current ellipse. This variable is maintained by the algo-
rithm, the user should neither access nor modify it directly.

Creation

Only default and copy constructor are required.

MinEllipse2Traits traits;

MinEllipse2Traits traits( Traits);

Has Models

CGAL::Min ellipse 2 traits 2<K> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2210

See Also

CGAL::Min ellipse 2<Traits> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2203
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Ellipse Type (Ellipse)

Definition

An object of the classEllipse is an ellipse in two-dimensional Euclidean planeE2. Its boundary splits the plane
into a bounded and an unbounded side. By definition, an emptyEllipsehas no boundary and no bounded side,
i.e. its unbounded side equals the whole planeE2.

Types

Ellipse:: Point Point type.

Creation

void ellipse.set() setsellipseto the empty ellipse.

void ellipse.set( Point p) setsellipseto the ellipse containing exactly{p}.

void ellipse.set( Point p, Point q)

setsellipseto the ellipse containing exactly the segment con-
nectingp andq. The algorithm guarantees thatset is never
called with two equal points.

void ellipse.set( Point p, Point q, Point r)

setsellipse to the smallest ellipse throughp,q,r. The algo-
rithm guarantees thatset is never called with three collinear
points.

void ellipse.set( Point p, Point q, Point r, Point s)

setsellipseto the smallest ellipse throughp,q,r,s. The algo-
rithm guarantees that this ellipse exists.

void ellipse.set( Point p, Point q, Point r, Point s, Point t)

setsellipse to the unique conic throughp,q,r,s,t. The algo-
rithm guarantees that this conic is an ellipse.

Predicates

bool ellipse.hason unboundedside( Point p)

returnstrue, iff p lies properly outside ofellipse.

2213



Each of the following predicates is only needed, if the corresponding predicate ofMin ellipse 2 is used.

CGAL::Boundedside

ellipse.boundedside( Point p)

returns CGAL::ON BOUNDED SIDE, CGAL::ON
BOUNDARY, or CGAL::ON UNBOUNDEDSIDE iff p
lies properly inside, on the boundary, or properly outside of
ellipse, resp.

bool ellipse.hason boundedside( Point p)

returnstrue, iff p lies properly insideellipse.

bool ellipse.hason boundary( Point p)

returnstrue, iff p lies on the boundary ofellipse.

bool ellipse.isempty() returnstrue, iff ellipseis empty (this implies degeneracy).

bool ellipse.isdegenerate()

returnstrue, iff ellipse is degenerate, i.e. ifellipse is empty
or equal to a single point.

I/O

The following I/O operators are only needed, if the corresponding I/O operators ofMin ellipse 2 are used.

ostream& ostream& os<< ellipse

writesellipseto output streamos.

Windowstream& Windowstream& ws<< ellipse

writesellipseto window streamws.
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CGAL::min rectangle 2

Definition

The function computes a minimum area enclosing rectangleR(P) of a given convex point setP. Note thatR(P)
is not necessarily axis-parallel, and it is in general not unique. The focus on convex sets is no restriction, since
any rectangle enclosingP – as a convex set – contains the convex hull ofP. For general point sets one has to
compute the convex hull as a preprocessing step.

#include<CGAL/minquadrilateral 2.h>

template< class ForwardIterator, class OutputIterator, class Traits>
OutputIterator minrectangle2(

ForwardIterator pointsbegin,
ForwardIterator pointsend,
OutputIterator o,
Traits& t = Default traits)

computes a minimum area enclosing rectangle of the point set described by [points begin, points end), writes
its vertices (counterclockwise) too, and returns the past-the-end iterator of this sequence.
If the input range is empty,o remains unchanged.
If the input range consists of one element only, this point is written too four times.

Precondition: The points denoted by the range [points begin, points end) form the boundary of a simple convex
polygonP in counterclockwise orientation.

The geometric types and operations to be used for the computation are specified by the traits class parametert.
The parameter can be omitted, ifForwardIterator refers to a two-dimensional point type from one the CGAL

Kernels. In this case, a default traits class (Min quadrilateral default traits 2<Kernel>) is used.

Requirement:

1. If Traits is specified, it is a model forMinQuadrilateralTraits2 and the value typeVT of ForwardIterator
is Traits::Point 2. OtherwiseVT is CGAL::Point 2<Kernel> for some kernelKernel.

2. OutputIteratoracceptsVT as value type.

See Also

CGAL::min parallelogram2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2217
CGAL::min strip 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2219
MinQuadrilateralTraits2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2225
CGAL::Min quadrilateral default traits 2<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2221

Implementation

We use a rotating caliper algorithm [Tou83] with worst case running time linear in the number of input points.
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Example

The following code generates a random convex polygonP with 20 vertices and computes the minimum enclos-
ing rectangle ofP.

#include <CGAL/Cartesian.h>
#include <CGAL/Polygon_2.h>
#include <CGAL/point_generators_2.h>
#include <CGAL/random_convex_set_2.h>
#include <CGAL/min_quadrilateral_2.h>
#include <iostream>

struct Kernel : public CGAL::Cartesian<double> {};

typedef Kernel::Point_2 Point_2;
typedef Kernel::Line_2 Line_2;
typedef CGAL::Polygon_2<Kernel> Polygon_2;
typedef CGAL::Random_points_in_square_2<Point_2> Generator;

int main()
{

// build a random convex 20-gon p
Polygon_2 p;
CGAL::random_convex_set_2(20, std::back_inserter(p), Generator(1.0));
std::cout << p << std::endl;

// compute the minimal enclosing rectangle p_m of p
Polygon_2 p_m;
CGAL::min_rectangle_2(

p.vertices_begin(), p.vertices_end(), std::back_inserter(p_m));
std::cout << p_m << std::endl;

return 0;
}
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CGAL::min parallelogram 2

Definition

The function computes a minimum area enclosing parallelogramA(P) of a given convex point setP. Note that
R(P) is not necessarily axis-parallel, and it is in general not unique. The focus on convex sets is no restriction,
since any parallelogram enclosingP – as a convex set – contains the convex hull ofP. For general point sets
one has to compute the convex hull as a preprocessing step.

#include<CGAL/minquadrilateral 2.h>

template< class ForwardIterator, class OutputIterator, class Traits>
OutputIterator minparallelogram2(

ForwardIterator pointsbegin,
ForwardIterator pointsend,
OutputIterator o,
Traits& t = Default traits)

computes a minimum area enclosing parallelogram of the point set described by [points begin, points end),
writes its vertices (counterclockwise) too and returns the past-the-end iterator of this sequence. If the input
range is empty,o remains unchanged.
If the input range consists of one element only, this point is written too four times.

Precondition: The points denoted by the range [points begin, points end) form the boundary of a simple convex
polygonP in counterclockwise orientation.

The geometric types and operations to be used for the computation are specified by the traits class parametert.
The parameter can be omitted, ifForwardIterator refers to a two-dimensional point type from one the CGAL

Kernels. In this case, a default traits class (Min quadrilateral default traits 2<Kernel>) is used.

Requirement:

1. If Traits is specified, it is a model forMinQuadrilateralTraits2 and the value typeVT of ForwardIterator
is Traits::Point 2. OtherwiseVT is CGAL::Point 2<Kernel> for some KernelKernel.

2. OutputIteratoracceptsVT as value type.

See Also

CGAL::min rectangle2. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2215
CGAL::min strip 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2219
MinQuadrilateralTraits2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2225
CGAL::Min quadrilateral default traits 2<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2221

Implementation

We use a rotating caliper algorithm [STV+95, Vai90] with worst case running time linear in the number of input
points.
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Example

The following code generates a random convex polygonP with 20 vertices and computes the minimum enclos-
ing parallelogram ofP.

#include <CGAL/Cartesian.h>
#include <CGAL/Polygon_2.h>
#include <CGAL/point_generators_2.h>
#include <CGAL/random_convex_set_2.h>
#include <CGAL/min_quadrilateral_2.h>
#include <iostream>

struct Kernel : public CGAL::Cartesian<double> {};

typedef Kernel::Point_2 Point_2;
typedef Kernel::Line_2 Line_2;
typedef CGAL::Polygon_2<Kernel> Polygon_2;
typedef CGAL::Random_points_in_square_2<Point_2> Generator;

int main()
{

// build a random convex 20-gon p
Polygon_2 p;
CGAL::random_convex_set_2(20, std::back_inserter(p), Generator(1.0));
std::cout << p << std::endl;

// compute the minimal enclosing parallelogram p_m of p
Polygon_2 p_m;
CGAL::min_parallelogram_2(

p.vertices_begin(), p.vertices_end(), std::back_inserter(p_m));
std::cout << p_m << std::endl;

return 0;
}
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CGAL::min strip 2

Definition

The function computes a minimum width enclosing stripS(P) of a given convex point setP. A strip is the
closed region bounded by two parallel lines in the plane. Note thatS(P) is not unique in general. The focus on
convex sets is no restriction, since any parallelogram enclosingP – as a convex set – contains the convex hull
of P. For general point sets one has to compute the convex hull as a preprocessing step.

#include<CGAL/minquadrilateral 2.h>

template< class ForwardIterator, class OutputIterator, class Traits>
OutputIterator minstrip 2(

ForwardIterator pointsbegin,
ForwardIterator pointsend,
OutputIterator o,
Traits& t = Default traits)

computes a minimum enclosing strip of the point set described by [points begin, points end), writes its two
bounding lines too and returns the past-the-end iterator of this sequence.
If the input range is empty or consists of one element only,o remains unchanged.

Precondition: The points denoted by the range [points begin, points end) form the boundary of a simple convex
polygonP in counterclockwise orientation.

The geometric types and operations to be used for the computation are specified by the traits class parametert.
The parameter can be omitted, ifForwardIterator refers to a two-dimensional point type from one the CGAL

Kernels. In this case, a default traits class (Min quadrilateral default traits 2<Kernel>) is used.

Requirement:

1. If Traits is specified, it is a model forMinQuadrilateralTraits2 and the value typeVT of ForwardIterator
is Traits::Point 2. OtherwiseVT is CGAL::Point 2<Kernel> for some kernelKernel.

2. OutputIteratoracceptsTraits::Line 2 as value type.

See Also

CGAL::min rectangle2. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2215
CGAL::min parallelogram2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2217
MinQuadrilateralTraits2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2225
CGAL::Min quadrilateral default traits 2<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2221

Implementation

We use a rotating caliper algorithm [Tou83] with worst case running time linear in the number of input points.
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Example

The following code generates a random convex polygonP with 20 vertices and computes the minimum enclos-
ing strip ofP.

#include <CGAL/Cartesian.h>
#include <CGAL/Polygon_2.h>
#include <CGAL/point_generators_2.h>
#include <CGAL/random_convex_set_2.h>
#include <CGAL/min_quadrilateral_2.h>
#include <iostream>

struct Kernel : public CGAL::Cartesian<double> {};

typedef Kernel::Point_2 Point_2;
typedef Kernel::Line_2 Line_2;
typedef CGAL::Polygon_2<Kernel> Polygon_2;
typedef CGAL::Random_points_in_square_2<Point_2> Generator;

int main()
{

// build a random convex 20-gon p
Polygon_2 p;
CGAL::random_convex_set_2(20, std::back_inserter(p), Generator(1.0));
std::cout << p << std::endl;

// compute the minimal enclosing strip p_m of p
Line_2 p_m[2];
CGAL::min_strip_2(p.vertices_begin(), p.vertices_end(), p_m);
std::cout << p_m[0] << "\n" << p_m[1] << std::endl;

return 0;
}
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CGAL::Min quadrilateral default traits 2<Kernel>

Definition

The classMin quadrilateral default traits 2<Kernel> is a traits class for the functionsmin rectangle2, min
parallelogram2 andmin strip 2 using a two-dimensional CGAL kernel.

Requirements

The template parameterKernel is a model forKernel.

#include<CGAL/Min quadrilateral traits 2.h>

Is Model for the Concepts

MinQuadrilateralTraits2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2225

Types

Min quadrilateral default traits 2<Kernel>:: Point 2

Kernel::Point2 . . . . . . . . . . . . . . . . . . . . . . . . . . . page408.

Min quadrilateral default traits 2<Kernel>:: Vector 2

Kernel::Vector2 . . . . . . . . . . . . . . . . . . . . . . . . . page424.

Min quadrilateral default traits 2<Kernel>:: Direction 2

Kernel::Direction2 . . . . . . . . . . . . . . . . . . . . . . . page351.

Min quadrilateral default traits 2<Kernel>:: Line 2

Kernel::Line 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . page399.

Min quadrilateral default traits 2<Kernel>:: Rectangle2

internal type.

Min quadrilateral default traits 2<Kernel>:: Parallelogram 2

internal type.
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Min quadrilateral default traits 2<Kernel>:: Strip 2

internal type.

Predicates

Min quadrilateral default traits 2<Kernel>:: Equal 2

Kernel::Equal2 . . . . . . . . . . . . . . . . . . . . . . . . . . page361.

Min quadrilateral default traits 2<Kernel>:: Less xy 2

Kernel::Lessxy 2 . . . . . . . . . . . . . . . . . . . . . . . . . page??.

Min quadrilateral default traits 2<Kernel>:: Less yx 2

Kernel::Lessyx 2 . . . . . . . . . . . . . . . . . . . . . . . . . page??.

Min quadrilateral default traits 2<Kernel>:: Orientation 2

Kernel::Orientation2 . . . . . . . . . . . . . . . . . . . . . page403.

Min quadrilateral default traits 2<Kernel>:: Has on negativeside 2

Kernel::Hason negativeside 2 . . . . . . . . . . . . . page??.

Min quadrilateral default traits 2<Kernel>:: Compareangle with x axis 2

Kernel::Compareanglewith x axis 2 . . . . . . . page??.

Min quadrilateral default traits 2<Kernel>:: Area less rectangle2

AdaptableBinaryFunction class
op: Rectangle2× Rectangle2→ bool.
op(r1,r2) returns true, iff the area ofr1 is strictly less
than the area ofr2.

Min quadrilateral default traits 2<Kernel>:: Area lessparallelogram2

AdaptableBinaryFunction class
op: Parallelogram2× Parallelogram2→ bool.
op(p1,p2)returns true, iff the area ofp1 is strictly less
than the area ofp2.
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Min quadrilateral default traits 2<Kernel>:: Width lessstrip 2

AdaptableBinaryFunction class
op: Strip 2× Strip 2→ bool.
op(s1,s2)returns true, iff the width ofs1 is strictly less
than the width ofs2.

Constructions

Min quadrilateral default traits 2<Kernel>:: Construct vector 2

Kernel::Constructvector 2 . . . . . . . . . . . . . . . . . page??.

Min quadrilateral default traits 2<Kernel>:: Construct vector from direction 2

AdaptableFunctor
op: Direction 2→ Vector 2.
op(d)returns a vector in directiond.

Min quadrilateral default traits 2<Kernel>:: Construct perpendicularvector 2

Kernel::Constructperpendicularvector 2 . . . . page??.

Min quadrilateral default traits 2<Kernel>:: Construct direction 2

Kernel::Constructdirection 2 . . . . . . . . . . . . . . . page??.

Min quadrilateral default traits 2<Kernel>:: Construct oppositedirection 2

Kernel::Constructoppositedirection 2 . . . . . . page??.

Min quadrilateral default traits 2<Kernel>:: Construct line 2

Kernel::Constructline 2. . . . . . . . . . . . . . . . . . . .page??.

Min quadrilateral default traits 2<Kernel>:: Construct rectangle2

Function class
op: Point 2 × Direction 2 × Point 2 × Point 2 ×
Point 2→ Rectangle2.
If the points p1,p2,p3,p4 form the boundary of
a convex polygon (oriented counterclockwise),
op(p1,d,p2,p3,p4)returns the rectangle with one of the
points on each side and one sides parallel tod.
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Min quadrilateral default traits 2<Kernel>:: Construct parallelogram2

Function class
op: Point 2× Direction 2× Point 2× Direction 2×
Point 2× Point 2→ Rectangle2.
If the points p1,p2,p3,p4 form the boundary of
a convex polygon (oriented counterclockwise),
op(p1,d1,p2,d2,p3,p4)returns the parallelogram with
one of the points on each side and one side parallel to
each ofd1andd2.

Min quadrilateral default traits 2<Kernel>:: Construct strip 2

Function class
op: Point 2× Direction 2× Point 2→ Strip 2.
op(p1,d,p2) returns the strip bounded by the lines
throughp1 resp.p2with directiond.

Operations

template< class OutputIterator>
OutputIterator t.copyrectanglevertices2( const Rectangle2& r, OutputIterator o) const

copies the four vertices ofr in counterclockwise order too.

template< class OutputIterator>
OutputIterator t.copyparallelogramvertices2( const Parallelogram2& p, OutputIterator o) const

copies the four vertices ofp in counterclockwise order too.

template< class OutputIterator>
OutputIterator t.copystrip lines 2( const Strip2& s, OutputIterator o) const

copies the two lines boundings to o.

Additionally, for each of the predicate and construction functor types listed above, there is a member function
that requires no arguments and returns an instance of that functor type. The name of the member function is
the uncapitalized name of the type returned with the suffixobjectappended. For example, for the functor type
Constructvector 2 the following member function exists:

Constructvector 2

t.constructvector 2 object() const

See Also

CGAL::min rectangle2. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2215
CGAL::min parallelogram2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2217
CGAL::min strip 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2219
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MinQuadrilateralTraits 2

Definition

The concept MinQuadrilateralTraits2 defines types and operations needed to compute minimum enclosing
quadrilaterals of a planar point set using the functionsmin rectangle2, min parallelogram2 andmin strip 2.

Types

MinQuadrilateralTraits2:: Point 2 type for representing points.

MinQuadrilateralTraits2:: Vector 2 type for representing vectors.

MinQuadrilateralTraits2:: Direction 2 type for representing directions.

MinQuadrilateralTraits2:: Line 2 type for representing lines.

MinQuadrilateralTraits2:: Rectangle2 type for representing (not necessarily axis-parallel) rectan-
gles.

MinQuadrilateralTraits2:: Parallelogram 2 type for representing parallelograms.

MinQuadrilateralTraits2:: Strip 2 type for representing strips, that is the closed region
bounded by two parallel lines.

Predicates

MinQuadrilateralTraits2:: Equal 2 a model for Kernel::Equal2 . . . . . . . . . . . . . . . . . . . page361.

MinQuadrilateralTraits2:: Lessxy 2 a model for Kernel::Lessxy 2 . . . . . . . . . . . . . . . . . . page??.

MinQuadrilateralTraits2:: Lessyx 2 a model for Kernel::Lessyx 2 . . . . . . . . . . . . . . . . . . page??.

MinQuadrilateralTraits2:: Has on negativeside 2

a model for Kernel::Hason negativeside 2 . . . . . page??.

MinQuadrilateralTraits2:: Compareangle with x axis 2

a model for Kernel::Compareanglewith x axis 2page??.

MinQuadrilateralTraits2:: Area less rectangle2

AdaptableFunctor
op: Rectangle2× Rectangle2→ bool.
op(r1,r2) returns true, iff the area ofr1 is strictly less than
the area ofr2.
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MinQuadrilateralTraits2:: Area lessparallelogram2

AdaptableFunctor
op: Parallelogram2× Parallelogram2→ bool.
op(p1,p2)returns true, iff the area ofp1 is strictly less than
the area ofp2.

MinQuadrilateralTraits2:: Width lessstrip 2 AdaptableFunctor
op: Strip 2× Strip 2→ bool.
op(s1,s2)returns true, iff the width ofs1 is strictly less than
the width ofs2.

The following type is used for expensive precondition checking only.

MinQuadrilateralTraits2:: Orientation 2 a model for Kernel::Orientation2 . . . . . . . . . . . . . . page403.

Constructions

MinQuadrilateralTraits2:: Constructvector 2

a model for Kernel::Constructvector 2 . . . . . . . . . . page??.

MinQuadrilateralTraits2:: Constructvector from direction 2

AdaptableFunctor
op: Direction 2→ Vector 2.
op(d)returns a vector in directiond.

MinQuadrilateralTraits2:: Constructperpendicularvector 2

a model for Kernel::Constructperpendicularvector 2
page??.

MinQuadrilateralTraits2:: Constructdirection 2

a model for Kernel::Constructdirection 2. . . . . . . .page??.

MinQuadrilateralTraits2:: Constructoppositedirection 2

a model for Kernel::Constructoppositedirection 2
page??.

MinQuadrilateralTraits2:: Construct line 2 a model for Kernel::Constructline 2 . . . . . . . . . . . . page??.
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MinQuadrilateralTraits2:: Construct rectangle2

Function class
op: Point 2× Direction 2× Point 2× Point 2× Point 2
→ Rectangle2.
If the pointsp1,p2,p3,p4 form the boundary of a convex
polygon (oriented counterclockwise),op(p1,d,p2,p3,p4)re-
turns the rectangle with one of the points on each side and
one sides parallel tod.

MinQuadrilateralTraits2:: Constructparallelogram2

Function class
op: Point 2 × Direction 2 × Point 2 × Direction 2 ×
Point 2× Point 2→ Rectangle2.
If the points p1,p2,p3,p4 form the boundary of
a convex polygon (oriented counterclockwise),
op(p1,d1,p2,d2,p3,p4)returns the parallelogram with
one of the points on each side and one side parallel to each
of d1andd2.

MinQuadrilateralTraits2:: Constructstrip 2 Function class
op: Point 2× Direction 2× Point 2→ Strip 2.
op(p1,d,p2)returns the strip bounded by the lines through
p1 resp.p2with directiond.

Operations

template< class OutputIterator>
OutputIterator t.copyrectanglevertices2( const Rectangle2& r, OutputIterator o) const

copies the four vertices ofr in counterclockwise order too.

template< class OutputIterator>
OutputIterator t.copyparallelogramvertices2( const Parallelogram2& p, OutputIterator o) const

copies the four vertices ofp in counterclockwise order too.

template< class OutputIterator>
OutputIterator t.copystrip lines 2( const Strip2& s, OutputIterator o) const

copies the two lines boundings to o.

Additionally, for each of the predicate and construction functor types listed above, there must exist a member
function that requires no arguments and returns an instance of that functor type. The name of the member
function is the uncapitalized name of the type returned with the suffixobjectappended. For example, for the
functor typeConstructvector 2 the following member function must exist:

Constructvector 2

t.constructvector 2 object() const
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Has Models

CGAL::Min quadrilateral default traits 2<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2221

See Also

CGAL::min rectangle2. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2215
CGAL::min parallelogram2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2217
CGAL::min strip 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2219
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CGAL::rectangular p center 2

Definition

The functionrectangularp center2 computes rectilinearp-centers of a planar point set, i.e. a set ofp points
such that the maximum minimalL∞-distance between both sets is minimized.

More formally the problem can be defined as follows.

Given a finite setP of points, compute a point setC with |C | ≤ p such that thep-radius ofP ,

radp(P ) := max
P∈P

min
Q∈C
||P−Q||∞

is minimized. We can interpretC as the best approximation (with respect to the given metric) forP with at most
p points.

#include<CGAL/rectangularp center2.h>

template< class ForwardIterator, class OutputIterator, class FT, class Traits>
OutputIterator rectangularp center2(

ForwardIterator f,
ForwardIterator l,
OutputIterator o,
FT& r,
int p,
Traits t = Default traits)

computes rectilinearp-centers for the point set described by the range [f , l), setsr to the correspondingp-radius,
writes the at mostp center points too and returns the past-the-end iterator of this sequence.

Precondition:

1. The range [f , l) is not empty.

2. 2≤ p≤ 4.

The geometric types and operations to be used for the computation are specified by the traits class parameter
t. This parameter can be omitted ifForwardIterator refers to a point type from the 2D-Kernel. In this case, a
default traits class (Rectangularp centerdefault traits 2<R>) is used.

Requirement:

1. Either: (if no traits parameter is given)Value type ofForwardIterator is CGAL::Point 2<R> for some
representation classRandFT is equivalent toR::FT,

2. Or: (if a traits parameter is specified) Traitsis a model forRectangularPCenterTraits2.

3. OutputIteratoraccepts the value type ofForwardIteratoras value type.
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See Also

RectangularPCenterTraits2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2235
CGAL::Rectangularp centerdefault traits 2<R> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2232
CGAL::sortedmatrix search. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2328

Implementation

The runtime is linear forp∈ {2, 3} andO(n· logn) for p = 4 wheren is the number of input points. These run-
times are worst case optimal. The 3-center algorithm uses a prune-and-search technique described in [Hof99].
The 4-center implementation uses sorted matrix search [FJ83, FJ84] and fast algorithms for piercing rectangles
[SW96].

Example

The following code generates a random set of ten points and computes its two-centers.

#include <CGAL/Cartesian.h>
#include <CGAL/point_generators_2.h>
#include <CGAL/rectangular_p_center_2.h>
#include <CGAL/IO/Ostream_iterator.h>
#include <CGAL/algorithm.h>
#include <iostream>
#include <algorithm>
#include <vector>

typedef double FT;

struct Kernel : public CGAL::Cartesian<FT> {};

typedef Kernel::Point_2 Point;
typedef std::vector<Point> Cont;
typedef CGAL::Random_points_in_square_2<Point> Generator;
typedef CGAL::Ostream_iterator<Point,std::ostream> OIterator;

int main()
{

int n = 10;
int p = 2;
OIterator cout_ip(std::cout);
CGAL::set_pretty_mode(std::cout);

Cont points;
CGAL::copy_n(Generator(1), n, std::back_inserter(points));
std::cout << "Generated Point Set:\n";
std::copy(points.begin(), points.end(), cout_ip);

FT p_radius;
std::cout << "\n\n" << p << "-centers:\n";
CGAL::rectangular_p_center_2(

points.begin(), points.end(), cout_ip, p_radius, 3);
std::cout << "\n\n" << p << "-radius = " << p_radius << std::endl;
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return 0;
}
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CGAL::Rectangular p center default traits 2<R>

Definition

The classRectangularp centerdefault traits 2<R> defines types and operations needed to compute rectilinear
p-centers of a planar point set using the functionrectangularp center2.

Requirements

The template parameterR is a model forKernel.

Is Model for the Concepts

RectangularPCenterTraits2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2235

Types

Rectangularp centerdefault traits 2<R>:: FT

typedef toR::FT.

Rectangularp centerdefault traits 2<R>:: Point 2

typedef toR::Point 2.

Rectangularp centerdefault traits 2<R>:: Iso rectangle2

typedef toR::Iso rectangle2.

Rectangularp centerdefault traits 2<R>:: Less x 2

typedef toR::Lessx 2.

Rectangularp centerdefault traits 2<R>:: Less y 2

typedef toR::Lessy 2.

Rectangularp centerdefault traits 2<R>:: Construct vertex2

typedef toR::Constructvertex2.

Rectangularp centerdefault traits 2<R>:: Construct iso rectangle2

typedef toR::Constructiso rectangle2.
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Rectangularp centerdefault traits 2<R>:: Signedx distance2

adaptable binary function class:Point 2 × Point 2 → FT
returns the signed distance of two points’x-coordinates.

Rectangularp centerdefault traits 2<R>:: Signedy distance2

adaptable binary function class:Point 2 × Point 2 → FT
returns the signed distance of two points’y-coordinates.

Rectangularp centerdefault traits 2<R>:: Infinity distance2

adaptable binary function class:Point 2 × Point 2 → FT
returns the|| · ||∞ distance of two points.

Rectangularp centerdefault traits 2<R>:: Signed infinity distance2

adaptable binary function class:Point 2 × Point 2 → FT
returns the signed|| · ||∞ distance of two points.

Rectangularp centerdefault traits 2<R>:: Construct point 2 below left implicit point 2

3-argument function class:Point 2 × Point 2 × FT →
Point 2. For arguments(p, q, r) it returns the lower-left cor-
ner of the iso-oriented square with sidelengthr and upper-
right corner at the intersection of the vertical line throughp
and the horizontal line throughq.

Rectangularp centerdefault traits 2<R>:: Construct point 2 below right implicit point 2

3-argument function class:Point 2 × Point 2 × FT →
Point 2. For arguments(p, q, r) it returns the lower-right
corner of the iso-oriented square with sidelengthr and upper-
left corner at the intersection of the vertical line throughp
and the horizontal line throughq.

Rectangularp centerdefault traits 2<R>:: Construct point 2 aboveright implicit point 2

3-argument function class:Point 2 × Point 2 × FT →
Point 2. For arguments(p, q, r) it returns the upper-right
corner of the iso-oriented square with sidelengthr and lower-
left corner at the intersection of the vertical line throughp
and the horizontal line throughq.

Rectangularp centerdefault traits 2<R>:: Construct point 2 aboveleft implicit point 2

3-argument function class:Point 2 × Point 2 × FT →
Point 2. For arguments(p, q, r) it returns the upper-left cor-
ner of the iso-oriented square with sidelengthr and lower-
right corner at the intersection of the vertical line throughp
and the horizontal line throughq.
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Operations

For every function class listed above there is a member function to fetch the corresponding function object.

Inf distance2 t.inf distance2 object() const
Signedinf distance2

t.signedinf distance2 object() const
Constructvertex2 t.constructvertex2 object() const
Constructiso rectangle2

t.constructiso rectangle2 object() const
Constructiso rectangle2 below left point 2

t.constructiso rectangle2 below left point 2 object() const
Constructiso rectangle2 aboveleft point 2

t.constructiso rectangle2 aboveleft point 2 object() const
Constructiso rectangle2 below right point 2

t.constructiso rectangle2 below right point 2 object() const
Constructiso rectangle2 aboveright point 2

t.constructiso rectangle2 aboveright point 2 object() const

See Also

CGAL::rectangularp center2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2229
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RectangularPCenterTraits 2

Definition

The concept RectangularPCenterTraits2 defines types and operations needed to compute rectilinearp-centers
of a planar point set using the functionrectangularp center2.

Types

RectangularPCenterTraits2:: FT model for FieldNumberType . . . . . . . . . . . . . . . . . . page2530.

RectangularPCenterTraits2:: Point 2 model for Kernel::Point2 . . . . . . . . . . . . . . . . . . . . . . page408.

RectangularPCenterTraits2:: Iso rectangle2

model for Kernel::Isorectangle2 . . . . . . . . . . . . . . . . page??.

RectangularPCenterTraits2:: Lessx 2 model for Kernel::Lessx 2. . . . . . . . . . . . . . . . . . . . . .page??.

RectangularPCenterTraits2:: Lessy 2 model for Kernel::Lessy 2. . . . . . . . . . . . . . . . . . . . . .page??.

RectangularPCenterTraits2:: Constructvertex2

model for Kernel::Constructvertex 2 . . . . . . . . . . . . page??.

RectangularPCenterTraits2:: Construct iso rectangle2

model for Kernel::Constructiso rectangle2 . . . . . . page??.

RectangularPCenterTraits2:: Signedx distance2

adaptable binary function class:Point 2 × Point 2 → FT
returns the signed distance of two points’x-coordinates.

RectangularPCenterTraits2:: Signedy distance2

adaptable binary function class:Point 2 × Point 2 → FT
returns the signed distance of two points’y-coordinates.

RectangularPCenterTraits2:: Infinity distance2

adaptable binary function class:Point 2 × Point 2 → FT
returns the|| · ||∞ distance of two points.
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RectangularPCenterTraits2:: Signedinfinity distance2

adaptable binary function class:Point 2 × Point 2 → FT
returns the signed|| · ||∞ distance of two points.

RectangularPCenterTraits2:: Constructpoint 2 below left implicit point 2

3-argument function class:Point 2 × Point 2 × FT →
Point 2. For arguments(p, q, r) it returns the lower-left cor-
ner of the iso-oriented square with sidelengthr and upper-
right corner at the intersection of the vertical line throughp
and the horizontal line throughq.

RectangularPCenterTraits2:: Constructpoint 2 below right implicit point 2

3-argument function class:Point 2 × Point 2 × FT →
Point 2. For arguments(p, q, r) it returns the lower-right
corner of the iso-oriented square with sidelengthr and upper-
left corner at the intersection of the vertical line throughp
and the horizontal line throughq.

RectangularPCenterTraits2:: Constructpoint 2 aboveright implicit point 2

3-argument function class:Point 2 × Point 2 × FT →
Point 2. For arguments(p, q, r) it returns the upper-right
corner of the iso-oriented square with sidelengthr and lower-
left corner at the intersection of the vertical line throughp
and the horizontal line throughq.

RectangularPCenterTraits2:: Constructpoint 2 aboveleft implicit point 2

3-argument function class:Point 2 × Point 2 × FT →
Point 2. For arguments(p, q, r) it returns the upper-left cor-
ner of the iso-oriented square with sidelengthr and lower-
right corner at the intersection of the vertical line throughp
and the horizontal line throughq.

Operations

For every function class listed above there is a member function to fetch the corresponding function object.

Inf distance2 t.inf distance2 object() const
Signedinf distance2

t.signedinf distance2 object() const
Constructvertex2 t.constructvertex2 object() const
Constructiso rectangle2

t.constructiso rectangle2 object() const
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Constructiso rectangle2 below left point 2

t.constructiso rectangle2 below left point 2 object() const
Constructiso rectangle2 aboveleft point 2

t.constructiso rectangle2 aboveleft point 2 object() const
Constructiso rectangle2 below right point 2

t.constructiso rectangle2 below right point 2 object() const
Constructiso rectangle2 aboveright point 2

t.constructiso rectangle2 aboveright point 2 object() const

Has Models

CGAL::Rectangularp centerdefault traits 2<R> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2232

See Also

CGAL::rectangularp center2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2229
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CGAL::Min sphere d<Traits>

Definition

An object of the classMin sphered<Traits> is the unique sphere of smallest volume enclosing a finite (multi)set
of points ind-dimensional Euclidean spaceEd. For a setP we denote byms(P) the smallest sphere that contains
all points ofP. ms(P) can be degenerate, i.e.ms(P) = /0 if P = /0 andms(P) = {p} if P = {p}.

An inclusion-minimal subsetSof P with ms(S) = ms(P) is called asupport set, the points inSare thesupport
points. A support set has size at mostd+1, and all its points lie on the boundary ofms(P). In general, neither
the support set nor its size are unique.

The algorithm computes a support setSwhich remains fixed until the next insert or clear operation.

Please note:This class is (almost) obsolete. The classCGAL::Min sphereof spheresd<Traits> solves a more
general problem and is faster thenMin sphered<Traits> even if used only for points as input. Most im-
portantly,CGAL::Min sphereof spheresd<Traits> has a specialized implementation for floating-point arith-
metic which ensures correct results in a large number of cases (including highly degenerate ones). In contrast,
Min sphered<Traits> is not reliable under floating-point computations. The only advantage ofMin sphered<
Traits> overCGAL::Min sphereof spheresd<Traits> is that the former can deal with points in homogeneous
coordinates, in which case the algorithm is division-free. Thus,Min sphered<Traits> might still be an option
in case your input number type cannot (efficiently) divide.

#include<CGAL/Min sphered.h>

Requirements

The classMin sphered<Traits> expects a model of the conceptOptimisationDTraits as its template
argument. We provide the modelsCGAL::Optimisationd traits 2, CGAL::Optimisationd traits 3 and
CGAL::Optimisationd traits d for two-, three-, andd-dimensional points respectively.

Types

Min sphered<Traits>:: Traits

Min sphered<Traits>:: FT typedef toTraits::FT.

Min sphered<Traits>:: Point typedef toTraits::Point.

Min sphered<Traits>:: Point iterator non-mutable model of the STL conceptBidirectionalItera-
tor with value typePoint. Used to access the points used to
build the smallest enclosing sphere.

Min sphered<Traits>:: Support point iterator non-mutable model of the STL conceptBidirectionalItera-
tor with value typePoint. Used to access the support points
defining the smallest enclosing sphere.

Creation
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Min sphered<Traits> min sphere( Traits traits = Traits());

creates a variable of typeMin sphered<Traits> and initializes it to
ms( /0). If the traits parameter is not supplied, the classTraits must
provide a default constructor.

template< class InputIterator>
Min sphered<Traits> min sphere( InputIterator first, InputIterator last, Traits traits = Traits());

creates a variablemin sphereof type Min sphered<Traits>. It is
initialized to ms(P) with P being the set of points in the range
[first,last).
Requirement: The value type offirst and last is Point. If the traits
parameter is not supplied, the classTraits must provide a default
constructor.
Precondition: All points have the same dimension.

int min sphere.numberof points()

returns the number of points ofmin sphere, i.e. |P|.

int min sphere.numberof supportpoints()

returns the number of support points ofmin sphere, i.e. |S|.

Point iterator min sphere.pointsbegin()
returns an iterator referring to the first point ofmin sphere.

Point iterator min sphere.pointsend()
returns the corresponding past-the-end iterator.

Supportpoint iterator min sphere.supportpoints begin()
returns an iterator referring to the first support point ofmin sphere.

Supportpoint iterator min sphere.supportpoints end()
returns the corresponding past-the-end iterator.

int min sphere.ambientdimension()

returns the dimension of the points inP. If min sphereis empty, the
ambient dimension is−1.

Point min sphere.center()

returns the center ofmin sphere.
Precondition: min sphereis not empty.

FT min sphere.squaredradius()

returns the squared radius ofmin sphere.
Precondition: min sphereis not empty.
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Predicates

By definition, an emptyMin sphered<Traits> has no boundary and no bounded side, i.e. its unbounded side
equals the whole spaceEd.

Boundedside minsphere.boundedside( Point p)

returns CGAL::ON BOUNDED SIDE, CGAL::ON BOUNDARY,
or CGAL::ON UNBOUNDEDSIDEiff p lies properly inside, on the
boundary, or properly outside ofmin sphere, resp.
Precondition: if min sphereis not empty, the dimension ofp equals
ambientdimension().

bool min sphere.hason boundedside( Point p)

returnstrue, iff p lies properly insidemin sphere.
Precondition: if min sphereis not empty, the dimension ofp equals
ambientdimension().

bool min sphere.hason boundary( Point p)

returnstrue, iff p lies on the boundary ofmin sphere.
Precondition: if min sphereis not empty, the dimension ofp equals
ambientdimension().

bool min sphere.hason unboundedside( Point p)

returnstrue, iff p lies properly outside ofmin sphere.
Precondition: if min sphereis not empty, the dimension ofp equals
ambientdimension().

bool min sphere.isempty()

returnstrue, iff min sphereis empty (this implies degeneracy).

bool min sphere.isdegenerate()

returnstrue, iff min sphereis degenerate, i.e. ifmin sphereis empty
or equal to a single point, equivalently if the number of support points
is less than 2.

Modifiers

void min sphere.clear()

resetsmin sphereto ms( /0).

template< class InputIterator>
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void min sphere.set( InputIterator first, InputIterator last)

setsmin sphereto thems(P), whereP is the set of points in the range
[first,last).
Requirement: The value type offirst andlast is Point.
Precondition: All points have the same dimension.

void min sphere.insert( Point p)

insertsp into min sphere. If p lies inside the current sphere, this
is a constant-time operation, otherwise it might take longer, but usu-
ally substantially less than recomputing the smallest enclosing sphere
from scratch.
Precondition: The dimension ofp equalsambientdimension()if
min sphereis not empty.

template< class InputIterator>
void min sphere.insert( InputIterator first, InputIterator last)

inserts the points in the range [first,last) into min sphereand recom-
putes the smallest enclosing sphere, by callinginsert for all points in
the range.
Requirement: The value type offirst andlast is Point.
Precondition: All points have the same dimension. Ifmin sphereis
not empty, this dimension must be equal toambientdimension().

Validity Check

An objectmin sphereis valid, iff

• min spherecontains all points of its defining setP,

• min sphereis the smallest sphere containing its support setS, and

• S is minimal, i.e. no support point is redundant.

Note:Under inexact arithmetic, the result of the validation is not realiable, because the checker itself can suffer
from numerical problems.

bool min sphere.isvalid( bool verbose = false, int level = 0)

returnstrue, iff min sphereis valid. If verboseis true, some mes-
sages concerning the performed checks are written to standard error
stream. The second parameterlevel is not used, we provide it only
for consistency with interfaces of other classes.

Miscellaneous
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const Traits& min sphere.traits()

returns a const reference to the traits class object.

I/O

std::ostream& std::ostream& os<< min sphere

writesmin sphereto output streamos.
Requirement: The output operator is defined forPoint.

std::istream& std::istream& is >> min sphere&

readsmin spherefrom input streamis.
Requirement: The input operator is defined forPoint.

See Also

CGAL::Optimisationd traits 2<K,ET,NT> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2279
CGAL::Optimisationd traits 3<K,ET,NT> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2281
CGAL::Optimisationd traits d<K,ET,NT> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2283
OptimisationDTraits . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2285
CGAL::Min circle 2<Traits> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2193
CGAL::Min sphereof spheresd<Traits> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page2251
CGAL::Min annulusd<Traits> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2244

Implementation

We implement the algorithm of Welzl with move-to-front heuristic [Wel91] for small point sets, combined
with a new efficient method for large sets, which is particularly tuned for moderately large dimension (d≤ 20)
[Gär99]. The creation time is almost always linear in the number of points. Access functions and predicates
take constant time, inserting a point might take up to linear time, but substantially less than computing the new
smallest enclosing sphere from scratch. The clear operation and the check for validity each take linear time.

Example

#include <CGAL/Cartesian_d.h>
#include <iostream>
#include <cstdlib>
#include <CGAL/Random.h>
#include <CGAL/Optimisation_d_traits_d.h>
#include <CGAL/Min_sphere_d.h>

typedef CGAL::Cartesian_d<double> K;
typedef CGAL::Optimisation_d_traits_d<K> Traits;
typedef CGAL::Min_sphere_d<Traits> Min_sphere;
typedef K::Point_d Point;
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const int n = 10; // number of points
const int d = 5; // dimension of points

int main ()
{

Point P[n]; // n points
double coord[d]; // d coordinates
CGAL::Random r; // random number generator

for (int i=0; i<n; ++i) {
for (int j=0; j<d; ++j)

coord[j] = r.get_double();
P[i] = Point(d, coord, coord+d); // random point

}

Min_sphere ms (P, P+n); // smallest enclosing sphere

CGAL::set_pretty_mode (std::cout);
std::cout << ms; // output the sphere

return 0;
}
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CGAL::Min annulus d<Traits>

Definition

An object of the classMin annulusd<Traits> is the unique annulus (region between two concentric spheres
with radii r and R, r ≤ R) enclosing a finite set of points ind-dimensional Euclidean spaceEd, where the
differenceR2− r2 is minimal. For a point setP we denote byma(P) the smallest annulus that contains all points
of P. Note thatma(P) can be degenerate, i.e.ma(P) = /0 if P = /0 andma(P) = {p} if P = {p}.

An inclusion-minimal subsetSof P with ma(S) = ma(P) is called asupport set, the points inSare thesupport
points. A support set has size at mostd + 2, and all its points lie on the boundary ofma(P). In general, the
support set is not necessarily unique.

The underlying algorithm can cope with all kinds of input, e.g.P may be empty or points may occur more than
once. The algorithm computes a support setSwhich remains fixed until the next set, insert, or clear operation.

#include<CGAL/Min annulusd.h>

Requirements

The template parameterTraits is a model forOptimisationDTraits.

We provide the modelsOptimisationd traits 2, Optimisationd traits 3, andOptimisationd traits d using the
two-, three-, andd-dimensional CGAL kernel, respectively.

Types

Min annulusd<Traits>:: Point typedef toTraits::Point d. Point type used to represent the input points.

Min annulusd<Traits>:: FT typedef toTraits::FT. Number type used to return the squared radii of the
smallest enclosing annulus.

Min annulusd<Traits>:: ET typedef toTraits::ET. Number type used to do the exact computations in the
underlying solver for quadratic programs (cf.Implementation).

Min annulusd<Traits>:: Point iterator

non-mutable model of the STL conceptRandomAccessIteratorwith value
typePoint. Used to access the points of the smallest enclosing annulus.

Min annulusd<Traits>:: Support point iterator

non-mutable model of the STL conceptRandomAccessIteratorwith value
typePoint. Used to access the support points of the smallest enclosing an-
nulus.

Min annulusd<Traits>:: Inner supportpoint iterator

non-mutable model of the STL conceptRandomAccessIteratorwith value
typePoint. Used to access the inner support points of the smallest enclosing
annulus.
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Min annulusd<Traits>:: Outer supportpoint iterator

non-mutable model of the STL conceptRandomAccessIteratorwith value
typePoint. Used to access the outer support points of the smallest enclosing
annulus.

Min annulusd<Traits>:: Coordinate iterator

non-mutable model of the STL conceptRandomAccessIteratorwith value
typeET. Used to access the coordinates of the center of the smallest enclos-
ing annulus.

Creation

Min annulusd<Traits> min annulus( Traits traits = Traits(),
int verbose = 0,
std::ostream& stream = std::cout)

initializesmin annulusto ma( /0).

template< class InputIterator>
Min annulusd<Traits> min annulus( InputIterator first,

InputIterator last,
Traits traits = Traits(),
int verbose = 0,
std::ostream& stream = std::cout)

initializesmin annulusto ma(P) with P being the set of points in
the range [first,last).
Requirement: The value type ofInputIterator is Point.
Precondition: All points have the same dimension.

Access Functions

int min annulus.ambientdimension()

returns the dimension of the points inP. If min annulusis empty,
the ambient dimension is−1.

int min annulus.numberof points()

returns the number of points ofmin annulus, i.e. |P|.

int min annulus.numberof supportpoints()

returns the number of support points ofmin annulus, i.e. |S|.
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int min annulus.numberof inner supportpoints()

returns the number of support points ofmin annuluswhich lie on
the inner sphere.

int min annulus.numberof outer supportpoints()

returns the number of support points ofmin annuluswhich lie on
the outer sphere.

Point iterator
min annulus.pointsbegin() returns an iterator referring to the first point ofmin annulus.

Point iterator
min annulus.pointsend() returns the corresponding past-the-end iterator.

Supportpoint iterator
min annulus.supportpoints begin()

returns an iterator referring to the first support point ofmin
annulus.
Precondition: ma(P) is not degenerate, i.e.,numberof support
points()is at least one.

Supportpoint iterator
min annulus.supportpoints end()

returns the corresponding past-the-end iterator.
Precondition: ma(P) is not degenerate, i.e.,numberof support
points()is at least one.

Inner supportpoint iterator
min annulus.innersupportpoints begin()

returns an iterator referring to the first inner support point ofmin
annulus.

Inner supportpoint iterator
min annulus.innersupportpoints end()

returns the corresponding past-the-end iterator.

Outer supportpoint iterator
min annulus.outersupportpoints begin()

returns an iterator referring to the first outer support point ofmin
annulus.

Outer supportpoint iterator
min annulus.outersupportpoints end()

returns the corresponding past-the-end iterator.

Point min annulus.center() returns the center ofmin annulus.
Requirement: An implicit conversion fromET to RT is available.
Precondition: min annulusis not empty.

FT min annulus.squaredinner radius()

returns the squared inner radius ofmin annulus.
Requirement: An implicit conversion fromET to RT is available.
Precondition: min annulusis not empty.
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FT min annulus.squaredouter radius()

returns the squared outer radius ofmin annulus.
Requirement: An implicit conversion fromET to RT is available.
Precondition: min annulusis not empty.

Coordinateiterator
min annulus.centercoordinatesbegin()

returns an iterator referring to the first coordinate of the center of
min annulus.
Note: The coordinates have a rational representation, i.e. the firstd
elements of the iterator range are the numerators and the(d+1)-st
element is the common denominator.

Coordinateiterator
min annulus.centercoordinatesend()

returns the corresponding past-the-end iterator.

ET min annulus.squaredinner radius numerator()

returns the numerator of the squared inner radius ofmin annulus.

ET min annulus.squaredouter radius numerator()

returns the numerator of the squared outer radius ofmin annulus.

ET min annulus.squaredradii denominator()

returns the denominator of the squared radii ofmin annulus.

Predicates

The bounded area of the smallest enclosing annulus lies between the inner and the outer sphere. The boundary
is the union of both spheres. By definition, an empty annulus has no boundary and no bounded side, i.e. its
unbounded side equals the whole spaceEd.

CGAL::Boundedside

min annulus.boundedside( Point p)

returnsCGAL::ON BOUNDED SIDE, CGAL::ON BOUNDARY,
or CGAL::ON UNBOUNDEDSIDE iff p lies properly inside, on
the boundary, or properly outside ofmin annulus, resp.
Precondition: The dimension ofp equalsmin annulus.ambient
dimension()if min annulusis not empty.

bool min annulus.hason boundedside( Point p)

returnstrue, iff p lies properly insidemin annulus.
Precondition: The dimension ofp equalsmin annulus.ambient
dimension()if min annulusis not empty.
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bool min annulus.hason boundary( Point p)

returnstrue, iff p lies on the boundary ofmin annulus.
Precondition: The dimension ofp equalsmin annulus.ambient
dimension()if min annulusis not empty.

bool min annulus.hason unboundedside( Point p)

returnstrue, iff p lies properly outside ofmin annulus.
Precondition: The dimension ofp equalsmin annulus.ambient
dimension()if min annulusis not empty.

bool min annulus.isempty() returnstrue, iff min annulusis empty (this implies degeneracy).

bool min annulus.isdegenerate()

returnstrue, iff min annulusis degenerate, i.e. ifmin annulusis
empty or equal to a single point.

Modifiers

void min annulus.clear() resetsmin annulusto ma( /0).

template< class InputIterator>
void min annulus.set( InputIterator first, InputIterator last)

setsmin annulusto ma(P), whereP is the set of points in the range
[first,last).
Requirement: The value type ofInputIterator is Point.
Precondition: All points have the same dimension.

void min annulus.insert( Point p)

insertsp into min annulus.
Precondition: The dimension ofp equalsmin annulus.ambient
dimension()if min annulusis not empty.

template< class InputIterator>
void min annulus.insert( InputIterator first, InputIterator last)

inserts the points in the range [first,last) into min annulusand re-
computes the smallest enclosing annulus.
Requirement: The value type ofInputIterator is Point.
Precondition: All points have the same dimension. Ifmin
annulus is not empty, this dimension must be equal tomin
annulus.ambientdimension().
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Validity Check

An objectmin annulusis valid, iff

• min annuluscontains all points of its defining setP,

• min annulusis the smallest annulus containing its support setS, and

• S is minimal, i.e. no support point is redundant.

Note: In this release only the first item is considered by the validity check.

bool min annulus.isvalid( bool verbose = false, int level = 0)

returnstrue, iff min annulusis valid. If verboseis true, some mes-
sages concerning the performed checks are written to standard er-
ror stream. The second parameterlevel is not used, we provide it
only for consistency with interfaces of other classes.

Miscellaneous

const Traits&

min annulus.traits() returns a const reference to the traits class object.

I/O

std::ostream&

std::ostream& os<< min annulus

writesmin annulusto output streamos.
Requirement: The output operator is defined forPoint.

std::istream&

std::istream& is >> min annulus&

readsmin annulusfrom input streamis.
Requirement: The input operator is defined forPoint.

See Also

CGAL::Min sphered<Traits> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2238

CGAL::Optimisationd traits 2<K,ET,NT> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2279
CGAL::Optimisationd traits 3<K,ET,NT> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2281
CGAL::Optimisationd traits d<K,ET,NT> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2283

OptimisationDTraits . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2285
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Implementation

The problem of finding the smallest enclosing annulus of a finite point set can be formulated as an optimization
problem with linear constraints and a linear objective function. The solution is obtained using our exact solver
for linear and quadratic programs [GS00].

The creation time is almost always linear in the number of points. Access functions and predicates take constant
time, inserting a point takes almost always linear time. The clear operation and the check for validity each take
linear time.
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CGAL::Min sphere of spheresd<Traits>

Definition

An object of the classMin sphereof spheresd<Traits> is a data structure that represents the unique sphere of
smallest volume enclosing a finite set of spheres ind-dimensional Euclidean spaceEd. For a setSof spheres
we denote byms(S) the smallest sphere that contains all spheres ofS; we callms(S) theminsphereof S. ms(S)
can be degenerate, i.e.,ms(S) = /0, if S= /0 andms(S) = {s}, if S= {s}. Any sphere inSmay be degenerate,
too, i.e., any sphere fromSmay be a point. Also,Smay contain several copies of the same sphere.

An inclusion-minimal subsetR of Swith ms(R) = ms(S) is called asupport setfor ms(S); the spheres inR are
thesupport spheres. A support set has size at mostd+1, and all its spheres lie on the boundary ofms(S). (A
spheres′ is said tolie on the boundaryof a spheres, if s′ is contained ins and if their boundaries intersect.) In
general, the support set is not unique.

The algorithm computes the center and the radius ofms(S), and finds a support setR (which remains fixed until
the nextinsert(), clear()or set()operation). We also provide a specialization of the algorithm for the case when
the center coordinates and radii of the input spheres are floating-point numbers. This specialized algorithm uses
floating-point arithmetic only, is very fast and especially tuned for stability and robustness. Still, it’s output may
be incorrect in some (rare) cases; termination is guaranteed.

When default constructed, an instance of typeMin sphereof spheresd<Traits> represents the setS= /0, to-
gether with its minspherems(S) = /0. You can add spheres to the setS by calling insert(). Querying the
minsphere is done by calling the routinesis empty(), radius()andcentercartesianbegin(), among others.

In general, the radius and the Euclidean center coordinates ofms(S) need not be rational. Consequently, the
algorithm computing the exact minsphere will have to deal with algebraic numbers. Fortunately, both the radius
and the coordinates of the minsphere are numbers of the formai + bi

√
t, whereai ,bi , t ∈ Q and wheret ≥ 0

is the same for all coordinates and the radius. Thus, the exact minsphere can be described by the numbert,
which is called the sphere’sdiscriminant, and byd+1 pairs(ai ,bi)∈Q2 (one for the radius andd for the center
coordinates).

#include<CGAL/Min sphereof spheresd.h>

Note: This class (almost) replacesCGAL::Min sphered<Traits>, which solves the less general problem
of finding the smallest enclosing ball of a set ofpoints. Min sphereof spheresd<Traits> is faster than
CGAL::Min sphered<Traits>, and in contrast to the latter provides a specialized implementation for floating-
point arithmetic which ensures correct results in a large number of cases (including highly degenerate ones). The
only advantage ofCGAL::Min sphered<Traits> overMin sphereof spheresd<Traits> is that the former can
deal with points in homogeneous coordinates, in which case the algorithm is division-free. Thus,CGAL::Min
sphered<Traits> might still be an option in case your input number type cannot (efficiently) divide.

Requirements

The classMin sphereof spheresd<Traits> expects a model of the conceptMinSphereOfSpheresTraitsas its
template argument.

Types

Min sphereof spheresd<Traits>:: Sphere is a typedef toTraits::Sphere.
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Min sphereof spheresd<Traits>:: FT is a typedef toTraits::FT.

Min sphereof spheresd<Traits>:: Result is the type of the radius and of the center coordinates of the
computed minsphere: WhenFT is an inexact number type
(double, for instance), thenResultis simply FT. However,
whenFT is an exact number type, thenResultis a typedef
to a derived class ofstd::pair<FT,FT>; an instance of this
type represents the numbera+b

√
t, wherea is the first and

b the second element of the pair and where the numbert is
accessed using the member functiondisciminant()of class
Min sphereof spheresd<Traits>.

Min sphereof spheresd<Traits>:: Algorithm is either CGAL::LP algorithm or CGAL::Farthestfirst
heuristic. As is described in the documentation of concept
MinSphereOfSpheresTraits, the typeAlgorithm reflects the
method which is used to compute the minsphere. (Normally,
Algorithmcoincides withTraits::Algorithm. However, if the
methodTraits::Algorithmshould not be supported anymore
in a future release, thenAlgorithmwill have another type.)

Min sphereof spheresd<Traits>:: Support iterator

non-mutable model of the STL conceptBidirectionalIterator
with value typeSphere. Used to access the support spheres
defining the smallest enclosing sphere.

Min sphereof spheresd<Traits>:: Cartesian const iterator

non-mutable model of the STL conceptBidirectionalIterator
to access the center coordinates of the minsphere.

Creation

Min sphereof spheresd<Traits> minsphere( Traits traits = Traits());

creates a variable of typeMin sphereof spheresd<Traits>
and initializes it toms( /0). If the traits parameter is not sup-
plied, the classTraits must provide a default constructor.

template< typename InputIterator>
Min sphereof spheresd<Traits> minsphere( InputIterator first, InputIterator last, Traits traits = Traits());

creates a variableminsphereof typeMin sphereof spheres
d<Traits> and inserts (cf.insert()) the spheres from the range
[first,last).
Requirement: The value type offirst andlast is Sphere. If the
traits parameter is not supplied, the classTraitsmust provide
a default constructor.
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Access Functions

Supportiterator minsphere.supportbegin()

returns an iterator referring to the first support sphere ofmin-
sphere.

Supportiterator minsphere.supportend()

returns the corresponding past-the-end iterator.

FT minsphere.discriminant()

returns the discriminant ofminsphere. This number is unde-
fined whenFT is an inexact number type. WhenFT is exact,
the center coordinates and the radius of the minsphere are
numbers of the forma+b

√
t, wheret is the discriminant of

the minsphere as returned by this function.
Precondition: minsphereis not empty, andFT is an exact
number type.

Result minsphere.radius() returns the radius ofminsphere. If FT is an exact number
type then the radius of the minsphere is the real numbera+
b
√

t, wheret is the minsphere’s discriminant,a is the first
andb the second component of the pair returned byradius().
Precondition: minsphereis not empty.

Cartesianconst iterator

minsphere.centercartesianbegin()

returns a const-iterator to the first of theTraits::D center co-
ordinates ofminsphere. The iterator returns objects of type
Result. If FT is an exact number type, then a center coordi-
nate is represented by a pair(a,b) describing the real number
a+b
√

t, wheret is the minsphere’s discriminant (cf.discrim-
inant()).
Precondition: minsphereis not empty.

Cartesianconst iterator

minsphere.centercartesianend()

returns the corresponding past-the-end iterator, i.e.center
cartesianbegin()+Traits::D.
Precondition: minsphereis not empty.

Predicates

bool minsphere.isempty() returnstrue, iff minsphereis empty, i.e. iffms(S) = /0.
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Modifiers

void minsphere.clear() resetsminsphereto ms( /0), with S:= /0.

template< class InputIterator>
void minsphere.set( InputIterator first, InputIterator last)

setsminsphereto thems(S), whereS is the set of spheres in
the range [first,last).
Requirement: The value type offirst andlast is Sphere.

void minsphere.insert( Sphere s)

inserts the spheres into the setSof instanceminsphere.

template< class InputIterator>
void minsphere.insert( InputIterator first, InputIterator last)

inserts the spheres in the range [first,last) into the setS of
instanceminsphere.
Requirement: The value type offirst andlast is Sphere.

Validity Check

An objectminsphereis valid, iff

• minspherecontains all spheres of its defining setS,

• minsphereis the smallest sphere containing its support setR, and

• R is minimal, i.e., no support sphere is redundant.

bool minsphere.isvalid() returnstrue, iff minsphereis valid. WhenFT is inexact, this
routine always returnstrue.

Miscellaneous

const Traits& minsphere.traits() returns a const reference to the traits class object.

See Also

CGAL::Min sphered<Traits> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2238
CGAL::Min circle 2<Traits> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2193
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Implementation

We implement two algorithms, the LP-algorithm and a heuristic [MSW92]. As described in the documentation
of conceptMinSphereOfSpheresTraits, each has its advantages and disadvantages: Our implementation of the
LP-algorithm has maximal expected running timeO(2dn), while the heuristic comes without any complexity
guarantee. In particular, the LP-algorithm runs in linear time for fixed dimensiond. (These running times hold
for the arithmetic model, so they count the number of operations on the number typeFT.)

On the other hand, the LP-algorithm is, for inexact number typesFT, much worse at handling degeneracies
and should therefore not be used in such a case. (For exact number typesFT, both methods handle all kinds of
degeneracies.)

Currently, we requireTraits::FT to be either an exact number type ordoubleor float; other inexact number
types are not supported at this time. Also, the current implementation only handles spheres with Cartesian
coordinates; homogenous representation is not supported yet.

Example

// file: examples/Min_sphere_of_spheres_d/min_sphere_of_spheres_d_example_d.C

// Computes the minsphere of some random spheres.
// This example illustrates how to use CGAL::Point_d and CGAL::
// Weighted_point with the Min_sphere_of_spheres_d package.

#include <CGAL/Cartesian_d.h>
#include <CGAL/Random.h>
#include <CGAL/Gmpq.h>
#include <CGAL/Min_sphere_of_spheres_d.h>
#include <vector>

const int N = 1000; // number of spheres
const int D = 3; // dimension of points
const int LOW = 0, HIGH = 10000; // range of coordinates and radii

typedef CGAL::Gmpq FT;
//typedef double FT;
typedef CGAL::Cartesian_d<FT> K;
typedef CGAL::Min_sphere_of_spheres_d_traits_d<K,FT,D> Traits;
typedef CGAL::Min_sphere_of_spheres_d<Traits> Min_sphere;
typedef K::Point_d Point;
typedef Traits::Sphere Sphere;

int main () {
std::vector<Sphere> S; // n spheres
FT coord[D]; // d coordinates
CGAL::Random r; // random number generator

for (int i=0; i<N; ++i) {
for (int j=0; j<D; ++j)
coord[j] = r.get_int(LOW,HIGH);

Point p(D,coord,coord+D); // random center...
S.push_back(Sphere(p,r.get_int(LOW,HIGH))); // ...and random radius

}
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Min_sphere ms(S.begin(),S.end()); // check in the spheres
CGAL_assertion(ms.is_valid());

}
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MinSphereOfSpheresTraits

Definition

A model of conceptMinSphereOfSpheresTraitsmust provide the following constants, types, predicates and
operations.

Has Models

CGAL::Min sphereof spheresd traits 2<K,FT,UseSqrt,Algorithm>
CGAL::Min sphereof spheresd traits 3<K,FT,UseSqrt,Algorithm>
CGAL::Min sphereof spheresd traits d<K,FT,Dim,UseSqrt,Algorithm>

Constants

MinSphereOfSpheresTraits:: D specifies the dimension of the spheres you want to compute
the minsphere of.

Types

MinSphereOfSpheresTraits:: Sphere is a typedef to to some class representing a sphere. (The
package will compute the minsphere of spheres of type
Sphere.) The typeSpheremust provide a copy constructor.

MinSphereOfSpheresTraits:: FT is a (exact or inexact) field number type.
Requirement: Currently,FT must either bedoubleor float,
or an exact field number type. (Anexactnumber type is one
which evaluates arithmetic expressions involving the four ba-
sic operations and comparisions with infinite precision, that
is, like in R.)

MinSphereOfSpheresTraits:: Cartesianconst iterator

non-mutable model of the STL conceptForwardIteratorwith
value typeFT. Used to access the center coordinates of a
sphere.
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MinSphereOfSpheresTraits:: Usesquareroots

must typedef to eitherCGAL::Tag trueor CGAL::Tag false.
The algorithm uses (depending on the typeMinSphere-
OfSpheresTraits::Algorithm) floating-point arithmetic inter-
nally for some intermediate computations. The typeUse
squarerootsaffects how these calculations are done: When
Use squareroots is Tag true, the algorithm computing the
minsphere will perform square-root operations ondoubles
and floats where appropriate. On the other hand, ifUse
squareroots is CGAL::Tag false, the algorithm will work
without doing square-roots.
Note: On some platforms the algorithm is much faster when
square-roots are disabled (due to lacking hardware support).

MinSphereOfSpheresTraits:: Algorithm selects the method to compute the minsphere with. It must
typedef to eitherCGAL::Default algorithm, CGAL::LP
algorithm or CGAL::Farthestfirst heuristic. The recom-
mended choice is the first, which is a synonym to the one of
the other two methods which we consider “the best in prac-
tice.” In case ofCGAL::LP algorithm, the minsphere will be
computed using the LP-algorithm [MSW92], which in our
implementation has maximal expected running timeO(2dn)
(in the number of operations on the number typeFT). In case
of CGAL::Farthestfirst heuristic, a simple heuristic will be
used instead which seems to work fine in practice, but comes
without a guarantee on the running time. For an inexact
number typeFT we strongly recommendCGAL::Default
algorithm, or, if you want,CGAL::Farthestfirst heuristic,
since these handle most degeneracies in a satisfying man-
ner. Notice that this compile-time flag is taken as a hint only.
Should one of the methods not be available anymore in a fu-
ture release, then the default algorithm will be chosen.

Access Functions

FT traits.radius( Sphere s)

returns the radius of spheres.
Postcondition: The returned number is greater or equal to 0.

Cartesianconst iterator

traits.centercartesianbegin( Sphere s)

returns an iterator referring to the first of theD Cartesian
coordinates of the center ofs.
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CGAL::Min sphere of spheresd traits 2<K,FT,UseSqrt,Algorithm>

Definition

The classMin sphereof spheresd traits 2<K,FT,UseSqrt,Algorithm> is a model for conceptMinSphereOf-
SpheresTraits. It uses the CGAL typePoint 2 to represent circles.

Is Model for the Concepts

MinSphereOfSpheresTraits

Parameters

The last two template parameters,UseSqrtandAlgorithm, have default arguments, namelyCGAL::Tag false
andCGAL::Default algorithm, respectively.

The template parameters of classMin sphereof spheresd traits 2<K,FT,UseSqrt,Algorithm> must fulfill the
following requirements:

Min sphereof spheresd traits 2<K,FT,UseSqrt,Algorithm>:: K

is a model forKernel.

Min sphereof spheresd traits 2<K,FT,UseSqrt,Algorithm>:: FT

is a number type, which fulfills the requirements of typeFT
of conceptMinSphereOfSpheresTraits: It must be eitherdou-
bleor float, or an exact number type.

Min sphereof spheresd traits 2<K,FT,UseSqrt,Algorithm>:: UseSqrt

fulfills the requirements of typeUse squareroots of con-
ceptMinSphereOfSpheresTraits: It must be eitherTag true
or Tag false.

Min sphereof spheresd traits 2<K,FT,UseSqrt,Algorithm>:: Algorithm

fulfills the requirements of typeAlgorithm of conceptMin-
SphereOfSpheresTraits: It must be eitherDefault algorithm,
LP algorithmor Farthest first heuristic.

Constants

Min sphereof spheresd traits 2<K,FT,UseSqrt,Algorithm>:: D

is the constant 2, i.e. the dimension ofR2.
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Types

In addition to the types required by the conceptMinSphereOfSpheresTraits, this model also defines the types
RadiusandPoint. Here’s the complete list of defined types:

Min sphereof spheresd traits 2<K,FT,UseSqrt,Algorithm>:: FT

Min sphereof spheresd traits 2<K,FT,UseSqrt,Algorithm>:: Use squareroots

Min sphereof spheresd traits 2<K,FT,UseSqrt,Algorithm>:: Algorithm

Min sphereof spheresd traits 2<K,FT,UseSqrt,Algorithm>:: Radius

is a typedef to the template parameterFT

Min sphereof spheresd traits 2<K,FT,UseSqrt,Algorithm>:: Point

is a typedef toK::Point 2.

Min sphereof spheresd traits 2<K,FT,UseSqrt,Algorithm>:: Sphere

is a typedef tostd::pair<Point,Radius>.

Min sphereof spheresd traits 2<K,FT,UseSqrt,Algorithm>:: Cartesian const iterator

is a typedef toK::Cartesian const iterator 2.

Access Functions

The class provides the access functions required by the conceptMinSphereOfSpheresTraits; they simply map
to the corresponding routines of classK::Point 2:

FT traits.radius( Sphere s)

maps tos.second.

Cartesianconst iterator

traits.centercartesianbegin( Sphere s)

maps tos.first.cartesianbegin().
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CGAL::Min sphere of spheresd traits 3<K,FT,UseSqrt,Algorithm>

Definition

The classMin sphereof spheresd traits 3<K,FT,UseSqrt,Algorithm> is a model for conceptMinSphereOf-
SpheresTraits. It uses the CGAL typePoint 3 to represent circles.

Is Model for the Concepts

MinSphereOfSpheresTraits

Parameters

The last two template parameters,UseSqrtandAlgorithm, have default arguments, namelyCGAL::Tag false
andCGAL::Default algorithm, respectively.

The template parameters of classMin sphereof spheresd traits 3<K,FT,UseSqrt,Algorithm> must fulfill the
following requirements:

Min sphereof spheresd traits 3<K,FT,UseSqrt,Algorithm>:: K

is a model forKernel.

Min sphereof spheresd traits 3<K,FT,UseSqrt,Algorithm>:: FT

is a number type, which fulfills the requirements of typeFT
of conceptMinSphereOfSpheresTraits: It must be eitherdou-
bleor float, or an exact number type.

Min sphereof spheresd traits 3<K,FT,UseSqrt,Algorithm>:: UseSqrt

fulfills the requirements of typeUse squareroots of con-
ceptMinSphereOfSpheresTraits: It must be eitherTag true
or Tag false.

Min sphereof spheresd traits 3<K,FT,UseSqrt,Algorithm>:: Algorithm

fulfills the requirements of typeAlgorithm of conceptMin-
SphereOfSpheresTraits: It must be eitherDefault algorithm,
LP algorithmor Farthest first heuristic.

Constants

Min sphereof spheresd traits 3<K,FT,UseSqrt,Algorithm>:: D

is the constant 3, i.e. the dimension ofR3.
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Types

In addition to the types required by the conceptMinSphereOfSpheresTraits, this model also defines the types
RadiusandPoint. Here’s the complete list of defined types:

Min sphereof spheresd traits 3<K,FT,UseSqrt,Algorithm>:: FT

Min sphereof spheresd traits 3<K,FT,UseSqrt,Algorithm>:: Use squareroots

Min sphereof spheresd traits 3<K,FT,UseSqrt,Algorithm>:: Algorithm

Min sphereof spheresd traits 3<K,FT,UseSqrt,Algorithm>:: Radius

is a typedef to the template parameterFT

Min sphereof spheresd traits 3<K,FT,UseSqrt,Algorithm>:: Point

is a typedef toK::Point 3.

Min sphereof spheresd traits 3<K,FT,UseSqrt,Algorithm>:: Sphere

is a typedef tostd::pair<Point,Radius>.

Min sphereof spheresd traits 3<K,FT,UseSqrt,Algorithm>:: Cartesian const iterator

is a typedef toK::Cartesian const iterator 2.

Access Functions

The class provides the access functions required by the conceptMinSphereOfSpheresTraits; they simply map
to the corresponding routines of classK::Point 3:

FT traits.radius( Sphere s)

maps tos.second.

Cartesianconst iterator

traits.centercartesianbegin( Sphere s)

maps tos.first.cartesianbegin().
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CGAL::Min sphere of spheresd traits d<K,FT,Dim,UseSqrt,Algorithm >

Definition

The classMin sphereof spheresd traits d<K,FT,Dim,UseSqrt,Algorithm> is a model for conceptMinSphere-
OfSpheresTraits. It uses the CGAL typePoint d to represent circles.

Is Model for the Concepts

MinSphereOfSpheresTraits

Parameters

The last two template parameters,UseSqrtandAlgorithm, have default arguments, namelyCGAL::Tag false
andCGAL::Default algorithm, respectively.

The template parameters of classMin sphereof spheresd traits d<K,FT,UseSqrt,Algorithm> must fulfill the
following requirements:

Min sphereof spheresd traits d<K,FT,Dim,UseSqrt,Algorithm>:: K

is a model forKernel.

Min sphereof spheresd traits d<K,FT,Dim,UseSqrt,Algorithm>:: FT

is a number type, which fulfills the requirements of typeFT
of conceptMinSphereOfSpheresTraits: It must be eitherdou-
bleor float, or an exact number type.

Min sphereof spheresd traits d<K,FT,Dim,UseSqrt,Algorithm>:: UseSqrt

fulfills the requirements of typeUse squareroots of con-
ceptMinSphereOfSpheresTraits: It must be eitherTag true
or Tag false.

Min sphereof spheresd traits d<K,FT,Dim,UseSqrt,Algorithm>:: Algorithm

fulfills the requirements of typeAlgorithm of conceptMin-
SphereOfSpheresTraits: It must be eitherDefault algorithm,
LP algorithmor Farthest first heuristic.
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Constants

Min sphereof spheresd traits d<K,FT,Dim,UseSqrt,Algorithm>:: D

is the constantDim.

Types

In addition to the types required by the conceptMinSphereOfSpheresTraits, this model also defines the types
RadiusandPoint. Here’s the complete list of defined types:

Min sphereof spheresd traits d<K,FT,Dim,UseSqrt,Algorithm>:: FT

Min sphereof spheresd traits d<K,FT,Dim,UseSqrt,Algorithm>:: Use squareroots

Min sphereof spheresd traits d<K,FT,Dim,UseSqrt,Algorithm>:: Algorithm

Min sphereof spheresd traits d<K,FT,Dim,UseSqrt,Algorithm>:: Radius

is a typedef to the template parameterFT

Min sphereof spheresd traits d<K,FT,Dim,UseSqrt,Algorithm>:: Point

is a typedef toK::Point d.

Min sphereof spheresd traits d<K,FT,Dim,UseSqrt,Algorithm>:: Sphere

is a typedef tostd::pair<Point,Radius>.

Min sphereof spheresd traits d<K,FT,Dim,UseSqrt,Algorithm>:: Cartesian const iterator

is a typedef toK::Cartesian const iterator d.

Access Functions

The class provides the access functions required by the conceptMinSphereOfSpheresTraits; they simply map
to the corresponding routines of classK::Point d:

FT traits.radius( Sphere s)

maps tos.second.

Cartesianconst iterator

traits.centercartesianbegin( Sphere s)

maps tos.first.cartesianbegin().
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CGAL::Approximate min ellipsoid d<Traits>

Definition

An object of classApproximatemin ellipsoid d<Traits> is an approximation to the ellipsoid of smallest volume
enclosing a finite multiset of points ind-dimensional Euclidean spaceEd, d≥ 2.

An ellipsoid in Ed is a Cartesian pointset of the form{x ∈ Ed | xTEx+ xTe+ η ≤ 0}, whereE is some pos-
itive definite matrix from the setRd×d, e is some reald-vector, andη ∈ R. A pointsetP⊆ Ed is calledfull-
dimensionalif its affine hull has dimensiond. For a finite, full-dimensional pointsetP we denote byMEL(P)
the smallest ellipsoid that contains all points ofP; this ellipsoid exists and is unique.

For a given finite and full-dimensional pointsetP⊂Ed and a real numberε≥ 0, we say that an ellipsoidE ⊂Ed

is an(1+ε)-appoximationto MEL(P) if P⊂E andVOL(E)≤ (1+ε)VOL(MEL(P)). In other words, an(1+ε)-
approximation toMEL(P) is an enclosing ellipsoid whose volume is by at most a factor of 1+ ε larger than the
volume of the smallest enclosing ellipsoid ofP.

Given this notation, an object of classApproximatemin ellipsoid d<Traits> represents an(1 + ε)-
approximation toMEL(P) for a given finite and full-dimensional multiset of pointsP⊂ Ed and a real constant
ε > 0.1 When anApproximatemin ellipsoid d<Traits> object is constructed, an iterator over the pointsP and
the numberε have to be specified; the numberε defines thedesired approximation ratio1+ ε. The underlying
algorithm will then try to compute an(1+ ε)-approximation toMEL(P), and one of the following two cases
takes place.

• The algorithm determines thatP is not full-dimensional (seeis full dimensional()below).

Important note:due to rounding errors, the algorithm cannot in all cases decide correctly whetherP is
full-dimensional or not. Ifis full dimensional()returnsfalse, the points lie in such a “thin” subspace
of Ed that the algorithm is incapable of computing an approximation toMEL(P). More precisely, ifis
full dimensional()returnsfalse, there exist two parallel hyperplanes inEd with the pointsP in between
so that the distanceδ between the hyperplanes is very small, possible zero. (Ifδ = 0 thenP is not full-
dimensional.)

If P is not full-dimensional, linear algebra techniques should be used to determine an affine subspaceSof
Ed that contains the pointsP as a (w.r.t.S) full-dimensional pointset; onceS is determined, the algorithm
can be invoked again to compute an approximation to (the lower-dimensional)MEL(P) in S. Sinceis full
dimensional()might (due to rounding errors, see above) returnfalseeven thoughP is full-dimensional, the
lower-dimensional subspaceScontainingP need not exist. Therefore, it might be more advisable to fit a
hyperplaneH through the pointsetP, projectPonto this affine subspaceH, and compute an approximation
to the minimum-volume enclosing ellipsoid of the projected points withinH; the fitting can be done for
instance using thelinear least squaresfitting() function from the CGAL packagePrincipal component
analysis.

• The algorithm determines thatP is full-dimensional. In this case, it provides an approximationE to
MEL(P), but depending on the input problem (i.e., on the pair(P,ε)), it may not have achieved the desired
approximation ratio but merely someworseapproximation ratio 1+ε′ > 1+ε. The achieved approxima-
tion ratio 1+ ε′ can be queried usingachievedepsilon(), which returnsε′. The ellipsoidE itself can be
queried via the methodsdefining matrix(), defining vector(), anddefining scalar().

The ellipsoidE computed by the algorithm satisfies the inclusions

1
(1+ ε′)d

E ⊆ conv(P)⊆ E (38.1)

1A multisetis a set where elements may have multiplicity greater than 1.
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where f E denotes the ellipsoidE scaled by the factorf ∈ R+ with respect to its center, and where conv(A)
denotes theconvex hullof a pointsetA⊂ Ed.

The underlying algorithm can cope with all kinds of inputs (multisetsP, ε ∈ [0,∞)) and terminates in all cases.
There is, however, no guarantee that any desired approximation ratio is actually achieved; the performance of
the algorithm in this respect highly depends on the input pointset. Values of at least 0.01 for ε are usually
handled without problems.

Internally, the algorithm represents the input points’ Cartesian coordinates asdouble’s. For this conversion to
work, the input point coordinates must be convertible todouble. Also, in order to compute the achieved epsilon
ε′ mentioned above, the algorithm requires a number typeET that providesexactarithmetic. (Both these aspects
are discussed in the documentation of the conceptApproximateMinEllipsoidd Traits d.)

#include<CGAL/Approximatemin ellipsoid d.h>

Requirements

The template parameterTraits is a model forApproximateMinEllipsoidd Traits d.

We provide the modelCGAL::Approximatemin ellipsoid d traits d<K> using thed-dimensional CGAL ker-
nel; the modelsCGAL::Approximatemin ellipsoid d traits 2<K> andCGAL::Approximatemin ellipsoid d
traits 3<K> are for use with the 2- and 3-dimensional CGAL kernel, respectively.

Types

Approximatemin ellipsoid d<Traits>:: FT

typedef Traits::FT FT(which is always a typedef todouble).

Approximatemin ellipsoid d<Traits>:: ET

typedef Traits::ET ET(which is an exact number type used for exact
computation like for example inachievedepsilon()).

Approximatemin ellipsoid d<Traits>:: Point

typedef Traits::Point Point

Approximatemin ellipsoid d<Traits>:: Cartesian const iterator

typedef Traits::Cartesianconst iterator Cartesianconst iterator

Approximatemin ellipsoid d<Traits>:: Center coordinateiterator

A model of STL conceptRandomAccessIteratorwith value typedou-
ble that is used to iterate over the Cartesian center coordinates of the
computed ellipsoid, seecentercartesianbegin().
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Approximatemin ellipsoid d<Traits>:: Axes lengthsiterator

A model of STL conceptRandomAccessIteratorwith value typedou-
ble that is used to iterate over the lengths of the semiaxes of the com-
puted ellipsoid, seeaxeslengthsbegin().

Approximatemin ellipsoid d<Traits>:: Axis direction iterator

A model of STL conceptRandomAccessIteratorwith value typedou-
ble that is used to iterate over the Cartesian coordinates of the di-
rection of a fixed axis of the computed ellipsoid, seeaxis direction
cartesianbegin().

Creation

An object of typeApproximatemin ellipsoid d<Traits> can be created from an arbitrary point setP and some
nonnegativedoublevalueeps.

template< class Iterator>
Approximatemin ellipsoid d<Traits> ame( double eps, Iterator first, Iterator last, Traits traits = Traits());

initializesameto an(1+ ε)-approximation ofMEL(P) with
P being the set of points in the range [first,last). The number
ε in this will be at mosteps, if possible. However, due to the
limited precision in the algorithm’s underlying arithmetic, it
can happen that the computed approximation ellipsoid has a
worse approximation ratio (andε can thus be larger thaneps
in general). In any case, the numberε (and with this, the
achived approximation 1+ ε) can be queried by calling the
routineachievedepsilon()discussed below.
Requirement: Iterator must be a model for conceptInputIt-
erator with value typePoint.
Precondition: The dimensiond of the input points must be
at least 2, andε > 0.

Access Functions

The following methods can be used to query the achieved approximation ratio 1+ε′ and the computed ellipsoid
E = {x∈ Ed | xTEx+ xTe+ η ≤ 0}. The methodsdefining matrix(), defining vector(), anddefining scalar()
do not returnE, e, andη directly but yield multiples of these quantities that are exactly representable using the
doubletype. (This is necessary because the parametersE, e, andη of the computed approximation ellipsoidE
might not be exactly representable asdoublenumbers.)

unsigned int ame.numberof points()

returns the number of points ofame, i.e.,|P|.
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double ame.achievedepsilon()

returns a numberε′ such that the computed approximation
is (under exact arithmetic) guaranteed to be an(1 + ε′)-
approximation toMEL(P).
Precondition: ame.isfull dimensional() == true.
Postcondition: ε′ > 0.

double ame.definingmatrix( int i, int j)
gives access to the(i, j)th entry of the matrixE in the rep-
resentation{x∈ Ed | xTEx+ xTe+ η ≤ 0} of the computed
approximation ellipsoidE . The number returned by this rou-
tine is(1+ε′)(d+1)Ei j , whereε′ is the number returned by
achievedepsilon().
Precondition: 0≤ i, j ≤ d, whered is the dimension of the
pointsP, andame.isfull dimensional() == true.

double ame.definingvector( int i)
gives access to theith entry of the vectore in the represen-
tation {x ∈ Ed | xTEx+ xTe+ η ≤ 0} of the computed ap-
proximation ellipsoidE . The number returned by this rou-
tine is (1+ ε′)(d+1)ei , whereε′ is the number returned by
achievedepsilon().
Precondition: 0 ≤ i ≤ d, whered is the dimension of the
pointsP, andame.isfull dimensional() == true.

double ame.definingscalar() gives access to the scalarη from the representation{x∈ Ed |
xTEx+ xTe+ η ≤ 0} of the computed approximation ellip-
soidE . The number returned by this routine is(1+ ε′)(d+
1)(η + 1), whereε′ is the number returned byachieved
epsilon().
Precondition: ame.isfull dimensional() == true.

Traits ame.traits() returns a const reference to the traits class object.

int ame.dimension() returns the dimension of the ambient space, i.e., the dimen-
sion of the pointsP.

In order to access the center and semiaxes of the computed approximation ellipsoid, the functionscenter
cartesianbegin(), axeslengthsbegin(), andaxis direction cartesianbegin()can be used. In constrast to the
above access functionsachievedepsilon(), defining matrix(), defining vector(), anddefining scalar(), which
return the described quantities exactly, the routines below returnnumerical approximationsto the real center
and real semiaxes of the computed ellipsoid; the comprised relative error may be larger than zero, and there are
no guarantees for the returned quantities.

Centercoordinateiterator
ame.centercartesianbegin()

returns an iterator pointing to the first of thed Cartesian co-
ordinates of the computed ellipsoid’s center.
The returned point is a floating-point approximation to the
ellipsoid’s exact center; no guarantee is given w.r.t. the in-
volved relative error.
Precondition: ame.isfull dimensional() == true.

Centercoordinateiterator
ame.centercartesianend()

returns the past-the-end iterator corresponding tocenter
cartesianbegin().
Precondition: ame.isfull dimensional() == true.
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Axeslengthsiterator
ame.axeslengthsbegin()

returns an iterator pointing to the first of thed descendantly
sorted lengths of the computed ellipsoid’s axes. Thed re-
turned numbers are floating-point approximations to the ex-
act axes-lengths of the computed ellipsoid; no guarantee is
given w.r.t. the involved relative error. (See also method
axesdirection cartesianbegin().)
Precondition: ame.isfull dimensional() == true, and d ∈
{2,3}.

Axeslengthsiterator
ame.axeslengthsend()

returns the past-the-end iterator corresponding toaxes
lengthsbegin().
Precondition: ame.isfull dimensional() == true, and d ∈
{2,3}.

Axesdirection coordinateiterator
ame.axisdirection cartesianbegin( int i)

returns an iterator pointing to the first of thed Cartesian co-
ordinates of the computed ellipsoid’sith axis direction (i.e.,
unit vector in direction of the ellipsoid’sith axis). The direc-
tion described by this iterator is a floating-point approxima-
tion to the exact axis direction of the computed ellipsoid; no
guarantee is given w.r.t. the involved relative error. An ap-
proximation to the length of axisi is given by theith entry of
axeslengthsbegin().
Precondition: ame.isfull dimensional() == true, and d ∈
{2,3}, and 0≤ i < d.

Axesdirection coordinateiterator
ame.axisdirection cartesianend( int i)

returns the past-the-end iterator corresponding toaxis
direction cartesianbegin().
Precondition: ame.isfull dimensional() == true, and d ∈
{2,3}, and 0≤ i < d.

Predicates

bool ame.isfull dimensional()

returns whetherP is full-dimensional or not, i.e., returnstrue
if and only if P is full-dimensional.
Note: due to the limited precision in the algorithm’s under-
lying arithmetic, the result of this method is not always cor-
rect. Rather, a return value offalsemeans that the pointsP
are contained in a “very thin” linear subspace ofEd, and as
a consequence, the algorithm cannot compute an approxima-
tion. More precisely, a return value offalsemeans that the
pointsP are contained between two parallel hyperplanes in
Ed that are very close to each other (possibly at distance zero)
— so close, that the algorithm could not compute an approx-
imation ellipsoid. Similarly, a return value oftrue does not
guaranteeP to be full-dimensional; but there exists an input
pointsetP′ such that the pointsP′ andP have almost identical
coordinates andP′ is full-dimensional.
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Validity Check

An objectameis valid iff

• amecontains all points of its defining setP,

• ameis an(1+ ε′)-approximation to the smallest ellipsoidMEL(P) of P,

• The ellipsoid represented byamefulfills the inclusion (38.1).

bool ame.isvalid( bool verbose = false)

returnstrue iff ameis valid according to the above definition.
If verboseis true, some messages concerning the performed
checks are written to the standard error stream.

Miscellaneous

void ame.writeeps( const std::string& name)

Writes the pointsP and the computed approximation to
MEL(P) as an EPS-file under pathnamename.
Precondition: The dimension of pointsP must be 2.
Note: this routine is provided as a debugging routine; future
version of CGAL might not provide it anymore.
Precondition: ame.isfull dimensional() == true.

See Also

CGAL::Min ellipse 2<Traits> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2203

Implementation

We implement Khachyian’s algorithm for rounding polytopes [Kha96]. Internally, we usedouble-arithmetic
and (initially a single) Cholesky-decomposition. The algorithm’s running time isO(nd2(ε−1 + lnd+ ln ln(n))),
wheren = |P| and 1+ ε is the desired approximation ratio.

Example

To illustrate the usage ofApproximatemin ellipsoid d<Traits> we give two examples in 2D. The first program
generates a random setP⊂E2 and outputs the points and a 1.01-approximation ofMEL(P) as an EPS-file, which
you can view usinggv, for instance. (In both examples you can change the variablesn andd to experiment with
the code.)

#include <vector>
#include <iostream>
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#include <CGAL/basic.h>
#include <CGAL/Cartesian_d.h>
#include <CGAL/MP_Float.h>
#include <CGAL/point_generators_d.h>
#include <CGAL/Approximate_min_ellipsoid_d.h>
#include <CGAL/Approximate_min_ellipsoid_d_traits_d.h>

typedef CGAL::Cartesian_d<double> Kernel;
typedef CGAL::MP_Float ET;
typedef CGAL::Approximate_min_ellipsoid_d_traits_d<Kernel, ET> Traits;
typedef Traits::Point Point;
typedef std::vector<Point> Point_list;
typedef CGAL::Approximate_min_ellipsoid_d<Traits> AME;

int main()
{

const int n = 1000; // number of points
const int d = 2; // dimension
const double eps = 0.01; // approximation ratio is (1+eps)

// create a set of random points:
Point_list P;
CGAL::Random_points_in_iso_box_d<Point> rpg(d,100.0);
for (int i = 0; i < n; ++i) {

P.push_back(*rpg);
++rpg;

}

// compute approximation:
Traits traits;
AME ame(eps, P.begin(), P.end(), traits);

// write EPS file:
if (ame.is_full_dimensional() && d == 2)

ame.write_eps("example.eps");

// output center coordinates:
std::cout << "Cartesian center coordinates: ";
for (AME::Center_coordinate_iterator c_it = ame.center_cartesian_begin();

c_it != ame.center_cartesian_end();
++c_it)

std::cout << *c_it << ’ ’;
std::cout << ".\n";

if (d == 2 || d == 3) {
// output axes:
AME::Axes_lengths_iterator axes = ame.axes_lengths_begin();
for (int i = 0; i < d; ++i) {

std::cout << "Semiaxis " << i << " has length " << *axes++ << "\n"
<< "and Cartesian coordinates ";

for (AME::Axes_direction_coordinate_iterator
d_it = ame.axis_direction_cartesian_begin(i);

d_it != ame.axis_direction_cartesian_end(i); ++d_it)
std::cout << *d_it << ’ ’;
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std::cout << ".\n";
}

}
}

The second program outputs the approximation in a format suitable for display in Maplesoft’s Maple.

// Usage: ./maple_example > maple.text
// Then enter in Maple ’read "maple.text";’.

#include <vector>
#include <iostream>
#include <iomanip>

#include <CGAL/basic.h>
#include <CGAL/Cartesian_d.h>
#include <CGAL/MP_Float.h>
#include <CGAL/point_generators_d.h>
#include <CGAL/Approximate_min_ellipsoid_d.h>
#include <CGAL/Approximate_min_ellipsoid_d_traits_d.h>

typedef CGAL::Cartesian_d<double> Kernel;
typedef CGAL::MP_Float ET;
typedef CGAL::Approximate_min_ellipsoid_d_traits_d<Kernel, ET> Traits;
typedef Traits::Point Point;
typedef std::vector<Point> Point_list;
typedef CGAL::Approximate_min_ellipsoid_d<Traits> AME;

int main()
{

const int n = 100; // number of points
const int d = 2; // dimension
const double eps = 0.01; // approximation ratio is (1+eps)

// create a set of random points:
Point_list P;
CGAL::Random_points_in_iso_box_d<Point> rpg(d,1.0);
for (int i = 0; i < n; ++i) {

P.push_back(*rpg);
++rpg;

}

// compute approximation:
Traits traits;
AME mel(eps, P.begin(), P.end(), traits);

// output for Maple:
if (mel.is_full_dimensional() && d == 2) {

const double alpha = (1+mel.achieved_epsilon())*(d+1);

// output points:
using std::cout;
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cout << "restart;\n"
<< "with(LinearAlgebra):\n"
<< "with(plottools):\n"
<< "n:= " << n << ":\n"
<< "P:= Matrix(" << d << "," << n << "):\n";

for (int i=0; i<n; ++i)
for (int j=0; j<d; ++j)

cout << "P[" << j+1 << "," << i+1 << "] := "
<< std::setiosflags(std::ios::scientific)
<< std::setprecision(20) << P[i][j] << ":\n";

cout << "\n";

// output defining equation:
cout << "Mp:= Matrix([\n";
for (int i=0; i<d; ++i) {
cout << " [";
for (int j=0; j<d; ++j) {

cout << mel.defining_matrix(i,j)/alpha;
if (j<d-1)
cout << ",";

}
cout << "]";
if (i<d-1)

cout << ",";
cout << "\n";

}
cout << "]);\n" << "mp:= Vector([";
for (int i=0; i<d; ++i) {
cout << mel.defining_vector(i)/alpha;
if (i<d-1)

cout << ",";
}
cout << "]);\n"

<< "eta:= " << (mel.defining_scalar()/alpha-1.0) << ";\n"
<< "v:= Vector([x,y]):\n"
<< "e:= Transpose(v).Mp.v+Transpose(v).mp+eta;\n"
<< "plots[display]({seq(point([P[1,i],P[2,i]]),i=1..n),\n"
<< " plots[implicitplot](e,x=-5..5,y=-5..5,numpoints=10000)},\n"
<< " scaling=CONSTRAINED);\n";

}
}
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ApproximateMinEllipsoid d Traits d

Definition

This concept defines the requirements for traits classes ofCGAL::Approximatemin ellipsoid d<Traits>.

Refines

DefaultConstructible
CopyConstructible
Assignable

Types

ApproximateMinEllipsoidd Traits d:: FT typedef double FT

ApproximateMinEllipsoidd Traits d:: ET Some model of conceptRingNumberTypethat provides exact
arithmetic, meaning thatCGAL::Numbertype traits<ET>
::Has exact ring operationsmust beCGAL::Tag true. In
addition, ET must be able to exactly represent any finite
doublevalue. (An example for such a type isCGAL::MP
Float.).
The typeET is to be used by theApproximatemin ellipsoid
d<Traits> class for internal, exact computations.

ApproximateMinEllipsoidd Traits d:: Point Type of the input points.Point must provide the default
and copy constructor, and must be a model ofDefaultCon-
structible, CopyConstructible, andAssignable.

ApproximateMinEllipsoidd Traits d:: Cartesianconst iterator

Model for the STL conceptRandomAccessIteratorwhose
value type must be convertible todouble. This type is used to
iterate over the Cartesian coordinates of an instance of type
Point, seecartesianbegin()below.

Access Functions

int traits.dimension( Point p)

returns the dimension of a pointp.

Cartesianconst iterator

traits.cartesianbegin( Point p)

returns an input iterator over the Euclidean coordinates of
the pointp. The range of the iterator must have sizedimen-
sion(p).
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Has Models

CGAL::Approximatemin ellipsoid d traits 2<K, ET> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page??
CGAL::Approximatemin ellipsoid d traits 3<K, ET> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page??
CGAL::Approximatemin ellipsoid d traits d<K, ET> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page??

See Also

CGAL::Min ellipse 2<Traits> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2203
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CGAL::Approximate min ellipsoid d traits 2<K,ET>

Definition

The classApproximatemin ellipsoid d traits 2<K,ET> is a traits class forCGAL::Approximatemin ellipsoid
d<Traits> using the 2-dimensional CGAL kernel. In order to use this class, an exact number-typeET has to be
provided whichApproximatemin ellipsoid d<Traits> will use for its internal exact computations.

#include<CGAL/Approximatemin ellipsoid d traits 2.h>

Requirements

The template parameterK must be a model for conceptKernel. The template parameterET must be a model
for conceptRingNumberTypewith exact arithmetic operations, i.e., the typeCGAL::Numbertype traits<ET>
::Has exact ring operationsmust beCGAL::Tag true. In addition,ET must be able to exactly represent any
finite doublevalue. (Examples of such a number-type areCGAL::MP Float, CORE::Expr, andCGAL::Gmpq.)

Is Model for the Concepts

ApproximateMinEllipsoidd Traits d

Types

Approximatemin ellipsoid d traits 2<K,ET>:: FT typedef double FT. The kernel’s number typeK::RT
must be convertible todouble.

Approximatemin ellipsoid d traits 2<K,ET>:: ET typedef to the second template argument,ET.

Approximatemin ellipsoid d traits 2<K,ET>:: Point

typedef K::Point2 Point

Approximatemin ellipsoid d traits 2<K,ET>:: Cartesian const iterator

typedef K::Cartesianconst iterator 2 Cartesian
const iterator

See Also

CGAL::Approximatemin ellipsoid d traits 3<K,ET> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2277
CGAL::Approximatemin ellipsoid d traits d<K,ET> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2278
ApproximateMinEllipsoidd Traits d
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CGAL::Approximate min ellipsoid d traits 3<K,ET>

Definition

The classApproximatemin ellipsoid d traits 3<K,ET> is a traits class forCGAL::Approximatemin ellipsoid
d<Traits> using the 3-dimensional CGAL kernel. In order to use this class, an exact number-typeET has to be
provided whichApproximatemin ellipsoid d<Traits> will use for its internal exact computations.

#include<CGAL/Approximatemin ellipsoid d traits 3.h>

Requirements

The template parameterK must be a model for conceptKernel. The template parameterET must be a model
for conceptRingNumberTypewith exact arithmetic operations, i.e., the typeCGAL::Numbertype traits<ET>
::Has exact ring operationsmust beCGAL::Tag true. In addition,ET must be able to exactly represent any
finite doublevalue. (Examples of such a number-type areCGAL::MP Float, CORE::Expr, andCGAL::Gmpq.)

Is Model for the Concepts

ApproximateMinEllipsoidd Traits d

Types

Approximatemin ellipsoid d traits 3<K,ET>:: FT

typedef double FT. The kernel’s number typeK::RT must be
convertible todouble.

Approximatemin ellipsoid d traits 3<K,ET>:: ET

typedef to the second template argument,ET.

Approximatemin ellipsoid d traits 3<K,ET>:: Point

typedef K::Point3 Point

Approximatemin ellipsoid d traits 3<K,ET>:: Cartesian const iterator

typedef K::Cartesianconst iterator 3 Cartesianconst
iterator

See Also

CGAL::Approximatemin ellipsoid d traits 2<K,ET> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2276
CGAL::Approximatemin ellipsoid d traits d<K,ET> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2278
ApproximateMinEllipsoidd Traits d
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CGAL::Approximate min ellipsoid d traits d<K,ET>

Definition

The classApproximatemin ellipsoid d traits d<K,ET> is a traits class forCGAL::Approximatemin ellipsoid
d<Traits> using thed-dimensional CGAL kernel. In order to use this class, an exact number-typeET has to be
provided whichApproximatemin ellipsoid d<Traits> will use for its internal exact computations.

#include<CGAL/Approximatemin ellipsoid d traits d.h>

Requirements

The template parameterK must be a model for conceptKernel. The template parameterET must be a model
for conceptRingNumberTypewith exact arithmetic operations, i.e., the typeCGAL::Numbertype traits<ET>
::Has exact ring operationsmust beCGAL::Tag true. In addition,ET must be able to exactly represent any
finite doublevalue. (Examples of such a number-type areCGAL::MP Float, CORE::Expr, andCGAL::Gmpq.)

Is Model for the Concepts

ApproximateMinEllipsoidd Traits d

Types

Approximatemin ellipsoid d traits d<K,ET>:: FT

typedef double FT. The kernel’s number typeK::RT must be
convertible todouble.

Approximatemin ellipsoid d traits d<K,ET>:: ET

typedef to the second template argument,ET.

Approximatemin ellipsoid d traits d<K,ET>:: Point

typedef K::Pointd Point

Approximatemin ellipsoid d traits d<K,ET>:: Cartesian const iterator

typedef K::Cartesianconst iterator Cartesianconst
iterator

See Also

CGAL::Approximatemin ellipsoid d traits 2<K,ET> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2276
CGAL::Approximatemin ellipsoid d traits 3<K,ET> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2277
ApproximateMinEllipsoidd Traits d
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CGAL::Optimisation d traits 2<K,ET,NT >

Definition

The classOptimisationd traits 2<K,ET,NT> is a traits class for thed-dimensional optimisation algorithms
using the two-dimensional CGAL kernel.

#include<CGAL/Optimisationd traits 2.h>

Requirements

The template parameterK is a model forKernel. Template parametersET andNT are models forRingNumber-
Type.

The second and third template parameter have default typeK::RT.

Is Model for the Concepts

OptimisationDTraits . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2285

Types

Optimisationd traits 2<K,ET,NT>:: Point d typedef toK::Point 2.

Optimisationd traits 2<K,ET,NT>:: Rep tag typedef toK::Rep tag.

Optimisationd traits 2<K,ET,NT>:: RT typedef toK::RT.

Optimisationd traits 2<K,ET,NT>:: FT typedef toK::FT .

Optimisationd traits 2<K,ET,NT>:: Accessdimensiond

typedef toK::Accessdimension2.

Optimisationd traits 2<K,ET,NT>:: Accesscoordinatesbegin d

typedef toK::Accesscoordinatesbegin 2.

Optimisationd traits 2<K,ET,NT>:: Construct point d

typedef toK::Construct point 2.

Optimisationd traits 2<K,ET,NT>:: ET second template parameter (default isK::RT).

Optimisationd traits 2<K,ET,NT>:: NT third template parameter (default isK::RT).

2279



Creation

Optimisationd traits 2<K,ET,NT> traits; default constructor.

Optimisationd traits 2<K,ET,NT> traits( Optimisationd traits 2<K,ET,NT>);

copy constructor.

Operations

The following functions just return the corresponding function class object.

Accessdimensiond traits.accessdimensiond object()

Accesscoordinatesbegin d traits.accesscoordinatesbegin d object()

Constructpoint d traits.constructpoint d object()

See Also

CGAL::Min sphered<Traits> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2238
CGAL::Min annulusd<Traits> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2244
CGAL::Polytopedistanced<Traits> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2314

CGAL::Optimisationd traits 3<K,ET,NT> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2281
CGAL::Optimisationd traits d<K,ET,NT> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2283

OptimisationDTraits . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2285
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CGAL::Optimisation d traits 3<K,ET,NT >

Definition

The classOptimisationd traits 3<K,ET,NT> is a traits class for thed-dimensional optimisation algorithms
using the three-dimensional CGAL kernel.

#include<CGAL/Optimisationd traits 3.h>

Requirements

The template parameterK is a model forKernel. Template parametersET andNT are models forRingNumber-
Type.

The second and third template parameter have default typeK::RT.

Is Model for the Concepts

OptimisationDTraits . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2285

Types

Optimisationd traits 3<K,ET,NT>:: Point d typedef toK::Point 3.

Optimisationd traits 3<K,ET,NT>:: Rep tag typedef toK::Rep tag.

Optimisationd traits 3<K,ET,NT>:: RT typedef toK::RT.

Optimisationd traits 3<K,ET,NT>:: FT typedef toK::FT .

Optimisationd traits 3<K,ET,NT>:: Accessdimensiond

typedef toK::Accessdimension3.

Optimisationd traits 3<K,ET,NT>:: Accesscoordinatesbegin d

typedef toK::Accesscoordinatesbegin 3.

Optimisationd traits 3<K,ET,NT>:: Construct point d

typedef toK::Construct point 3.

Optimisationd traits 3<K,ET,NT>:: ET second template parameter (default isK::RT).

Optimisationd traits 3<K,ET,NT>:: NT third template parameter (default isK::RT).
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Creation

Optimisationd traits 3<K,ET,NT> traits; default constructor.

Optimisationd traits 3<K,ET,NT> traits( Optimisationd traits 3<K,ET,NT>);

copy constructor.

Operations

The following functions just return the corresponding function class object.

Accessdimensiond traits.accessdimensiond object()

Accesscoordinatesbegin d traits.accesscoordinatesbegin d object()

Constructpoint d traits.constructpoint d object()

See Also

CGAL::Min sphered<Traits> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2238
CGAL::Min annulusd<Traits> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2244
CGAL::Polytopedistanced<Traits> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2314

CGAL::Optimisationd traits 2<K,ET,NT> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2279
CGAL::Optimisationd traits d<K,ET,NT> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2283

OptimisationDTraits . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2285
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CGAL::Optimisation d traits d<K,ET,NT >

Definition

The classOptimisationd traits d<K,ET,NT> is a traits class for thed-dimensional optimisation algorithms
using thed-dimensional CGAL kernel.

#include<CGAL/Optimisationd traits d.h>

Requirements

The template parameterK is a model forKernel. Template parametersET andNT are models forRingNumber-
Type.

The second and third template parameter have default typeK::RT.

Is Model for the Concepts

OptimisationDTraits . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2285

Types

Optimisationd traits d<K,ET,NT>:: Point d typedef toK::Point d.

Optimisationd traits d<K,ET,NT>:: Rep tag typedef toK::Rep tag.

Optimisationd traits d<K,ET,NT>:: RT typedef toK::RT.

Optimisationd traits d<K,ET,NT>:: FT typedef toK::FT .

Optimisationd traits d<K,ET,NT>:: Accessdimensiond

typedef toK::Accessdimensiond.

Optimisationd traits d<K,ET,NT>:: Accesscoordinatesbegin d

typedef toK::Accesscoordinatesbegin d.

Optimisationd traits d<K,ET,NT>:: Construct point d

typedef toK::Construct point d.

Optimisationd traits d<K,ET,NT>:: ET second template parameter (default isK::RT).

Optimisationd traits d<K,ET,NT>:: NT third template parameter (default isK::RT).
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Creation

Optimisationd traits d<K,ET,NT> traits; default constructor.

Optimisationd traits d<K,ET,NT> traits( Optimisationd traits d<K,ET,NT>);

copy constructor.

Operations

The following functions just return the corresponding function class object.

Accessdimensiond traits.accessdimensiond object()

Accesscoordinatesbegin d traits.accesscoordinatesbegin d object()

Constructpoint d traits.constructpoint d object()

See Also

CGAL::Min sphered<Traits> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2238
CGAL::Min annulusd<Traits> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2244
CGAL::Polytopedistanced<Traits> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2314

CGAL::Optimisationd traits 2<K,ET,NT> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2279
CGAL::Optimisationd traits 3<K,ET,NT> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2281

OptimisationDTraits . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2285
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OptimisationDTraits

Definition

This concept defines the requirements for traits classes ofd-dimensional optimisation algorithms.

Types

OptimisationDTraits:: Pointd point type used to represent the input points.

OptimisationDTraits:: Reptag compile time tag to distinguish between Cartesian and homogeneous repre-
sentation of the input points.Reptag has to be eitherCGAL::Cartesiantag
or CGAL::Homogeneoustag.

OptimisationDTraits:: RT number type used to represent the coordinates of the input points. It has to
be a model forRingNumberType.

OptimisationDTraits:: FT number type used to return either the squared radius of the smallest enclos-
ing sphere or annulus, or the squared distance of the polytopes.FT has to
be eitherRT or CGAL::Quotient<RT> if the input points have Cartesian or
homogeneous representation, respectively (cf.Reptag).

OptimisationDTraits:: Accessdimensiond

data accessor object used to access the dimension of the input points.

OptimisationDTraits:: Accesscoordinatesbegin d

data accessor object used to access the coordinates of the input points.

OptimisationDTraits:: Constructpoint d

constructor object used to construct either the center of the smallest enclos-
ing sphere or annulus, or the points realizing the distance between the two
polytopes.

The following two number types are only needed forCGAL::Min annulusd<Traits> andCGAL::Polytope
distanced<Traits>.

OptimisationDTraits:: ET exact number type used to do the exact computations in the underlying solver
for linear programs. It has to to be a model forRingNumberType. There must
be an implicit conversion fromRT to ET available.

OptimisationDTraits:: NT fast (possibly inexact) number type used to speed up the pricing step in the
underlying solver for linear programs. It has to be a model forRingNumber-
Type. There must be implicit conversions fromRT to NT and fromNT to ET
available.
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Creation

Only default and copy constructor are required.

OptimisationDTraits traits;

OptimisationDTraits traits( OptimisationDTraits);

Operations

The following functions just return the corresponding function class object.

Accessdimensiond traits.accessdimensiond object()

Accesscoordinatesbegin d traits.accesscoordinatesbegin d object()

Constructpoint d traits.constructpoint d object()

Has Models

CGAL::Optimisationd traits 2<K,ET,NT> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2279
CGAL::Optimisationd traits 3<K,ET,NT> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2281
CGAL::Optimisationd traits d<K,ET,NT> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2283

See Also

CGAL::Min sphered<Traits> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2238
CGAL::Min annulusd<Traits> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2244
CGAL::Polytopedistanced<Traits> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page2314
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CGAL::maximum area inscribed k gon 2

Definition

The functionmaximumarea inscribedk gon 2 computes a maximum areak-gonPk that can be inscribed into
a given convex polygonP. Note that

• Pk is not unique in general, but it can be chosen in such a way that its vertices form a subset of the vertex
set ofP and

• the vertices of a maximum areak-gon, where thek vertices are to be drawn from a planar point setS, lie
on the convex hull ofS i.e. a convex polygon.

#include<CGAL/extremalpolygon2.h>

template< class RandomAccessIterator, class OutputIterator>
OutputIterator maximumarea inscribedk gon 2(

RandomAccessIterator pointsbegin,
RandomAccessIterator pointsend,
int k,
OutputIterator o)

computes a maximum area inscribedk-gon of the convex polygon described by [points begin, points end),
writes its vertices too and returns the past-the-end iterator of this sequence.

Precondition:

1. the – at least three – points denoted by the range [points begin, points end) form the boundary of a convex
polygon (oriented clock– or counterclockwise).

2. k≥ 3.

Requirement:

1. Value type ofRandomAccessIteratoris K::Point 2 whereK is a model forKernel.

2. OutputIteratoraccepts the value type ofRandomAccessIteratoras value type.

See Also

CGAL::maximumperimeterinscribedk gon 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2289
ExtremalPolygonTraits2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2296
CGAL::Extremalpolygonarea traits 2<K> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2292
CGAL::Extremalpolygonperimetertraits 2<K> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page2294
CGAL::extremalpolygon2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2291
CGAL::monotonematrix search. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2321
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Implementation

The implementation uses monotone matrix search [AKM +87] and has a worst case running time ofO(k ·n+n·
logn), wheren is the number of vertices inP.

Example

The following code generates a random convex polygonp with ten vertices and computes the maximum area
inscribed five-gon ofp.

#include <CGAL/Cartesian.h>
#include <CGAL/Polygon_2.h>
#include <CGAL/point_generators_2.h>
#include <CGAL/random_convex_set_2.h>
#include <CGAL/extremal_polygon_2.h>
#include <iostream>
#include <vector>

typedef double FT;

struct Kernel : public CGAL::Cartesian<FT> {};

typedef Kernel::Point_2 Point;
typedef std::vector<int> Index_cont;
typedef CGAL::Polygon_2<Kernel> Polygon;
typedef CGAL::Random_points_in_square_2<Point> Generator;

int main() {

int n = 10;
int k = 5;

// generate random convex polygon:
Polygon p;
CGAL::random_convex_set_2(n, std::back_inserter(p), Generator(1));
std::cout << "Generated Polygon:\n" << p << std::endl;

// compute maximum area incribed k-gon of p:
Polygon k_gon;
CGAL::maximum_area_inscribed_k_gon_2(

p.vertices_begin(), p.vertices_end(), k, std::back_inserter(k_gon));
std::cout << "Maximum area " << k << "-gon:\n"

<< k_gon << std::endl;

return 0;
}
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CGAL::maximum perimeter inscribed k gon 2

Definition

The functionmaximumperimeterinscribedk gon 2 computes a maximum perimeterk-gon Pk that can be
inscribed into a given convex polygonP. Note that

• Pk is not unique in general, but it can be chosen in such a way that its vertices form a subset of the vertex
set ofP and

• the vertices of a maximum perimeterk-gon, where thek vertices are to be drawn from a planar point set
S, lie on the convex hull ofS i.e. a convex polygon.

#include<CGAL/extremalpolygon2.h>

template< class RandomAccessIterator, class OutputIterator>
OutputIterator maximumperimeterinscribedk gon 2(

RandomAccessIterator pointsbegin,
RandomAccessIterator pointsend,
int k,
OutputIterator o)

computes a maximum perimeter inscribedk-gon of the convex polygon described by [points begin, points end),
writes its vertices too and returns the past-the-end iterator of this sequence.

Precondition:

1. the – at least three – points denoted by the range [points begin, points end) form the boundary of a convex
polygon (oriented clock– or counterclockwise).

2. k≥ 2.

Requirement:

1. Value type ofRandomAccessIteratoris K::Point 2 whereK is a model forKernel.

2. There is a global functionK::FT CGAL::sqrt(K::FT) defined that computes the squareroot of a number.

3. OutputIteratoraccepts the value type ofRandomAccessIteratoras value type.

See Also

CGAL::maximumarea inscribedk gon 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2287
ExtremalPolygonTraits2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2296
CGAL::Extremalpolygonarea traits 2<K> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2292
CGAL::Extremalpolygonperimetertraits 2<K> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page2294
CGAL::extremalpolygon2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2291
CGAL::monotonematrix search. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2321
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Implementation

The implementation uses monotone matrix search [AKM +87] and has a worst case running time ofO(k ·n+n·
logn), wheren is the number of vertices inP.

Example

The following code generates a random convex polygonp with ten vertices and computes the maximum perime-
ter inscribed five-gon ofp.

#include <CGAL/Cartesian.h>
#include <CGAL/Polygon_2.h>
#include <CGAL/point_generators_2.h>
#include <CGAL/random_convex_set_2.h>
#include <CGAL/extremal_polygon_2.h>
#include <iostream>
#include <vector>

typedef double FT;

struct Kernel : public CGAL::Cartesian<FT> {};

typedef Kernel::Point_2 Point;
typedef std::vector<int> Index_cont;
typedef CGAL::Polygon_2<Kernel> Polygon;
typedef CGAL::Random_points_in_square_2<Point> Generator;

int main() {

int n = 10;
int k = 5;

// generate random convex polygon:
Polygon p;
CGAL::random_convex_set_2(n, std::back_inserter(p), Generator(1));
std::cout << "Generated Polygon:\n" << p << std::endl;

// compute maximum perimeter incribed k-gon of p:
Polygon k_gon;
CGAL::maximum_perimeter_inscribed_k_gon_2(

p.vertices_begin(), p.vertices_end(), k, std::back_inserter(k_gon));
std::cout << "Maximum perimeter " << k << "-gon:\n"

<< k_gon << std::endl;

return 0;
}
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CGAL::extremal polygon 2

advanced

Definition

The functionextremalpolygon2 computes a maximalk-gon that can be inscribed into a given convex poly-
gon. The criterion for maximality and some basic operations have to be specified in an appropriate traits class
parameter.

#include<CGAL/extremalpolygon2.h>

template< class RandomAccessIterator, class OutputIterator, class Traits>
OutputIterator extremalpolygon2(

RandomAccessIterator pointsbegin,
RandomAccessIterator pointsend,
int k,
OutputIterator o,
Traits t)

computes a maximal (as specified byt) inscribedk-gon of the convex polygon described by [points begin,
points end), writes its vertices too and returns the past-the-end iterator of this sequence.

Precondition:

1. the – at least three – points denoted by the range [points begin, points end) form the boundary of a convex
polygon (oriented clock– or counterclockwise).

2. k≥ t.min k().

Requirement:

1. Traits is a model forExtremalPolygonTraits2.

2. Value type ofRandomAccessIteratoris Traits::Point 2.

3. OutputIteratoracceptsTraits::Point 2 as value type.

See Also

CGAL::maximumarea inscribedk gon 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2287
CGAL::maximumperimeterinscribedk gon 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2289
ExtremalPolygonTraits2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2296
CGAL::monotonematrix search. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2321

Implementation

The implementation uses monotone matrix search [AKM +87] and has a worst case running time ofO(k ·n+n·
logn), wheren is the number of vertices inP.

advanced
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CGAL::Extremal polygon area traits 2<K>

advanced

Definition

The class provides the types and operations needed to compute a maximum areak-gonPk that can be inscribed
into a given convex polygonP using the functionextremalpolygon2.

Requirements

The template parameterK is a model forKernel.

Is Model for the Concepts

ExtremalPolygonTraits2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2296

Types

Extremalpolygonarea traits 2<K>:: FT typedef toK::FT .

Extremalpolygonarea traits 2<K>:: Point 2 typedef toK::Point 2.

Extremalpolygonarea traits 2<K>:: Less xy 2

typedef toK::Less xy 2.

Extremalpolygonarea traits 2<K>:: Orientation 2

typedef toK::Orientation 2.

Extremalpolygonarea traits 2<K>:: Operation

AdaptableBinaryFunction classop: Point 2 × Point 2 →
FT. For a fixedPoint 2 root, op(p, q) returns twice the area
of the triangle(root, q, p).

Operations

int t.min k() const returns 3.

FT t.init( const Point2& p, const Point2& q) const

returnsFT(0).
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Operation t.operation( const Point2& p) const

returnsOperationwherep is the fixedroot point.

template< class RandomAccessIterator, class OutputIterator>
OutputIterator t.computemin k gon( RandomAccessIterator pointsbegin,

RandomAccessIterator pointsend,
FT& max area,
OutputIterator o) const

writes the vertices of [points begin, points end) forming a
maximum area triangle rooted atpoints begin[0] to o and
returns the past-the-end iterator for that sequence (==o + 3).

Lessxy 2 t.lessxy 2 object()
Orientation 2 t.orientation2 object()

See Also

CGAL::maximumarea inscribedk gon 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2287
CGAL::maximumperimeterinscribedk gon 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2289
CGAL::extremalpolygon2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2291
CGAL::Extremalpolygonperimetertraits 2<K> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page2294
ExtremalPolygonTraits2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2296

advanced
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CGAL::Extremal polygon perimeter traits 2<K>

advanced

Definition

The class provides the types and operations needed to compute a maximum perimeterk-gon Pk that can be
inscribed into a given convex polygonP using the functionextremalpolygon2.

Requirements

The template parameterK is a model forKernel.

Is Model for the Concepts

ExtremalPolygonTraits2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2296

Types

Extremalpolygonperimetertraits 2<K>:: FT

typedef toK::FT .

Extremalpolygonperimetertraits 2<K>:: Point 2

typedef toK::Point 2.

Extremalpolygonperimetertraits 2<K>:: Less xy 2

typedef toK::Less xy 2.

Extremalpolygonperimetertraits 2<K>:: Orientation 2

typedef toK::Orientation 2.

Extremalpolygonperimetertraits 2<K>:: Operation

AdaptableBinaryFunction classop: Point 2 × Point 2 →
FT. For a fixedPoint 2 root, op(p, q) returns d(r, p) +
d(p, q)−d(r, q) whered denotes the Euclidean distance.
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Operations

int t.min k() const returns 2.

FT t.init( const Point2& p, const Point2& q) const

returns twice the Euclidean distance betweenp andq.

Operation t.operation( const Point2& p) const

returnsOperationwherep is the fixedroot point.

template< class RandomAccessIterator, class OutputIterator>
OutputIterator t.computemin k gon( RandomAccessIterator pointsbegin,

RandomAccessIterator pointsend,
FT& max area,
OutputIterator o) const

writes the pair (points begin[0], p) wherep is drawn from
[points begin, points end) such that the Euclidean distance
between both points is maximized (maximum perimeter 2-
gon rooted atpoints begin[0]) to o and returns the past-the-
end iterator for that sequence (==o + 2).

Lessxy 2 t.lessxy 2 object()
Orientation 2 t.orientation2 object()

See Also

CGAL::maximumarea inscribedk gon 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2287
CGAL::maximumperimeterinscribedk gon 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2289
CGAL::extremalpolygon2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2291
CGAL::Extremalpolygonarea traits 2<K> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2292
ExtremalPolygonTraits2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2296

advanced
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ExtremalPolygonTraits 2

advanced

Definition

The concept ExtremalPolygonTraits2 provides the types and operations needed to compute a maximalk-gon
that can be inscribed into a given convex polygon.

Types

ExtremalPolygonTraits2:: FT model for FieldNumberType . . . . . . . . . . . . . . . . . . page2530.

ExtremalPolygonTraits2:: Point 2 model for Kernel::Point2 . . . . . . . . . . . . . . . . . . . . . . page408.

ExtremalPolygonTraits2:: Lessxy 2 model for Kernel::Lessxy 2 . . . . . . . . . . . . . . . . . . . . page??.

ExtremalPolygonTraits2:: Orientation 2 model for Kernel::Orientation2 . . . . . . . . . . . . . . . . page403.

ExtremalPolygonTraits2:: Operation AdaptableBinaryFunction classop: Point 2 × Point 2 →
FT. Together withinit this operation recursively defines the
objective function to maximize. Letp andq be two vertices
of a polygonP such thatq precedesp in the oriented ver-
tex chain ofP starting with vertexroot. Thenop(p,q) re-
turns the value by which an arbitrary sub-polygon ofP with
vertices from[root, q] increases whenp is added to it. E.g.
in the maximum area case this is the area of the triangle
(root, q, p).

Operations

int t.min k() const returns the minimalk for which a maximalk-gon can be com-
puted. (e.g. in the maximum area case this is three.)

FT t.init( const Point2& p, const Point2& q) const

returns the value of the objective function for a polygon con-
sisting of the two pointsp andq. (e.g. in the maximum area
case this isFT( 0).)

Operation t.operation( const Point2& p) const

returnOperationwherep is the fixedroot point.

template< class RandomAccessIterator, class OutputIterator>
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OutputIterator t.computemin k gon( RandomAccessIterator pointsbegin,
RandomAccessIterator pointsend,
FT& max area,
OutputIterator o) const

writes the points of [points begin, points end) forming a
min k()-gon rooted atpoints begin[0] of maximal value to
o and returns the past-the-end iterator for that sequence (==
o + min k()).

Lessxy 2 t.lessxy 2 object()
Orientation 2 t.orientation2 object()

Notes

• ::Less xy 2 and ::Orientation 2 are used for (expensive) precondition checking only. Therefore, they
need not to be specified, in case that precondition checking is disabled.

Has Models

CGAL::Extremalpolygonarea traits 2<K> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2292
CGAL::Extremalpolygonperimetertraits 2<K> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page2294

See Also

CGAL::maximumarea inscribedk gon 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2287
CGAL::maximumperimeterinscribedk gon 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2289
CGAL::extremalpolygon2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2291

advanced
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CGAL::Largest empty iso rectangle 2<T>

Definition

Given a set of points in the plane, the classLargestemptyiso rectangle2<T> is a data structure that main-
tains an iso-rectangle with the largest area among all iso-rectangles that are inside a given bounding box( iso-
rectangle), and that do not contain any point of the point set.

The classLargestemptyiso rectangle2<T> expects a model of the conceptLargestEmptyIsoRectangleTraits
2 as its template argument.

#include<CGAL/Largestemptyiso rectangle2.h>

Types

The classLargestemptyiso rectangle2<T> defines the following types:

typedef T Traits;

typedef Traits::Point2

Point 2;

typedef Traits::Isorectangle2

Iso rectangle2;

The following iterator allows to enumerate the points. It is non mutable, bidirectional and its value type is
Point 2. It is invalidated by any insertion or removal of a point.

Largestemptyiso rectangle2<T>:: const iterator

Iterator over the points.

Creation

Largestemptyiso rectangle2<T> l( Iso rectangle2 b);

Constructor. The iso-rectangleb is the bounding rectangle.

Largestemptyiso rectangle2<T> l( const Point2 p, const Point2 q);

Constructor. The iso-rectangle whose lower left and upper right points arep andq respectively is
the bounding rectangle.

Largestemptyiso rectangle2<T> l;

Constructor. The iso-rectangle whose lower left point and upper right points are (0,0) and (1,1)
respectively is the bounding rectangle.
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Largestemptyiso rectangle2<T> l( const Largestemptyiso rectangle2<Traits> tr);

Copy constructor.

Operations

Assignment

Largestemptyiso rectangle2<T>

l = tr

Access Functions

Traits l.traits() Returns a const reference to the traits object.

const iterator l.begin() Returns an iterator to the beginning of the point set.

const iterator l.end() Returns a past-the-end iterator for the point set.

Queries

Quadruple<Point 2, Point 2, Point 2, Point 2>

l.get left bottomright top()

Returns the four points that define the largest empty iso-rectangle.
(Note that these points are not necessarily on a corner of an iso-
rectangle.)

Iso rectangle2

l.get largest emptyiso rectangle()

Returns the largest empty iso-rectangle. (Note that the two points
defining the iso-rectangle are not necessarily part of the point set.)

Iso rectangle2

l.get boundingbox() Returns the iso-rectangle passed in the constructor.

Insertion

void l.insert( Point2 p) Inserts pointp in the point set, if it is not already in the set.

void l.pushback( Point2 p) Inserts pointp in the point set, if it is not already in the set.

template< class InputIterator>
2299



int l.insert( InputIterator first, InputIterator last)

Inserts the points in the range[ first, last). Returns the number of
inserted points.

Requirements

Thevalue typeof first andlast is Point.

Removal

bool l.remove( Point2 p) Removes pointp. Returns false iffp is not in the point set.

void l.clear() Removes all points ofl.

Implementation

The algorithm is an implementation of [Orl90]. The runtime of an insertion or a removal isO(logn). A query
takesO(n2) worst case time andO(nlogn) expected time. The working storage isO(n).
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LargestEmptyIsoRectangleTraits 2

Definition

The concept LargestEmptyIsoRectangleTraits2 describes the set of requirements to be fulfilled by any class
used to instantiate the template parameter of the classLargestemptyiso rectangle2<T>. This concept pro-
vides the types of the geometric primitives used in this class and some function object types for the required
predicates on those primitives.

Types

LargestEmptyIsoRectangleTraits2:: Point 2 The point type.
LargestEmptyIsoRectangleTraits2:: Iso rectangle2

The iso rectangle type.

LargestEmptyIsoRectangleTraits2:: Comparex 2

Predicate object. Must provide the operatorComparison
result operator()(Point2 p, Point 2 q) which returns
SMALLER, EQUALor LARGERaccording ding to thex-
ordering of pointsp andq.

LargestEmptyIsoRectangleTraits2:: Comparey 2

Predicate object. Must provide the operatorComparison
result operator()(Point2 p, Point 2 q) which returns
SMALLER, EQUALor LARGERaccording to they-ordering
of pointsp andq.

LargestEmptyIsoRectangleTraits2:: Lessx 2 Predicate object. Must provide the operatorbool
operator()(Point2 p, Point 2 q) which returns whetherp is
less thanq according to theirx-ordering.

LargestEmptyIsoRectangleTraits2:: Lessy 2 Predicate object. Must provide the operatorbool
operator()(Point2 p, Point 2 q) which returns whetherp is
less thanq according to theiry-ordering.

Creation

Only a default constructor, copy constructor and an assignement operator are required. Note that further con-
structors can be provided.

LargestEmptyIsoRectangleTraits2 traits; Default constructor.
LargestEmptyIsoRectangleTraits2 traits( LargestEmptyIsoRectangleTraits2);

Copy constructor

LargestEmptyIsoRectangleTraits2

traits = gtr Assignment operator.
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Predicate functions

The following functions give access to the predicate and constructor objects.

Comparex 2 traits.comparex 2 object()
Comparey 2 traits.comparey 2 object()
Lessx 2 traits.lessx 2 object()
Lessy 2 traits.lessy 2 object()

Has Models

CGAL::Cartesian<R>
CGAL::Homogeneous<R>

See Also

CGAL::Largestemptyiso rectangle2<Traits>
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CGAL::all furthest neighbors 2

Definition

The functionall furthestneighbors2 computes all furthest neighbors for the vertices of a convex polygonP,
i.e. for each vertexv of P a vertexfv of P such that the distance betweenv and fv is maximized.

#include<CGAL/all furthestneighbors2.h>

template< class RandomAccessIterator, class OutputIterator, class Traits>
OutputIterator all furthestneighbors2(

RandomAccessIterator pointsbegin,
RandomAccessIterator pointsend,
OutputIterator o,
Traits t = Default traits)

computes all furthest neighbors for the vertices of the convex polygon described by the range [points begin,
points end), writes their indices (relative topoints begin) to o2 and returns the past-the-end iterator of this
sequence.

Precondition: The points denoted by the non-empty range [points begin, points end) form the boundary of a
convex polygonP (oriented clock– or counterclockwise).

The geometric types and operations to be used for the computation are specified by the traits class parametert.
This parameter can be omitted ifRandomAccessIteratorrefers to a point type from aKernel. In this case, the
kernel is used as default traits class.

Requirement:

1. If t is specified explicitly,Traits is a model forAllFurthestNeighborsTraits2.

2. Value type ofRandomAccessIteratoris Traits::Point 2 or – if t is not specified explicitly –K::Point 2
whereK is a model forKernel.

3. OutputIteratoracceptsint as value type.

See Also

AllFurthestNeighborsTraits2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2305
CGAL::monotonematrix search. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2321

Implementation

The implementation uses monotone matrix search[AKM +87]. Its runtime complexity is linear in the number of
vertices ofP.

2i.e. the furthest neighbor ofpoints begin[i] is points begin[i-th number written too]
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Example

The following code generates a random convex polygonp with ten vertices, computes all furthest neighbors
and writes the sequence of their indices (relative topoints begin) to cout (e.g. a sequence of4788911224
means the furthest neighbor ofpoints begin[0] is points begin[4], the furthest neighbor ofpoints begin[1] is
points begin[7] etc.).

#include <CGAL/Cartesian.h>
#include <CGAL/Polygon_2.h>
#include <CGAL/point_generators_2.h>
#include <CGAL/random_convex_set_2.h>
#include <CGAL/all_furthest_neighbors_2.h>
#include <CGAL/IO/Ostream_iterator.h>
#include <iostream>
#include <vector>

typedef double FT;

struct Kernel : public CGAL::Cartesian<FT> {};

typedef Kernel::Point_2 Point;
typedef std::vector<int> Index_cont;
typedef CGAL::Polygon_2<Kernel> Polygon;
typedef CGAL::Random_points_in_square_2<Point> Generator;
typedef CGAL::Ostream_iterator<int,std::ostream> Oiterator;

int main()
{

// generate random convex polygon:
Polygon p;
CGAL::random_convex_set_2(10, std::back_inserter(p), Generator(1));

// compute all furthest neighbors:
CGAL::all_furthest_neighbors_2(p.vertices_begin(), p.vertices_end(),

Oiterator(std::cout));
std::cout << std::endl;

return 0;
}
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AllFurthestNeighborsTraits 2

Definition

The concept AllFurthestNeighborsTraits2 defines types and operations needed to compute all furthest neigh-
bors for the vertices of a convex polygon using the functionall furthestneighbors2.

Types

AllFurthestNeighborsTraits2:: FT model for FieldNumberType . . . . . . . . . . . . . . . . . . page2530.

AllFurthestNeighborsTraits2:: Point 2 model for Kernel::Point2 . . . . . . . . . . . . . . . . . . . . . . page408.

AllFurthestNeighborsTraits2:: Computesquareddistance2

model for Kernel::Computesquareddistance2 . . . page??.

AllFurthestNeighborsTraits2:: Lessxy 2 model for Kernel::Lessxy 2 . . . . . . . . . . . . . . . . . . . . page??.

AllFurthestNeighborsTraits2:: Orientation 2 model for Kernel::Orientation2 . . . . . . . . . . . . . . . . page403.

Operations

The following member functions return function objects of the types listed above.
Computesquareddistance2

t.computesquareddistance2 object()
Lessxy 2 t.lessxy 2 object()
Orientation 2 t.orientation2 object()

Has Models

Cartesian<FieldNumberType> . . . . . . . . . . . . page??, Homogeneous<RingNumberType> . . . . . . . . . . . . page??,
Simplecartesian<FieldNumberType> . . . . . . page??, Simplehomogeneous<RingNumberType> . . . . . . page??.

See Also

CGAL::all furthestneighbors2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2303

Notes

• ::Less xy 2 and ::Orientation 2 are used for (expensive) precondition checking only. Therefore, they
need not to be specified, in case that precondition checking is disabled.
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CGAL::Width 3<Traits>

Definition

Given a set of pointsS = {p1, . . . , pn} in R3. The width ofS , denoted asW (S), is defined as the minimum
distance between two parallel planes of support ofconv(S); whereconv(S) denotes the convex hull ofS . The
width in directiond, denoted asWd(S), is the distance between two parallel planes of support ofconv(S),
which are orthogonal tod.

Subject to the applications of the width algorithm, several objects might be interesting:

1. The two parallel planes of support such that the distance between them is as small as possible. These
planes are called width-planes in further considerations.

2. The widthW (S), i.e., the distance between the width-planes.

3. The directiondopt such thatW (S) = Wdopt(S)

Note:There might be several optimal build directions. Hence neither the width-planes nor the directiondopt are
unique – only the width is.

#include<CGAL/Width3.h>

Requirements

The template parameterTraits is a model forWidthTraits3. We provide the modelWidth default traits 3<
Kernel> based on a three-dimensional CGAL kernel.

Types

Width 3<Traits>:: Traits traits class.

typedef typename Traits::Point3 Point 3; point type.

typedef typename Traits::Plane3 Plane3; plane type.

typedef typename Traits::Vector3 Vector3; vector type.

typedef typename Traits::RT RT; algebraic ring type.

typedef typename Traits::ChullTraits ChullTraits; traits class for the 3D convex hull algorithm.

Creation

template< class InputIterator>
Width 3<Traits> width( InputIterator first, InputIterator beyond);

creates a variablewidth initialized to the width ofS – with S being the
set of points in the range [first,beyond).
Requirement: The value type ofInputIterator is Point 3.
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template< class Polyhedron>
Width 3<Traits> width( Polyhedron& P);

creates a variablewidth initialized to the width of the polyhedronP. Note
that the vertex point coordinates are altered!
Precondition: P is a convex polyhedron.
Requirement: Polyhedronis a CGAL::Polyhedron3 with facets sup-
porting plane equations wherePolyhedron::Point3 ≡ Point 3 and
Polyhedron::Plane3≡ Plane 3.

Access Functions

void width.getsquaredwidth( RT& width num, RT& width denom)

returns the squared width. For the reason of exact computation not the
width itself is stored, but thesquaredwidth as a fraction: The numerator
in width numand the denominator inwidth denom. The width of the
point setS is

√
width num

width denom.

void width.getwidth planes( Plane3& e1, Plane3& e2)

The planese1ande2are the two parallel supporting planes, which dis-
tance is minimal (among all such planes).

void width.getwidth coefficients( RT& A, RT& B, RT& C, RT& D, RT& K)

The returned coefficientsA,B,C,D,Khave the property that width-plane
e1 is given by the equationAx+By+Cz+D = 0 and width-planee2by
Ax+By+Cz+K = 0.

Vector 3 width.getbuild direction()

returns a directiondopt such that the width-planese1ande2are perpen-
dicular todopt. The width of the point set is minimal in this direction.

void width.getall build directions( std::vector<Vector 3>& dir)

All the build directions are stored in the vectordir. It might happen that
a certain body has several different build directions, but it is also possible
to have only one build direction.

int width.getnumberof optimal solutions()

returns the number of optimal solutions, i.e., the number of optimal build
directions.
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See Also

CGAL::Width default traits 3<K> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2310

WidthTraits 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2312

Implementation

Since the width of the point setS and the width of the convex hull ofS (conv(S)) is the same, the algorithm
uses the 3D convex hull algorithm CGAL provides.

The width-algorithm is not incremental and therefore inserting and erasing points cause not an ‘automatic’
update of the width. Instead you have to run the width-algorithm again even if the point set is extended by only
one new point.

advanced

Large Numbers. Because there is no need for dividing values during the algorithm, the numbers can get
really huge (all the computations are made using a lot of multiplications). Therefore it is strongly recommended
to use a number type that can handle numbers of arbitrary length (e.g.,leda integer in combination with the
homogeneous representation of the points). But these large numbers have a disadvantage: Operations on them
are slower as greater the number gets. Therefore it is possible to shorten the numbers by using the compiler
flag -DSIMPLIFY. For using this option it is required that the underlying number type provides the ‘modulo’
operation.

Information Output during the Computations. If during the algorithm the program should output some
information (e.g., during the debugging phase) you can turn on the output information by giving the compiler
flag DEBUG. In the filewidth assertions.h you can turn on/off the output of some functions and additional
informations by changing the defined values from 0 (no output) to 1 (output available). But then it is required
that the<<-operator has to been overloaded forPoint 3, Plane 3, Vector 3 andRT.

advanced

Example

#include <CGAL/Homogeneous.h>
#include <CGAL/Width_default_traits_3.h>
#include <CGAL/Width_3.h>
#include <iostream>
#include <vector>
#include <CGAL/leda_integer.h>

typedef leda_integer RT;
typedef CGAL::Homogeneous<RT> Kernel;
typedef Kernel::Point_3 Point_3;
typedef Kernel::Plane_3 Plane_3;
typedef CGAL::Width_default_traits_3<Kernel> Width_traits;
typedef CGAL::Width_3<Width_traits> Width;

int main() {
// Create a simplex using homogeneous integer coordinates
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std::vector<Point_3> points;
points.push_back( Point_3(2,0,0,1));
points.push_back( Point_3(0,1,0,1));
points.push_back( Point_3(0,0,1,1));
points.push_back( Point_3(0,0,0,1));

// Compute width of simplex
Width simplex( points.begin(), points.end());

// Output of squared width, width-planes, and optimal direction
RT wnum, wdenom;
simplex.get_squared_width( wnum, wdenom);
std::cout << "Squared Width: " << wnum << "/" << wdenom << std::endl;

std::cout << "Direction: " << simplex.get_build_direction() << std::endl;

Plane_3 e1, e2;
std::cout << "Planes: E1: " << e1 << ". E2: " << e2 <<std::endl;

std::cout << "Number of optimal solutions: "
<< simplex.get_number_of_optimal_solutions() << std::endl;

return(0);
}
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CGAL::Width default traits 3<K>

Definition

The classWidth default traits 3<K> is a traits class forWidth 3<Traits> using the three-dimensional CGAL

kernel.

#include<CGAL/Widthdefault traits 3.h>

Requirements

The template parameterK is a model forKernel

Is Model for the Concepts

WidthTraits 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2312

Types

typedef typename K::Point3 Point 3;

typedef typename K::Plane3 Plane3;

typedef typename K::Vector3 Vector3;

typedef typename K::RT RT;

typedef Convexhull traits 3<K> ChullTraits;

Creation

Width default traits 3<K> traits; default constructor.

Operations

RT traits.gethx( Point 3 p) returns the homogeneousx-coordinate of pointp.

RT traits.gethy( Point 3 p) returns the homogeneousy-coordinate of pointp.

RT traits.gethz( Point3 p) returns the homogeneousz-coordinate of pointp.

RT traits.gethw( Point 3 p) returns the homogenizing coordinate of pointp.

void traits.getpoint coordinates( Point3 p, RT& px, RT& py, RT& pz, RT& ph)
returns all homogeneous coordinates of pointp at once.

RT traits.geta( Plane3 f) returns the first coefficient of planef .

RT traits.getb( Plane3 f) returns the second coefficient of planef .

RT traits.getc( Plane3 f) returns the third coefficient of planef .

RT traits.getd( Plane3 f) returns the fourth coefficient of planef .

void traits.getplane coefficients( Plane3 f, RT& a, RT& b, RT& c, RT& d)
returns all four plane coefficients off at once.
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Point 3 traits.makepoint( RT hx, RT hy, RT hz, RT hw)
returns a point of typePoint 3 with homogeneous coordinateshx, hy,
hzandhw.

Plane 3 traits.makeplane( RT a, RT b, RT c, RT d)
returns a plane of typePlane 3 whose coefficients area, b, c andd.

Vector traits.makevector( RT a, RT b, RT c)
returns a vector of typeVector 3 with the four coefficientsa, b, c and
1.

See Also

CGAL::Width 3<Traits> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2306

WidthTraits 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2312
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WidthTraits 3

Definition

This concept defines the requirements for traits classes ofWidth 3<Traits>.

Types

WidthTraits3:: Point 3 The point type. The (in)equality tests must be available. Access to the point
coordinates is done via theget .() functions. Constructing a point is done with
themakepoint( )operation.

WidthTraits3:: Plane 3 The plane type. Access to the coefficients of the plane is made via theget .()
functions. Constructing a plane is done with themakeplane()operation.

WidthTraits3:: Vector 3 The vector type. There is no need to access the coefficients of a vector; only
constructing is required and is done with themakevectoroperation.

WidthTraits3:: ChullTraits The traits class for using the convex hull algorithm. It must be a model of the
concept ConvexHullTraits3. This class is used only if the width is computed
from a set of points.

WidthTraits3:: RT Ring type numbers. Internally all numbers are treated as ring type numbers, i.e.,
neither/-operator nor√. nor other inexact operations are used. But because the
algorithm does not use any divisions, but multiplication instead, the numbers
can get really big. Therefore it is recommended to use a ring type number,
that provides values of arbitrary length. Furthermore it is assumed that the
underlying number type ofPoint 3, Plane 3 andVector 3 equalsRT.

Notes:If you want to compute the width of apolyhedronthen you have to make sure that the point type in the
traits class and the point type in the polyhedron class are the same! The same holds forTraits::Plane 3 and
Polyhedron::Plane3.

Creation

Only a default constructor is required.

WidthTraits3 traits;

Operations

Whatever the coordinates of the points are, it is required for the width-algorithm to have access to the homoge-
neous representation of points.

RT gethx( Point 3 p) returns the homogeneousx-coordinate of pointp.

RT gethy( Point 3 p) returns the homogeneousy-coordinate of pointp.

RT gethz( Point3 p) returns the homogeneousz-coordinate of pointp.

RT gethw( Point 3 p) returns the homogenizing coordinate of pointp.

void getpoint coordinates( Point3 p, RT& px, RT& py, RT& pz, RT& ph)
returns all homogeneous coordinates of pointp at once.

RT geta( Plane3 f) returns the first coefficient of planef .

RT getb( Plane3 f) returns the second coefficient of planef .
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RT getc( Plane3 f) returns the third coefficient of planef .

RT getd( Plane3 f) returns the fourth coefficient of planef .

void getplane coefficients( Plane3 f, RT& a, RT& b, RT& c, RT& d)
returns all four plane coefficients off at once.

Point 3 makepoint( RT hx, RT hy, RT hz, RT hw)
returns a point of typePoint 3 with homogeneous coordinateshx, hy,
hzandhw.

Plane 3 makeplane( RT a, RT b, RT c, RT d)
returns a plane of typePlane 3 with coefficientsa, b, c andd.

Vector 3 makevector( RT a, RT b, RT c)
returns a vector of typeVector 3 with the four homogeneous coeffi-
cientsa, b, c and 1.

Has Models

CGAL::Width default traits 3<K> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2310

See Also

CGAL::Width 3<Traits> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2306
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CGAL::Polytope distance d<Traits>

Definition

An object of the classPolytopedistanced<Traits> represents the (squared) distance between two convex poly-
topes, given as the convex hulls of two finite point sets ind-dimensional Euclidean spaceEd. For point sets
P andQ we denote bypd(P,Q) the distance between the convex hulls ofP andQ. Note thatpd(P,Q) can be
degenerate, i.e.pd(P,Q) = ∞ if P or Q is empty.

Two inclusion-minimal subsetsSP of P andSQ of Q with pd(SP,SQ) = pd(P,Q) are calledpair of support sets,
the points inSP andSQ are thesupport points. A pair of support sets has size at mostd+2 (by size we mean
|SP|+ |SQ|). The distance between the two polytopes isrealizedby a pair of pointsp andq lying in the convex
hull of SP andSQ, repectively, i.e.

√
||p−q|| = pd(P,Q). In general, neither the support sets nor the realizing

points are necessarily unique.

The underlying algorithm can cope with all kinds of input, e.g.P andQ may be in non-convex position or points
may occur more than once. The algorithm computes a pair of support setsSP andSQ with realizing pointsp and
q which remain fixed until the next set, insert, or clear operation.

#include<CGAL/Polytopedistanced.h>

Requirements

The template parameterTraits is a model forOptimisationDTraits.

We provide the modelsOptimisationd traits 2, Optimisationd traits 3, andOptimisationd traits d using the
two-, three-, andd-dimensional CGAL kernel, respectively.

Types

Polytopedistanced<Traits>:: Point typedef toTraits::Point d. Point type used to represent the input
points.

Polytopedistanced<Traits>:: FT typedef toTraits::FT. Number type used to return the squared distance
between the two polytopes.

Polytopedistanced<Traits>:: ET typedef toTraits::ET. Number type used to do the exact computations
in the underlying solver for quadratic programs (cf.Implementation).

Polytopedistanced<Traits>:: Point iterator

non-mutable model of the STL conceptRandomAccessIteratorwith
value typePoint. Used to access the points of the two polytopes.

Polytopedistanced<Traits>:: Support point iterator

non-mutable model of the STL conceptRandomAccessIteratorwith
value typePoint. Used to access the support points.
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Polytopedistanced<Traits>:: Coordinate iterator

non-mutable model of the STL conceptRandomAccessIteratorwith
value typeET. Used to access the coordinates of the realizing points.

Creation

Polytopedistanced<Traits> poly dist( Traits traits = Traits(),
int verbose = 0,
std::ostream& stream = std::cout)

initializespoly dist to pd( /0, /0).

template< class InputIterator1, class InputIterator2>
Polytopedistanced<Traits> poly dist( InputIterator1 pfirst,

InputIterator1 p last,
InputIterator2 q first,
InputIterator2 q last,
Traits traits = Traits(),
int verbose = 0,
std::ostream& stream = std::cout)

initializespoly dist to pd(P,Q) with P andQ being the sets
of points in the range [p first,p last) and [q first,q last), re-
spectively.
Requirement: The value type ofInputIterator1and InputIt-
erator2 is Point.
Precondition: All points have the same dimension.

advanced

If verboseis set to 1, 2, or 3 then some, more, or full verbose output of the underlying solver for quadratic
programs is written tostream, resp.

advanced

Access Functions

int poly dist.ambientdimension()

returns the dimension of the points inP andQ. If poly dist
is pd( /0, /0), the ambient dimension is−1.

int poly dist.numberof points()
returns the number of all points ofpoly dist, i.e. |P|+ |Q|.

int poly dist.numberof points p()
returns the number of points inP.

int poly dist.numberof points q()
returns the number of points inQ.
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int poly dist.numberof supportpoints()
returns the number of support points ofpoly dist, i.e. |SP|+
|SQ|.

int poly dist.numberof supportpoints p()
returns the number of support points inSP.

int poly dist.numberof supportpoints q()
returns the number of support points inSQ.

Point iterator poly dist.pointsp begin()
returns an iterator referring to the first point inP.

Point iterator poly dist.pointsp end()
returns the corresponding past-the-end iterator.

Point iterator poly dist.pointsq begin()
returns an iterator referring to the first point inQ.

Point iterator poly dist.pointsq end()
returns the corresponding past-the-end iterator.

Supportpoint iterator
poly dist.supportpoints p begin()

returns an iterator referring to the first support point inSP.

Supportpoint iterator
poly dist.supportpoints p end()

returns the corresponding past-the-end iterator.

Supportpoint iterator
poly dist.supportpoints q begin()

returns an iterator referring to the first support point inSQ.

Supportpoint iterator
poly dist.supportpoints q end()

returns the corresponding past-the-end iterator.

Point poly dist.realizingpoint p()

returns the realizing point ofP.
Requirement: An implicit conversion fromET to RT is avail-
able.
Precondition: pd(P,Q) is finite.

Point poly dist.realizingpoint q()

returns the realizing point ofQ.
Requirement: An implicit conversion fromET to RT is avail-
able.
Precondition: pd(P,Q) is finite.

FT poly dist.squareddistance()

returns the squared distance ofpoly dist, i.e.(pd(P,Q))2.
Requirement: An implicit conversion fromET to RT is avail-
able.
Precondition: pd(P,Q) is finite.
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Coordinateiterator poly dist.realizingpoint p coordinatesbegin()
returns an iterator referring to the first coordinate of the real-
izing point ofP.
Note: The coordinates have a rational representation, i.e. the
first d elements of the iterator range are the numerators and
the(d+1)-st element is the common denominator.

Coordinateiterator poly dist.realizingpoint p coordinatesend()
returns the corresponding past-the-end iterator.

Coordinateiterator poly dist.realizingpoint q coordinatesbegin()
returns an iterator referring to the first coordinate of the real-
izing point ofQ.
Note: The coordinates have a rational representation, i.e. the
first d elements of the iterator range are the numerators and
the(d+1)-st element is the common denominator.

Coordinateiterator poly dist.realizingpoint q coordinatesend()
returns the corresponding past-the-end iterator.

ET poly dist.squareddistancenumerator()

returns the numerator of the squared distance ofpoly dist.

ET poly dist.squareddistancedenominator()

returns the denominator of the squared distance ofpoly dist.

Predicates

bool poly dist.is finite() returnstrue, if pd(P,Q) is finite, i.e. none of the two poly-
topes is empty.

bool poly dist.is zero() returnstrue, if pd(P,Q) is zero, i.e. the two polytopes inter-
sect (this implies degeneracy).

bool poly dist.is degenerate()

returnstrue, iff pd(P,Q) is degenerate, i.e.pd(P,Q) is not
finite.

Modifiers

void poly dist.clear() resetspoly dist to pd( /0, /0).

template< class InputIterator1, class InputIterator2>
void poly dist.set( InputIterator1 pfirst,

InputIterator1 p last,
InputIterator2 q first,
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InputIterator2 q last)

setspoly dist to pd(P,Q) with P and Q being the sets of
points in the ranges [p first,p last) and [q first,q last), re-
spectively.
Requirement: The value type ofInputIterator1and InputIt-
erator2 is Point.
Precondition: All points have the same dimension.

template< class InputIterator>
void poly dist.setp( InputIterator p first, InputIterator p last)

setspoly dist to pd(P,Q) with P being the set of points in the
range [p first,p last) (Q remains unchanged).
Requirement: The value type ofInputIterator is Point.
Precondition: All points in P have dimensionpoly
dist.ambientdimension()if Q is not empty.

template< class InputIterator>
void poly dist.setq( InputIterator q first, InputIterator q last)

setspoly dist to pd(P,Q) with Q being the set of points in
the range [q first,q last) (P remains unchanged).
Requirement: The value type ofInputIterator is Point.
Precondition: All points in Q have dimensionpoly
dist.ambientdimension()if P is not empty.

void poly dist.insertp( Point p)

insertsp into P.
Precondition: The dimension ofp equalspoly dist.ambient
dimension()if poly dist is not pd( /0, /0).

void poly dist.insertq( Point q)

insertsq into Q.
Precondition: The dimension ofq equalspoly dist.ambient
dimension()if poly dist is not pd( /0, /0).

template< class InputIterator1, class InputIterator2>
void poly dist.insert( InputIterator1 pfirst,

InputIterator1 p last,
InputIterator2 q first,
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InputIterator2 q last)

inserts the points in the range [p first,p last) and [q first,q
last) intoP andQ, respectively, and recomputes the (squared)
distance.
Requirement: The value type ofInputIterator1and InputIt-
erator2 is Point.
Precondition: All points have the same dimension. Ifpoly
dist is not pd( /0, /0), this dimension must be equal topoly
dist.ambientdimension().

template< class InputIterator>
void poly dist.insertp( InputIterator p first, InputIterator p last)

inserts the points in the range [p first,p last) into P and re-
computes the (squared) distance (Q remains unchanged).
Requirement: The value type ofInputIterator is Point.
Precondition: All points have the same dimension. Ifpoly
dist is not empty, this dimension must be equal topoly
dist.ambientdimension().

template< class InputIterator>
void poly dist.insertq( InputIterator q first, InputIterator q last)

inserts the points in the range [q first,q last) into Q and re-
computes the (squared) distance (P remains unchanged).
Requirement: The value type ofInputIterator is Point.
Precondition: All points have the same dimension. Ifpoly
dist is not empty, this dimension must be equal topoly
dist.ambientdimension().

Validity Check

An objectpoly dist is valid, iff . . .

• poly dist contains all points of its defining setP,

• poly dist is the smallest sphere containing its support setS, and

• S is minimal, i.e. no support point is redundant.

bool poly dist.is valid( bool verbose = false, int level = 0)

returnstrue, iff poly dist is valid. If verboseis true, some
messages concerning the performed checks are written to
standard error stream. The second parameterlevel is not
used, we provide it only for consistency with interfaces of
other classes.
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Miscellaneous

const Traits& poly dist.traits() returns a const reference to the traits class object.

I/O

std::ostream& std::ostream& os<< poly dist

writespoly dist to output streamos.
Requirement: The output operator is defined forPoint d.

std::istream& std::istream& is >> poly dist&

readspoly dist from input streamis.
Requirement: The input operator is defined forPoint d.

See Also

CGAL::Optimisationd traits 2<K,ET,NT> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2279
CGAL::Optimisationd traits 3<K,ET,NT> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2281
CGAL::Optimisationd traits d<K,ET,NT> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2283

OptimisationDTraits . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2285

Implementation

The problem of finding the distance between two convex polytopes given as the convex hulls of two finite point
sets can be formulated as an optimization problem with linear constraints and a convex quadratic objective
function. The solution is obtained using our exact solver for quadratic programs [GS00].

The creation time is almost always linear in the number of points. Access functions and predicates take constant
time, inserting a point might take up to linear time. The clear operation and the check for validity each take
linear time.
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CGAL::monotone matrix search

advanced

Definition

The functionmonotonematrix searchcomputes the maxima for all rows of a totally monotone matrix.

More precisely, monotony for matrices is defined as follows.

Let K be a totally ordered set,M ∈ K(n,m) a matrix overK and for 0≤ i < n:

rmaxM(i) :∈
{

min
0≤ j<m

j

∣∣∣∣M[i, j] = max
0≤k<m

M[i, k]
}

the (leftmost) column containing the maximum entry in rowi. M is called monotone, iff

∀0≤ i1 < i2 < n : rmaxM(i1)≤ rmaxM(i2) .

M is totally monotone, iff all of its submatrices are monotone (or equivalently: iff all 2× 2 submatrices are
monotone).

#include<CGAL/monotonematrix search.h>

template< class Matrix, class RandomAccessIC, class Comparestrictly >
void monotonematrix search(

Matrix m,
RandomAccessIC t,
Comparestrictly comparestrictly = less< Matrix::Value>())

computes the maximum (as specified bycomparestrictly) entry for each row ofmand writes the corresponding
column tot, i.e. t[i] is set to the index of the column containing the maximum element in rowi. The maximum
mr of a rowr is the leftmost element for whichcomparestrictly(mr , x) is false for all elementsx in r.

Precondition: t points to a structure of size at leastm.numberof rows()

Requirement:

1. Matrix is a model forMonotoneMatrixSearchTraits.

2. Value type ofRandomAccessICis int.

3. If comparestrictly is defined, it is an adaptable binary function:Matrix::Value×Matrix::Value→ bool
describing a strict (non-reflexive) total ordering onMatrix::Value.

See Also

MonotoneMatrixSearchTraits . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2325
CGAL::all furthestneighbors2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2303
CGAL::maximumarea inscribedk gon 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2287
CGAL::maximumperimeterinscribedk gon 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2289
CGAL::extremalpolygon2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2291
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Implementation

The implementation uses an algorithm by Aggarwal et al.[AKM +87]. The runtime is linear in the number of
rows and columns of the matrix.

advanced
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CGAL::Dynamic matrix <M>

advanced

Definition

The classDynamicmatrix<M> is an adaptor for an arbitrary matrix classM to provide the dynamic operations
needed for monotone matrix search.

Requirements

M is a model forBasicMatrix.

#include<CGAL/Dynamicmatrix.h>

Is Model for the Concepts

MonotoneMatrixSearchTraits . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2325
BasicMatrix . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2327

Creation

Dynamicmatrix<M> d( M m); initializesd to m. m is not copied, we only store a reference.

Operations

int d.numberof columns()

returns the number of columns.

int d.numberof rows() returns the number of rows.

Entry d( int row, int column)

returns the entry at position (row, column).
Precondition:
0≤ row < numberof rows()and
0≤ column< numberof columns().

void d.replacecolumn( int old, int new)

replace columnold with column numbernew.
Precondition:
0≤ old, new< numberof columns().
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Matrix* d.extract all evenrows()

returns a new Matrix consisting of all rows ofd with even
index, (i.e. first row is row 0 ofd, second row is row 2 ofd
etc.).
Precondition: numberof rows()> 0.

void d.shrinkto quadratic size()

deletes the rightmost columns, such thatd becomes
quadratic.
Precondition:
numberof columns()≥ numberof rows().
Postcondition:
numberof rows()== numberof columns().

See Also

CGAL::monotonematrix search. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2321
MonotoneMatrixSearchTraits . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2325
BasicMatrix . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2327

Implementation

All operations take constant time except forextract all evenrows which needs time linear in the number of
rows.

advanced
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MonotoneMatrixSearchTraits

advanced

Definition

The concept MonotoneMatrixSearchTraits is a refinement ofBasicMatrix and defines types and operations
needed to compute the maxima for all rows of a totally monotone matrix using the functionmonotonematrix
search.

Types

MonotoneMatrixSearchTraits:: Value The type of a matrix entry.

Operations

int m.numberof columns() const

returns the number of columns.

int m.numberof rows() const

returns the number of rows.

Entry m.operator()( int row, int column) const

returns the entry at position (row, column).
Precondition:
0≤ row < numberof rows()and
0≤ column< numberof columns().

void m.replacecolumn( int old, int new)

replace columnold with column numbernew.
Precondition:
0≤ old, new< numberof columns().

Matrix* m.extract all evenrows() const

returns a new Matrix consisting of all rows ofm with even
index, (i.e. first row is row 0 ofm, second row is row 2 ofm
etc.).
Precondition: numberof rows()> 0.
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void m.shrinkto quadratic size()

deletes the rightmost columns, such thatm becomes
quadratic.
Precondition:
numberof columns()≥ numberof rows().
Postcondition:
numberof rows()== numberof columns().

Notes

• For the sake of efficiency (and in order to achieve the time bounds claimed formonotonematrix search),
all these operations have to be realized in constant time – except forextract all evenrows which may
take linear time.

• There is an adaptorDynamicmatrix that can be used to add most of the functionality described above to
arbitrary matrix classes.

Has Models

CGAL::Dynamicmatrix<M> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2323

See Also

CGAL::monotonematrix search. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2321

advanced
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BasicMatrix

advanced

Definition

A class has to provide the following types and operations in order to be a model forBasicMatrix.

Types

BasicMatrix:: Value The type of a matrix entry. It has to define a copy constructor.

Operations

int m.numberof columns() const

returns the number of columns.

int m.numberof rows() const

returns the number of rows.

Entry m.operator()( int row, int column) const

returns the entry at position (row, column).
Precondition:
0≤ row < numberof rows()and
0≤ column< numberof columns().

Has Models

CGAL::Dynamicmatrix<M> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2323

See Also

MonotoneMatrixSearchTraits . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2325
SortedMatrixSearchTraits . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2333

advanced
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CGAL::sorted matrix search

advanced

Definition

The functionsortedmatrix searchselects the smallest entry in a set of sorted matrices that fulfills a certain
feasibility criterion.

More exactly, a matrixM = (mi j ) ∈ Sr×l (over a totally ordered setS) is sorted, iff

∀1≤ i ≤ r, 1≤ j < l : mi j ≤mi( j+1) and

∀1≤ i < r, 1≤ j ≤ l : mi j ≤m(i+1) j .

Now let M be a set ofn sorted matrices overSand f be a monotone predicate onS, i.e.

f : S−→ bool with f (r) =⇒ ∀ t ∈ S, t > r : f (t) .

If we assume there is any feasible element in one of the matrices inM , there certainly is a smallest such element.
This is the one we are searching for.

The feasibility test as well as some other parameters can (and have to) be customized through a traits class.

#include<CGAL/sortedmatrix search.h>

template< class RandomAccessIterator, class Traits>
Traits::Value sortedmatrix search( RandomAccessIterator f, RandomAccessIterator l, Traits t)

returns the elementx in one of the sorted matrices from the range[ f , l), for which t.is feasible( x)is true and
t.compare( x, y)is true for all othery values from any matrix for whicht.is feasible( y)is true.

Precondition:

1. All matrices in[ f , l) are sorted according toTraits::comparenon strictly.

2. There is at least one entryx in a matrixM ∈ [ f , l) for whichTraits::is feasible(x)is true.

Requirement:

1. Traits is a model forSortedMatrixSearchTraits.

2. Value type ofRandomAccessIteratoris Traits::Matrix.

See Also

SortedMatrixSearchTraits . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2333
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Implementation

The implementation uses an algorithm by Frederickson and Johnson[FJ83, FJ84] and runs inO(n·k+ f · log(n·
k)), wheren is the number of input matrices,k denotes the maximal dimension of any input matrix andf the
time needed for one feasibility test.

Example

In the following program we build a random vectora= (ai)i=1, ...,5 (elements drawn uniformly from{0, . . . , 99})
and construct a Cartesian matrixM containing as elements all sumsai +a j , i, j ∈ {1, . . . , 5}. If a is sorted,M
is sorted as well. So we can applysortedmatrix searchto compute the upper bound for the maximal entry of
a in M.

#include <CGAL/Random.h>
#include <CGAL/Cartesian_matrix.h>
#include <CGAL/sorted_matrix_search.h>
#include <CGAL/functional.h>
#include <vector>
#include <algorithm>
#include <iterator>

typedef int Value;
typedef std::vector<Value> Vector;
typedef Vector::iterator Value_iterator;
typedef std::vector<Vector> Vector_cont;
typedef CGAL::Cartesian_matrix<std::plus<int>,

Value_iterator,
Value_iterator> Matrix;

int main()
{

// set of vectors the matrices are build from:
Vector_cont vectors;

// generate a random vector and sort it:
Vector a;
const int n = 5;
for (int i = 0; i < n; ++i)

a.push_back(CGAL::default_random(100));
std::sort(a.begin(), a.end());
std::cout << "a = ( ";
std::copy(a.begin(), a.end(), std::ostream_iterator<int>(std::cout," "));
std::cout << ")\n";

// build a Cartesian matrix from a:
Matrix M(a.begin(), a.end(), a.begin(), a.end());

// search for an upper bound for max(a):
Value bound = a[n-1];
Value upper_bound =
CGAL::sorted_matrix_search(

&M, &M + 1,
CGAL::sorted_matrix_search_traits_adaptor(
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CGAL::bind_2(std::greater_equal<Value>(), bound), M));
std::cout << "Upper bound for " << bound << " is "

<< upper_bound << "." << std::endl;

return 0;
}

advanced
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CGAL::Sorted matrix search traits adaptor<F,M>

advanced

#include<CGAL/Sortedmatrix searchtraits adaptor.h>

Definition

The classSortedmatrix searchtraits adaptor<F,M> can be used as an adaptor to create sorted matrix search
traits classes for arbitrary feasibility test and matrix classesF resp.M.

Is Model for the Concepts

SortedMatrixSearchTraits . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2333

Requirements

1. M is a model forBasicMatrix and

2. F defines a copy constructor and a monotonebool operator()( const Value&).

Creation

Sortedmatrix searchtraits adaptor<F,M> t( const F& m);

initializest to usem for feasibility testing.

Types

Sortedmatrix searchtraits adaptor<F,M>:: Matrix

typedef toM.

Sortedmatrix searchtraits adaptor<F,M>:: Value

typedef toMatrix::Value.

Sortedmatrix searchtraits adaptor<F,M>:: Comparestrictly

typedef tostd::less<Value>.

Sortedmatrix searchtraits adaptor<F,M>:: Comparenon strictly

typedef tostd::lessequal<Value>.
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Operations

Comparestrictly t.comparestrictly() const

returns theComparestrictly object to be used for the search.

Comparenon strictly

t.comparenon strictly() const

returns theComparenon strictly object to be used for the
search.

bool t.is feasible( const Value& a)

uses the feasibility test given during creation.

advanced
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SortedMatrixSearchTraits

advanced

Definition

The concept SortedMatrixSearchTraits defines types and operations needed to compute the smallest entry in a
set of sorted matrices that fulfills a certain feasibility criterion using the functionsortedmatrix search.

Types

SortedMatrixSearchTraits:: Matrix The class used for representing matrices. It has to be a model
for BasicMatrix.

typedef Matrix::Value

Value; The class used for representing the matrix elements.

SortedMatrixSearchTraits:: Comparestrictly An adaptable binary function class:Value× Value→ bool
defining a non-reflexive total order onValue. This deter-
mines the direction of the search.

SortedMatrixSearchTraits:: Comparenon strictly

An adaptable binary function class:Value× Value→ bool
defining the reflexive total order onValuecorresponding to
Comparestrictly.

Operations

Comparestrictly t.comparestrictly() const

returns theComparestrictly object to be used for the search.

Comparenon strictly

t.comparenon strictly() const

returns theComparenon strictly object to be used for the
search.

bool t.is feasible( const Value& a)

The predicate to determine whether an elementa is feasible.
It has to be monotone in the sense thatcompare( a, b)and
is feasible( a)imply is feasible( b).
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Has Models

CGAL::Sortedmatrix searchtraits adaptor<F,M> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2331

See Also

CGAL::sortedmatrix search. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2328
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Chapter 39

Principal Component Analysis
Pierre Alliez and Sylvain Pion
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This CGAL package provides functions to compute global informations on the shape of a set of 2D or 3D
objects such as points. It provides the computation of axis-aligned bounding boxes, centroids of point sets,
barycenters of weighted point sets, as well as linear least squares fitting for point sets in 2D, and point sets as
well as triangle sets in 3D. The sets are specified by iterator ranges of containers.

39.0.1 Definitions

A bounding boxfor a set of objects is a cuboid that completely contains the set. Anaxis-aligned bounding box
is a bounding box aligned with the axes of the coordinate system.

A centroidis defined as average of position. Abarycenterof weighted point sets is defined as weighted average
of position. When all weights are equal the barycenter coincides with the centroid.

Given a point set,linear least squares fittingamounts to find the linear sub-space which minimizes the sum of
squared distances from the points to their projection onto this linear sub-space. This problem is equivalent to
search for the linear sub-space which maximizes the variance of projected points, the latter being obtained by
eigen decomposition of the covariance matrix of the point set. Eigenvectors corresponding to large eigenvalues
are the directions in which the data has strong component, or equivalently large variance. If eigenvalues are the
same there is no preferable sub-space.

Given a triangle set,linear least squares fittingamounts to find the linear sub-space which minimizes the sum
of squared distances from all points in the set to their projection onto this linear sub-space. This problem is
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equivalent to the one of fitting a linear sub-space to a point set, except that the covariance matrix is now derived
from a continuous integral over the triangles instead of a discrete sum over the points.

Figure 39.1: Left: fitting a line to a 2D point set. Right: fitting a line and a plane to a 3D point set.

39.1 Examples

39.1.1 Bounding Box of a Point Set

In the following example we use STL containers of 2D and 3D points, and compute their axis-aligned bounding
box. The kernel from which the input points come is automatically deduced by the function.

// Example program for the bounding_box() function for 2D and 3D points.

#include <CGAL/Cartesian.h>
#include <CGAL/bounding_box.h>

#include <list>
#include <iostream>

typedef double FT;
typedef CGAL::Cartesian<FT> K;
typedef K::Point_2 Point_2;
typedef K::Point_3 Point_3;

int main()
{

// axis-aligned bounding box of 2D points
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std::list<Point_2> points_2;
points_2.push_back(Point_2(1.0, 0.0));
points_2.push_back(Point_2(2.0, 2.0));
points_2.push_back(Point_2(3.0, 5.0));

K::Iso_rectangle_2 c2 = CGAL::bounding_box(points_2.begin(), points_2.end());
std::cout << c2 << std::endl;

// axis-aligned bounding box of 3D points
std::list<Point_3> points_3;
points_3.push_back(Point_3(1.0, 0.0, 0.5));
points_3.push_back(Point_3(2.0, 2.0, 1.2));
points_3.push_back(Point_3(3.0, 5.0, 4.5));

K::Iso_cuboid_3 c3 = CGAL::bounding_box(points_3.begin(), points_3.end());
std::cout << c3 << std::endl;

return 0;
}

39.1.2 Centroid of a Point Set

In the following example we use STL containers of 2D and 3D points, and compute their centroid. The kernel
from which the input points come is automatically deduced by the function.

// Example program for the centroid() function for 2D and 3D points.

#include <CGAL/Cartesian.h>
#include <CGAL/centroid.h>

#include <list>
#include <iostream>

typedef double FT;
typedef CGAL::Cartesian<FT> K;
typedef K::Point_2 Point_2;
typedef K::Point_3 Point_3;

int main()
{

// centroid of 2D points
std::list<Point_2> points_2;
points_2.push_back(Point_2(1.0, 0.0));
points_2.push_back(Point_2(2.0, 2.0));
points_2.push_back(Point_2(3.0, 5.0));

Point_2 c2 = CGAL::centroid(points_2.begin(), points_2.end());
std::cout << c2 << std::endl;

// centroid of 3D points
std::list<Point_3> points_3;
points_3.push_back(Point_3(1.0, 0.0, 0.5));
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points_3.push_back(Point_3(2.0, 2.0, 1.2));
points_3.push_back(Point_3(3.0, 5.0, 4.5));

Point_3 c3 = CGAL::centroid(points_3.begin(), points_3.end());
std::cout << c3 << std::endl;

return 0;
}

39.1.3 Barycenter of a Set of Weighted Points

In the following example we use STL containers of 2D and 3D weighted points, and compute their barycenter.
The kernel from which the input points come is automatically deduced by the function.

// Example program for the barycenter() function for 2D and 3D points.

#include <CGAL/Cartesian.h>
#include <CGAL/barycenter.h>

#include <list>
#include <iostream>
#include <utility>

typedef double FT;
typedef CGAL::Cartesian<FT> K;
typedef K::Point_2 Point_2;
typedef K::Point_3 Point_3;

int main()
{

// barycenter of 2D points
std::list<std::pair<Point_2, FT> > points_2;
points_2.push_back(std::make_pair(Point_2(1.0, 0.0), 1));
points_2.push_back(std::make_pair(Point_2(2.0, 2.0), 2));
points_2.push_back(std::make_pair(Point_2(3.0, 5.0), -2));

Point_2 c2 = CGAL::barycenter(points_2.begin(), points_2.end());
std::cout << c2 << std::endl;

// barycenter of 3D points
std::list<std::pair<Point_3, FT> > points_3;
points_3.push_back(std::make_pair(Point_3(1.0, 0.0, 0.5), 1));
points_3.push_back(std::make_pair(Point_3(2.0, 2.0, 1.2), 2));
points_3.push_back(std::make_pair(Point_3(3.0, 5.0, 4.5), -5));

Point_3 c3 = CGAL::barycenter(points_3.begin(), points_3.end());
std::cout << c3 << std::endl;

return 0;
}
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39.1.4 Best Fitting Line of a 2D Point Set

In the following example we use an STL container of 2D points, and compute the best fitting line. The kernel
from which the input points come is automatically deduced by the function.

// Example program for the linear_least_square_fitting function

#include <CGAL/Cartesian.h>
#include <CGAL/linear_least_squares_fitting_2.h>

typedef double FT;
typedef CGAL::Cartesian<FT> K;
typedef K::Line_2 Line_2;
typedef K::Point_2 Point_2;

int main()
{

std::list<Point_2> points;
points.push_back(Point_2(1.0,0.0));
points.push_back(Point_2(2.0,0.0));
points.push_back(Point_2(3.0,0.0));

Line_2 line;
linear_least_squares_fitting_2(points.begin(),points.end(),line);

return 0;
}
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Reference Manual
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This CGAL package provides functions to compute global informations on the shape of a set of 2D or 3D objects
such as points. It provides the computation of axis-aligned bounding boxes for point sets, centroids of point sets
and triangle sets in 2D and 3D, barycenters of weighted point sets, as well as linear least squares fitting for point
sets in 2D, and point sets and triangle sets in 3D. It assumes the set of kernel primitive elements to be stored
into an iterator range of a container.
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CGAL::barycenter

Definition

The functionbarycentercomputes the barycenter (weighted center of mass) of a set of weighted 2D or 3D
objects. The weight associated to each object is specified using astd::pair storing the object and its weight.

#include<CGAL/barycenter.h>

There is a set of overloadedbarycenterfunctions for 2D and 3D weighted objects. The user can also optionally
pass an explicit kernel, in case the default, based onKernel traits is not sufficient. The dimension is also
deduced automatically.

template< typename InputIterator>
K::Point 2 barycenter( InputIterator first, InputIterator beyond)

computes the barycenter of a non-empty set of 2D weighted
points.K isKernel traits<std::iterator traits<InputIterator>
::value type::first type>::Kernel. The value type must be
std::pair<K::Point 2, K::FT>.
Precondition: first != beyond, and the sum of the weights is
non-zero.

template< typename InputIterator, typename K>
K::Point 2 barycenter( InputIterator first, InputIterator beyond, K k)

computes the barycenter of a non-empty set of 2D weighted
points. The value type must bestd::pair<K::Point 2,
K::FT>.
Precondition: first != beyond, and the sum of the weights is
non-zero.

template< typename InputIterator>
K::Point 3 barycenter( InputIterator first, InputIterator beyond)

computes the barycenter of a non-empty set of 3D weighted
points.K isKernel traits<std::iterator traits<InputIterator>
::value type::first type>::Kernel. The value type must be
std::pair<K::Point 3, K::FT>.
Precondition: first != beyond, and the sum of the weights is
non-zero.

template< typename InputIterator, typename K>
K::Point 3 barycenter( InputIterator first, InputIterator beyond, K k)

computes the barycenter of a non-empty set of 3D weighted
points. The value type must bestd::pair<K::Point 3,
K::FT>.
Precondition: first != beyond, and the sum of the weights is
non-zero.
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See Also

CGAL::centroid. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2345
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CGAL::bounding box

Definition

The functionboundingboxcomputes the bounding box of a set of 2D or 3D objects.

#include<CGAL/boundingbox.h>

There is a set of overloadedboundingbox functions for 2D and 3D objects. The user can also optionally pass
an explicit kernel, in case the default, based onKernel traits is not sufficient. The dimension is also deduced
automatically.

template< typename InputIterator>
K::Iso rectangle2 boundingbox( InputIterator first, InputIterator beyond)

computes the bounding box of a non-empty set of 2D
points.K isKernel traits<std::iterator traits<InputIterator>
::value type>::Kernel. The value type must beK::Point 2.
Precondition: first != beyond.

template< typename InputIterator, typename K>
K::Iso rectangle2 boundingbox( InputIterator first, InputIterator beyond, K k)

computes the bounding box of a non-empty set of 2D points.
The value type must beK::Point 2.
Precondition: first != beyond.

template< typename InputIterator>
K::Iso cuboid 3 boundingbox( InputIterator first, InputIterator beyond)

computes the bounding box of a non-empty set of 3D
points.K isKernel traits<std::iterator traits<InputIterator>
::value type>::Kernel. The value type must beK::Point 3.
Precondition: first != beyond.

template< typename InputIterator, typename K>
K::Iso cuboid 3 boundingbox( InputIterator first, InputIterator beyond, K k)

computes the bounding box of a non-empty set of 3D points.
The value type must beK::Point 3.
Precondition: first != beyond.

2344



F
un

ct
io

n

CGAL::centroid

Definition

The functioncentroidcomputes the centroid (center of mass) of a set of 2D or 3D objects.

#include<CGAL/centroid.h>

There is a set of overloadedcentroid functions for 2D and 3D objects. The user can also optionally pass an
explicit kernel, in case the default, based onKernel traits is not sufficient. The dimension is also deduced
automatically.

template< typename InputIterator>
K::Point 2 centroid( InputIterator first, InputIterator beyond)

computes the centroid of a non-empty set of 2D points.K
is Kernel traits<std::iterator traits<InputIterator>::value
type>::Kernel. The value type must beK::Point 2.
Precondition: first != beyond.

template< typename InputIterator, typename K>
K::Point 2 centroid( InputIterator first, InputIterator beyond, K k)

computes the centroid of a non-empty set of 2D points. The
value type must beK::Point 2.
Precondition: first != beyond.

template< typename InputIterator>
K::Point 3 centroid( InputIterator first, InputIterator beyond)

computes the centroid of a non-empty set of 3D points.K
is Kernel traits<std::iterator traits<InputIterator>::value
type>::Kernel. The value type must beK::Point 3.
Precondition: first != beyond.

template< typename InputIterator, typename K>
K::Point 3 centroid( InputIterator first, InputIterator beyond, K k)

computes the centroid of a non-empty set of 3D points. The
value type must beK::Point 3.
Precondition: first != beyond.

See Also

CGAL::barycenter. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2342
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CGAL::linear least squares fitting 2

Definition

The functionlinear least squaresfitting 2 computes the best fitting 2D line of a 2D point set. The best fit line
minimizes the sum of squared distances from the points to their projections onto the line.

#include<CGAL/linear least squaresfitting 2.h>

template< typename InputIterator, typename K>
typename K::FT linearleast squaresfitting 2( InputIterator first,

InputIterator beyond,
typename K::Line2 & line,
typename K::Point2 & centroid,
K k)

computes the best fitting 2D line of a 2D point set in the
range [first,beyond). The value returned is a fitting quality
between 0 and 1, where 0 means that the variance is the same
along any line (a horizontal line going through the centroid
is output by default), and 1 means that the variance is null
orthogonally to the best fitting line.

The classK is the kernel in which the typeInputIterator::value typeis defined. It can be omitted and deduced
automatically from the value type.

Requirements

1. InputIterator::value typeis equivalent toK::Point 2.

2. line is the best fitting line computed.

3. centroidis the centroid computed. This parameter can be omitted.
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CGAL::linear least squares fitting 3

Definition

The functionlinear least squaresfitting 3 computes the best fitting 3D line or plane of 3D point sets or triangle
sets. The best fit linear sub-space minimizes the sum of squared distances from the points to their projections
onto the sub-space.

#include<CGAL/linear least squaresfitting 3.h>

template< typename InputIterator, typename K>
typename K::FT linearleast squaresfitting 3( InputIterator first,

InputIterator beyond,
typename K::Line3 & line,
typename K::Point3 & centroid,
K k)

computes the best fitting 3D line of a 3D point set or triangle
set in the range [first,beyond). The value returned is a fitting
quality between 0 and 1, where 0 means that the variance is
the same along any line (a horizontal line going through the
centroid is output by default), and 1 means that the variance
is null orthogonally to the best fitting line.

The classK is the kernel in which the typeInputIterator::value typeis defined. It can be omitted and deduced
automatically from the value type.

Requirements

1. InputIterator::value typeis equivalent toK::Point 3 or K::Triangle 3.

2. line is the best fitting line computed.

3. centroidis the centroid computed. This parameter can be omitted.

template< typename InputIterator, typename K>
typename K::FT linearleast squaresfitting 3( InputIterator first,

InputIterator beyond,
typename K::Plane3 & plane,
typename K::Point3 & centroid,
K k)

computes the best fitting 3D plane of a 3D point set or tri-
angle set in the range [first,beyond). The value returned is a
fitting quality between 0 and 1, where 0 means that the vari-
ance is the same along any plane (a horizontal plane going
through the centroid is output by default), and 1 means that
the variance is null orthogonally to the best fitting plane.
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The classK is the kernel in which the typeInputIterator::value typeis defined. It can be omitted and deduced
automatically from the value type.

Requirements

1. InputIterator::value typeis equivalent toK::Point 3 or K::Triangle 3.

2. planeis the best fitting plane computed.

3. centroidis the centroid computed. This parameter can be omitted.
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Chapter 40

Interpolation
Julia Flötotto
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This chapter describes CGAL ’s interpolation package which implements natural neighbor coordinate functions
as well as different methods for scattered data interpolation most of which are based on natural neighbor co-
ordinates. The functions for computing natural neighbor coordinates in Euclidean space are described in Sec-
tion 40.1, the functions concerning the coordinate and neighbor computation on surfaces are discussed in Sec-
tion 40.2. In Section40.3, we describe the different interpolation functions.

Scattered data interpolation solves the following problem: given measures of a function on a set of discrete data
points, the task is to interpolate this function on an arbitrary query point. More formally, letP = {p1, . . . ,pn}
be a set ofn points inR2 or R3 andΦ be a scalar function defined inside the convex hull ofP . We assume that
the function values are known at the points ofP , i.e. to eachpi ∈ P , we associatezi = Φ(pi). Sometimes, the
gradient ofΦ is also known atpi . It is denotedgi = ∇Φ(pi). The interpolation is carried out for an arbitrary
query pointx. Except for interpolation on surfaces,x must lie inside the convex hull ofP .
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40.1 Natural Neighbor Coordinates

40.1.1 Introduction

Natural neighbor interpolation has been introduced by Sibson [Sib81] to interpolate multivariate scattered data.
Given a set of data pointsP , the natural neighbor coordinates associated toP are defined from the Voronoi
diagram ofP . When simulating the insertion of a query pointx into the Voronoi diagram ofP , the potential
Voronoi cell ofx “steals” some parts from the existing cells.

x

p1

p5

p2

p3

p4

π3(x)

Figure 40.1: 2D example:x has five natural neighborsp1, . . . ,p5. The natural neighbor coordinateλ3(x) is the
ratio of the area of the pink polygon,π3(x), over the area of the total highlighted zone.

Let π(x) denote the volume of the potential Voronoi cell ofx andπi(x) denote the volume of the sub-cell that
would be stolen from the cell ofpi by the cell ofx. The natural neighbor coordinate ofx with respect to the data
pointpi ∈ P is defined by

λi(x) =
πi(x)
π(x)

.

A two-dimensional example is depicted in Figure40.1.

Various papers ([Sib80], [Far90], [Pip93], [Bro97], [HS00]) show that the natural neighbor coordinates have the
following properties:

(i) x = ∑n
i=1 λi(x)pi (barycentric coordinate property).

(ii) For anyi, j ≤ n,λi(pj ) = δi j , whereδi j is the Kronecker symbol.

(iii) ∑n
i=1 λi(x) = 1 (partition of unity property).

Furthermore, Piper [Pip93] shows that the coordinate functions are continuous in the convex hull ofP and
continuously differentiable except on the data pointsP .

The interpolation package of CGAL provides functions to compute natural neighbor coordinates for 2D and
3D points with respect to Voronoi diagrams as well as with respect to power diagrams (only 2D), i.e. for
weighted points. Refer to the reference pagesnatural neighborcoordinates2, natural neighborcoordinates
3 andregular neighborcoordinates2.

In addition, the package provides functions to compute natural neighbor coordinates on well sampled point set
surfaces. See Section40.2and the reference pagesurfaceneighborcoordinates3 for further information.
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40.1.2 Implementation

Given a Delaunay triangulation or a Regular triangulation, the vertices in conflict with the query point are
determined. The areasπi(x) are computed by triangulating the Voronoi sub-cells. The normalization factor
π(x) is also returned. If the query point is already located and/or the boundary edges of the conflict zone are
already determined, alternative functions allow to avoid the re-computation.

40.1.3 Example

The signature of all coordinate computation functions is about the same.

//file: examples/Interpolation/nn_coordinates_2.C

#include <CGAL/Exact_predicates_inexact_constructions_kernel.h>
#include <CGAL/Delaunay_triangulation_2.h>
#include <CGAL/natural_neighbor_coordinates_2.h>

struct K : CGAL::Exact_predicates_inexact_constructions_kernel {};
typedef CGAL::Delaunay_triangulation_2<K> Delaunay_triangulation;
typedef std::vector< std::pair< K::Point_2, K::FT > >

Point_coordinate_vector;

int main()
{

Delaunay_triangulation dt;

for (int y=0 ; y<3 ; y++)
for (int x=0 ; x<3 ; x++)
dt.insert(K::Point_2(x,y));

//coordinate computation
K::Point_2 p(1.2, 0.7);
Point_coordinate_vector coords;
CGAL::Triple<

std::back_insert_iterator<Point_coordinate_vector>,
K::FT, bool> result =
CGAL::natural_neighbor_coordinates_2(dt, p,

std::back_inserter(coords));
if(!result.third){

std::cout << "The coordinate computation was not successful."
<< std::endl;

std::cout << "The point (" <<p << ") lies outside the convex hull."
<< std::endl;

}
K::FT norm = result.second;
std::cout << "Coordinate computation successful." << std::endl;
std::cout << "Normalization factor: " <<norm << std::endl;

return 0;
}
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Regular neighbor coordinate computation

For regular neighbor coordinates, it is sufficient to replace the name of the function and the type of triangulation
passed as parameter. A special traits class is needed.

//
//file: examples/Interpolation/rn_coordinates_2.C
//
#include <CGAL/Exact_predicates_inexact_constructions_kernel.h>
#include <CGAL/Regular_triangulation_2.h>
#include <CGAL/Regular_triangulation_euclidean_traits_2.h>
#include <CGAL/regular_neighbor_coordinates_2.h>

struct K : CGAL::Exact_predicates_inexact_constructions_kernel {};

typedef CGAL::Regular_triangulation_euclidean_traits_2<K> Gt;
typedef CGAL::Regular_triangulation_2<Gt> Regular_triangulation;
typedef Regular_triangulation::Weighted_point Weighted_point;
typedef std::vector< std::pair< Weighted_point, K::FT > >

Point_coordinate_vector;

int main()
{

Regular_triangulation rt;

for (int y=0 ; y<3 ; y++)
for (int x=0 ; x<3 ; x++)
rt.insert(Weighted_point(K::Point_2(x,y), 0));

//coordinate computation
Weighted_point wp(K::Point_2(1.2, 0.7),2);
Point_coordinate_vector coords;
CGAL::Triple<

std::back_insert_iterator<Point_coordinate_vector>,
K::FT, bool> result =
CGAL::regular_neighbor_coordinates_2(rt, wp,

std::back_inserter(coords));
if(!result.third){

std::cout << "The coordinate computation was not successful."
<< std::endl;

std::cout << "The point (" <<wp.point() << ") lies outside the convex hull."
<< std::endl;

}
K::FT norm = result.second;
std::cout << "Coordinate computation successful." << std::endl;
std::cout << "Normalization factor: " <<norm << std::endl;

return 0;
}

For surface neighbor coordinates, the surface normal at the query point must be provided, see Section40.2.
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40.2 Surface Natural Neighbor Coordinates and Surface Neighbors

This section introduces the functions to compute natural neighbor coordinates and surface neighbors associated
to a set of sample points issued from a surfaceS and given a query pointx on S . We suppose thatS is a closed
and compact surface ofR3, and letP = {p1, . . . ,pn} be anε-sample ofS (refer to Amenta and Bern [AB99]).
The concepts are based on the definition of Boissonnat and Flötotto [BF02], [Flö03b]. Both references contain
a thorough description of the requirements and the mathematical properties.

40.2.1 Introduction

Two observations lead to the definition of surface neighbors and surface neighbor coordinates: First, it is clear
that the tangent planeTx of the surfaceS at the pointx∈ S approximatesS in the neighborhood ofx. It has been
shown in [BF02] that, if the surfaceS is well sampled with respect to the curvature and the local thickness ofS ,
i.e. it is anε-sample, the intersection of the tangent planeTx with the Voronoi cell ofx in the Voronoi diagram
of P ∪{x} has a small diameter. Consequently, inside this Voronoi cell, the tangent planeTx is a reasonable
approximation ofS . Furthermore, the second observation allows to compute this intersection diagram easily:
one can show using Pythagoras’ Theorem that the intersection of a three-dimensional Voronoi diagram with a
planeH is a two-dimensional power diagram. The points defining the power diagram are the projections of the
points inP ontoH , each point weighted with its negative square distance toH . Algorithms for the computation
of power diagrams via the dual regular triangulation are well known and for example provided by CGAL in the
classRegular triangulation 2<Gt, Tds>.

40.2.2 Implementation

Voronoi Intersection Diagrams

In CGAL, the regular triangulation dual to the intersection of a 3D Voronoi diagram with a planeH can be com-
puted by instantiating theRegular triangulation 2<Gt, Tds> class with the traits classVoronoi intersection
2 traits 3<K>. This traits class contains a point and a vector as class member which define the planeH . All
predicates and constructions used byRegular triangulation 2<Gt, Tds> are replaced by the corresponding oper-
ators on three-dimensional points. For example, the power test predicate (which takes three weighted 2D points
p′, q′, r ′ of the regular triangulation and tests the power distance of a fourth pointt ′ with respect to the power
circle orthogonal top, q, r) is replaced by aSideof plane centeredsphere2 3 predicate that tests the position
of a 3D point t with respect to the sphere centered on the planeH passing through the 3D pointsp, q, r. This
approach allows to avoid the explicit constructions of the projected points and the weights which are very prone
to rounding errors.

Natural Neighbor Coordinates on Surfaces

The computation of natural neighbor coordinates on surfaces is based upon the computation of regular neighbor
coordinates with respect to the regular triangulation that is dual to Vor(P )∩Tx, the intersection ofTx and the
Voronoi diagram ofP , via the functionregular neighborcoordinates2.

Of course, we might introduce all data pointsP into this regular triangulation. However, this is not necessary
because we are only interested in the cell ofx. It is sufficient to guarantee that all surface neighbors of the
query pointx are among the input points that are passed as argument to the function. The sample pointsP can
be filtered for example by distance, e.g. using range search ork-nearest neighbor queries, or with the help of
the 3D Delaunay triangulation since the surface neighbors are necessarily a subset of the natural neighbors of
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the query point in this triangulation. CGAL provides a function that encapsulates the filtering based on the 3D
Delaunay triangulation. For input points filtered by distance, functions are provided that indicate whether or
not points that lie outside the input range (i.e. points that are further fromx than the furthest input point) can
still influence the result. This allows to iteratively enlarge the set of input points until the range is sufficient to
certify the result.

Surface Neighbors

The surface neighbors of the query point are its neighbors in the regular triangulation that is dual to Vor(P )∩
Tx, the intersection ofTx and the Voronoi diagram ofP . As for surface neighbor coordinates, this regular
triangulation is computed and the same kind of filtering of the data points as well as the certification described
above is provided.

40.2.3 Examples

//file: examples/Interpolation/surface_neighbor_coordinates_3.C
// example with random points on a sphere

#include <CGAL/Exact_predicates_inexact_constructions_kernel.h>

#include <CGAL/point_generators_3.h>
#include <CGAL/copy_n.h>
#include <CGAL/Origin.h>

#include <CGAL/surface_neighbor_coordinates_3.h>

struct K : CGAL::Exact_predicates_inexact_constructions_kernel {};
typedef K::FT Coord_type;
typedef K::Point_3 Point_3;
typedef K::Vector_3 Vector_3;
typedef std::vector< std::pair< Point_3, K::FT > >

Point_coordinate_vector;

int main()
{

int n=100;
std::vector< Point_3> points;
points.reserve(n);

std::cout << "Generate " << n << " random points on a sphere."
<< std::endl;

CGAL::Random_points_on_sphere_3<Point_3> g(1);
CGAL::copy_n( g, n, std::back_inserter(points));

Point_3 p(1, 0,0);
Vector_3 normal(p-CGAL::ORIGIN);
std::cout << "Compute surface neighbor coordinates for "

<< p << std::endl;
Point_coordinate_vector coords;
CGAL::Triple< std::back_insert_iterator<Point_coordinate_vector>,
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K::FT, bool> result =
CGAL::surface_neighbor_coordinates_3(points.begin(), points.end(),

p, normal,
std::back_inserter(coords),
K());
if(!result.third){

//Undersampling:
std::cout << "The coordinate computation was not successful."
<< std::endl;

return 0;
}
K::FT norm = result.second;

std::cout << "Testing the barycentric property " << std::endl;
Point_3 b(0, 0,0);
for(std::vector< std::pair< Point_3, Coord_type > >::const_iterator

it = coords.begin(); it!=coords.end(); ++it)
b = b + (it->second/norm)* (it->first - CGAL::ORIGIN);

std::cout <<" weighted barycenter: " << b <<std::endl;
std::cout << " squared distance: " <<

CGAL::squared_distance(p,b) <<std::endl;
return 0;

}

40.3 Interpolation Methods

40.3.1 Introduction

Linear Precision Interpolation

Sibson [Sib81] defines a very simple interpolant that re-produces linear functions exactly. The interpolation of
Φ(x) is given as the linear combination of the neighbors’ function values weighted by the coordinates:

Z0(x) = ∑
i

λi(x)zi .

Indeed, ifzi = a+btpi for all natural neighbors ofx, we have

Z0(x) = ∑
i

λi(x)(a+btpi) = a+btx

by the barycentric coordinate property. The first example in Subsection40.3.3shows how the function is called.

Sibson’sC1 Continuous Interpolant

In [Sib81], Sibson describes a second interpolation method that relies also on the function gradientgi for all
pi ∈ P . It is C1 continuous with gradientgi at pi . Spherical quadrics of the formΦ(x) = a+ btx + γ xtx are
reproduced exactly. The proof relies on the barycentric coordinate property of the natural neighbor coordinates
and assumes that the gradient ofΦ at the data points is known or approximated from the function values as
described in [Sib81] (see Section40.3.2).
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Sibson’sZ1 interpolant is a combination of the linear interpolantZ0 and an interpolantξ which is the weighted
sum of the first degree functions

ξi(x) = zi +gi
t(x−pi), ξ(x) =

∑i
λi(x)
‖x−pi‖

ξi(x)

∑i
λi(x)
‖x−pi‖

.

Sibson observed that the combination ofZ0 andξ reconstructs exactly a spherical quadric if they are mixed as
follows:

Z1(x) =
α(x)Z0(x)+β(x)ξ(x)

α(x)+β(x)
whereα(x) =

∑i λi(x) ‖x−pi‖2
f (‖x−pi‖)

∑i
λi(x)

f (‖x−pi‖)

andβ(x) = ∑
i

λi(x)‖x−pi‖2,

where in Sibson’s original work,f (‖x−pi‖) = ‖x−pi‖.

CGAL contains a second implementation withf (‖x−pi‖) = ‖x−pi‖2 which is less demanding on the number
type because it avoids the square-root computation needed to compute the distance‖x−pi‖. The theoretical
guarantees are the same (see [Flö03b]). Simply, the smaller the slope off aroundf (0), the faster the interpolant
approachesξi asx→ pi .

Farin’s C1 Continuous Interpolant

Farin [Far90] extended Sibson’s work and realizes aC1 continuous interpolant by embedding natural neighbor
coordinates in the Bernstein-Bézier representation of a cubic simplex. If the gradient ofΦ at the data points is
known, this interpolant reproduces quadratic functions exactly. The function gradient can be approximated from
the function values by Sibson’s method [Sib81] (see Section40.3.2) which is exact only for spherical quadrics.

Quadratic Precision Interpolants

Knowing the gradientgi for all pi ∈ P , we formulate a very simple interpolant that reproduces exactly quadratic
functions. This interpolant is notC1 continuous in general. It is defined as follows:

I1(x) = ∑
i

λi(x)(zi +
1
2

gi
t(x−pi))

40.3.2 Gradient Fitting

Sibson describes a method to approximate the gradient of the functionf from the function values on the data
sites. For the data pointpi , we determine

gi = min
g ∑

j

λ j(pi)
‖pi−pj‖2

(
zj − (zi +gt(pj −pi))

)
,

whereλ j(pi) is the natural neighbor coordinate ofpi with respect topi associated toP \ {pi}. This method
works only for points inside the convex hull of the data points because, for a pointpi on the convex hull,λ j(pi)
is not defined. For spherical quadrics, the result is exact.

CGAL provides functions to approximate the gradients of all data points that are inside the convex hull. There
is one function for each type of natural neighbor coordinate (i.e.natural neighborcoordinates2, regular
neighborcoordinates2).
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40.3.3 Examples

Linear Interpolation Method

//file: examples/Interpolation/linear_interpolation_2.C
//
#include <CGAL/Exact_predicates_inexact_constructions_kernel.h>
#include <CGAL/Delaunay_triangulation_2.h>

#include <CGAL/Interpolation_traits_2.h>
#include <CGAL/natural_neighbor_coordinates_2.h>
#include <CGAL/interpolation_functions.h>

struct K : CGAL::Exact_predicates_inexact_constructions_kernel {};
typedef CGAL::Delaunay_triangulation_2<K> Delaunay_triangulation;
typedef CGAL::Interpolation_traits_2<K> Traits;
typedef K::FT Coord_type;
typedef K::Point_2 Point;

int main()
{

Delaunay_triangulation T;
std::map<Point, Coord_type, K::Less_xy_2> function_values;
typedef CGAL::Data_access< std::map<Point, Coord_type, K::Less_xy_2 > >

Value_access;

Coord_type a(0.25), bx(1.3), by(-0.7);

for (int y=0 ; y<3 ; y++)
for (int x=0 ; x<3 ; x++){
K::Point_2 p(x,y);
T.insert(p);
function_values.insert(std::make_pair(p,a + bx* x+ by*y));

}
//coordinate computation
K::Point_2 p(1.3,0.34);
std::vector< std::pair< Point, Coord_type > > coords;
Coord_type norm =

CGAL::natural_neighbor_coordinates_2
(T, p,std::back_inserter(coords)).second;

Coord_type res = CGAL::linear_interpolation(coords.begin(), coords.end(),
norm,

Value_access(function_values));

std::cout << " Tested interpolation on " << p << " interpolation: "
<< res << " exact: " << a + bx* p.x()+ by* p.y()<< std::endl;

return 0;
}
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Sibson’sC1 interpolation scheme with gradient estimation

//file: examples/Interpolation/sibson_interpolation_2.C

#include <CGAL/Exact_predicates_inexact_constructions_kernel.h>
#include <CGAL/Delaunay_triangulation_2.h>

#include <CGAL/natural_neighbor_coordinates_2.h>
#include <CGAL/Interpolation_gradient_fitting_traits_2.h>
#include <CGAL/sibson_gradient_fitting.h>
#include <CGAL/interpolation_functions.h>

struct K : CGAL::Exact_predicates_inexact_constructions_kernel {};
typedef CGAL::Delaunay_triangulation_2<K> Delaunay_triangulation;
typedef CGAL::Interpolation_gradient_fitting_traits_2<K> Traits;

typedef K::FT Coord_type;
typedef K::Point_2 Point;
typedef std::map<Point, Coord_type, K::Less_xy_2> Point_value_map ;
typedef std::map<Point, K::Vector_2 , K::Less_xy_2 > Point_vector_map;

int main()
{

Delaunay_triangulation T;

Point_value_map function_values;
Point_vector_map function_gradients;

//parameters for spherical function:
Coord_type a(0.25), bx(1.3), by(-0.7), c(0.2);
for (int y=0 ; y<4 ; y++)

for (int x=0 ; x<4 ; x++){
K::Point_2 p(x,y);
T.insert(p);
function_values.insert(std::make_pair(p,a + bx* x+ by*y + c*(x*x+y*y)));

}
sibson_gradient_fitting_nn_2(T,std::inserter(function_gradients,

function_gradients.begin()),
CGAL::Data_access<Point_value_map>
(function_values),
Traits());

//coordiante computation
K::Point_2 p(1.6,1.4);
std::vector< std::pair< Point, Coord_type > > coords;
Coord_type norm =

CGAL::natural_neighbor_coordinates_2(T, p,std::back_inserter
(coords)).second;

//Sibson interpolant: version without sqrt:
std::pair<Coord_type, bool> res =

CGAL::sibson_c1_interpolation_square
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(coords.begin(),
coords.end(),norm,p,
CGAL::Data_access<Point_value_map>(function_values),
CGAL::Data_access<Point_vector_map>(function_gradients),
Traits());

if(res.second)
std::cout << " Tested interpolation on " << p
<< " interpolation: " << res.first << " exact: "
<< a + bx * p.x()+ by * p.y()+ c*(p.x()*p.x()+p.y()*p.y())
<< std::endl;

else
std::cout << "Cˆ1 Interpolation not successful." << std::endl
<< " not all function_gradients are provided." << std::endl
<< " You may resort to linear interpolation." << std::endl;

return 0;
};

An additional example compares numerically the errors of the different interpolation functions with respect to
a known function. It is distributed in the examples directory.
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Interpolation
Reference Manual
Julia Flötotto

Scattered data interpolation solves the following problem: given measures of a function on a set of discrete data
points, the task is to interpolate this function on an arbitrary query point.

If the function is a linear function and given barycentric coordinates that allow to express the query point as the
convex combination of some data points, the function can be exactly interpolated. If the function gradients are
known, we can exactly interpolate quadratic functions given barycentric coordinates. Any further properties of
these interpolation functions depend on the properties of the barycentric coordinates. They are provided in this
package under the namelinear interpolationandquadratic interpolation.

Natural neighbor interpolation

Natural neighbor coordinates are defined by Sibson in 1980 and are based on the Voronoi diagram of the data
points. Interpolation methods based on natural neighbor coordinates are particularly interesting because they
adapt easily to non-uniform and highly anisotropic data. This package contains Sibson’sC1 continuous inter-
polation method which interpolates exactly spherical quadrics (of the formΦ(x) = a+btx+ γ xtx) and Farin’s
C1 continuous interpolation method based on Bernstein-Bézier techniques and interpolating exactly quadratic
functions – assuming that the function gradient is known. In addition, Sibson defines a method to approximate
the function gradients for data points that are in the interior of the convex hull. This method is exact for spherical
quadrics.

This CGAL package implements Sibson’s and Farin’s interpolation functions as well as Sibson’s function gradi-
ent fitting method. Furthermore, it provides functions to compute the natural neighbor coordinates with respect
to a two-dimensional Voronoi diagram (i. e., from the Delaunay triangulation of the data points) and to a
two-dimensional power diagram for weighted points (i. e., from their regular triangulation). Natural neighbor
coordinates on closed and well-sampled surfaces can also be computed if the normal to the surface at the query
point is known. The latter coordinates are only approximately barycentric, see [BF02].

For a more thorough introduction see the user manual.

40.4 Classified Reference Pages
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CGAL::linear interpolation

Definition

The functionlinear interpolationcomputes the weighted sum of the function values which must be provided
via a functor.

#include<CGAL/interpolationfunctions.h>

template< class ForwardIterator, class Functor>
typename Functor::resulttype

linear interpolation( ForwardIterator first,
ForwardIterator beyond,
typename std::iteratortraits<ForwardIterator>::value

type::secondtype norm,
Functor functionvalues)

ForwardIterator::value type is a pair associating a point to
a (non-normalized) barycentric coordinate.norm is the nor-
malization factor. Given a point, the functorfunction values
allows to access a pair of a function value and a boolean.
The boolean indicates whether the function value could be
retrieved correctly. This function generates the interpolated
function value as the weighted sum of the values correspond-
ing to each point of the point/coordinate pairs in the range
[ first, beyond).
Precondition: norm 6= 0. function value(p).second == true
for all points p of the point/coordinate pairs in the range
[ first, beyond).

Requirements

1. ForwardIterator::value typeis a pair of point/coordinate value, thusForwardIterator::value type::first
typeis equivalent to a point andForwardIterator::value type::secondtypeis a field number type.

2. Functor::argumenttype must be equivalent to ForwardIterator::value type::first type and
Functor::result type is a pair of the function value type and a boolean value. The function value type
must provide a multiplication and addition operation with the field number typeForwardIterator::value
type::secondtypeand a constructor with argument 0. A model of the functor is provided by the struct
Data access. It must be instantiated accordingly with an associative container (e.g. STLstd::map)
having the point type askey typeand the function value type asmappedtype.

See Also

CGAL::Data access<Map> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2370
CGAL::natural neighborcoordinates2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2374
CGAL::regular neighborcoordinates2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2376
CGAL::surfaceneighborcoordinates3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2386
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CGAL::sibson c1 interpolation

Definition

The functionsibsonc1 interpolation interpolates the function values and the gradients that are provided by
functors following the method described in [Sib81].

Parameters

The template parameterTraits is to be instantiated with a model ofInterpolationTraits. ForwardIterator::value
typeis a pair associating a point to a (non-normalized) barycentric coordinate.norm is the normalization factor.
The range[ first,beyond) contains the barycentric coordinates for the query pointp. The functorfunction value
allows to access the value of the interpolated function given a point.function gradientallows to access the
function gradient given a point.

#include<CGAL/interpolationfunctions.h>

template< class ForwardIterator, class Functor, class GradFunctor, class Traits>
std::pair< typename Functor::resulttype, bool>

sibsonc1 interpolation( ForwardIterator first,
ForwardIterator beyond,
typename std::iteratortraits<ForwardIterator>::value

type::secondtype norm,
typename std::iteratortraits<ForwardIterator>::value

type:: first type p,
Functor functionvalue,
GradFunctor functiongradient,
Traits traits)

This function generates the interpolated function value at the
pointp using Sibson’sZ1 interpolant [Sib81].
If the functor function gradient cannot supply the gradient
of a point, the function returns a pair where the boolean is
set tofalse. If the interpolation was successful, the pair con-
tains the interpolated function value as first andtrue as sec-
ond value.
Precondition: norm 6= 0. function value(p).second == true
for all points p of the point/coordinate pairs in the range
[ first, beyond).

Requirements

1. Traits is a model of the conceptInterpolationTraits.

2. ForwardIterator::value type is a point/coordinate pair. PreciselyForwardIterator::value type::first
type is equivalent toTraits::Point d and ForwardIterator::value type::secondtype is equivalent to
Traits::FT.
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3. Functor::argumenttypemust be equivalent toTraits::Point d andFunctor::result type is a pair of the
function value type and a boolean. The function value type must provide a multiplication and addition
operation with the typeTraits::FT as well as a constructor with argument 0.

4. GradFunctor::argumenttypemust be equivalent toTraits::Point d andFunctor::result typeis a pair of
the function’s gradient type and a boolean. The function gradient type must provide a multiplication
operation withTraits::Vector d.

5. A model of the functor typesFunctor(resp.GradFunctor) is provided by the structData access. It must
be instantiated accordingly with an associative container (e.g. STLstd::map) having the point type as
key typeand the function value type (resp. function gradient type) asmappedtype.

6. The number typeFT provided byTraits must support the square root operationsqrt().

template< class ForwardIterator, class Functor, class GradFunctor, class Traits>
typename Functor::resulttype

sibsonc1 interpolation square( ForwardIterator first,
ForwardIterator beyond,
typename std::iteratortraits<ForwardIterator>

::value type::secondtype norm,
Functor functionvalue,
GradFunctor functiongradient,
Traits traits)

The same as above except that no square root operation is
needed forFT.

See Also

InterpolationTraits . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2371
GradientFittingTraits . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2380
CGAL::Data access<Map> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2370
CGAL::sibsongradient fitting . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2378
CGAL::linear interpolation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2365
CGAL::Interpolation traits 2<K> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2373
CGAL::Interpolationgradient fitting traits 2<K> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2382
CGAL::natural neighborcoordinates2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2374
CGAL::regular neighborcoordinates2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2376
CGAL::surfaceneighborcoordinates3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2386
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CGAL::farin c1 interpolation

Definition

The functionfarin c1 interpolationinterpolates the function values and the gradients that are provided by func-
tors using the method described in [Far90].

#include<CGAL/interpolationfunctions.h>

Parameters

RandomAccessIterator::valuetype is a pair associating a point to a (non-normalized) barycentric coordinate.
Seesibsonc1 interpolationfor the other parameters.

template< class RandomAccessIterator, class Functor, class GradFunctor, class Traits>
typename Functor::resulttype

farin c1 interpolation( RandomAccessIterator first,
RandomAccessIterator beyond,
typename std::iteratortraits<RandomAccessIterator>::value

type::secondtype norm,
Functor functionvalue,
GradFunctor functiongradient,
Traits traits)

generates the interpolated function value computed
by Farin’s interpolant [Far90]. See also sibsonc1
interpolation.
Precondition: norm 6= 0. function value(p).second == true
for all points p of the point/coordinate pairs in the range
[ first, beyond).
Precondition: The range[ first, beyond) contains either one
or more than three elements.

Requirements

Same requirements as forsibsonc1 interpolationonly the iterator must provide random access andTraits::FT
does not need to provide the square root operation.

See Also

CGAL::Data access<Map> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2370
CGAL::linear interpolation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2365
CGAL::sibsonc1 interpolation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2366
CGAL::sibsongradient fitting . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2378
CGAL::Interpolation traits 2<K> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2373
CGAL::natural neighborcoordinates2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2374
CGAL::regular neighborcoordinates2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2376
CGAL::surfaceneighborcoordinates3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2386
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CGAL::quadratic interpolation

Definition

The functionquadratic interpolation interpolates the function values and first degree functions defined from
the function gradients. Both, function values and gradients, must be provided by functors.

#include<CGAL/interpolationfunctions.h>

Parameters

Seesibsonc1 interpolation.

template< class ForwardIterator, class Functor, class GradFunctor, class Traits>
typename Functor::resulttype

quadratic interpolation( ForwardIterator first,
ForwardIterator beyond,
typename std::iteratortraits<ForwardIterator>:: value

type::secondtype norm,
Functor functionvalue,
GradFunctor functiongradient,
Traits traits)

This function generates the interpolated function value as the
weighted sum of the values plus a linear term in the gradient
for each point of the point/coordinate pairs in the range[
first, beyond). See alsosibsonc1 interpolation.
Precondition: norm 6= 0 function value(p).second == true
for all points p of the point/coordinate pairs in the range
[ first, beyond).

Requirements

Same requirements as forsibsonc1 interpolationonly thatTraits::FT does not need to provide the square root
operation.

See Also

InterpolationTraits . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2371
GradientFittingTraits . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2380
CGAL::Data access<Map> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2370
CGAL::sibsongradient fitting . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2378
CGAL::linear interpolation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2365
CGAL::Interpolation traits 2<K> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2373
CGAL::Interpolationgradient fitting traits 2<K> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2382
CGAL::natural neighborcoordinates2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2374
CGAL::regular neighborcoordinates2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2376
CGAL::surfaceneighborcoordinates3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2386
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CGAL::Data access<Map>

Definition

The structData access<Map> implements a functor that allows to retrieve data from an associative container.
The functor keeps a reference to the container. Given an instance of the container’s key type, it returns a pair of
the container’s value type and a boolean indicating whether the retrieval was successful.

This class can be used to provide the values and gradients of the interpolation functions.

#include<CGAL/interpolationfunctions.h>

Parameters

The classData access<Map> has the container typeMapas template parameter.

Types

typedef Map::mappedtype

Data type;
typedef Map::keytype

Key type;

Creation

Data access<Map> data access( Map map); Introduces aData accessto the containermap.

std::pair< Data type, bool>

data access( Keytype p)

If there is an entry forp in the containermap, then the pair
of map.find(p)andtrue is returned. Otherwise, the boolean
value of the pair isfalse.
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InterpolationTraits

Definition

Most interpolation functions are parameterized by a traits class that defines the primitives used in the interpola-
tion algorithms. The concept InterpolationTraits defines this common set of requirements.

Types

InterpolationTraits:: FT The number type must follow the modelFieldNumberType.

InterpolationTraits:: Pointd The point type on which the function is defined and interpo-
lated.

InterpolationTraits:: Vectord The corresponding vector type.

InterpolationTraits:: Constructvector d A constructor object forVector d. Provides :
Vector d operator() (Pointd a, Point d b) which produces
the vectorb - aand
Vector d operator() (Null vector NULLVECTOR)which
introduces the null vector.

InterpolationTraits:: Constructscaledvector d

Constructor object forVector d. Provides :
Vector d operator() (Vectord v,FT scale)which produces
the vectorv scaled by a factorscale.

InterpolationTraits:: Computesquareddistanced

Constructor object forFT. Provides the operator:
FT operator() (Pointd a, Point d b) returning the squared
distance betweena andb.

InterpolationTraits traits; default constructor.

Construction objects

The following functions that create instances of the above constructor object types must exist.
Constructvector d traits.constructvector d object()

Constructscaledvector d

traits.constructscaledvector d object()
Computesquareddistanced

traits.computesquareddistanced object()
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Has Models

CGAL::Interpolation traits 2<K> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2373
CGAL::Interpolationgradient fitting traits 2<K> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2382

See Also

GradientFittingTraits . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2380
CGAL::sibsonc1 interpolation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2366
CGAL::sibsongradient fitting . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2378
CGAL::farin c1 interpolation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2368
CGAL::quadratic interpolation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2369
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CGAL::Interpolation traits 2<K>

Definition

Interpolation traits 2<K> is a model for the conceptInterpolationTraitsand can be used to instantiate the
geometric traits class of interpolation methods applied on a bivariate function over a two-dimensional domain.
The traits class is templated by a kernel classK.

#include<CGAL/Interpolationtraits 2.h>

Is Model for the Concepts

InterpolationTraits . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2371

Types

typedef K::FT FT;
typedef K::Point2 Point d;
typedef K::Vector2 Vectord;
typedef K::Constructvector 2

Constructvector d;
typedef K::Constructscaledvector 2

Constructscaledvector d;
typedef K::Computesquareddistance2

Computesquareddistanced;

Operations

Constructscaledvector d

traits.constructscaledvector d object()

Constructvector d traits.constructvector d object()

Computesquareddistanced

traits.computesquareddistanced object()

See Also

InterpolationTraits . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2371
GradientFittingTraits . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2380
CGAL::Interpolationgradient fitting traits 2<K> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2382
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CGAL::natural neighbor coordinates 2

Definition

The functionnatural neighborcoordinates2 computes natural neighbor coordinates, also called Sibson’s co-
ordinates, for 2D points provided a two-dimensional triangulation and a query point inside the convex hull of
the vertices of the triangulation.

#include<CGAL/naturalneighborcoordinates2.h>

template< class Dt, class OutputIterator>
CGAL::Triple< OutputIterator, typename Dt::Geomtraits::FT, bool>

natural neighborcoordinates2( Dt dt,
typename Dt::Geomtraits::Point 2 p,
OutputIterator out,
typename Dt::Facehandle start = typename

Dt::Face handle())

computes the natural neighbor coordinates forp with re-
spect to the points in the two-dimensional Delaunay tri-
angulationdt. The template classDt should be of type
Delaunaytriangulation 2<Traits, Tds>. The value type of
the OutputIterator is a pair ofDt::Point 2 and the coordi-
nate value of typeDt::Geom traits::FT. The sequence of
point/coordinate pairs that is computed by the function is
placed starting atout. The function returns a triple with an
iterator that is placed past-the-end of the resulting sequence
of point/coordinate pairs, the normalization factor of the co-
ordinates and a boolean value which is set to true iff the co-
ordinate computation was successful, i.e. ifp lies inside the
convex hull of the points indt.

template<class Dt, class OutputIterator, class EdgeIterator>
CGAL::Triple< OutputIterator, typename Dt::Geomtraits::FT, bool>

natural neighborcoordinates2( Dt dt,
typename Dt::Geomtraits::Point 2 p,
OutputIterator out,
EdgeIterator holebegin,
EdgeIterator holeend)

The same as above.hole beginandhole enddetermines the
iterator range over the boundary edges of the conflict zone of
p in the triangulation. It is the result of the functionT.get
boundaryof conflicts(p,std::backinserter(hole), start), see
Delaunaytriangulation 2<Traits, Tds>.

template<class Dt, class OutputIterator>
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CGAL::Triple< OutputIterator, typename Dt::Geomtraits::FT, bool>

natural neighborcoordinates2( Dt dt,
typename Dt::Vertexhandle vh,
OutputIterator out)

This function computes the natural neighbor coordinates of
the pointvh->point() with respect to the vertices ofdt ex-
cluding vh->point(). The same as above for the remaining
parameters.

Requirements

1. Dt are equivalent to the classDelaunaytriangulation 2<Traits, Tds>.

2. The traits classTraitsof Dt is a model of the conceptDelaunayTriangulationTraits2. Only the following
members of this traits class are used:

• Constructcircumcenter2

• FT

• Point 2

• constructcircumcenter2 object

Additionally, Traits must meet the requirements for the traits class of thepolygonarea 2 function.

3. OutputIterator::valuetype is equivalent tostd::pair<Dt::Point 2, Dt::Geomtraits::FT>, i.e. a pair as-
sociating a point and its natural neighbor coordinate.

See Also

CGAL::linear interpolation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2365
CGAL::sibsonc1 interpolation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2366
CGAL::surfaceneighborcoordinates3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2386
CGAL::regular neighborcoordinates2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2376

Implementation

This function computes the area of the sub-cells stolen from the Voronoi cells of the points indt when inserting
p. The total area of the Voronoi cell ofp is also computed and returned by the function. Ifp lies outside the
convex hull, the coordinate values cannot be computed and the third value of the result triple is set tofalse.
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CGAL::regular neighbor coordinates 2

Definition

The functionregular neighborcoordinates2 computes natural neighbor coordinates, also called Sibson’s co-
ordinates, for weighted 2D points provided a two-dimensional regular triangulation and a (weighted) query
point inside the convex hull of the vertices of the triangulation. We call these coordinates regular neighbor
coordinates.

#include<CGAL/regularneighborcoordinates2.h>

template< class Rt, class OutputIterator>
CGAL::Triple< OutputIterator, typename Rt::Geomtraits::FT, bool>

regular neighborcoordinates2( Rt rt,
typename Rt::Weightedpoint p,
OutputIterator out,
typename Rt::Facehandle start = typename

Rt::Face handle())

computes the regular neighbor coordinates forp with re-
spect to the weighted points in the two-dimensional regu-
lar triangulationrt. The template classRt should be of type
Regular triangulation 2<Traits, Tds>. The value type of the
OutputIterator is a pair ofRt::Weightedpoint and the co-
ordinate value of typeRt::Geomtraits::FT. The sequence
of point/coordinate pairs that is computed by the function is
placed starting atout. The function returns a triple with an
iterator that is placed past-the-end of the resulting sequence
of point/coordinate pairs, the normalization factor of the co-
ordinates and a boolean value which is set to true iff the co-
ordinate computation was successful, i.e. ifp lies inside the
convex hull of the points inrt.

template<class Rt, class OutputIterator, class EdgeIterator, class VertexIterator>
CGAL::Triple< OutputIterator, typename Traits::FT, bool>

regular neighborcoordinates2( Rt rt,
typename Traits::Weightedpoint p,
OutputIterator out,
EdgeIterator holebegin,
EdgeIterator holeend,
VertexIterator hiddenverticesbegin,
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VertexIterator hiddenverticesend)

The same as above. hole begin and hole end deter-
mines the iterator range over the boundary edges of
the conflict zone ofp in the triangulationrt. hidden
verticesbegin and hiddenverticesend determines the it-
erator range over the hidden vertices of the conflict
zone of p inrt. It is the result of the functionT.get
boundaryof conflicts(p,std::backinserter(hole), std::back
inserter(hiddenvertices), start), seeRegular triangulation
2<Traits, Tds>.

template<class Rt, class OutputIterator>
CGAL::Triple< OutputIterator, typename Rt::Geomtraits::FT, bool>

regular neighborcoordinates2( Rt rt,
typename Rt::Vertexhandle vh,
OutputIterator out)

This function computes the regular neighbor coordinates of
the pointvh->point() with respect to the vertices ofrt ex-
cluding vh->point(). The same as above for the remaining
parameters.

Requirements

1. Rt are equivalent to the classRegular triangulation 2<Traits, Tds>.

2. The traits classTraits of Rt is a model of the conceptRegularTriangulationTraits2. It provides the
number typeFT which is a model forFieldNumberTypeand it must meet the requirements for the traits
class of thepolygonarea 2 function. A model of this traits class isRegular triangulation euclidean
traits 2<K, Weight>.

3. OutputIterator::valuetype is equivalent tostd::pair<Rt::Weightedpoint, Rt::Geomtraits::FT>, i.e. a
pair associating a point and its regular neighbor coordinate.

Implementation

This function computes the areas stolen from the Voronoi cells of points inrt by the insertion ofp. The total
area of the Voronoi cell ofp is also computed and returned by the function. Ifp lies outside the convex hull, the
coordinate values cannot be computed and the third value of the result triple is set tofalse.

See Also

CGAL::natural neighborcoordinates2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2374
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CGAL::sibson gradient fitting

Definition

The functionsibsongradient fitting approximates the gradient of a function at a pointp given natural neighbor
coordinates forp and its neighbors’ function values. The approximation method is described in [Sib81]. Further
functions are provided to fit the gradient for all data points that lie inside the convex hull of the data points. One
function exists for each type of natural neighbor coordinates.

#include<CGAL/sibsongradient fitting.h>

template< class ForwardIterator, class Functor, class Traits>
typename Traits::Vectord

sibsongradient fitting( ForwardIterator first,
ForwardIterator beyond,
typename std::iteratortraits<ForwardIterator>::value

type::secondtype norm,
typename std::iteratortraits<ForwardIterator>::value

type::first type p,
Functor f,
Traits traits)

This function estimates the gradient of a function at the point
p given natural neighbor coordinates ofp in the range[ first,
beyond) and the function values of the neighbors provided
by the functorf . norm is the normalization factor of the
barycentric coordinates.

Requirements

1. ForwardIterator::value typeis a pair of point/coordinate value, thusForwardIterator::value type::first
typeis equivalent to a point andForwardIterator::value type::secondtypeis a number type.

2. Functor::argumenttype must be equivalent to ForwardIterator::value type::first type and
Functor::result type is the function value type. It must provide a multiplication and addition op-
eration with the typeForwardIterator::value type::secondtype.

3. Traits is a model of the conceptGradientFittingTraits.

template< class Dt, class OutputIterator, class Functor, class Traits>
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OutputIterator sibsongradient fitting nn 2( Dt dt, OutputIterator out, Functor f, Traits traits)

estimates the function gradients at all vertices ofdt
that lie inside the convex hull using the coordinates
computed by the functionnatural neighborcoordinates2.
OutputIterator::valuetype is a pair associating a point to a
vector. The sequence of point/gradient pairs computed by
this function is placed starting atout. The function returns an
iterator that is placed past-the-end of the resulting sequence.
The requirements are the same as above. The template class
Dt must be equivalent toDelaunaytriangulation 2<Gt, Tds>
.

template< class Rt, class OutputIterator, class Functor, class Traits>
OutputIterator sibsongradient fitting rn 2( Rt rt, OutputIterator out, Functor f, Traits traits)

estimates the function gradients at all vertices ofrt
that lie inside the convex hull using the coordinates
computed by the functionregular neighborcoordinates2.
OutputIterator::valuetype is a pair associating a point to a
vector. The sequence of point/gradient pairs computed by
this function is placed starting atout. The function returns an
iterator that is placed past-the-end of the resulting sequence.
The requirements are the same as above. The template class
Rt must be equivalent toRegular triangulation 2<Gt, Tds>.

See Also

CGAL::linear interpolation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2365
CGAL::sibsonc1 interpolation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2366
CGAL::farin c1 interpolation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2368
CGAL::quadratic interpolation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2369
CGAL::Interpolationgradient fitting traits 2<K> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2382
CGAL::natural neighborcoordinates2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2374
CGAL::regular neighborcoordinates2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2376
CGAL::surfaceneighborcoordinates3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2386

Implementation

This function implements Sibson’s gradient estimation method based on natural neighbor coordinates [Sib81].

2379



C
on

ce
pt

GradientFittingTraits

Definition

The functionsibsongradient fitting is parameterized by a traits class that defines the primitives used by the
algorithm. The concept GradientFittingTraits defines this common set of requirements.

Types

GradientFittingTraits:: FT The number type must follow the modelFieldNumberType.

GradientFittingTraits:: Pointd The point type on which the function is defined and interpo-
lated.

GradientFittingTraits:: Vectord The corresponding vector type.

GradientFittingTraits:: Aff transformationd defines a matrix type. Must provide the following member
functions :
Aff transformation tr.inverse ()which gives the inverse
transformation, and
Aff transformation tr.transform( Vector v)which returns the
multiplication oftr with v.

GradientFittingTraits:: Constructvector d A constructor object forVector d. Provides :
Vector d operator() (Pointd a, Point d b) which produces
the vectorb - aand
Vector d operator() (Null vector NULLVECTOR)which
introduces the null vector.

GradientFittingTraits:: Constructscaledvector d

Constructor object forVector d. Provides :
Vector d operator() (Vectord v,FT scale)which produces
the vectorv scaled by a factorscale.

GradientFittingTraits:: Constructnull matrix d

Constructor object forAff transformationd. Provides :
Aff transformationd operator()()which introduces an affine
transformation whose matrix has only zero entries.

GradientFittingTraits:: Constructscaling matrix d

Constructor object forAff transformationd. Provides :
Aff transformationd operator()(FT scale)which introduces
a scaling by a scale factorscale.
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GradientFittingTraits:: Constructsummatrix d

Constructor object forAff transformationd. Provides :
Aff transformationd operator()(Afftransformationd tr1,
Aff transformationd tr2) which returns the sum of the two
matrices representingtr1 andtr2.

GradientFittingTraits:: Constructouter product d

Constructor object forAff transformationd. Provides :
Aff transformationd operator()(Vector v)which returns the
outerproduct, i.e. the quadratic matrixvtv.

Creation

GradientFittingTraits traits; default constructor.

Operations

The following functions that create instances of the above constructor object types must exist.
Constructvector d traits.constructvector d object()

Constructscaledvector d

traits.constructscaledvector d object()
Constructnull matrix d

traits.constructnull matrix d object()
Constructsummatrix d

traits.constructsummatrix d object()
Constructouter product d

traits.constructouter product d object()

Has Models

CGAL::Interpolationgradient fitting traits 2<K>

See Also

InterpolationTraits . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2371
CGAL::Interpolation traits 2<K> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2373
CGAL::sibsongradient fitting . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2378
CGAL::sibsonc1 interpolation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2366
CGAL::farin c1 interpolation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2368
CGAL::quadratic interpolation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2369
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CGAL::Interpolation gradient fitting traits 2<K>

Definition

Interpolation gradient fitting traits 2<K> is a model for the conceptsInterpolationTraitsandGradientFitting-
Traits. It can be used to instantiate the geometric traits class of interpolation functions and of Sibson’s gradient
fitting function when applied on a function defined over a two-dimensional domain. The traits class is templated
by a kernel classK.

#include<CGAL/Interpolationgradient fitting traits 2.h>

Is Model for the Concepts

GradientFittingTraits InterpolationTraits

Types

typedef K::FT FT;
typedef K::Point2 Point d;
typedef K::Vector2 Vectord;
typedef K::Afftransformation2 Aff transformationd;
typedef K::Constructvector 2 Constructvector d;
typedef K::Constructscaledvector 2 Constructscaledvector d;
typedef K::Computesquareddistance2 Computesquareddistanced;
typedef Constructnull matrix 2<Aff transformationd>

Constructnull matrix d;
typedef Constructscaling matrix 2<Aff transformationd>

Constructscaling matrix d;
typedef Constructsummatrix 2<Aff transformationd>

Constructsummatrix d;
typedef Constructouter product 2<K> Constructouter product d;

Operations

Constructscaledvector d traits.constructscaledvector d object()

Constructvector d traits.constructvector d object()

Computesquareddistanced traits.computesquareddistanced object()

Constructnull matrix d traits.constructnull matrix d object()

Constructscaling matrix d traits.constructscaling matrix d object()
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Constructsummatrix d traits.constructsummatrix d object()

Constructouter product d traits.constructouter product d object()

See Also

InterpolationTraits . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2371
GradientFittingTraits . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2380
CGAL::Interpolation traits 2<K> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2373
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CGAL::Voronoi intersection 2 traits 3<K>

Definition

Voronoi intersection2 traits 3<K> is a model for the conceptRegularTriangulationTraits2 and Interpola-
tionTraits. It can be used to instantiate the geometric traits class of a two-dimensional regular triangulation. A
three-dimensional plane is defined by a point and a vector that are members of the traits class. The triangulation
is defined on 3D points. It is the regular triangulation of the input points projected onto the plane and each
weighted with the negative squared distance of the input point to the plane. It can be shown that it is dual to
the power diagram obtained by intersecting the three-dimensional Voronoi diagram of the input points with the
plane. All predicates and constructions used in the computation of the regular triangulation are formulated on
the three dimensional points without explicitly constructing the projected points and the weights. This reduces
the arithmetic demands. The traits class is templated by a kernel classK.

#include<CGAL/Voronoiintersection2 traits 3.h>

Is Model for the Concepts

RegularTriangulationTraits2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1408

Types

typedef K::RT Weight;

typedef K::FT FT;
typedef K::Point3 Point 2;
typedef K::Segment3

Segment2;
typedef K::Triangle3

Triangle 2;
typedef K::Line3 Line 2;
typedef K::Ray3 Ray2;
typedef K::Vector3 Vector2;
typedef K::Constructtriangle 3

Constructtriangle 2;
typedef K::Constructray 3

Constructray 2;
typedef K::Comparedistance3

Comparedistance2;

Computearea 3<Rep>

Computearea 2; An instance of this function object class computes the square
root of the result ofK::Computesquaredarea 3. If the
number typeFT does not support the square root operation,
the result is cast todoublebefore computing the square root.
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typedef Orientationwith normal plane 2 3<Rep>

Orientation 2;
typedef Sideof plane centeredsphere2 3<Point 2>

Power test 2;
typedef Constructplane centeredcircumcenter3<Point 2>

Constructweightedcircumcenter2;
typedef Comparefirst projection 3<Point 2>

Comparex 2;
typedef Comparesecondprojection 3<Point 2>

Comparey 2;

Operations

See Also

RegularTriangulationTraits2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page1408
CGAL::Regulartriangulation 2<Gt, Tds> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page??
CGAL::regular neighborcoordinates2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2376
CGAL::surfaceneighborcoordinates3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2386
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CGAL::surface neighbor coordinates 3

Definition

The functionsurfaceneighborcoordinates3 computes natural neighbor coordinates for surface points associ-
ated to a finite set of sample points issued from the surface. The coordinates are computed from the intersection
of the Voronoi cell of the query pointp with the tangent plane to the surface atp. If the sampling is sufficiently
dense, the coordinate system meets the properties described in the manual pages and in [BF02],[Flö03b]. The
query pointp needs to lie inside the convex hull of the projection of the sample points onto the tangent plane at
p.

#include<CGAL/surfaceneighborcoordinates3.h>

template<class OutputIterator, class InputIterator, class Kernel>
CGAL::Triple< OutputIterator, typename Kernel::FT, bool>

surfaceneighborcoordinates3( InputIterator first,
InputIterator beyond,
typename Kernel::Point3 p,
typename Kernel::Vector3 normal,
OutputIterator out,
Kernel K)

The sample pointsP are provided in the range[ first,
beyond). InputIterator::value type is the point type
Kernel::Point 3. The tangent plane is defined by the point
p and the vectornormal. The parameterK determines the
kernel type that will instantiate the template parameter of
Voronoi intersection2 traits 3<K>.
The natural neighbor coordinates forp are computed in the
power diagram that results from the intersection of the 3D
Voronoi diagram ofP with the tangent plane. The sequence
of point/coordinate pairs that is computed by the function is
placed starting atout. The function returns a triple with an
iterator that is placed past-the-end of the resulting sequence
of point/coordinate pairs, the normalization factor of the co-
ordinates and a boolean value which is set to true iff the co-
ordinate computation was successful, i.e. ifp lies inside the
convex hull of the projection of the pointsP onto the tangent
plane.

template<class OutputIterator, class InputIterator, class ITraits>
CGAL::Triple< OutputIterator, typename ITraits::FT, bool>

surfaceneighborcoordinates3( InputIterator first,
InputIterator beyond,
typename ITraits::Point2 p,
OutputIterator out,
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ITraits traits)

the same as above only that the traits class must be instan-
tiated by the user.ITraits must be equivalent toVoronoi
intersection2 traits 3<K>.

The next functions return, in addition, a second boolean value (the fourth value of the quadrupel) that certifies
whether or not, the Voronoi cell ofp can be affected by points that lie outside the input range, i.e. outside the ball
centered onp passing through the furthest sample point fromp in the range[ first, beyond). If the sample points
are collected by ak-nearest neighbor or a range search query, this permits to check whether the neighborhood
which has been considered is large enough.

template<class OutputIterator, class InputIterator, class Kernel>
CGAL::Quadruple< OutputIterator, typename Kernel::FT, bool, bool>

surfaceneighborcoordinatescertified 3( InputIterator first,
InputIterator beyond,
typename Kernel::Point3 p,
typename Kernel::Vector3 normal,
OutputIterator out,
Kernel K)

Similar to the first function. The additional fourth return
value istrue if the furthest point in the range[ first, beyond)
is further away fromp than twice the distance fromp to the
furthest vertex of the intersection of the Voronoi cell ofpwith
the tangent plane defined by(p,normal). It is falseotherwise.

template<class OutputIterator, class InputIterator, class Kernel>
CGAL::Quadruple< OutputIterator, typename Kernel::FT, bool, bool>

surfaceneighborcoordinatescertified 3( InputIterator first,
InputIterator beyond,
typename Kernel::Point2 p,
typename Kernel::FT maxdistance,
OutputIterator out,
Kernel kernel)

The same as above except that this function takes the maxi-
mal distance from p to the points in the range[ first, beyond)
as additional parameter.

template<class OutputIterator, class InputIterator, class ITraits>
CGAL::Quadruple< OutputIterator, typename ITraits::FT, bool, bool>

surfaceneighborcoordinatescertified 3( InputIterator first,
InputIterator beyond,
typename ITraits::Point2 p,
OutputIterator out,
ITraits traits)

The same as above only that the traits class must be instan-
tiated by the user and without the parametermax distance.
ITraits must be equivalent toVoronoi intersection2 traits
3<K>.
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template<class OutputIterator, class InputIterator, class ITraits>
CGAL::Quadruple< OutputIterator, typename ITraits::FT, bool, bool>

surfaceneighborcoordinatescertified 3( InputIterator first,
InputIterator beyond,
typename ITraits::Point2 p,
typename ITraits::FT maxdistance,
OutputIterator out,
ITraits traits)

The same as above with the parametermax distance.

The next function allows to filter some potential neighbors of the query pointp from P via its three-dimensional
Delaunay triangulation. All surface neighbors ofp are necessarily neighbors in the Delaunay triangulation of
P ∪{p}.

template< class Dt, class OutputIterator>
CGAL::Triple< OutputIterator, typename Dt::Geomtraits::FT, bool>

surfaceneighborcoordinates3( Dt dt,
typename Dt::Geomtraits::Point 2 p,
typename Dt::Geomtraits::Vector 3 normal,
OutputIterator out,
typename Dt::Facehandle start = typename

Dt::Face handle())

computes the surface neighbor coordinates with respect to
the points that are vertices of the Delaunay triangulationdt.
The typeDt must be equivalent toDelaunaytriangulation
3<Gt, Tds>. The optional parameterstart is used as a starting
place for the search of the conflict zone. It may be the result
of the calldt.locate(p). This function instantiates the tem-
plate parameterITraits to beVoronoi intersection2 traits
3<Dt::Geom traits>.

template< class Dt, class OutputIterator, class ITraits>
CGAL::Triple< OutputIterator, typename Dt::Geomtraits::FT, bool>

surfaceneighborcoordinates3( Dt dt,
typename Dt::Geomtraits::Point 2 p,
OutputIterator out,
ITraits traits,
typename Dt::Facehandle start = typename

Dt::Face handle())

The same as above only that the parametertraits instantiates
the geometric traits class. Its typeITraits must be equivalent
to Voronoi intersection2 traits 3<K>.

Requirements

1. Dt is equivalent to the classDelaunaytriangulation 3.

2388



2. OutputIterator::valuetype is equivalent tostd::pair<Dt::Point 3, Dt::Geomtraits::FT>, i.e. a pair as-
sociating a point and its natural neighbor coordinate.

3. ITraits is equivalent to the classVoronoi intersection2 traits 3<K>.

See Also

CGAL::linear interpolation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2365
CGAL::sibsonc1 interpolation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2366
CGAL::farin c1 interpolation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2368
CGAL::Voronoi intersection2 traits 3<K> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2384
CGAL::surfaceneighbors3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2390

Implementation

This functions construct the regular triangulation of the input points instantiated withVoronoi intersection
2 traits 3<Kernel> or ITraits if provided. They return the result of the function callregular neighbor
coordinates2 with the regular triangulation andp as arguments.
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CGAL::surface neighbors 3

Definition

Given a set of sample points issued from a surface and a query pointp, the functionsurfaceneighbors3
computes the neighbors ofp on the surface within the sample points. If the sampling is sufficiently dense, the
neighbors are provably close to the pointp on the surface (cf. the manual pages and [BF02],[Flö03b]). They are
defined to be the neighbors ofp in the regular triangulation dual to the power diagram which is equivalent to the
intersection of the Voronoi cell of the query pointp with the tangent plane to the surface atp.

#include<CGAL/surfaceneighbors3.h>

template<class OutputIterator, class InputIterator, class Kernel>
OutputIterator surfaceneighbors3( InputIterator first,

InputIterator beyond,
typename Kernel::Point3 p,
typename Kernel::Vector3 normal,
OutputIterator out,
Kernel K)

The sample pointsP are provided in the range[ first,
beyond). InputIterator::value type is the point type
Kernel::Point 3. The tangent plane is defined by the point
p and the vectornormal. The parameterK determines the
kernel type that will instantiate the template parameter of
Voronoi intersection2 traits 3<K>.
The surface neighbors ofp are computed which are the
neighbors ofp in the regular triangulation that is dual to the
intersection of the 3D Voronoi diagram ofP with the tangent
plane. The point sequence that is computed by the function
is placed starting atout. The function returns an iterator that
is placed past-the-end of the resulting point sequence.

template<class OutputIterator, class InputIterator, class ITraits>
OutputIterator surfaceneighbors3( InputIterator first,

InputIterator beyond,
typename ITraits::Point2 p,
OutputIterator out,
ITraits traits)

the same as above only that the traits class must be instan-
tiated by the user.ITraits must be equivalent toVoronoi
intersection2 traits 3<K>.

The next functions return, in addition, a boolean value that certifies whether or not, the Voronoi cell ofp can be
affected by points that lie outside the input range, i.e. outside the ball centered onp passing through the furthest
sample point fromp in the range[ first, beyond). If the sample points are collected by ak-nearest neighbor or a
range search query, this permits to verify that a large enough neighborhood has been considered.

template<class OutputIterator, class InputIterator, class Kernel>
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std::pair< OutputIterator, bool>

surfaceneighborscertified 3( InputIterator first,
InputIterator beyond,
typename Kernel::Point3 p,
typename Kernel::Vector3 normal,
OutputIterator out,
Kernel K)

Similar to the first function. The additional third return value
is true if the furthest point in the range[ first, beyond) is
further away fromp than twice the distance fromp to the
furthest vertex of the intersection of the Voronoi cell ofpwith
the tangent plane defined be(p,normal). It is falseotherwise.

template<class OutputIterator, class InputIterator, class Kernel>
std::pair< OutputIterator, bool>

surfaceneighborscertified 3( InputIterator first,
InputIterator beyond,
typename Kernel::Point2 p,
typename Kernel::FT maxdistance,
OutputIterator out,
Kernel kernel)

The same as above except that this function takes the maxi-
mal distance fromp to the points in the range[ first, beyond)
as additional parameter.

template<class OutputIterator, class InputIterator, class ITraits>
std::pair< OutputIterator, bool>

surfaceneighborscertified 3( InputIterator first,
InputIterator beyond,
typename ITraits::Point2 p,
OutputIterator out,
ITraits traits)

The same as above only that the traits class must be instan-
tiated by the user.ITraits must be equivalent toVoronoi
intersection2 traits 3<K>. There is no parametermax
distance.

template<class OutputIterator, class InputIterator, class ITraits>
std::pair< OutputIterator, bool>

surfaceneighborscertified 3( InputIterator first,
InputIterator beyond,
typename ITraits::Point2 p,
typename ITraits::FT maxdistance,
OutputIterator out,
ITraits traits)

The same as above with the parametermax distance.
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The next function allows to filter some potential neighbors of the query pointp from P via its three-dimensional
Delaunay triangulation. All surface neighbors ofp are necessarily neighbors in the Delaunay triangulation of
P ∪{p}.

template< class Dt, class OutputIterator>
OutputIterator surfaceneighbors3( Dt dt,

typename Dt::Geomtraits::Point 2 p,
typename Dt::Geomtraits::Vector 3 normal,
OutputIterator out,
typename Dt::Facehandle start = typename Dt::Face

handle())

computes the surface neighbor coordinates with respect to
the points that are vertices of the Delaunay triangulationdt.
The typeDt must be equivalent toDelaunaytriangulation
3<Gt, Tds>. The optional parameterstart is used for the
used as a starting place for the search of the conflict zone.
It may be the result of the calldt.locate(p). This function
instantiates the template parameterITraits to be Voronoi
intersection2 traits 3<Dt::Geom traits>.

template< class Dt, class OutputIterator, class ITraits>
OutputIterator surfaceneighbors3( Dt dt,

typename Dt::Geomtraits::Point 2 p,
OutputIterator out,
ITraits traits,
typename Dt::Facehandle start = typename Dt::Face

handle())

The same as above only that the parametertraits instantiates
the geometric traits class. Its typeITraits must be equivalent
to Voronoi intersection2 traits 3<K>.

Requirements

1. Dt is equivalent to the classDelaunaytriangulation 3.

2. OutputIterator::valuetypeis equivalent toDt::Point 3, i.e. a point type.

3. ITraits is equivalent to the classVoronoi intersection2 traits 3<K>.

See Also

CGAL::Voronoi intersection2 traits 3<K> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2384
CGAL::surfaceneighborcoordinates3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2386

Implementation

These functions compute the regular triangulation of the sample points and the pointp using a traits class
equivalent toVoronoi intersection2 traits 3<K>. They determine the neighbors ofp in this triangulation. The
functions which certify the result need to compute, in addition, the Voronoi vertices of the cell ofp in this
diagram.
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This chapter describes the CGAL ’s 2D streamline placement package. Basic definitions and notions are given
in Section41.1. Section41.2 gives a description of the integration process. Section41.3 provides a brief
description of the algorithm. Section41.4presents the implementation of the package, and Section41.5details
two example placements.

Figure 41.1: The core idea of the algorithm is to integrate the streamlines from the center of the biggest empty
cavities in the domain (left). A Delaunay triangulation of all the sample points is used to model the streamlines
and the spaces within the domain (middle). A final result is shown (right).
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41.1 Definitions

In physics, afield is an assignment of a quantity to every point in space. For example, a gravitational field
assigns a gravitational potential to each point in space.

Vector and direction fields are commonly used for modeling physical phenomena, where a direction and
magnitude, namely a vector is assigned to each point inside a domain (such as the magnitude and direction of
the force at each point in a magnetic field).

Streamlines are important tools for visualizing flow fields. Astreamlineis a curve everywhere tangent to
the field. In practice, a streamline is often represented as a polyline (series of points) iteratively elongated
by bidirectional numerical integration started from aseed point, until it comes close to another streamline
(according to a specified distance calledthe separating distance), hits the domain boundary, reaches a critical
point or generates a closed path.

A valid placement of streamlines consists of saturating the domain with a set of tangential streamlines in accor-
dance with a specifieddensity, determined by theseparating distancebetween the streamlines.

41.2 Fundamental Notions

A streamline can be considered as the path traced by an imaginary massless particle dropped into a steady fluid
flow described by the field. The construction of this path consists in the solving an ordinary differential equation
for successive time intervals. In this way, we obtain a series of pointspk,0 < k < n which allow visualizing the
streamline. The differential equation is defined as follows :

dp
dt

= v(p(t)), p(0) = p0

wherep(t) is the position of the particle at timet, v is a function which assigns a vector value at each point in
the domain (possibly by interpolation), andp0 is the initial position. The position after a given interval∆t is
given by :

p(t +∆t) = p(t)+
Z t+∆t

t
v(p(t))dt

. Several numeric methods have been proposed to solve this equation. In this package, the Euler, and the Second
Order Runge Kutta algorithm are implemented.

41.2.1 Euler integrator

This algorithm approximates the point computation by this formula

pk+1 = pk +hv(pk)

whereh specifies theintegration step(see Figure41.2). The integration can be done forward (resp. backward)
by specifying a positive (resp. negative) integration steph. The streamline is then constructed by successive
integration from a seed point both forward and backward.
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Figure 41.2: Euler integrator.

p‘k pk+1

pk

Figure 41.3: Runge-kutta second order integrator (The empty circle represents the intermediate point, and the
gray disk represents the Euler integrated point).

41.2.2 Second Order Runge Kutta Integrator

This method introduces an intermediate pointp’ k betweenpk andpk+1 to increase the precision of the compu-
tation (see Figure41.3), where:

p′k = pk + 1
2hv(pk)

pk+1 = pk + hv(p′k)

See [PTVF02] for further details about numerical integration.

41.3 Farthest Point Seeding Strategy

The algorithm implemented in this package [MAD05] consists of placing one streamline at a time by numerical
integration starting farthest away from all previously placed streamlines.

The input of our algorithm is given by (i) a flow field, (ii) adensityspecified either globally, by the inverse
of the ideal spacing distance, or locally by a density field, and (iii) asaturationratio over the desired spacing
required to trigger the seeding of a new streamline.

The input flow field is given by a discrete set of vectors or directions sampled within a domain, associated with
an interpolation scheme (e.g. bilinear interpolation over a regular grid, or natural neighbor interpolation over
an irregular point set to allow for an evaluation at each point coordinate within the domain).
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The output is a streamline placement, represented as a list of streamlines. The core idea of our algorithm
consists of placing one streamline at a time by numerical integration seeded at the farthest point from all
previously placed streamlines.

The streamlines are approximated by polylines, whose points are inserted to a 2D Delaunay triangula-
tion (see figure41). The empty circumscribed circles of the Delaunay triangles provide us with a good
approximation of the cavities in the domain.

After each streamline integration, all incident triangles whose circumcircle diameter is larger (within the satu-
ration ratio) than the desired spacing distance are pushed to a priority queue sorted by the triangle circumcircle
diameter. To start each new streamline integration, the triangle with largest circumcircle diameter (and hence
the biggest cavity) is popped out of the queue. We first test if it is still a valid triangle of the triangulation, since
it could have been destroyed by a streamline previously added to the triangulation. If it is not, we pop another
triangle out of the queue. If it is, we use the center of its circumcircle as seed point to integrate a new streamline.

Our algorithm terminates when the priority queue is empty. The size of the biggest cavity being monotonically
decreasing, our algorithm guarantees the domain saturation.

41.4 Implementation

Streamlines are represented as polylines, and are obtained by iterative integration from the seed point. A
polyline is represented as a range of points. The computation is processed via a list of Delaunay triangulation
vertices.

To implement the triangular grid, the CGAL Delaunaytriangulation 2 class is used. The priority queue used to
store candidate seed points is taken from the Standard Template Library [Sil97].

41.5 Examples

The first example illustrates the generation of a 2D streamline placement from a vector field defined on a regular
grid.

#include <iostream>
#include <fstream>

#include <CGAL/Cartesian.h>
#include <CGAL/Filtered_kernel.h>

#include <CGAL/Stream_lines_2.h>
#include <CGAL/Runge_kutta_integrator_2.h>
#include <CGAL/Regular_grid_2.h>
#include <CGAL/Triangular_field_2.h>

typedef double coord_type;
typedef CGAL::Cartesian<coord_type> K1;
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typedef CGAL::Filtered_kernel<K1> K;
typedef CGAL::Regular_grid_2<K> Field;
typedef CGAL::Runge_kutta_integrator_2<Field> Runge_kutta_integrator;
typedef CGAL::Stream_lines_2<Field, Runge_kutta_integrator> Stl;
typedef Stl::Point_iterator_2 Point_iterator;
typedef Stl::Stream_line_iterator_2 Stl_iterator;
typedef Stl::Point_2 Point_2;
typedef Stl::Vector_2 Vector_2;

int main()
{

Runge_kutta_integrator runge_kutta_integrator;

/*data.vec.cin is an ASCII file containing the vector field values*/
std::ifstream infile("data/vnoise.vec.cin", std::ios::in);
double iXSize, iYSize;
unsigned int x_samples, y_samples;
iXSize = iYSize = 512;
infile >> x_samples;
infile >> y_samples;
Field regular_grid_2(x_samples, y_samples, iXSize, iYSize);
/*fill the grid with the appropreate values*/
for (unsigned int i=0;i<x_samples;i++)

for (unsigned int j=0;j<y_samples;j++)
{

double xval, yval;
infile >> xval;
infile >> yval;
regular_grid_2.set_field(i, j, Vector_2(xval, yval));

}
infile.close();

/* the placement of streamlines */
std::cout << "processing...\n";
double dSep = 3.5;
double dRat = 1.6;
Stl Stream_lines(regular_grid_2, runge_kutta_integrator,dSep,dRat);
std::cout << "placement generated\n";

/*writing streamlines to streamlines_on_regular_grid_1.stl */
std::ofstream fw("streamlines_on_regular_grid_1.stl",std::ios::out);
fw << Stream_lines.number_of_lines() << "\n";
for(Stl_iterator sit = Stream_lines.begin(); sit != Stream_lines.end(); sit++)

{
fw << "\n";
for(Point_iterator pit = sit->first; pit != sit->second; pit++){

Point_2 p = *pit;
fw << p.x() << " " << p.y() << "\n";

}
}

fw.close();

}
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The second example depicts the generation of a streamline placement from a vector field defined on a triangular
grid.

#include <iostream>
#include <fstream>

#include <CGAL/Cartesian.h>
#include <CGAL/Filtered_kernel.h>

#include <CGAL/Stream_lines_2.h>
#include <CGAL/Runge_kutta_integrator_2.h>
#include <CGAL/Triangular_field_2.h>

typedef double coord_type;
typedef CGAL::Cartesian<coord_type> K1;
typedef CGAL::Filtered_kernel<K1> K;
typedef K::Point_2 Point;
typedef K::Vector_2 Vector;
typedef CGAL::Triangular_field_2<K> Field;
typedef CGAL::Runge_kutta_integrator_2<Field> Runge_kutta_integrator;
typedef CGAL::Stream_lines_2<Field, Runge_kutta_integrator> Stl;
typedef Stl::Stream_line_iterator_2 stl_iterator;

int main()
{

Runge_kutta_integrator runge_kutta_integrator(1);

/*datap.tri.cin and datav.tri.cin are ascii files where are stored the vector velues*/
std::ifstream inp("data/datap.tri.cin");
std::ifstream inv("data/datav.tri.cin");
std::istream_iterator<Point> beginp(inp);
std::istream_iterator<Vector> beginv(inv);
std::istream_iterator<Point> endp;

Field triangular_field(beginp, endp, beginv);

/* the placement of streamlines */
std::cout << "processing...\n";
double dSep = 30.0;
double dRat = 1.6;
Stl Stream_lines(triangular_field, runge_kutta_integrator,dSep,dRat);
std::cout << "placement generated\n";

/*writing streamlines to streamlines.stl */
std::cout << "streamlines.stl\n";
std::ofstream fw("streamlines.stl",std::ios::out);
Stream_lines.print_stream_lines(fw);

}
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2D Placement of Streamlines
Reference Manual
Abdelkrim Mebarki

Vector and direction fields are commonly used for modeling physical phenomena, where a direction and
magnitude, namely a vector is assigned to each point inside a domain.

A streamline is a curve everywhere tangent to the field. It can be considered as the path traced by an imaginary
massless particle dropped into a steady fluid flow described by the field.

A streamline is represented as a polyline iteratively elongated by bidirectional numerical integration started
from a seed point, until it comes close to another streamline, hits the domain boundary, or reaches a critical point.

The Streamlines 2 class consists of saturating the domain with a set of tangential streamlines in accordance
with a specified density.

Streamlines are represented as containers of points, manipulated by an iterator range of points, and the whole
placement is accessible via an iterator range of streamlines.

The main class in this package, theStreamlines 2 class of CGAL depends on two template parameters. The first
template parameter stands for a class which represents both the vector field and the visualisation domain with
operations on them, and should be instantiated by a model of the conceptVectorField2. The second template
parameter stands for a function object that ensures the numerical integration used to construct the streamlines,
and should be instantiated by a model of the conceptIntegrator 2.

41.6 Classified Reference Pages

Concepts

StreamLinesTraits2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2406
Integrator2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2402
VectorField2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2410
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Classes

CGAL::Streamlines 2<VectorField2,Integrator 2> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2407
CGAL::Euler integrator 2<VectorField2> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2401
CGAL::Rungekutta integrator 2<VectorField2> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2405
CGAL::Regulargrid 2<StreamLinesTraits2> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2403
CGAL::Triangular field 2<StreamLinesTraits2> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2409
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CGAL::Euler integrator 2<VectorField 2>

Definition

This class implements the first order Euler integrator. The template parameterVectorField2 has to be instanti-
ated by a model of the conceptVectorField2.

Creation

Euler integrator 2<VectorField2> einteg( FT integrationstep);

Creates an Euler integrator classeintegwith integration step
as integration step.

Is Model for the Concepts

Integrator 2

See Also

Rungekutta integrator 2<VectorField2>
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Integrator 2

Definition

The concept Integrator2 describes the set of requirements to be fulfilled by any function object used to in-
stantiate the second template parameter of the classStreamlines 2<VectorField2,Integrator 2>. This concept
provides the operation that integrates a new point from a given point with a predefined step, and according to a
specified vector.

Types

Integrator 2:: FT The scalar type.
Integrator 2:: Point 2 The point type.
Integrator 2:: Vector 2 The vector type.
Integrator 2:: Vector field 2 The vector field type.

Creation

Integrator 2 integ; only a default constructor is needed.

Operations

The following operations return the newly integrated point.

Point 2 integ( Point2 p, Vectorfield 2 vector field 2)

returns the new position from the actual position defined by
p, according to the vector given byvector field 2 atp.
Precondition: vector field 2.is in domain(p)must be true.

Point 2 integ( Point2 p, Vectorfield 2 vector field 2, FT integrationstep)

As above. The integration step is defined byintegration step.
Precondition: vector field 2.is in domain(p)must be true.

Point 2 integ( Point2 p, Vectorfield 2 vector field 2, FT integrationstep, bool direction)

As above. In addition, this function integrates forward ifdi-
rection is true, and bacward if it is false.
Precondition: vector field 2.is in domain(p)must be true.

Has Models

CGAL::Euler integrator 2<VectorField2>
CGAL::Rungekutta integrator 2<VectorField2>
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CGAL::Regular grid 2<StreamLinesTraits 2>

Definition

The template parameterStreamLinesTraits2 has to be instantiated by a model of the concept
StreamLinesTraits2.
This class provides a 2D vector field specified by a set of sample points defined on a regular grid, with a bilinear
interpolation scheme over its cells (i.e. for each pointp in a cell c, the vector value is interpolated from the
vertices ofc).

Types

typedef StreamLinesTraits2::FT FT; the scalar type.
typedef StreamLinesTraits2::Point 2 Point 2; the point type.
typedef StreamLinesTraits2::Vector 2 Vector2; the vector type.

Creation

Regulargrid 2<StreamLinesTraits2> rgrid( int x samples, int ysamples, FT xsize, FT ysize);

Generate a regular gridrgrid
whose size isx size by y size,
while x samplesand y samples
specify the number of samples
onx andy.

Modifiers

In addition to the minimum interface required by the concept definition, the classRegulargrid 2<
StreamLinesTraits2>provides the following function to fill the vector field with the user data.

void rgrid.setxy( int i, int j, Vector2 v)

Attribute the vector v to the po-
sition (i,j) on the regular grid.

Access Functions

std::pair<int, int> rgrid.get dimension() returns the dimension of the
grid.

std::pair<FT, FT> rgrid.get size() returns the size of the grid.
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Is Model for the Concepts

VectorField2

See Also

Triangular field 2<StreamLinesTraits2>
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CGAL::Runge kutta integrator 2<VectorField 2>

Definition

The template parameterVectorField2 has to be instantiated by a model of the conceptVectorField2. This
class implements the second order Runge-Kutta integrator.

Creation

Rungekutta integrator 2<VectorField2> rkinteg( FT integrationstep);

Creates a Runge-kutta second order integrator classrkinteg
with integration stepas integration step.

Is Model for the Concepts

Integrator 2

See Also

Euler integrator 2<VectorField2>
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StreamLinesTraits 2

Definition

The concept StreamLinesTraits2 describes the set of requirements to be fulfilled by any class used to instantiate
the template parameter of the classRegulargrid 2<StreamLinesTraits2>. This concept provides the types
handled by theStreamlines 2<VectorField2, Integrator 2> class.

Types

StreamLinesTraits2:: FT The scalar type.
StreamLinesTraits2:: Point 2 The point type.
StreamLinesTraits2:: Vector 2 The vector type.

Has Models

The kernels of CGAL are models for this traits class.
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CGAL::Stream lines 2<VectorField 2,Integrator 2>

Definition

The classStreamlines 2<VectorField2,Integrator 2> is designed to handle a placement of streamlines in a
2D domain according to a bidimensional vector field.

The classStreamlines 2<VectorField2,Integrator 2> creates a placement of streamlines according to a spec-
ified density and gives access to those streamlines via two iterators over a container of iterators that provide
access to the streamline points.

Parameters

The classStreamlines 2<VectorField2,Integrator 2> has two template parameters. The first parameter
VectorField2 has to be instantiated by a model of the conceptVectorField2. The second parameter is the
function objectIntegrator 2, and has to be instantiated by a model of the conceptIntegrator 2.

Types

typedef VectorField2::Geomtraits Geomtraits; the traits class.
typedef VectorField2::FT FT; the scalar type.
typedef VectorField2::Point 2 Point 2; the point type.
typedef VectorField2::Vector 2 Vector2; the vector type.

The classStreamlines 2<VectorField2,Integrator 2> provides also two types for handling streamlines:

Streamlines 2<VectorField2,Integrator 2>:: Point iterator 2;

iterator of points with value typePoint 2.

Streamlines 2<VectorField2,Integrator 2>:: Streamline iterator 2;

an iterator to visit the streamlines with value typestd::pair<
Point iterator 2, Point iterator 2>.

Creation

Streamlines 2<VectorField2,Integrator 2> stl( VectorField2 vector field 2,
Integrator 2 integrator 2,
FT separatingdistance,
FT saturationratio)

Generates a streamline placementstl.

Modifiers

void stl.setseparatingdistance( FT newvalue)

Modify the separating distance.
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void stl.setsaturation ratio( FT newvalue)

Modify the saturation ratio.

void stl.update() Update the placement after changing the separating dis-
tance or the saturation ratio.

Access Functions

void stl.getseparatingdistance() returns the separating distance.
void stl.getsaturation ratio() returns the saturation ratio.
void stl.print streamlines( std::ofstream& fw)

prints the streamlines to an ASCII file : line by line, and
point by point.

Streamline iterators

The following iterators allow to visit all the streamlines generated by the constructor or the update function.

Streamline iterator stl.begin() Starts at the first streamline
Streamline iterator stl.end() Past-the-end iterator
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CGAL::Triangular field 2<StreamLinesTraits 2>

Definition

The template parameterStreamLinesTraits2 has to be instantiated by a model of the concept
StreamLinesTraits2.

This class provides a vector field specified by a set of sample points defined on a triangulated domain. All
sample points are inserted to aDelaunay triangulation, and for each pointp in the domain located in a facef ,
its vector value is interpolated from the vertices of the facef .

Types

typedef StreamLinesTraits2::FT FT; the scalar type.
typedef StreamLinesTraits2::Point 2 Point 2; the point type.
typedef StreamLinesTraits2::Vector 2 Vector2; the vector type.

Creation

Triangular field 2<StreamLinesTraits2> tfield 2( InputIterator1 firstpoint,
InputIterator1 lastpoint,
InputIterator2 first vector)

Defines the points in the
range [ first point, last
point) as the sample points
of the grid, with the cor-
responding number of vec-
tors started atfirst vector.
Precondition: The value
type of InputIterator1 is
Point.
Precondition: The value
type of InputIterator2 is
Vector.

Is Model for the Concepts

VectorField2

See Also

Regulargrid 2<StreamLinesTraits2>
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VectorField 2

Definition

The concept VectorField2 describes the set of requirements to be fulfilled by any class used to instantiate
the first template parameter of the classStreamlines 2<VectorField2,Integrator 2>. This concept provides
the types of the geometric primitives used in the placement of streamlines and some functions for answering
different queries.

Types

VectorField2:: Geomtraits The traits class.
VectorField2:: FT The scalar type.
VectorField2:: Point 2 The point type.
VectorField2:: Vector 2 The vector type.

Creation

VectorField2 vfield; Any constructor has to allow the user to fill the vector values
(i.e. assign a vector to each position witin the domain).

Query Functions

Geomtraits::Iso rectangle2

vfield.bbox() returns the bounding box of the whole domain.
std::pair<Vector 2,FT>

vfield.get field( Point 2 p)

returns the vector field value and the local density.
Precondition: is in domain(p)must be true.

bool vfield.is in domain( Point2 p)

returns true if the point p is inside the domain boundaries,
false otherwise.

FT vfield.getintegration step( Point2 p)

returns the integration step at the point p (i.e. the distance
betweenp and the next point in the polyline.).
Precondition: is in domain(p)must be true.

Has Models

CGAL::Regulargrid 2<StreamLinesTraits2>
CGAL::Triangular field 2<StreamLinesTraits2>
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Chapter 42

Kinetic Data Structures
Daniel Russel
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Lets say you want to maintain a sorted list of items (each item is associate with a real number key). You can
imagine placing each of the items on the point on the real line corresponding to its key. Now, let the key for
each item change continuously (i.e. no jumps are allowed). As long as no two (consecutive) items cross, the
sorted order is intact. When two cross, they need to be exchanged in the list and then the sorted order is once
again correct. This is a trivial example of a kinetic data structure. The key observation is that the combinatorial
structure which is maintained changes at discrete times (events) even though the basic building blocks are
changing continuously.

This chapter describes a number of such kinetic data structures implemented using the Kinetic framework
described in Chapter43. We first, in Section42.1introduce kinetic data structures and sweepline algorithms.
This section can be skipped if the reader is already familiar with the area. The next sections, Section42.1.1and
Section42.2introduces the terms and gives an overview of the framework. They are recommended reading for
all readers, even if you are just using provided kinetic data structures. We then present kinetic data structures
for Delaunay triangulations in two and three dimensions in Section42.3.

42.1 An Overview of Kinetic Data Structures and Sweep Algorithms

Kinetic data structures were first introduced in by Basch et. al. in 1997 [BGH97]. The idea stems from the
observation that most, if not all, computational geometry structures are built usingpredicates— functions on
quantities defining the geometric input (e.g. point coordinates), which return a discrete set of values. Many
predicates reduce to determining the sign of a polynomial on the defining parameters of the primitive objects.
For example, to test whether a point lies above or below a plane we compute the dot product of the point
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with the normal of the plane and subtract the plane’s offset along the normal. If the result is positive, the
point is above the plane, zero on the plane, negative below. The validity of many combinatorial structures
built on top of geometric primitives can be verified by checking a finite number of predicates of the geometric
primitives. These predicates, which collectively certify the correctness of the structure, are calledcertificates.
For a Delaunay triangulation in three dimensions, for example, the certificates are oneInCircle test per facet of
the triangulation, plus a point plane orientation test for each facet or edge of the convex hull.

The kinetic data structures approach is built on top of this view of computational geometry. Let the geometric
primitives move by replacing each of their defining quantities with a function of time (generally a polynomial).
As time advances, the primitives trace out paths in space calledtrajectories. The values of the polynomial
functions of the defining quantities used to evaluate the predicates now also become functions of time. We call
these functionscertificate functions. Typically, a geometric structure is valid when all predicates have a specific
non-zero sign. In the kinetic setting, as long as the certificate functions maintain the correct sign as time varies,
the corresponding predicates do not change values, and the original data structure remains correct. However,
if one of the certificate functions changes sign, the original structure must be updated, as well as the set of
certificate functions that verify it. We call such occurrencesevents.

Maintaining a kinetic data structure is then a matter of determining which certificate function changes sign next,
i.e. determining which certificate function has the first real root that is greater than the current time, and then
updating the structure and the set of certificate functions. In addition, the trajectories of primitives are allowed
to change at any time, althoughC0-continuity of the trajectories must be maintained. When a trajectory update
occurs for a geometric primitive, all certificates involving that primitive must be updated. We call the collection
of kinetic data structures, primitives, event queue and other support structures asimulation.

Sweepline algorithms for computing arrangements ind dimensions easily map on to kinetic data structures
by taking one of the coordinates of the ambient space as the time variable. The kinetic data structure then
maintains the arrangement of a set of objects defined by the intersection of a hyperplane of dimensiond−1
with the objects whose arrangement is being computed.

Time is one of the central concepts in a kinetic simulation. Just as static geometric data structures divide the
continuous space of all possible inputs (as defined by sets of coordinates) into a discrete set of combinatorial
structures, kinetic data structures divide the continuous time domain into a set of disjoint intervals. In each
interval the combinatorial structure does not change, so, in terms of the combinatorial structure, all times in the
interval are equivalent. We capitalize on this equivalence in the framework in order to simplify computations.
If the primitives move on polynomial trajectories and the certificates are polynomials in the coordinates, then
events occur at real roots of polynomials of time. Real numbers, which define the endpoints of the interval, are
more expensive to compute with than rational numbers, so performing computations at a rational number inside
the interval is preferable whenever possible. See Section43.1.4for an example of where this equivalence is
exploited.

42.1.1 Terms Used

primitive The basic geometric types–i.e. the points of a triangulation. A primitive has a set ofcoordinates.

combinatorial structure A structure built on top of the primitives. The structure does not depend directly on
the coordinates of the primitives, only on relationships between them.

trajectory The path traced out by a primitive as time passes. In other words how the coordinates of a primitive
change with time.

snapshot The position of all the primitives at a particular moment in time.

static Having to do with geometric data structures on non-moving primitives.

predicate A function which takes the coordinates of several primitives from a snapshot as input and produces
one of a discrete set of outputs.
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certificate One of a set of predicates which, when all having the correct values, ensure that the combinatorial
structure is correct.

certificate function A function of time which is positive when the corresponding certificate has the correct
value. When the certificate function changes sign, the combinatorial structure needs to be updated.

event When a certificate function changes sign and the combinatorial structure needs to be updated.

42.2 An Overview of the Kinetic Framework

The provided kinetic data structures are implemented on top of the Kinetic framework presented in Chapter43.
It is not necessary to know the details of the framework, but some familiarity is useful. Here we presented a
quick overview of the framework.

The framework is structured around five main concepts. See Figure42.1for a schematic of how a kinetic data
structure interacts with the various parts. The main concepts are

• theKinetic::Simulator. Models of this concept process events in the correct order and audit kinetic data
structures. There should be one instance of a model of this concept per simulation.

• theKinetic::Kernel. The structure of aKinetic::Kernelis analogous to the static CGAL (i.e., non-kinetic)
kernels in that it defines a set of primitives and functors which generate certificates from the primitives.

• theKinetic::ActiveObjectsTable. Models of this concept hold a collection of kinetic primitives in a cen-
tralized manner. This structure centralizes management of the primitives in order to properly disseminate
notifications when trajectories change, new primitives are added or primitives are deleted. There is gen-
erally one instance of a model of this concept per simulation.

• the Kinetic::InstantaneousKernel. Models of this concept allow existing non-kinetic CGAL data struc-
tures to be used on a snapshot of kinetic data. As a result, pre-existing static structures can be used to
initialize and audit kinetic data structures.

• the Kinetic::FunctionKernel. This concept is the computational kernel of our framework. Models of
this concept are responsible for representing, generating and manipulating the motional and certificate
functions and their roots. It is this concept that provides the kinetic data structures framework with the
necessary algebraic operations for manipulating event times. TheKinetic::FunctionKernelis discussed
in detail in Section43.2.

For simplicity, we added an additional concept, that ofKinetic::SimulationTraits, which wraps together a par-
ticular set of choices for the above concepts and is responsible for creating instances of each of the models.
As a user of existing kinetic data structures, this is the only framework object you will have to create. The
addition of this concept reduces the choices the user has to make to picking the dimension of the ambient space
and choosing between exact and inexact computations. The model ofKinetic::SimulationTraitscreates an in-
stance each of theKinetic::SimulatorandKinetic::ActiveObjectsTable. Handles for these instances as well as
instances of theKinetic::KernelandKinetic::InstantaneousKernelcan be requested from the simulation traits
class. Both theKinetic::Kerneland theKinetic::Simulatoruse theKinetic::FunctionKernel, the former to find
certificate failure times and the later to operate on them. For technical reasons, each supplied model ofKi-
netic::SimulationTraitsalso picks out a particular type of kinetic primitive which will be used by the kinetic
data structures.
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Figure 42.1: The figure shows the interaction between theKinetic::Sort<Traits, Visitor> kinetic data structure
and the various pieces of our package. Other, more complicated, kinetic data structures will also use theKi-
netic::InstantaneousKernelin order to insert/remove geometric primitives and audit themselves.Kinetic::Sort<
Traits, Visitor> uses the sorting functionality in STL instead.

42.3 Using Kinetic Data Structures

There are five provided kinetic data structures. They are

Kinetic::Sort<Traits, Visitor> maintain a list of points sorted by x-coordinate.

Kinetic::Delaunaytriangulation 2<Traits, Visitor, Triangulation> maintain the Delaunay triangulation of a
set of two dimensional points

Kinetic::Delaunaytriangulation 3<Traits,Visitor, Triangulation> maintain the Delaunay triangulation of a set
of three dimensional points.

Kinetic::Regular triangulation 3<Traits, Visitor, Triangulation> maintain the regular triangulation of a set of
waiting three dimensional points.

Kinetic::Enclosingbox 2<Traits>, Kinetic::Enclosingbox 3<Traits> restrict points to stay within a box by
bouncing them off the walls.

42.3.1 A Simple Example

Using a kinetic data structure can be as simple as the following:

#include <CGAL/Kinetic/basic.h>

#include <CGAL/Kinetic/Exact_simulation_traits_1.h>
#include <CGAL/Kinetic/Insert_event.h>
#include <CGAL/Kinetic/Sort.h>

int main(int, char *[])
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{

typedef CGAL::Kinetic::Exact_simulation_traits_1 Traits;

typedef CGAL::Kinetic::Insert_event<Traits::Active_points_1_table> Insert_event;
typedef Traits::Active_points_1_table::Data Moving_point;
typedef CGAL::Kinetic::Sort<Traits> Sort;
typedef Traits::Simulator::Time Time;

Traits tr;
Sort sort(tr);
Traits::Simulator::Handle sp= tr.simulator_handle();

std::ifstream in("data/points_1");
in >> *tr.active_points_1_table_handle();

while (sp->next_event_time() != sp->end_time()) {
sp->set_current_event_number(sp->current_event_number()+1);

}

return EXIT_SUCCESS;
};

Using the other kinetic data structures is substantially identical. Please see the appropriate files in the
demo/Kineticdatastructures directory.

In the example, first theKinetic::SimulationTraitsobject is chosen (in this case one that supports exact compu-
tations). Then the kinetic data structure is defined using the chosen traits object and a visitor class which logs
changes to the sorted list. Next, instances of the two are created and a set of points is read from a file. Then,
the simulator is instructed to process all the events until the end of the simulation. Finally, a record of what
happened is printed to the terminal.

Several important things happen behind the scenes in this example. First, theKinetic::ActiveObjectsTablewhich
holds the moving points notifies the kinetic data structure that new points have been added to the simulation.
Second, theKinetic::Sort<Traits,Visitor> kinetic data structure registers its events with theKinetic::Simulator
by providing a time and a proxy object for each event. When a particular event occurs, theKinetic::Simulator
calls a function on the proxy object which in turn updates the kinetic data structure.

The example illustrates how to monitor the supplied data structures as they evolve by using aKinetic::SortVisitor
object—a small class whose methods are called whenever the kinetic data structure changes. Hooks for such
visitor concepts are provided for all of the shipped kinetic data structures. In the case of kinetic sorting, the
visitor’s methods are called every time a new point is inserted in the sorted list, when one is removed, or when
two points are swapped in the sorted order.

The visitor concept is quite powerful, allowing us, for example, to implement a data structure for computing
and storing two-dimensional arrangements ofx-monotone curves on top of theKinetic::Sort<Traits, Visitor>
data structure using about 60 lines of code. This sweepline code is presented in Section42.3.4.

42.3.2 Creating Kinetic Primitives

One key part of the framework not shown is how to create kinetic primitives (rather than just reading them
in from a file). There are two ways to construction the necessary motion functions (which are models of
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Kinetic::FunctionKernel::Function). The first is to create an array of polynomial coeffients and simply call
the constructor as in:

typedef Traits::Kinetic_kernel::Motion_function F;
std::vector<F::NT> coefs;
coefs.push_back(F::NT(1.0));
coefs.push_back(F::NT(2.0));
F x(coefs.begin(), coefs.end());

A slightly more flexible way is to use aKinetic::FunctionKernel::ConstructFunctionobject. To do this do the
following:

typedef Traits::Kinetic_kernel::Function_kernel::Construct_function
CF; typedef Traits::Kinetic_kernel::Motion_function F; CF cf; F
x=cf(F::NT(1.0), F::NT(2.0));

TheKinetic::FunctionKernel::ConstructFunctioncan be passed (almost) an number of arguments and will con-
struct a polynomial with those arguments are coefficients.

Once the motion functions are constructed, constructing the primitive is just like constructing the corresponding
static object.

typedef Traits::Kinetic_kernel::Point_1 Point_1;
Point_1 p(x);

42.3.3 Visualization of Kinetic Data Structures

The framework includes Qt widgets for displaying kinetic data structures in two and three dimensions. The
following example shows using the two dimensional widget with a Delaunay triangulation:

#include <CGAL/Kinetic/Exact_simulation_traits_2.h>
#include <CGAL/Kinetic/Delaunay_triangulation_2.h>
#include <CGAL/Kinetic/Enclosing_box_2.h>
#include <CGAL/Kinetic/IO/Qt_moving_points_2.h>
#include <CGAL/Kinetic/IO/Qt_triangulation_2.h>
#include <CGAL/Kinetic/IO/Qt_widget_2.h>

int main(int argc, char *argv[]) {
using namespace CGAL::Kinetic;
typedef Exact_simulation_traits_2 Traits;
typedef Delaunay_triangulation_2<Traits> Del_2;
typedef Enclosing_box_2<Traits> Box_2;
typedef Qt_widget_2<Traits::Simulator> Qt_widget;
typedef Qt_moving_points_2<Traits, Qt_gui> Qt_mps;
typedef Qt_triangulation_2<Del_2, Qt_widget, Qt_mps> Qt_dt2;

// create a simulation traits and add two KDSs:
// a kinetic Delaunay triangulation and an enclosing box;
// the moving points bounce against the walls of the enclosing box
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Traits tr;
Box_2::Handle box = new Box_2(tr);
Del_2::Handle kdel = new Del_2(tr);

// register the simulator, set of moving points and
// Delaunay triangulation with the kinetic Qt widget
Qt_widget::Handle qt_w = new Qt_widget(argc, argv, tr.simulator_handle());
Qt_mps::Handle qt_mps = new Qt_mps(qt_w, tr);
Qt_dt2::Handle qt_dt2 = new Qt_dt2(kdel, qt_w, qt_mps);

// read the trajectories of the moving points
// the simulation traits automatically inserts them in the two KDSs
// and schedules the appropriate kinetic events; as in the kinetic
// sorting example this is done with appropriate notifications
std::ifstream in("data/points_2");
in >> *tr.active_points_2_table_handle();

// run the interactive kinetic simulation
return qt_w->begin_event_loop();

};

The example shows how to use a number of additional features of the framework. First, it shows that two
kinetic data structures (Kinetic::Delaunaytriangulation 2<Traits, Triangulation> andKinetic::Enclosingbox
2<Traits>) can coexist on the same set of points without any extra effort. Both interact with the moving points
through the active objects table, and never need to directly interact with one another. Second, objects (likeqt w,
qt mps andqt dt2) are all stored by using reference counted handles (Object::Handle). This allows them
to share references to one another without the user having to worry about memory management and order of
deletion. For example, theKinetic::Qt triangulation 2<KineticDelaunay2, QtWidget2, Qt movingpoints 2>
object needs a handle to the kinetic triangulation, in order to get the structure to display, and a handle to the
Active points 1 tableto get the coordinates of the points.

Finally, the example shows how to use the graphical interface elements provided, see Figure42.3. Our pack-
age includesQt widgets for displaying kinetic geometry in two and three dimensions. In addition to being
able to play and pause the simulation, the user can step through events one at a time and reverse the simula-
tion to retrace what had happened. The three-dimensional visualization support is based on the Coin library
http://www.coin3d.org.

42.3.4 Extending Kinetic Data Structures

Here we present a simple example that uses theKinetic::Sort<Traits, Visitor> kinetic data structure to compute
an arrangement of algebraic functions. It wraps the sorting data structure and uses a visitor to monitor changes
and map them to corresponding features in the arrangement. To see an example using this kinetic data structure
read the example at examples/Kineticdatastructures/sweepline.C.

First we define the visitor class. An object of this type is passed to theKinetic::Sort<Traits, Visitor> data
structure and turns events into calls on the arrangement structure. This class has to be defined externally since
the arrangement will inherit from the sorting structure.

template <class Arrangement>
struct Arrangement_visitor: public Kinetic::Sort_visitor_base
{

Arrangement_visitor(Arrangement *a):p_(a){}
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1. 2. 3.

4. 5. 6.

7. 8. 9.

Figure 42.2:Some events from a Delaunay triangulation kinetic data structure:The state of the two dimensional
Delaunay triangulation immediately following the first events is shown. Green edges are ones which were just
created. The pictures are screen shots from demo/Kineticdatastructures/Delaunaytriangulation2.C.

template <class Vertex_handle>
void remove_vertex(Vertex_handle a) {

p_->erase(a);
}
template <class Vertex_handle>
void create_vertex(Vertex_handle a) {

p_->insert(a);
}
template <class Vertex_handle>
void after_swap(Vertex_handle a, Vertex_handle b) {

p_->swap(a, b);
}
Arrangement *p_;

};

Now we define the actual arrangement data structure.

template <class TraitsT>
class Planar_arrangement:

public Kinetic::Sort<TraitsT,

2420



����

�����

�	
�

�����	
�

����
	�
��� ��������	���

��
���

���	��

Figure 42.3: The figure shows the graphical user interface for controlling two-dimensional kinetic data struc-
tures. It is built on top of theQt widgetand adds buttons to play, pause, step through and run the simulation
backwards.

Arrangement_visitor<Planar_arrangement<TraitsT> > > {
typedef TraitsT Traits;
typedef Planar_arrangement<TraitsT> This;
typedef typename Kinetic::Sort<TraitsT,
Arrangement_visitor<This> > Sort;
typedef Arrangement_visitor<This> Visitor;
typedef typename Traits::Active_objects_table::Key Key;

public:
typedef CGAL::Exact_predicates_inexact_constructions_kernel::Point_2 Approximate_point;
typedef std::pair<int,int> Edge;
typedef typename Sort::Vertex_handle Vertex_handle;

// Register this KDS with the MovingObjectTable and the Simulator
Planar_arrangement(Traits tr): Sort(tr, Visitor(this)) {}

Approximate_point vertex(int i) const
{

return approx_coords_[i];
}

size_t vertices_size() const
{

return approx_coords_.size();
}

typedef std::vector<Edge >::const_iterator Edges_iterator;
Edges_iterator edges_begin() const
{

return edges_.begin();
}
Edges_iterator edges_end() const
{

return edges_.end();
}
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void insert(Vertex_handle k) {
last_points_[*k]=new_point(*k);

}

void swap(Vertex_handle a, Vertex_handle b) {
int swap_point= new_point(*a);
edges_.push_back(Edge(swap_point, last_points_[*a]));
edges_.push_back(Edge(swap_point, last_points_[*b]));
last_points_[*a]= swap_point;
last_points_[*b]= swap_point;

}

void erase(Vertex_handle a) {
edges_.push_back(Edge(last_points_[*a], new_point(*a)));

}

int new_point(typename Traits::Active_objects_table::Key k) {
double tv= CGAL::to_double(Sort::traits().simulator_handle()->current_time());
double dv= CGAL::to_double(Sort::traits().active_objects_table_handle()->at(k).x()(tv));
approx_coords_.push_back(Approximate_point(tv, dv));
return approx_coords_.size()-1;

}

std::vector<Approximate_point > approx_coords_;
std::map<Key, int> last_points_;
std::vector<Edge> edges_;

};

Finally, we have to set everything up. To do this we use some special event classes:Kinetic::Insert event<
ActiveObjectsTable> andKinetic::Eraseevent<ActiveObjectsTable>. These are events which can be put in the
event queue which either insert a primitive into the set of active objects or remove it. Using these, we can allow
curves in the arrangement to begin or end in arbitrary places.

typedef CGAL::Kinetic::Insert_event<Traits::Active_points_1_table> Insert_event;
typedef CGAL::Kinetic::Erase_event<Traits::Active_points_1_table> Erase_event;
do {

NT begin, end;
Point function;
// initialize the function and the beginning and end somewhere
tr.simulator_handle()->new_event(Time(begin),

Insert_event(function, tr.active_points_1_table_handle()));
tr.simulator_handle()->new_event(Time(end),

Erase_event(Traits::Active_points_1_table::Key(num),
tr.active_points_1_table_handle()));
++num;

} while (true);
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42.4 Classified Reference Pages

Kinetic data structures are a way of adding motion to classical geometric data structures. CGAL provides several
prepackaged kinetic data structures. Here we present those kinetic data structures and the helper classes that
allow their activity to monitored.

Sorting

Kinetic::Sort<Traits, Visitor> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page??

Kinetic::SortVisitor . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2459

Kinetic::Sort visitor base. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page??

Kinetic::Sort eventlog visitor . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page??

Delaunay Triangulation in 2D

Kinetic::Delaunaytriangulation 2<Traits, Visitor, Triangulation> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page??

Kinetic::DelaunayTriangulationVisitor2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2435

Kinetic::Delaunaytriangulation eventlog visitor 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page??

Kinetic::Delaunaytriangulation recentedgesvisitor 2<Triangulation> . . . . . . . . . . . . . . . . . . . . . . . . . . . page??

Kinetic::Delaunaytriangulation visitor base2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page??

Kinetic::Delaunaytriangulation face base2<Traits, Base> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page??

Delaunay and Regular Triangulations in 3D

Kinetic::Delaunaytriangulation 3<Traits, Visitor, Triangulation> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page??

Kinetic::DelaunayTriangulationVisitor3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2436
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Kinetic::Delaunaytriangulation eventlog visitor 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page??

Kinetic::Delaunaytriangulation visitor base3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page??

Kinetic::Delaunaytriangulation cell base3<Traits, Base> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page??

Kinetic::Regular triangulation 3<Traits, Visitor, Triangulation> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page??

Kinetic::RegularTriangulationVisitor3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2453

Kinetic::Regular triangulation visitor base3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page??

Kinetic::Regular triangulation eventlog visitor 3. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page??

Kinetic::Regular triangulation cell base3<Traits, Base> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page??

Kinetic::Regular triangulation vertexbase3<Traits, Base> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page??

Support Classes

Kinetic::Enclosingbox 2<Traits> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page??
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Kinetic::Insert event<ActiveObjectsTable> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page??

Kinetic::Eraseevent<ActiveObjectsTable> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page??

Kinetic::Qt movingpoints 2<Traits, QtWidget2> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page??

Kinetic::Qt triangulation 2<KineticTriangulation2, QtWidget2, QtMovingPoints2> . . . . . . . . . . . . . . page??

Kinetic::Qt widget 2<Simulator> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page??

42.5 Alphabetical List of Reference Pages

Kinetic::DelaunayTriangulationVisitor2. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2435
Kinetic::DelaunayTriangulationVisitor3. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2436
Kinetic::Delaunaytriangulation 2<Traits, Visitor, Triangulation> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2426
Kinetic::Delaunaytriangulation 3<Traits, Visitor, Triangulation> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2428
Kinetic::Delaunaytriangulation cell base3<Traits, Base> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2430
Kinetic::Delaunaytriangulation eventlog visitor 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2431
Kinetic::Delaunaytriangulation eventlog visitor 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2432
Kinetic::Delaunaytriangulation face base2<Traits, Base> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2433
Kinetic::Delaunaytriangulation recentedgesvisitor 2<Triangulation> . . . . . . . . . . . . . . . . . . . . . . . . . page2434
Kinetic::Delaunaytriangulation visitor base2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2438
Kinetic::Delaunaytriangulation visitor base3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2439
Kinetic::Enclosingbox 2<Traits> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2440
Kinetic::Enclosingbox 3<Traits> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2441
Kinetic::Eraseevent<ActiveObjectsTable> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2442
Kinetic::EventLogVisitor. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2443
Kinetic::Insert event<ActiveObjectsTable> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2444
Kinetic::Qt movingpoints 2<Traits, QtWidget2> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2445

2424



Kinetic::Qt triangulation 2<KineticTriangulation2, QtWidget2, QtMovingPoints2> . . . . . . . . . . . . page2446
Kinetic::Qt widget 2<Simulator> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2447
Kinetic::RegularTriangulationVisitor3. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page2453
Kinetic::Regular triangulation 3<Traits, Visitor, Triangulation> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2448
Kinetic::Regular triangulation cell base3<Traits, Base> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2449
Kinetic::Regular triangulation eventlog visitor 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2450
Kinetic::Regular triangulation instantaneoustraits 3<ActiveObjectsTable, StaticKernel> . . . . . . . . . page2451
Kinetic::Regular triangulation vertexbase3<Traits, Base> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2452
Kinetic::Regular triangulation visitor base3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2455
Kinetic::Sort<Traits, Visitor> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2457
Kinetic::SortVisitor. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2459
Kinetic::Sort eventlog visitor . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2456
Kinetic::Sort visitor base. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2458

2425



C
la

ss

CGAL::Kinetic::Delaunay triangulation 2<Traits, Visitor, Triangula-
tion>

Definition

The classKinetic::Delaunaytriangulation 2<Traits, Visitor, Triangulation> maintains a Delaunay triangulation
on top of the points contained in aKinetic::ActiveObjectsTable. It has one main method of interest,triangula-
tion(), which returns the triangulation it is maintaining.

The classKinetic::Qt triangulation 2<KineticTriangulation2, QtWidget2, QtMovingPoints2> displays a ki-
netic Delaunay triangulation using the Qt widget.

This class is a good example of a simple, but non-trivial, kinetic data structure.

The Triangulation template parameter must be a model ofCGAL::Delaunaytriangulation 2<Traits, Tds>
which uses Traits::Instantaneouskernel as its geometric traits and aTds whose face inherits from
Kinetic::Delaunaytriangulation face base2<Traits, Base>.

The optionalVisitor parameter takes a model ofKinetic::DelaunayTriangulationVisitor2. Methods on this
object will be called whenever the triangulation changes.

#include<CGAL/Kinetic/Delaunaytriangulation 2.h>

Is Model for the Concepts

Ref counted<T>

Types

Kinetic::Delaunaytriangulation 2<Traits, Visitor, Triangulation>:: Triangulation

The template argument triangulation.

Kinetic::Delaunaytriangulation 2<Traits, Visitor, Triangulation>:: Visitor

The template argument for the visitor.

Creation

Kinetic::Delaunaytriangulation 2<Traits, Visitor, Triangulation> dt( Traits tr);

Maintain the Delaunay triangulation of the points in
tr.active points 2 handle().
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Operations

Triangulation dt.triangulation() Access the triangulation that is maintained.

Visitor& dt.visitor() Access the visitor.

See Also

Kinetic::DelaunayTriangulationVisitor2, Kinetic::Delaunaytriangulation default visitor 2,
Kinetic::Delaunaytriangulation recentedgesvisitor 2<Triangulation>, Kinetic::Delaunaytriangulation
eventlog visitor 2, Kinetic::Qt Delaunaytriangulation 2.
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CGAL::Kinetic::Delaunay triangulation 3<Traits, Visitor, Triangula-
tion>

Definition

The classKinetic::Delaunaytriangulation 3<Traits, Visitor, Triangulation> maintains a Delaunay triangulation
on top of the points contained in aKinetic::ActiveObjectsTable. It has one main method of interest.triangu-
lation() which returns the triangulation it is maintaining. In addition, as an optimisation, you can turn on and
off whether it is currently maintaining its certificates. This allows a large number of changes to the underlying
points to be made at one time without recomputing the certificates each time a single point changes. This flag
is false upon construction.

The classKinetic::Qt triangulation 3<Traits>, included as part of the demo code, displays a kinetic Delaunay
triangulation in three dimensions using the Coin library.

The optionalVisitor template argument is a model ofKinetic::DelaunayTriangulationVisitor3and can be used
to monitor changes in the kinetic data structure.

The optionalTriangulationtemplate argument must be a model of aCGAL::DelaunayTriangulation3 which
usesTraits::Instantaneouskernelas its geometric traits and hasKinetic::Delaunaytriangulation cell base3<
Traits, Base> a the cell type.

#include<CGAL/Kinetic/Delaunaytriangulation 3.h>

Types

Kinetic::Delaunaytriangulation 3<Traits, Visitor, Triangulation>:: Triangulation

The template argument.

Kinetic::Delaunaytriangulation 3<Traits, Visitor, Triangulation>:: Visitor

The template argument.

Creation

Kinetic::Delaunaytriangulation 3<Traits, Visitor, Triangulation> dt( Traits tr);

Maintain the Delaunay triangulation of the points in
tr.active points 3 handle().

Operations

const Triangulation* dt.triangulation() Access the triangulation that is maintained.
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bool dt.hascertificates() This method returns true if theKinetic::Delaunay
triangulation 3<Traits, Visitor, Triangulation> is currently
maintaining certificates for a Delaunay triangulation.

void dt.sethas certificates( bool tf)

This method allows you to control whether the triangulation
is maintaining certificates.

Visitor& dt.visitor() Access the visitor.

See Also

Kinetic::Regular triangulation 3<Traits, Triangulation, Visitor>, Kinetic::Delaunaytriangulation 2<Traits,
Triangulation, Visitor, Kinetic::Delaunaytriangulation visitor base3, Kinetic::Delaunaytriangulation
eventlog visitor 3.
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CGAL::Kinetic::Delaunay triangulation cell base3<Traits, Base>

Definition

This is the base class for faces used byKinetic::Delaunaytriangulation 3<Traits, Triangulation, Visitor>
::Triangulation.

#include<CGAL/Kinetic/Delaunaytriangulation cell base3.h>
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CGAL::Kinetic::Delaunay triangulation event log visitor 2

Definition

The concept Kinetic::Delaunaytriangulation eventlog visitor 2 provides a model of Ki-
netic::DelaunayTriangulationVisitor2andKinetic::EventLogVisitorwhich logs edge flip events.

Is Model for the Concepts

Kinetic::DelaunayTriangulationVisitor2, Kinetic::EventLogVisitor

See Also

Kinetic::Delaunaytriangulation 2<Traits, Triangulation, Visitor>
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CGAL::Kinetic::Delaunay triangulation event log visitor 3

Definition

The concept Kinetic::Delaunaytriangulation eventlog visitor 3 provides a model of Ki-
netic::DelaunayTriangulationVisitor3andKinetic::EventLogVisitorwhich logs edge and facet flip events.

Is Model for the Concepts

Kinetic::DelaunayTriangulationVisitor3, Kinetic::EventLogVisitor

See Also

Kinetic::Delaunaytriangulation 3<Traits, Triangulation, Visitor>
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CGAL::Kinetic::Delaunay triangulation face base2<Traits, Base>

Definition

This is the base class for faces used by the triangulation used inKinetic::Delaunaytriangulation 2<Traits,
Triangulation, Visitor>.

#include<CGAL/Kinetic/Delaunaytriangulation face base2.h>

See Also

Kinetic:Delaunaytriangulation 2<Traits, Triangulation, Visitor>
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CGAL::Kinetic::Delaunay triangulation recent edgesvisitor 2<
Triangulation >

Definition

The conceptKinetic::Delaunaytriangulation recentedgesvisitor 2<Triangulation> provides a model ofKi-
netic::DelaunayTriangulationVisitor2which tracks which edges were created in the most recent change.

Is Model for the Concepts

Kinetic::DelaunayTriangulationVisitor2

Creation

Kinetic::Delaunaytriangulation recentedgesvisitor 2<Triangulation> a;

default constructor.

Kinetic::Delaunaytriangulation recentedgesvisitor 2<Triangulation>:: iterator

The iterator through the recently created edges.

Operations

iterator a.begin() Begin iteration through the recent edges.

iterator a.end() End iteration through the recent edges.

bool a.contains( Triangulation::Edge)

Returns true if this edge exists in the set.

See Also

Kinetic::Delaunaytriangulation 2<Traits, Triangulation, Visitor>
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Kinetic::DelaunayTriangulationVisitor2

Definition

This concept is for proxy objects which get notified when a kinetic Delaunay triangulation changes.

Operations

void v.removevertex( Vertexhandle)

The vertex is about to be deleted.

void v.createvertex( Vertexhandle)

The vertex was just created.

void v.modifyvertex( Vertexhandle)

The trajectory of the point at the vertex changed.

template<class It>
void v.createfaces( It begin, It end)

New faces have just been made. Thevalue typeof the itera-
tor is aTriangulationDataStructure2::Face handle.

template<class It>
void v.removefaces( It, It) The faces in the range are about to be deleted. Thevalue

typeof the iterator is aTriangulationDataStructure2::Face
handle.

void v.beforeflip( Edge) The edge is about to be flipped.

void v.after flip( Edge) The edge was just created with a flip.

Has Models

Kinetic::Delaunaytriangulation visitor base2, Kinetic::Delaunaytriangulation recentedgesvisitor 2<
Triangulation>, Kinetic::Delaunaytriangulation eventlog visitor 2
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Kinetic::DelaunayTriangulationVisitor3

Definition

This concept is for proxy objects which get notified when a kinetic Delaunay triangulation changes.

Operations

void v.removevertex( Vertexhandle)

The vertex is about to be deleted.

void v.createvertex( Vertexhandle)

The vertex was just created.

void v.modifyvertex( Vertexhandle)

The trajectory of the point at the vertex changed.

template<class It>
void v.createcells( It begin, It end)

New faces have just been made. The iteratorvalue typeis a
TriangulationDataStructure3::Cell handle.

template<class It>
void v.removecells( It, It) The faces in the range are about to be deleted. Thevalue

typeof the iterator is aTriangulationDataStructure3::Cell
handle.

void v.beforeedgeflip( Edge)

The edge is about to be flipped.

void v.afteredgeflip( Facet)

The facet was just created with a flip.

void v.beforefacet flip( Facet)

The facet is about to be flipped.
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void v.after facet flip( Edge)

The edge was just created with a flip.

Has Models

Kinetic::Delaunaytriangulation visitor base3, Kinetic::Delaunaytriangulation recentedgesvisitor 3<
Triangulation>, Kinetic::Delaunaytriangulation eventlog visitor 3
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CGAL::Kinetic::Delaunay triangulation visitor base2

Definition

The concept Kinetic::Delaunaytriangulation visitor base2 provides a model of Ki-
netic::DelaunayTriangulationVisitor2. You can extend this class if you only want to implement a few
methods fromKinetic::DelaunayTriangulationVisitor2.

Is Model for the Concepts

Kinetic::DelaunayTriangulationVisitor2

Creation

Kinetic::Delaunaytriangulation visitor base2 a;

default constructor.

See Also

Kinetic::Delaunaytriangulation 2<Traits, Triangulation, Visitor>
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CGAL::Kinetic::Delaunay triangulation visitor base3

Definition

The concept Kinetic::Delaunaytriangulation visitor base3 provides a model of Ki-
netic::DelaunayTriangulationVisitor3. You can extend this class if you only want to implement a few
methods fromKinetic::DelaunayTriangulationVisitor3.

Is Model for the Concepts

Kinetic::DelaunayTriangulationVisitor3

Creation

Kinetic::Delaunaytriangulation visitor base3 a;

default constructor.

See Also

Kinetic::Delaunaytriangulation 3<Traits, Triangulation, Visitor>
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CGAL::Kinetic::Enclosing box 2<Traits>

Definition

The classKinetic::Enclosingbox 2<Traits> keeps the points in the simulation inside of a box. Whenever the
points come close to the wall of the box they bounce off of the wall.

Note that, in general, points hit the wall of the box at times which are not easily represented by standard
(rational) number types. The resulting trajectories would also have non-rational coefficients, complicating and
slowing the simulation. In order to handle this, theKinetic::Enclosingbox 2<Traits> bounces the points at the
nearest easily representable time before the point would leave the box.

#include<CGAL/Kinetic/Enclosingbox 2.h>

Types

Kinetic::Enclosingbox 2<Traits>:: NT The number type used to represent the walls of the box and
perform calculations. Generally this isTraits::NT.

Creation

Kinetic::Enclosingbox 2<Traits> eb( Traits, NT xmin, NT xmax, NT ymin, NT ymax);

This constructs a bounding box with the dimensions speci-
fied by the last 4 arguments. They are optional and will take
the values±10 if omitted.
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CGAL::Kinetic::Enclosing box 3<Traits>

Definition

The classKinetic::Enclosingbox 3<Traits> keeps the points in the simulation inside of a box. Whenever the
points come close to the wall of the box they bounce off of the wall.

Note that, in general, points hit the wall of the box at times which are not easily represented by standard
(rational) number types. The resulting trajectories would also have non-rational coefficients, complicating and
slowing the simulation. In order to handle this, theKinetic::Enclosingbox 3<Traits> bounces the points at the
nearest easily representable time before the point would leave the box.

#include<CGAL/Kinetic/Enclosingbox 3.h>

Types

Kinetic::Enclosingbox 3<Traits>:: NT The number type used to represent the walls of the box and
perform calculations. Generally this isTraits::NT.

Creation

Kinetic::Enclosingbox 3<Traits> eb( Traits, NT xmin, NT xmax, NT ymin, NT ymax, NT zmin, NT zmax);

This constructs a bounding box with the dimensions speci-
fied by the last 6 arguments. They are optional and will take
the values±10 if omitted.
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CGAL::Kinetic::Erase event<ActiveObjectsTable>

Definition

This event erases a point from theActiveObjectsTablewhen it is processed.

#include<CGAL/Kinetic/Eraseevent.h>

Is Model for the Concepts

Kinetic::Simulator::Event

Creation

Kinetic::Eraseevent<ActiveObjectsTable> i( ActiveObjectsTable::Key k, ActiveObjectsTable::Handle t);

Erase the objectk from the tablet when processed.

See Also

Kinetic::ActiveObjectsTable, Kinetic::Active objectsvector<MovingObject>.

Example

typedef CGAL::Kinetic::Exact_simulation_traits_2 Simulation_traits;
typedef Simulation_traits::Kinetic_kernel::Point_2 Moving_point_2;
typedef CGAL::Kinetic::Insert_event<Simulation_traits::Active_points_2_table> Insert_event;
typedef CGAL::Kinetic::Delaunay_triangulation_2<Simulation_traits> KDel;

Simulation_traits tr;

KDel kdel(tr);

Moving_point_2 mp(Moving_point_2::NT(0),
Moving_point_2::NT(0));

tr.simulator_handle()->new_event(Simulation_traits::Simulator::Time(3),
Erase_event(*tr.active_objects_table_handle()->keys_begin(),

tr.active_points_2_table_handle()));
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Kinetic::EventLogVisitor

Definition

This concept is for visitors which maintain a text log of events.

Types

Kinetic::EventLogVisitor:: Eventiterator An iterator through strings defining the events that occurred.
Each event is represented by astd::string.

Operations

Event iterator v.eventsbegin() Begin iterating through the events.

Event iterator v.eventsend()

Has Models

Kinetic::Delaunaytriangulation eventlog visitor 3, Kinetic::Delaunaytriangulation eventlog visitor 2,
Kinetic::Regular trianglation eventlog visitor 3, Kinetic::Sort eventlog visitor
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CGAL::Kinetic::Insert event<ActiveObjectsTable>

Definition

This event inserts a point into theActiveObjectsTablewhen it is processed.

#include<CGAL/Kinetic/Insertevent.h>

Is Model for the Concepts

Kinetic::Simulator::Event

Creation

Kinetic::Insert event<ActiveObjectsTable> i( ActiveObjectsTable::Data o, ActiveObjectsTable::Handle t);

Insert the object o, into the table t when processed.

See Also

Kinetic::ActiveObjectsTable, Kinetic::Active objectsvector<MovingObject>.

Example

typedef CGAL::Kinetic::Exact_simulation_traits_2 Simulation_traits;
typedef Simulation_traits::Kinetic_kernel::Point_2 Moving_point_2;
typedef CGAL::Kinetic::Insert_event<Simulation_traits::Active_points_2_table> Insert_event;
typedef CGAL::Kinetic::Delaunay_triangulation_2<Simulation_traits> KDel;

Simulation_traits tr;

KDel kdel(tr);

Moving_point_2 mp(Moving_point_2::Coordinate(0),
Moving_point_2::Coordinate(0));

tr.simulator_handle()->new_event(Simulation_traits::Simulator::Time(3),
Insert_event(mp,

tr.active_points_2_table_handle()));
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CGAL::Kinetic::Qt moving points 2<Traits, QtWidget 2>

Definition

The classKinetic::Qt movingpoints 2<Traits, QtWidget2> displays a set of moving points in 2D.

See Section42.3.3for an example using this class.

#include<CGAL/Kinetic/IO/Qtmovingpoints 2.h>

Creation

Kinetic::Qt movingpoints 2<Traits, QtWidget2> a( QtGui::Handle,
Traits::Active points 2 table::Handle)

default constructor.

See Also

Kinetic::Qt widget 2<Simulator>.
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CGAL::Kinetic::Qt triangulation 2<KineticTriangulation 2,
QtWidget 2, QtMovingPoints 2>

Definition

The class draws a triangulation into aCGAL::Qt widget 2. This class is very simple and a good one to look at
if you want to see how to draw your own two dimensional kinetic data structure.

See Section42.3.3for an example using this class.

#include<CGAL/Kinetic/IO/Qttriangulation 2.h>

Creation

Kinetic::Qt triangulation 2<KineticTriangulation2, QtWidget2, QtMovingPoints2> a(
KineticTriangulation2::Handle,

QtWidget
2::Handle,

QtMovingPoints
2::Handle)

Construct the object and make all the connections with the
appropriate other objects.

See Also

Kinetic::Qt widget 2<Simulator>
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CGAL::Kinetic::Qt widget 2<Simulator>

Definition

The classKinetic::Qt widget 2<Simulator> implements a graphical interface for 2D kinetic data structures.

#include<CGAL/Kinetic/IO/Qtwidget 2.h>

Types

Kinetic::Qt widget 2<Simulator>:: Listener The listener base to listen for when to update the pic-
ture. This class includes an extra methodQt widget widget()
which returns theQt widget object which can be used for
drawing.

Creation

Kinetic::Qt widget 2<Simulator> a( int argc, char *argv[], Simulator::Handle);

default constructor.
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CGAL::Kinetic::Regular triangulation 3<Traits, Visitor, Triangula-
tion>

Definition

The classKinetic::Regular triangulation 3<Traits, Visitor, Triangulation> maintains a triangulation of set of
moving weighted points. Its interface is the same asKinetic::Delaunaytriangulation 3<Traits, Visitor, Trian-
gulation>.

The optionalTriangulationtemplate argument must be a model ofCGAL::RegularTriangulation3 which has
Kinetic::Regular triangulation cell base3<Traits, Base> as a cell base andKinetic::Regular triangulation
vertexbase3<Traits, Base> as a vertex base.

#include<CGAL/Kinetic/Regulartriangulation 3.h>

See Also

Kinetic::Delaunaytriangulation 3<Traits, Visitor, Triangulation>. Kinetic::RegularTriangulationVisitor3.

Example

#include <CGAL/Kinetic/Regular_triangulation_exact_simulation_traits_3.h>
#include <CGAL/Kinetic/Regular_triangulation_3.h>

int main(int, char *[]) {
typedef CGAL::Kinetic::Regular_triangulation_exact_simulation_traits_3 Traits;
typedef CGAL::Kinetic::Regular_triangulation_3<Traits> KDel;

Traits tr;
KDel kdel(tr);

Traits::Simulator::Handle sp= tr.simulator_handle();

std::ifstream in("data/weighted_points_3");
in >> *tr.active_points_3_table_handle();

std::cout << *tr.active_points_3_table_handle() << std::endl;

kdel.set_has_certificates(true);

sp->set_current_event_number(10000);
return EXIT_SUCCESS;

};
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CGAL::Kinetic::Regular triangulation cell base3<Traits, Base>

Definition

This is the base class for faces used byKinetic::Regular triangulation 3<Traits, Triangulation, Visitor>.

#include<CGAL/Kinetic/Regulartriangulation cell base3.h>
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CGAL::Kinetic::Regular triangulation event log visitor 3

Definition

The concept Kinetic::Regular triangulation eventlog visitor 3 provides a model of Ki-
netic::RegularTriangulationVisitor3andEventLogVisitorwhich logs edge flip events.

Is Model for the Concepts

Kinetic::RegularTriangulationVisitor3, Kinetic::EventLogVisitor

See Also

Kinetic::Regular triangulation 3<Traits, Triangulation, Visitor>

2450



C
la

ss

CGAL::Kinetic::Regular triangulation instantaneoustraits 3<
ActiveObjectsTable, StaticKernel>

Definition

The classKinetic::Regular triangulation instantaneoustraits 3<ActiveObjectsTable, StaticKernel> is an in-
stantaneous kernel for use with a regular triangulation data structure. There is not currently a reason for the
user to call this directly unless the user wants created their own simulation traits as it is included as part of the
Kinetic::Regular triangulation exactsimulation traits 3.

#include<CGAL/Kinetic/Regulartriangulation instantaneoustraits 3.h>

Is Model for the Concepts

CGAL::RegularTriangulationTraits3, Kinetic::InstantaneousKernel

See Also

Kinetic::Regular triangulation 3<Traits, Visitor, Triangulation>.
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CGAL::Kinetic::Regular triangulation vertex base3<Traits, Base>

Definition

This is the base class for the vertices of the triangulation class used byKinetic::Regular triangulation 3<Traits,
Triangulation, Visitor>.

#include<CGAL/Kinetic/Regulartriangulation vertexbase3.h>
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Kinetic::RegularTriangulationVisitor3

Definition

This concept is for proxy objects which get notified when a kinetic regular triangulation changes.

Operations

void v.removevertex( Vertexhandle)

The vertex is about to be deleted.

void v.createvertex( Vertexhandle)

The vertex was just created.

void v.modifyvertex( Vertexhandle)

The trajectory of the vertex just changed.

template<class It>
void v.createcells( It begin, It end)

New faces have just been made. The iteratorvalue typeis a
TriangulationDataStructure3::Cell handle.

template<class It>
void v.removecells( It, It) The faces in the range are about to be deleted. Thevalue

typeof the iterator is aTriangulationDataStructure3::Cell
handle.

void v.beforeedgeflip( Edge)

The edge is about to be flipped.

void v.afteredgeflip( Facet)

The facet was just created with a flip.

void v.beforefacet flip( Facet)

The facet is about to be flipped.
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void v.after facet flip( Edge)

The edge was just created with a flip.

void v.premove( Key, Cell)

The point defined byKey is about to move from the cell.

void v.postmove( Key, Cell)

The point defined byKey just moved to the cell.

void v.prepush( Key, Cell)

The point defined by the key is about to be inserted into the
cell.

void v.postpush( Vertexhandle)

The point referred to by the vertex handle was just added to
the triangulation, it previously was redundant.

void v.prepop( Vertexhandle)

The vertex is about to be removed from the triangulation
since its weight is too small.

void v.postpop( Key, Cell)

The point was just removed from the triangulation.

Has Models

Kinetic::Regular triangulation visitor base3, Kinetic::Regular triangulation eventlog visitor 3
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CGAL::Kinetic::Regular triangulation visitor base3

Definition

The concept Kinetic::Regular triangulation visitor base3 provides a model of Ki-
netic::RegularTriangulationVisitor3. You can extend this class if you only want to implement a few
methods fromKinetic::RegularTriangulationVisitor3.

Is Model for the Concepts

Kinetic::RegularTriangulationVisitor3

Creation

Kinetic::Regular triangulation visitor base3 a;

default constructor.

See Also

Kinetic::Regular triangulation 3<Traits, Triangulation, Visitor>
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CGAL::Kinetic::Sort event log visitor

Definition

The conceptKinetic::Sort eventlog visitor provides a model ofSortVisitorandEventLogVisitorwhich logs
changes to the structure.

Is Model for the Concepts

Kinetic::SortVisitor, Kinetic::EventLogVisitor

See Also

Kinetic::Sort<Traits, Visitor>
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CGAL::Kinetic::Sort <Traits, Visitor >

Definition

The classKinetic::Sort<Traits, Visitor> maintains a sorted list of objects. It is the simplest kinetic data structure
provided and is a good place to start when looking at the basics of implementing a kinetic data structure.

TheKinetic::SortVisitorcan be used to monitor what is happening.

#include<CGAL/Kinetic/Sort.h>

Creation

Kinetic::Sort<Traits, Visitor> s( Traits tr); The basic constructor.

Types

Kinetic::Sort<Traits, Visitor>:: Visitor The type of the visitor.

Kinetic::Sort<Traits, Visitor>:: Traits The traits type.

Kinetic::Sort<Traits, Visitor>:: Vertex handle The handle used to refer to vertex in the sorted list. Derefer-
necing this returns aKey into theActiveObjectsTable.

Kinetic::Sort<Traits, Visitor>:: Handle A reference counted pointer to be used for storing references
to the object.

Kinetic::Sort<Traits, Visitor>:: Const handle A reference counted pointer to be used for storing references
to the object.

Operations

Visitor& s.visitor() Access the visitor.

Traits& s.traits() Access the traits.

See Also

Kinetic::Ref counted<T>

2457



C
la

ss

CGAL::Kinetic::Sort visitor base

Definition

The conceptKinetic::Sort visitor baseprovides a model ofKinetic::SortVisitor. You can extend this class if
you only want to implement a few methods fromKinetic::SortVisitor.

Is Model for the Concepts

Kinetic::SortVisitor.

Creation

Kinetic::Sort visitor base a; default constructor.

See Also

Kinetic::Sort<Traits, Visitor>
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Kinetic::SortVisitor

Definition

This concept is for proxy objects which have functions called on them when aKinetic::Sort<Traits, Visitor>.

Operations

void v.removevertex( Vertexhandle)

The vertex is about to be deleted.

void v.createvertex( Vertexhandle)

The vertex was just created.

void v.modifyvertex( Vertexhandle)

Something changed at the vertex.

void v.beforeswap( Vertexhandle, Vertexhandle)

The pair of vertices is about to be exchanged.

void v.afterswap( Vertexhandle, Vertexhandle)

The pair of vertices was just swapped.

Has Models

Kinetic::Sort visitor base, Kinetic::Sort eventlog visitor
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Chapter 43

Kinetic Framework
Daniel Russel
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This chapter describes a framework for implementing kinetic data structures and sweepline algorithms. If you
just would like to use existing kinetic data structures, please read Chapter42 instead. Readers wishing to brush
up on their familiarity with kinetic data structures or better understand the terminology we use should read
Section42.1 of that chapter. A brief overview of the framework can be found in Section42.2 (also of that
chapter) and it too is recommended reading. Here we dive right in to discussing to discussing the architecture
of the framework in Section43.1and finally we give several examples of using the framework to implement a
kinetic data structure in Section43.3. The framework makes heavy use of ourPolynomial kernelpackage to
provide models of theKinetic::FunctionKernelconcept.

The framework was first presented at ALENEX [GKR04].

43.1 Architecture

This package provides a framework to allow exact implementation of kinetic data structures and sweepline
algorithms. Below we discuss in detail each one of the first four major concepts which help in implementing
kinetic data structures: theKinetic::Simulator, the Kinetic::Kernel, the Kinetic::ActiveObjectsTableand the
Kinetic::InstantaneousKernel. TheKinetic::FunctionKernelconcept is discussed separately in Section43.2.
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Figure 43.1: The figure, identical to the one in the overview of the previous chapter, shows the interaction
between theKinetic::Sort<Traits, Visitor> kinetic data structure and the various pieces of our framework.
Other, more complicated, kinetic data structures will also use theKinetic::InstantaneousKernelin order to
insert/remove geometric primitives and audit themselves.Kinetic::Sort<Traits, Visitor> uses the sorting func-
tionality in STL instead.

43.1.1 The Kinetic::Simulator

TheKinetic::Simulatoris the central repository of all active events. It maintains the event queue and can use
its knowledge of the events in the queue to find times for the kinetic data structures to easily check their own
correctness (this will be discussed in more detail later in this section). Kinetic data structures call methods of
the Kinetic::Simulatorto schedule new events, deschedule old ones and access and change data contained in
already scheduled events (the operations on existing events are performed using a key which was returned when
the event was scheduled). For controlling the simulation, methods in theKinetic::Simulatorallow stepping
through events, advancing time and even running the simulation backwards (that is we run the simulation with
the time running in the opposite direction).

The kinetic sorting example in Figure42.3.1shows the basic usage of theKinetic::Simulator. First, theSimu-
lator is created by theKinetic::SimulationTraits. The kinetic data structure gets a handle to the simulator from
the traits class and uses the handle to add its events to the simulation. TheKinetic::Simulatoris then told to
advance time up until the end of the simulation, processing all events along the way.

Each event is represented by aKinetic::Simulator::Time and an instance of a model of theKi-
netic::Simulator::Eventconcept. Models of theKinetic::Simulator::Eventconcept are responsible for taking the
appropriate action in order to handle the kinetic event they represent. Specifically, theKinetic::Simulator::Event
concept specifies one method,Kinetic::Simulator::Event::process(), that is called when the event occurs. The
body of theKinetic::Simulator::Event::process()method typically simply calls a method of the kinetic data
structure that created the event; for example in our kinetic sorting example, processing an event means calling
theKinetic::Sort<Traits, Visitor>::swap(Iterator)method of the kinetic sorting data structure.

In the model of theKinetic::Simulatorconcept that we provide,Kinetic:Default simulator<FunctionKernel,
EventQueue>, any model of theKinetic::Simulator::Eventconcept can be inserted as an event. This ability
implies that events can be mixed at run time, which is essential when we want to support multiple kinetic data
structures operating on the same set of moving geometric primitives.

TheKinetic::Simulator::Timeconcept is defined by the simulator, typically to be some representation of a root
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of a polynomial, taken from theKinetic::FunctionKernel(details of the algebraic side of the package will be
discussed in Section43.2). For most kinetic data structuresKinetic::Simulator::Timeonly needs to support
comparisons (we need to compare events, in order to process them in the correct order) and a few other non-
arithmetic operations.

When the failure times of certificates are sorted exactly (as opposed to when we numerically approximate the
roots of the certificate polynomials) the correctness of kinetic data structures can be easily verified. LetI be
an open interval between the last event processed and the next event to be processed. As was mentioned in
the introduction kinetic data structures do not change combinatorially inI . In addition, although the static
data structures can be degenerate at the roots defining the two ends of the interval, they are not, in general,
degenerate in the interior. An independent check of the integrity of kinetic data structures can be provided by,
for example, using anKinetic::InstantaneousKernel(cf. Subsection43.1.4) to rebuild the static version of the
structure from scratch at some time interior toI and compare it to the kinetic version. This auditing can typically
catch algorithmic or programming errors much closer to the time they arise in the simulation than, for example,
using visual inspection. Such easy auditing is one of the powerful advantages of having an exact computational
framework since, as with static data structures, when using inexact computations differentiating between errors
of implementation and numeric errors is quite tricky.

Kinetic data structures receive alerts of appropriate times to audit themselves using a notification framework.
The same framework is also used by theKinetic::ActiveObjectsTableto alert kinetic data structures when the
set of primitives changes (see Subsection43.1.3). To use the notification framework, the kinetic data structure
creates a proxy object which implements a standardListener interface. It then registers this proxy with the
Kinetic::Simulator. When theKinetic::Simulatorfinds an appropriate time for the kinetic data structures to
audit themselves it calls the functionListener::newnotification(Type)on each of the registered proxy objects.
A helper for creating such proxy objects, calledKinetic::Simulatorkds listener<Listener, KDS>, is provided by
the framework. It translates the notification into a function call (audit()) on the kinetic data structure. Pointers
in the notification framework are reference counted appropriately to avoid issues caused by the creation and
destruction order of kinetic data structures and the simulator. See Section43.1.5for a more complete discussion
of this part of the framework.

Internally theKinetic::Simulatormaintains a priority queue containing the scheduled events. The type of the
priority queue is a template argument to ourKinetic::Simulatormodel and, as such, it can be replaced by the
user. In our package, we provide two different types of priority queues, a heap and a two-list priority queue.
A two-list queue is a queue in which there is a sorted front list, containing all events before some time and an
unsorted back list. The queue tries to maintain a small number of elements in the front list, leaving most of them
in the unsorted main pool. The two-list queue, although an unconventional choice, is our default queue when
using exact computation because it minimizes comparisons involving events that are far in the future. These
events are likely to be deleted before they are processed, so extra work done structuring them is wasted. Our
experiments have shown that, for example, the two-list queue causes a 20% reduction in running time relative
to a binary heap for Delaunay triangulations with degree 3 polynomial motions and 20 points.

43.1.2 The Kinetic::Kernel

TheKinetic::Kernel is structured very much like static CGAL kernels. It defines a number of primitives, which
in the model provided areKinetic::Kernel::Point 1, Kinetic::Kernel::Point 2, Kinetic::Kernel::Point 3 and
Kinetic::Kernel::Weightedpoint 3. The primitives are defined by a set of Cartesian coordinates each of which
is a function of time, aKernel::MotionFunction. In addition it defines constructions and certificate generators
which act on the primitives. The certificate generators are the direct analog of the non-kinetic predicates. Each
certificate generator take a number of primitives as arguments, but instead of producing an element from a
discrete set they produce a set of discrete failure times for the certificate. These failure times are wrapped in a
model ofKinetic::Certificate.

A Kinetic::Certificateis a simple object whose primary function is to produce aKinetic::Simulator::Timeobject
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representing the failure time of the certificate. Since, the handling of most certificate failures involves creating
a new certificate whose certificate function is the negation of the old certificate function, aKinetic::Certificate
object caches any work that could be useful to isolate future roots of the certificate function (such as the Sturm
sequence of the certificate function). To illustrate this further, if you have two one-dimensional points with
coordinate functionsp0(t) and p1(t), the certificate that the first moving point is after the second corresponds
to the inequalityp0(t)− p1(t) > 0. When the certificate fails and the two points cross, the new certificate is
p1(t)− p0(t) > 0, which is the negated version of the certificate just processed and which has the same roots.

The model ofKinetic::Kernelprovided includes the certificate generators necessary for Delaunay triangulations
(in one, two and three dimensions) and regular triangulations (in 3D). New certificates can be fairly easily added.
An example is included in the distributed code.

43.1.3 The Kinetic::ActiveObjectsTable

TheKinetic::ActiveObjectsTablestores a set of kinetic primitives. Its purpose is to notify kinetic data structures
when new primitives are added, when primitives are removed or when a trajectories change. Each primitive is
uniquely identified by a Key, assigned by the table when the primitive is added, that can be used to change or
remove it. We provide one model of theKinetic::ActiveObjectsTableconcept, calledKinetic::Active objects
vector<MovingObject> which stores all the moving primitives in anstd::vector<D>.

Notifications of changes to the set of active objects are handled using a setup similar to theKinetic::Simulator
audit time notification. We provide a helper class,Kinetic::Active objectslistener helper<ActiveObjectsTable,
KDS>, which translates the notifications intoinsert(Key), erase(Key)or set(Key)function calls on the kinetic
data structure.

43.1.4 The Kinetic::InstantaneousKernel

TheKinetic::InstantaneousKernelallows existing CGAL data structures to be used on moving data as it appears
at some instant of time. Models of this concept are, by definition, models of a CGAL Kernel or a traits class,
and, therefore, can then be used as the traits class of CGAL’s algorithms and data structures.

Consider for example the kinetic Delaunay data structure in either two or three dimensions. Internally, it uses
a Delaunaytriangulation 2<Traits, Tds> or Delaunaytriangulation 3<Traits, Tds> to represent the triangula-
tion, instantiated with a model of theKinetic::InstantaneousKernelconcept as its traits class. At initialization,
as well as at times during the simulation when we want to insert a point to the kinetic Delaunay triangulation, a
static version of the Delaunay triangulation is conceptually instantiated. More precisely, the time for the copy
of the model of theKinetic::InstantaneousKernelstored in the CGAL triangulation is set to be the current time
(or rather, as discussed in the introduction, a more convenient time determined by theKinetic::Simulatorcom-
binatorially equivalent to the current time). The kinetic data structure then calls theDelaunaytriangulation
3<Traits, Tds>::insert(Point) insert method to insert the point. The static insert method called uses various
predicate functors on the moving points which evaluate to the values that the predicates have at that instant in
time. Removal is handled in an analogous manner. Auditing of the geometric structure is easily handled in a
similar manner (in the case of Delaunay triangulations by simply calling theverify() method after setting the
time).

Internally, in order to evaluate a static predicate, our model of theKinetic::InstantaneousKernelcomputes the
current instantaneous coordinates of the involved primitives and then passes them to a static predicate. The
static primitive coordinates are cached since they are likely to be involved in other static predicates evaluated at
the same time.

Note that the time used in theKinetic::InstantaneousKernelmust be an arithmetic type that fully supports ring
and possibly field operations. These are much more stringent requirements than forKinetic::Simulator::Time
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objects in the simulator, where we only require comparisons. These requirements currently rule out our algebraic
kernels’ Root objects (see Section43.2), since they only support comparisons and some limited arithmetic
operations. In practice this is not a strong limitation since we can almost always find a time that is representable
by a rational number type (such asGmpq) which is close to the current time and such that the combinatorial
structure has not changed. Alternatively, if a real number type such asCORE::Expr is used for time, then
computation can, of course, be performed at any time, although computations will be significantly slower. It is
the job of theKinetic::Simulatorto determine an appropriate time to perform operations.

43.1.5 Miscellaneous: notification and reference management

We describe some coding conventions used, graphical display, notification and reference management support
in the framework in the following sections.

Reference management

A number of objects need to maintain pointers to other independent objects. For example, each kinetic data
structure must have access to theKinetic::Simulatorso that it can schedule and deschedule events. These
pointers are all reference counted in order to guarantee that they are always valid. We provide a standard
reference counting pointer and object base to facilitate this, namelyRef counted<Object>.

Each shared object in the framework defines a typeHandlewhich is the type for a reference counter pointer
pointing to it. These should be used for storing pointers to the objects in order to avoid dangling pointers. In
addition, many of the objects expect such pointers as arguments.

Runtime event passing

Runtime events must be passed fromnotifiers, namely the Kinetic::ActiveObjectsTableand the Ki-
netic::Simulator to listeners, typically the kinetic data structures. For example, kinetic data structures are
notified when new primitives are added to theKinetic::ActiveObjectsTable. On reciving the notification, it
will add the new primitive to the combinatorial structure it is maintaining. The events are passed using a simple,
standardized notification interface. To receive notifications, the listener first defines a small proxy class which
inherits from aListenerbase type provided by the notifier. On creation, theListenerbase class registers itself
with the notifier on construction (and unregisters itself on destruction).

When the some state of the notifier changes, it calls thenew notificationmethod on the listener proxy object
provided and passes it a label corresponding to the name of the field that changed. The proxy object can then
call an appropriate method on the kinetic data structure or whetever the listening class is.

In order to unregister on destruction, theListenermust store a (reference counted) pointer to the object providing
notifications. This pointer can be accessed through thenotifier() field. TheListenerobject stores a reference
counted pointer to the notifying object, while the notifying object stores a plain pointer to theListener. It can
do this since theListeneris guaranteed to unregister itself when it is destroyed. This avoids circular reference
counted pointers as well as dangling pointers.

43.2 Algebraic Kernel

The interface between the algebraic kernel and the kinetic data structures package was kept quite minimal in
order to ease the implementation of various underlying computation models. The interface is detailed in the
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reference page (Kinetic::FunctionKernel).

We provide models of the algebraic kernel that handle polynomialKinetic::Functionobjects. The provided
models perform

• exact computations using Sturm sequences to isolate roots

• exact computations using Descartes rule of sign in order to isolate roots (Sturm sequences are also used
in order to properly handle even multiplicity roots)

• filtered exact computations using Descartes rule of sign

• numeric (inexact) root approximations

• numeric root approximations which take advantage of certain assumptions that can be made about the
types of polynomials solved in the process of evaluating kinetic data structures

• a wrapper for CORE::Expr which implements the required concepts.

The exact models, which we implement the numerics for, handle non-square-free polynomials and polynomials
with arbitrary field number type coefficients and are quite robust.

43.2.1 Kinetic::FunctionKernel customized for kinetic data structures

There are several modifications we can make to how the roots are handled to optimize for the case of kinetic data
structures. The first are motivated by the question of how to handle degeneracies (certificate functions which
have roots at the same time). Naively, there is no way to differentiate between a certificate which fails immedi-
ately when it is created and one whose function is momentarily 0, but will be valid immediately in the future.
In order to handle such degeneracies we ensure that all the certificate function generators produce certificate
functions which are positive when the corresponding certificates are valid. Then, if we have a degeneracy we
can differentiate between a certificate which fails immediately and one which is simply degenerate by looking
at the sign of the certificate function immediately following the root (equivalently, by looking at the derivative).
In addition, this allows us, under the assumption that computations are performed exactly, to check that all
certificates are not invalid upon creation.

The assumption that certificates are positive when valid is particular useful when using numeric solvers. Without
it there is no reliable way to tell whether a root near the current time is the certificate having become valid just
before the current time, or failing shortly in the future. Testing the sign of the function immediately after the
root reliably disambiguates the two cases.

In addition, we have to specially handle even roots of functions. For the most part these can just be discarded
as dropping an even root is equivalent to perturbing the simulation to remove the degeneracy. However, when
we are using theKinetic::Simulatorto audit the kinetic data structures, they most be broken up in to two, equal,
roots to avoid auditing at the degeneracy.

43.3 Examples

We provide a number of examples of different levels of usage of the kinetic data structures framework, both for
kinetic data structures as well as sweepline algorithms.

To see how to use existing kinetic data structures, look at the examples in the previous chapter such as Sec-
tion 42.3.1.
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The here we cover implementing kinetic data structures. The examples explained are

• A trivial kinetic data structure which has all the parts of a full kinetic data structure but doesn’t do much
in Section43.3.2.

• Adding a new type of certificate to a kernel in Section43.3.3.

In order to see more detail about how to implement a kinetic data structure, the best place to start is the source
code for the kinetic sorting data structure,Kinetic::Sort<Traits, Visitor>. Once you are familiar with that,
Kinetic::Delaunay2<Traits, Triangulation, Visitor> is the next step in complexity.

We will first explain in detail how a typical kinetic data structure uses the various pieces of the framework, then
move on to showing the actual code for a simpler data structure.

43.3.1 Using the Pieces of the Package

Here we will explain how the kinetic sorting data structure uses the various pieces of the package. A schematic
of its relationship to the various components is shown in the UML diagram in Figure43.1. In this subsection
we abuse, for reasons of simplicity of presentation, the concept/model semantics: when we refer to concepts we
actually refer to an instance of a model of them.

As with most kinetic data structures,Kinetic::Sort<Traits, Visitor> maintains some sort of combinatorial struc-
ture (in this case a sorted doubly linked list), each element of which has a corresponding certificate in the event
queue maintained by the simulator. In the case of sorting, there is one certificate maintained for each “edge”
between two consecutive elements in the list.

On creation, the data structure is passed a copy of theKinetic::SimulationTraits for this simulation,
which it saves for future use. It gets a handle to to theKinetic::ActiveObjectsTableby calling the
Kinetic::SimulationTraits::activepoints 1 table handle()method and registers a proxy with the table in or-
der to receive notifications of changes to the point set. TheKinetic::SimulationTraitsmethod returns a handle
to, rather than a copy of, theKinetic::ActiveObjectsTable, since the table must be shared between all the ki-
netic data structures using these points. The handles are reference counted pointers, thus saving the user from
worrying about cleaning things up properly.

When new points are added to the model of theKinetic::ActiveObjectsTable, the table calls thenew
notification()method on the proxy of the kinetic data structure, which in turn calls theinsert(Pointkey)method
of the kinetic data structure. ThePoint keyhere is the key which uniquely identifies the newly inserted point
in the table. The data structure then requests an instance of a model of theKinetic::InstantaneousKernelfrom
the Kinetic::SimulationTraits. It sets the time on the instantaneous kernel to the time value gotten from the
Kinetic::Simulator::currenttime nt() method. This method returns a field number type that is between the pre-
vious and next event, as discussed in the introduction. An instance of theKinetic::InstantaneousKernel::Less
x 1 predicate and the STL functionstd::upperbound()are then used to insert the new point in the sorted list.
For each inserted object, the kinetic data structure removes the no longer relevant certificate from the event
queue by calling theKinetic::Simulator::deleteevent(Key)function and creates two new certificates using a
Kinetic::Kernel::Is lessx 1 certificate functor. The new certificates are inserted in the event queue by call-
ing theKinetic::Simulator::newevent(Time, Event)method whereKinetic::Simulator::Eventis a proxy object
which instructs the sort kinetic data structure to swap two points when itsprocess()method is called.

Now that the kinetic data structure has been initialized, the simulator is instructed to process all events. Each
time an event occurs, the simulator calls theprocess()method on the corresponding proxy object. The proxy, in
turn, tells the sort kinetic data structure to swap the two points whose order has changed.
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TheKinetic::Simulatorcan periodically instruct the kinetic data structures to audit themselves. As is explained
in Section43.1.1, a proxy object maps the notification on to anaudit() function call in the kinetic data struc-
ture. To audit itself the kinetic data structure builds a list of all the current points and usesstd::sort to sort
this list using a comparison function gotten from theKinetic::InstantaneousKernel. This sorted list is com-
pared to the maintained one to verify correctness. This auditing could also have been done by evaluating the
Kinetic::InstantaneousKernelpredicate for each sorted pair. Since auditing a kinetic data structure typically re-
quires at least linear time in the size of the combinatorial structure, the auditing procedure in between events is
deactivated by default. The user can however easily switch it on by defining theCGAL CHECK EXACTNESS
andCGAL CHECK EXPENSIVECGAL macros.

This general structure of the interaction between the kinetic data structure and the framework is shared by all of
the provided kinetic data structures and has proved itself to go quite far.

43.3.2 The trivial kinetic data structure

To show how to implement such things, instead of presenting a full kinetic data structure, we present a trivial
one which maintains one event in the queue which maintains one event in the queue, scheduled to occur one
time unit after the last change was made to the set of active primitives. Two classes are defined, theTrivial
event, and theTrivial kds. The event classes must be declared outside of the kinetic data structure so that the
operator<< can be defined for them.

The kinetic data structure maintains the invariant that it was one event in the queue at all times. This event ccurs
one time unit after the last event or change in the set of objects occurs. As a result, the kinetic data structure has
the main parts of a real one–it responds to changes in trajectories of the objects and certificate failures (when
the event expires).

The public methods can be grouped into three sets which are shared with almost all other kinetic data structures:

• has certificatesandset has certificateswhich checks/sets whether the kinetic data structure is currently
maintaining certificates.

• insert, set, erasewhich are called by theKinetic::Active objectslistener helperin response to the addi-
tion, modification, or deletion of an object to, in or from the simulation.

• audit which is called periodically by theKinetic::Simulatorkds listenerwhen kinetic data structures can
easily audit themselves.

In addition, it has one method which is called when a certificate fails. The name/existence of such methods
depend on the nature of the kinetic data structure in question.

Like many kinetic data structures, it takes aKinetic::SimulationTraitsas a template argument. This traits class
defines the types needed for the simulation and is responsible for instantiating them.

#include <CGAL/Kinetic/Ref_counted.h>
#include <CGAL/Kinetic/Exact_simulation_traits_1.h>
#include <CGAL/Kinetic/Active_objects_listener_helper.h>
#include <CGAL/Kinetic/Simulator_kds_listener.h>
...

// This must be external since operator<< has to be defined
template <class KDS>
struct Trivial_event
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{
Trivial_event(){}
Trivial_event(KDS* kds): kds_(kds) {
}
void process() const
{

kds_->process();
}
KDS* kds_;

};

template <class KDS>
std::ostream &operator<<(std::ostream &out,
const Trivial_event<KDS> &) {
out << "\"An event\"";
return out;

}

template <class Traits>
struct Trivial_kds: CGAL::Kinetic::Ref_counted<Trivial_kds<Traits> >
{

typedef Trivial_kds<Traits> This;
typedef typename Traits::Active_points_1_table::Data Point;
typedef typename Traits::Simulator::Time Time;
typedef typename Traits::Active_objects_table::Key Point_key;
typedef typename Traits::Simulator::Event_key Event_key;
typedef CGAL::Kinetic::Active_objects_listener_helper<

typename Traits::Active_points_1_table::Listener, This> Active_objects_helper;
typedef CGAL::Kinetic::Simulator_kds_listener<

typename Traits::Simulator::Listener, This> Simulator_helper;

typedef Trivial_event<This> Event;

Trivial_kds(Traits tr): has_certificates_(true),
tr_(tr),
nth_(tr.active_points_1_table_handle(), this),
sh_(tr.simulator_handle(), this){}

// this method is called with the value true when the event is processed
void process(bool tf) {

event_= Event_key();
set_has_certificates(false);
set_has_certificates(true);

}

void audit() const
{

...
}

void set_has_certificates(bool tf) {
typename Traits::Simulator::Handle sp= tr_.simulator_handle();
if (has_certificates_ != tf) {
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has_certificates_=tf;
if (has_certificates_) {

bool ev= event_;
CGAL_assertion(!ev);
Time t= CGAL::to_interval(sp->current_time()).second+1;
event_= sp->new_event(t, Event(this));

} else if (event_) {
sp->delete_event(event_);
event_=Event_key();

}
}

}

bool has_certificates() const {
return has_certificates_;

}

void insert(Point_key k) {
if (has_certificates_) {
set_has_certificates(false);
set_has_certificates(true);

}
}

void set(Point_key k) {
if (has_certificates_) {
set_has_certificates(false);
set_has_certificates(true);

}
}

void erase(Point_key k) {
if (has_certificates_) {

set_has_certificates(false);
set_has_certificates(true);

}
}

˜Trivial_kds(){
set_has_certificates(false);

}

protected:
bool has_certificates_;
Event_key event_;
Traits tr_;
Active_objects_helper nth_;
Simulator_helper sh_;

};
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43.3.3 Adding a new certificate type

The following example shows how to add a new type of certificate to a simulation.

First we code the actual certificate function generator. It must take some sort (or sorts) of kinetic primitives,
compute some function from their coordinates.

template <class KineticKernel>
struct Positive_x_f_2 {

typedef typename KineticKernel::Certificate_function result_type;
typedef typename KineticKernel::Point_2 argument_type;
result_type operator()(const argument_type &p){

return result_type(p.x()- result_type(0));
}

};

Then we define a kinetic kernel which includes this predicate. To do this we wrap the function generator
generator in aKinetic::Certificate generator<Kernel, Generator>. This wrapper uses the generator to create
the certificate function and then theKinetic::FunctionKernelto solve the certificate function. The result is
wrapped in aKinetic::Certificateobject.

template <class FunctionKernel>
class My_kinetic_kernel:

public CGAL::Kinetic::Cartesian_kinetic_kernel<FunctionKernel> {
typedef CGAL::Kinetic::Cartesian_kinetic_kernel<FunctionKernel> P;
typedef My_kinetic_kernel<FunctionKernel> This;

public:
typedef CGAL::Kinetic::internal::Certificate_generator<This, Positive_x_f_2<This> > Positive_x_2;
Positive_x_2 positive_x_2_object() const
{

return Positive_x_2(P::function_kernel_object());
}

};

Now we have the unfortunately rather messy part of assembling a newKinetic::SimulationTraitsmodel. This is
done in two steps for convenience.

struct My_st_types: public CGAL::Kinetic::Suggested_exact_simulation_traits_types {
typedef CGAL::Kinetic::Suggested_exact_simulation_traits_types P;
typedef My_kinetic_kernel<P::Function_kernel>::Point_2 Active_object;
typedef CGAL::Kinetic::Active_objects_vector<Active_object> Active_objects_table;
typedef CGAL::Kinetic::Cartesian_instantaneous_kernel< Active_objects_table,
Static_kernel> Instantaneous_kernel;
};

struct My_simulation_traits:
public CGAL::Kinetic::Simulation_traits<My_st_types::Static_kernel,

My_st_types::Kinetic_kernel,
My_st_types::Simulator>

{
typedef CGAL::Kinetic::Simulation_traits<My_st_types::Static_kernel,
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My_st_types::Kinetic_kernel,
My_st_types::Simulator> P;

My_simulation_traits(const P::Time &lb= P::Time(0),
const P::Time &ub=std::numeric_limits<P::Time>::infinity()):

P(lb,ub),
ap_(new Active_points_2_table()) {}

typedef My_st_types::Active_objects_table Active_points_2_table;
Active_points_2_table* active_points_2_table_handle() {

return ap_.get();
}
const Active_points_2_table* active_points_2_table_handle() const {

return ap_.get();
}

typedef My_st_types::Instantaneous_kernel Instantaneous_kernel;
Instantaneous_kernel instantaneous_kernel_object() const
{

return Instantaneous_kernel(ap_, static_kernel_object());
}

protected:
Active_points_2_table::Handle ap_;

};

Now the simulation traits can be used by a kinetic data structure.
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43.4 Classified Reference Pages

Definition

Kinetic data structures are a way of adding motion to classical geometric data structures. CGAL provides a
number of classes to aid implementation of kinetic data structures.

There are three levels at which the user can interact with the package. The user can use an existing kinetic data
structure, write a new kinetic data structure, or replace parts of the framework.The first level is covered in the
Chapter43.

Main Support Classes and Concepts

Here we list the main classes and concepts provided by the framework to support implementing kinetic data
structures
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CGAL::Kinetic::Active objects listener helper<ActiveObjectsTable,
KDS>

Definition

The classKinetic::Active objectslistener helper<ActiveObjectsTable, KDS> acts as an intermediate between a
moving object table and a KDS. It translates theActiveObjectsTable::Listener::ISEDITINGnotification events
into appropriate calls toKinetic::insert, Kinetic::set, Kinetic::erase.

#include<CGAL/Kinetic/Activeobjectslistener helper.h>

See Also

Kinetic::Active objectsvector<MovingObject>, Kinetic::ActiveObjectsTable.
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Kinetic::ActiveObjectsTable

Definition

This container holds a set of objects of a particular type. It creates notifications using the standardMulti
listener<Interface> interface when a primitive changes or is added or deleted. Objects which are listening for
events can then ask which primitives changed.

For speed, modifications to the Kinetic::ActiveObjectsTable can be grouped into editing sessions. A session is
begun by callingset is editing(true)and ended by callingset is editing(false). There is one type of notification,
namely,Listener::ISEDITING which occurs when the editing mode is set to false, signaling that a batch of
changes is completed.

As an convenience, the change methods can be called without setting the editing state to true, this acts as if it
were set to true for that one function call.

Types

Kinetic::ActiveObjectsTable:: Key A key identifying an object in the table.

Kinetic::ActiveObjectsTable:: Data The type being stored in the table.

Kinetic::ActiveObjectsTable:: Listener The base class to derive from for listening for runtime events.

The following types are iterators. Each type,Foo iterator has two corresponding methodsfoo beginandfoo
endwhich allow you to iterate through the objects in the setFoo.

Kinetic::ActiveObjectsTable:: Keyiterator An iterator through all the valid keys in the table.

Kinetic::ActiveObjectsTable:: Changediterator

An iterator through all the objects which have been changed
in the last editing session.

Kinetic::ActiveObjectsTable:: Insertediterator

An iterator through all the objects which were added in the
last editing session.

Kinetic::ActiveObjectsTable:: Erasediterator An iterator through all the objects which were deleted in the
last editing session.

Creation
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Operations

Data mot[ Key key] Access the object referenced by the key.

Data mot.at( Key key) Access the object referenced by the key.

void mot.setis editing( bool isediting)

Set the editing state of the object. A notification is sent when
the editing state is set to false after it has been true, i.e. the
editing session is finished. This allows changes to be batched
together.

bool mot.isediting() Access the editing state.

void mot.set( Key key, Data object)

This method changes the motion of one moving object. The
position at the current time should not be different from the
previous current position. However, at the moment I do
not check this as there is no reference to time in the Ki-
netic::ActiveObjectsTable. Ifis editing() is not true, then
it is as if the callsset is editing(true), set(key, value)and fi-
nally set is editing(false)were made. If it is true, then no
notifications are created.

Key mot.insertobject( Data ob)

Insert a new object into the table and return aKeywhich can
be used to refer to it. Seeset(Key, Data)for a description of
editing modes.

void mot.erase( Key key) Delete an object from the table. The object with Key key
must already be in the table. This does not necessarily de-
crease the amount of storage used at all. In fact, it is unlikely
to do so. Seeset(Key,Data)for an explainating of how the
editing modes are used.

void mot.clear() Remove all objects from the table and free all storage.

Has Models

Kinetic::Active objectsvector<MovingObject>

See Also

Multi listener<Interface>, Kinetic::Active objectslistener helper<ActiveObjectsTable, KDS>
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CGAL::Kinetic::Active objects vector<MovingObject>

Definition

MovingObjects are stored in a vector. This means that access is constant time, but storage is not generally freed.
The only way to be sure is to remove all reference counts for the table or to callclear().

#include<CGAL/Kinetic/Activeobjectsvector.h>

Is Model for the Concepts

Kinetic::ActiveObjectsTable
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CGAL::Kinetic::Cartesian instantaneouskernel<ActiveObjectsTable,
StaticKernel>

Definition

This class provides a model of theKinetic::InstantaneousKernelfor use with general Cartesian Geometry. It
provides all the predicates needed for Delaunay triangulations and regular triangulations.

For technical reasons, the user must pick out one particular type of primitive to use when instantiating a
model. For example, if the user passes a model ofKinetic::Active objectsvector<Data, Object> with a
Kinetic::Kernel::Point 2 as the kinetic primitive, then the typePoint 2 will be properly defined and the predi-
cates on it will work properly, but the other predicates will not work.

#include<CGAL/Kinetic/Cartesianinstantaneouskernel.h>

Is Model for the Concepts

Kinetic::InstantaneousKernel
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CGAL::Kinetic::Cartesian kinetic kernel<FunctionKernel>

Definition

This class provides a model ofKinetic::Kernelfor use with general Cartesian geometry.

#include<CGAL/Kinetic/Cartesiankinetic kernel.h>

Types

Kinetic::Cartesiankinetic kernel<FunctionKernel>:: Certificate

This is a model ofKinetic::Certificate.

Kinetic::Cartesiankinetic kernel<FunctionKernel>:: Point 1

Kinetic::Cartesiankinetic kernel<FunctionKernel>:: Point 2

Kinetic::Cartesiankinetic kernel<FunctionKernel>:: Point 3

Kinetic::Cartesiankinetic kernel<FunctionKernel>:: Weightedpoint 3

The following are functors which generateCertificateobjects. Each has a correspondingobjectmethod which
creates the functor.

Kinetic::Cartesiankinetic kernel<FunctionKernel>:: Positive orientation 2

Kinetic::Cartesiankinetic kernel<FunctionKernel>:: Positive orientation 3

Kinetic::Cartesiankinetic kernel<FunctionKernel>:: Positive side of orientedcircle 2

Kinetic::Cartesiankinetic kernel<FunctionKernel>:: Positive side of orientedsphere3

Kinetic::Cartesiankinetic kernel<FunctionKernel>:: Power test 3

Kinetic::Cartesiankinetic kernel<FunctionKernel>:: Weightedpositiveorientation 3

Kinetic::Cartesiankinetic kernel<FunctionKernel>:: Is lessx 1

Kinetic::Cartesiankinetic kernel<FunctionKernel>:: Is lessx 2

Kinetic::Cartesiankinetic kernel<FunctionKernel>:: Is lessy 2

Kinetic::Cartesiankinetic kernel<FunctionKernel>:: Is lessx 3
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Kinetic::Cartesiankinetic kernel<FunctionKernel>:: Is lessy 3

Kinetic::Cartesiankinetic kernel<FunctionKernel>:: Is lessz 3

Is Model for the Concepts

Kinetic::Kernel.
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Kinetic::Certificate

Definition

The concept represents certificate. Its main purpose is to provide a way of creatingTimeobjects corresponding
to when the certificate fails and to cache any useful work done in find theTimefor later.

Operations

Time c.failuretime() Returns the next failure time.

void c.popfailure time() Advances to the next failure time (the next root of the certifi-
cate functions).

See Also

Kinetic::Kernel.
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Kinetic::FunctionKernel::ConstructFunction

Definition

The concept is used to construct functions.

Operations

Function a( NT a, ...) This family of methods takes a list of coefficients and returns
a function. There can be any number of coeffients passed as
arguments (up to about 25 in the current implementations).

See Also

FunctionKernel

Example

Function_kernel fk;
Function_kernel::Construct_function cf= fk.construct_function_object();
Function_kernel::Function f= cf(0,1,2,3,4,5);
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Kinetic::EventQueue

Definition

The for priority queues used by theSimulator. The concept basically defines a priority queue which supports
deletions and changes of items in the queue (but not their priorities). Items in the queue must implement the
Eventconcept.

Types

Kinetic::EventQueue:: Key The type used to access items in the queue in order to change
or delete them.

Kinetic::EventQueue:: Priority The priority type for items in the queue. This is typically the
same asKinetic::Simulator::Time

.

Creation

Kinetic::EventQueue q( Priority start, Priority end, int sizehint);

Construct a queue which will start at time start and run until
time end.

Operations

template<class Event>
Key q.insert( Priority, Event)

Insert an event into the event queue. AKey which can be
used to manipulated the event is returned.

void q.erase( Key) Erase an event from the queue.

template<class Event>
void q.set( Key, Event) Change the data in the event referred to by the key.

template<class Event>
Event& q.get( Key) Access the event referred to by the passed key.

Priority q.priority( Key) Return the priority of the event.

bool q.empty() Return true if the queue is empty.

Priority q.next priority() Return the priority of the next event in the queue.
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void q.processnext() Process the nextEventby calling its process method with its
Priority.

void q.setend priority() Set the priority beyond which to ignore events.

Has Models

Kinetic::Two list pointer eventqueue<FunctionKernel>, Kinetic::Heap pointer eventqueue<
FunctionKernel>.
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Kinetic::Simulator::Event

Definition

The concept represents a single event. Models of should be passed to theKinetic::Simulatorwhen scheduling
events which will in turn pass them to theEventQueue.

Operations

void a.process() This method is called when the event occurs. This method
will only be called once per time this event is scheduled and
the event will be removed from the queue immediately after-
wards.

std::ostream& std::ostream& << Event

Write a text description of the event to a standard stream.

Has Models

All over the place.

See Also

Kinetic::EventQueue

Example

All of the kinetic data structures provided have models of Event. Here is the code implementing a swap event
from the sorting kinetic data structure.

template <class Certificate, class Id, class Root_enumerator>
class Swap_event {
public:

Swap_event(Id o, typename Sort::Handle sorter,
const Certificate &s): left_object_(o),

sorter_(sorter),
s_(s){}

void process(){
sorter_->swap(left_object_, s_);

}
Id left_object_;
typename Sort::Handle sorter_;
Certificate s_;

};
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Kinetic::FunctionKernel

Definition

The concept Kinetic::FunctionKernel encapsulates all the methods for representing and handing functions. The
set is kept deliberately small to easy use of new Kinetic::FunctionKernels, but together these operations are
sufficient to allow the correct processing of events, handling of degeneracies, usage of static data structures, run-
time error checking as well as run-time verification of the correctness of kinetic data structures. The computation
of a polynomial with the variable negated is used for reversing time in kinetic data structures and can be omitted
if that capability is not needed.

Types

Kinetic::FunctionKernel:: Function The type of function being handled.

Kinetic::FunctionKernel:: NT The basic representational number type.

Kinetic::FunctionKernel:: Root A type representing the roots of aFunction.

Kinetic::FunctionKernel:: Rootstack A model ofRootStack. These objects can be created by call-
ing the root stackobject method with aFunction and two
(optional)Rootobjects. The enumerator then enumerates all
roots of the function in the open inverval defined by the two
root arguments. They optional arguments default to positive
and negative infinity.

Kinetic::FunctionKernel:: Rootenumeratortraits

The traits for theRoot enumeratorclass.

Each of the following types has a correspondingtype objectmethod (not explicitly documented) which takes a
Functionas an argument.

Kinetic::FunctionKernel:: Signat A functor which returns the sign of aFunctionat aNT or
Root.

Kinetic::FunctionKernel:: Multiplicity A functor which returns the multiplicity of roots.

Kinetic::FunctionKernel:: Signabove A functor which returns sign of a function immediately above
a root.

The following type is used to construct functions from a list of coefficients. To get an instance use theconstruct
function object()method.

Kinetic::FunctionKernel:: Constructfunction This functor can be used create instances ofFunction. See its
reference pageFunctionKernel::ConstructFunctionfor more
details.
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The following functor likewise have atype objectmethod, but these take arguments other than aFunction. The
arguments are given below.

Kinetic::FunctionKernel:: Signbetweenroots This functor, creation of which requires twoRoots, returns
the sign of a passed function between the pair of roots.

Kinetic::FunctionKernel:: Differentiate This functor computes the derivitive of aFunction. Con-
struction takes no arguments.

The following methods do not require any arguments to get the functor and take oneFunctionas a functor
argument.

Kinetic::FunctionKernel:: Negatevariable Map f (x) to f (−x).

Has Models

POLYNOMIAL::Kernel<RootStack>, POLYNOMIAL::Filteredkernel<RootStack>.

See Also

Kinetic::RootEnumerator.

Example

We provide several models of the concept, which are not documented separately. The models ofKi-
netic::SimulationTraitsall choose appropriate models. However, if more control is desired, we here provide
examples of how to create the various supportedKinetic::FunctionKernel.

A Sturm sequence based kernel which supports exact comparisons of roots of polynomials (certificate failure
times):

typedef CGAL::POLYNOMIAL::Polynomial<CGAL::Gmpq> Function;
typedef CGAL::POLYNOMIAL::Sturm_root_stack_traits<Function> Root_stack_traits;
typedef CGAL::POLYNOMIAL::Sturm_root_stack<Root_stack_traits> Root_stack;
typedef CGAL::POLYNOMIAL::Kernel<Function, Root_stack> Function_kernel;

A wrapper forCORE::Exprwhich implements the necessary operations:

typedef CGAL::POLYNOMIAL::CORE_kernel Function_kernel;

A function kernel which computes approximations to the roots of the polynomials:

typedef CGAL::POLYNOMIAL::Polynomial<double> Function;
typedef CGAL::POLYNOMIAL::Root_stack_default_traits<Function> Root_stack_traits;
typedef CGAL::POLYNOMIAL::Numeric_root_stack<Root_stack_traits> Root_stack;
typedef CGAL::POLYNOMIAL::Kernel<Function, Root_stack> Function_kernel;

When using the function kernel in kinetic data structures, especially one that is in exact, it is useful to wrap
the root stack. The wrapper checks the sign of the certificate function being solved and uses that to handle
degenacies. This is done by, for the inexact solvers
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typedef \ccc{Kinetic::Derivitive}_filter_function_kernel<Function_kernel> KDS_function_kernel;

and for exact solvers

typedef \ccc{Kinetic::Handle}_degeneracy_function_kernel<Function_kernel> KDS_function_kernel;

For exact computations, the primary representation for roots is the now standard choice of a polynomial with
an associated isolating interval (and interval containing exactly one distinct root of a polynomial) along with
whether the root has odd or even multiplicity and, if needed, the Sturm sequence of the polynomial. Two
intervals can be compared by first seeing if the isolating intervals are disjoint. If they are, then we know the
ordering of the respective roots. If not we can subdivide each of the intervals (using the endpoints of the other
interval) and repeat. In order to avoid subdividing endlessly when comparing equal roots, once we subdivide
a constant number of times, we use the Sturm sequence ofp and p′q (wherep andq are the two polynomials
andp′ is the derivative ofp) to evaluate the sign of the second at the root of the first one directly (note that this
Sturm sequence is applied to a common isolating interval of the roots of interest of both polynomials).
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Kinetic::FunctionKernel::Function

Definition

The concept represents a function.

Types

Function:: NT The number type used in describing the function;

Function a( NT); Construct a constant function from a number.

Operations

NT a( NT) Evaluate the function at anNT.

See Also

FunctionKernel, FunctionKernel::ConstructFunction

Example

Several ways to create functions:

UsingKinetic::ConstructFunction:

Traits::Function_kernel::Construct_function cf= traits.function_kernel_object().construct_function_object();
Traits::Kinetic_kernel::Motion_function x= cf(0.0,1.0,2.0);
Traits::Kinetic_kernel::Motion_function y= cf(0.0,1.0,2.0);
Traits::Kinetic_kernel::Point_2 pt(x,y);

Using the constructor:

double coefs[]={1.0, 2.0, 3.0};
Traits::Kinetic_kernel::Motion_function z(coefs, coefs+3);

Using ring operations:

Traits::Kinetic_kernel::Motion_function z= x*z+y;
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Kinetic::InstantaneousKernel

Definition

The concept Kinetic::InstantaneousKernel covers models that act as adaptors allowing CGAL static data struc-
tures to act on snapshots of kinetic data. It typically only supports one type of moving object.

Currently, each model is created for one particular type of kinetic primitive. The primitives are identified by
Kinetic::ActiveObjectsTable::Keyobjects.

Types

Kinetic::InstantaneousKernel:: Time The type used to represent the current time. This must be a
ring or field type.

Operations

Time a.time() Return the current time.

void a.settime( Time) Set the current time to have a certain value. All existing pred-
icates are updated automatically.

Static object a.staticobject( Key) Return a static object corresponding to the kinetic object at
this instant in time.

Has Models

Kinetic::Cartesianinstantaneouskernel
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Key

Definition

The concept Key is a unique identifier for something in some sort of table. In general, they can be only created
by the table and are returned when a appropriatenew foo()method is called on the table. There are two classes
of values for a Key, valid and invalid. The latter cannot refer to something in a table. Use the methodis valid()
to differentiate.

Key a; The default constructor is guaranteed to construct an invalid
key (i.e. one which is false when cast to a bool.

Operations

bool a.is valid() This method returns false if the key was created using the
default constructor or was otherwise created to be invalid.

std::ostream& std::ostream& << Event

Write a text description of the key to a standard stream.

Has Models

Kinetic::Simulator::Eventkey, Kinetic::Active objectsvector<Object>::Key.
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Kinetic::Kernel

Definition

The concept Kinetic::Kernel acts as the kinetic analog of a CGAL kernel. It provides some set of primitives and
predicats acting on them.

Types

Kinetic::Kernel:: Motion function The type which is used to represent coordinates of mov-
ing primitives. It is a model of the conceptFunctionKer-
nel::Function. This is the analog of the CGAL kernelRT.

Kinetic::Kernel:: Certificate The type representing the results of predicates. SeeKi-
netic::Certificate.

Kinetic::Kernel:: Functionkernel The type of the function kernel used. SeeKi-
netic::FunctionKernel.

Operations

Function kernel kk.functionkernel object()

Gets a copy of the function kernel.

Has Models

Kinetic::Cartesiankinetic kernel<FunctionKernel>.
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CGAL::Listener <Interface>

Definition

The Listener<Interface> class provides the core of the run time notification system used by the kinetic data
structures package. In short, notifications are handled through proxy objects called listeners. In order to listen
for notifications from an object, called the notifier, you make define a small class called a listener proxy, which
inherits from the Listener interface defined by the notifier. When constructing your listner poxy, you pass a
reference counted pointer to the notifier, which is used to register the proxy for notifications. When a notification
occurs, the notifier calls thenew notification method on the proxy, passing the type of the notification. The
proxy stores a reference counted pointer to the notifier, ensuring that there are never any dangling pointers in
the system.

The classListener<Interface> provides base class for listener proxy objects. A notifier should provide a class
which inherits from this base. To use this base class, implement a class, here calledInterface, which defines a
typeInterface::Notificationtypeand a typeInterface::Notifier handle.

TheNotification typeis generally an enum with one value for each type of notification which can be used.

The Notifier handle is the type of a (ref counted) pointer to the object providing the notifications. The ref
counter pointer must provide a nested typePointerwhich is the type of a raw pointer.

The Listener<Interface> maintains a ref counted pointer to the object performing notifications. It is regis-
tered for notifications on construction and unregistered on destruction using the functionset listener(Listener<
Interface>*) on the object providing the notifications. The use of ref counted pointers means that as long as the
notification object exists, the object providing the notifications must exist, ensuring that the object providing the
notifications is not prematurely destroyed.

These objects cannot be copied since the notifier only support one listener. If copying and more than one listener
are desired, theMulti listener<Interface> base class should be used instead.

As a side note, Boost provides a similar functionality in the Boost.Signal package. However, it is quite a bit
more complex (and flexible). This complexity add significantly to compile time and (although I did not test
this directly), I suspect it is much slower at runtime due to the overhead of worrying about signal orders and
not supporting single signals. In addition, it does not get on well with Qt due to collisions with the Qt moc
keywords.

There is also the TinyTL library which implements signals. As of writing it did not have any easy support for
making sure all pointers are valid, so it did not seem to offer significant code saving over writing my own.

#include<CGAL/Kinetic/Listener.h>

Types

Listener<Interface>:: Notifier handle This type is inherited from theInterfacetemplate argument.
It is a reference counted pointer type for the object providing
notifications.

Listener<Interface>:: Notification type The type (usually an enum) used to distinguish different
types of notifications. This is inherited from theInterface
template argument.
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Creation

Listener<Interface> l( Notifier handle np); The Listener<Interface> subscribes to events coming from
the notifier and stores a pointer to the notifier.

Operations

Notifier handle l.notifier() Return a pointer to the notifier.

virtual void l.newnotification( Notificationtype)

This method is pure virtual. A class which wishes to re-
ceive events must inherit from this class and implement this
method. The method will then be called whenever there is a
notification.

See Also

Multi listener<Interface>.

Example

Here is a simplier class that provides notifications:

struct Notifier: public CGAL::Kinetic::Ref_counted<Notifier>
{
public:

Notifier(): data_(0), listener_(NULL){}

struct Listener_interface
{
public:

typedef enum Notification_type {DATA_CHANGED} Notification_type;
typedef Notifier::Handle Notifier_handle;

};

typedef CGAL::Kinetic::Listener<Listener_interface> Listener;
friend class CGAL::Kinetic::Listener<Listener_interface>;

void set_data(int d) {
data_=d;
if (listener_ != NULL) listener_->new_notification(Listener_interface::DATA_CHANGED);

}

protected:
void set_listener(Listener *l) {

listener_= l;
}
Listener* listener() const {return listener_;}
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int data_;
Listener *listener_;

};

Now the listener:

struct My_listener: public Notifier::Listener, public CGAL::Kinetic::Ref_counted<My_listener>
{

typedef Notifier::Listener::Notifier_handle PP;
My_listener(PP p): P(p){}

void new_notification(P::Notification_type nt) {
...

}
};
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CGAL::Multi listener<Interface>

Definition

The classMulti listener<Interface> implements a base class for listeners where more than one listener is allowed
to subscribe to a notifier. SeeListenerfor full documentation. This uses the function callsnew listener()and
deletelistener()to register and unrester the listener (instead ofset listener()).

#include<CGAL/Kinetic/Multi listener.h>

See Also

Listener<Interface>.
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CGAL::Ref counted<T>

Definition

The classRef counted<T> implements a base class for objects which are reference counted. To use it simply
inherit from Ref counted<T> (passing the type to be reference counted as the template argument) and then
access the object throughHandleobjects rather than bare C++ pointers.

#include<CGAL/Kinetic/Refcounted.h>

Types

Ref counted<T>:: Handle A reference counted pointer to an Object.

Ref counted<T>:: Const handle A const reference counted pointer to an Object.

Creation

Ref counted<T> rc; default constructor.

Operations

There are no methods which should be called by users of this class.
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Kinetic::RootStack

Definition

The concept Kinetic::RootStack enumerates through roots of a function contained in a certain interval. They
may return one extra root which has valuestd::numericlimits<Root>::infinity() , as this allows the root stacks
to delay isolating roots until the isolation is needed to properly evaluate comparisons.

Types

Kinetic::RootStack:: Root The root of a function.

Kinetic::RootStack:: Traits The traits class for this concept.

Creation

Kinetic::RootStack re; default constructor.

Kinetic::RootStack re( Function f, Root lb, Root ub, Traits tr);

Construct a Kinetic::RootStack over the roots off in the open
interval lb to ub.

Operations

void re.pop() Advance to the next root. As a precondition, empty() must
be false.

Root re.top() Return the current root. As a precondition, empty() must be
false. Note that theRoot returned might not actually be in
the interval (since the solver has not yet proved that there are
no more roots).

bool re.empty() Return true if there are known to be no more roots left. There
might not actually be any roots of the polynomial left in the
interval, but the work necessary to prove this has been de-
layed.

See Also

Kinetic::FunctionKernel, Kinetic::Certificate.
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Kinetic::SimulationTraits

Definition

This concept ties together the parts needed in order to run a kinetic data structure. We provide several models
of this concept:

• Kinetic::Exact simulation traits 1

• Kinetic::Exact simulation traits 2

• Kinetic::Exact simulation traits 3

• Kinetic::Inexactsimulation traits 1

• Kinetic::Inexactsimulation traits 2

• Kinetic::Inexactsimulation traits 3

• Kinetic::Exact linear simulation traits 2

• Kinetic::Exact linear simulation traits 3

• Kinetic::Inexact linear simulation traits 2

• Kinetic::Inexact linear simulation traits 3

• Kinetic::Regular triangulation exactsimulation traits 3

• Kinetic::Regular triangulation inexactsimulation traits 3

All support trajectories defined by polynomial coordinates. TheExactvs Inexectpicks whether the roots of the
certificate functions are compared exactly or approximated numerically. The regular triangulation models have
weighted points of the appropriate dimension as the primitive used in theKinetic::InstantaneousKerneland the
Kinetic::ActiveObjectsTable.

Types

Kinetic::SimulationTraits:: NT The number type used for representation.

Kinetic::SimulationTraits:: Instantaneouskernel

A model ofKinetic::InstantaneousKernelwhich can be used
to apply static CGAL data structures to snapshots of moving
data.

Kinetic::SimulationTraits:: Kinetickernel A model ofKinetic::Kernel.

Kinetic::SimulationTraits:: Functionkernel A model ofKinetic::FunctionKernel.
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Kinetic::SimulationTraits:: Activepoints [123] table

A model ofKinetic::ActiveObjectsTablewhich holds the rel-
evant kinetic primitives.

Kinetic::SimulationTraits:: Simulator A model ofKinetic::Simulatorwhich will be used by all the
kinetic data structures.

Operations

Instantaneouskernel st.instantaneouskernel object()

Get a new instantaneous kernel.

Kinetic kernel st.kinetickernel object()

Get a new kinetic kernel.

Function kernel st.functionkernel object()

Get a new function kernel.

Simulator::Handle st.simulatorhandle() Return a pointer to theKinetic::Simulatorwhich is to be used
in the simulation.

Active points [123] table::Handle

st.activepoints [123] table handle()

Return a pointer to theKinetic::ActiveObjectsTablewhich is
to be used in the simulation.

Has Models

Kinetic::Exact simulation traits 1, Kinetic::Exact simulation traits 2, Kinetic::Exact simulation traits 3,
Kinetic::Inexactsimulation traits 1, Kinetic::Inexactsimulation traits 2, Kinetic::Inexactsimulation traits
3, Kinetic::Exact linear simulation traits 2, Kinetic::Exact linear simulation traits 3, Kinetic::Inexact
linear simulation traits 2, Kinetic::Inexact linear simulation traits 3, Kinetic::Regular triangulation exact
simulation traits 3, Kinetic::Regular triangulation inexactsimulation traits 3
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CGAL::Kinetic::Default simulator<FunctionKernel, EventQueue>

Definition

The classKinetic::Default simulator<FunctionKernel, EventQueue> controls kinetic data structures by main-
taining a concept of time and ensuring that events are processed when necessary.

#include<CGAL/Kinetic/Defaultsimulator.h>

Is Model for the Concepts

Kinetic::Simulator.

Creation

Kinetic::Default simulator<FunctionKernel, EventQueue> sim( const Time start=Time(0),
const Time end= Time::infinity())

Construct a Kinetic::Default simulator<FunctionKernel,
EventQueue> which will process events between times start
and end (events outside this window will be discarded).
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CGAL::Kinetic::Simulator kds listener<Listener, KDS>

Definition

The classKinetic::Simulatorkds listener<Listener, KDS> acts as a helper class for kinetic data structures which
want to respond toSimulator::Listener::HASAUDIT TIME notifications. When kinetic data structures can
audit themselves, theKinetic::Simulatorkds listener<Listener, KDS> calls theaudit() method on the kinetic
data structure.

#include<CGAL/Kinetic/Simulatorkds listener.h>

Creation

Kinetic::Simulatorkds listener<Listener, KDS> a( Simulator::Handle, KDS *kds);

default constructor.

See Also

Kinetic::Simulator, Listener<Interface>.
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CGAL::Kinetic::Simulator objects listener<Simulator listener, KDS>

Definition

The classKinetic::Simulatorobjectslistener<Simulator listener, KDS> is a helper for classes which wish to
react toSimulator::Listener::DIRECTIONOF TIME notifications. The helper object translates such notifica-
tions reversetime function calls on the responder. SeeKinetic::Qt movingpoints 2 for a simple example of
using this helper function.

#include<CGAL/Kinetic/Simulatorobjectslistener.h>

Creation

Kinetic::Simulatorobjectslistener<Simulator listener, KDS> a( Simulator::Handle, KDS*);

default constructor.

See Also

Kinetic::Listener.
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Kinetic::Simulator

Definition

The class Kinetic::Simulator controls kinetic data structures by maintaining a the current time and ensuring that
events are processed when necessary.

In addition, the Kinetic::Simulator can call on the kinetic data structures to audit themselves at appropriate times.
When the last event processed and the next to be processed have different times, then there is a rational value of
time at which all kinetic data structures should be non-degenerate (since there are no events at that time). At such
a time, kinetic data structures can easily verify their correctness by checking that all the certificate predicates
have the correct value. When exactness checks are enabled, whenever the last event processed and the next event
to be processed have different times, aKinetic::Simulator::Listener::HASAUDIT TIME notification is made.
Kinetic data structures can listen for that event, and when it is made, they can callKinetic::Simulator::audit
time()to get the time value and then verify that their structure is correct.

Typically, the simulator is created by the Kinetic:SimulationTraits class and kinetic data structures request a
handle to it from there.

Types

Kinetic::Simulator:: Functionkernel The type of the function kernel used to instantiate this Ki-
netic::Simulator.

Kinetic::Simulator:: Listener Extend this base class to listen to notifications from this
Kinetic::Simulator. There are two types of notifications:
HAS AUDIT TIME andDIRECTIONOF TIME. The first is
made when kinetic data structures can perform an audit. The
second is made when the direction of time is changed.

Kinetic::Simulator:: Time The representation type for times in the simulator. It is
Function kernel::Rootenumerator::Root.

Kinetic::Simulator:: Eventkey The key to access scheduledEvent in order to inspect or
delete them.

Kinetic::Simulator:: NT The basic number type used in computations.

Kinetic::Simulator:: Handle A reference counted pointer to be used for storing references
to the object.

Kinetic::Simulator:: Consthandle A reference counted pointer to be used for storing references
to the object.

Creation

Kinetic::Simulator sim( const Time start=Time(0), const Time end= Time::infinity());

Construct a Kinetic::Simulator which will process events be-
tween times start and end (events outside this window will be
discarded).
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Operations

Function kernel sim.functionkernel object()

Access the Function kernel object used by the Ki-
netic::Simulator.

Time sim.currenttime() Return the current time.

void sim.setcurrent time( Time t)

Set the current time tot, which cannot be less thancurrent
time. Any events in the queue before timet are processed.

NT sim.currenttime nt() This returns a ration number representing the current time.
This only returns a valid time ifhas current time nt() is true.

bool sim.hasrational current time()

Return true if there is a rational number which is equivalent
to the current time. Equivalent means that it has the same
ordering relation to all previous and scheduled events.

bool sim.hasaudit time() Returns true if the current time is a rational number and there
are no events at the current time. This means that the simu-
lation can be audited at this time.

Time sim.nexteventtime() Return the time of the next event in the queue.

Time sim.endtime() Return the time the simulation will end. If time is running
backwards, then this returnsTime::infinity().

void sim.setend time( Time t)

Advance the end time tot. This is not generally a safe op-
eration as all the kinetic data structures must rebuild their
certificates at this time.

template<class Event>
Eventkey sim.newevent( Time t, const Event event)

Schedule a new event at timet. The objecteventmust imple-
ment the conceptEvent. TheEventkeyreturned can be used
to access or deschedule the event.

Eventkey sim.nullevent() This method returns anEventkeywhich is guaranteed never
to be assigned to any real event.
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void sim.deleteevent( const Eventkey k)

Remove the event referenced byk from the event queue.

template<class Ev>
typename Queue::Eventhandle<Ev>::Handle

sim.event( const Eventkey k, const Ev e)

This method returns a pointer to an event, which can be used
for recoving data, such as cached solvers, from that event.
The second argument really shouldn’t be there, but gcc seems
to sometimes have issues if you try to specify the template
value directly.

Time sim.eventtime( Eventkey k)

Return the time at which the event referenced byk occurs.

template<class Ev>
Eventkey sim.setevent( Eventkey k, const Ev ev)

Set the event referenced by keyk to ev, for example if you
want to change what happens when that event occurs. A new
event key is returned.

Sign sim.directionof time()

ReturnPOSITIVEif time is running forwards orNEGATIVE
if it is running backwards.

void sim.setdirection of time( Sign dir)

Set which direction time is running.

unsigned int sim.currenteventnumber()

Return the number of events which have been processed.

void sim.setcurrent eventnumber( unsigned int i)

Process all events up to the ith event.i cannot be less than
current eventnumber.

See Also

Kinetic::Simulatorobjectslistener<Simulator listener, KDS>, Kinetic::Simulatorkds listener<Simulator
listener, KDS>.
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Has Models

Kinetic::Default simulator<FunctionKernel, EventQueue>
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Kinetic::Simulator::Time

Definition

The concept represents time in the simulator.

Time a( NT); Construct an instance of time from a number type, where NT
is the number type used in the simulation.

Operations

std::ostream& std::ostream& << Time

Write it to a stream.

double todouble( Time)

Return a double approximation of the time value.

std::pair<double, double>

to interval( Time)

Return an interval containing the time value.

Comparisons with otherKinetic::Simulator::Timeobjects are supported.

Has Models

double, Kinetic::FunctionKernel::Root

See Also

Kinetic::Simulator

2510



Part XIV

Support Library

2511





Chapter 44

Number Type Support
Olivier Devillers, Susan Hert, Lutz Kettner, Sylvain Pion, and Stefan Schirra

CGAL kernel classes are parameterized by number types. Depending on the problem and the input data that
have to be handled, one has to make a trade-off between efficiency and accuracy in order to select an appropriate
number type and kernel class.

In homogeneous representation, two number types are involved, although only one of them appears as a template
parameter in the homogeneous kernel classes. This type, for the sake of simplicity and readability called ring
type, is used for the representation of homogeneous coordinates and all internal computations. If it is assured
that the second operand divides the first one, these internal computations are basically division-free. The ring
type is a placeholder for an integer type (or an integral domain type) rather than for elements of arbitrary rings.
The name should remind you that the division operation is not needed for this number type. Of course, also
more general number types can be used as a ring type in a homogeneous kernel class. In some computations,
e.g. accessing Cartesian coordinates, divisions cannot be avoided. In these computations a second number type,
the field type, is used. CGAL automatically generates this number type as aQuotient, cf. Subsection44.9. For
the Cartesian kernels there is only one number type that is used for all calculations.

The kernel classes provide access to the number types involved in the representation, although it is not expected
that such access is needed at this level, since low-level geometric operations are wrapped in geometric primitives
provided by CGAL. This access can be useful if appropriate primitives are missing. In a homogeneous kernel
classK, ring type and field type can be accessed asK::RT andK::FT , respectively. The number type used in
Cartesian kernels is considered as ring type or as field type depending on the context. If can be accessed as
K::RT andK::FT , according to the use of number types used in the homogeneous counterpart.

44.1 Required Functionality of Number Types

Number types must fulfill certain requirements, such that they can be successfully used in CGAL code. The
syntacitical requirements of number types are described in the concepts RingNumberType and FieldNumber-
Type included in the kernel reference manual. Of course, number types also have evident semantic constraints.
They should be meaningful in the sense that they approximate the integers or the rationals or some other subfield
of the real numbers.
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44.2 Utility Routines

The number type concepts mentioned in the previous section list all the required functionality. For the user of a
number type it is handy to have a larger set of operations available. CGAL defines a number of such operations,
to compute, for example, the minimum or maximum of two numbers, and the absolute value, square, sign or
square root of a number. These are available both as global functions and as functors. See the reference manual
for more details.

Those routines are implemented using the required operations from the number type concepts. They are defined
by means of templates, so you do not have to supply all those operations when you write a new number type.
But if you have a better implementation for any of them, you can provide a corresponding overloading function
with the same name for your number types, which will get preference over the template functions listed above.

For the number typesint anddoublethere is also a random numbers generatorCGAL::Random.

44.3 Built-in Number Types

The built-in number typesfloat, doubleandlong doublehave the required arithmetic and comparison operators.
They lack some required routines though which are automatically included by CGAL. 1

All built-in number types of C++ can represent a discrete (bounded) subset of the rational numbers only. We as-
sume that the floating-point arithmetic of your machine follows IEEEfloating-point standard. Since the floating-
point culture has much more infrastructural support (hardware, language definition and compiler) than exact
computation, it is very efficient. Like with all number types with finite precision representation which are used
as approximations to the infinite ranges of integers or real numbers, the built-in number types are inherently
potentially inexact. Be aware of this if you decide to use the efficient built-in number types: you have to cope
with numerical problems. For example, you can compute the intersection point of two lines and then check
whether this point lies on the two lines. With floating point arithmetic, roundoff errors may cause the answer of
the check to befalse. With the built-in integer types overflow might occur.

44.4 Number Types Provided byCGAL

CGAL provides several number types that are that can be used for exact computation. These include theQuotient
class that can be used to create, for example, a number type that behaves like a rational number. When used in
conjunction with the number typeMP Float that is able to represent multi-precision floating point values, you
achieve an exact rational number representation.

The templated number typeLazy exactnt<NT> is able to represent any number thatNT is able to represent,
but because it first tries to use an approximate value to perform computations it can be faster than the provided
number typeNT. CGAL also provides a fixed-precision number type,

Fixed precisionnt is a number type that provides 24-bit numbers in fixed point representation. This number
type provides some specialized predicates that are exact and efficient for numbers known to be representable
using 24 bits.

A number type for doing interval arithmetic,Interval nt, is provided. This number type helps in doing filtering
of predicates.

1 The functions can be found in the header files<CGAL/float.h>, <CGAL/double.h> and<CGAL/longdouble.h>.
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CGAL::Rootof 2 is a number type that allows to represent algebraic numbers of degree up to 2 over aRingNum-
berType. A generic functionCGAL::makeroot of 2 allows to build this type generically.

A debugging helperNumbertype checker<NT1,NT2,Comparator> is also provided which allows to compare
the behavior of operations over two number types.

44.5 Number Type Provided byCORE

CGAL defines the functions needed to use the number typeCORE::Exprprovided by CORE [KLPY99]. To
use CORE with CGAL, just install CGAL with CORE support, and include the fileCGAL/COREExpr.h. CORE

version 1.7 or later is required.

CORE::Exprs are a subset of real algebraic numbers. Any integer is aCORE::Exprand CORE::Exprs are
closed under the operations+,−,×,/ and√. CORE::Exprs guarantee that all comparisons between expressions
involving CORE::Exprs produce the exact result.

This number type provides an equivalent functionality toleda real.

44.6 Number Types Provided byGMP

CGAL provides wrapper classes for number types defined in the GNU Multiple Precision arithmetic li-
brary [Gra]. The fileCGAL/Gmpz.h provides the classGmpz, a wrapper class for the integer typempz t, that is
compliant with the CGAL number type requirements. The fileCGAL/Gmpq.h provides the classGmpq, a wrapper
class for the rational typempq t, that is compliant with the CGAL number type requirements.

In addition, it is possible to directly use the C++ number types provided by GMP : mpzclass, mpq class(note
that support formpf classis incomplete). The fileCGAL/gmpxx.h provides the necessary functions to make
these classes compliant to the CGAL number type requirements.

To use this, GMP must be installed.

44.7 Number Types Provided byLEDA

LEDA provides number types that can be used for exact computation with both Cartesian and homogeneous
representations. If you are using homogeneous representation with the built-in integer typesshort, int, and
longas ring type, exactness of computations can be guaranteed only if your input data come from a sufficiently
small integral range and the depth of the computations is sufficiently small. LEDA provides the number type
leda integer for integers of arbitrary length. (Of course the length is somehow bounded by the resources of
your computer.) It can be used as ring type in homogeneous kernels and leads to exact computation as long as
all intermediate results are rational. For the same kind of problems, Cartesian representation with number type
leda rational leads to exact computation as well. The number typeleda bigfloat in LEDA is a variable precision
floating-point type. Rounding mode and precision (i.e. mantissa length) ofleda bigfloat can be set.

The most sophisticated number type in LEDA is the number type calledleda real. Like in Pascal, where the
namereal is used for floating-point numbers, the nameleda real does not describe the number type precisely,
but intentionally. leda reals are a subset of real algebraic numbers. Any integer isleda real and leda reals
are closed under the operations+,−,∗,/ andk-th root computation.leda reals guarantee that all comparisons
between expressions involvingleda reals produce the exact result.
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44.8 User-supplied Number Types

You can also use your own number type with the CGAL kernel classes. Depending on the arithmetic opera-
tions carried out by the algorithms that you are going to use, the number types must fulfill the corresponding
requirements from Section44.1.
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CGAL::abs

Definition

The functionabsreturns the absolute value of a number.

#include<CGAL/numberutils.h>

template<class NT>
NT abs( NT ntval)
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CGAL::Abs <NT>

Definition

The function object classAbs<NT> computes the absolute value of a number.

#include<CGAL/numberutils classes.h>

Is Model for the Concepts

AdaptableFunctor . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page2656

NT f ( NT ntval) returns the absolute value ofntval.
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CGAL::compare

Definition

The functioncomparecompares two numbers to see which is larger or smaller or if they are equal.

#include<CGAL/numberutils.h>

template<class NT1, class NT2>
Comparisonresult compare( NT1 n1, NT2 n2)

returnsLARGERiff n1 > n2, SMALLERiff n1 < n2, and
EQUALotherwise.
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CGAL::Compare <NT>

Definition

The function object classCompare<NT> compares two numbers to see which is larger or smaller or if they are
equal.

#include<CGAL/numberutils classes.h>

Is Model for the Concepts

AdaptableFunctor . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page2656

Comparisonresult f ( NT n1, NT n2) returns LARGER iff n1 > n2, EQUAL iff n1 = n2, and
SMALLERi ff n1 < n2.
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CORE::Expr

Definition

The classCORE::Exprprovides exact computation over the subset of real numbers that contains integers, and
which is closed by the operations+,−,×,/ and√. Comparisons between objets of this type are guaranteed to
be exact. This number type is provided by the CORE library [KLPY99].

CGAL defines the necessary functions so that this class complies to the requirements on number types.

#include<CGAL/COREExpr.h>

Is Model for the Concepts

FieldNumberType
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CGAL::div

Definition

The functiondiv computes the integral division of two numbers.

#include<CGAL/numberutils.h>

NT div( NT ntval1, NT ntval2)
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CGAL::Div <NT>

Definition

The function object classDiv<NT> computes the integral division of two numbers.

#include<CGAL/numberutils classes.h>

Is Model for the Concepts

AdaptableFunctor . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page2656

NT f ( NT ntval1, NT ntval2)

computes the integral divisor of two numbers.
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EuclideanRingNumberType

The number type supports the operations+, − and∗ as well as a functiondiv, which performs an integer
division, the modulus operator %, that returns the remainder of integer division and the functiongcd. This
implies thatCGAL::Numbertype traits<EuclideanRingNumberType>::Has gcd is CGAL::Tag true.

Refines

RingNumberType

Operations

EuclideanRingNumberType div( n1, n2) returns the result of the integer divisionn1/n2.
EuclideanRingNumberType gcd( n1, n2) computes the greatest common divisor betweenn1andn2.
EuclideanRingNumberType n1%n2 returns the remainder achieved when dividingn1by n2.
EuclideanRingNumberType n1%= n2 computes the remainder achieved when dividingn1 by n2 and

assigns it ton1.

Has Models

int
long
long long
CGAL::Gmpz
leda integer

See Also

FieldNumberType . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2530
Kernel . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page35
CGAL::Euclideanring tag. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2529
Support Library Manual
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CGAL::Euclidean ring tag

Definition

The classEuclideanring tag is used as a tag in some algorithms. It indicates that a number type is to be
considered as a model for EuclideanRingNumberType. Only operations defined for EuclideanRingNumberType
are used. For example, no divisions are computed, even if the number type as such supports divisions.

#include<CGAL/Numbertype traits.h>

See Also

EuclideanRingNumberType . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2528
Ring tag . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page??
Field tag. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page??
Sqrt field tag. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page??
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FieldNumberType

The concept FieldNumberType defines the syntactic requirements of a number type to be used as a template
parameter for the Cartesian kernels. This number type supports the operations+,−, ∗ and/. This implies that
CGAL::Numbertype traits<FieldNumberType>::Has division is CGAL::Tag true.

Refines

RingNumberType

Operations

FieldNumberType n1/n2
FieldNumberType int n1/n2
FieldNumberType n1/int n2
FieldNumberType n1/= n2
FieldNumberType n1/= int n2

Has Models

float
double
CGAL::Filtered exact<FieldNumberType, ET>
CGAL::Fixed precisionnt
CGAL::Gmpq
CGAL::Interval nt
CGAL::Interval nt advanced
CGAL::Lazyexactnt<FieldNumberType>
CGAL::MP Float
CGAL::Quotient<RingNumberType>
leda rational
leda bigfloat
leda real

See Also

EuclideanRingNumberType . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2528
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Support Library Manual
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CGAL::Field tag

Definition

The classField tag is used as a tag in some algorithms. It indicates that a number type is to be considered
as a model for FieldNumberType. Only operations defined for FieldNumberType are used. For example, no
squareroot operations are computed, even if the number type as such supports squareroots.

#include<CGAL/Numbertype traits.h>

See Also

FieldNumberType . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2530
Ring tag . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page??
Euclideanring tag . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page??
Sqrt field tag. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page??
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CGAL::Filtered exact<CT, ET>

Definition

NOTE : The functionality provided byFiltered exact<CT,ET> is superseeded byFiltered kernel, hence the use
of Filtered exact<CT,ET> is deprecated. We recommend that users update their code as soon as possible, as we
may not guarantee proper functionning ofFiltered exact<CT,ET> in the future.

The classFiltered exact<CT,ET> is a wrapper type for the number typeCT, with the difference that all predi-
cates are specialized such that they are guaranteed to be exact. Speed is achieved via a filtering scheme using
interval arithmetic (see Section44.9). Here are the necessary requirements:

• CT is the construction and storage type. The only data member of the classFiltered exact<CT,ET> is
thevalueof typeCT. All arithmetic operations performedoutsideof the predicates will be executed with
this number type. You can disallow these operations compiling with the flagCGAL DENY INEXACT
OPERATIONSON FILTER (it allows you to spot the inexact operations that should be incorporated in
the predicates). The arithmetic operations called from inside the predicates are always computed exactly.

• TheET type must be able to compute exactly the operations involved in the predicates called.

• A to interval(CT)function must be provided, that returns an interval containing the value of the argument
of typeCT, see Section44.9.

• A convert to<ET>(CT) function must also be provided, that returns a number of typeET representing
exactly the argument of typeCT. It’s a conversion function that is used for the exact computation, when
the filter fails. This conversion has to be done exactly to ensure robustness.

#include<CGAL/Filteredexact.h>

Is Model for the Concepts

FieldNumberType

Operations

The following member functions are used to access the numerical value for the different number types:

CT ntvar.value() returns the wrapped value.

ET ntvar.exact() returns the converted value toET.

Interval nt advanced

ntvar.interval() returns the converted value toInterval nt advanced.

This type actually has additional parameters for experimental features. They will be documented when they will
be considered stable, in a next release.

2532



Example

You might use at the beginning of your program atypedefas follows:

#include<CGAL/Filtered_exact.h>
#include<CGAL/leda_real.h>
#include<CGAL/double.h>
typedef Filtered_exact<double, leda_real> NT;

Or if you are sure that the predicates involved do not use divisions nor square roots:

#include<CGAL/Filtered_exact.h>
#include<CGAL/Gmpz.h>
#include<CGAL/int.h>
typedef Filtered_exact<int, Gmpz> NT;

And if you know that the double variables contain integer values, you can use:

#include<CGAL/Filtered_exact.h>
#include<CGAL/Gmpz.h>
#include<CGAL/double.h>
typedef Filtered_exact<double, Gmpz> NT;

As a general rule, we advise the use ofFiltered exact<double, ledareal>.

Implementation

The template definition of the low level predicates of CGAL are overloaded for the typeFiltered exact<CT,ET>.

For each predicate file, the overloaded code is generated automatically by thePERLscript (scripts/cgalfiltered
predicatesgenerator.pl) that you can use for your own predicates. This script parses the template functions and
generates the overloaded code the following way:

• convert the entries to intervals usingto interval(CT), via theinterval()member function,

• call the original template function with the typeInterval nt advanced,

• if no exception is thrown, return the value,

• if an exception is thrown (the filter failed), convert the original entries usingconvert to<ET>(CT), using
theexact()member function,

• and call the original template function with the typeET.

Example

The low level template predicates of CGAL are in files namedCGAL/predicates/kernelftC2.h(resp. ftC3), the
script is used to produce the filesCGAL/Arithmeticfilter/predicates/kernelftC2.h(resp. ftC3).

At the moment, only the predicates of the Cartesian and Simplecartesian kernels are supported, as well as the
power tests used by the regular triangulations.
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CGAL::Fixed precision nt

Definition

The classFixed precisionnt provides 24-bit numbers in fixed point representation. Basically these numbers
are integers in the range[−224,224] with a multiplying factor 2b. The multiplying factor 2b has to be initialized
by the user before the construction of the firstFixed precisionnt and is common to all variables.

The interest of such a number type is that geometric predicates can be overloaded to get exact and very efficient
predicates. The drawback is that anyFixed precisionnt is rounded to the nearest multiple of 2b, which yields
to a very poor arithmetic. The idea is to not use the arithmetic onFixed precisionnt but only the specialized
predicates.

Note: you must callCGAL::force ieeedoubleprecision()in order for theFixed precisionnt to work properly
on Intel platforms. This initializes the FPU to an IEEE compliant rounding mode which is not the default.

#include<CGAL/Fixedprecisionnt.h>

Is Model for the Concepts

RingNumberType

Creation

Fixed precisionnt fvar; Declaration.

Fixed precisionnt fvar( double d); Initialization of a variable. The variable is rounded to the
nearest legal fixed number (i.e. a multiple of 2b = Fixed
precisionnt::unit value()

Fixed precisionnt fvar( fval); Declaration and initialization.

Fixed precisionnt fvar( int i); Declaration and initialization with an integer.

Operations

Fixed precisionnt &

fvar = fval Assignment.

bool is valid( fval) In case of overflow or division by 0, numbers becomes
invalid. If the precision is changed by usage ofFixed
precisionnt::init() , already existing numbers may become
invalid if they are no longer multiple of 2b.

bool is finite( fval) do not implement infinite numbers.is finite is identical to
is valid.
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The comparison operations==, ! =, <, >, <=, and>= are all available.

The arithmetic operators+, −, ∗, /, + =, −=, ∗= and/ = are all available. The result of the computation is
rounded to the nearest legal . Overflow is possible, and even probable in case of multiplication or division. are
designed to use specialized predicates, not to use arithmetic.

double todouble( fval) casts todouble.

Precision initialization

As mentioned before, the numbers takes their values in an interval[−224+b,224+b] of multiples of 2b, this
numberb as to be defined before any use ofFixed precisionnt.

static bool init( float B) Bis an upper bound on the data,b is the
smallest integer such that|B| ≤ 2b. The re-
sult of the function is false if initialization
was already done, in that case already ex-
isting may become invalid.

static float unit value() returns 2b.

static float upperbound() returns 224+b.

Perturbation scheme

implements perturbation scheme as described by Alliez, Devillers and Snoeyink [ADS98]. The perturbation
mode can be activated or deactivated for different kinds of perturbations. The default mode is no perturbation.

static void perturbincircle() Activate.side of orientedcircle predicate
of 4 cocircular points answers degenerate
only if the 4 points are collinear.

static void unperturbincircle() Deactivate

static bool isperturbedincircle() returns current mode

static void perturbinsphere() Activate. side of orientedspherepredi-
cate of 5 cospherical points answers degen-
erate only if the 5 points are coplanar.

static void unperturbinsphere() Deactivate

static bool isperturbedinsphere() returns current mode

Geometric predicates

Through overloading mechanisms, functions such thatorientationfor Point 2<Cartesian< Fixed precisionnt>
> will correctly call the function below.
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Orientation orientationC2( x0, y0, x1, y1, x2, y2)
Orientedside sideof orientedcircleC2( x0, y0, x1, y1, x2, y2, x3, y3)

Perturbation mode can be activated.

Orientation orientationC3( x0, y0, z0, x1, y1, z1, x2, y2, z2, x3, y3, z3)
Orientedside sideof orientedsphereC3( x0, y0, z0, x1, y1, z1, x2, y2, z2, x3, y3, z3, x4, y4, z4)

Perturbation mode can be activated.
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CGAL::gcd

Definition

The functiongcdcomputes the greatest common divisor of two values.

#include<CGAL/numberutils.h>

NT gcd( NT ntval1, NT ntval2)

computes the greatest common divisor of two numbers. If
ntval1 is 0, the function returnsntval2.
Precondition: : ntval2 is not zero.

Implementation

Uses Euclid’s algorithm.
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CGAL::Gcd <NT>

Definition

The functionGcd<NT> computes the greatest common divisor of two values.

#include<CGAL/numberutils classes.h>

Is Model for the Concepts

AdaptableFunctor . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page2656

NT f ( NT ntval1, NT ntval2)

computes the greatest common divisor of two numbers. If
ntval1 is 0, the function returnsntval2.
Precondition: : ntval2 is not zero.

Implementation

Uses Euclid’s algorithm.
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mpq class

Definition

The classmpq classis an exact multiprecision rational number type, provided by GMP. CGAL provides the
necessary functions to make it compliant to the number type concept.

#include<CGAL/gmpxx.h>

Is Model for the Concepts

FieldNumberType

See the GMP documentation for additionnal details.
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mpz class

Definition

The classmpzclassis an exact multiprecision integer number type, provided by GMP. CGAL provides the
necessary functions to make it compliant to the number type concept.

#include<CGAL/gmpxx.h>

Is Model for the Concepts

RingNumberType

See the GMP documentation for additionnal details.
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CGAL::Gmpq

Definition

An object of the classGmpqis an arbitrary precision rational number based on the GNU Multiple Precision
Arithmetic Library.

#include<CGAL/Gmpq.h>

Is Model for the Concepts

FieldNumberType

Types

Gmpq:: NT the field type, which isGmpz.

Creation

Gmpq q; creates an uninitialized multiple precision rational numberq.

Gmpq q( int i); creates a multiple-precision rational number initialized with
i.

Gmpq q( Gmpz n); creates a multiple-precision rational number initialized with
n.

Gmpq q( int n, int d); creates a multiple-precision rational number initialized with
n/d.

Gmpq q( signed long n, unsigned long d); creates a multiple-precision rational number initialized with
n/d.

Gmpq q( unsigned long n, unsigned long d); creates a multiple-precision rational number initialized with
n/d.

Gmpq q( Gmpz n, Gmpz d); creates a multiple-precision rational number initialized with
n/d.

Gmpq q( double d); creates a multiple-precision rational number initialized with
d.

Gmpq q( std::string str); creates a multiple-precision rational number initialized with
str.

Gmpq q( std::string str, int base); creates a multiple-precision rational number initialized with
str.
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Operations

There are two access functions, namely to the numerator and the denominator of a ratioanal. Note that these
values are not uniquely defined. It is guaranteed thatq.numerator()andq.denominator()return valuesnt num
andnt densuch thatq = nt num/ntden, only if q.numerator()andq.denominator()are called consecutively wrt
q, i.e.q is not involved in any other operation between these calls.

Gmpz q.numerator() returns the numerator ofq.
Gmpz q.denominator() returns the denominator ofq.

Implementation

Gmpqs are reference counted.
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CGAL::Gmpz

Definition

An object of the classGmpzis an arbitrary precision integer based on the GNU Multiple Precision Arithmetic
Library.

#include<CGAL/Gmpz.h>

Is Model for the Concepts

EuclideanRingNumberType

Creation

Gmpz q; creates an uninitialized multiple precision integerq.

Gmpz q( int i); creates a multiple-precision integer initialized withi.

Gmpz q( double d); creates a multiple-precision integer initialized with the inte-
gral part ofd.

Implementation

Gmpzs are reference counted.
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CGAL::Interval nt<Protected>

Definition

This section describes briefly what interval arithmetic is, its implementation in CGAL, and its possible use by
geometric programs. The main reason for having interval arithmetic in CGAL is its integration into the filtered
robust and fast predicates scheme, but we also provide a number type so that you can use it separately if you
find any use for it, such as interval analysis, or to represent data with tolerance...

The purpose of interval arithmetic is to provide an efficient way to bound the roundoff errors made by floating
point computations. You can choose the behaviour of your program depending on these errors; that is what is
done for the filtered robust predicates (see Section44.9). You can find more theoretical information on this topic
in [BBP01].

Interval arithmetic is a large concept and we will only consider here a simple arithmetic based on intervals whose
bounds aredoubles. So each variable is an interval representing any value inside the interval. All arithmetic
operations (+, -,∗, /,√, square(), min(), max()andabs()) on intervals preserve the inclusion. This property can
be expressed by the following formula (x andy are reals,X andY are intervals,OP is an arithmetic operation):

∀ x∈ X,∀ y∈Y,(x OP y) ∈ (X OP Y)

For example, if the final result of a sequence of arithmetic operations is an interval that does not contain zero,
then you can safely determine its sign.

#include<CGAL/Intervalnt.h>

Parameters

The template parameterProtectedis a boolean parameter, which defaults totrue. It provides a way to select
faster computations by avoiding rounding mode switches, at the expense of more care to be taken by the user
(see below). The default value,true, is the safe way, and takes care of proper rounding mode changes. When
specifyingfalse, the user has to take care about positionning the rounding mode towards plus infinity before
doing any computations with the interval class.

Is Model for the Concepts

SqrtFieldNumberType

Types

The class Interval nt defines the following types:
typedef double valuetype; The type of the bounds of the interval.

typedef std::exception unsafecomparison;

The type of the exceptions raised when un-
certain comparisons are performed.
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Interval nt<Protected>:: Protector A type whose default constructor and de-
structor allow to protect a block of code
from FPU rounding modes necessary for
the computations withInterval nt<false>.
It does nothing forInterval nt<true>.

Creation

Interval nt<Protected> I( int i); introduces the interval [i;i].
Interval nt<Protected> I( double d); introduces the interval [d;d].
Interval nt<Protected> I( double i, double s); introduces the interval [i;s].
Interval nt<Protected> I( std::pair<double, double> p); introduces the interval [p.first;p.second].

Operations

All functions required by a class to be considered as a CGAL number type (see44) are present, as well as the
utility functions, sometimes with a particular semantic which is described below. There are also a few additional
functions.

Interval nt I /Interval nt J returns [−∞;+∞] when the denominator contains 0.

Interval nt sqrt( Intervalnt I) returns [0;
√

upper bound(I)] when only the lower
bound is negative (expectable case with roundoff errors),
and is unspecified when the upper bound also is negative
(unexpected case).

double todouble( Intervalnt I) returns the middle of the interval, as a double approxima-
tion of the interval.

double I.inf() returns the lower bound of the interval.

double I.sup() returns the upper bound of the interval.

bool I.is point() returns whether both bounds are equal.

bool I.is same( Intervalnt J) returns whether both intervals have the same bounds.

bool I.do overlap( Intervalnt J) returns whether both intervals have a non empty intersec-
tion.

The comparison operators (<, >, <=, >=, ==, ! =, sign() andcompare()) have the following semantic: it
is the intuitive one when for all couples of values in both intervals, the comparison is identical (case of non-
overlapping intervals). This can be expressed by the following formula (x andy are reals,X andY are intervals,
OP is a comparison operator):

(∀x∈ X,∀y∈Y,(x OP y) = true)⇒ (X OP Y) = true

and
(∀x∈ X,∀y∈Y,(x OP y) = f alse)⇒ (X OP Y) = f alse
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Otherwise, the comparison is not safe, and we specify this by returning a type encoding this uncertainty, namely
usingUncertain, which can be probed for uncertainty by hand, and which has a conversion to the normal type
(e.g. bool) which throws an exception when the conversion is not certain. Note that each failed conversion
increments the counternumberof failures(), and then throw the exception of typeunsafecomparison.

Uncertain<bool> Interval nt i < Interval nt j
Uncertain<bool> Interval nt i > Interval nt j
Uncertain<bool> Interval nt i <= Interval nt j
Uncertain<bool> Interval nt i >= Interval nt j
Uncertain<bool> Interval nt i == Interval nt j
Uncertain<bool> Interval nt i ! = Interval nt j
Uncertain<Comparisonresult> compare( Intervalnt i, Interval nt j)
Uncertain<Sign> sign( Intervalnt i)

static unsigned numberof failures()

Returns a global counter incremented at each conversion
which thrown an exception.

typedef Intervalnt<false> Interval nt advanced;

This typedef (at namespace CGAL scope) exists for back-
ward compatibility, as well as removing the need to re-
member the boolean value for the template parameter.

advanced

Implementation

The operations onInterval nt with the default parametertrue, are automatically protected against rounding
modes, and are thus slower than those onInterval nt advanced, but easier to use. Users that need performance
are encouraged to useInterval nt advancedinstead.

Changing the rounding mode affects all floating point computations, and might cause problems with parts of
your code, or external libraries (even CGAL), that expect the rounding mode to be the default (round to the
nearest).

We provide two interfaces to change the rounding mode. The first one is to use a protector object whose default
constructor and destructor will take care of changing the rounding mode.

The second one is the following detailed set of functions :

typedef int FPUCW t;

The type used by the following functions to deal with
rounding modes. This is usually anint.

void FPU set cw( FPU CW t R)

sets the rounding mode toR.
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FPU CW t FPU get cw( void)

returns the current rounding mode.

FPU CW t FPU get and set cw( FPU CW t R)

sets the rounding mode toRand returns the old one.

The macrosCGAL FE TONEAREST, CGAL FE TOWARDZERO, CGAL FE UPWARD and CGAL FE
DOWNWARDare the values corresponding to the rounding modes.

Example

Protecting an area of code that uses operations on the classInterval nt advancedcan be done in the following
way:

{
Interval_nt_advanced::Protector P;
... // The code to be protected.

}

The basic idea is to use the directed rounding modes specified by theIEEE 754standard, which are implemented
by almost all processors nowadays. It states that you have the possibility, concerning the basic floating point
operations (+,−,∗,/,

√) to specify the rounding mode of each operation instead of using the default, which
is set to ’round to the nearest’. This feature allows us to compute easily on intervals. For example, to add the
two intervals [a.i;a.s] and [b.i;b.s], computec.i = a.i + b.i rounded towards minus infinity, andc.s= a.s+ b.s
rounded towards plus infinity, and the result is the interval [c.i;c.s]. This method can be extended easily to the
other operations.

The problem is that we have to change the rounding mode very often, and the functions of the C library doing
this operation are slow and not portable. That’s why assembly versions are used as often as possible. Another
trick is to store the opposite of the lower bound, instead of the lower bound itself, which allows us to never
change the rounding mode inside simple operations. Therefore, all basic operations, which are in the class
Interval nt advancedassume that the rounding mode is set to ’round to infinity’, and everything works with
this correctly set.

So, if the user needs the speed ofInterval nt advanced, he must take care of setting the rounding mode to ’round
to infinity’ before each block of operations on this number type. And if other operations might be affected by
this, he must take care to reset it to ’round to the nearest’ before they are executed.

Notes:

• On Intel platforms (with any operating system and compiler), due to a misfeature of the floating point unit,
which does not handle exactly IEEE compliant operations on doubles, we are forced to use a workaround
which slows down the code, but is only useful when the intervals can overflow or underflow. If you know
that the intervals will never overflow nor underflow for your code, then you can disable this workaround
with the flagCGAL IA NO X86 OVERUNDER FLOW PROTECT. Other platforms are not affected by
this flag.
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• When optimizing, compilers usually propagate the value of variables when they know it’s a constant. This
can break the interval routines because the compiler then does some floating point operations on these
constants with the default rounding mode, which is wrong. This kind of problem is avoided by stopping
constant propagation in the interval routines. However, this solution slows down the code and is rarely
useful, so you can disable it by setting the flagCGAL IA DONT STOPCONSTANTPROPAGATION.

advanced
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CGAL::is negative

Definition

The functionis negativedetermines if a value is negative or not.

#include<CGAL/numberutils.h>

bool is negative( NT ntval)
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CGAL::is one

Definition

The functionis onedetermines if a value is equal to 1 or not.

#include<CGAL/numberutils.h>

bool is one( NT ntval)
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CGAL::is positive

Definition

The functionis positivedetermines if a value is positive or not.

#include<CGAL/numberutils.h>

bool is positive( NT ntval)
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CGAL::is zero

Definition

The functionis zerodetermines if a value is equal to 0 or not.

#include<CGAL/numberutils.h>

bool is zero( NT ntval)
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CGAL::Is negative<NT>

Definition

The functionIs negative<NT> determines if a value is negative or not.

#include<CGAL/numberutils classes.h>

Is Model for the Concepts

AdaptableFunctor . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page2656

bool f ( NT ntval) returnstrue if ntval is negative andfalseotherwise.
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CGAL::Is one<NT>

Definition

The functionIs one<NT> determines if a value is equal to 1 or not.

#include<CGAL/numberutils classes.h>

Is Model for the Concepts

AdaptableFunctor . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page2656

bool f ( NT ntval) returnstrue if ntval is 1 andfalseotherwise.
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CGAL::Is positive<NT>

Definition

The functionIs positive<NT> determines if a value is positive or not.

#include<CGAL/numberutils classes.h>

Is Model for the Concepts

AdaptableFunctor . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page2656

bool f ( NT ntval) returnstrue if ntval is positive andfalseotherwise.
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CGAL::Is zero<NT>

Definition

The functionIs zero<NT> determines if a value is equal to 0 or not.

#include<CGAL/numberutils classes.h>

Is Model for the Concepts

AdaptableFunctor . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page2656

bool f ( NT ntval) returnstrue if ntval is 0 andfalseotherwise.
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CGAL::Lazy exact nt<NT>

Definition

An object of the classLazy exactnt<NT> is able to represent any number whichNT is able to represent. The
arithmetic operations it can do are thoseNT can do, limited to the 4 basic operations, the square root and the
comparisons. The idea is thatLazy exactnt<NT> works exactly likeNT, except that it is faster because it tries
to only compute an approximation of the value, and only refers toNT when needed. The goal is to speed up
exact computations done by any exact but slow number typeNT.

In addition to the filtering at each arithmetic operation, the predicates are overloaded in the same way as for
Filtered exact, so you get the additional speed up without requiring to encapsulateLazy exactnt<NT> into
Filtered exact.

#include<CGAL/Lazyexactnt.h>

Is Model for the Concepts

FieldNumberType

Creation

Lazy exactnt<NT> m; introduces an uninitialized variablem.
Lazy exactnt<NT> m( int i); introduces the integral valuei.
Lazy exactnt<NT> m( double d); introduces the floating point valued (works only if NT has a

constructor from a double too).

Lazy exactnt<NT> m( NT n); introduces the valuen.
template<class NT1>
Lazy exactnt<NT> m( Lazyexactnt<NT1> n);

introduces the valuen. NT1 needs to be convertible toNT
(and this conversion will only be done if necessary).

Operations

NT m.exact() returns the corresponding NT value.

Interval nt<true> m.approx() returns an interval containing the exact value.

Interval nt<false> m.interval() returns an interval containing the exact value.

static void m.setrelative precisionof to double( double d)

specifies the relative precision thatto double()has to fulfill.
The default value is 10−5.
Precondition: d¿0 and d¡1.
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static double m.getrelative precisionof to double()

returns the relative precision thatto double()currently ful-
fills.

std::ostream& std::ostream& out<< m

writesm to ostreamout in an interval format.

std::istream& std::istream& in >> & m

reads aNT from in, then converts it to aLazy exactnt<NT>.

Example

#include <CGAL/Cartesian.h>
#include <CGAL/MP_Float.h>
#include <CGAL/Lazy_exact_nt.h>
#include <CGAL/Quotient.h>

typedef CGAL::Lazy_exact_nt<CGAL::Quotient<CGAL::MP_Float> > NT;
typedef CGAL::Cartesian<NT> K;
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leda bigfloat

Definition

The classleda bigfloat is a wrapper class that provides the functions needed to use the number typebigfloat,
representing multiprecision floating point numbers provided by LEDA.

#include<CGAL/ledabigfloat.h>

Is Model for the Concepts

FieldNumberType

For more details on the number types of LEDA we refer to the LEDA manual [MNSU].
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leda integer

Definition

The classleda integer is a wrapper class that provides the functions needed to use the number typeinteger,
representing exact multiprecision integers provided by LEDA.

#include<CGAL/ledainteger.h>

Is Model for the Concepts

RingNumberType

For more details on the number types of LEDA we refer to the LEDA manual [MNSU].
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leda rational

Definition

The classleda rational is a wrapper class that provides the functions needed to use the number typerational,
representing exact multiprecision rational numbers provided by LEDA.

#include<CGAL/ledarational.h>

Is Model for the Concepts

FieldNumberType

For more details on the number types of LEDA we refer to the LEDA manual [MNSU].
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leda real

Definition

The classleda real is a wrapper class that provides the functions needed to use the number typereal, represent-
ing exact real numbers numbers provided by LEDA.

#include<CGAL/ledareal.h>

Is Model for the Concepts

FieldNumberType

For more details on the number types of LEDA we refer to the LEDA manual [MNSU].
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CGAL::make root of 2

Definition

The functionmakeroot of 2 returns the root of a polynomial of degree 2 given its 3 coefficients and a boolean
value selecting the smaller or larger root. The type of the arguments must be a model of theRingNumberType
concept.

#include<CGAL/makeroot of 2.h>

template<typename RT>
Root of traits<RT>::RootOf 2

makeroot of 2( RT a, RT b, RT c, bool s)

Returns the root of the polynomialaX2+bX+c which is the
smallest ifs is true, or the largest ifs is false. IfRT supports
a sqrt operation, then the usual formula is used. Otherwise
theRoot of 2 class is used.
Precondition: a must be non-zero, and the polynomial must
have a root.

See Also

RootOf2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2580
CGAL::Rootof 2<RT> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2582
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CGAL::max

Definition

The functionmaxreturns the larger of two values.

#include<CGAL/numberutils.h>

NT max( NT ntval1, NT ntval2)

2564



F
un

ct
io

n

CGAL::min

Definition

The functionmin returns the smaller of two values.

#include<CGAL/numberutils.h>

NT min( NT ntval1, NT ntval2)
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CGAL::Max <NT,Compare>

Definition

The function object classMax<NT,Compare> returns the larger of two values. The default value forCompare
is std::less.

#include<CGAL/numberutils classes.h>

Is Model for the Concepts

AdaptableFunctor . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page2656

NT f ( NT ntval1, NT ntval2)

returns the larger ofntval1andntval2.
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CGAL::Min <NT,Compare>

Definition

The function object classMin<NT,Compare> returns the smaller of two values. The default value forCompare
is std::less.

#include<CGAL/numberutils classes.h>

Is Model for the Concepts

AdaptableFunctor . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page2656

NT f ( NT ntval1, NT ntval2)

returns the smaller ofntval1andntval2.
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CGAL::MP Float

Definition

An object of the classMP Float is able to represent a floating point value with arbitrary precision. This num-
ber type has the property that additions, subtractions and multiplications are computed exactly, as well as the
construction fromfloat, doubleandlong double.

Division and square root are not enabled by default since CGAL release 3.2, since they are computed approxi-
mately. We suggest that you use rationals likeQuotient<MP Float> when you need exact divisions. To enable
division and square root, you have to define the preprocessor macroCGAL MP FLOAT ALLOW INEXACT.

Note on the implementation : although the mantissa length is basically only limited by the available memory,
the exponent is currently represented by a (integral valued)double, which can overflow in some circumstances.
We plan to also have a multiprecision exponent to fix this issue.

#include<CGAL/MP Float.h>

Is Model for the Concepts

RingNumberTypeor SqrtFieldNumberTypeif CGAL MP FLOAT ALLOW INEXACTis set.

Creation

MP Float m; introduces an uninitialized variablem.
MP Float m( MP Float); copy constructor.
MP Float m( int i); introduces the integral value i.
MP Float m( float d); introduces the floating point value d (exact conversion).
MP Float m( double d); introduces the floating point value d (exact conversion).
MP Float m( long double d); introduces the floating point value d (exact conversion).

Operations

std::ostream& std::ostream& out<< m

writes a double approximation ofm to the ostreamout.

std::istream& std::istream& in >> & m

reads adoublefrom in, then converts it to anMP Float.

MP Float approximatedivision( a, b)

computes an approximation of the division by converting the
operands todouble, performing the division ondouble, and
converting back toMP Float.
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MP Float approximatesqrt( a) computes an approximation of the square root by converting
the operand todouble, performing the square root ondouble,
and converting back toMP Float.

Implementation

The implementation ofMP Float is simple but provides a quadratic complexity for multiplications. This can be
a problem for large operands. For faster implementations of the same functionality with large integral values,
you may want to consider usingGMPor LEDA instead.
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CGAL::Number type checker<NT1,NT2,Comparator>

Definition

Numbertype checkeris a number type whose instances store two numbers of typesNT1 and NT2. It for-
wards all arithmetic operations to them, and calls the binary predicateComparatorto check the equality of the
instances after each modification, as well as for each comparison.

This is a debugging tool which is useful when dealing with number types.

Parameters

NT1andNT2must be models of some number type concept.Comparatorhas to be a model of a binary predicate
taking NT1 as first argument, andNT2 as second. TheComparatorparameter has a default value which is a
functor callingoperator== between the two arguments.

#include<CGAL/Numbertype checker.h>

Is Model for the Concepts

SqrtFieldNumberType

Creation

Numbertype checker<NT1,NT2,Comparator> c;

introduces an uninitialized variablec.

Numbertype checker<NT1,NT2,Comparator> c( int i);

introduces the integral value i.

Numbertype checker<NT1,NT2,Comparator> c( double d);

introduces the floating point value d.

Numbertype checker<NT1,NT2,Comparator> c( NT1 n1, NT2 n2);

introduces a variable storing the pairn1, n2.

Operations

Some operations have a particular behavior documented here.

NT1 c.n1() returns a const reference to the object of typeNT1.
NT2 c.n2() returns a const reference to the object of typeNT2.
NT1& c.n1() returns a reference to the object of typeNT1.
NT2& c.n2() returns a reference to the object of typeNT2.
bool c.is valid() calls theComparatorbinary predicate on the two stored ob-

jects and returns its result.
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double todouble( Numbertype checker c)

returnsto double(c.n1()). No particular check is made here.

std::pair<double, double>

to interval( Numbertype checker c)

returnsto interval(c.n1()). No particular check is made here.

std::ostream& std::ostream& out<< Numbertype checker c

writesc.n1()to the ostreamout.

std::istream& std::istream& in >> Numbertype checker& c

reads anNT1 from in, then converts it to anNT2, so a con-
version fromNT1 to NT2 is required here.

2571



C
la

ss

CGAL::Number type traits<NT>

Definition

The classNumbertype traits<NT> can be used to determine if a certain number type supports certain operations
and thus to determine which number type concept it is a model of. It also specifies if the number type supports
some operations exactly.

#include<CGAL/Numbertype traits.h>

Types

The following types are each set to eitherCGAL::Tag true or CGAL::Tag false depending on whether the
indicated operation is supported or not by the number typeNT.

Numbertype traits<NT>:: Has gcd indicates if the number typeNT supports thegcd operation
or not.

Numbertype traits<NT>:: Has division indicates if the number typeNT hasoperator/defined or not.

Numbertype traits<NT>:: Has sqrt indicates if the number typeNT hassqrt defined or not.

Numbertype traits<NT>:: Has exact ring operations

indicates if the number typeNT supports ring operations ex-
actly.

Numbertype traits<NT>:: Has exactdivision indicates if the number typeNT supports divisions exactly.

Numbertype traits<NT>:: Has exactsqrt indicates if the number typeNT supports the operationsqrt
exactly.
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CGAL::Quotient <NT>

Definition

An object of the classQuotient<NT> is an element of the field of quotients of the integral domain typeNT. If NT
behaves like an integer,Quotient<NT> behaves like a rational number. LEDA’s classrational (see Section44.7)
has been the basis forQuotient<NT>. A Quotient<NT> q is represented as a pair ofNTs, representing numerator
and denominator.

#include<CGAL/Quotient.h>

Is Model for the Concepts

FieldNumberType

Creation

Quotient<NT> q; introduces an uninitialized variableq.
template<class T>
Quotient<NT> q( T t); introduces the quotientt/1. NT needs to have a constructor

from T.
template<class T>
Quotient<NT> q( Quotient<T> t); introduces the quotientNT(t.numerator())/NT(t.denominator()).

NT needs to have a constructor from T.
Quotient<NT> q( NT n, NT d); introduces the quotientn/d.

Operations

There are two access functions, namely to the numerator and the denominator of a quotient. Note that these
values are not uniquely defined. It is guaranteed thatq.numerator()andq.denominator()return valuesnt num
andnt densuch thatq = nt num/ntden, only if q.numerator()andq.denominator()are called consecutively wrt
q, i.e.q is not involved in any other operation between these calls.

NT q.numerator() returns a numerator ofq.
NT q.denominator() returns a denominator ofq.

The stream operations are available as well. They assume that corresponding stream operators for typeNT exist.

std::ostream& std::ostream& out<< q writes q to ostream out in format “n/d”, where
n==q.numerator()andd==q.denominator().

std::istream& std::istream& in >> & q readsq from istreamin. Expected format is “n/d”, where
n andd are of typeNT. A singlen which is not followed
by a/ is also accepted and interpreted asn/1.

The following functions are added to fulfill the CGAL requirements on number types.

double todouble( q) returns some double approximation toq.
bool is valid( q) returns true, if numerator and denominator are valid.
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bool is finite( q) returns true, if numerator and denominator are finite.
Quotient<NT>

sqrt( q) returns the square root ofq. This is supported if and only
if NT supports the square root as well.
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CGAL::Rational traits<NT>

Definition

The classRational traits<NT> can be used to determine the type of the numerator and denominator of a rational
number type asQuotient, Gmpq, mpq classor leda rational.

#include<CGAL/Numbertype traits.h>

Types

Rational traits<NT>:: RT the type of the numerator and denominator.

Operations

RT t.numerator( NT r) returns the numerator ofr.

RT t.denominator( NT r) returns the denominator ofr.

NT t.makerational( RT n, RT d)

constructs a rational number.

NT t.makerational( NT n, NT d)

constructs a rational number.
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RingNumberType

Definition

The concept RingNumberType defines the syntactic requirements a number type must meet in order to be used
in CGAL as a ring type. This implies thatCGAL::Numbertype traits<RingNumberType>::Has division is not
required to beCGAL::Tag true. Unsigned numbers are excluded due to semantical limitations in the ordering.

Refines

CopyConstructible, Assignable

Creation

RingNumberType n1; Declaration of a variable.

RingNumberType n1( int i); Declaration and initialization with a small integer constanti,
0≤ i ≤ 127. The neutral elements for addition (zero) and
multiplication (one) are needed quite often, but sometimes
other small constants are useful too. The value 127 was cho-
sen such that even signed 8 bit number types can fulfill this
condition.

Operations

The comparison operators need to be provided.

bool n1== n2
bool n1! = n2
bool n1< n2
bool n1> n2
bool n1<= n2
bool n1>= n2

In addition, the comparisons with small values of typeint are also required.

bool int n1== n2
bool int n1! = n2
bool int n1< n2
bool int n1> n2
bool int n1<= n2
bool int n1>= n2
bool n1== int n2
bool n1! = int n2
bool n1< int n2
bool n1> int n2
bool n1<= int n2
bool n1>= int n2
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The arithmetic operators for the addition, subtraction and multiplication are required as well.

RingNumberType n1+n2
RingNumberType n1−n2
RingNumberType n1∗n2
RingNumberType −n
RingNumberType n1+= n2
RingNumberType n1−= n2
RingNumberType n1∗= n2

And similarly, the mixed operators with small values of typeint are also required.

RingNumberType int n1+n2
RingNumberType int n1−n2
RingNumberType int n1∗n2
RingNumberType n1+ int n2
RingNumberType n1− int n2
RingNumberType n1∗ int n2
RingNumberType n1+= int n2
RingNumberType n1−= int n2
RingNumberType n1∗= int n2

The following accessory functions are needed for special purposes :

bool is valid( n) Not all values of a number type need be valid. The func-
tion is valid checks this. For example, an expression like
NT(0)/NT(0)can result in an invalid number. Routines may
have as a precondition that all numerical values are valid.

bool is finite( n) When two large values are multiplied, the result may not fit in
aNT. Some number types (e.g. the standardfloat anddouble
types) have a way to represent a too big value as infinity.is
finite implies is valid.

double todouble( n) gives the double value for a number type. This is usually an
approximation for the real (stored) value. It can be used to
send numbers to a renderer or to store them in a file.

std::pair<double,double>

to interval( n) gives a double interval that enclosesn.

Has Models

C++ built-in number types
CGAL::Filtered exact<RingNumberType, ET>
CGAL::Fixed precisionnt
CGAL::Gmpq
CGAL::Gmpz
CGAL::Interval nt
CGAL::Interval nt advanced
CGAL::Lazyexactnt<RingNumberType>
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CGAL::MP Float
CGAL::Quotient<RingNumberType>
leda integer
leda rational
leda bigfloat
leda real

See Also

EuclideanRingNumberType . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2528
FieldNumberType . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2530
CGAL::Ring tag. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page2579
Support Library Manual
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CGAL::Ring tag

Definition

The classRing tag is used as a tag in some algorithms. It indicates that a number type is to be considered as a
model for RingNumberType. Only operations defined for RingNumberType are used. For example, no divisions
are computed, even if the number type as such supports divisions.

#include<CGAL/Numbertype traits.h>

See Also

RingNumberType . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2576
Euclideanring tag . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page??
Field tag. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page??
Sqrt field tag. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page??
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RootOf 2

Definition

Concept to represent algebraic numbers of degree up to 2 over aRingNumberTypedenoted asRT.

Creation

RootOf2 makeroot of 2( RT a, RT b, RT c, bool s)

Returns the smaller (resp. larger) root of the equationaX2 +
bX+c = 0 if s is true (resp. false).

RootOf2 makeroot of 2( FT a, FT b, FT c, bool s)

Returns the smaller (resp. larger) root of the equationaX2 +
bX+c = 0 if s is true (resp. false).

Operations

The comparison operators==, !=, <, >, <=, >= as well as thesignandcomparefunctions need to be provided
to compare elements of typesRootOf2, RTandFT.

In addition, the following operations must be provided:

RootOf2 RT a+RootOf2 r
RootOf2 FT a+RootOf2 r
RootOf2 RootOf2 r +RT a
RootOf2 RootOf2 r +FT a

and similarly for operators -, * and /.

RootOf2 square( RootOf2 r)

Has Models

double, CGAL::Rootof 2, etc

See Also

CGAL::makeroot of 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2563
CGAL::Rootof 2<RT> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2582
CGAL::Rootof traits 2<RT> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2581
AlgebraicKernelForCircles::PolynomialForCircles2 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page593
AlgebraicKernelForCircles. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page586
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CGAL::Root of traits 2<RT>

Definition

Associates types for algebraic numbers toRT, supposed to be aRingNumberType.

Types

Root of traits 2<RT>:: Root of 2 Model ofRootOf2.
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CGAL::Root of 2<RT>

#include<CGAL/Rootof 2.h>

Is Model for the Concepts

RootOf2

See Also

CGAL::makeroot of 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2563
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CGAL::sign

Definition

The functionsignreturns the sign of a number.

#include<CGAL/numberutils.h>

Sign sign( NT ntval) returns the sign:POSITIVE, ZERO, or NEGATIVE.

2583



F
un

ct
io

n

CGAL::simplest rational in interval

Definition

The functionsimplestrational in interval computes the simplest rational number in an interval of twodouble
values.

#include<CGAL/numberutils.h>

Rational simplestrational in interval( double d1, double d2)

computes the rational number with the smallest denominator
in the interval[d1,d2].

Implementation

See Knuth, ”Seminumerical algorithms”, page 654, answer to exercise 4.53-39.

See Also

Rational CGAL::torational<Rational>(double d).
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CGAL::sqrt

Definition

The functionsqrt returns the square root of a number.

#include<CGAL/numberutils.h>

NT sqrt( NT ntval)
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SqrtFieldNumberType

The concept SqrtFieldNumberType defines the syntactic requirements of a number type to be used as a template
parameter for the Cartesian kernels. This number type supports the operations+,−, ∗, /, and

√
·. This implies

that bothCGAL::Numbertype traits<SqrtFieldNumberType>::Has division andCGAL::Numbertype traits<
SqrtFieldNumberType>::Has sqrt areCGAL::Tag true.

Refines

FieldNumberType

Has Models

float
double
CGAL::Filtered exact<FieldNumberType, ET>
CGAL::Lazyexactnt<FieldNumberType>
leda bigfloat
leda real

Operations

SqrtFieldNumberType

sqrt( ntval)

See Also

RingNumberType . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2576
EuclideanRingNumberType . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2528
Kernel . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page35
CGAL::Sqrt field tag . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2587
Support Library Manual
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CGAL::Sqrt field tag

Definition

The classSqrt field tag is used as a tag in some algorithms. It indicates that a number type is to be considered
as a model for SqrtFieldNumberType. All operations defined for SqrtFieldNumberType are used, including
divisions and squareroot computations.

#include<CGAL/Numbertype traits.h>

See Also

SqrtFieldNumberType . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2586
Ring tag . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page??
Euclideanring tag . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page??
Field tag. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page??
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CGAL::square

Definition

The functionsquarereturns the square of a number.

#include<CGAL/numberutils.h>

NT square( NT ntval)
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CGAL::Sgn<NT>

Definition

The function object classSgn<NT> computes the sign of a number. It is namedSgnto avoid a conflict with the
typeSign.

#include<CGAL/numberutils classes.h>

Is Model for the Concepts

AdaptableFunctor . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page2656

Sign f ( NT ntval) returns the sign:POSITIVE, ZERO, or NEGATIVE.
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CGAL::Sqrt <NT>

Definition

The function object classSqrt<NT> computes the square root of a number.

#include<CGAL/numberutils.h>

Is Model for the Concepts

AdaptableFunctor . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page2656

NT f ( NT ntval) returns the square root ofntval.
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CGAL::Square<NT>

Definition

The functionSquare<NT> computes the square root of a number.

#include<CGAL/numberutils classes.h>

Is Model for the Concepts

AdaptableFunctor . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page2656

NT f ( NT ntval) returns the square root ofntval
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CGAL::To double<NT>

Definition

The functionTo double<NT> computes an approximation of a number.

#include<CGAL/numberutils classes.h>

Is Model for the Concepts

AdaptableFunctor . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page2656

double f ( NT ntval) returns an approximation ofntval
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CGAL::To interval<NT>

Definition

The functionTo interval<NT> computes an enclosing interval of a number.

#include<CGAL/numberutils classes.h>

Is Model for the Concepts

AdaptableFunctor . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page2656

std::pair<double, double>

f ( NT ntval) returns an enclosing interval ofntval
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CGAL::to rational

Definition

The functionto rational computes the rational number representing a given double precision floating point
number.

#include<CGAL/numberutils.h>

Rational to rational( double d) computes the rational number that equalsd.

Implementation

See Also

CGAL::simplestrational in interval<Rational>(double d1, double d2).
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Chapter 45

STL Extensions for CGAL
Michael Hoffmann, Lutz Kettner, Sylvain Pion, and Ron Wein

CGAL is designed in the spirit of the generic programming paradigm to work together with the Standard Tem-
plate Library (STL) [C++98, Aus98]. This chapter documents non-geometric STL-like components that are not
provided in the STL standard but in CGAL: a doubly-connected list managing items in place (where inserted
items are not copied), a compact container, a multi-set class that uses three-valued comparisons and offers addi-
tional functionality, generic algorithms, iterators, functor adaptors for binding and swapping arguments and for
composition, functors for projection and creation and adaptor classes around iterators and circulators. See also
circulators in Chapter46.

45.1 Doubly-Connected List Managing Items in Place

The classIn place list<T,bool> manages a sequence of items in place in a doubly-connected list. Its goals are
the flexible handling of memory management and performance optimization. The item type has to provide the
two necessary pointers&T::next link and&T::prev link. One possibility to obtain these pointers is to inherit
them from the base classIn place list base<T>.

The classIn place list<T,bool> is a container quite similar to STL containers, with the advantage that it is able
to handle the stored elements by reference instead of copying them. It is possible to delete an element only
knowing its address and no iterator to it. This used to simplify mutually pointered data structures like a halfedge
data structure for planar maps or polyhedral surfaces (the current design does not need this anymore). The usual
iterators are also available.

45.2 Compact Container

The classCompactcontainer<T, Allocator> is an STL like container which provides a very compact storage
for its elements. It achieves this goal by requiringT to provide access to a pointer in it, which is going to be used
by Compactcontainer<T, Allocator> for its internal management. The traits classCompactcontainer traits<
T> specifies the way to access that pointer. The classCompactcontainerbasecan be used as a base class to
provide the pointer, although in this case you do not get the most compact representation. The values that this
pointer can have during valid use of the object are valid pointer values to 4 bytes aligned objects (i.e., the two
least significant bits of the pointer need to be zero when the object is constructed). Another interesting property
of this container is that iterators are not invalidated duringinsertor eraseoperations.

2595



The main deviation from the STL container concept is that the++ and-- operators of the iterator do not have a
constant time complexity in all cases. The actual complexity is related to the maximum size that the container
has had during its life time compared to its current size, because the iterator has to go over the ”erased” elements
as well, so the bad case is when the container used to contain lots of elements, but now has far less. In this case,
we suggest to do a copy of the container in order to ”defragment” the internal representation.

This container has been developed in order to efficiently handle large data structures like the triangulation and
halfedge data structures. It can probably be useful for other kinds of graphs as well.

45.3 Multiset with Extended Functionality

The classMultiset<Type,Compare,Allocator> represents a multi-set of elements of typeType, represented as a
red-black tree (see [CLRS01, Chapter 13] for an excellent introduction to red-black trees). It differs from the
STL’s multisetclass-template mainly due to the fact that it is parameterized by a comparison functorCompare
that returns the three-valuedComparisonresult (namely it returns eitherSMALLER, EQUAL, or LARGER),
rather than alessfunctor returningbool. Thus, it is possible to maintain the underlying red-black tree with
less invocations of the comparison functor, which can considerably decrease running times, especially when
comparing elements of typeTypeis an expensive operation.

Multiset<Type,Compare,Allocator> also guarantees that the order of elements sent to the comparison functor
is fixed. For example, if we insert a new elementx into the set (or erase an element from the set), then we
always invokeCompare() (x, y)(and neverCompare() (y, x)), wherey is an element already stored in the set.
This behavior, not supported bystd::multiset, is sometimes crucial for designing more efficient comparison
predicates.

The interface ofMultiset<Type,Compare,Allocator> is in general derived fromstd::multiset. However, it ex-
tends the interface by offering some additional operations, such as: inserting of an element into the set given
its exactposition (and not just using an insertion hint); looking up keys whose type may differ fromType, as
long as users supply a comparison functorCompareKey, between the keys and set elements; and catenating and
splitting sets.

Functor Adaptors

The standard library contains some adaptors for binding functors, that is fixing one argument of a functor to
a specific value thereby creating a new functor that takes one argument less than the original functor. Also,
though non-standard, some STL implementations (such as SGI) provide adaptors to compose function objects.
Unfortunately, these bind and compose adaptors are limited to unary and binary functors only, and these functors
must not be overloaded.

Since there are a number of functors in CGAL that take more than two arguments, and since functors may also
be overloaded, i.e., accept several different sets of arguments, we have to define our own adaptors to be used
with CGAL functors.
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CGAL::In place list base<T>

Definition

The node base classes provides pointers to build linked lists. The classIn place sl list base<T> provides a
pointernext link for a single linked list. The classIn place list base<T> provides an additional pointerprev
link for doubly linked lists. These names conform to the default parameters used in the template argument lists
of the container classes. The pointers are public members.

#include<CGAL/In place list.h>

Variables

T* next link; forward pointer
T* prev link; backward pointer
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CGAL::In place list<T,bool>

Definition

An object of the classIn place list<T,bool> represents a sequence of items of typeT that supports bidirectional
iterators and allows constant time insert and erase operations anywhere within the sequence. The functionality
is similar to thelist<T> in the STL.

The In place list<T,bool> manages the items in place, i.e., inserted items are not copied. Two pointers of type
T* are expected to be reserved inT for the list management. The base classIn place list base<T> can be used
to obtain such pointers.

TheIn place list<T,bool> does not copy element items during insertion (unless otherwise stated for a function).
On removal of an item or destruction of the list the items are not deleted by default. The second template
parameterbool is set tofalse in this case. If theIn place list<T,bool> should take the responsibility for the
stored objects thebool parameter could be set totrue, in which case the list will delete removed items and will
delete all remaining items on destruction. In any case, thedestroy()member function deletes all items. Note
that these two possible versions ofIn place list<T,bool> are not assignable to each other to avoid confusions
between the different storage responsibilities.

#include<CGAL/In place list.h>

Parameters

The full class name isIn place list<T, bool managed = false, class Alloc = CGALALLOCATOR(T)>.

The parameterT is supposed to have a default constructor, a copy constructor and an assignment operator. The
copy constructor and the assignment may copy the pointers inT for the list management, but they do not have
to. The equality test and the relational order require the operators== and< for T respectively. These operators
must not compare the pointers inT.

Types

In place list<T,bool>:: iterator
In place list<T,bool>:: const iterator

In place list<T,bool>:: value type
In place list<T,bool>:: reference
In place list<T,bool>:: const reference
In place list<T,bool>:: size type
In place list<T,bool>:: difference type

In place list<T,bool>:: reverse iterator
In place list<T,bool>:: const reverseiterator

In place list<T,bool>:: allocator type
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Creation

In place list<T,bool> l; introduces an empty list.

In place list<T,bool> l( list<T> l1); copy constructor. Each item inl1 is copied.

In place list<T,bool> l( size type n, T t = T());

introduces a list withn items, all initialized with copies oft.

template<class InputIterator>
In place list<T,bool> l( InputIterator first, InputIterator last);

a list with copies from the range [first,last).

In place list<T,bool> l( const T* first, const T* last);

non-member-template version.

In place list<T,bool> & l = l1 assignment. Each item inl1 is copied. Each item inl is deleted if the
boolparameter istrue.

void l.swap( l1) swaps the contents ofl with l1.

void l.destroy() all items inl are deleted regardless of theboolparameter.

Comparison Operations

bool l == l1 test for equality: Two lists are equal, iff they have the same size and
if their corresponding elements are equal.

bool l < l1 compares in lexicographical order.

Access Member Functions

iterator l.begin() returns a mutable iterator referring to the first element inl.
const iterator l.begin() const returns a constant iterator referring to the first element inl.
iterator l.end() returns a mutable iterator which is the past-end-value ofl.
const iterator l.end() const returns a constant iterator which is the past-end-value ofl.

bool l.empty() returnstrue if l is empty.
size type l.size() returns the number of items in listl.
size type l.maxsize() returns the maximum possible size of the listl.

T& l.front() returns the first item in listl.
T& l.back() returns the last item in listl.
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allocator type

l.get allocator() returns the alloctor.

Insertion

void l.pushfront( T&) inserts an item in front of listl.
void l.pushback( T&) inserts an item at the back of listl.

iterator l.insert( iterator pos, T& t)
iterator l.insert( T* pos, T& t) insertst in front of pos. The return value points to the inserted item.

void l.insert( iterator pos, sizetype n, T t = T())
void l.insert( T* pos, sizetype n, T t = T())

insertsn copies oft in front of pos.

template<class InputIterator>
void l.insert( iterator pos, InputIterator first, InputIterator last)

template<class InputIterator>
void l.insert( T* pos, InputIterator first, InputIterator last)

inserts the range [first, last) in front of iteratorpos.

As long as member templates are not supported, member functions usingT* instead of the generalInputIterator
are provided.

Removal

void l.pop front() removes the first item from listl.
void l.pop back() removes the last item from listl.
void l.erase( iterator pos) removes the item from listl, whereposrefers to.
void l.erase( T* pos) removes the item from listl, whereposrefers to.

void l.erase( iterator first, iterator last)
void l.erase( T* first, T* last)

removes the items in the range [first, last) from l.

Special List Operations

void l.splice( iterator pos,& x)
void l.splice( T* pos,& x) inserts the listx before positionposandx becomes empty. It takes

constant time.
Precondition: & l!= &x.

void l.splice( iterator pos,& x, iterator i)
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void l.splice( T* pos,& x, T* i)

inserts an element pointed to byi from list x before positionpos
and removes the element fromx. It takes constant time.i is a valid
dereferenceable iterator ofx. The result is unchanged ifpos == i or
pos == ++i .

void l.splice( iterator pos,& x, iterator first, iterator last)
void l.splice( T* pos,& x, T* first, T* last)

inserts elements in the range [first, last) before positionposand re-
moves the elements fromx. It takes constant time if&x == &l; other-
wise, it takes linear time. [first, last) is a valid range inx.
Precondition: posis not in the range [first, last).

void l.remove( T value) erases all elementse in the list l for whiche == value. It is stable.
Precondition: a suitableoperator== for the typeT.

void l.unique() erases all but the first element from every consecutive group of equal
elements in the listl.
Precondition: a suitableoperator== for the typeT.

void l.merge(& x) merges the listx into the listl andx becomes empty. It is stable.
Precondition: Both lists are increasingly sorted. A suitableopera-
tor< for the typeT.

void l.reverse() reverses the order of the elements inl in linear time.

void l.sort() sorts the listl according to theoperator< in time O(nlogn) wheren
= size(). It is stable.
Precondition: a suitableoperator< for the typeT.

2606



Example

// in_place_list_prog.C
// -------------------------------
#include <CGAL/basic.h>
#include <cassert>
#include <algorithm>
#include <CGAL/In_place_list.h>

using CGAL::In_place_list_base;

struct item : public In_place_list_base<item> {
int key;
item() {}
item( const item& i) : In_place_list_base<item>(i), key(i.key) {}
item( int i) : key(i) {}
bool operator== (const item& i) const { return key == i.key;}
bool operator!= (const item& i) const { return ! (*this == i);}
bool operator== (int i) const { return key == i;}
bool operator!= (int i) const { return ! (*this == i);}
bool operator< (const item& i) const { return key < i.key;}

};

int main() {
typedef CGAL::In_place_list<item,true> List;
List l;
item* p = new item(1);
l.push_back(*p);
l.push_back(*new item(2));
l.push_front(*new item(3));
l.push_front(*new item(4));
l.push_front(*new item(2));
List::iterator i = l.begin();
++i;
l.insert(i, *new item(5));
l.insert(p, *new item(5));
int a[7] = {2,5,4,3,5,1,2};
bool ok = std::equal(l.begin(), l.end(), a);
assert(ok);
l.sort();
l.unique();
assert(l.size() == 5);
int b[5] = {1,2,3,4,5};
ok = std::equal(l.begin(), l.end(), b);
assert(ok);
return 0;

}
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CGAL::Compact container base

Definition

The classCompactcontainerbasecan be used as a base class for your own typeT, so thatT can be used
directly within Compactcontainer<T, Allocator>. This class stores avoid * pointer only for this purpose, so it
may not be the most memory efficient way to achieve this goal. The other ways are to provide inT the necessary
member functions so that the templateCompactcontainer traits<T> works, or to specialize it for the particular
typeT that you want to use.

#include<CGAL/Compactcontainer.h>

Operations

void* ccb.for compactcontainer() const Returns the pointer necessary forCompactcontainer traits<
T>.

void*& ccb.for compactcontainer() Returns a reference to the pointer necessary forCompact
container traits<T>.
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CGAL::Compact container traits<T>

Definition

The traits classCompactcontainer traits<T> provides the way to access the internal pointer required forT to
be used in aCompactcontainer<T, Allocator>. Note that this pointer needs to be accessible even when the
object is not constructed, which means it has to reside in the same memory place asT.

You can specialize this class for your own typeT if the default template is not suitable.

You can also useCompactcontainerbaseas base class for your own typesT to make them usable with the
defaultCompactcontainer traits<T>.

#include<CGAL/Compactcontainer.h>

Parameters

T is any type providing the following member functions:
void * t.for compactcontainer() const;
void *& t.for compactcontainer();.

Operations

static void* cct.pointer( const T&t) Returns the pointer hold byt. The template version defines this
function as:
return t.for compactcontainer();

static void*& cct.pointer( T&t) Returns a reference to the pointer hold byt. The template version
defines this function as:
return t.for compactcontainer();

2609



C
la

ss

CGAL::Compact container<T, Allocator>

Definition

An object of the classCompactcontainer<T, Allocator> is a container of objects of typeT. It matches all
the standard requirements for reversible containers, except that the complexity of its iterator increment and
decrement operations is not always guaranteed to be amortized constant time.

This container is not a standardsequencenor associativecontainer, which means the elements are stored in no
particular order, and it is not possible to specify a particular place in the iterator sequence where to insert new
objects. However, all dereferenceable iterators are still valid after calls toinsert()anderase(), except those that
have been erased (it behaves similarly tostd::list).

The main feature of this container is that it is very memory efficient : its memory size isN*sizeof(T)+o(N),
whereN is the maximum size that the container has had in its past history, itscapacity() (the memory of
erased elements is not deallocated until destruction of the container or a call toclear()). This container has
been developped in order to store large graph-like data structures like the triangulation and the halfedge data
structures.

It supports bidirectional iterators and allows a constant time amortizedinsert()operation. You cannot specify
where to insert new objects (i.e. you don’t know where they will end up in the iterator sequence, although
insert() returns an iterator pointing to the newly inserted object). You can erase any element with a constant
time complexity.

Summary of the differences withstd::list : it is more compact in memory since it doesn’t store two additional
pointers for the iterator needs. It doesn’t deallocate elements until the destruction orclear() of the container.
The iterator does not have constant amortized time complexity for the increment and decrement operations in
all cases, only when not too many elements have not been freed (i.e. when thesize()is close to thecapacity()).
Iterating frombegin()to end()takesO(capacity())time, notsize(). In the case where the container has a small
size()compared to itscapacity(), we advise to ”defragment the memory” by copying the container if the iterator
performance is needed.

The iterators themselves can be used asT, they provide the necessary functions to be used byCompact
container traits<T>.

#include<CGAL/Compactcontainer.h>

Parameters

The parameterT is required to have a copy constructor and an assignment operator. It also needs to provide
access to an internal pointer viaCompactcontainer traits<T>.

The equality test and the relational order require the operators== and< for T respectively.

The parameterAllocator has to match the standard allocator requirements, with value typeT. This parameter
has the default valueCGAL ALLOCATOR(T).

Types

Compactcontainer<T, Allocator>:: value type
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Compactcontainer<T, Allocator>:: reference
Compactcontainer<T, Allocator>:: const reference
Compactcontainer<T, Allocator>:: pointer
Compactcontainer<T, Allocator>:: const pointer
Compactcontainer<T, Allocator>:: size type
Compactcontainer<T, Allocator>:: difference type

Compactcontainer<T, Allocator>:: iterator
Compactcontainer<T, Allocator>:: const iterator
Compactcontainer<T, Allocator>:: reverse iterator
Compactcontainer<T, Allocator>:: const reverseiterator

Compactcontainer<T, Allocator>:: allocator type

Creation

Compactcontainer<T, Allocator> c( Allocator a = Allocator());

introduces an empty container, eventually specifying a
particular allocatora as well.

template<class InputIterator>
Compactcontainer<T, Allocator> c( InputIterator first, InputIterator last, Allocator a = Allocator());

a container with copies from the range [first,last), even-
tually specifying a particular allocator.

Compactcontainer<T, Allocator> c( cc); copy constructor. Each item incc is copied. The alloca-
tor is copied. The iterator order is preserved.

Compactcontainer<T, Allocator> & c = cc assignment. Each item incc is copied. The allocator is
copied. Each item inc is deleted. The iterator order is
preserved.

void c.swap(&cc)

swaps the contents ofc andcc in constant time complex-
ity. No exception is thrown.

Access Member Functions

iterator c.begin() returns a mutable iterator referring to the first element
in c.

const iterator c.begin() const

returns a constant iterator referring to the first element
in c.

iterator c.end() returns a mutable iterator which is the past-end-value
of c.
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const iterator c.end() const

returns a constant iterator which is the past-end-value
of c.

reverseiterator c.rbegin()
const reverseiterator c.rbegin() const
reverseiterator c.rend()
const reverseiterator c.rend() const

bool c.empty() returnstrue iff c is empty.
size type c.size() returns the number of items inc.
size type c.maxsize()

returns the maximum possible size of the containerc.

size type c.capacity()

returns the total number of elements thatc can hold with-
out requiring reallocation.

Allocator c.getallocator()

returns the allocator.

Insertion

iterator c.insert( T t)

inserts a copy oft in c and returns the iterator pointing
to it.

template<class InputIterator>
void c.insert( InputIterator first, InputIterator last)

inserts the range [first, last) in c.

template<class InputIterator>
void c.assign( InputIterator first, InputIterator last)

erases all the elements ofc, then inserts the range [first,
last) in c.

template< typename T1>
iterator c.constructinsert( T1 t1)

constructs an object of typeT with the constructor that
takest1 as argument, inserts it inc, and returns the iter-
ator pointing to it. The same constructor exists for up to
nine arguments.
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Removal

void c.erase( iterator pos)

removes the item pointed byposfrom c.

void c.erase( iterator first, iterator last)

removes the items from the range [first, last) from c.

void c.clear() all items inc are deleted, and the memory is deallocated.
After this call, c is in the same state as if just default
constructed.

Special Operation

void c.merge(&cc) adds the items ofcc to the end ofc andccbecomes empty. The time
complexity is O(c.capacity()-c.size()).
Precondition: cc must not be the same asc, and the allocators
of c and cc need to be compatible :c.get allocator() == cc.get
allocator().

Comparison Operations

bool c== cc test for equality: Two containers are equal, iff they have the same
size and if their corresponding elements are equal.

bool c! = cc test for inequality: returns !(c == cc).

bool c< cc compares in lexicographical order.

bool c> cc returnscc< c.

bool c<= cc returns !(c > cc).

bool c>= cc returns !(c < cc).
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CGAL::Multiset <Type,Compare,Allocator>

Definition

An instances of the parametrized data typeMultiset<Type,Compare,Allocator> is a multi-set of elements of
type Type, represented as a red-black tree (see [CLRS01, Chapter 13] for an excellent introduction to red-
black trees). The main difference betweenMultiset<Type,Compare,Allocator> and STL’smultisetis that the
latter uses a less-than functor with a Boolean return type, while ourMultiset<Type,Compare,Allocator> class
is parameterized by a comparison functorComparethat returns the three-valuedComparisonresult (namely it
returns eitherSMALLER, EQUAL, or LARGER). It is thus possible to maintain the underlying red-black tree
with less invocations of the comparison functor. This leads to a speedup of about 5% even if we maintain a set
of integers. When each comparison of two elements of typeTypeis an expensive operation (for example, when
they are geometric entities represented using exact arithmetic), the usage of a three-valued comparison functor
can lead to considerable decrease in the running times.

Moreover,Multiset<Type,Compare,Allocator> allows the insertion of an element into the set given itsexact
position, and not just using an insertion hint, as done bystd::multiset. This can further reduce the running
times, as additional comparison operations can be avoided.

In addition, theMultiset<Type,Compare,Allocator> guarantees that the order of elements sent to the comparison
functor is fixed. For example, if we insert a new elementx into the set (or erase an element from the set), then
we always invokeCompare() (x, y)(and neverCompare() (y, x)), wherey is an element already stored in the
set. This behavior, not supported bystd::multiset, is sometimes crucial for designing more efficient comparison
predicates.

Multiset<Type,Compare,Allocator> also allows for look-up of keys whose type may differ fromType, as long
as users supply a comparison functorCompareKey, whereCompareKey() (key, y)returns the three-valued
Comparisonresult (key is the look-up key andy is an element of typeType). Indeed, it is very convenient
to look-up equivalent objects in the set given just by their key. We note however that it is also possible to
use a key of typeTypeand to employ the defaultComparefunctor for the look-up, as done when using the
std::multisetclass.

advanced

Finally, Multiset<Type,Compare,Allocator> introduces thecatenate()andsplit() functions. The first function
operates ons and accepts a second sets’, such that the maximum element ins is not greater than the minimal
element ins’, and concatenatess’ to s. The second function splitss into two sets,one containing all the elements
that are less than a given key, and the other contains all elements greater than (or equal to) this key.

advanced

Parameters

TheMultisetclass-template has three parameters:

• Type— the type of the stored elements.

• Compare— the comparison-functor type. This type should provide the following opeator for comparing
two Typeelements, namely:
Comparisonresult operator() (const Type& t1, const Type& t2) const;
The CGAL::Compare<Type> functor is used by default. In this case,Typemust support an equality
operator (operator==) and a less-than operator (operator<).
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• Allocator — the allocator type.
CGAL ALLOCATORis used by default.

#include<CGAL/Multiset.h>

Assertions

The assertion and precondition flags for theMultiset class useMULTISET in their names (i.e.,CGAL
MULTISETNO ASSERTIONSandCGAL MULTISETNO PRECONDITIONS).

Types

In compliance with STL, the typesvalue typeandkey type (both equivalent toType), referenceandconst
reference(reference to a value-type),key compareandvalue compare(both equivalent toCompare), size type
anddifferencetypeare defined as well.

Multiset<Type,Compare,Allocator>:: iterator
Multiset<Type,Compare,Allocator>:: const iterator

bi-directional iterators for the elements stored in the set.

Multiset<Type,Compare,Allocator>:: reverse iterator
Multiset<Type,Compare,Allocator>:: const reverseiterator

reverse bi-directional iterators for the elements stored in the
set.

Creation

Multiset<Type,Compare,Allocator> s; creates an an empty sets that uses a default comparison func-
tor.

Multiset<Type,Compare,Allocator> s( Compare comp);

creates an an empty setsthat uses the given comparison func-
tor comp.

template<class InputIterator>
Multiset<Type,Compare,Allocator> s( InputIterator first, InputIterator last, Compare comp = Compare());

creates a setscontaining all elements in the range[first, last),
that uses the comparison functorcomp.

Multiset<Type,Compare,Allocator> s( other); copy constructor.

Multiset<Type,Compare,Allocator>

s= other assignment operator.
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void s.swap(& other) swaps the contents ofs with those of the other set.

Access Member Functions

Compare s.keycomp() the comparison functor used.
Compare s.valuecomp() the comparison functor used (same as above). Both func-

tions have a non-const version that return a reference to the
comparison functor.

bool s.empty() returnstrue if the set is empty,falseotherwise.

size t s.size() returns the number of elements stored in the set.

size t s.maxsize() returns the maximal number of elements the set can store
(same assize()).

iterator s.begin() returns an iterator pointing to the first element stored in the
set (aconstversion is also available).

iterator s.end() returns an iterator pointing beyond the last element stored in
the set (aconstversion is also available).

reverseiterator s.rbegin() returns a reverse iterator pointing beyond the last element
stored in the set (aconstversion is also available).

reverseiterator s.rend() returns a reverse iterator pointing to the first element stored
in the set (aconstversion is also available).

Comparison Operations

bool s== other returnstrue if the sequences of elements in the two sets are
pairwise equal (using the comparison functor).

bool s< other returnstrue if the element sequence ins is lexicographically
smaller than the element sequence ofother.

Insertion Methods

iterator s.insert( Type x) inserts the elementx into the set and returns an iterator point-
ing to the newly inserted element.

template<class InputIterator>
void s.insert( InputIterator first, InputIterator last)

inserts all elements in the range[first, last) into the set.
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iterator s.insert( iterator position, Type x)

inserts the elementx with a given iterator used as a hint for
the position of the new element. It Returns an iterator point-
ing to the newly inserted element.

iterator s.insertbefore( iterator position, Type x)

inserts the elementx as the predecessor of the element at the
given position.
Precondition: The operation does not violate the set order —
that is,x is not greater than the element pointed byposition
and not less than its current predecessor.

iterator s.insertafter( iterator position, Type x)

inserts the elementx as the successor of the element at the
given position.
Precondition: The operation does not violate the set order
— that is,x is not less than the element pointed byposition
and not greater than its current successor.

Removal Methods

size t s.erase( Type x) erases all elements equivalent tox from the set and returns
the number of erased elements.

void s.erase( iterator position)

erases the element pointed byposition.

void s.clear() clears the set (erases all stored elements).

Look-up Methods

All methods listed in this section can also accept aTypeelement as a look-up key. In this case, it is not necessary
to supply aCompareKeyfunctor, as theComparefunctor will be used by default.

template<class Key, class CompareKey>
iterator s.find( Key key, CompareKey compkey)

searches for the an element equivalent tokeyin the set. If the
set contains objects equivalent tokey, it returns an iterator
pointing to the first one. Otherwise,end()is returned (aconst
version is also available).

template<class Key, class CompareKey>
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size t s.count( Key key, CompareKey compkey)

returns the number of elements equivalent tokeyin the set.

template<class Key, class CompareKey>
iterator s.lowerbound( Key key, CompareKey compkey)

returns an iterator pointing to the first element in the set that
is not less thankey. If all set elements are less thankey, end()
is returned (aconstversion is also available).

template<class Key, class CompareKey>
iterator s.upperbound( Key key, CompareKey compkey)

returns an iterator pointing to the first element in the set that
is greater thankey. If no set element is greater thankey, end()
is returned (aconstversion is also available).

template<class Key, class CompareKey>
std::pair<iterator,iterator>

s.equalrange( Key key, CompareKey compkey)

returns the range of set elements equivalent to the given key,
namely(lower bound(key), upperbound(key))(a constver-
sion is also available).

template<class Key, class CompareKey>
std::pair<iterator,bool>

s.find lower( Key key, CompareKey compkey)

returns a pair comprised oflower bound(key)and a Boolean
flag indicating whether this iterator points to an element
equivalent to the given key (aconstversion is also available).

advanced

Special Operations

void s.replace( iterator position, Type x)

replaces the element stored at the given position withx.
Precondition: The operation does not violate the set order
— that is, x is not less thatposition’s predecessor and not
greater than its successor.
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void s.swap( iterator pos1, iterator pos2)

swaps places between the two elements given bypos1and
pos2.
Precondition: The operation does not violate the set order
— that is,pos1andpos2store equivalent elements.

void s.catenate( Self& s prime)

concatenates all elements ins prime into s and clearss
prime. All iterators tos and tos primeremain valid.
Precondition: The maximal element ins is not greater than
the minimal element ins prime.

template<class Key, class CompareKey>
void s.split( Key key, CompareKey compkey, Self& s prime)

splitss such that it contains all elements that are less than the
givenkeyand such thats primecontains all other elements.
Precondition: s prime is initially empty.

void s.split( iterator position, Self& s prime)

splitss such that it contains all set elements in the range[be-
gin, position)and such thats primecontains all elements in
the range[position, end()).
Precondition: s prime is initially empty.

advanced

Implementation

Multiset uses a proprietary implementation of a red-black tree data-structure. The red-black tree invariants
guarantee that the height of a tree containingn elements isO(logn) (more precisely, it is bounded by 2log2n).
As a consequence, all methods that accept an element and need to locate it in the tree (namelyinsert(x), erase(x),
find(x), count(x), lower bound(x), upper bound(x), find lower(x)andequal range(x)) takeO(logn) time and
performO(logn) comparison operations.

On the other hand, the set operations that accept a position iterator (namelyinsert before(pos, x), insert
after(pos, x)anderase(pos)) are much more efficient as they can be performed at aconstantamortized cost
(see [GS78] and [Tar83] for more details). More important, these set operations requireno comparison oper-
ations. Therefore, it is highly recommended to maintain the set via iterators to the stored elements, whenever
possible. The functioninsert(pos, x)is safer to use, but it takes amortizedO(min{d, logn}) time, whered is
the distance between the given position and the true position ofx. In addition, it always performs at least two
comparison operations.

advanced

Thecatenate()andsplit() functions are also very efficient, and can be performed inO(logn) time, wheren is
the total number of elements in the sets, and without performing any comparison operations (see [Tar83] for
the details). Note however that the size of two sets resulting from a split operation is initially unknown, as it is
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impossible to compute it in less than linear time. Thus, the first invocation ofsize()on such a set takes linear
time, andnotconstant time.

advanced

The design is derived from the STLmultisetclass-template (see, e.g, [MS96]), where the main differences
between the two classes are highlighted in the class definition above.
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CGAL::predecessor

Definition

The functionpredecessorreturns the previous iterator, i.e. the result ofoperator--on a bidirectional iterator.

#include<CGAL/algorithm.h>

template<class BidirectionalIterator>
BidirectionalIterator predecessor( BidirectionalIterator it)

returns--it.

See Also

CGAL::successor. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page2622
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CGAL::successor

Definition

The functionsuccessorreturns the next iterator, i.e. the result ofoperator++ on a forward iterator.

#include<CGAL/algorithm.h>

template<class ForwardIterator>
ForwardIterator successor( ForwardIterator it)

returns++it .

See Also

CGAL::predecessor. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2621
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CGAL::copy n

Definition

The functioncopy n copiesn items from an input iterator to an output iterator which is useful for possibly
infinite sequences of random geometric objects.1

#include<CGAL/algorithm.h>

template<class InputIterator, class Size, class OutputIterator>
OutputIterator copyn( InputIterator first, Size n, OutputIterator result)

copies the firstn items fromfirst to result. Returns the value ofresultafter inserting
then items.

See Also

CGAL::Countingiterator<Iterator, Value> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2629

1The STL release June 13, 1997, from SGI contains an equivalent function, but it is not part of the ISO standard.

2623



F
un

ct
io

n

CGAL::min max element

Definition

The functionmin max elementcomputes the minimal and the maximal element of a range. It is modeled after
the STL functionsmin elementandmax element. The advantage ofmin max elementcompared to calling both
STL functions is that one only iterates once over the sequence. This is more efficient especially for large and/or
complex sequences.

#include<CGAL/algorithm.h>

template< class ForwardIterator>
std::pair< ForwardIterator, ForwardIterator>

min max element( ForwardIterator first, ForwardIterator last)

returns a pair of iterators where the first component refers to
the minimal and the second component refers to the maximal
element in the range [first, last). The ordering is defined by
operator< on the value type ofForwardIterator.

template< class ForwardIterator, class CompareMin, class CompareMax>
std::pair< ForwardIterator, ForwardIterator>

min max element( ForwardIterator first,
ForwardIterator last,
CompareMin compmin,
CompareMax compmax)

returns a pair of iterators where the first component refers to
the minimal and the second component refers to the maximal
element in the range [first, last).
Requirement: CompareMinandCompareMaxare adaptable
binary function objects:VT × VT→ bool whereVT is the
value type ofForwardIterator.

Example

The following example program computes the minimal and maximal element of the sequence(3, 6, 5). Hence
the output ismin = 3, max = 6.

#include <CGAL/algorithm.h>
#include <vector>
#include <iostream>

using std::vector;
using std::pair;
using std::cout;
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using std::endl;
using CGAL::min_max_element;

int main()
{

vector< int > v;
v.push_back(3);
v.push_back(6);
v.push_back(5);
typedef std::vector< int >::iterator iterator;
pair< iterator, iterator > p = min_max_element(v.begin(), v.end());
cout << "min = " << *p.first << ", max = " << *p.second << endl;
return 0;

}
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CGAL::Emptyset iterator

Definition

The class defines anOutputIteratorthat ignores everything written to it. One can think of it as being connected
to /dev/null.

#include<CGAL/iterator.h>

Is Model for the Concepts

OutputIterator

Creation

Emptysetiterator i;

default constructor.

See Also

CGAL::Onesetiterator . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page??
CGAL::Constonesetiterator . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page??
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CGAL::Oneset iterator <T>

Definition

The classOnesetiterator<T> defines anBidirectionalIteratorthat always refers to one specific object of type
T. Internally,Onesetiterator<T> stores a pointer to the referred object.

#include<CGAL/iterator.h>

Is Model for the Concepts

BidirectionalIterator

Creation

Onesetiterator<T> i( T& t);

creates an iterator referring tot.

See Also

CGAL::Emptysetiterator . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2626
CGAL::Constonesetiterator . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page??
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CGAL::Const onesetiterator <T>

Definition

The classConstonesetiterator<T> defines anRandomAccessIteratorthat always refers to a copy of a specific
object of typeT.

#include<CGAL/iterator.h>

Is Model for the Concepts

RandomAccessIterator

Creation

Constonesetiterator<T> i( T& t);

creates an iterator that always refers to some copy oft. The copy is con-
structed by invokingT’s copy constructor and remains constant duringi’s
lifetime.

See Also

CGAL::Emptysetiterator . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2626
CGAL::Onesetiterator . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page??
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CGAL::Counting iterator <Iterator, Value>

Definition

The iterator adaptorCounting iterator<Iterator, Value> adds a counter to the internal iterator of typeIterator
and defines equality of two instances in terms of this counter. It can be used to create finite sequences of possibly
infinite sequences of values from input iterators.

#include<CGAL/iterator.h>

Is Model for the Concepts

InputIterator

Requirements

Iterator is a model forInputIterator.

Creation

Counting iterator<Iterator, Value> i( std::size t n = 0);

initializes the internal counter ton andi has a singular value.

Counting iterator<Iterator, Value> i( Iterator j, std::sizet n = 0);

initializes the internal counter ton andi to j.

See Also

CGAL::copyn . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2623
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CGAL::Insert iterator <Container>

Definition

The output iteratorInsert iterator<Container> is similar tostd::insert iterator, but differs in that it calls the
insert()function of the container without the iterator additional argument.

#include<CGAL/iterator.h>

Is Model for the Concepts

OutputIterator

Requirements

Containerprovides a member functioninsert(const Container::constreference&).

Creation

Insert iterator<Container> i( Container&c);

initializes the internal container reference toc.

There is also a global function similar tostd::inserter:

template< class Container>
Insert iterator<Container>

inserter( Container&x)

ConstructsInsert iterator<Container>(x).
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CGAL::N step adaptor<I,int N >

Definition

The adaptorN stepadaptor<I,int N> changes the step width of the iterator or circulator classI to N. It is itself
an iterator or circulator respectively. The behavior is undefined if the adaptor is used on a range [i, j) where j− i
is not a multiple ofn.

#include<CGAL/iterator.h>

Creation

N stepadaptor<I,int N> i( I j); down cast.
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CGAL::Filter iterator <Iterator, Predicate>

Definition

The iterator adaptorFilter iterator<Iterator, Predicate> acts as a filter on a given range. Whenever the iterator
is in– or decremented, it ignores all iterators for which the givenPredicateis true. The iterator category is the
same as forIterator.

Note: Boost also provides the same functionality via theboost::filter iterator class. Unfortunately, the se-
mantics chosen for accepting or rejecting elements based on the predicate’s result are opposite as the semantic
chosen here.

#include<CGAL/iterator.h>

Requirements

• Iterator is a model forForwardIterator.

• Predicateis a functor:Iterator→ bool.

Creation

Filter iterator<Iterator, Predicate> i;

Filter iterator<Iterator, Predicate> i( Iterator e, Predicate p, Iterator c = e);

creates an iterator which filters values according top. Initial-
izes by taking the first valid iterator (according top), starting
atc, and stopping ate if none is found.
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CGAL::Join input iterator 1<Iterator, Creator >

Definition

The classJoin input iterator 1<Iterator, Creator> joins an iterator and a creator function object. The result is
again an iterator (of the same iterator category type as the original iterator) that reads an object from the stream
and applies a creator function object to that object.

#include<CGAL/iterator.h>

Is Model for the Concepts

InputIterator

Types

Join input iterator 1<Iterator, Creator>:: value type

typedef toCreator::result type.

Creation

Join input iterator 1<Iterator, Creator> join( Iterator i, Creator creator);

creates a join iterator from the given iteratori and the functor
creator. Appliescreator to each item read fromi.

Join input iterator 1<Iterator, Creator> join( Iterator i);

creates a join iterator from the given iteratori and a default
constructed instance ofCreator. The latter instance is ap-
plied to each item read fromi.

See Also

CGAL::Creator 1<Arg, Result> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2681
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CGAL::Inverse index<IC>

Definition

The classInverseindex<IC> constructs an inverse index for a given range [i, j) of two iterators or circulators of
typeIC. The first elementI in the range [i, j) has the index 0. Consecutive elements are numbered incrementally.
The inverse index provides a query for a given iterator or circulatork to retrieve its index number.Precondition:
The iterator or circulator must be either of the random access category or the dereference operator must return
stable and distinguishable addresses for the values, e.g. proxies or non-modifiable iterator with opaque values
will not work.

#include<CGAL/iterator.h>

Creation

Inverseindex<IC> inverse; invalid index.
Inverseindex<IC> inverse( IC i); empty inverse index initialized to start ati.
Inverseindex<IC> inverse( IC i, IC j); inverse index initialized with range [i, j).

Operations

std::sizet inverse[ IC k] returns inverse index ofk.
Precondition: k has been stored in the inverse index.

void inverse.pushback( IC k) addsk at the end of the indices.

Implementation

For random access iterators or circulators, it is done in constant time by subtractingi. For other iterator cate-
gories, an STLmapis used, which results in a logj− i query time. The comparisons are done using the operator
operator< on pointers.

See Also

CGAL::Randomaccessadaptor<IC> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2635
CGAL::Randomaccessvalue adaptor<IC,T> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page2636
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CGAL::Random accessadaptor<IC>

Definition

The classRandomaccessadaptor<IC> provides a random access for data structures. Either the data structure
supports random access iterators or circulators where this class maps function calls to the iterator or circulator,
or a STLstd::vectoris used to provide the random access. The iterator or circulator of the data structure are of
typeIC.

#include<CGAL/iterator.h>

Types

Randomaccessadaptor<IC>:: size type size type of the STLstd::vector.

Creation

Randomaccessadaptor<IC> randomaccess; invalid index.

Randomaccessadaptor<IC> randomaccess( IC i);

empty random access index initialized to start ati.

Randomaccessadaptor<IC> randomaccess( IC i, IC j);

random access index initialized to the range [i, j).

void

randomaccess.reserve( sizetype r)

reserver entries, if astd::vectoris used internally.

Operations

IC randomaccess[ size type n] returns iterator or circulator to then-th item.
Precondition: n < number of items inrandomaccess.

void

randomaccess.pushback( IC k) addsk at the end of the indices.

See Also

CGAL::Inverseindex<IC> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2634
CGAL::Randomaccessvalue adaptor<IC,T> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page2636
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CGAL::Random accessvalue adaptor<IC,T>

Definition

The classRandomaccessvalue adaptor<IC,T> provides a random access for data structures. It is derived
from Randomaccessadaptor<IC>. Instead of returning iterators from theoperator[] methods, it returns the
dereferenced value of the iterator. The iterator or circulator of the data structure are of typeIC. Their value type
is T.

#include<CGAL/iterator.h>

Operations

Creation and operations seeRandomaccessadaptor<IC>, with the exception of:

T& randomaccess[ size type n] returns a reference to then-th item.
Precondition: n < number of items inrandomaccess.

See Also

CGAL::Inverseindex<IC> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2634
CGAL::Randomaccessadaptor<IC> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2635
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CGAL::swap 1

Definition

The functionswap1 is used to swap the arguments of a functor. The result is a functorf ′ that calls the original
functor f with the first two arguments exchanged, that isf ′(x,y, . . .) = f (y,x, . . .).

#include<CGAL/functional.h>

template< class F>
typename Swap<F,1>::Type

swap1( F f) returns a functor equivalent tof , but where the first two ar-
guments are exchanged.
Requirement: F is a model forAdaptableFunctorwith arity
2≤ ar ≤ 5.

See Also

CGAL::Swap<F,i> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2651
CGAL::swap2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2638
CGAL::swap3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2639
CGAL::swap4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2640
AdaptableFunctor . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page2656
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CGAL::swap 2

Definition

The functionswap2 is used to swap the arguments of a functor. The result is a functorf ′ that calls the original
functor f with the second and third argument exchanged, that isf ′(x,y,z, . . .) = f (x,z,y, . . .).

#include<CGAL/functional.h>

template< class F>
typename Swap<F,2>::Type

swap2( F f) returns a functor equivalent tof , but where the second and
third argument are exchanged.
Requirement: F is a model forAdaptableFunctorwith arity
3≤ ar ≤ 5.

See Also

CGAL::Swap<F,i> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2651
CGAL::swap1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2637
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CGAL::swap 3

Definition

The functionswap3 is used to swap the arguments of a functor. The result is a functorf ′ that calls the original
functor f with the third and fourth argument exchanged, that isf ′(w,x,y,z, . . .) = f (w,x,z,y, . . .).

#include<CGAL/functional.h>

template< class F>
typename Swap<F,3>::Type

swap3( F f) returns a functor equivalent tof , but where the third and
fourth argument are exchanged.
Requirement: F is a model forAdaptableFunctorwith arity
4≤ ar ≤ 5.

See Also

CGAL::Swap<F,i> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2651
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CGAL::swap 4

Definition

The functionswap4 is used to swap the arguments of a functor. The result is a functorf ′ that calls the original
functor f with the fourth and fifth argument exchanged, that isf ′(v,w,x,y,z) = f (v,w,x,z,y).

#include<CGAL/functional.h>

template< class F>
typename Swap<F,4>::Type

swap4( F f) returns a functor equivalent tof , but where the fourth and
fifth argument are exchanged.
Requirement: F is a model forAdaptableFunctorwith arity
5.

See Also

CGAL::Swap<F,i> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2651
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CGAL::bind 1

Definition

The functionbind 1 is used to bind the first argument of a functor to some specific value. The result is a functor
that takes one argument less and calls the original functor where the first argument is set to the bound value.

#include<CGAL/functional.h>

template< class F, class A>
typename Bind< F, A, 1>::Type bind1( F f, A a)

returns a functor equivalent tof , but where the first argument is
bound (fixed) toa.
Requirement: F is a model forAdaptableFunctor.

See Also

CGAL::Bind<F,A,i> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2652
CGAL::bind 2. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page2642
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CGAL::bind 4. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page2644
CGAL::bind 5. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page2645
AdaptableFunctor . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page2656
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CGAL::bind 2

Definition

The functionbind 2 is used to bind the second argument of a functor to some specific value. The result is a
functor that takes one argument less and calls the original functor where the second argument is set to the bound
value.

#include<CGAL/functional.h>

template< class F, class A>
typename Bind< F, A, 2>::Type bind2( F f, A a)

returns a functor equivalent tof , but where the second argument
is bound (fixed) toa.
Requirement: F is a model forAdaptableFunctor.

See Also

CGAL::Bind<F,A,i> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2652
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CGAL::bind 3

Definition

The functionbind 3 is used to bind the third argument of a functor to some specific value. The result is a functor
that takes one argument less and calls the original functor where the third argument is set to the bound value.

#include<CGAL/functional.h>

template< class F, class A>
typename Bind< F, A, 3>::Type bind3( F f, A a)

returns a functor equivalent tof , but where the third argument is
bound (fixed) toa.
Requirement: F is a model forAdaptableFunctor.

See Also

CGAL::Bind<F,A,i> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2652
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CGAL::bind 4

Definition

The functionbind 4 is used to bind the fourth argument of a functor to some specific value. The result is a
functor that takes one argument less and calls the original functor where the fourth argument is set to the bound
value.

#include<CGAL/functional.h>

template< class F, class A>
typename Bind< F, A, 4>::Type bind4( F f, A a)

returns a functor equivalent tof , but where the fourth argument is
bound (fixed) toa.
Requirement: F is a model forAdaptableFunctor.

See Also

CGAL::Bind<F,A,i> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2652
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CGAL::bind 5

Definition

The functionbind 5 is used to bind the fifth argument of a functor to some specific value. The result is a functor
that takes one argument less and calls the original functor where the fifth argument is set to the bound value.

#include<CGAL/functional.h>

template< class F, class A>
typename Bind< F, A, 5>::Type bind5( F f, A a)

returns a functor equivalent tof , but where the fifth argument is
bound (fixed) toa.
Requirement: F is a model forAdaptableFunctor.

See Also

CGAL::Bind<F,A,i> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2652
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CGAL::compare to less

Definition

The functioncompareto lessis used to change a functor returning aComparisonresult to one which returns a
bool. The returned functor will returntrue iff the original one returnsSMALLER.

#include<CGAL/functionobjects.h>

template< class F>
Compareto less< F > compareto less( F f)

returns a functor equivalent tof , but which re-
turns a bool instead of aComparisonresult.
Requirement: F is a model forAdaptableFunc-
tor.

See Also

CGAL::Compareto less<F> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2654
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CGAL::compose

Definition

The functioncomposeis used to compose functorsf0, . . . , fn into each other, thereby creating a new functor
f . The first argumentf0 always denotes the base functor, for which the remaining functorsf1, . . . , fn provide
the arguments. If we denote the arity of a functorf by ar( f ), thenar( f ) = ∑n

i=1ar( fi), i.e., the arguments of
f are distributed amongf1, . . . , fn according to their respective arity. Between one and three functors can be
composed into the base functor, giving raise to a functor of arity at most five.

As an example, consider a binary functorf0 and two functorsf1 and f2, with arity three and two, respectively.
Composingf1 and f2 into f0 yields a new functor

f : (x0, x1, x2, x3, x4) 7→ f0 ( f1(x0, x1, x2), f2(x3, x4))

with arity five.

#include<CGAL/functional.h>

template< class F0, class F1>
typename Compose< F0, F1>::Type

compose( F0 f0, F1 f1)

returns the functorf0(f1(·)) with the same arity asf1.
Requirement: f0 is unary function (arity 1). f0 and f1 are
models forAdaptableFunctor.

template< class F0, class F1, class F2>
typename Compose< F0, F1, F2>::Type

compose( F0 f0, F1 f1, F2 f2)

returns the functorf0(f1(·),f2(·)) with arity equal toar(f1)+
ar(f2).
Requirement: f0 is binary function (arity 2).f0, f1, andf2 are
models forAdaptableFunctor.

template< class F0, class F1, class F2, class F3>
typename Compose< F0, F1, F2, F3>::Type

compose( F0 f0, F1 f1, F2 f2, F3 f3)

returns the functorf0(f1(·),f2(·),f3(·)) with arity equal to
ar(f1)+ar(f2)+ar(f3).
Requirement: f0 is ternary function (arity 3).f0, f1, f2, andf3
are models forAdaptableFunctor.
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CGAL::compose shared

Definition

The functioncomposesharedis used to compose functorsf0, . . . , fn into each other, thereby creating a new
functor f . The first argumentf0 always denotes the base functor, for which the remaining functorsf1, . . . , fn
provide the arguments. Contrary to the functioncompose, the arguments off are not split amongf1, . . . , fn, but
instead shared by all the functors. Therefore, all the functorsf1, . . . , fn must have the same arity, which is also
the arity of the composed functorf . Two or three functors can be composed into the base functor, giving raise
to a functor of arity at most five.

As an example, consider a binary functorf0 and two binary functorsf1 and f2. Composingf1 and f2 into f0
yields a new binary functor

f : (x0, x1) 7→ f0 ( f1(x0, x1), f2(x0, x1)) .

#include<CGAL/functional.h>

template< class F0, class F1, class F2>
typename Composeshared< F0, F1, F2>::Type

composeshared( F0 f0, F1 f1, F2 f2)

returns the functorf0(f1(·),f2(·)) with the same arity asf 1
(and f 2).
Requirement: f0 is AdaptableFunctorof arity 2. f1 andf2 are
AdaptableFunctors having the same arity.

template< class F0, class F1, class F2, class F3>
typename Composeshared< F0, F1, F2, F3>::Type

composeshared( F0 f0, F1 f1, F2 f2, F3 f3)

returns the functorf0(f1(·),f2(·),f3(·)) with the same arity as
f 1 (and f 2, f 3).
Requirement: f0 is AdaptableFunctorof arity 3. f1, f2, and
f3 areAdaptableFunctors having the same arity.

See Also

CGAL::Composeshared<F0,F1,F2,F3> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2655
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CGAL::negate

Definition

The functionnegateis a functor adaptor. For a given functorf , it creates a new functorf ′ which is the negation
of f . That is, f ′ =! f .

#include<CGAL/functional.h>

template< typename F>
typename Compose< std::logical not<typename F::resulttype>, F >::Type

negate( F f) returns the functor!f with the same arity asf .
Requirement: f is a model forAdaptableFunctor. Unary
negation is defined forF::result type.

See Also

CGAL::Compose<F0,F1,F2,F3> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2653
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2650



C
la

ss

CGAL::Swap<F,i>

Definition

The classSwap<F,i> is used to specify the type of a functor where the argumentsi andi+1 have been swapped.
The class is used in conjunction with theswapfunctions.

#include<CGAL/functional.h>

Types

Swap<F,i>:: Type the functor type.

Notes

This class encapsulates differences in implementation across various platforms. But in any case,Typerefers to
a model ofAdaptableFunctor.

See Also

CGAL::swap1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2637
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CGAL::Bind <F,A,i>

Definition

The classBind<F,A,i> is used to specify the type of a bound functor of typeF, i.e., where thei-th argument is
bound to some object of typeA. The class is used in conjunction with thebind functions.

#include<CGAL/functional.h>

Types

Bind<F,A,i>:: Type the bound type.

Notes

This class encapsulates the differences in implementation of the binders across various platforms. But in any
case,Typerefers to a model ofAdaptableFunctor.

See Also

CGAL::bind 1. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page2641
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CGAL::Compose<F0,F1,F2,F3>

Definition

The classCompose<F0,F1,F2,F3> is used to specify the type of a composed functor, i.e., the functor that
results from composing functors of typeF1, F2, andF3, into a functor of typeF0. The argumentsF2 andF3
are optional, such that between two and four functors can participate in the composition. The class is used in
conjunction with thecomposefunction; see there for an explanation on how exactly the functors are combined.

#include<CGAL/functional.h>

Types

Compose<F0,F1,F2,F3>:: Type type of the composed functor.

Notes

This class encapsulates the differences in implementation of the composers across various platforms. But in any
case,Typerefers to a model ofAdaptableFunctor.

See Also

CGAL::compose. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2647
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CGAL::Compare to less<F>

Definition

The classCompareto less<F> is used to convert a functor which returns aComparisonresult to a predicate
(returning bool) : it will return true iff the return value ofF is SMALLER. The class is used in conjunction with
thecompareto lessfunction; see there for an explanation on how exactly the functors are combined.

#include<CGAL/functionobjects.h>

Types

Compareto less<F>:: Type type of the composed functor.

See Also

CGAL::compareto less. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2646
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CGAL::Compose shared<F0,F1,F2,F3>

Definition

The classComposeshared<F0,F1,F2,F3> is used to specify the type of a composed functor, i.e., the functor
that results from composing functors of typeF1, F2, andF3, into a functor of typeF0. The argumentsF2 and
F3 are optional, such that between two and four functors can participate in the composition. The class is used
in conjunction with thecomposesharedfunction; see there for an explanation on how exactly the functors are
combined.

#include<CGAL/functional.h>

Types

Composeshared<F0,F1,F2,F3>:: Type type of the composed functor.

Notes

This class encapsulates the differences in implementation of the composers across various platforms. But in any
case,Typerefers to a model ofAdaptableFunctor.

See Also

CGAL::composeshared. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page2649
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AdaptableFunctor

Definition

The concept AdaptableFunctor defines an adaptable functor, i.e., a functor that can be used with function object
adaptors such as binders and composers.

Types

AdaptableFunctor:: resulttype

return type of the functor.

AdaptableFunctor:: Arity

defines the arity of the functor, i.e., the number of arguments it takes. The class has to be a specialization
of CGAL::Arity tag<int>, where the template parameter corresponds to the arity of the functor, e.g.
CGAL::Arity tag<2> for binary functors.

Operations

type0 f .operator()( type1 a1, type2 a2, ..., typen an) const

(as many arguments as defined byArity)
returnsf(a1,...an).

Notes

Alternatively, the typeArity can be defined in a specialization ofCGAL::Arity traits<> for the functor. This is
useful where existing classes cannot be changed easily, e.g. the functors from the standard library.

Has Models

All functors from the standard library, and all functors from the lower dimensional CGAL kernels. For all
kernel functors, their arity is listed in the documentation. Some (few) of them are overloaded with operators of
different arities; in this case one of these arities has been chosen as default arity. If you want to adapt the functor
to a different arity, use the functor adaptorCGAL::Setarity<F,a>.

See Also

CGAL::Arity tag<int> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page2658
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CGAL::Arity tag<int>

Definition

The classArity tag<int> is used to define the arity of a functor, i.e., the number of arguments it takes. It is used
as a compile time tag only, that is objects of this type are never created anywhere.

#include<CGAL/functionalbase.h>

See Also

AdaptableFunctor . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page2656
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CGAL::Arity traits<F>

Definition

The classArity traits<F> is used to define the arity of a functor classF, i.e., the number of arguments it takes.
It is used as a compile time tag only, that is objects of this type are never created anywhere. Specializations of
Arity traits<F> can be defined, where existing functors cannot be changed easily to contain theirArity type.

#include<CGAL/functionalbase.h>

Arity traits<F>:: Arity F::Arity

See Also

AdaptableFunctor . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page2656
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CGAL::Set arity <F,a>

Definition

The classSetarity<F,a> is used to specify the type of a functor of typeF whose arity has been set explicitly to
a. The class is used in conjunction with theset arity functions.

#include<CGAL/functional.h>

Types

Setarity<F,a>:: Type the functor type.

Notes

This class encapsulates the differences in implementation across various platforms. But in any case,Typerefers
to a model ofAdaptableFunctorwith arity a.

See Also

CGAL::setarity 0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2661
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CGAL::set arity 0

Definition

The functionset arity 0 is used to set the arity of a functor to zero. The result is a functor that takes no
arguments and calls the original functor with no arguments.

#include<CGAL/functional.h>

template< class F>
Setarity< F, 0 >::Type setarity 0( F f)

returns a functor equivalent tof , but which has arity zero.
Requirement: F is a model forAdaptableFunctor.

See Also
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CGAL::set arity 1

Definition

The functionset arity 1 is used to set the arity of a functor to one. The result is a functor that takes one argument
and calls the original functor with this argument.

#include<CGAL/functional.h>

template< class F>
Setarity< F, 1 >::Type setarity 1( F f)

returns a functor equivalent tof , but which has arity one.
Requirement: F is a model forAdaptableFunctor.

See Also

CGAL::Setarity<F,a> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2660
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CGAL::set arity 2

Definition

The functionset arity 2 is used to set the arity of a functor to two. The result is a functor that takes two
arguments and calls the original functor with these arguments.

#include<CGAL/functional.h>

template< class F>
Setarity< F, 2 >::Type setarity 2( F f)

returns a functor equivalent tof , but which has arity two.
Requirement: F is a model forAdaptableFunctor.

See Also

CGAL::Setarity<F,a> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2660
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CGAL::set arity 3

Definition

The functionset arity 3 is used to set the arity of a functor to three. The result is a functor that takes three
arguments and calls the original functor with these arguments.

#include<CGAL/functional.h>

template< class F>
Setarity< F, 3 >::Type setarity 3( F f)

returns a functor equivalent tof , but which has arity three.
Requirement: F is a model forAdaptableFunctor.

See Also

CGAL::Setarity<F,a> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2660
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CGAL::set arity 4

Definition

The functionset arity 4 is used to set the arity of a functor to four. The result is a functor that takes four
arguments and calls the original functor with these arguments.

#include<CGAL/functional.h>

template< class F>
Setarity< F, 4 >::Type setarity 4( F f)

returns a functor equivalent tof , but which has arity four.
Requirement: F is a model forAdaptableFunctor.

See Also
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CGAL::set arity 5

Definition

The functionset arity 5 is used to set the arity of a functor to five. The result is a functor that takes five
arguments and calls the original functor with these arguments.

#include<CGAL/functional.h>

template< class F>
Setarity< F, 5 >::Type setarity 5( F f)

returns a functor equivalent tof , but which has arity five.
Requirement: F is a model forAdaptableFunctor.

See Also
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Projection object

Definition

The concept Projectionobject is modeled after the STL conceptUnaryFunction, but takes also care of (const)
references.

Projection object:: argumenttype argument type.

Projection object:: result type result type.

Creation

Projection object o; default constructor.

Operations

result type& o.operator()( argumenttype&) const
const resulttype& o.operator()( const argumenttype&) const

Has Models

CGAL::Identity<Value> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2668
CGAL::Dereference<Value> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2669
CGAL::Get address<Value> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2670
CGAL::Cast function object<Arg, Result> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2671
CGAL::Project vertex<Node> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2672
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CGAL::Project plane<Node> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2676
CGAL::Project next<Node> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2677
CGAL::Project prev<Node> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2678
CGAL::Project next opposite<Node> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2679
CGAL::Project oppositeprev<Node> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2680
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CGAL::Identity <Value>

Definition

The classIdentity<Value> represents the identity function onValue.

#include<CGAL/functionobjects.h>

Is Model for the Concepts

Projectionobject . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2667

Identity<Value>:: argument type typedef toValue.

Identity<Value>:: result type typedef toValue.

Creation

Identity<Value> o; default constructor.

Operations

result type& o.operator()( argumenttype& x) const

returnsx.

const resulttype& o.operator()( const argumenttype& x) const

returnsx.
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CGAL::Dereference<Value>

Definition

The classDereference<Value> dereferences a pointer (operator*).

#include<CGAL/functionobjects.h>

Is Model for the Concepts

Projectionobject . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2667

Dereference<Value>:: argument type typedef toValue*.

Dereference<Value>:: result type typedef toValue.

Creation

Dereference<Value> o; default constructor.

Operations

result type& o.operator()( argumenttype& x) const

returns*x.

const resulttype& o.operator()( const argumenttype& x) const

returns*x.
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CGAL::Get address<Value>

Definition

The classGet address<Value> gets the address of an lvalue (operator&).

#include<CGAL/functionobjects.h>

Is Model for the Concepts

Projectionobject . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2667

Get address<Value>:: argument type typedef toValue.

Get address<Value>:: result type typedef toValue*.

Creation

Get address<Value> o; default constructor.

Operations

result type& o.operator()( argumenttype& x) const

returns&x.

const resulttype& o.operator()( const argumenttype& x) const

returns&x.

2670



C
la

ss
F

un
ct

or

CGAL::Cast function object<Arg, Result>

Definition

The classCast function object<Arg, Result> applies a C-style type cast to its argument.

#include<CGAL/functionobjects.h>

Is Model for the Concepts

Projectionobject . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2667

Cast function object<Arg, Result>:: argument type

typedef toArg.

Cast function object<Arg, Result>:: result type

typedef toResult.

Creation

Cast function object<Arg, Result> o; default constructor.

Operations

result type& o.operator()( argumenttype& x) const

returns(Result)x.

const resulttype& o.operator()( const argumenttype& x) const

returns(Result)x.
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CGAL::Project vertex<Node>

Definition

The classProject vertex<Node> calls the member functionvertex()on an instance of typeNode.

#include<CGAL/functionobjects.h>

Is Model for the Concepts

Projectionobject . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2667

Project vertex<Node>:: argument type typedef toNode.

Project vertex<Node>:: result type typedef toNode::Vertex.

Creation

Project vertex<Node> o; default constructor.

Operations

result type& o.operator()( argumenttype& n) const

returnsn.vertex().

const resulttype& o.operator()( const argumenttype& n) const

returnsn.vertex().
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CGAL::Project facet<Node>

Definition

The classProject facet<Node> calls the member functionfacet()on an instance of typeNode.

#include<CGAL/functionobjects.h>

Is Model for the Concepts

Projectionobject . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2667

Project facet<Node>:: argument type typedef toNode.

Project facet<Node>:: result type typedef toNode::Facet.

Creation

Project facet<Node> o; default constructor.

Operations

result type& o.operator()( argumenttype& n) const

returnsn.facet().

const resulttype& o.operator()( const argumenttype& n) const

returnsn.facet().
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CGAL::Project point<Node>

Definition

The classProject point<Node> calls the member functionpoint()on an instance of typeNode.

#include<CGAL/functionobjects.h>

Is Model for the Concepts

Projectionobject . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2667

Project point<Node>:: argument type typedef toNode.

Project point<Node>:: result type typedef toNode::Point.

Creation

Project point<Node> o; default constructor.

Operations

result type& o.operator()( argumenttype& n) const

returnsn.point().

const resulttype& o.operator()( const argumenttype& n) const

returnsn.point().
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CGAL::Project normal<Node>

Definition

The classProject normal<Node> calls the member functionnormal()on an instance of typeNode.

#include<CGAL/functionobjects.h>

Is Model for the Concepts

Projectionobject . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2667

Project normal<Node>:: argument type typedef toNode.

Project normal<Node>:: result type typedef toNode::Normal.

Creation

Project normal<Node> o; default constructor.

Operations

result type& o.operator()( argumenttype& n) const

returnsn.normal().

const resulttype& o.operator()( const argumenttype& n) const

returnsn.normal().
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CGAL::Project plane<Node>

Definition

The classProject plane<Node> calls the member functionplane()on an instance of typeNode.

#include<CGAL/functionobjects.h>

Is Model for the Concepts

Projectionobject . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2667

Project plane<Node>:: argument type typedef toNode.

Project plane<Node>:: result type typedef toNode::Plane.

Creation

Project plane<Node> o; default constructor.

Operations

result type& o.operator()( argumenttype& n) const

returnsn.plane().

const resulttype& o.operator()( const argumenttype& n) const

returnsn.plane().
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CGAL::Project next<Node>

Definition

The classProject next<Node> calls the member functionnext()on an instance of typeNode.

#include<CGAL/functionobjects.h>

Is Model for the Concepts

Projectionobject . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2667

Project next<Node>:: argument type typedef toNode*.

Project next<Node>:: result type typedef toNode*.

Creation

Project next<Node> o; default constructor.

Operations

result type& o.operator()( argumenttype& n) const

returnsn->next().

const resulttype& o.operator()( const argumenttype& n) const

returnsn->next().
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CGAL::Project prev<Node>

Definition

The classProject prev<Node> calls the member functionprev()on an instance of typeNode.

#include<CGAL/functionobjects.h>

Is Model for the Concepts

Projectionobject . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2667

Project prev<Node>:: argument type typedef toNode*.

Project prev<Node>:: result type typedef toNode*.

Creation

Project prev<Node> o; default constructor.

Operations

result type& o.operator()( argumenttype& n) const

returnsn->prev().

const resulttype& o.operator()( const argumenttype& n) const

returnsn->prev().

2678



C
la

ss
F

un
ct

or

CGAL::Project next opposite<Node>

Definition

The classProject next opposite<Node> calls the member functionsnext()->opposite()on an instance of type
Node.

#include<CGAL/functionobjects.h>

Is Model for the Concepts

Projectionobject . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2667

Project next opposite<Node>:: argument type typedef toNode*.

Project next opposite<Node>:: result type typedef toNode*.

Creation

Project next opposite<Node> o; default constructor.

Operations

result type& o.operator()( argumenttype& n) const

returnsn->next()->opposite().

const resulttype& o.operator()( const argumenttype& n) const

returnsn->next()->opposite().
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CGAL::Project opposite prev<Node>

Definition

The classProject oppositeprev<Node> calls the member functionsopposite()->prev()on an instance of type
Node.

#include<CGAL/functionobjects.h>

Is Model for the Concepts

Projectionobject . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2667

Project oppositeprev<Node>:: argument type

typedef toNode*.

Project oppositeprev<Node>:: result type typedef toNode*.

Creation

Project oppositeprev<Node> o; default constructor.

Operations

result type& o.operator()( argumenttype& n) const

returnsn->opposite()->prev().

const resulttype& o.operator()( const argumenttype& n) const

returnsn->opposite()->prev().
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CGAL::Creator 1<Arg, Result>

Definition

The conceptCreator 1<Arg, Result> defines types and operations for creating objects from one argument.

#include<CGAL/functionobjects.h>

Requirements

Arg is convertible toResult.

Creator 1<Arg, Result>:: argument type type of argument.

Creator 1<Arg, Result>:: result type type of object to create.

result type c.operator()( argumenttype a) const

returnsresult type(a).
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CGAL::Creator 2<Arg1, Arg2, Result>

Definition

The conceptCreator 2<Arg1, Arg2, Result> defines types and operations for creating objects from two argu-
ments.

#include<CGAL/functionobjects.h>

Requirements

Resultdefines a corresponding constructor.

Creator 2<Arg1, Arg2, Result>:: argument1type

type of first argument.

Creator 2<Arg1, Arg2, Result>:: argument2type

type of second argument.

Creator 2<Arg1, Arg2, Result>:: result type type of object to create.

result type c.operator()( argumenttype1 a1, argumenttype2 a2) const

returnsresult type(a1, a2).
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CGAL::Creator 3<Arg1, Arg2, Arg3, Result>

Definition

The conceptCreator 3<Arg1, Arg2, Arg3, Result> defines types and operations for creating objects from three
arguments.

#include<CGAL/functionobjects.h>

Requirements

Resultdefines a corresponding constructor.

Creator 3<Arg1, Arg2, Arg3, Result>:: argument1type

type of first argument.

Creator 3<Arg1, Arg2, Arg3, Result>:: argument2type

type of second argument.

Creator 3<Arg1, Arg2, Arg3, Result>:: argument3type

type of third argument.

Creator 3<Arg1, Arg2, Arg3, Result>:: result type

type of object to create.

result type c.operator()( argumenttype1 a1, argumenttype2 a2, argumenttype3 a3) const

returnsresult type(a1, a2, a3).

2683



C
la

ss
F

un
ct

or

CGAL::Creator 4<Arg1, Arg2, Arg3, Arg4, Result>

Definition

The conceptCreator 4<Arg1, Arg2, Arg3, Arg4, Result> defines types and operations for creating objects from
four arguments.

#include<CGAL/functionobjects.h>

Requirements

Resultdefines a corresponding constructor.

Creator 4<Arg1, Arg2, Arg3, Arg4, Result>:: argument1type

type of first argument.

Creator 4<Arg1, Arg2, Arg3, Arg4, Result>:: argument2type

type of second argument.

Creator 4<Arg1, Arg2, Arg3, Arg4, Result>:: argument3type

type of third argument.

Creator 4<Arg1, Arg2, Arg3, Arg4, Result>:: argument4type

type of 4th argument.

Creator 4<Arg1, Arg2, Arg3, Arg4, Result>:: result type

type of object to create.

result type c.operator()(
argumenttype1 a1,
argumenttype2 a2,
argumenttype3 a3,
argumenttype4 a4) const

returnsresult type(a1, a2, a3, a4).
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CGAL::Creator 5<Arg1, Arg2, Arg3, Arg4, Arg5, Result>

Definition

The conceptCreator 5<Arg1, Arg2, Arg3, Arg4, Arg5, Result> defines types and operations for creating objects
from five arguments.

#include<CGAL/functionobjects.h>

Requirements

Resultdefines a corresponding constructor.

Creator 5<Arg1, Arg2, Arg3, Arg4, Arg5, Result>:: argument1type

type of first argument.

Creator 5<Arg1, Arg2, Arg3, Arg4, Arg5, Result>:: argument2type

type of second argument.

Creator 5<Arg1, Arg2, Arg3, Arg4, Arg5, Result>:: argument3type

type of third argument.

Creator 5<Arg1, Arg2, Arg3, Arg4, Arg5, Result>:: argument4type

type of 4th argument.

Creator 5<Arg1, Arg2, Arg3, Arg4, Arg5, Result>:: argument5type

type of 5th argument.

Creator 5<Arg1, Arg2, Arg3, Arg4, Arg5, Result>:: result type

type of object to create.

result type c.operator()(
argumenttype1 a1,
argumenttype2 a2,
argumenttype3 a3,
argumenttype4 a4,
argumenttype5 a5) const

returnsresult type(a1, a2, a3, a4, a5).
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CGAL::Creator uniform 2<Arg, Result>

Definition

The conceptCreator uniform 2<Arg, Result> defines types and operations for creating objects from two argu-
ments of the same type.

#include<CGAL/functionobjects.h>

Requirements

Resultdefines a constructor from twoArg arguments.

Creator uniform 2<Arg, Result>:: argument type

type of arguments; typedef toArg.

Creator uniform 2<Arg, Result>:: result type type of object to create; typedef toResult.

result type c.operator()( argumenttype a1, argumenttype a2) const

returnsresult type(a1, a2).
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CGAL::Creator uniform 3<Arg, Result>

Definition

The conceptCreator uniform 3<Arg, Result> defines types and operations for creating objects from three argu-
ments of the same type.

#include<CGAL/functionobjects.h>

Requirements

Resultdefines a constructor from threeArg arguments.

Creator uniform 3<Arg, Result>:: argument type

type of arguments; typedef toArg.

Creator uniform 3<Arg, Result>:: result type type of object to create; typedef toResult.

result type c.operator()( argumenttype a1, argumenttype a2, argumenttype a3) const

returnsresult type(a1, a2, a3).
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CGAL::Creator uniform 4<Arg, Result>

Definition

The conceptCreator uniform 4<Arg, Result> defines types and operations for creating objects from four argu-
ments of the same type.

#include<CGAL/functionobjects.h>

Requirements

Resultdefines a constructor from fourArg arguments.

Creator uniform 4<Arg, Result>:: argument type

type of arguments; typedef toArg.

Creator uniform 4<Arg, Result>:: result type type of object to create; typedef toResult.

result type c.operator()(
argumenttype a1,
argumenttype a2,
argumenttype a3,
argumenttype a4) const

returnsresult type(a1, a2, a3, a4).
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CGAL::Creator uniform 5<Arg, Result>

Definition

The conceptCreator uniform 5<Arg, Result> defines types and operations for creating objects from five argu-
ments of the same type.

#include<CGAL/functionobjects.h>

Requirements

Resultdefines a constructor from fiveArg arguments.

Creator uniform 5<Arg, Result>:: argument type

type of arguments; typedef toArg.

Creator uniform 5<Arg, Result>:: result type type of object to create; typedef toResult.

result type c.operator()(
argumenttype a1,
argumenttype a2,
argumenttype a3,
argumenttype a4,
argumenttype a5) const

returnsresult type(a1, a2, a3, a4, a5).
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CGAL::Creator uniform 6<Arg, Result>

Definition

The conceptCreator uniform 6<Arg, Result> defines types and operations for creating objects from six argu-
ments of the same type.

#include<CGAL/functionobjects.h>

Requirements

Resultdefines a constructor from sixArg arguments.

Creator uniform 6<Arg, Result>:: argument type

type of arguments; typedef toArg.

Creator uniform 6<Arg, Result>:: result type type of object to create; typedef toResult.

result type c.operator()(
argumenttype a1,
argumenttype a2,
argumenttype a3,
argumenttype a4,
argumenttype a5,
argumenttype a6) const

returnsresult type(a1, a2, a3, a4, a5, a6).
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CGAL::Creator uniform 7<Arg, Result>

Definition

The conceptCreator uniform 7<Arg, Result> defines types and operations for creating objects from seven
arguments of the same type.

#include<CGAL/functionobjects.h>

Requirements

Resultdefines a constructor from sevenArg arguments.

Creator uniform 7<Arg, Result>:: argument type

type of arguments; typedef toArg.

Creator uniform 7<Arg, Result>:: result type type of object to create; typedef toResult.

result type c.operator()(
argumenttype a1,
argumenttype a2,
argumenttype a3,
argumenttype a4,
argumenttype a5,
argumenttype a6,
argumenttype a7) const

returnsresult type(a1, a2, a3, a4, a5, a6, a7).
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CGAL::Creator uniform 8<Arg, Result>

Definition

The conceptCreator uniform 8<Arg, Result> defines types and operations for creating objects from eight argu-
ments of the same type.

#include<CGAL/functionobjects.h>

Requirements

Resultdefines a constructor from eightArg arguments.

Creator uniform 8<Arg, Result>:: argument type

type of arguments; typedef toArg.

Creator uniform 8<Arg, Result>:: result type type of object to create; typedef toResult.

result type c.operator()(
argumenttype a1,
argumenttype a2,
argumenttype a3,
argumenttype a4,
argumenttype a5,
argumenttype a6,
argumenttype a7,
argumenttype a8) const

returnsresult type(a1, a2, a3, a4, a5, a6, a7, a8).
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CGAL::Creator uniform 9<Arg, Result>

Definition

The conceptCreator uniform 9<Arg, Result> defines types and operations for creating objects from nine argu-
ments of the same type.

#include<CGAL/functionobjects.h>

Requirements

Resultdefines a constructor from nineArg arguments.

Creator uniform 9<Arg, Result>:: argument type

type of arguments; typedef toArg.

Creator uniform 9<Arg, Result>:: result type type of object to create; typedef toResult.

result type c.operator()(
argumenttype a1,
argumenttype a2,
argumenttype a3,
argumenttype a4,
argumenttype a5,
argumenttype a6,
argumenttype a7,
argumenttype a8,
argumenttype a9) const

returnsresult type(a1, a2, a3, a4, a5, a6, a7, a8, a9).
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CGAL::Creator uniform d<Arg, Result>

Definition

The conceptCreator uniform d<Arg, Result> defines types and operations for creating objects from two argu-
ments of the same type.

#include<CGAL/functionobjects.h>

Requirements

Resultdefines a constructor from three arguments: oned dimension and twoArg arguments.

Creator uniform d<Arg, Result>:: argument type

type of arguments; typedef toArg.

Creator uniform d<Arg, Result>:: result type type of object to create; typedef toResult.

result type c.operator()( argumenttype a1, argumenttype a2) const

returnsresult type(d, a1, a2).

2694



C
la

ss

CGAL::Twotuple <T>

Definition

TheTwotuple<T> class stores a homogeneous (same type) pair of objects of typeT. A Twotuple<T> is much
like a container, in that it ”owns” its elements. It is not actually a model of container, though, because it does
not support the standard methods (such as iterators) for accessing the elements of a container.

#include<CGAL/Twotuple.h>

Requirements

T must beAssignable.

Types

typedef T valuetype;

Variables

T e0; first element
T e1; second element

Creation

Twotuple<T> t; introduces aTwotuple<T> using the default constructor of
the elements.

Twotuple<T> t( T x, T y); constructs aTwotuple<T> such thate0 is constructed fromx
ande1 is constructed fromy.
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CGAL::Threetuple <T>

Definition

The Threetuple<T> class stores a homogeneous (same type) triple of objects of typeT. A Threetuple<T> is
much like a container, in that it ”owns” its elements. It is not actually a model of container, though, because it
does not support the standard methods (such as iterators) for accessing the elements of a container.

#include<CGAL/Threetuple.h>

Requirements

T must beAssignable.

Types

typedef T valuetype;

Variables

T e0; first element
T e1; second element
T e2; third element

Creation

Threetuple<T> t; introduces aThreetuple<T> using the default constructor of
the elements.

Threetuple<T> t( T x, T y, T z); constructs aThreetuple<T> such thate0 is constructed from
x, e1 is constructed fromy ande2 is constructed fromz.
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CGAL::Fourtuple <T>

Definition

TheFourtuple<T> class stores a homogeneous (same type) fourtuple of objects of typeT. A Fourtuple<T> is
much like a container, in that it ”owns” its elements. It is not actually a model of container, though, because it
does not support the standard methods (such as iterators) for accessing the elements of a container.

#include<CGAL/Fourtuple.h>

Requirements

T must beAssignable.

Types

typedef T valuetype;

Variables

T e0; first element
T e1; second element
T e2; third element
T e3; fourth element

Creation

Fourtuple<T> t; introduces aFourtuple<T> using the default constructor of
the elements.

Fourtuple<T> t( T x, T y, T z, T t); constructs aFourtuple<T> such thate0 is constructed from
x, e1from y, e2from z ande3from t.
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CGAL::Sixtuple <T>

Definition

TheSixtuple<T> class stores a homogeneous (same type) sixtuple of objects of typeT. A Sixtuple<T> is much
like a container, in that it ”owns” its elements. It is not actually a model of container, though, because it does
not support the standard methods (such as iterators) for accessing the elements of a container.

#include<CGAL/Sixtuple.h>

Requirements

T must beAssignable.

Types

typedef T valuetype;

Variables

T e0; first element
T e1; second element
T e2; third element
T e3; fourth element
T e4; fifth element
T e5; sixth element

Creation

Sixtuple<T> t; introduces aSixtuple<T> using the default constructor of the
elements.

Sixtuple<T> t( T x, T y, T z, T t, T u, T v); constructs aSixtuple<T> such thate0 is constructed fromx,
e1from y, e2from z, e3from t, e4from u ande5from v.
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CGAL::Triple <T1, T2, T3>

Definition

The Triple class is an extension ofstd::pair. Triple<T1, T2, T3> is a heterogeneous triple: it holds one object
of typeT1, one of typeT2, and one of typeT3. A Triple<T1, T2, T3> is much like a container, in that it ”owns”
its elements. It is not actually a model of container, though, because it does not support the standard methods
(such as iterators) for accessing the elements of a container.

#include<CGAL/utility.h>

Requirements

T1, T2 andT3 must beAssignable. Additional operations have additional requirements.

Types

typedef T1 firsttype;
typedef T2 secondtype;
typedef T3 thirdtype;

Variables

T1 first; first element
T2 second; second element
T3 third; third element

Creation

Triple<T1, T2, T3> t; introduces a triple using the default constructor of the three
elements.

Triple<T1, T2, T3> t( T1 x, T2 y, T3 z); constructs a triple such thatfirst is constructed fromx, second
is constructed fromy, andthird is constructed fromz.

template<class U, class V, class W>
Triple<T1, T2, T3> t( U u, V v, W w); constructs a triple such thatfirst is constructed fromu, sec-

ond is constructed fromv, andthird is constructed fromw.
Requirement: Proper conversion operators exist fromU to
T1, V to T2, andW to T3.

template<class T1, class T2, class T3>
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bool x< y The comparison operator. It uses lexicographic comparison: the
return value is true if the first element ofx is less than the first
element ofy, and false if the first element ofy is less than the first
element ofx. If neither of these is the case, then it returns true if
the second element ofx is less than the second element ofy, and
false if the second element ofy is less than the second element
of x. If neither of these is the case, then it returns the result of
comparing the third elements ofx andy. This operator may only
be used ifT1, T2 andT3 define the comparison operator.

template<class T1, class T2, class T3>
bool x== y The equality operator. The return value is true if and only the first

elements ofx andy are equal, the second elements ofx andy are
equal, and the third elements ofx andy are equal. This operator
may only be used ifT1, T2 andT3 define the equality operator.

template<class T1, class T2, class T3>
Triple<T1, T2, T3>

maketriple( T1 x, T2 y, T3 z)

Equivalent toTriple<T1, T2, T3>(x, y, z).
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CGAL::Quadruple <T1, T2, T3, T4>

Definition

The Quadruple class is an extension ofstd::pair. Quadruple<T1, T2, T3, T4> is a heterogeneous quadruple: it
holds one object of typeT1, one of typeT2, one of typeT3, and one of typeT4. A Quadruple<T1, T2, T3, T4>
is much like a container, in that it “owns” its elements. It is not actually a model of container, though, because
it does not support the standard methods (such as iterators) for accessing the elements of a container.

#include<CGAL/utility.h>

Requirements

T1, T2, T3 andT4 must beAssignable. Additional operations have additional requirements.

Types

typedef T1 firsttype;
typedef T2 secondtype;
typedef T3 thirdtype;
typedef T4 fourthtype;

Variables

T1 first; first element
T2 second; second element
T3 third; third element
T4 fourth; fourth element

Creation

Quadruple<T1, T2, T3, T4> t; introduces a quadruple using the default constructor of the
four elements.

Quadruple<T1, T2, T3, T4> t( T1 x, T2 y, T3 z, T4 w);

constructs a quadruple such thatfirst is constructed fromx,
secondis constructed fromy, third is constructed fromz, and
fourth is constructed fromw.

template<class U, class V, class W, class X>
Quadruple<T1, T2, T3, T4> t( U u, V v, W w, X x);

constructs a quadruple such thatfirst is constructed fromu,
secondis constructed fromv, third is constructed fromw,
andfourth is constructed fromx.
Requirement: Proper conversion operators exist fromU to
T1, V to T2, W to T3, andX to T4.
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template<class T1, class T2, class T3, class T4>
bool x< y The comparison operator. It uses lexicographic comparison: the

return value is true if the first element ofx is less than the first
element ofy, and false if the first element ofy is less than the first
element ofx. If neither of these is the case, then it returns true if
the second element ofx is less than the second element ofy, and
false if the second element ofy is less than the second element of
x. If neither of these is the case, then it returns true if the third
element ofx is less than the third element ofy, and false if the
third element ofy is less than the third element ofx. If neither of
these is the case, then it returns the result of comparing the fourth
elements ofx andy. This operator may only be used ifT1, T2, T3,
andT4 define the comparison operator.

template<class T1, class T2, class T3, class T4>
bool x== y The equality operator. The return value is true if and only the

first elements ofx andy are equal, the second elements ofx andy
are equal, the third elements ofx andy are equal, and the fourth
elements ofx andy are equal. This operator may only be used if
T1, T2, T3, andT4 define the equality operator.

template<class T1, class T2, class T3, class T4>
Quadruple<T1, T2, T3, T4>

makequadruple( T1 x, T2 y, T3 z, T4 w)

Equivalent toQuadruple<T1, T2, T3, T4>(x, y, z, w).
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Chapter 46

Handles and Circulators
Olivier Devillers, Lutz Kettner, Michael Seel, and Mariette Yvinec

46.1 Handles

Most data structures in CGAL use the concept ofHandlein their user interface to refer to the elements they store.
This concept describes what is sometimes called a trivial iterator. AHandle is akeen to a pointer to an object
providing the dereference operatoroperator*()and member accessoperator->() but no increment or decrement
operators like iterators. AHandleis intended to be used whenever the referenced object is not part of a logical
sequence.

Model for a handle A simple pointerT*, an iterator or a circulator with value typeT, are also handles.

46.2 Circulators

An introduction to the concept of circulators is given here. A couple of adaptors are presented that convert
between iterators and circulators. Some useful functions for circulators follow. This chapter concludes with a
discussion of the design decisions taken. For the full description of the circulator requirements, the provided
base classes, the circulator tags, and the support for generic algorithms that work for iterators as well as for
circulators please refer to the reference pages. Note that circulators are not part of STL, but of CGAL.

46.2.1 Introduction

The concept of iterators in STL is tailored for linear sequences [C++98, MS96]. In contrast, circular sequences
occur naturally in many combinatorial and geometric structures. Examples are polyhedral surfaces and planar
maps, where the edges emanating from a vertex or the edges around a facet form a circular sequence.

Since circular sequences do not allow for efficient iterators, we have introduced the new concept ofcirculators.
They share most of the requirements of iterators, while the main difference is the lack of a past-the-end position
in the sequence. Appropriate adaptors are provided between iterators and circulators to integrate circulators
smoothly into the framework of STL. An example of a genericcontains function illustrates the use of circu-
lators. As usual for circular structures, ado-while loop is preferable, such that for the specific input,c == d,
all elements in the sequence are reached.
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template <class Circulator, class T>
bool contains( Circulator c, Circulator d, const T& value) {

if (c != 0) {
do {

if (*c == value)
return true;

} while (++c != d);
}
return false;

}

Three circulator categories are defined: forward, bidirectional and random-access circulators. Given a circulator
c, the operation*c denotes the item the circulator refers to. The operation++c advances the circulator by one
item and--c steps a bidirectional circulator one item backwards. For random-access circulatorsc+n advances
the circulatorn steps. Two circulators can be compared for equality.

Circulators have a different notion of reachability and ranges than iterators. A circulatord is calledreachable
from a circulatorc if c can be made equal tod with finitely many applications of the operator++. Due to
the circularity of the sequence this is always true if both circulators refer to items of the same sequence. In
particular,c is always reachable fromc. Given two circulatorsc andd, the range[c,d) denotes all circulators
obtained by starting withc and advancingc until d is reached, but does not included, for d 6= c. So far it
is the same range definition as for iterators. The difference lies in the use of[c,c) to denote all items in the
circular sequence, whereas for an iteratori the range[i,i) denotes the empty range. As long asc != d the
range[c,d) behaves like an iterator range and could be used in STL algorithms. For circulators however, an
additional testc == NULL is required that returns true if and only if the circular sequence is empty. As for C++,
we recommend the use of 0 instead ofNULL.

Besides the conceptual cleanness, the main reason for inventing a new concept with a similar intent as iterators
is efficiency. An iterator is supposed to be a light-weight object – merely a pointer and a single indirection to
advance the iterator. Although iterators could be written for circular sequences, we do not know of an efficient
solution. The missing past-the-end situation in circular sequences can be solved with an arbitrary sentinel in
the cyclic order, but this would destroy the natural symmetry in the structure (which is in itself a bad idea) and
additional bookkeeping in the items and checking in the iterator advance method reduces efficiency. Another
solution may use more bookkeeping in the iterator, e.g. with a start item, a current item, and a kind of winding-
number that is zero for thebegin()-iterator and one for the past-the-end situation1. We have introduced the
concept of circulators that allows light-weight implementations and the CGAL support library provides adaptor
classes that convert between iterators and circulators (with the corresponding penalty in efficiency), so as to
integrate this new concept into the framework of STL.

A serious design problem is the slight change of the semantic for circulator ranges as compared to iterator
ranges. Since this semantic is defined by the intuitive operators++ and==, which we would like to keep for
circulators as well, circulator ranges can be used in STL algorithms. This is in itself a useful feature, if there
would not be the definition of a full range[c,c) that an STL algorithm will treat as an empty range. However,
the likelihood of a mistake may be overestimated, since for a containerC supporting circulators there is no
end() member function, and an expression such asstd::sort( C.begin(), C.end()) will fail. It is easy
to distinguish iterators and circulators at compile time, which allows for generic algorithms supporting both as
arguments. It is also possible to protect algorithms against inappropriate arguments using the same technique,
see the reference pages for circulators, specifically theAssertiterator andis emptyrangefunctions.

Warning: Please note that the definition of a range is different from that of iterators. An interface of a data
structure must declare whether it works with iterators, circulators, or both. STL algorithms always specify only
iterators in their interfaces. A range[c,d) of circulators used in an interface for iterators will work as expected

1This is currently implemented as the adaptor class which provides a pair of iterators for a given circulator.
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as long asc ! = d. A range[c,c) will be interpreted as the empty range like for iterators, which is different than
the full range that it should denote for circulators.

46.2.2 Forward Circulator

A classCirculator that satisfies the requirements of a forward circulator with the value typeT, supports the
following operations. See the reference pages for the full set of requirements. Note that the stated return values
are not required, only a return value that is convertible to the stated type is required. As for C++, we recommend
the use of 0 instead ofNULL.

Types

Circulator:: value type the value typeT.
Circulator:: reference either reference or const reference toT.
Circulator:: pointer either pointer or const pointer toT.
Circulator:: size type unsigned integral type that can hold the size of the sequence.
Circulator:: differencetype signed integral type that can hold the distance between two circulators.
Circulator:: iterator category

circulator categoryForward circulator tag.

Creation

Circulator c; a circulator equal toNULL denoting an empty sequence.
Circulator c( d); a circulator equal tod.

Operations

Circulator& c = d Assignment.
bool c== NULL Test for emptiness.
bool c! = NULL Test for non-emptiness, i.e.!(c == NULL) .
bool c== d c is equal tod if they refer to the same item.
bool c! = d Test for inequality, i.e.!(c == d) .

reference ∗c Returns the value of the circulator. IfCirculator is mutable*c = t
is valid.
Precondition: c is dereferenceable.

pointer c−> Returns a pointer to the value of the circulator.
Precondition: c is dereferenceable.

Circulator& ++c Prefix increment operation.
Precondition: c is dereferenceable.
Postcondition: c is dereferenceable.

Circulator c++ Postfix increment operation. The result is the same as that of:
Circulator tmp = c; ++c; return tmp;.

2705



46.2.3 Bidirectional Circulator

A classCirculator that satisfies the requirements of a bidirectional circulator with the value typeT, supports the
following operations in addition to the operations supported by a forward circulator.

Types

Circulator:: iterator category

circulator categoryBidirectional circulator tag.

Operations

Circulator& −−c Prefix decrement operation.
Precondition: c is dereferenceable.
Postcondition: c is dereferenceable.

Circulator c−− Postfix decrement operation. The result is the same as that ofCir-
culator tmp = c; --c; return tmp;.

46.2.4 Random Access Circulator

A classCirculator that satisfies the requirements of a random access Circulator for the value typeT, supports
the following operations in addition to the operations supported by a bidirectional Circulator. In contrast to
random access iterators, no comparison operators are available for random access circulators.

Types

Circulator:: iterator category

circulator categoryRandomaccesscirculator tag.

Operations

Circulator& c+= differencetype n

The result is the same as if the prefix increment operation was
appliedn times, but it is computed in constant time.

Circulator c+differencetype n Same as above, but returns a new circulator.

Circulator differencetype n+c Same as above.

Circulator& c−= differencetype n

The result is the same as if the prefix decrement operation was
appliedn times, but it is computed in constant time.
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Circulator c−differencetype n Same as above, but returns a new circulator.

reference c[ differencetype n] Returns*(c + n) .

differencetype c−Circulator d returns the difference between the two circulators. The value will
be in the interval[1−s,s−1] if s is the size of the total sequence.
The difference for a fixed circulatorc (or d) with all other circu-
latorsd (or c) is a consistent ordering of the elements in the data
structure. There has to be a minimal circulatordmin for which the
differencec−dmin to all other circulatorsc is non-negative.

Circulator c.min circulator() Returns the minimal circulatorcmin in constant time.

46.2.5 Adaptors Between Iterators and Circulators

Algorithms working on iterator ranges can not be applied to circulator ranges in full generality, only to subranges
(see the warning in Section46.2.1). The following adaptors convert circulators to iterators and vice versa (with
the unavoidable space and time penalty) to reestablish this generality.

#include<CGAL/circulator.h>

Container from circulator container-like class with iterators built from a circulator
Circulator from iterator circulator over a range of two iterators
Circulator from container circulator for a container

The following example applies the genericstd::reverse() algorithm from STL to a sequence given by a
bidirectional circulatorc. It uses theContainer from circulator adaptor.

Circulator c; // c must be at least bidirectional.
CGAL::Container_from_circulator<Circulator> container(c);
std::reverse( container.begin(), container.end());

Another example defines a circulatorc for a vector ofint’s. However, since there are no elements in the vector,
the circulator denotes an empty sequence. If there were elements in the vector, the circulator would implement
a random access modulus the size of the sequence.

std::vector<int> v;
typedef CGAL::Circulator_from_iterator<

std::vector<int>::iterator > Circulator;
Circulator c( v.begin(), v.end());

46.2.6 Functions on Circulators

A few functions deal with circulators and circulator ranges. The typeC denotes a circulator. The typeIC
denotes either a circulator or an iterator. More on algorithms that work with circulators as well with iterators
can be found in the reference pages.

#include<CGAL/circulator.h>

2707



circulator size(C c) size of the sequence reachable byc
circulator distance(C c, C d) number of elements in the range[c,d)
iterator distance(IC ic1, IC ic2) number of elements in the range[ic2, ic1)
is emptyrange( IC ic1, IC ic2) test the range[ic2, ic1) for emptiness
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Handles and Circulators
Reference Manual
Olivier Devillers, Lutz Kettner, Michael Seel, and Mariette Yvinec

Most data structures in CGAL use the concept ofHandlein their user interface to refer to the elements they store.
This concept describes what is sometimes called a trivial iterator. AHandle is akeen to a pointer to an object
providing the dereference operatoroperator*()and member accessoperator->() but no increment or decrement
operators like iterators. AHandleis intended to be used whenever the referenced object is not part of a logical
sequence.

The concept of iterators in STL is tailored for linear sequences. In contrast, circular sequences occur naturally
in many combinatorial and geometric structures. Examples are polyhedral surfaces and planar maps, where the
edges emanating from a vertex or the edges around a facet form a circular sequence.

We provide several functions, classes and macros to assist in working with circulators: distance computation,
adaptor classes converting between circulators and iterators, base classes to ease the implementation of circula-
tors, and support for generic algorithms that work with circulators as well as with iterators.

46.3 Classified Reference Pages

Concepts

Handle . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2729
Circulator . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2715
Forward circulator
Bidirectional circulator
Randomaccesscirculator

Classes

CGAL::Containerfrom circulator<C> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2726
CGAL::Circulator from iterator<I> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2720
CGAL::Circulator from container<C> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2718
CGAL::Constcirculator from container<C>

CGAL::Circulator tag . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2722
CGAL::Iterator tag
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CGAL::Forward circulator tag
CGAL::Bidirectional circulator tag
CGAL::Randomaccesscirculator tag

CGAL::Circulator base. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2722
CGAL::Forward circulator base
CGAL::Bidirectional circulator base
CGAL::Randomaccesscirculator base

CGAL::Circulator traits<C> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2725

Functions

size type CGAL::circulatorsize( C c)
page2714

differencetype CGAL::circulatordistance( C c, C d)
page2713

differencetype CGAL::iteratordistance( IC ic1, IC ic2)
page2731

bool CGAL::is emptyrange( IC i, IC j)
page2730

CGAL::Circulator tag CGAL::querycirculator or iterator( C c)
page2732

CGAL::Iterator tag CGAL::querycirculator or iterator( I i)

void CGAL::Assertcirculator( C c)
page2712

void CGAL::Assertiterator( I i)
void CGAL::Assertinput category( I i)
void CGAL::Assertoutput category( I i)
void CGAL::Assertforward category( IC ic)
void CGAL::Assertbidirectional category( IC ic)
void CGAL::Assertrandomaccesscategory( IC ic)
void CGAL::Assertcirculator or iterator( IC i)

Macros

CGAL For all(i,j) page2728
CGAL For all backwards(i,j)

46.4 Alphabetical List of Reference Pages
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circulator distance. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2713
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CGAL::Assert circulator

Definition

Each of the following assertions, applicable to an iterator or a circulator or both, checks at compile time if its
argument is of the kind stated in the assertions name, i.e. a circulator, an iterator, or a particular category of
either an iterator or a circulator. Note that neither input nor output circulators exists.

#include<CGAL/circulator.h>

void Assertcirculator( C c)
void Assertiterator( I i)
void Assertcirculator or iterator( IC i)

void Assertinput category( I i)
void Assertoutput category( I i)
void Assertforward category( IC ic)
void Assertbidirectional category( IC ic)
void Assertrandomaccesscategory( IC ic)

See Also

Circulator tag, Circulator traits, query circulator or iterator, Circulator.
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CGAL::circulator distance

Definition

The distance of a circulatorc to a circulatord is the number of elements in the range[c,d). It is defined to be
zero for a circulator on an empty sequence and it returns the size of the data structure when applied to a range
of the form[c,c).

#include<CGAL/circulator.h>

template<class C>
C::differencetype circulatordistance( C c, C d)

See Also

circulator size, iterator distance, is emptyrange, Circulator.
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CGAL::circulator size

Definition

The size of a circulator is the size of the data structure it refers to. It is zero for a circulator on an empty
sequence. The size can be computed in linear time for forward and bidirectional circulators, and in constant
time for random access circulators using the minimal circulator. The functioncirculator size(c)returns the
circulator size. It uses thec.min circulator() function if c is a random access circulator.

#include<CGAL/circulator.h>

template<class C>
C::size type circulatorsize( C c)

See Also

circulator distance, iterator distance, is emptyrange, Circulator.
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Circulator

Definition

Note: This specification is a revised version based on the C++ Standard [C++98], which is available now. In
particular, iterator traits are now assumed and required.

Iterators in the STL were tailored for linear sequences. The specialization for circular data structures leads to
slightly different requirements which we will summarize in thecirculatorsconcept. The main difference is that
a circular data structure has no natural past-the-end value. As a consequence, a container supporting circulators
will not have anend()-member function. The semantic of a circulator range differs from the semantic of an
iterator range. For a circulatorc the range[c,c) denotes the sequence of all elements in the data structure. For
iterators, this range defines the empty sequence. A separate test for an empty sequence has been added to the
circulator requirements: A comparisonc == NULL for a circulatorc is true for an empty sequence. As for C++,
we recommend the use of 0 instead ofNULL.

Similar to STL iterators, we distinguish between forward, bidirectional, and random access circulators2. Most
requirements for circulators are equal to those for iterators. We present the changes, please refer to [MS96,
chapter 18] or [C++98] for the iterator requirements.

Past-the-end value:There is no past-the-end value for circulators.

Singular values: There are no singular values for circulators3

Empty sequence:The comparisonc == NULL (or c == 0) for a circulatorc is true if c denotes an empty
sequence, andfalse otherwise.

Dereferenceable values:A circulator that does not denote an empty sequence is dereferenceable.

Reachability: Each dereferenceable circulator can reach itself with a finite and non-empty sequence of appli-
cations ofoperator++.

Ranges:For any circulatorc the range[c,c) is a valid range. If the circulator refers to an empty sequence, the
range[c,c) denotes the empty range. Otherwise the circulator is dereferenceable and the range[c,c) denotes the
sequence of all elements in the data structure.Remark:When a circulator is used in a place of an iterator, as, for
example, with an STL algorithm, it will work as expected with the only exception that, in STL algorithms, the
range[c,c) denotes always the empty range. This is not a requirement, but a consequence of the requirements
stated here and the fact that the STL requirements for iterator ranges are based on theoperator++ and the
operator==, which we use for circulators as well. In principle, we face here the difference between awhile
loop and ado-while loop.

Types: For a circulator of typeC the following local types are required:

C::value type value type the circulator refers to.
C::reference reference type used for the return type ofC::operator*().
C::pointer pointer type used for the return type ofC::operator->().
C::size type unsigned integral type that can hold the size of a sequence
C::difference type signed integral type that can hold the distance between two circulators.
C::iterator category circulator category.

2Input circulators are a contradiction, since any circulator is supposed to return once to itself. Output circulators are not supported since
they would be indistinguishable from output iterators.

3Since circulators must be implemented as classes anyway, there is no need to allow singular values for them. An un-initalized circulator
does not have a singular value, but is supposed to refer to an empty sequence.
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Forward Circulators

In the following, we assume thata andb are circulators of typeC, r is of typeC& (is assignable), andT denotes
the value type ofC. Let D be the distance type ofC. As for C++, we recommend the use of 0 instead ofNULL.

C() a circulator equal toNULL denoting an empty sequence.
a == NULL Returnstrue if a denotes an empty sequence,false otherwise.

For simplicity,NULL == a is not required. The
behavior for comparisons with pointer-like values different thanNULL
is undefined. A runtime assertion is recommended.

a != NULL Returns!(a == NULL).
++r Like for forward iterators, but a dereferenceable circulatorr will always

be dereferenceable after++r (no past-the-end value).Precondition:r
does not denote an empty sequence.

r++ Same as for++r.
C::iterator category circulator categoryCBP Forward circulator tag.

Bidirectional Circulators

The same requirements as for the forward circulators hold for bidirectional iterators with the following change
of the iterator category:

C::iterator category circulator categoryCBP Bidirectional circulator tag.

Random Access Circulators

The same requirements as for the bidirectional circulators hold for random access iterators with the following
changes and extensions.

The idea of random access extends naturally to circulators using equivalence classes modulus the length of
the sequence. With this in mind, the additional requirements for random access iterators hold also for random
access circulators. The only exception is that the random access iterator is required to provide a total order on
the sequence, which a circulator cannot provide4.

The difference of two circulators is not unique as for iterators. A reasonable requirement demands that the result
is in a certain range[1−size, size−1], wheresizeis the size of the sequence, and that whenever a circulatora
is fixed that the differences with all other circulators of the sequence form a consistent ordering.

For the adaptor to iterators a minimal circulatordmin is required for which the differencec−dmin to all other
circulatorsc is non negative.

b - a limited range and consistent ordering as explained above.
a.min circulator() returns the minimal circulator from the range[a,a).
C::iterator category circulator categoryCBP Random access circulator tag.

4One might define an order by splitting the circle at a fixed point, e.g. the start circulator provided from the data structure. This is what
the adaptor to iterators will do. Nonetheless, we do not require this for circulators.
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Const Circulators

As with iterators, we distinguish between circulators and const circulators. The expression*a = t with t of
typeT is valid for mutable circulators. It is invalid for const circulators.

Circulators in Container Classes

For a containerx of typeX that supports circulatorsc the following naming convention is recommended:

X::Circulator the type of the mutable circulator.
X::Const circulator the type of the const circulator.
c = x.begin() the start circulator of the sequence. It is of typeX::Circulator for a

mutable container orX::Const circulator for a const container. There
must not be anend() member function.

If a container will support iterators and circulators, the member functioncirculator begin() is proposed.
However, the support of iterators and circulators simultaneously is not recommended, since it would lead to fat
interfaces. The natural choice should be supported, the other concept will be available through adaptors.

Example

A genericcontains function accepts a range of circulators and a value. It returnstrue if the value is contained
in the sequence of items denoted by the range of circulators. As usual for circular structures, ado-while loop
is preferable, such that for the specific input,c == d, all elements in the sequence are reached. Note that
the example simplifies if the sequence is known to be non-empty, which is for example the common case in
polyhedral surfaces where vertices and facets have at least one incident edge.

template <class Circulator, class T>
bool contains( Circulator c, Circulator d, const T& value) {

if (c != 0) {
do {

if (*c == value)
return true;

} while (++c != d);
}
return false;

}
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CGAL::Circulator from container<C>

Definition

The adaptorCirculator from container<C> provides a circulator for an STL containerC of equal category
as the iterator provided by the container. The iterator must be at least of the forward iterator category. The
corresponding non-mutable circulator is calledConstcirculator from container<C>.

The container typeC is supposed to conform to the STL requirements for container (i.e. to have abegin()and an
end()iterator as well as the local typesreference, const reference, value type, size type, anddifferencetype).

#include<CGAL/circulator.h>

Types

All types required for circulators are provided.

Creation

Circulator from container<C> c; a circulatorc on an empty sequence.

Circulator from container<C> c( C* container);

a circulatorc initialized to refer to the first element incon-
tainer, i.e. container.begin(). The circulatorc refers to an
empty sequence if thecontaineris empty.

Circulator from container<C> c( C* container, C::iterator i);

a circulatorc initialized to refer to the element*i in con-
tainer.
Precondition: *i is dereferenceable and refers tocontainer.

Operations

The adaptor conforms to the requirements of the corresponding circulator category. An additional member
functioncurrent iterator() returns the current iterator pointing to the same position as the circulator does.

See Also

Container from circulator, Circulator from iterator, Circulator.

Example

The following program composes two adaptors – from a container to a circulator and back to an iterator. It
applies an STL sort algorithm on a STL vector with three elements. The resulting vector will be[2 5 9] as it
is checked by the assertions. The program is part of the CGAL distribution.
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// file: examples/Circulator/circulator_prog2.C

#include <CGAL/basic.h>
#include <cassert>
#include <vector>
#include <algorithm>
#include <CGAL/circulator.h>

typedef CGAL::Circulator_from_container< std::vector<int> > Circulator;
typedef CGAL::Container_from_circulator<Circulator> Container;
typedef Container::iterator Iterator;

int main() {
std::vector<int> v;
v.push_back(5);
v.push_back(2);
v.push_back(9);
Circulator c( &v);
Container container( c);
std::sort( container.begin(), container.end());
Iterator i = container.begin();
assert( *i == 2);
i++; assert( *i == 5);
i++; assert( *i == 9);
i++; assert( i == container.end());
return 0;

}
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CGAL::Circulator from iterator <I>

Definition

The adaptorCirculator from iterator<I> converts two iterators of typeI , a begin and a past-the-end value, to
a circulator of equal category. The iterator must be at least of the forward iterator category. The circulator
will be mutable or non-mutable according to the iterator. Iterators provide nosize type. This adapter assumes
std::sizet instead.

#include<CGAL/circulator.h>

Types

typedef I iterator;

In addition all types required for circulators are provided.

Creation

Circulator from iterator<I> c; a circulatorc on an empty sequence.

Circulator from iterator<I> c( I begin, I end, I cur = begin);

a circulatorc initialized to refer to the element*cur in a range
[begin,end). The circulatorc refers to a empty sequence if
begin==end.

Circulator from iterator<I> c( Circulator from iterator<I,T,Size,Dist> d, I cur);

a copy of circulatord referring to the element*cur. The
circulatorc refers to a empty sequence ifd does so.

Operations

The adaptor conforms to the requirements of the respective circulator category. An additional member function
current iterator() returns the current iterator pointing to the same position as the circulator does.

See Also

Container from circulator, Circulator from container, Circulator.

Example

The following program composes two adaptors – from an iterator to a circulator and back to an iterator. It
applies an STL sort algorithm on a STL vector containing three elements. The resulting vector will be[2 5
9] as it is checked by the assertions. The program is part of the CGAL distribution.
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// file: examples/Circulator/circulator_prog1.C

#include <CGAL/basic.h>
#include <cassert>
#include <vector>
#include <algorithm>
#include <CGAL/circulator.h>

typedef std::vector<int>::iterator I;
typedef CGAL::Circulator_from_iterator<I> Circulator;
typedef CGAL::Container_from_circulator<Circulator> Container;
typedef Container::iterator Iterator;

int main() {
std::vector<int> v;
v.push_back(5);
v.push_back(2);
v.push_back(9);
Circulator c( v.begin(), v.end());
Container container( c);
std::sort( container.begin(), container.end());
Iterator i = container.begin();
assert( *i == 2);
i++; assert( *i == 5);
i++; assert( *i == 9);
i++; assert( i == container.end());
return 0;

}

Another example usage for this adaptor is a random access circulator over the built-in C arrays. Given an array
of typeT* with a begin pointerb and a past-the-end pointere the adaptorCirculator from iterator<T*> c(b,e)
is a random access circulatorc over this array.
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CGAL::Circulator tag

Definition

Iterators and circulators as well as different categories of circulators can be distinguished with the use of dis-
criminating functions and the following circulator tags. A couple of base classes simplify the task of writing
own circulators. They declare the appropriate tags and the local types needed for circulators. To use the tags or
base classes only it is sufficient to include:

#include<CGAL/circulator bases.h>
#include<CGAL/circulator.h>

Compile Time Tags

struct Circulator tag{}; any circulator.
struct Iterator tag{}; any iterator.

struct Forwardcirculator tag{}; derived fromforward iterator tag.
struct Bidirectionalcirculator tag{}; derived frombidirectional iterator tag.
struct Randomaccesscirculator tag{}; derived fromrandomaccessiterator tag.

Base Classes

template< class Category, class T, class Dist = std::ptrdifft, class Size = std::sizet, class Ptr = T*, class Ref
= T& >
struct Circulator base{};

struct Forwardcirculator base{};
struct Bidirectionalcirculator base{};
struct Randomaccesscirculator base{};

See Also

query circulator or iterator, Circulator traits, Assertcirculator,
CGAL For all, is emptyrange, Circulator.

Example

The above declarations can be used to distinguish between iterators and circulators and between different circu-
lator categories. The assertions can be used to protect a templatized algorithm against instantiations that do not
fulfill the requirements. The following example program illustrates both.

// file: examples/Circulator/circulator_prog3.C

#include <CGAL/basic.h>
#include <cassert>

2722



#include <list>
#include <CGAL/circulator.h>

template <class C> inline int foo( C c, std::forward_iterator_tag) {
CGAL::Assert_circulator( c);
CGAL::Assert_forward_category( c);
return 1;

}
template <class C> inline int foo( C c, std::random_access_iterator_tag) {

CGAL::Assert_circulator( c);
CGAL::Assert_random_access_category( c);
return 2;

}
template <class I> inline int foo( I i, CGAL::Iterator_tag) {

CGAL::Assert_iterator( i);
return 3;

}

template <class C> inline int foo( C c, CGAL::Circulator_tag) {
CGAL::Assert_circulator( c);
typedef std::iterator_traits<C> Traits;
typedef typename Traits::iterator_category iterator_category;
return foo( c, iterator_category());

}
template <class IC> inline int foo( IC ic) {

typedef CGAL::Circulator_traits<IC> Traits;
typedef typename Traits::category category;
return foo( ic, category());

}

int main() {
typedef CGAL::Forward_circulator_base<int> F;
typedef CGAL::Random_access_circulator_base<int> R;
F f = F();
R r = R();
std::list<int> l;
assert( foo( f) == 1);
assert( foo( r) == 2);
assert( foo( l.begin()) == 3);
return 0;

}

Implementation

Since not all current compilers can eliminate the space needed for the compile time tags even when deriving
from them, we implement a variant for each base class that contains a protectedvoid* data member calledptr.
Here, the allocated space in the derived classes can be reused.

template<class T, class Dist, class Size>
class Forwardcirculator ptrbase{}; forward circulator.
template<class T, class Dist, class Size>
class Bidirectionalcirculator ptrbase{}; bidirectional circulator.
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template<class T, class Dist, class Size>
class Randomaccesscirculator ptrbase{}; random access circulator.
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CGAL::Circulator traits<C>

Definition

The circulator traits class distinguishes between circulators and iterators. It defines a local typecategorythat is
identical to the typeCirculator tag if the iterator category of the argumentC is a circulator category. Otherwise
it is identical to the typeIterator tag.

The local typeiterator categorygives the corresponding iterator category for circulators, i.e. one offorward
iterator tag, bidirectional iterator tag, or randomaccessiterator tag.

The local typecirculator categorygives the corresponding circulator category for iterators, i.e. one ofForward
circulator tag, Bidirectional circulator tag, or Randomaccesscirculator tag.

#include<CGAL/circulator.h>

Types

Circulator traits<C>:: category eitherIterator tagor Circulator tag.

Circulator traits<C>:: iterator category corresponding iterator category for circulators.

Circulator traits<C>:: circulator category corresponding circulator category for iterator

Example

A generic functionbar that distinguishes between a call with a circulator range and a call with an iterator range:

template <class I>
void bar( I i, I j, CGAL::Iterator_tag) {

CGAL::Assert_iterator(i);
// This function is called for iterator ranges [i,j).

}
template <class C>
void bar( C c, C d, CGAL::Circulator_tag) {

CGAL::Assert_circulator(c);
// This function is called for circulator ranges [c,d).

}
template <class IC>
void bar( IC i, IC j) { // calls the correct function

return bar( i, j, typename CGAL::Circulator_traits<IC>::category());
}
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CGAL::Container from circulator <C>

Definition

The adaptorContainer from circulator<C> is a class that converts any circulator typeC to a kind of container
class, i.e. a class that provides aniterator and aconst iterator type and two member functions –begin()and
end()– that return the appropriate iterators. By analogy to STL container classes these member functions return
a const iterator in the case that the container itself is constant and a mutable iterator otherwise.

#include<CGAL/circulator.h>

Types

typedef C Circulator;
Container from circulator<C>:: iterator
Container from circulator<C>:: const iterator
Container from circulator<C>:: value type
Container from circulator<C>:: reference
Container from circulator<C>:: const reference
Container from circulator<C>:: pointer
Container from circulator<C>:: const pointer
Container from circulator<C>:: size type
Container from circulator<C>:: difference type

Creation

Container from circulator<C> container;

any iterator ofcontainerwill have a singular value.

Container from circulator<C> container( C c);

any iterator ofcontainerwill have a singular value if the circulatorc corresponds to an empty
sequence.

Operations

iterator container.begin() the start iterator.
const iterator container.begin() const the start const iterator.
iterator container.end() the past-the-end iterator.
const iterator container.end() const the past-the-end const iterator.

The iterator and const iterator types are of the appropriate iterator category. In addition to the operations
required for their category, they have a member functioncurrent circulator() that returns a circulator pointing
to the same position as the iterator does.
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See Also

Circulator from iterator, Circulator from container, Circulator.

Example

The genericreverse() algorithm from the STL can be used with an adaptor if at least a bidirectional circulator
c is given.

Circulator c; // c is assumed to be a bidirectional circulator.
CGAL::Container_from_circulator<Circulator> container(c);
reverse( container.begin(), container.end());

Implementation

The iterator adaptor keeps track of the number of rounds a circulator has done around the ring-like data structure
(a kind of winding number). It is used to distinguish between the start position and the end position which will
be denoted by the same circulator internally. This winding number is zero for thebegin()-iterator and one for
theend()-iterator. It is incremented whenever the internal circulator passes thebegin()position. Two iterators
are equal if their internally used circulators and winding numbers are equal. This is more general than necessary
since an iterator equal toend()-iterator is not supposed to be incremented any more, which is here still possible
in a defined manner.

The implementation is different for random access iterators. The random access iterator has to be able to
compute the size of the data structure in constant time. This is for example needed if the difference of the past-
the-end iterator and the begin iterator is taken, which is exactly the size of the data structure. Therefore, if the
circulator is of the random-access category, the adapter chooses the minimal circulator for the internal anchor
position. The minimal circulator is part of the random access circulator requirements, see Page2716. For the
random access iterator the adaptor implements a total ordering relation that is currently not required for random
access circulators.
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CGAL For all

Definition

In order to write algorithms that work with iterator ranges as well as with circulator ranges we have to consider
the difference of representing an empty range. For iterators this is the range[i, i), while for circulators it would
bec == NULL, the empty sequence test. The functionis emptyrangeprovides the necessary generic test which
accepts an iterator range or a circulator range and says whether the range is empty or not.

#include<CGAL/circulator.h>

A macro CGAL For all( i, j) simplifies the writing of such simple loops as the one in the example of the
function is emptyrange. i andj can be either iterators or circulators. The macro loops through the range [i, j).
It incrementsi until it reachesj. The implementation looks like:

CGAL For all(i,j) ≡ for ( bool _circ_loop_flag = ! ::CGAL::is_empty_range(i,j);
_circ_loop_flag;
_circ_loop_flag = ((++i) != (j))

)

Note that the macro behaves like afor-loop. It can be used with a single statement or with a statement block.
For bidirectional iterators or circulators, a backwards loop macroCGAL For all backwards( i, j)exists that
decrementsj until it reachesi.

See Also

iterator distance, is emptyrange, Circulator tag, Circulator traits,
Assertcirculator or iterator, Circulator.
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Handle

Definition

Most data structures in CGAL use the concept of Handle in their user interface to refer to the elements they store.
This concept describes what is sometimes called a trivial iterator. A Handle is akeen to a pointer to an object
providing the dereference operatoroperator*()and member accessoperator->() but no increment or decrement
operators like iterators. A Handle is intended to be used whenever the referenced object is not part of a logical
sequence.

Like iterators, the handle can be passed as template argument tostd::iterators traits in order to extract its
value type, the type of the element pointed to. Theiterator categoryis void.

Refines

DefaultConstructible, CopyConstructible, Assignable, EqualityComparable

The default constructed object must be unique as far as the equality operator is concerned (this serves the same
purpose as NULL for pointers). (Note that this is not a generally supported feature of iterators of standard
containers.)

Creation

Dereference

value type& ∗h returns the object pointed to.
value type* h−> returns a pointer to the object pointed to.

Has Models

pointers
const pointers
iterators
circulators
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CGAL::is empty range

Definition

In order to write algorithms that work with iterator ranges as well as with circulator ranges we have to consider
the difference of representing an empty range. For iterators this is the range[i, i), while for circulators it would
bec == NULL, the empty sequence test. The functionis emptyrangeprovides the necessary generic test which
accepts an iterator range or a circulator range and says whether the range is empty or not.

#include<CGAL/circulator.h>

template< class IC>
bool is emptyrange( IC i, IC j) is true if the range [i, j) is empty,falseotherwise.

Precondition: IC is either a circulator or an iterator type. The range [i,
j) is valid.

Example

The following functionprocessall accepts a range[i, j) of an iterator or circulatorIC and processes each
element in this range:

template <class IC>
void process_all( IC i, IC j) {

if (! CGAL::is_empty_range( i, j)) {
do {

process(*i);
} while (++i != j);

}
}

See Also

iterator distance, CGAL For all, Circulator tag, Circulator traits,
Assertcirculator or iterator, Circulator.
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CGAL::iterator distance

Definition

The following function returns the distance between either two iterators or two circulators. The return type is
ptrdiff t for compilers not supporting iterator traits yet.

#include<CGAL/circulator.h>

template<class IC>
iterator traits<IC>::difference type iteratordistance( IC ic1, IC ic2)

See Also

circulator size, circulator distance, is emptyrange, Circulator tag,
Assertcirculator or iterator, CGAL For all, Circulator.
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CGAL::query circulator or iterator

Definition

The following function distinguishes between circulators and iterators. It is based on iterator traits [C++98,
Mye95] andCirculator traits.

#include<CGAL/circulator.h>

template<class I>
Iterator tag querycirculator or iterator( I i)

if the iterator category ofI belongs to an iterator.

template<class C>
Circulator tag querycirculator or iterator( C c)

if the iterator category ofC belongs to a circulator.

See Also

Circulator tag, Circulator traits, Assertcirculator, Circulator.

2732



Chapter 47

Geometric Object Generators
Susan Hert, Michael Hoffmann, Lutz Kettner, and Sven Schönherr

A variety of generators for geometric objects are provided in CGAL. They are useful as synthetic test data sets,
e.g. for testing algorithms on degenerate object sets and for performance analysis.

Two kinds of point generators are provided: first, random point generators and second deterministic point gen-
erators. Most random point generators and a few deterministic point generators are provided as input iterators.
The input iterators model an infinite sequence of points. The functionCGAL::copyn() can be used to copy a
finite sequence; see Section45.4. The iterator adaptorCounting iterator can be used to create finite iterator
ranges; see Section45.4. Other generators are provided as functions that write to output iterators. Further
functions add degeneracies or random perturbations.

In 2D, we provide input iterators to generate random points in a disc (Randompoints in disc 2), in a square
(Randompoints in square2), on a circle (Randompoints on circle 2), on a segment (Randompoints on
segment), and on a square (Randompoints on square2). For generating grid points we provide three functions,
points on segment2, points on squaregrid 2 that write to output iterators and an input iteratorPoints on
segment2.

For 3D points, input iterators are provided for random points uniformly distributed in a sphere (Randompoints
in sphere3) or cube (Randompoints in cube3) or on the boundary of a sphere (Randompoints on sphere3).
For generating 3D grid points, we provide the functionpoints on cubegrid 3 that writes to an output iterator.

We also provide two functions for generating more complex geometric objects. The functionrandomconvex
set 2 computes a random convex planar point set of a given size where the points are drawn from a specific
domain andrandompolygon2 generates a random simple polygon from points drawn from a specific domain.

Random Perturbations Degenerate input sets like grid points can be randomly perturbed by a small amount
to producequasi-degenerate test sets. This challenges numerical stability of algorithms using inexact arithmetic
and exact predicates to compute the sign of expressions slightly off from zero. For this the functionperturb
points 2 is provided.

Adding Degeneracies For a given point set certain kinds of degeneracies can be produced by adding new
points. Therandomselection()function is useful for generating multiple copies of identical points. The func-
tion randomcollinear points 2() adds collinearities to a point set.
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Support Functions and Classes for Generators The functionrandomselectionchoosesn items at random
from a random access iterator range which is useful to produce degenerate input data sets with multiple entries
of identical items.

47.1 Example Generating Degenerate Point Sets

We want to generate a test set of 1000 points, where 60% are chosen randomly in a small disc, 20% are from
a larger grid, 10% are duplicates points, and 10% collinear points. A random shuffle removes the construction
order from the test set. See Figure47.1for the example output.

// file: examples/Generator/generators_example1.C

#include <CGAL/Simple_cartesian.h>
#include <cassert>
#include <vector>
#include <algorithm>
#include <CGAL/point_generators_2.h>
#include <CGAL/copy_n.h>
#include <CGAL/random_selection.h>

using namespace CGAL;

typedef Simple_cartesian<double> R;
typedef R::Point_2 Point;
typedef Creator_uniform_2<double,Point> Creator;
typedef std::vector<Point> Vector;

int main() {
// Create test point set. Prepare a vector for 1000 points.
Vector points;
points.reserve(1000);

// Create 600 points within a disc of radius 150.
Random_points_in_disc_2<Point,Creator> g( 150.0);
CGAL::copy_n( g, 600, std::back_inserter(points));

// Create 200 points from a 15 x 15 grid.
points_on_square_grid_2( 250.0, 200, std::back_inserter(points),Creator());

// Select 100 points randomly and append them at the end of
// the current vector of points.
random_selection( points.begin(), points.end(), 100,
std::back_inserter(points));

// Create 100 points that are collinear to two randomly chosen
// points and append them to the current vector of points.
random_collinear_points_2( points.begin(), points.end(), 100,

std::back_inserter( points));

// Check that we have really created 1000 points.
assert( points.size() == 1000);
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Figure 47.1: Output of example program for point
generators.

Figure 47.2: Output of example program for point
generators working on integer points.

// Use a random permutation to hide the creation history
// of the point set.
std::random_shuffle( points.begin(), points.end(), default_random);

// Check range of values.
for ( Vector::iterator i = points.begin(); i != points.end(); i++){

assert( i->x() <= 251);
assert( i->x() >= -251);
assert( i->y() <= 251);
assert( i->y() >= -251);

}
return 0;

}

47.2 Example Generating Grid Points

The second example demonstrates the point generators with integer points. Arithmetic withdoubles is sufficient
to produce regular integer grids. See Figure47.2for the example output.

// file: examples/Generator/generators_example2.C

#include <CGAL/Simple_cartesian.h>
#include <cassert>
#include <vector>
#include <algorithm>
#include <CGAL/point_generators_2.h>
#include <CGAL/copy_n.h>
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using namespace CGAL;

typedef Simple_cartesian<int> R;
typedef R::Point_2 Point;
typedef Creator_uniform_2<int,Point> Creator;

int main() {
// Create test point set. Prepare a vector for 400 points.
std::vector<Point> points;
points.reserve(400);

// Create 250 points from a 16 x 16 grid. Note that the double
// arithmetic _is_ sufficient to produce exact integer grid points.
// The distance between neighbors is 34 pixel = 510 / 15.
points_on_square_grid_2( 255.0, 250, std::back_inserter(points),Creator());

// Lower, left corner.
assert( points[0].x() == -255);
assert( points[0].y() == -255);

// Upper, right corner. Note that 6 points are missing to fill the grid.
assert( points[249].x() == 255 - 6 * 34);
assert( points[249].y() == 255);

// Create 250 points within a disc of radius 150.
Random_points_in_disc_2<Point,Creator> g( 150.0);
CGAL::copy_n( g, 250, std::back_inserter(points));

// Check that we have really created 500 points.
assert( points.size() == 500);
return 0;

}

47.3 Examples Generating Segments

The following two examples illustrate the use of the generic functions from Section45.4 like Join input
iterator 2 to generate composed objects from other generators – here two-dimensional segments from two
point generators.

We want to generate a test set of 200 segments, where one endpoint is chosen randomly from a horizontal
segment of length 200, and the other endpoint is chosen randomly from a circle of radius 250. See Figure47.3
for the example output.

// file: examples/Generator/Segment_generator_example1.C

#include <CGAL/Simple_cartesian.h>
#include <cassert>
#include <vector>
#include <algorithm>
#include <CGAL/Point_2.h>
#include <CGAL/Segment_2.h>
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Figure 47.3: Output of the first example program
for the generic generator.

Figure 47.4: Output of the second example pro-
gram for the generic generator without using in-
termediate storage.

#include <CGAL/point_generators_2.h>
#include <CGAL/function_objects.h>
#include <CGAL/Join_input_iterator.h>
#include <CGAL/copy_n.h>

using namespace CGAL;

typedef Simple_cartesian<double> R;
typedef R::Point_2 Point;
typedef Creator_uniform_2<double,Point> Pt_creator;
typedef R::Segment_2 Segment;
typedef std::vector<Segment> Vector;

int main() {
// Create test segment set. Prepare a vector for 200 segments.
Vector segs;
segs.reserve(200);

// Prepare point generator for the horizontal segment, length 200.
typedef Random_points_on_segment_2<Point,Pt_creator> P1;
P1 p1( Point(-100,0), Point(100,0));

// Prepare point generator for random points on circle, radius 250.
typedef Random_points_on_circle_2<Point,Pt_creator> P2;
P2 p2( 250);

// Create 200 segments.
typedef Creator_uniform_2< Point, Segment> Seg_creator;
typedef Join_input_iterator_2< P1, P2, Seg_creator> Seg_iterator;
Seg_iterator g( p1, p2);
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CGAL::copy_n( g, 200, std::back_inserter(segs));

assert( segs.size() == 200);
for ( Vector::iterator i = segs.begin(); i != segs.end(); i++){

assert( i->source().x() <= 100);
assert( i->source().x() >= -100);
assert( i->source().y() == 0);
assert( i->target().x() * i->target().x() +

i->target().y() * i->target().y() <= 251*251);
assert( i->target().x() * i->target().x() +

i->target().y() * i->target().y() >= 249*249);
}
return 0;

}

The second example generates a regular structure of 100 segments; see Figure47.4for the example output. It
uses thePoints on segment2 iterator,Join input iterator 2 andCounting iterator to avoid any intermediate
storage of the generated objects until they are used, which in this example means copied to a window stream.

// file: examples/Generator/Segment_generator_example2.C

// CGAL example program for the generic segment generator
// using precomputed point locations.

#include <CGAL/Simple_cartesian.h>
#include <algorithm>
#include <vector>
#include <CGAL/point_generators_2.h>
#include <CGAL/function_objects.h>
#include <CGAL/Join_input_iterator.h>
#include <CGAL/Counting_iterator.h>

using namespace CGAL;

typedef Simple_cartesian<double> R;
typedef R::Point_2 Point;
typedef R::Segment_2 Segment;
typedef Points_on_segment_2<Point> PG;
typedef Creator_uniform_2< Point, Segment> Creator;
typedef Join_input_iterator_2< PG, PG, Creator> Segm_iterator;
typedef Counting_iterator<Segm_iterator,Segment> Count_iterator;
typedef std::vector<Segment> Vector;

int main() {
// Create test segment set. Prepare a vector for 100 segments.
Vector segs;
segs.reserve(100);

// A horizontal like fan.
PG p1( Point(-250, -50), Point(-250, 50),50); // Point generator.
PG p2( Point( 250,-250), Point( 250,250),50);
Segm_iterator t1( p1, p2); // Segment generator.
Count_iterator t1_begin( t1); // Finite range.
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Count_iterator t1_end( 50);
std::copy( t1_begin, t1_end, std::back_inserter(segs));

// A vertical like fan.
PG p3( Point( -50,-250), Point( 50,-250),50);
PG p4( Point(-250, 250), Point( 250, 250),50);
Segm_iterator t2( p3, p4);
Count_iterator t2_begin( t2);
Count_iterator t2_end( 50);
std::copy( t2_begin, t2_end, std::back_inserter(segs));

CGAL_assertion( segs.size() == 100);
for ( Vector::iterator i = segs.begin(); i != segs.end(); i++){

CGAL_assertion( i->source().x() <= 250);
CGAL_assertion( i->source().x() >= -250);
CGAL_assertion( i->source().y() <= 250);
CGAL_assertion( i->source().y() >= -250);
CGAL_assertion( i->target().x() <= 250);
CGAL_assertion( i->target().x() >= -250);
CGAL_assertion( i->target().y() <= 250);
CGAL_assertion( i->target().y() >= -250);

}
return 0;

}
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Geometric Object Generators
Reference Manual
Susan Hert, Michael Hoffmann, Lutz Kettner, and Sven Schönherr

This chapter describes the functions and classes provided in CGAL that are useful for generating synthetic test
data sets,e.g.,for testing algorithms on degenerate object sets and for performance analysis. These include a
class for generating random numbers and function for selecting random items from a set of objects, generators
for two-dimensional and three-dimensional points sets, a generator for random convex sets and one for simple
polygons. The STL algorithmstd::randomshuffle is useful with these functions and classes to to achieve
random permutations for otherwise regular generators (e.g., points on a grid or segment).

47.4 Classified Reference Pages

Concepts

PointGenerator . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2750
RandomConvexSetTraits2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2759
RandomPolygonTraits2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2760

Functions

CGAL::default random. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2743
CGAL::perturb points 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2744
CGAL::pointson segment2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2745
CGAL::pointson squaregrid 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2748
CGAL::pointson cubegrid 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2749
CGAL::randomcollinear points 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2751
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CGAL::randomselection. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page2756
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CGAL::Randompoints in disc 2<Point 2, Creator> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page2763
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CGAL::default random

Definition

The variabledefault random is the default random numbers generator used for the generator functions and
classes.

#include<CGAL/Random.h>

Random defaultrandom;

2743



F
un

ct
io

n

CGAL::perturb points 2

Definition

The functionperturb points 2 perturbs each point in a given range of points by a random amount.

#include<CGAL/pointgenerators2.h>

template<class ForwardIterator>
void perturbpoints 2(

ForwardIterator first,
ForwardIterator last,
double xeps,
double yeps = xeps,
Random& rnd = default random,
Creator creator = Creatoruniform 2<Kernel traits<P>::Kernel::RT,P>)

perturbs the points in the range[first, last) by replacing each
point with a random point from thexeps× yepsrectangle
centered at the original point. Two random numbers are
needed fromrnd for each point.

Requirements

• Creatormust be a function object accepting twodoublevaluesx andy and returning an initialized point
(x,y)of typeP.

Predefined implementations for these creators like the default are described in Section45.4.

• Thevalue typeof theForwardIteratormust be assignable toP.

• P is equal to thevalue typeof theForwardIteratorwhen using the default initializer.

• The expressionsto double((*first).x())andto double((*first).y())must result in the respective coordinate
values.

See Also

CGAL::pointson segment2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2745
CGAL::pointson squaregrid 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2748
CGAL::randomselection. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page2756
CGAL::randomselection. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page2756
std::randomshuffle
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CGAL::points on segment2

Definition

The functionpoints on segment2 generates a set of points equally spaced on a segment given the endpoints of
the segment.

#include<CGAL/pointgenerators2.h>

template<class P, class OutputIterator>
OutputIterator pointson segment2( P p, P q, std::sizet n, OutputIterator o)

createsn points equally spaced on the segment fromp to q,
i.e.∀i : 0≤ i < n : o[i] := n−i−1

n−1 p+ i
n−1 q. Returns the value

of o after inserting then points.

See Also

CGAL::pointson segment2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2745
CGAL::pointson squaregrid 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2748
CGAL::randomcollinear points 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2751
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CGAL::Points on segment2<Point 2>

Definition

The classPoints on segment2<Point 2> is a generator for points on a segment whose endpoints are specified
upon construction. The points are equally spaced

Is Model for the Concepts

PointGenerator . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2750

Types

typedef std::inputiterator tag iterator category;
typedef Point2 value type;
typedef std::ptrdifft differencetype;
typedef const Point2* pointer;
typedef Point2 reference;

Creation

Points on segment2<Point 2> g( Point 2 p, Point 2 q, std::sizet n, std::sizet i = 0);

g is an input iterator creating points of typeP equally spaced
on the segment fromp to q. n− i points are placed on the
segment defined byp andq. Values of the index parameteri
larger than 0 indicate starting points for the sequence further
from p. Pointp has index value 0 andq has index valuen−1.
Requirement: The expressionsto double(p.x()) and to
double(p.y())must result in the respectivedoublerepresen-
tation of the coordinates ofp, and similarly forq.

Operations

double g.range() returns the range in which the point coordinates lie, i.e.∀x : |x| ≤ range()and
∀y : |y| ≤range()

.

Point 2 g.source() returns the source point of the segment.
Point 2 g.target() returns the target point of the segment.

See Also

CGAL::copyn . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2623
CGAL::Countingiterator. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page??
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CGAL::pointson segment<Point 2> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page??
CGAL::Randompoints in disc 2<Point 2, Creator> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page2763
CGAL::Randompoints in square2<Point 2, Creator> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2765
CGAL::Randompoints on circle 2<Point 2, Creator> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page2766
CGAL::Randompoints on segment2<Point 2, Creator> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2767
CGAL::Randompoints on square2<Point 2, Creator> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page2769
CGAL::randomselection. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page2756
std::randomshuffle
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CGAL::points on square grid 2

Definition

The functionpoints on squaregrid 2 generates a given number of points on a square grid whose size is deter-
mined by the number of points to be generated.

#include<CGAL/pointgenerators2.h>

template<class OutputIterator, Creator creator>
OutputIterator pointson squaregrid 2(

double a,
std::sizet n,
OutputIterator o,
Creator creator = Creatoruniform 2<Kernel traits<P>::Kernel::RT,P>)

creates the firstn points on the regulard
√

ne× d
√

ne grid
within the square[−a,a]× [−a,a]. Returns the value ofo
after inserting then points.

Requirements

• Creatormust be a function object accepting twodoublevaluesx andy and returning an initialized point
(x,y)of typeP. Predefined implementations for these creators like the default can be found in Section45.4.

• TheOutputIteratormust accept values of typeP. If the OutputIteratorhas avalue typethe default ini-
tializer of thecreatorcan be used.P is set to thevalue typein this case.

See Also

CGAL::perturb points 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2744
CGAL::pointson segment2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2745
CGAL::pointson cubegrid 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2749
CGAL::randomcollinear points 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2751
CGAL::randomselection. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page2756
std::randomshuffle
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CGAL::points on cube grid 3

Definition

The functionpoints on cubegrid 3 generates a given number of points on a cubic grid whose size is determined
by the number of points to be generated.

#include<CGAL/pointgenerators3.h>

template<class OutputIterator, Creator creator>
OutputIterator pointson cubegrid 3(

double a,
std::sizet n,
OutputIterator o,
Creator creator = Creatoruniform 3<Kernel traits<P>::Kernel::RT,P>)

creates the firstn points on the regulardn1/3e × dn1/3e ×
dn1/3e grid within the cube[−a,a]× [−a,a]× [−a,a]. Re-
turns the value ofo after inserting then points.

Requirements

• Creator must be a function object accepting threedoublevaluesx, y, andz and returning an initialized
point (x,y,z)of type P. Predefined implementations for these creators like the default can be found in
Section45.4.

• TheOutputIteratormust accept values of typeP. If the OutputIteratorhas avalue typethe default ini-
tializer of thecreatorcan be used.P is set to thevalue typein this case.

CGAL::pointson squaregrid 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2748
CGAL::randomselection. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page2756
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PointGenerator

Definition

The concept PointGenerator defines the requirements for a point generator, which can be used in places where
input iterators are called for.

Refines

InputIterator

Has Models

CGAL::Randompoints in disc 2<Point 2, Creator> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page2763
CGAL::Randompoints in square2<Point 2, Creator> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2765
CGAL::Randompoints on circle 2<Point 2, Creator> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page2766
CGAL::Randompoints on segment2<Point 2, Creator> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2767
CGAL::Randompoints on square2<Point 2, Creator> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2769
CGAL::Randompoints in cube3<Point 3, Creator> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2762
CGAL::Randompoints in sphere3<Point 3, Creator> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2764
CGAL::Randompoints on sphere3<Point 3, Creator> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page2768
CGAL::Randompoints in iso box d<Point d> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page2770

Types

PointGenerator:: valuetype the type of point being generated.

Operations

double pg.range() const return an absolute bound for the coordinates of all generated
points.
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CGAL::random collinear points 2

Definition

#include<CGAL/pointgenerators2.h>

template<class RandomAccessIterator, class OutputIterator>
OutputIterator randomcollinear points 2(

RandomAccessIterator first,
RandomAccessIterator last,
std::sizet n,
OutputIterator first2,
Random& rnd = default random,
Creator creator = Creatoruniform 2<Kernel traits<P>::Kernel::RT,P>)

randomly chooses two points from the range[first, last), cre-
ates a random third point on the segment connecting these
two points, writes it tofirst2, and repeats thisn times, thus
writing n points tofirst2 that are collinear with points in the
range[first, last). Three random numbers are needed from
rnd for each point. Returns the value offirst2 after inserting
then points.

Requirements

• Creatormust be a function object accepting twodoublevaluesx andy and returning an initialized point
(x,y)of typeP. Predefined implementations for these creators like the default can be found in Section45.4.

• Thevalue typeof theRandomAccessIteratormust be assignable toP. P is equal to thevalue typeof the
RandomAccessIteratorwhen using the default initializer.

• The expressionsto double((*first).x())andto double((*first).y())must result in the respective coordinate
values.

See Also

CGAL::perturb points 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2744
CGAL::pointson segment2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2745
CGAL::pointson squaregrid 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2748
CGAL::randomselection. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page2756
std::randomshuffle
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CGAL::random convex set 2

Definition

The functionrandomconvexset 2 computes a random convex planar point set of given size where the points
are drawn from a specific domain.

#include<CGAL/randomconvexset 2.h>

template< class OutputIterator, class PointGenerator, class Traits>
OutputIterator randomconvexset 2(

int n,
OutputIterator o,
PointGenerator pg,
Traits t = Default traits)

computes a random convexn-gon by writing its vertices (ori-
ented counterclockwise) too. The resulting polygon is scaled
such that it fits into the bounding box as specified bypg.
Therefore we cannot easily describe the resulting distribu-
tion.
Precondition: n≥ 3.

Requirements

1. PointGeneratoris a model of the concept PointGenerator

2. Traits is a model of the concept RandomConvexSetTraits2

3. Point generator::valuetypeis equivalent toTraits::Point 2 andOutputIterator::valuetype.

4. if Traits is not specified,Point generator::valuetypemust bePoint 2< R> for some representation class
R,

The default traits classDefault traits is Randomconvexset traits 2. .

See Also

CGAL::Randompoints in square2<Point 2, Creator> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2765
CGAL::Randompoints in disc 2<Point 2, Creator> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page2763

Implementation

The implementation uses the centroid method described in [Sch96] and has a worst case running time ofO(r ·
n+n· logn), wherer is the time needed bypg to generate a random point.

2752



Example

The following program displays a random convex 500-gon where the points are drawn uniformly from the unit
square centered at the origin.

// file: examples/Generator/rcs_example.C

#include <CGAL/Cartesian.h>
#include <CGAL/point_generators_2.h>
#include <CGAL/random_convex_set_2.h>

#include <iostream>
#include <iterator>

typedef CGAL::Cartesian< double > K;
typedef K::Point_2 Point_2;
typedef CGAL::Random_points_in_square_2<

Point_2,
CGAL::Creator_uniform_2< double, Point_2 > >

Point_generator;
int main() {

// create 500-gon and write it into a window:
CGAL::random_convex_set_2(

500,
std::ostream_iterator<Point_2>(std::cout, "\n"),
Point_generator( 0.5));

return 0;
}
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CGAL::random polygon 2

Definition

The functionrandompolygon2constructs a random simple polygon from points that are drawn from a specific
domain. Though each simple polygon defined on this set of points has a non-zero probability of being con-
structed, some polygons may have higher probabilities than others. The overall distribution of the generated
polygons is not known since it depends on the generated points.

#include<CGAL/randompolygon2.h>

template< class OutputIterator, class PointGenerator, class Traits>
OutputIterator randompolygon2( int n,

OutputIterator result,
PointGenerator pg,
Traits t = Default traits)

computes a random simple polygon by writing its vertices
(oriented counterclockwise) toresult. The polygon gener-
ated will have a number of vertices equal to the number of
unique points in the firstn points generated bypg.

Requirements

1. Traits is a model of the concept RandomPolygonTraits2

2. PointGenerator::valuetypeis equivalent toTraits::Point 2 andOutputIterator::valuetype.

The default traits classDefault traits is the kernel in whichTraits::Point 2 is defined.

See Also

CGAL::Randompoints in disc 2<Point 2, Creator> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page2763
CGAL::Randompoints in square2<Point 2, Creator> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2765

Implementation

The implementation is based on the method of eliminating self-intersections in a polygon by using so-called
“2-opt” moves. Such a move eliminates an intersection between two edges by reversing the order of the vertices
between the edges. No more thanO(n3) such moves are required to simplify a polygon defined onn points
[vLS82]. Intersecting edges are detected using a simple sweep through the vertices and then one intersection is
chosen at random to eliminate after each sweep. The worse-case running time is thereforeO(n4 logn).

Example

The following program displays a random simple polygon with up to 50 vertices, where the vertex coordinates
are drawn uniformly from the unit square centered at the origin.
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// file: examples/Generator/random_poly_example.C

#include <CGAL/Cartesian.h>
#include <CGAL/point_generators_2.h>
#include <CGAL/random_polygon_2.h>
#include <CGAL/Polygon_2.h>

typedef CGAL::Cartesian< double > K;
typedef K::Point_2 Point_2;
typedef std::list<Point_2> Container;
typedef CGAL::Polygon_2<K, Container> Polygon_2;
typedef CGAL::Random_points_in_square_2< Point_2 > Point_generator;

int main() {
Polygon_2 polygon;
// create 50-gon and write it into a window:
CGAL::random_polygon_2(50, std::back_inserter(polygon),

Point_generator(0.5));
std::cout << polygon;
return 0;

}
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CGAL::random selection

Definition

randomselectionchoosesn items at random from a random access iterator range which is useful to produce
degenerate input data sets with multiple entries of identical items.

#include<CGAL/randomselection.h>

template<class RandomAccessIterator, class Size, class OutputIterator, class Random>
OutputIterator randomselection( RandomAccessIterator first,

RandomAccessIterator last,
Size n,
OutputIterator result,
Random& rnd = default random)

chooses a random item from the range[first, last) and writes
it to result, each item from the range with equal probabil-
ity, and repeats thisn times, thus writingn items toresult.
A single random number is needed fromrnd for each item.
Returns the value ofresultafter inserting then items.
Precondition: Randomis a random number generator type as
provided by the STL or byRandom.

See Also

CGAL::perturb points 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2744
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CGAL::Random

Definition

The classRandomis a random numbers generator. It generates uniformly distributed randombools, ints and
doubles. It can be used as the random number generating function object in the STL algorithmrandomshuffle.

Instances of can be seen as input streams. Different streams areindependentof each other, i.e. the sequence of
numbers from one stream doesnot depend upon how many numbers were extracted from the other streams.

It can be very useful, e.g. for debugging, to reproduce a sequence of random numbers. This can be done by
either initialising deterministically or using the state functions as described below.

#include<CGAL/Random.h>

Types

Random:: State State type.

Creation

Random random; introduces a variablerandomof typeRandom.

Random random( long seed); introduces a variablerandomof typeRandomand initializes
its internal state usingseed. Equal values forseedresult in
equal sequences of random numbers.

Random random( State state); introduces a variablerandomof typeRandomand initializes
its internal state withstate.

Operations

bool random.getbool() returns a randombool.

template<int b>
int random.getbits() returns a randomint value from the interval[0,2 ˆb). This is

supposed to be efficient.

int random.getint( int lower, int upper)

returns a randomint from the interval[lower,upper).

double random.getdouble( double lower = 0.0, double upper = 1.0)

returns a randomdoublefrom the interval[lower,upper).

int random( int upper) returnsrandom.getint( 0, upper).
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State Functions

void random.savestate( State& state)

saves the current internal state instate.

void random.restorestate( State state)

restores the internal state fromstate.

Equality Test

bool random== random2 returns true, iff random and random2have equal internal
states.

Implementation

We use the C library functionerand48to generate the random numbers,i.e., the sequence of numbers depends
on the implementation oferand48on your specific platform.

See Also

CGAL::default random. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2743
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RandomConvexSetTraits2

Definition

The concept RandomConvexSetTraits2describes the requirements of the traits class for the functionrandom
convexset 2.

Has Models

CGAL::Randomconvexset traits 2<Kernel> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2761

Types

RandomConvexSetTraits2:: Point 2 point class.

RandomConvexSetTraits2:: FT class used for doing computations on point and vector coor-
dinates (has to fulfill field type requirements).

RandomConvexSetTraits2:: Sum AdaptableBinaryFunction class:Point 2 × Point 2 →
Point 2. It returns the point that results from adding the vec-
tors corresponding to both arguments.

RandomConvexSetTraits2:: Scale AdaptableBinaryFunction class:Point 2 × FT → Point 2.
Scale(p,k)returns the point that results from scaling the vec-
tor corresponding top by a factor ofk.

RandomConvexSetTraits2:: Max coordinate AdaptableUnaryFunction class:Point 2 → FT. Max
coordinate(p)returns the coordinate ofp with largest abso-
lute value.

RandomConvexSetTraits2:: Angle less AdaptableBinaryFunction class:Point 2× Point 2→ bool.
It returnstrue, iff the angle of the direction corresponding to
the first argument with respect to the positivex-axis is less
than the angle of the direction corresponding to the second
argument.

Operations

Point 2 t.origin() const return origin (neutral element for theSumoperation).

advanced
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RandomPolygonTraits 2

Definition

The concept RandomPolygonTraits2 describes the requirements for the traits class used by the function
randompolygon2.

Has Models

The CGAL kernels.

Types

RandomPolygonTraits2:: FT The coordinate type of the points of the polygon (i.e., a field
type)

RandomPolygonTraits2:: Point 2 The point type of the polygon.

RandomPolygonTraits2:: Orientation 2 Predicate object type that determines the orientation of three
points. It must provideOrientation operator()(Point2 p,
Point 2 q, Point 2 r) that returnsLEFT TURN, if r lies to the
left of the oriented linel defined byp andq, returnsRIGHT
TURN if r lies to the right ofl , and returnsCOLLINEARif r
lies onl .

RandomPolygonTraits2:: Lessxy 2 Binary predicate object type comparingPoint 2s lexico-
graphically. It must providebool operator()(Point2 p,
Point 2 q) that returnstrue iff p <xy q. We havep <xy q,
iff px < qx or px = qx and py < qy, wherepx and py denote
thex andy coordinates of pointp, resp.

Operations

The following two member functions returning instances of the above predicate object types are required.

Lessxy 2 t.lessxy 2 object()

Orienation 2 t.orientation2 object()
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CGAL::Random convex set traits 2<Kernel>

Definition

The classRandomconvexset traits 2<Kernel>serves as a traits class for the functionrandomconvexset 2.

#include<CGAL/Randomconvexset traits 2.h>

Is Model for the Concepts

RandomConvexSetTraits2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2759

Types

typedef Kernel::Point2

Point 2;
typedef Kernel::FT FT;
Randomconvexset traits 2<Kernel>:: Sum function object class derived fromstd::binary function<

Point 2, Point 2, Point 2>

Randomconvexset traits 2<Kernel>:: Scale function object class derived fromstd::binary function<
Point 2, Point 2, Point 2>

Randomconvexset traits 2<Kernel>:: Max coordinate

function object class derived fromstd::unary function<
Point 2, FT>

Randomconvexset traits 2<Kernel>:: Angle less

function object class derived fromstd::binary function<
Point 2, Point 2, bool>

Creation

Randomconvexset traits 2<Kernel> t; default constructor

Operations

Point 2 t.origin() const returns CGAL::ORIGIN.

advanced
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CGAL::Random points in cube 3<Point 3, Creator>

Definition

The classRandompoints in cube3<Point 3, Creator> is an input iterator creating points uniformly distributed
in a half-open cube. The defaultCreator is Creator uniform 3<Kernel traits<P>::Kernel::RT,P>.

Is Model for the Concepts

InputIterator
PointGenerator . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2750

#include<CGAL/pointgenerators3.h>

Types

typedef std::inputiterator tag iterator category;
typedef Point3 value type;
typedef std::ptrdifft differencetype;
typedef const Point3* pointer;
typedef Point3 reference;

Operations

Randompoints in cube3<Point 3, Creator> g( double a, Random& rnd = default random);

g is an input iterator creating points of typePoint
3 uniformly distributed in the half-open cube with side
length 2a, centered at the origin, i.e.∀p = ∗g : −a ≤
p.x(), p.y(), p.z() < a . Three random numbers are needed
from rnd for each point.

See Also

CGAL::copyn . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2623
CGAL::Countingiterator. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page??
CGAL::Randompoints in square2<Point 2, Creator> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2765
CGAL::Randompoints in sphere3<Point 3, Creator> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2764
CGAL::Randompoints on sphere3<Point 3, Creator> . . . . . . . . . . . . . . . . . . . . . page2768std::randomshuffle
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CGAL::Random points in disc 2<Point 2, Creator>

Definition

The classRandompoints in disc 2<Point 2, Creator> is an input iterator creating points uniformly distributed
in an open disc. The defaultCreator is Creator uniform 2<Kernel traits<P>::Kernel::RT,P>.

Is Model for the Concepts

InputIterator
PointGenerator . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2750

#include<CGAL/pointgenerators2.h>

Types

typedef std::inputiterator tag iterator category;
typedef Point2 value type;
typedef std::ptrdifft differencetype;
typedef const Point2* pointer;
typedef Point2 reference;

Operations

Randompoints in disc 2<Point 2, Creator> g( double r, Random& rnd = default random);

g is an input iterator creating points of typePoint 2 uni-
formly distributed in the open disc with radiusr, i.e.|∗g|< r .
Two random numbers are needed fromrnd for each point.

See Also

CGAL::copyn . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2623
CGAL::Countingiterator. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page??
CGAL::Pointson segment2<Point 2> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2746
CGAL::Randompoints in square2<Point 2, Creator> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2765
CGAL::Randompoints on circle 2<Point 2, Creator> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page2766
CGAL::Randompoints on segment2<Point 2, Creator> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2767
CGAL::Randompoints on square2<Point 2, Creator> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page2769
CGAL::Randompoints in sphere3<Point 3, Creator> . . . . . . . . . . . . . . . . . . . . . page2764std::randomshuffle
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CGAL::Random points in sphere 3<Point 3, Creator>

Definition

The classRandompoints in sphere3<Point 3, Creator> is an input iterator creating points uniformly dis-
tributed in an open sphere. The defaultCreator is Creator uniform 3<Kernel traits<P>::Kernel::RT,P>.

Is Model for the Concepts

InputIterator
PointGenerator . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2750

#include<CGAL/pointgenerators3.h>

Types

typedef std::inputiterator tag iterator category;
typedef Point3 value type;
typedef std::ptrdifft differencetype;
typedef const Point3* pointer;
typedef Point3 reference;

Operations

Randompoints in sphere3<Point 3, Creator> g( double r, Random& rnd = default random);

g is an input iterator creating points of typePoint 3 uni-
formly distributed in the open sphere with radiusr, i.e.|∗g|<
r . Three random numbers are needed fromrnd for each
point.

See Also

CGAL::copyn . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2623
CGAL::Countingiterator. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page??
CGAL::Randompoints in disc 2<Point 2, Creator> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page2763
CGAL::Randompoints in cube3<Point 3, Creator> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2762
CGAL::Randompoints on sphere3<Point 3, Creator> . . . . . . . . . . . . . . . . . . . . . page2768std::randomshuffle
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CGAL::Random points in square 2<Point 2, Creator>

Definition

The classRandompoints in square2<Point 2, Creator> is an input iterator creating points uniformly dis-
tributed in a half-open square. The defaultCreator is Creator uniform 2<Kernel traits<P>::Kernel::RT,P>.

Is Model for the Concepts

InputIterator
PointGenerator . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2750

#include<CGAL/pointgenerators2.h>

Types

typedef std::inputiterator tag iterator category;
typedef Point2 value type;
typedef std::ptrdifft differencetype;
typedef const Point2* pointer;
typedef Point2 reference;

Operations

Randompoints in square2<Point 2, Creator> g( double a, Random& rnd = default random);

g is an input iterator creating points of typePoint 2 uni-
formly distributed in the half-open square with side length
2a, centered at the origin, i.e.∀p = ∗g :−a≤ p.x() < a and
−a≤ p.y() < a . Two random numbers are needed fromrnd
for each point.

See Also

CGAL::copyn . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2623
CGAL::Countingiterator. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page??
CGAL::Pointson segment2<Point 2> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2746
CGAL::Randompoints in disc 2<Point 2, Creator> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page2763
CGAL::Randompoints on segment2<Point 2, Creator> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2767
CGAL::Randompoints on square2<Point 2, Creator> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page2769
CGAL::Randompoints in cube3<Point 3, Creator> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2762
std::randomshuffle
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CGAL::Random points on circle 2<Point 2, Creator>

Definition

The classRandompoints on circle 2<Point 2, Creator> is an input iterator creating points uniformly dis-
tributed on a circle. The defaultCreator is Creator uniform 2<Kernel traits<P>::Kernel::RT,P>.

Is Model for the Concepts

InputIterator
PointGenerator . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2750

#include<CGAL/pointgenerators2.h>

Types

typedef std::inputiterator tag iterator category;
typedef Point2 value type;
typedef std::ptrdifft differencetype;
typedef const Point2* pointer;
typedef Point2 reference;

Operations

Randompoints on circle 2<Point 2, Creator> g( double r, Random& rnd = default random);

g is an input iterator creating points of typePoint 2 uni-
formly distributed on the circle with radiusr, i.e. |∗g|== r .
A single random number is needed fromrnd for each point.

See Also

See Also

CGAL::copyn . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2623
CGAL::Countingiterator. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page??
CGAL::Pointson segment2<Point 2> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2746
CGAL::Randompoints in disc 2<Point 2, Creator> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page2763
CGAL::Randompoints in square2<Point 2, Creator> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2765
CGAL::Randompoints on segment2<Point 2, Creator> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2767
CGAL::Randompoints on square2<Point 2, Creator> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page2769
CGAL::Randompoints on sphere3<Point 3, Creator> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2768
std::randomshuffle
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CGAL::Random points on segment2<Point 2, Creator>

Definition

The classRandompoints on segment2<Point 2, Creator> is an input iterator creating points uniformly dis-
tributed on a segment. The defaultCreator is Creator uniform 2<Kernel traits<P>::Kernel::RT,P>.

Is Model for the Concepts

InputIterator
PointGenerator . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2750

#include<CGAL/pointgenerators2.h>

Types

typedef std::inputiterator tag iterator category;
typedef Point2 value type;
typedef std::ptrdifft differencetype;
typedef const Point2* pointer;
typedef Point2 reference;

Operations

Randompoints on segment2<Point 2, Creator> g( Point 2 p, Point 2 q, Random& rnd = default random);

g is an input iterator creating points of typePoint 2 uni-
formly distributed on the segment fromp to q (excludingq),
i.e.∗g== (1−λ) p+λq where 0≤ λ < 1 . A single random
number is needed fromrnd for each point.
Requirement: The expressionsto double(p.x()) and to
double(p.y())must result in the respectivedoublerepresen-
tation of the coordinates ofp, and similarly forq.

See Also

CGAL::copyn . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2623
CGAL::Countingiterator. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page??
CGAL::Pointson segment2<Point 2> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2746
CGAL::Randompoints in disc 2<Point 2, Creator> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page2763
CGAL::Randompoints in square2<Point 2, Creator> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2765
CGAL::Randompoints on circle 2<Point 2, Creator> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page2766
CGAL::Randompoints on square2<Point 2, Creator> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page2769
std::randomshuffle
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CGAL::Random points on sphere 3<Point 3, Creator>

Definition

The classRandompoints on sphere3<Point 3, Creator> is an input iterator creating points uniformly dis-
tributed on a sphere. The defaultCreator is Creator uniform 3<Kernel traits<P>::Kernel::RT,P>.

Is Model for the Concepts

InputIterator
PointGenerator . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2750

#include<CGAL/pointgenerators3.h>

Types

typedef std::inputiterator tag iterator category;
typedef Point3 value type;
typedef std::ptrdifft differencetype;
typedef const Point3* pointer;
typedef Point3 reference;

Operations

Randompoints on sphere3<Point 3, Creator> g( double r, Random& rnd = default random);

g is an input iterator creating points of typePoint 3 uni-
formly distributed on the boundary of a sphere with radius
r, i.e. |∗g|== r . Two random numbers are needed fromrnd
for each point.

See Also

CGAL::copyn . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2623
CGAL::Countingiterator. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page??
CGAL::Randompoints on circle 2<Point 2, Creator> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page2766
CGAL::Randompoints in cube3<Point 3, Creator> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2762
CGAL::Randompoints in sphere3<Point 3, Creator> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2764
std::randomshuffle
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CGAL::Random points on square 2<Point 2, Creator>

Definition

The classRandompoints on square2<Point 2, Creator> is an input iterator creating points uniformly
distributed in the boundary of a square. The defaultCreator is Creator uniform 2<Kernel traits<P>
::Kernel::RT,P>.

Is Model for the Concepts

InputIterator
PointGenerator . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2750

#include<CGAL/pointgenerators2.h>

Types

typedef std::inputiterator tag iterator category;
typedef Point2 value type;
typedef std::ptrdifft differencetype;
typedef const Point2* pointer;
typedef Point2 reference;

Operations

Randompoints on square2<Point 2, Creator> g( double a, Random& rnd = default random);

g is an input iterator creating points of typePoint 2 uni-
formly distributed on the boundary of the square with side
length 2a, centered at the origin, i.e.∀p = ∗g : one coordi-
nate is eithera or −a and for the other coordinatec holds
−a≤ c < a . A single random number is needed fromrnd
for each point.

See Also

CGAL::copyn . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2623
CGAL::Countingiterator. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page??
CGAL::Pointson segment2<Point 2> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2746
CGAL::Randompoints in disc 2<Point 2, Creator> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page2763
CGAL::Randompoints in square2<Point 2, Creator> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2765
CGAL::Randompoints on circle 2<Point 2, Creator> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page2766
CGAL::Randompoints on segment2<Point 2, Creator> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2767
std::randomshuffle
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CGAL::Random points in iso box d<Point d>

Definition

The classRandompoints in iso box d<Point d> is an input iterator creating points uniformly distributed
in a half-open d-dimensional iso box. The defaultCreator is Creator uniform d<Kernel traits<Point d>
::Kernel::RT, Point d>.

Is Model for the Concepts

InputIterator
PointGenerator . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2750

#include<CGAL/pointgeneratorsd.h>

Types

typedef std::inputiterator tag iterator category;
typedef Pointd value type;
typedef std::ptrdifft differencetype;
typedef const Pointd* pointer;
typedef Pointd reference;

Operations

Randompoints in iso box d<Point d> g( int dim, double a, Random& rnd = default random);

g is an input iterator creating points of typePoint d uni-
formly distributed in the half-open d-dimensional iso box
with side length 2a, centered at the origin, i.e.∀p= ∗g :−a≤
p.x(), p.y(), p.z() < a . d random numbers are needed from
rnd for each point.
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Chapter 48

Timers, Hash Map, Union-find, Modifiers
Lutz Kettner, Sylvain Pion, and Michael Seel

48.1 Timers

CGAL provides classes for measuring the user process time and the real time. The classCGAL::Timer is the
version for the user process time and the classCGAL::Real timer is the version for the real time.

Instantiations of both classes are objects with a state. The state is eitherrunningor it is stopped. The state of
an objectt is controlled witht.start() andt.stop(). The timer counts the time elapsed since its creation or last
reset. It counts only the time where it is in the running state. The time information is given in seconds. The
timer counts also the number of intervals it was running, i.e. it counts the number of calls of thestart()member
function since the last reset. If the reset occurs while the timer is running it counts as the first interval.

48.2 Memory Size

CGAL provides access to the memory size used by the program with theCGAL::Memorysizer class. Both
the virtual memory size and the resident size are available (the resident size does not account for swapped out
memory nor for the memory which is not yet paged-in).

48.3 Unique Hash Map

The classUnique hashmap implements an injective mapping between a set of unique keys and a set of data
values. This is implemented using a chained hashing scheme and access operations takeO(1) expected time.
Such a mapping is useful, for example, when keys are pointers, handles, iterators or circulators that refer to
unique memory locations. In this case, the default hash function isHandle hash function.

48.4 Union-find

CGAL also provides a classUnion find that implements a partition of values into disjoint sets. This is imple-
mented with union by rank and path compression. The running time form set operations onn elements is
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Rep

High_level_interface

delegate( Modifier_base<Rep>& modifier);

Rep  representation;

Modifier_base<Rep>

operator()( Rep&);

operator()( Rep&);

delegate( Modifier_base<Rep>& modifier) {
      modifier( representation);
      // validity check
}

Modifier<Rep>

Figure 48.1: Class diagram for the modifier. It illustrates the safe access to an internal representation through
an high-level interface.

O(nα(m,n)) whereα(m,n) is the extremely slowly growing inverse of Ackermann’s function.

48.5 Protected Access to Internal Representations

High level data structures typically maintain integrity of an internal data representation, which they protect
from the user. A minimal while complete interface of the data structure allows manipulations in the domain
of valid representations. Additional operations might benefit from being allowed to access the internal data
representation directly. An example are intermediate steps within an algorithm where the internal representation
would be invalid. We present a general method to accomplish access in a safe manner, such that the high level
data structures can guarantee validity after the possibly compromising algorithm has finished its work. An
example are polyhedral surfaces in the Basic Library, where a construction process like for a file scanner could
be performed more efficiently on the internal halfedge data structure than by using the high-level Euler operators
of the polyhedron.

The solution provided here is inspired by the strategy pattern [GHJV95], though it serves a different intent, see
Figure48.1. The abstract base classModifier base<R> declares a pure virtual member functionoperator()that
accepts a single reference parameter of the internal representation type. The member functiondelegate()of the
high-level interface calls thisoperator()with its internal representation. An actual modifier implements this
virtual function, thus gaining access to the internal representation. Once, the modifier has finished its work,
the member functiondelegate()is back in control and can check the validity of the internal representation.
Summarizing, a user can implement and apply arbitrary functions based on the internal representation and keeps
the benefit if a protected high-level interface. User provided modifiers must in any case return a valid internal
representation or the checker in the high-level interface is allowed (and supposed) to abort the program. The
indirection via the virtual function invocation is negligible for operations that consists of more than a pointer
update or integer addition.
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Timers, Hash Map, Union-find, Modifiers
Reference Manual
Lutz Kettner, Sylvain Pion, and Michael Seel

This chapter decribes classes for measuring user process time and real time as well as the memory size.

A hash mapCGAL::Uniquehashmap is offered that is specialized on unique hash values of typestd::sizet,
i.e., it is particularly useful for pointers, handles, iterators, and circulators as key values.

Furthermore, a union-find data structure and the modifier base class is documented.

48.6 Classified Reference Pages

Concepts

UniqueHashFunction. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page2784

Classes

CGAL::Timer. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2779
CGAL::Real timer. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2778
CGAL::Memorysizer. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2776

CGAL::Uniquehashmap<Key,Data,UniqueHashFunction> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2782
CGAL::Handlehash function. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2775

CGAL::Union find<T,A> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2780

CGAL::Modifier base<R> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2777

48.7 Alphabetical List of Reference Pages

Handle hash function. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2775
Memorysizer. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2776
Modifier base<R> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2777
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CGAL::Handle hash function

Definition

The classHandle hash function is a model for theUniqueHasFunctionconcept. It is applicable for all key
types with pointer-like functionality, such as handles, iterators, and circulators. Specificaly, for akeyvalue the
expression&*keymust return a unique address.

#include<CGAL/Handlehash function.h>

Is Model for the Concepts

UniqueHashFunction. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page2784

Creation

Handle hash function hash; default constructor.

Operations

template<class Handle>
std::sizet hash( Handle key) returns unique hash value for anyHandle type for which

&*keygives a unique address.
Requirement: The typestd::iterator traits<Handle>::value
typehas to be defined (which it is already for pointers, han-
dles, iterators, and circulators).

See Also

CGAL::Uniquehashmap<Key,Data,UniqueHashFunction> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2782

Implementation

Plain type cast of&*key to std::sizet and devided by the size of thestd::iterator traits<Handle>::value typeto
avoid correlations with the internal table size, which is a power of two.
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CGAL::Memory sizer

Definition

The classMemorysizer allows to measure the memory size used by the process. Both the virtual memory
size and the resident size are available (the resident size does not account for swapped out memory nor for the
memory which is not yet paged-in).

#include<CGAL/Memorysizer.h>

Types

The memory sizes are given in bytes.

typedef std::sizet size type;

Creation

Memorysizer m; Default constructor.

Operations

size type

m.virtual size()

Returns the virtual memory size.

size type

m.residentsize()

Returns the resident memory size.

Implementation

Accessing this information requires the use of non-portable code. Currently, there is support for Linux platforms
and the Microsoft and Intel compiler on Windows. If a platform is not supported, then the macroCGAL DONT
HAVE MEMORYSIZERis defined by this file.
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CGAL::Modifier base<R>

Definition

Modifier base<R> is an abstract base class providing the interface for any modifier. A modifier is a function
object derived fromModifier base<R> that implements the pure virtual member functionoperator(), which
accepts a single reference parameterR& on which the modifier is allowed to work.R is the type of the internal
representation that is to be modified.

#include<CGAL/Modifier base.h>

Types

typedef R Representation; the internal representation type.

Operations

virtual void modifier.operator()( R& rep) Postcondition: rep is a valid representation.

Example

The following fragment defines a classA with an internal representationi of typeint. It provides a member
functiondelegate(), which gives a modifier access to the internal variable and checks validity thereafter. The
example modifier sets the internal variable to 42. The example function applies the modifier to an instance of
classA.

class A {
int i; // protected internal representation

public:
void delegate( CGAL::Modifier_base<int>& modifier) {

modifier(i);
CGAL_postcondition( i > 0); // check validity

}
};

struct Modifier : public CGAL::Modifier_base<int> {
void operator()( int& rep) { rep = 42;}

};

void use_it() {
A a;
Modifier m;
a.delegate(m); // a.i == 42 and A has checked that A::i > 0.

}
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CGAL::Real timer

Definition

#include<CGAL/Realtimer.h>

The classReal timer is a timer class for measuring real time. A timert of typeReal timer is an object with a
state. It is eitherrunningor it is stopped. The state is controlled witht.start()andt.stop(). The timer counts the
time elapsed since its creation or last reset. It counts only the time where it is in the running state. The time
information is given in seconds. The timer counts also the number of intervals it was running, i.e. it counts the
number of calls of thestart()member function since the last reset. If the reset occures while the timer is running
it counts as the first interval.

Creation

Real timer t; state isstopped.

Operations

void t.start() Precondition: state isstopped.
void t.stop() Precondition: state isrunning.
void t.reset() reset timer to zero. The state is unaffected.
bool t.is running() trueif the current state is running.

double t.time() real time in seconds, or 0 if the underlying system call failed.
int t.intervals() number of start/stop-intervals since the last reset.
double t.precision() smallest possible time step in seconds, or -1 if the system call failed.
double t.max() maximal representable time in seconds.

Implementation

The timer class is based in the C functiongettimeofday()on POSIX systems, the C functionftime() on MS
Visual C++, the C functionftime()on Borland C++, andtime()on Metrowerks Codewarrior. The system calls
to these timers might fail, in which case a warning message will be issued through the CGAL error handler
and the functions return with the error codes indicated above. Theprecisionmethod computes the precision
dynamically at runtime at its first invocation.
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CGAL::Timer

Definition

#include<CGAL/Timer.h>

The classTimer is a timer class for measuring user process time. A timert of typeTimer is an object with a
state. It is eitherrunningor it is stopped. The state is controlled witht.start()andt.stop(). The timer counts the
time elapsed since its creation or last reset. It counts only the time where it is in the running state. The time
information is given in seconds. The timer counts also the number of intervals it was running, i.e. it counts the
number of calls of thestart()member function since the last reset. If the reset occures while the timer is running
it counts as the first interval.

Creation

Timer t; state isstopped.

Operations

void t.start() Precondition: state isstopped.
void t.stop() Precondition: state isrunning.
void t.reset() reset timer to zero. The state is unaffected.
bool t.is running() trueif the current state is running.

double t.time() user process time in seconds, or 0 if the underlying system call failed.
int t.intervals() number of start/stop-intervals since the last reset.
double t.precision() smallest possible time step in seconds, or -1 if the system call failed.
double t.max() maximal representable time in seconds.

Implementation

The timer class is based in the C functionstd::clock()on PC systems and the C functiongetrusage()on standard
POSIX systems. The counter for thestd::clock()based solution might wrap around (overflow) after only about
36 minutes. This won’t happen on POSIX systems. The system calls to these timers might fail, in which case
a warning message will be issued through the CGAL error handler and the functions return with the error codes
indicated above. Theprecisionmethod computes the precision dynamically at runtime at its first invocation.
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CGAL::Union find<T,A>

Definition

An instanceP of the data typeUnion find<T,A> is a partition of values of typeT into disjoint sets. The template
parameterA has to be a model of the allocator concept as defined in the C++ standard. It has a default argument
CGAL ALLOCATOR(T).

Types

Union find<T,A>:: value type values stored in items (equal toT).

Union find<T,A>:: handle handle to values.

Union find<T,A>:: iterator iterator over values.

There are also constant versionsconsthandleandconst iterator.

Union find<T,A>:: allocator allocator.

Creation

Union find<T,A> P; creates an instanceP of typeUnion find<T,A> and initializes
it to the empty partition.

Operations

allocator P.getallocator() the allocator ofP.

std::sizet P.numberof sets() returns the number of disjoint sets ofP.

std::sizet P.size() returns the number of values ofP.

std::sizet P.bytes() returns the memory consumed byP.

std::sizet P.size( consthandle p) returns the size of the set containingp.

void P.clear() reinitializesP to an empty partition.

handle P.makeset( T x) creates a new singleton set containingx and returns a handle
to it.

handle P.pushback( T x) same asmakeset(x).
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template<class Forwarditerator>
void P.insert( Forwarditerator first, Forward iterator beyond)

insert the range of values referenced by[first,beyond).
Requirement: value type ofForward iterator is T.

handle P.find( handle p)
consthandle P.find( consthandle p) returns a canonical handle of the set that containsp, i.e.,

P.sameset(p,q)iff P.find(p) and P.find(q) return the same
handle.
Precondition: p is a handle inP.

void P.unifysets( handle p, handle q)

unites the sets of partitionP containingp andq.
Precondition: p andq are inP.

bool P.sameset( consthandle p, consthandle q)

returns true iffp andq belong to the same set ofP.
Precondition: p andq are inP.

iterator P.begin() returns an iterator pointing to the first value ofP.

iterator P.end() returns an iterator pointing beyond the last value ofP.

Implementation

Union find<T,A> is implemented with union by rank and path compression. The running time form set op-
erations onn elements isO(nα(m,n)) whereα(m,n) is the extremely slow growing inverse of Ackermann’s
function.
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CGAL::Unique hash map<Key,Data,UniqueHashFunction>

Definition

An instancemapof the parameterized data typeUnique hashmap<Key,Data,UniqueHashFunction> is an in-
jective mapping from the set of keys of typeKey to the set of variables of typeData. New keys can be inserted
at any time, however keys cannot be individually deleted.

An objecthashof the typeUniqueHashFunctionreturns a unique integer indexhash(key)of typestd::sizet for
all objectskeystored inmap. The template parameter has as default theHandle hash functionthat hashes all
types of pointers, handles, iterators, and circulators.

All variables are initialized todefault data, a value of typeDataspecified in the definition ofmap.

#include<CGAL/Uniquehashmap.h>

Types

Unique hashmap<Key,Data,UniqueHashFunction>:: Key theKeytype.
Unique hashmap<Key,Data,UniqueHashFunction>:: Data theData type.
Unique hashmap<Key,Data,UniqueHashFunction>:: Hash function the unique hash function type.

In compliance with STL, the typeskey type, data type, andhasherare defined as well.

Creation

Unique hashmap<Key,Data,UniqueHashFunction> map( Data default = Data(),
std::sizet table size = 1,
Hash function fct = Hashfunction())

creates an injective functionmap from Key to the set of unused variables of type
Data, setsdefault data to default, passes thetable sizeas argument to the internal
implementation, and initializes the hash function withfct.

Unique hashmap<Key,Data,UniqueHashFunction> map( Key first1,
Key beyond1,
Data first2,
Data default = Data(),
std::sizet table size = 1,
Hash function fct = Hashfunction())

creates an injective functionmap from Key to the set of unused variables of type
Data, setsdefault data to default, passes thetable sizeas argument to the internal
implementation, initializes the hash function withfct, and inserts all keys from the
range[first1,beyond1). The data variable for each insertedkeyis initialized with the
corresponding value from the range[first2, first2 + (beyond1-first1)).
Precondition: The increment operator must be defined for values of typeKeyand
for values of typeData. beyond1must be reachable fromfirst1 using increments.

2782



Operations

Data map.defaultvalue() the currentdefault value.
Hash function map.hashfunction() the current hash function.

bool map.isdefined( Key key) returns true ifkeyis defined inmap. Note that there can be keys
defined that have not been inserted explicitly. Their variables
are initialized todefault value.

void map.clear() resetsmapto the injective functionmapfrom Key to the set of
unused variables of typeData. The default data remains un-
changed.

void map.clear( Data default) resetsmapto the injective functionmapfrom Key to the set of
unused variables of typeDataand setsdefault datato default.

Data& map.operator[]( const Key& key)

returns a reference to the variablemap(key). If keyhas not been
inserted intomap before, key is inserted and initialized with
default value.

const Data& map.operator[]( const Key& key) const

returns a const reference to the variablemap(key). If keyhas not
been inserted intomapbefore, a const reference to thedefault
valueis returned. However,keyis not inserted intomap.

Data map.insert( Key first1, Key beyond1, Data first2)

inserts all keys from the range[first1,beyond1). The data vari-
able for each insertedkey is initilized with the corresponding
value from the range[first2, first2 + (beyond1-first1)). Returns
first2 + (beyond1-first1).
Precondition: The increment operator must be defined for val-
ues of typeKeyand for values of typeData. beyond1must be
reachable fromfirst1 using increments.

See Also

UniqueHashFunction. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page2784
CGAL::Handlehash function. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2775

Implementation

Unique hashmapis implemented via a chained hashing scheme. Access operationsmap[i] take expected time
O(1). Thetable sizeparameter passed to chained hashing can be used to avoid unnecessary rehashing when set
to the number of expected elements in the map. The design is derived from the STLhashmapand the LEDA

typemap. Its specialization on insertion only and unique hash values allow for a more time- and space-efficient
implementation, see also [MN00, Chapter 5]. This implementation makes also use of sentinels that lead to
defined keys that have not been inserted.
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UniqueHashFunction

Definition

UniqueHashFunction is a concept for a hash function with unique hash values. An instancehashfor a model
of the UniqueHashFunction concept is a function object. It maps objects of its domain typeKey to the integral
image typestd::sizet. The image values have to be unique for all keys in the domain typeKey.

Refines

STL concept HashFunction.

Types

typedef std::sizet result type; type of the hash value.

Creation

UniqueHashFunction hash( hash2); copy constructor.

UniqueHashFunction& hash= hash2 assignment.

Operations

std::sizet hash( Key key) returns unique hash value for thekeyvalue.

Has Models

CGAL::Handlehash function. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2775

See Also

CGAL::Uniquehashmap<Key,Data,UniqueHashFunction> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2782
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Chapter 49

IO Streams
Andreas Fabri, Geert-Jan Giezeman, and Lutz Kettner

All classes in the CGAL kernel provide input and output operators for IO streams. The basic task of such an
operator is to produce a representation of an object that can be written as a sequence of characters on devices
as a console, a file, or a pipe. In CGAL we distinguish between a raw ascii, a raw binary and a pretty printing
format.

enum Mode{ ASCII = 0, BINARY, PRETTY};

In ASCII mode, objects are written as a set of numbers, e.g. the coordinates of a point or the coefficients of
a line, in a machine independent format. InBINARYmode, data are written in a binary format, e.g. a double
is represented as a sequence of four byte. The format depends on the machine. The modePRETTYserves
mainly for debugging as the type of the geometric object is written, as well as the data defining the object. For
example for a point at the origin with Cartesian double coordinates, the output would bePointC2(0.0, 0.0). At
the moment CGAL does not provide input operations for pretty printed data. By default a stream is inASCII

mode.

CGAL provides the following functions to modify the mode of an IO stream.

IO::Mode setmode( std::ios& s, IO::Mode m)

IO::Mode setascii mode( std::ios& s)
IO::Mode setbinary mode( std::ios& s)
IO::Mode setpretty mode( std::ios& s)

The following functions allow to test whether a stream is in a certain mode.

IO::Mode getmode( std::ios& s)

bool is ascii( std::ios& s)
bool is binary( std::ios& s)
bool is pretty( std::ios& s)
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49.1 Output Operator

CGAL defines output operators for classes that are derived from the classostream. This allows to write to
ostreams ascoutor cerr, as well as to strstreams and fstreams. The output operator is defined for all classes in
the CGAL kernel and for the classColor as well. Letosbe an output stream.

ostream& ostream& os<< Class c Inserts objectc in the streamos. Returnsos.

Example

#include <CGAL/basic.h>

#include <iostream>

#include <fstream>

#include <CGAL/Cartesian.h>

#include <CGAL/Segment 2.h>

typedef CGAL::Point 2< CGAL::Cartesian<double> > Point;

typedef CGAL::Segment 2< CGAL::Cartesian<double> > Segment;

int main()

{

Point p(0,1), q(2,2);

Segment s(p,q);

CGAL::set pretty mode(std::cout);

std::cout � p � std::endl � q � std::endl;

std::ofstream f("data.txt");

CGAL::set binary mode(f);

f � s � p ;

return 1;

}

49.2 Input Operator

CGAL defines input operators for classes that are derived from the classistream. This allows to read from
istreams ascin, as well as from strstreams and fstreams. The input operator is defined for all classes in the
CGAL kernel. Letis be an input stream.

istream& istream& is >> Class c Extracts objectc from the streamis. Returnsis.

Example

#include <CGAL/basic.h>

#include <iostream>
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#include <fstream>

#include <CGAL/Cartesian.h>

#include <CGAL/Segment 2.h>

typedef CGAL::Point 2< CGAL::Cartesian<double> > Point;

typedef CGAL::Segment 2< CGAL::Cartesian<double> > Segment;

int

main()

{

Point p, q;

Segment s;

CGAL::set ascii mode(std::cin);

std::cin � p � q;

std::ifstream f("data.txt");

CGAL::set binary mode(f);

f � s � p;

return 1;

}

49.3 Stream Support

Three classes are provided by CGAL as adaptors to input and output stream iterators. The classIstream
iterator is an input iterator adaptor and is particularly useful for classes that are similar but not compatible
to std::istream. Similarly, the classOstreamiterator is an output iterator adaptor. The classVerboseostream
can be used as an output stream. The stream output operator<< is defined for any type. The class stores in an
internal state a stream and whether the output is active or not. If the state is active, the stream output operator
<< uses the internal stream to output its argument. If the state is inactive, nothing happens.
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All classes in the CGAL kernel provide input and output operators for IO streams. CGAL provides three different
printing mode, defined in the enumMode, as well as different functions to set and get the printing mode.
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CGAL::get mode

Mode getmode( std::ios& s)

returns the printing mode of the IO streams.
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CGAL::operator >>

Definition

CGAL defines input operators for classes that are derived from the classistream. This allows to read from
istreams ascin, as well as from strstreams and fstreams. The input operator is defined for all classes in the
CGAL kernel.

istream& istream& is >> Class c

Extracts objectc from the streamis. Returnsis.

See Also
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Example

#include <CGAL/basic.h>
#include <iostream>
#include <fstream>

#include <CGAL/Cartesian.h>
#include <CGAL/Segment 2.h>

typedef CGAL::Point 2< CGAL::Cartesian<double> > Point;
typedef CGAL::Segment 2< CGAL::Cartesian<double> > Segment;

int
main()
{

Point p, q;
Segment s;

CGAL::set ascii mode(std::cin);
std::cin � p � q;

std::ifstream f("data.txt");
CGAL::set binary mode(f);
f � s � p;

return 1;
}
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CGAL::is ascii

bool is ascii( std::ios& s) checks if the IO streams is in ASCIImode.
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CGAL::is binary

bool is binary( std::ios& s) checks if the IO streams is in BINARYmode.

See Also
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CGAL::is pretty

bool is pretty( std::ios& s) checks if the IO streams is in PRETTYmode.

See Also
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CGAL::Istream iterator <T,Stream>

Definition

The classIstreamiterator<T,Stream> is an input iterator adaptor for the input stream classStreamand value
typeT. It is particularly useful for classes that are similar but not compatible tostd::istream.

#include<CGAL/IO/Istreamiterator.h>

Creation

Istreamiterator<T,Stream> i; creates an end-of-stream iteratori. This is a past-the-end it-
erator, and it is useful when constructing a range.

Istreamiterator<T,Stream> i( Stream& s); creates an input iteratori reading froms. Whens reaches
end of stream, this iterator will compare equal to an end-of-
stream iterator created using the default constructor.

Operations

i fulfills the requirements for an input iterator.

Example

The following program reads points from aWindowstreamuntil the right mouse button gets clicked.

// Copyright (c) 2001, 2003 Utrecht University (The Netherlands),
// ETH Zurich (Switzerland), Freie Universitaet Berlin (Germany),
// INRIA Sophia-Antipolis (France), Martin-Luther-University Halle-Wittenberg
// (Germany), Max-Planck-Institute Saarbruecken (Germany), RISC Linz (Austria),
// and Tel-Aviv University (Israel). All rights reserved.
//
// This file is part of CGAL (www.cgal.org); you can redistribute it and/or
// modify it under the terms of the GNU Lesser General Public License as
// published by the Free Software Foundation; version 2.1 of the License.
// See the file LICENSE.LGPL distributed with CGAL.
//
// Licensees holding a valid commercial license may use this file in
// accordance with the commercial license agreement provided with the software.
//
// This file is provided AS IS with NO WARRANTY OF ANY KIND, INCLUDING THE
// WARRANTY OF DESIGN, MERCHANTABILITY AND FITNESS FOR A PARTICULAR PURPOSE.
//
// $URL: svn+ssh://scm.gforge.inria.fr/svn/cgal/branches/CGAL-3.2-branch/Stream_support/demo/Stream_support_LEDA/Istream_iterator.C $
// $Id: Istream_iterator.C 29807 2006-03-29 14:31:13Z fcacciola $
//
//
// Author(s) : Sylvain Pion <Sylvain.Pion@sophia.inria.fr>
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#include <CGAL/basic.h>

#ifndef CGAL_USE_LEDA
#include <iostream>
int main(){ std::cout << "This demo needs LEDA" << std::endl; return 0;}
#else

#include <CGAL/Cartesian.h>
#include <CGAL/IO/Istream_iterator.h>
#include <CGAL/IO/Window_stream.h>
#include <iostream>
#include <algorithm>

typedef CGAL::Cartesian<double>::Point_2 Point;
typedef CGAL::Istream_iterator<Point, CGAL::Window_stream> Iterator;

#ifdef CGAL_USE_CGAL_WINDOW
#define leda_window CGAL::window
#define leda_green CGAL::green
#endif

void init_window( leda_window& W) {
CGAL::cgalize( W);
W.set_fg_color( leda_green);
W.display();
W.init(-1.0, 1.0, -1.0);

}

int main () {
CGAL::Window_stream window( 512, 512);
init_window(window);
std::copy( Iterator(window), Iterator(),

std::ostream_iterator<Point>(std::cout,"\n"));
return 0;

}

#endif
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CGAL::Mode

Definition

All classes in the CGAL kernel provide input and output operators for IOStreams. The basic task of such an
operator is to produce a representation of an object that can be written as a sequence of characters on devices as
a console, a file, or a pipe. The enumModedistinguish between three different printing formats.

In ASCII mode, numbers e.g. the coordinates of a point or the coefficients of a line, are written in a machine
independent format. In BINARY mode, data are written in a binary format, e.g. a double is represented as a
sequence of four byte. The format depends on the machine. The mode PRETTY serves mainly for debugging
as the type of the geometric object is written, as well as the data defining the object. For example for a point
at the origin with Cartesian double coordinates, the output would bePointC2(0.0, 0.0). At the moment CGAL

does not provide input operations for pretty printed data. By default a stream is in ASCII mode.

enum Mode{ ASCII = 0, BINARY, PRETTY};

See Also
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CGAL::Ostream iterator <T,Stream>

Definition

The classOstreamiterator<T,Stream> is an output iterator adaptor for the output stream classStreamand value
typeT.

#include<CGAL/IO/Ostreamiterator.h>

Creation

Ostreamiterator<T,Stream> o( Stream& s); creates an output iteratoro writing to s.

Operations

o fulfills the requirements for an output iterator.

Implementation

Theoperator*() in classOstreamiterator<T,Stream> uses a proxy class.
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CGAL::operator <<

Definition

CGAL defines output operators for classes that are derived from the classostream. This allows to write to
ostreams ascoutor cerr, as well as to strstreams and fstreams. The output operator is defined for all classes in
the CGAL kernel and for the classColor as well. Letosbe an output stream.

ostream& ostream& os>> Class c

Inserts objectc in the streamos. Returnsos.

See Also

CGAL::setmode. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2803
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Example

#include <CGAL/basic.h>
#include <iostream>
#include <fstream>

#include <CGAL/Cartesian.h>
#include <CGAL/Segment 2.h>

typedef CGAL::Point 2< CGAL::Cartesian<double> > Point;
typedef CGAL::Segment 2< CGAL::Cartesian<double> > Segment;

int main()
{

Point p(0,1), q(2,2);
Segment s(p,q);

CGAL::set pretty mode(std::cout);
std::cout � p � std::endl � q � std::endl;

std::ofstream f("data.txt");
CGAL::set binary mode(f);
f � s � p ;

return 1;
}
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CGAL::set ascii mode

Mode setascii mode( std::ios& s)

sets the mode of the IO streams to be theASCII mode. Returns the previous mode
of s.

See Also

CGAL::Mode. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2798
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CGAL::set binary mode

Mode setbinary mode( std::ios& s)

sets the mode of the IO streams to be theBINARYmode. Returns the previous mode
of s.

See Also
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CGAL::set mode

Mode setmode( std::ios& s, IO::Mode m)

sets the printing mode of the IO streams.

See Also
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CGAL::set pretty mode

Mode setpretty mode( std::ios& s)

sets the mode of the IO streams to be thePRETTYmode. Returns the previous mode
of s.

See Also
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CGAL::Verbose ostream

Definition

The classVerboseostreamcan be used as an output stream. The stream output operator<< is defined for any
type. The classVerboseostreamstores in an internal state a stream and whether the output is active or not. If
the state is active, the stream output operator<< uses the internal stream to output its argument. If the state is
inactive, nothing happens.

#include<CGAL/IO/Verboseostream.h>

Creation

Verboseostream verr( bool active = false, std::ostream& out = std::cerr);

creates an output stream with state set toactivethat writes to
the streamout.

Operations

template< class T>
Verboseostream& verr << T t

Example

The classVerboseostreamcan be conveniently used to implement for example theis valid() member function
for triangulations or other complex data structures.

bool is_valid( bool verbose = false, int level = 0) {
Verbose_ostream verr( verbose);
verr << "Triangulation::is_valid( level = " << level << ’)’ << endl;
verr << " Number of vertices = " << size_of_vertices() << endl;
// ...

}
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Chapter 50

IO Streams Colors

50.1 Colors

An object of the classCGAL::Color is a color available for drawing operations in CGAL output streams. Each
color is defined by a triple of integers(r,g,b) with 0≤ r,g,b≤ 255, the so-calledrgb-valueof the color. There
are a 11 predefinedColor constants available:BLACK, WHITE, GRAY, RED, GREEN, DEEPBLUE, BLUE,
PURPLE, VIOLET, ORANGE, andYELLOW.
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50.2 Colors

An object of the classCGAL::Color is a color available for drawing operations in CGAL output streams. Each
color is defined by a triple of integers(r,g,b) with 0≤ r,g,b≤ 255, the so-calledrgb-valueof the color. There
are a 11 predefinedColor constants available:BLACK, WHITE, GRAY, RED, GREEN, DEEPBLUE, BLUE,
PURPLE, VIOLET, ORANGE, andYELLOW.
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Chapter 51

Geomview
Andreas Fabri and Sylvain Pion

51.1 Definition

This chapter presents the CGAL interface to Geomview1, which is a viewer for three-dimensional objects,
originally developed at the Geometry Center in Minneapolis2.

Geomview 1.8.1 is required.

Note: In releases up to and including 2.2, CGAL used to have the following requirement : the last line in the
startup file.geomviewmust be(echo ”started”). This is no longer necessary.

An object of the classGeomviewstreamis a stream in which geometric objects can be inserted and where
geometric objects can be extracted from. The constructor starts Geomview either on the local either on a remote
machine.

Not all but most classes of the CGAL kernel have output operators for theGeomviewstream. 2D objects are
embedded in thexy-plane. Input is only provided for points. Polyhedron and 2D and 3D triangulations have
output operators for theGeomviewstream.

51.2 Implementation

The constructor forks a process and establishes two pipes between the processes. The forked process is then
overlaid with Geomview. The file descriptorsstdinandstdoutof Geomview are hooked on the two pipes.

All insert operators construct expressions ingcl, the Geomview command language, which is a subset of LISP.
These expressions are sent to Geomview via the pipe. The extract operators notifyinterestfor a certain kind of
events. When such an event happens Geomview sends a description of the event ingcl and the extract operator
has to parse this expression.

In order to implement further insert and extract operators you should take a look at the implementation and at
the Geomview manual.

1http://www.geomview.org/
2http://www.geom.umn.edu/
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51.3 Example

The following program ouputs successively a 2D Delaunay triangulation (projected), a 3D Delaunay, and a
terrain from the set of points.

// Copyright (c) 2000, 2001, 2004 Utrecht University (The Netherlands),
// ETH Zurich (Switzerland), Freie Universitaet Berlin (Germany),
// INRIA Sophia-Antipolis (France), Martin-Luther-University Halle-Wittenberg
// (Germany), Max-Planck-Institute Saarbruecken (Germany), RISC Linz (Austria),
// and Tel-Aviv University (Israel). All rights reserved.
//
// This file is part of CGAL (www.cgal.org); you can redistribute it and/or
// modify it under the terms of the GNU Lesser General Public License as
// published by the Free Software Foundation; version 2.1 of the License.
// See the file LICENSE.LGPL distributed with CGAL.
//
// Licensees holding a valid commercial license may use this file in
// accordance with the commercial license agreement provided with the software.
//
// This file is provided AS IS with NO WARRANTY OF ANY KIND, INCLUDING THE
// WARRANTY OF DESIGN, MERCHANTABILITY AND FITNESS FOR A PARTICULAR PURPOSE.
//
// $URL: svn+ssh://scm.gforge.inria.fr/svn/cgal/branches/CGAL-3.2-branch/Geomview/demo/Geomview/terrain.C $
// $Id: terrain.C 28567 2006-02-16 14:30:13Z lsaboret $
//
//
// Author(s) : Sylvain Pion

#include <CGAL/Cartesian.h>
#include <iostream>

#ifndef CGAL_USE_GEOMVIEW
int main()
{

std::cout << "Geomview doesn’t work on Windows, so..." << std::endl;
return 0;

}
#else

#include <fstream>
#include <unistd.h> // for sleep()

#include <CGAL/Triangulation_euclidean_traits_xy_3.h>

#include <CGAL/Delaunay_triangulation_2.h>
#include <CGAL/Delaunay_triangulation_3.h>

#include <CGAL/IO/Geomview_stream.h>
#include <CGAL/IO/Triangulation_geomview_ostream_2.h>
#include <CGAL/IO/Triangulation_geomview_ostream_3.h>

#include <CGAL/intersections.h>
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typedef CGAL::Cartesian<double> K;

typedef K::Point_2 Point2;
typedef CGAL::Triangulation_euclidean_traits_xy_3<K> Gt3;
typedef Gt3::Point Point3;

typedef CGAL::Delaunay_triangulation_2<K> Delaunay;
typedef CGAL::Delaunay_triangulation_2<Gt3> Terrain;

typedef CGAL::Delaunay_triangulation_3<K> Delaunay3d;

int main()
{

CGAL::Geomview_stream gv(CGAL::Bbox_3(-100, -100, -100, 600, 600, 600));
gv.set_line_width(4);
// gv.set_trace(true);
gv.set_bg_color(CGAL::Color(0, 200, 200));
// gv.clear();

Delaunay D;
Delaunay3d D3d;
Terrain T;
std::ifstream iFile("data/points3", std::ios::in);
Point3 p;

while ( iFile >> p )
{

D.insert( Point2(p.x(), p.y()) );
D3d.insert( p );
T.insert( p );

}

// use different colors, and put a few sleeps/clear.

gv << CGAL::BLUE;
std::cout << "Drawing 2D Delaunay triangulation in wired mode.\n";
gv.set_wired(true);
gv << D;

#if 1 // It’s too slow ! Needs to use OFF for that.
gv << CGAL::RED;
std::cout << "Drawing its Voronoi diagram.\n";
gv.set_wired(true);
D.draw_dual(gv);

#endif

sleep(5);
gv.clear();

std::cout << "Drawing 2D Delaunay triangulation in non-wired mode.\n";
gv.set_wired(false);
gv << D;
sleep(5);
gv.clear();
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std::cout << "Drawing 3D Delaunay triangulation in wired mode.\n";
gv.set_wired(true);
gv << D3d;
sleep(5);
gv.clear();
std::cout << "Drawing 3D Delaunay triangulation in non-wired mode.\n";
gv.set_wired(false);
gv << D3d;
sleep(5);
gv.clear();

std::cout << "Drawing Terrain in wired mode.\n";
gv.set_wired(true);
gv << T;
sleep(5);
gv.clear();
std::cout << "Drawing Terrain in non-wired mode.\n";
gv.set_wired(false);
gv << T;

std::cout << "Enter a key to finish" << std::endl;
char ch;
std::cin >> ch;

return 0;
}
#endif
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Reference Manual
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This chapter presents the CGAL interface to Geomview3, which is a viewer for three-dimensional objects,
originally developed at the Geometry Center in Minneapolis4.

Geomview 1.8.1 is required.

Classes

CGAL::Geomviewstream. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2816

51.4 Alphabetical List of Reference Pages

Geomviewstream. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page2816

3http://www.geomview.org/
4http://www.geom.umn.edu/
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CGAL::Geomview stream

Definition

An object of the classGeomviewstreamis a stream in which geometric objects can be inserted and where
geometric objects can be extracted from. The constructor starts Geomview either on the local either on a remote
machine.

#include<CGAL/IO/Geomviewstream.h>

Creation

Geomviewstream gs( Bbox3 bbox = Bbox3(0,0,0, 1,1,1),
const char *machine = NULL,
const char *login = NULL)

Introduces a Geomview streamgs with a camera that sees
the bounding box. The commandgeomviewmust be in the
user’sPATH. If machineandlogin are notNULL, Geomview
is started on the remote machine usingrsh.

Operations

Output Operators for CGAL Kernel Classes

At the moment not all classes of the CGAL kernel have output operators. 2D objects are embedded in the
xy-plane.

template<class R>
Geomviewstream& Geomviewstream& G << Point 2<R> p

Inserts the pointp into the streamgs.
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template<class R>
Geomviewstream& Geomviewstream& G << Point 3<R> p

Inserts the pointp into the streamgs.

template<class R>
Geomviewstream& Geomviewstream& G << Segment2<R> s

Inserts the segments into the streamgs.

template<class R>
Geomviewstream& Geomviewstream& G << Segment3<R> s

Inserts the segments into the streamgs.

template<class R>
Geomviewstream& Geomviewstream& G << Ray 2<R> r

Inserts the rayr into the streamgs.

template<class R>
Geomviewstream& Geomviewstream& G << Ray 3<R> r

Inserts the rayr into the streamgs.

template<class R>
Geomviewstream& Geomviewstream& G << Line 2<R> l

Inserts the linel into the streamgs.

template<class R>
Geomviewstream& Geomviewstream& G << Line 3<R> l

Inserts the linel into the streamgs.

template<class R>
Geomviewstream& Geomviewstream& G << Triangle 2<R> t

Inserts the trianglet into the streamgs.

template<class R>
Geomviewstream& Geomviewstream& G << Triangle 3<R> t

Inserts the trianglet into the streamgs.

template<class R>
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Geomviewstream& Geomviewstream& G << Tetrahedron3<R> t

Inserts the tetrahedront into the streamgs.

template<class R>
Geomviewstream& Geomviewstream& G << Sphere3<R> s

Inserts the spheres into the streamgs.

Geomviewstream& Geomviewstream& G << Bbox 2 b

Inserts the bounding boxb into the streamgs.

Geomviewstream& Geomviewstream& G << Bbox 3 b

Inserts the bounding boxb into the streamgs.

template< class InputIterator>
void gs.drawtriangles( InputIterator begin, InputIterator end)

[begin;end) is an iterator range with value typeTriangle 3<
R>. This method uses the OFF format to draw several trian-
gles at once, which is much faster than drawing them one by
one.

Input Operators for CGAL Kernel Classes

At the moment input is only provided for points. The user has to select a point on thepick planewith the right
mouse button. The pick plane can be moved anywhere with the left mouse button, before a point is entered.

template<class R>
Geomviewstream& Geomviewstream& G >> Point 3<R>& p

Extracts the pointp from the streamgs. The point is echoed
by default, and it depends on the stream echo mode status.

Output Operators for CGAL Basic Library Classes

#include<CGAL/IO/Polyhedrongeomviewostream.h>

template<class Traits, class HDS>
Geomviewstream& Geomviewstream&G << Polyhedron3<Traits,HDS> P

Inserts the polyhedronP into the streamgs.

#include<CGAL/IO/Triangulationgeomviewostream2.h>
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template<class GT, class TDS>
Geomviewstream& Geomviewstream&G << Triangulation 2<GT,TDS> T

Inserts the 2D triangulationT into the streamgs. The actual
output depends on whether the stream is in wired mode or
not. Also note that in the case of terrains (whenGT::Point 2
is Point 3<R>), then the 3D terrain is displayed.

#include<CGAL/IO/Triangulationgeomviewostream3.h>

template<class GT, class TDS>
Geomviewstream& Geomviewstream&G << Triangulation 3<GT,TDS> T

Inserts the 3D triangulationT into the streamgs. The actual
output depends on whether the stream is in wired mode or
not.

Colors

Geomview distinguishes between edge and face colors. The edge color is at the same time the color of vertices.

Geomviewstream& gs<< Color c Makesc the color of vertices, edges and faces in subsequent
IO operations.

Color gs.setbg color( Color c)

Changes the background color. Returns the old value.

Color gs.setvertexcolor( Color c)

Changes the vertex color. Returns the old value.

Color gs.setedgecolor( Color c)

Changes the edge color. Returns the old value.

Color gs.setface color( Color c)

Changes the face color. Returns the old value.

Miscellaneous

void gs.clear() Deletes all objects.

void gs.pickplane() Creates a pickplane (useful after a clear).

void gs.lookrecenter() Positions the camera in a way that all objects can be seen.
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int gs.getline width() Returns the line width.

int gs.setline width( int w)

Sets the line width tow. Returns the previous value.

double gs.getvertex radius()

Returns the radius of vertices.

double gs.setvertex radius( double r)

Sets the radius of vertices tod. Returns the previous value.

string gs.getnew id( string s)

Used to obtain unique identifier names passed to Geomview.
On successive calls with the sames value, it will return a
string which iss appended with the numbers 0, then 1, then
2... Note that all counters are reset whenclear() is called.

bool gs.setwired( bool b) Sets wired mode. In wired mode, some structures output only
there edges, not there surfaces. Returns the previous value.
By default, wired mode is off.

bool gs.getwired() Returnstrue iff wired mode is on.

advanced

Advanced and Developers Features

The following functions are helpful if you develop your own insert and extract functions. The following func-
tions allow to pass a string from Geomview and to read data sent back by Geomview.

Geomviewstream& gs<< string s Inserts strings into the stream.

Geomviewstream& gs>> char* s Extracts a strings from the stream.
Precondition: You have to allocate enough memory.

Geomviewstream& gs<< int i Insertsi into the stream. Puts whitespace around if the stream
is in ascii mode.

Geomviewstream& gs<< unsigned int i Insertsi into the stream. Puts whitespace around if the stream
is in ascii mode.

Geomviewstream& gs<< long i Insertsi into the stream. Puts whitespace around if the stream
is in ascii mode. Currently implemented by converting to int,
so it can be truncated on 64 bit platforms.
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Geomviewstream& gs<< unsigned long i

Insertsi into the stream. Puts whitespace around if the stream
is in ascii mode. Currently implemented by converting to
unsigned int, so it can be truncated on 64 bit platforms.

Geomviewstream& gs<< double d Inserts doubled into the stream. Puts whitespace around if
the stream is in ascii mode.

bool gs.settrace( bool b) Sets tracing on. The data that are sent toGeomvieware also
sent tocerr. Returns the previous value. By default tracing
is off.

bool gs.gettrace() Returnstrue iff tracing is on.

bool gs.setraw( bool b) Sets raw mode. In raw mode, kernel points are output with-
out headers and footers, just the coordinates (in binary or
ascii mode). This allows the implementation of the stream
functions for other objects to re-use the code for points inter-
nally, by temporary saving the raw mode to true, and restor-
ing it after. Returns the previous value. By default, raw mode
is off.

bool gs.getraw() Returnstrue iff raw mode is on.

bool gs.setecho( bool b) Sets echo mode. In echo mode, when you select a point in
Geomview, the point is actually sent back to Geomview. Re-
turns the previous value. By default, echo mode is on.

bool gs.getecho() Returnstrue iff echo mode is on.

bool gs.setbinary mode( bool b = true)

Sets whether we are in binary mode.

bool gs.setascii mode( bool b = true)

Sets whether we are in ascii mode.

bool gs.getbinary mode() Returnstrue iff gs is in binary mode.

bool gs.getascii mode() Returnstrue iff gs is in ascii mode.

advanced

Implementation

The constructor forks a process and establishes two pipes between the processes. The forked process is then
overlaid with Geomview. The file descriptorsstdinandstdoutof Geomview are hooked on the two pipes.
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All insert operators construct expressions ingcl, the Geomview command language, which is a subset of LISP.
These expressions are sent to Geomview via the pipe. The extract operators notifyinterestfor a certain kind of
events. When such an event happens Geomview sends a description of the event ingcl and the extract operator
has to parse this expression.

In order to implement further insert and extract operators you should take a look at the implementation and at
the Geomview manual.
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Chapter 52

Qt widget
Laurent Rineau and Radu Ursu

Qt is a GUI toolkit1 for cross-platform application development.

52.1 Introduction

This chapter describes theQt widgetpackage which provides an interface between CGAL and the GUI toolkit
Qt . TheQt widgetpackage allows to buildQt applications showing two dimensional CGAL objects and algo-
rithms.

1http://www.trolltech.com
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The atom of theQt user interface is called a widget. A widget receives mouse, keyboard and other events from
the window system, and paints a representation of itself on the screen. Widgets are rectangular, and the different
widgets of an application are sorted in a Z-order. Widgets can have a parent widget and children. A widget is
clipped by its parent and by the widgets in front of it.

The most important class in the package is the classQt widgetwhich implements a widget providing a drawing
area and output stream operators for CGAL two dimensional objects.Qt widget also provides zooming and
panning functionalities.

TheQt widgetallows to attachlayers. Layers usually draw on the drawing area of the widget. Layers can be
activated and deactivated, and what you see in the drawing area is the overlay of all attached activated layers.
Layers can also be used for entering input, and CGAL provides inputlayers for the two-dimensional CGAL

objects.

The package includes also the classQt widget standardtoolbar providing a standard toolbar for controlling
the basic functionality of theQt widget.

The following sections describe the main class as well as the helper classes in more detail and give examples
that can be taken as starting points for new applications.

Remark: The Qt widget is distributed under the QPL, which is Trolltech’s open source license. For more
details on the QPL seehttp://www.trolltech.com/developer/licensing/qpl.html.

52.2 Qt widget

The classQt widgetis derived from the classQWidgetwhich is the base class of allQt user interface objects.

The Qt widgetprovides output operators for two dimensional CGAL objects. There are operators defined for
output of: points, segments, lines, rays, circles, triangles, rectangles, polygons, conics, and all type of triangu-
lations. Also some operators are defined to setQt widget’s properties, like background and fill color, as well as
line width and point size.

As the following examples show, simple applications can be written without the layers.

52.2.1 Example: Hello Segment

The first example draws a red segment on an orange background.

// Copyright (c) 1997-2004 Utrecht University (The Netherlands),
// ETH Zurich (Switzerland), Freie Universitaet Berlin (Germany),
// INRIA Sophia-Antipolis (France), Martin-Luther-University Halle-Wittenberg
// (Germany), Max-Planck-Institute Saarbruecken (Germany), RISC Linz (Austria),
// and Tel-Aviv University (Israel). All rights reserved.
//
// This file is part of CGAL (www.cgal.org); you can redistribute it and/or
// modify it under the terms of the GNU Lesser General Public License as
// published by the Free Software Foundation; version 2.1 of the License.
// See the file LICENSE.LGPL distributed with CGAL.
//
// Licensees holding a valid commercial license may use this file in
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// accordance with the commercial license agreement provided with the software.
//
// This file is provided AS IS with NO WARRANTY OF ANY KIND, INCLUDING THE
// WARRANTY OF DESIGN, MERCHANTABILITY AND FITNESS FOR A PARTICULAR PURPOSE.
//
// $URL: svn+ssh://scm.gforge.inria.fr/svn/cgal/branches/CGAL-3.2-branch/Qt_widget/demo/Qt_widget/hellosegment.C $
// $Id: hellosegment.C 30999 2006-05-04 09:15:26Z lsaboret $
//
//
// Author(s) : Laurent Rineau
// Radu Ursu <rursu@sophia.inria.fr

#include <CGAL/basic.h>

#ifndef CGAL_USE_QT
#include <iostream>
int main(int, char*){

std::cout << "Sorry, this demo needs QT..." << std::endl; return 0;}
#else
#include <CGAL/Cartesian.h>
#include <CGAL/IO/Qt_widget.h>

#include <qapplication.h>

typedef CGAL::Cartesian<int> Rep;
typedef CGAL::Point_2<Rep> Point_2;
typedef CGAL::Segment_2<Rep> Segment;

int main( int argc, char **argv )
{

QApplication app( argc, argv );
CGAL::Qt_widget *w = new CGAL::Qt_widget();
app.setMainWidget( w );
w->resize(600, 600);
w->set_window(0, 600, 0, 600);
w->show();
w->lock();
*w << CGAL::BackgroundColor(CGAL::ORANGE) << CGAL::RED;
*w << Segment(Point_2(100,100), Point_2(400,400));
w->unlock();
return app.exec();

}
#endif

We follow the Qt naming conventions for material properties, for example, theCGAL::BackgroundColor
above.

All the drawing code should be put betweenQt Widget’s lock() and unlock() functions. See the manual refer-
ence pages ofQt widget. Doing like this, the window will be updated only once, whenQt widgetfinds the last
unlock(). This way you can avoid the window flickering.

This example has a severe drawback: when you resize the window it is empty, as nothing is redrawn. This
style of programs makes only sense, if you quickly want to validate output of a geometric computation. As in
any event driven GUI application,Qt provides a callback mechanism so that the window system can update the
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drawing whenever necessary. This is the topic of the next example.

52.2.2 Example: Signals and Slots

This example is slightly more involved and uses the signal/slots mechanism ofQt .

The main widget shows a Delaunay triangulation. Every time the mouse button is pressed over the widget,
a point is input and inserted in the Delaunay triangulation. The result of this insertion appears immediately.
Furthermore, the drawing is updated every time the window is resized.

// Copyright (c) 1997-2004 Utrecht University (The Netherlands),
// ETH Zurich (Switzerland), Freie Universitaet Berlin (Germany),
// INRIA Sophia-Antipolis (France), Martin-Luther-University Halle-Wittenberg
// (Germany), Max-Planck-Institute Saarbruecken (Germany), RISC Linz (Austria),
// and Tel-Aviv University (Israel). All rights reserved.
//
// This file is part of CGAL (www.cgal.org); you can redistribute it and/or
// modify it under the terms of the GNU Lesser General Public License as
// published by the Free Software Foundation; version 2.1 of the License.
// See the file LICENSE.LGPL distributed with CGAL.
//
// Licensees holding a valid commercial license may use this file in
// accordance with the commercial license agreement provided with the software.
//
// This file is provided AS IS with NO WARRANTY OF ANY KIND, INCLUDING THE
// WARRANTY OF DESIGN, MERCHANTABILITY AND FITNESS FOR A PARTICULAR PURPOSE.
//
// $URL: svn+ssh://scm.gforge.inria.fr/svn/cgal/branches/CGAL-3.2-branch/Qt_widget/demo/Qt_widget/tutorial2.C $
// $Id: tutorial2.C 30999 2006-05-04 09:15:26Z lsaboret $
//
//
// Author(s) : Mariette Yvinec <Mariette.Yvinec@sophia.inria.fr>

#include <CGAL/basic.h>

#ifndef CGAL_USE_QT
#include <iostream>
int main(int, char*){

std::cout << "Sorry, this demo needs QT..." << std::endl; return 0;}
#else
#include <CGAL/Cartesian.h>
#include <CGAL/Delaunay_triangulation_2.h>
#include <CGAL/IO/Qt_widget_Triangulation_2.h>
#include <CGAL/IO/Qt_widget.h>
#include <qapplication.h>
#include <qmainwindow.h>

typedef CGAL::Cartesian<double> K;
typedef K::Point_2 Point_2;
typedef CGAL::Delaunay_triangulation_2<K> Delaunay;

Delaunay dt;
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class My_window : public QMainWindow {
Q_OBJECT

public:
My_window(int x, int y)
{

widget = new CGAL::Qt_widget(this);
widget->resize(x,y);
widget->set_window(0, x, 0, y);

connect(widget, SIGNAL(redraw_on_back()),
this, SLOT(redraw_win()));

connect(widget, SIGNAL(s_mousePressEvent(QMouseEvent*)),
this, SLOT(mousePressEvent(QMouseEvent*)));

setCentralWidget(widget);
};

private slots:
void redraw_win()
{

*widget << dt;
}

void mousePressEvent(QMouseEvent *e)
{

dt.insert(Point_2(widget->x_real(e->x()), widget->y_real(e->y())));
widget->redraw();

}

private: // private data member
CGAL::Qt_widget* widget;

};

//moc_source_file : tutorial2.C
#include "tutorial2.moc"

int main( int argc, char **argv )
{

QApplication app( argc, argv );
My_window *w = new My_window(400,400);
app.setMainWidget( w);
w->show();
return app.exec();

}
#endif

Qt applications are event driven and respond to user interaction. For example, when a user clicks on a menu
item or on a toolbar button, the application executes some codes. The programmer of an application has to be
able to relate events to the relevant code.Qt provide for that the signals/slots mechanism:

Signals. EachQt widget declares a set of signals which, using the keywordemit can be emitted by member
functions under some circumstances. Signals are declared by using the keywordsignals: just like an
access specifier in your class declaration.
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Slots.A slot is just a member function declared under a public (or private) slots section.

Connect. Signals and slots can be connected together using the methodconnect. This method needs to know
four things: the object that sends out the signal, the signal, the object to which belong the connected slot
and the slot connected to the signal. For instance, the statement:

connect(widget, SIGNAL(redraw_on_back()),
this, SLOT(redraw_win()));

connects the signalredraw on back()of the widgetwidgetto the slotredraw win() of theQMainWindow
his. Signals and slots can have any type of arguments, but a signal and a slot connected together must
have the same arguments types.

Every class that defines at least a signal or a slot must be derived from the classQObjectand must use the macro
Q OBJECT inside the private section of its declaration. You also need to runmoc, theMeta Object Compiler
supplied withQt on the file that contains the class declaration.

moc is a pre-compiler that produces themeta objectcode of each class that uses the macro QOBJECT. This
meta objectcode is needed by the signal/slot mechanism. There are several methods to compile the outputs of
moc. In CGAL, we have chosen to include the outputs ofmoc in a source files. See theQt documentation on
mocfor other possibilities.

The line //moc sourcefile : tutorial2.C is for users that use makefiles. This line tells to the CGAL makefile
generator thattutorial2.Cshould be the file thatmocshould be run on.

Let us come back to the control flow in the above example. The main widget of the application is the widget
w of classMy window. The creator ofMy window triggers the creation of aQt widget accessible through
the pointerwidget. When the mouse button is pressed in its drawing area, theQt widget emits the signal
s mousePressEvent(QMouseEvent*)connected to the slotmousePressEvent(QMouseEvent*)of My window.
This slot inserts the point in the Delaunay triangulation and calls the methodredraw() of Qt widget. The
redraw()method ofQt widgetemits the signalredraw on back(). This signal is connected to the slotredraw
win() of My windowwhich actually draws the triangulation. Note that theQt widget emits the same signal
redraw on back()when the window is resized. Thus, the signals/slots connection ensures that the triangulation
is redrawn each time the redrawing is needed.

advanced

There are several ways to draw something withQt widget. One way is to use the signalsredraw on back(),
redraw on front(). This way you can bring your drawings before all or after all the other drawings. An other
option is to use theQPainter instance ofQt widget that you can get callingget painter() method. The most
recommended way is to use layers, that are described in the next section.

advanced

Note that in that example, theMy windowconstructor callsnewto allocate a newQt widgetobject butdeleteis
never called to deallocate it. This does not mean that there is a memory leak. It is in Qt’s responsability to free
widgets that have a parent. In that example theMy windowobject is the parent ofwidgetand will deallocate it
automatically at its destruction.
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52.3 Layers

52.3.1 Using Layers to Draw

In the examples from the previous section the code for drawing on the widget was in theredraw win() function.
As soon as the applications are more involved it leads to a more modular design if one delegates the drawing
task tolayers. For example, if the application displays a Delaunay triangulation, the corresponding Voronoi
diagram, and at the same time highlights the nearest vertex to the mouse coordinates, it makes sense to have three
independent layers. Besides better code, layers have the advantage that they can be activated and deactivated at
runtime. Finally, more modularity means a higher potential for reuse.

A layer can beattachedto a Qt widget. The redraw() member function of theQt widget calls the method
Qt widget layer::draw()of all attached layers, in the order that they were attached. It is a very simple rule: the
last layer attached will be drawn on top.

Also a layer can beactivatedanddeactivated. Only active layers are drawn, and by default a layer is activated
when it gets attached. Note that deactivating and activating do not influence the order of layers. You can change
the order only by attaching and detaching it.

CGAL provides a base class so that users can write their own layers. All the layers have to derive from this base
classQt widget layer to have the functionality described.

52.3.2 Example: Using a Layer to Draw

Example

#include <CGAL/Cartesian.h>
#include <CGAL/Point_2.h>
#include <CGAL/Delaunay_triangulation_2.h>
#include <CGAL/IO/Qt_widget_Delaunay_triangulation_2.h>
#include <CGAL/IO/Qt_widget.h>
#include <CGAL/IO/Qt_widget_layer.h>
#include <qapplication.h>

typedef CGAL::Cartesian<double> Rep;
typedef CGAL::Point_2<Rep> Point;
typedef CGAL::Delaunay_triangulation_2<Rep> Delaunay;

Delaunay dt;

class My_layer : public CGAL::Qt_widget_layer{
void draw(){

*widget << dt;
}

};

class My_window : public CGAL::Qt_widget {
public:

My_window(int x, int y)
{
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resize(x,y);
attach(&layer);

};
private:

//this method is called when the user presses the mouse
void mousePressEvent(QMouseEvent *e)
{

Qt_widget::mousePressEvent(e);
dt.insert(Point(x_real(e->x()), y_real(e->y())));
redraw();

}
My_layer layer;

};

int main( int argc, char **argv )
{

QApplication app( argc, argv );
My_window *W = new My_window(400,400);
app.setMainWidget(W);
W->show();
W->set_window(0, 400, 0, 400);
return app.exec();

}

This example defines a class derived fromQt widget layer. In the member functiondraw() is the code for
drawing the triangulation. InMy Windowclass you need an instance ofMy Layerand you will have to attach
it, if you want to see what the layer draws on the screen.

As you see, this example is very similar to the previous one, but the code for drawing the triangulation is no
longer in theredraw win() function, but in a layer.

52.3.3 Using Layers to Build New Objects

The main purpose of layers is to have more modular code for drawing on the widget. Things are similar for
handling input. In the previous examples, input went through theQt widget::mousePressedEvent()callback,
which interpreted the input. In applications where you have different kinds of input, e.g., segments and polygons
in an arrangement demo, this quickly leads to unreadable, difficult to maintain code, especially as typically more
than one event callback is involved. The proper way of decomposition, is delegation of the event handling to a
layer.

A layer for Qt widgetreceives all the events fromQt widget if it is active and can provide some functionality
like input objects forQt widget. Notice that the layers receive events in the order they have been attached.
Layers can have internal state, because for entering complex objects it needs several events. Therefore layers
must have functions to initialize state when they are activated and to clean up when they are deactivated.

CGAL provides some predefined input layers. You can have a lot of layers attached that could be active in the
same time. You have to take care how you manage the events if you do not want to have conflicts. A conflict
is when two attached layers that are active need both the same event and getting and using it might not have
such a good effect in your application. For example the predefined layers that builds a new line and a new circle
produce bad visual effects when are both active.

You can resolve conflicts by usinglayersexclusive. If you have several layers that can not be active at the same
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time without creating conflicts, you can resolve that by letting the user not activate more than one of those at a
time.

advanced

In all the CGAL demos that are provided, the layers are used with a toolbar and buttons. To activate and
deactivate a layer you have to click one of the toolbar buttons. There are layers that need exclusive use. This
is accomplished by grouping the buttons in one group, and making that group exclusive. The group class is
QButtonGroupthat comes withQt .

advanced

We first show how to use layers and then how they work.

52.3.4 Example: How to Use a Layer

In the previous section, you could insert new points in the triangulation by clicking on the widget. This example
shows how the same can be achieved with the help of a layer.

We attach the predefined layerQt widget get point to the widget, and connect the signal emitted by the widget
to the function that handles the input. When the user clicks with the left mouse button, the layer creates a
point and passes it to the widget. The widget then emits a signal that gets passed to the connected slotMy
Window::getnew object(CGAL::Object).

// Copyright (c) 1997-2004 Utrecht University (The Netherlands),
// ETH Zurich (Switzerland), Freie Universitaet Berlin (Germany),
// INRIA Sophia-Antipolis (France), Martin-Luther-University Halle-Wittenberg
// (Germany), Max-Planck-Institute Saarbruecken (Germany), RISC Linz (Austria),
// and Tel-Aviv University (Israel). All rights reserved.
//
// This file is part of CGAL (www.cgal.org); you can redistribute it and/or
// modify it under the terms of the GNU Lesser General Public License as
// published by the Free Software Foundation; version 2.1 of the License.
// See the file LICENSE.LGPL distributed with CGAL.
//
// Licensees holding a valid commercial license may use this file in
// accordance with the commercial license agreement provided with the software.
//
// This file is provided AS IS with NO WARRANTY OF ANY KIND, INCLUDING THE
// WARRANTY OF DESIGN, MERCHANTABILITY AND FITNESS FOR A PARTICULAR PURPOSE.
//
// $URL: svn+ssh://scm.gforge.inria.fr/svn/cgal/branches/CGAL-3.2-branch/Qt_widget/demo/Qt_widget/layer.C $
// $Id: layer.C 30999 2006-05-04 09:15:26Z lsaboret $
//
//
// Author(s) : Radu Ursu <rursu@sophia.inria.fr

#include <CGAL/basic.h>

#ifndef CGAL_USE_QT
#include <iostream>
int main(int, char*){

std::cout << "Sorry, this demo needs QT..." << std::endl; return 0;}
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#else
#include <CGAL/Cartesian.h>
#include <CGAL/Delaunay_triangulation_2.h>
#include <CGAL/IO/Qt_widget_Delaunay_triangulation_2.h>
#include <CGAL/IO/Qt_widget.h>
#include <CGAL/IO/Qt_widget_layer.h>
#include <CGAL/IO/Qt_widget_get_point.h>

#include <qapplication.h>
#include <qmainwindow.h>

typedef CGAL::Cartesian<double> Rep;
typedef CGAL::Point_2<Rep> Point_2;
typedef CGAL::Delaunay_triangulation_2<Rep> Delaunay;

Delaunay dt;

class My_Layer : public CGAL::Qt_widget_layer{
void draw(){

*widget << dt;
}

};

class My_Window : public QMainWindow {
Q_OBJECT

public:
My_Window(int x, int y){

widget = new CGAL::Qt_widget(this, "CGAL Qt_widget");
setCentralWidget(widget);
resize(x,y);
widget->attach(&get_point);
widget->attach(&v);
connect(widget, SIGNAL(new_cgal_object(CGAL::Object)),

this, SLOT(get_new_object(CGAL::Object)));
widget->set_window(0, 600, 0, 600);

};
private: //members

CGAL::Qt_widget_get_point<Rep> get_point;
My_Layer v;
CGAL::Qt_widget *widget;

private slots:
void get_new_object(CGAL::Object obj)
{

Point_2 p;
if (CGAL::assign(p, obj)) {

dt.insert(p);
}
widget->redraw();

}
}; //endclass

// moc_source_file : layer.C
#include "layer.moc"
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int main( int argc, char **argv )
{

QApplication app( argc, argv );
My_Window *W = new My_Window(600,600);
app.setMainWidget( W );
W->show();
return app.exec();

}
#endif

TheQt widgetforwards all events that it receives to the attached and active layers. If a layer is attached but not
active, it does not get the events. It is put in a passive state. Activating and deactivating the layer does not mean
that the object is destructed.

52.3.5 Example: How Layers Work

The following is an example of alayer that creates CGAL points when the user clicks the left mouse button over
the widget.

#include <CGAL/IO/Qt_widget.h>
#include <CGAL/IO/Qt_widget_layer.h>
#include <qcursor.h>

#ifndef CGAL_QT_WIDGET_GET_POINT_BUTTON
#define CGAL_QT_WIDGET_GET_POINT_BUTTON Qt::LeftButton
#endif

namespace CGAL {
template <class R>
class Qt_widget_get_point : public Qt_widget_layer
{
public:

typedef typename R::Point_2 Point;
typedef typename R::FT FT;

Qt_widget_get_point(const QCursor c=QCursor(Qt::crossCursor),
QObject* parent = 0, const char* name = 0) :

Qt_widget_layer(parent, name), cursor(c) {};

private:
bool is_pure(Qt::ButtonState s){

if((s & Qt::ControlButton) ||
(s & Qt::ShiftButton) ||
(s & Qt::AltButton))
return 0;

else
return 1;

}
void mousePressEvent(QMouseEvent *e)
{

if(e->button() == CGAL_QT_WIDGET_GET_POINT_BUTTON
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&& is_pure(e->state()))
{
FT x, y;
widget->x_real(e->x(), x);
widget->y_real(e->y(), y);
widget->new_object(make_object(Point(x, y)));

}
};
void activating()
{

oldcursor = widget->cursor();
widget->setCursor(cursor);

};

void deactivating()
{

widget->setCursor(oldcursor);
};

QCursor cursor;
QCursor oldcursor;

};
} // namespace CGAL

The Qt widget forwards mouse and keyboard events to the attached layer. In the above example only the
mousePressEventmember function is overloaded.

Tools that create new CGAL objects, must call the member functionQt widget::newobject(CGAL::Object).
TheQt widgetthen emits the signalnew cgal object(CGAL::Object). This signal can be routed to any slot of
other object accepting aCGAL::Object, with the following connect statement:

connect(qt_widget_ptr, SIGNAL(new_cgal_object(CGAL::Object)),
any_other_object_ptr, SLOT(any_other_slot(CGAL::Object)));

The first argument must be a pointer to an instance ofQt widget. In the example we connect it to
MyWindow::getnew object(CGAL::Object).

52.4 The Standard Toolbar

TheQt widgetallows to zoom and pan. This functionality is accessible through the classQt widget standard
toolbar. The example further down shows how to use it in your application.

The functionality of the toolbar is as follows from the left to right:
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History back: Go back into the transformation history

History forth: Go forth into the transformation history

Zoom In: The scaling factor is multiplied by two, keeping the same center.

Zoom Out: The scaling factor is divided by two, keeping the same center.

Point tool: Deactivate the layers corresponding to the three following buttons which form an exclusive group

Focus on Point: Lets you choose the center of the region where you want to focus.

Focus on the Region:The area in the rectangle that you selected will be magnified to best fit in the window.

Hand Tool: Used for translate. Click to select the first point of translation and drag to select the second point.

Mouse Coordinates Layer: Mouse coordinates are displayed on the status bar of your window. You can de-
activate this layer if you click on it. To activate it again just click one more time.

Example

// Copyright (c) 1997-2004 Utrecht University (The Netherlands),
// ETH Zurich (Switzerland), Freie Universitaet Berlin (Germany),
// INRIA Sophia-Antipolis (France), Martin-Luther-University Halle-Wittenberg
// (Germany), Max-Planck-Institute Saarbruecken (Germany), RISC Linz (Austria),
// and Tel-Aviv University (Israel). All rights reserved.
//
// This file is part of CGAL (www.cgal.org); you can redistribute it and/or
// modify it under the terms of the GNU Lesser General Public License as
// published by the Free Software Foundation; version 2.1 of the License.
// See the file LICENSE.LGPL distributed with CGAL.
//
// Licensees holding a valid commercial license may use this file in
// accordance with the commercial license agreement provided with the software.
//
// This file is provided AS IS with NO WARRANTY OF ANY KIND, INCLUDING THE
// WARRANTY OF DESIGN, MERCHANTABILITY AND FITNESS FOR A PARTICULAR PURPOSE.
//
// $URL: svn+ssh://scm.gforge.inria.fr/svn/cgal/branches/CGAL-3.2-branch/Qt_widget/demo/Qt_widget/standard_toolbar.C $
// $Id: standard_toolbar.C 30999 2006-05-04 09:15:26Z lsaboret $
//
//
// Author(s) : Laurent Rineau
// Radu Ursu <rursu@sophia.inria.fr

#include <CGAL/basic.h>

#ifndef CGAL_USE_QT
#include <iostream>
int main(int, char*){

std::cout << "Sorry, this demo needs QT..." << std::endl; return 0;}
#else
#include <CGAL/Cartesian.h>
#include <CGAL/Delaunay_triangulation_2.h>
#include <CGAL/IO/Qt_widget_Delaunay_triangulation_2.h>
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#include <qapplication.h>
#include <qmainwindow.h>

#include <CGAL/IO/Qt_widget.h>
#include <CGAL/IO/Qt_widget_standard_toolbar.h>
#include <CGAL/point_generators_2.h>

typedef CGAL::Cartesian<double> Rep;
typedef CGAL::Point_2<Rep> Point_2;
typedef CGAL::Delaunay_triangulation_2<Rep> Delaunay;

Delaunay dt;

class My_window : public QMainWindow{
Q_OBJECT

public:
My_window(int x, int y)
{

widget = new CGAL::Qt_widget(this);
setCentralWidget(widget);
resize(x,y);
widget->show();
widget->set_window(0, x, 0, y);

CGAL::Random_points_in_disc_2<Point_2> g(500);
for(int count=0; count<100; count++) {
dt.insert(*g++);

}

//How to attach the standard toolbar
std_toolbar = new CGAL::Qt_widget_standard_toolbar(widget, this,

"Standard Toolbar");

connect(widget, SIGNAL(redraw_on_back()),
this, SLOT(redraw_win()) );

}

private slots: //functions
void redraw_win()
{

*widget << dt;
}

private: //members
CGAL::Qt_widget *widget;
CGAL::Qt_widget_standard_toolbar *std_toolbar;

};

// moc_source_file: standard_toolbar.C
#include "standard_toolbar.moc"

int main( int argc, char **argv )
{
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QApplication app( argc, argv );
My_window W(600,600);
app.setMainWidget( &W );
W.show();
W.setCaption("Using the Standard Toolbar");
return app.exec();

}
#endif

This example generates 100 points and inserts them in a Delaunay triangulation. Using the standard toolbar you
can zoom in, zoom out, translate.

52.5 The Help Window

We provide a class in theQt widgetlibrary that was taken from an example ofQt and adapted to our needs. This
class has the functionality of a rich text browser with hypertext navigation. You can also PRINT, GO BACK,
GO FORWARD or GO HOME. This class is calledQt help windowand you can use it to display hypertext
support in your application. It is used in a lot of demos provided in the distribution.

Example

#include <CGAL/IO/Qt_help_window.h>
....

QString home = "help/index.html";
Qt_help_window *help = new Qt_help_window(home, ".", 0, "help viewer");
help->resize(400, 400);
help->setCaption("Demo HowTo");
help->show();

52.6 Some Predefined Icons

CGAL provides some icons defined in some header files. The icons are pixmaps, having the extension.xpm.
Their location is/include/CGAL/IO/pixmaps.

To use a pixmap in your code you have to include the right file, and to know the names of the pixmaps. The
names of the pixmaps are composed of two parts, the name of the file and the tag xpm. So for example the
arrow pixmap has the namearrow xpm, the line pixmap has the nameline xpm, and so on. There are also
pixmaps files that contain small icons. The name of the smaller pixmaps contain asmallat the middle of it like
point small xpm. In the tutorials and demos, almost all the pixmaps are used for the toolbar buttons, like this:

Example

#include <CGAL/IO/pixmaps/point.xpm>

QIconSet set(QPixmap( (const char**)point_small_xpm ),
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QPixmap( (const char**)point_xpm ));

QToolButton *point_button;
point_button = new QToolButton(toolbar_ptr, "POINT INPUT BUTTON");
point_button->setIconSet(set);
point_button->setTextLabel("POINT INPUT LAYER");

52.7 What Shall I Use?

The previous sections presented different ways of writingQt based applications. We recommend to use layers
for the drawing task and for input handling, even if you write tiny applications, because in general they grow
over time. Layers are a little bit more overhead, but it pays off in the long run, as you then do not have to
completely reorganize your code, to add layers.
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CGAL::Qt widget

Definition

An object of typeQt widget is a two-dimensional window for graphical IO. It is a class that is designed to
help CGAL users to visualize easily CGAL objects and for advanced users to interact with them. This widget is
designed for 2D CGAL objects only.

#include<CGAL/IO/Qt widget.h>

Inherits From

QWidget

Types

The widget class also defines the following enum type to specify which kind of point representation do you
want to use:

enum PointStyle{ PIXEL, CROSS, PLUS, CIRCLE, DISC, RECT, BOX};

Creation

Qt widget win( QWidget *parent = 0, const char *name =);

Constructs a widget which is a child ofparent, with the namename. The default visible area is
between ranges xmin = -1, xmax = 1, ymin = -1, ymax = 1. By default the X and Y scale factors
are equal.

Qt widgetprovides scaling support. You can use a scaling factor for your objects as well as you can draw the
objects with one scale and look at the objects with different scales. Also there is a possibility to tell the widget
that you want that the visible area should be mapped to a certain interval, and the widget adjust the scaling factor
according to that.

void win.setwindow( double xmin, double xmax, double ymin, double ymax, bool u = false)

Map the widget coordinates to the interval defined by the rectangle
with given coordinates. This method should be called afterresize()
from QWidget. If u is true the X and Y scale factors will not be
equal and the widget will not keep the aspect ratio.

void win.setx scale( double xscale)

Set the current X scaling factor. Actually the scales are recom-
puted when you resize, so this method is not used very often.
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void win.sety scale( double yscale)

Set the current Y scaling factor. Actually the scales are recom-
puted when you resize, so this method is not used very often.

advanced

You should have the same scaling factor for X and Y if you want to keep the aspect ratio of your objects.

advanced

void win.zoom( double ratio) Multiply the X and Y scaling factors byratio, then callsredraw.
The center of the visible area remains the same.

void win.zoom( double ratio, double xc, double yc)

Multiply the X and Y scaling factors byratio, then callsredraw.
The center of the visible area becomes (xc, yc).

void win.movecenter( const double distx, const double disty)

Move the center of the widget withdistx on the X axis anddisty
on the Y axis.

void win.setcenter( const double x, const double y)

Set the center of the widget to(x, y).

void win.addto history() Deprecated: This function adds the current viewport and transfor-
mations to history. You should usesave()public slot fromQt
widget historyobject.

void win.clearhistory() Deprecated: Clears the history. This means that there are no el-
ements in the history list. Call this method when you want to
reinitialize the history list. You should useclear history()method
from Qt widget standardtoolbar or theclear() public slot from
Qt widget historyobject.

public slots:

bool win.back()
bool win.forth() Deprecated: This slots permit to walk into history. Returntrue

if succeded. These slots are deprecated. You should use the
backward()and forward() methods ofQt widget history object,
or theback()andforward()public slots fromQt widget standard
toolbar object.

void win.clear() Clear the screen. The properties of the widget remain the same
after calling this member function. You can see a list of the prop-
erties that you can set at the properties description.
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void win.lock() Locks the widget, keeping the widget from being refreshed. If you
lock the widget you should verify that you unlock it somewhere.
The number oflock()calls should be the same with the number of
unlock()calls. Lock and unlock calls can be nested.

void win.unlock() Unlocks the widget, and callsdo paint(). The widget is only un-
locked if the number of unlock calls is equal to the number of lock
calls.

void win.dopaint() Refresh the widget callingpaintEvent(QPaintEvent *e)for theQt
widgetonly if the widget is unlocked. This mean thatredraw() is
called if and only if the widget is unlocked.

void win.redraw() If you derive fromQt widgetyou have to overload this function
and put your code for drawing here if you don’t uselayers. The
best way is to attach layers to the widget and call this method. This
method redraws the layers attached and active. Before drawing the
layers, redraw clear the screen and emitredraw on back(). Emit
redraw on front() at the end.

void win.print to ps() Redraws all the attached and active layers into a Postscript device.
It could be a file or a printer. This method also use signals as
redraw on back()or redraw on front().

Properties

You can set the properties of the functions through this functions as well as with the help of manipulators
described later. The function naming convention has changed for this member functions, toQt convention.

void win.setColor( Qcolor c) Set the current pen color of the widget to be c.

void win.setBackgroundColor( QColor c)

Set the current background color to bec.

void win.setFillColor( QColor c)

Set the current fill color of the widget to bec.

void win.setFilled( bool f) Set the status of the widget to true or false concerning filling the
objects: polygons, circles, rectangles . . .

void win.setLineWidth( unsigned int i)

Set the current line width of the widget.

void win.setPointSize( unsigned int i)

Set the current point size of the widget.
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void win.setPointStyle( PointStyle s)

Set the current point style of the widget to s. PointStyle is a enu-
meration declared inQt widget.

void win.setRasterOp( RasterOp r)

Set the current raster operation.

Layers

void win.attach( Qtwidget layer* s)

Add the layer s in the list of layers.The last added will be on top
of the screen. Also the events are forwarded to layers in the order
they have been attached.

void win.detach( Qtwidget layer* s)

Remove the layer s from the list. s it’s a pointer to an existing
layer.

New CGAL Objects

void win.newobject( CGAL::Object obj)

This function should be called by the tools that create CGAL ob-
jects. It then emits the signalnew cgal object(CGAL::Object).
Slots of other components can be connected to this signal.

Access Functions

Note that we use also types fromQt here.

QColor win.color() Returns the current pen color. The color returned is a Qt class.

QColor win.backgroundColor() Returns the current widget background color. The color returned
is a Qt class.

QColor win.fillColor() Returns the current color used for filling the objects. The color
returned is a Qt class.

PointStyle win.pointStyle() Returns the current point style. PointStyle is a enumeration de-
clared inQt widget.

uint win.pointSize() Returns the current point size.
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uint win.lineWidth() Returns the current line width.

RasterOp win.rasterOp() Return the current raster operation.

double win.xmin() Returns the leftx coordinate of the widget.

double win.ymin() Returns the lowery coordinate of the widget.

double win.xmax() Returns the rightx coordinate of the widget.

double win.ymax() Returns the uppery coordinate of the widget.

advanced

The coordinates of the screen are maped to a certain interval that you can choose withset windowmember
function. The scale of the objects you can visualize is computed and maintained the same for both axes to keep
the aspect ratio of the objects. You should usex real or y real to get the real world coordinates, for your screen
coordinates. If you are usinggmpyou can use this functions withGmpqas second parameter. You may need it
when you work with rationals. The double from the other function could be more complex and can make you
loose speed in computations. Computing with rational coordinates directly could increase the speed, rather than
computing with complex double coordinates.

double win.xreal( int x)
double win.yreal( int y)

template<class FT>
void x real( int x, FT&) Returns thex real world coordinate of theQt widget.

template<class FT>
void y real( int y, FT&) Returns they real world coordinate of theQt widget.

void win.x real( int, Gmpq&)
void win.y real( int, Gmpq&)

advanced

int win.x pixel( double x) This method is the opposite ofx real method. Converts the world
coordinates in screen coordinates. If you want to get an integer
between 0 and width, you should pass an x between xmin and
xmax.

int win.y pixel( double y) This method is the opposite ofy real method. Converts the world
coordinates in screen coordinates. If you want to get an integer
between 0 and height, you should pass an y between ymin and
ymax.

advanced

Painter and Pixmap

In order that layers can draw on the drawing area of a widget, they have to access the underlying pixmap and
painter.
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Qt widgetuse as a backbuffer for drawing a pixmap defined inside the class, i.e. an object of typeQPixmap.
The QPixmapclass is an off-screen pixel-based paint device. One common use of theQPixmapclass is to
enable smooth updating of widgets. The QPainter class paints on paint devices. There is an object of type
QPainter defined inQt widgetthat uses as a paint device theQPixmapobject.

QPixmap& win.get pixmap() Returns the current pixmap.

QPainter& win.get painter() Returns the current painter.

advanced

Signals

void win.smousePressEvent( QMouseEvent *e)
void win.smouseReleaseEvent( QMouseEvent *e)
void win.smouseMoveEvent( QMouseEvent *e)
void win.spaintEvent( QPaintEvent *e)
void win.sresizeEvent( QResizeEvent *e)
void win.swheelEvent( QMouseEvent *e)
void win.smouseDoubleClickEvent( QMouseEvent *e)
void win.skeyPressEvent( QKeyEvent *e)
void win.skeyReleaseEvent( QKeyEvent *e)
void win.senterEvent( QEvent *e)
void win.s leaveEvent( QEvent *e)
void win.sevent( QEvent *e)

TheQt widgetreceives the events through virtual functions. This
is the mechanism thatQt offers for dispaching events. This
signals are called every time an event is dispatched to a vir-
tual function. For example ifQt widget receivesmousePressEv-
ent(QMouseEvent *e)emitss mousePressEvent(e). This is very
useful when you have only a pointer toQt widget. It is enough to
connect this slot to your function to receive the event.

void win.newcgal object( CGAL::Object)

Triggered when a new object from a tool is received. The user
should catch this signal if it’s working with tools that provide
CGAL objects as input.

void win.customredraw() Deprecated: Emitted in the redraw() function after the layers are
drawn.

void win.redrawon back() Emmitted inredraw()method before calling layer’s redraw.

void win.redrawon front() Emmitted inredraw()method after calling layer’s redraw.

void win.rangesChanged() Emmitted each time (xmin, xmax) and (ymin, ymax) ranges are
changed.
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Operators for Output

The output operator is defined for all geometric classes in the CGAL kernel.

template<class R>
Qt widget& & win << Point 2<R> p

template<class R>
Qt widget& & win << Segment2<R> s

template<class R>
Qt widget& & win << Line 2<R> l

template<class R>
Qt widget& & win << Ray 2<R> r

template<class R>
Qt widget& & win << Triangle 2<R> t

template<class R>
Qt widget& & win << Iso rectangle2<R> r

template<class R>
Qt widget& & win << Circle 2<R> c

To use the other operators described you have to include the right header.

#include<CGAL/IO/Qt widget Polygon2.h>

template<class Tr, class Co>
Qt widget& & win << Polygon2<Tr,Co> pol

#include<CGAL/IO/Qt widget Min ellipse 2.h>

template<class Traits>
Qt widget& &win << Min ellipse 2<Traits > min ellipse

#include<CGAL/IO/Qt widget Optimisationellipse 2.h>

template<class Traits>
Qt widget& &win << Optimisationellipse 2<Traits > oe

#include<CGAL/IO/Qt widget Optimisationcircle 2.h>

template<class Traits>
Qt widget& &win << Optimisationcircle 2<Traits > oc

#include<CGAL/IO/Qt widget Conic 2.h>

template<class R>
Qt widget& & win << Conic 2<R> c

#include<CGAL/IO/Qt widget Triangulation 2.h>

template<class Gt, class Tds>
Qt widget& & win << Triangulation 2<Gt, Tds> t
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#include<CGAL/IO/Qt widget Alpha shape2.h>

template<class Dt>
Qt widget& & win << Alpha shape2<Dt> As

#include<CGAL/IO/Qt widget Delaunaytriangulation 2.h>

template<class Gt, class Tds>
Qt widget& & win << Delaunaytriangulation 2<R> dt

#include<CGAL/IO/Qt widget Constrainedtriangulation 2.h>

template<class Gt, class Tds>
Qt widget& & win << Constrainedtriangulation 2<Gt, Tds> t

#include<CGAL/IO/Qt widget Regular triangulation 2.h>

template<class Gt, class Tds>
Qt widget& & win << Regular triangulation 2<Gt, Tds> t

Manipulators for Qt widget

A manipulatoris an object which can be inserted in theQt widget, via the operator<<, to change the context
for further drawing.

Here, we simply document the use of these operators which is all the user needs to know to modify the state of
a stream.

Qt widget& & win << BackgroundColor( Color c)

Sets the color used for background color.

Qt widget& & win << FillColor( Color c)

Sets the color used for filling the objects.

Qt widget& & win << LineWidth(const unsigned int i)

Sets the width of the line for drawing objects.

Qt widget& & win << PointSize(const unsigned int i)

Sets the size of the points.

Qt widget& & win << noFill Sets the state of Qtwidget concerning filling the objects to be
false.

Qt widget& & win << Color c Sets the color used as the Qtwidget fillColor.
Qt widget& & win << PointStyle ps Sets the point style forQt widget.

Example

In the given example, that is found in tutorial/Qtwidget/tutorial1/tutorial1.C, we create an object of typeQt
widgetand then we use the operators for output and the manipulators to show some of the widget’s functionality.

#include <CGAL/Cartesian.h>
#include <CGAL/Bbox_2.h>
#include <list>
#include <CGAL/Polygon_2.h>
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#include <CGAL/IO/Qt_widget_Polygon_2.h>
#include <qapplication.h>
#include <CGAL/IO/Qt_widget.h>

typedef CGAL::Cartesian<int> Rep;
typedef CGAL::Point_2<Rep> Point;
typedef CGAL::Circle_2<Rep> Circle;
typedef CGAL::Segment_2<Rep> Segment;
typedef CGAL::Line_2<Rep> Line;
typedef CGAL::Ray_2<Rep> Ray;
typedef CGAL::Triangle_2<Rep> Triangle;
typedef CGAL::Iso_rectangle_2<Rep>

Cgal_Rectangle;
typedef CGAL::Bbox_2 BBox;
typedef std::list<Point> Container;
typedef CGAL::Polygon_2<Rep,Container>

Cgal_Polygon;

int main( int argc, char **argv )
{

QApplication app( argc, argv );
using namespace CGAL;
CGAL::Qt_widget * W = new CGAL::Qt_widget();
app.setMainWidget( W );
W->resize(600, 600);
W->set_window(0, 600, 0, 600);
W->show();
//painting something on the screen
W->lock();

*W << BackgroundColor(ORANGE) << RED <<
LineWidth(3) << PointSize(3) << PointStyle(DISC);
*W << Segment(Point(10,20),Point(300,400));
*W << LineWidth(5) << GREEN << FillColor(BLACK) <<

Circle(Point(400,400),50*50);
*W << LineWidth(1) << noFill << Circle(Point(300,300),300*300);
*W << BLUE << LineWidth(2);
*W << Segment(Point(200,200),Point(400,400));
*W << Segment(Point(200,400),Point(400,200));
W->setFilled(TRUE);
*W << RED << Triangle(Point(150,300),

Point(150,350),
Point(100,325));

*W << FillColor(RED) << Cgal_Rectangle(Point(320,220),
Point(350,240));

*W << DEEPBLUE << BBox(100,80,260,140);
Cgal_Polygon p;
p.push_back(Point(300,30));
p.push_back(Point(400,30));
p.push_back(Point(500,130));
p.push_back(Point(400,180));
p.push_back(Point(300,130));
*W << p;
*W << Ray(Point(200,400), Point(180,430))
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<< Ray(Point(200,400), Point(180,370));
W->unlock();

return app.exec();
}
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CGAL::Qt widget layer

Definition

The Qt widget layer serves as a base class for layers. Layers are classes that draw on the drawing area of a
Qt widgetand receive events from it. You can attach and detach layers on theQt widget. All the attached layers
will receive the events if they are active. The same for drawing, all the active layers that are attached will be
drawn.

#include<CGAL/IO/Qt widget layer.h>

Inherits From

QObject

Creation

Qt widget layer layer( QObject *parent = 0, const char* name = 0);

The default constructor. The parametersparentandnameare passed to theQObjectcon-
structor.

virtual void layer.mousePressEvent( QMouseEvent *)
virtual void layer.mouseReleaseEvent( QMouseEvent *)
virtual void layer.wheelEvent( QMouseEvent *)
virtual void layer.mouseDoubleClickEvent( QMouseEvent *)
virtual void layer.mouseMoveEvent( QMouseEvent *)
virtual void layer.keyPressEvent( QKeyEvent *)
virtual void layer.keyReleaseEvent( QMouseEvent *)
virtual void layer.enterEvent( QEvent *)
virtual void layer.leaveEvent( QEvent *)
virtual bool layer.event( QEvent *) These virtual functions can be overloaded in the derived class.

They are called by theQt widgetto which the layer is attached.

bool layer.isactive() Returnstrue if this layer is active.

Public Slots

virtual void layer.draw() This virtual member function must be overloaded. This is where
the drawing code goes.

void layer.stateChanged( int s)

This slot is provided to change the layer’s state from activated to
deactivated and reverse if it is triggered. The layer is activated if
s is 2, or it is deactivated ifs is 0. These values match with the
signalstateChanged(int)in theQButtonwidget.
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bool layer.activate() Activate and returntrue if it was not active.

bool layer.deactivate() Deactivate and returntrue if it was active.

Protected

Qt widget* widget; The widget a layer is attached to or 0 otherwise.

virtual void layer.activating() You should overload this function if you want to have initializing
code for your layer. This function is called every time the layer is
activated.

virtual void layer.deactivating() You should overload this function if you want to write clean up
code for your layer. This function is called every time the layer is
deactivated.

Signals

void layer.activated( *l) This signal is emitted every time this layer is activated.

void layer.deactivated( *l) This signal is emitted every time this layer is deactivated.

Example

The following example of a layer draws the points of a triangulation in green.

#include <CGAL/IO/Qt_widget_layer.h>

namespace CGAL {

template <class T>
class Qt_layer_show_points : public Qt_widget_layer {
public:

typedef typename T::Point Point;
typedef typename T::Segment Segment;
typedef typename T::Vertex Vertex;
typedef typename T::Vertex_iterator Vertex_iterator;

Qt_layer_show_points(T &t) : tr(t){};

void draw()
{

Vertex_iterator it = tr.vertices_begin(),
beyond = tr.vertices_end();

*widget << CGAL::GREEN << CGAL::PointSize (3)
<< CGAL::PointStyle (CGAL::DISC);

while(it != beyond) {
*widget << (*it).point();
++it;
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}
};

private:
T &tr;

};//end class

} // namespace CGAL
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CGAL::Qt widget get point<T>

Definition

An object of typeQt widget get point<T> creates a CGAL point, every time the left mouse button is clicked.

#include<CGAL/IO/Qt widget get point.h>

Parameters

The full template declaration ofQt widget get point states one parameter:

template< class T>
class Qtwidget get point;

If T is one of the CGAL kernels you don’t need additional types. If not, the parameter T has to provide this
types:

Types

typedef T::Point2

Point 2; This should be a Point type

typedef T::FT FT; This should be a Field type

Inherits From

Qt widget layer

Creation

Qt widget get point<T> getpoint( const QCursor c=QCursor(Qt::crossCursor),
QObject* parent = 0,
const char* name = 0)

c is the cursor that this layer will use when is active.parent is the parent widget and
nameis the name you give to this layer.
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CGAL::Qt widget get segment<T>

Definition

An object of typeQt widget get segment<T> creates a CGAL segment in this way: one left click on the mouse
will be the first point and the second point of the segment will be considered at the coordinates where the left
mouse button is pressed for the second time. You can always cancel the creation process by pressing the ESC
key. The use ofQt widget get segment<T> requires that the mouse tracking is enabled for widgets attaching it.

#include<CGAL/IO/Qt widget get segment.h>

Parameters

The full template declaration ofQt widget get segmentstates one parameter:

template< class T>
class Qtwidget get segment;

If T is one of the CGAL kernels you don’t need additional types. If not, the parameter T has to provide this
types:

Types

typedef T::Point2

Point 2; This should be a Point type

typedef T::Segment2

Segment2; This should be a Segment type

typedef T::FT FT; This should be a Field type

Inherits From

Qt widget layer

Creation

Qt widget get segment<T> getsegment( const QCursor c=QCursor(Qt::crossCursor),
QObject* parent = 0,
const char* name = 0)

c is the cursor that this layer will use when is active.parentis the parent widget and
nameis the name you give to this layer.
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CGAL::Qt widget get line<T>

Definition

An object of typeQt widget get line<T> creates a CGAL line in this way: one left click on the mouse will be
the first point and the second point that generate the line will be considered at the coordinates where the left
mouse button is pressed for the second time. You can always cancel the creation process by pressing the ESC
key. The use ofQt widget get line<T> requires that the mouse tracking is enabled for widgets attaching it.

#include<CGAL/IO/Qt widget get line.h>

Parameters

The full template declaration ofQt widget get line states one parameter:

template< class T>
class Qtwidget get line;

If T is one of the CGAL kernels you don’t need additional types. If not, the parameter T has to provide this
types:

Types

typedef T::Point2

Point 2; This should be a Point type

typedef T::Line2

Line 2; This should be a Line type

typedef T::FT FT; This should be a Field type

Inherits From

Qt widget layer

Creation

Qt widget get line<T> getline( const QCursor c=QCursor(Qt::crossCursor),
QObject* parent = 0,
const char* name = 0)

c is the cursor that this layer will use when is active.parent is the parent widget and
nameis the name you give to this layer.
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CGAL::Qt widget get circle<T>

Definition

An object of typeQt widget get circle<T> creates a CGAL circle in this way: one left click on the mouse will
be the center of the circle and the second point will be considered at the coordinates where the left mouse button
is pressed for the second time, the distance between those 2 representing the radius of the new circle. You can
always cancel the creation process by pressing the ESC key. The use ofQt widget get circle<T> requires that
the mouse tracking is enabled for widgets attaching it.

#include<CGAL/IO/Qt widget get circle.h>

Parameters

The full template declaration ofQt widget get circle states one parameter:

template< class T>
class Qtwidget get circle;

If T is one of the CGAL kernels you don’t need additional types. If not, the parameter T has to provide this
types:

Types

typedef T::Point2

Point 2; This should be a Point type

typedef T::Circle2

Circle 2; This should be a Circle type

typedef T::FT FT; This should be a Field type

Inherits From

Qt widget layer

Creation

Qt widget get circle<T> getcircle( const QCursor c=QCursor(Qt::crossCursor),
QObject* parent = 0,
const char* name = 0)

c is the cursor that this layer will use when is active.parent is the parent widget and
nameis the name you give to this layer.
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CGAL::Qt widget get iso rectangle<T>

Definition

An object of typeQt widget get iso rectangle<T> creates a CGAL iso rectangle this way one left click will be
the first generator point, and second point will be considered at the coordinates where the left mouse button is
pressed for the second time. You can always cancel the creation process by pressing the ESC key. The use of
Qt widget get iso rectangle<T> requires that the mouse tracking is enabled for widgets attaching it.

#include<CGAL/IO/Qt widget get iso rectangle.h>

Parameters

The full template declaration ofQt widget get iso rectanglestates one parameter:

template< class T>
class Qtwidget get iso rectangle;

If T is one of the CGAL kernels you don’t need additional types. If not, the parameter T has to provide this
types:

Types

typedef T::RT RT; This should be a Ring type

Inherits From

Qt widget layer

Creation

Qt widget get iso rectangle<T> getisor( const QCursor c=QCursor(Qt::crossCursor),
QObject* parent = 0,
const char* name = 0)

c is the cursor that this layer will use when is active.parentis the parent widget
andnameis the name you give to this layer.
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CGAL::Qt widget get polygon<Polygon>

Definition

An object of typeQt widget get polygon<Polygon> creates a CGAL polygon. A new vertex is inserted every
time the left mouse button is pressed. The polygon is returned on a right click. You can use theEscapekey
if you want to remove your last entered point in the polygon. The use ofQt widget get polygon<Polygon>
requires that the mouse tracking is enabled for widgets attaching it.

#include<CGAL/IO/Qt widget get polygon.h>

Parameters

The full template declaration ofQt widget get polygonstates one parameter:

template< class Polygon>
class Qtwidget get polygon;

Polygon should be a CGAL Polygon, or should provide the following types:

Types

typedef Polygon::Point2

Point 2;

typedef Polygon::Segment2

Segment2;

typedef Polygon::Edgeconst iterator

ECI;

typedef Polygon::Vertexiterator

VI;

typedef Polygon::FT

FT;

Inherits From

Qt widget tool
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Creation

Qt widget get polygon<Polygon> getpoly( const QCursor c=QCursor(Qt::crossCursor),
QObject* parent = 0,
const char* name = 0)

c is the cursor that this layer will use when is active.parentis the parent widget and
nameis the name you give to this layer.
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CGAL::Qt widget get simple polygon<Polygon>

Definition

An object of typeQt widget get simplepolygon<Polygon> creates a CGAL simple polygon. A new vertex is
inserted every time the left mouse button is pressed, if the polyline entered so far is simple. A right click closes
the polygon, if it is simple. You can use theEscapekey if you want to remove your last entered point in the
polygon.

#include<CGAL/IO/Qt widget get simplepolygon.h>

Parameters

The full template declaration ofQt widget get simplepolygonstates one parameter:

template< class Polygon>
class Qtwidget get simplepolygon;

Polygon should be a CGAL Polygon, or it should provide the following types:.

Types

typedef Polygon::Point2

Point 2;

typedef Polygon::Segment2

Segment2;

typedef Polygon::Edgeconst iterator

ECI;

Inherits From

Qt widget layer

Creation

Qt widget get simplepolygon<Polygon> getspoly( const QCursor c=QCursor(Qt::crossCursor),
QObject* parent = 0,
const char* name = 0)

c is the cursor that this layer will use when is active.parent is the parent
widget andnameis the name you give to this layer.
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CGAL::Navigation layer

#include<CGAL/IO/Navigationlayer.h>

Inherits From

Qt widget layer

Creation

Navigation layer nav layer( QObject* parent = 0, const char* name = 0);

parentis the parent widget andnameis the name you give to this layer.

This layer is used to provide basic navigation control over theQt widget. When this layer is attached and active,
you may use the arrows to navigate the equivalent in world coordinates of 10 pixels in the desired direction.
You can also use the PageUp, PageDown keys to scroll the equivalent in world coordinates of half screenheight
on the Y axes.
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CGAL::Custom zoom layer

#include<CGAL/IO/Customzoomlayer.h>

Inherits From

Customzoomlayer

Creation

Customzoomlayer zoomlayer( QObject* parent = 0, const char* name = 0);

parentis the parent widget andnameis the name you give to this layer.

The standard toolbar already provide zooming functionality, but this layer comes to complete the latest. When
this layer is attached and active, zooming functionality could be used anytime. To zoom in x2 you must press the
+ key on your keyboard. To zoom out x2 you must press the - key on your keyboard. You can also use the mouse
to zoom to a region defined by one rectangle. To define the rectangle you must press Ctrl+LeftMouseButton for
the first corner of the rectangle, you may release, then move, then press Ctrl+LeftMouseButton once again to
define the second corner.
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CGAL::Qt widget standard toolbar

Definition

The standard toolbar includes the basic tools used for zooming and translating in aQt widget.

#include<CGAL/IO/Qt widget standardtoolbar.h>

Inherits From

QToolBar

Creation

Qt widget standardtoolbar stoolbar( Qtwidget *w,
QMainWindow *mw,
QWidget* parent,
bool newline = true,
const char* name = 0)

This constructor creates a new toolbar, calledname, in your application, con-
taining all the standard tools. The first parameterw is a non-null pointer to the
Qt widget object on which the toolbar functionalities act. The second param-
etermw is a pointer to theQMainWindowthat manages the toolbar. The later
is added to the top area of theQMainWindow, unlessmw=0. mw, parent, new-
line, nameare passed to theQMainWindowconstructor (with first parameter
label=’’Qt widget standard toolbar’’2).

Qt widget standardtoolbar stoolbar( Qtwidget *w, QMainWindow *parent = 0, const char* name = 0);

Simplified version of the previous one. Theparent is theQMainWindowthat
manages the toolbar.

const QToolBar*

stoolbar.toolbar() Deprecated: (in CGAL-2.4 the standard toolbar was not derived
from QToolBar) Returns a pointer to theQToolBar thisitself.

public slots:

void stoolbar.back() Goes back in the history list of the standard toolbar.

void stoolbar.forward() Goes forward in the history list of the standard toolbar.

void stoolbar.clearhistory() Clears the history list of the standard toolbar.

Example
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#include <CGAL/Cartesian.h>
#include <CGAL/Point_2.h>
#include <CGAL/Delaunay_triangulation_2.h>
#include <CGAL/IO/Qt_widget_Delaunay_triangulation_2.h>

#include <qapplication.h>
#include <qmainwindow.h>

#include <CGAL/IO/Qt_widget.h>
#include <CGAL/IO/Qt_widget_layer.h>
#include <CGAL/IO/Qt_widget_standard_toolbar.h>

typedef CGAL::Cartesian<double> Rep;
typedef CGAL::Point_2<Rep> Point;
typedef CGAL::Delaunay_triangulation_2<Rep> Delaunay;

Delaunay dt;

class My_layer : public CGAL::Qt_widget_layer{
void draw(){

*widget << CGAL::BLACK;
*widget << dt;

}
};

class My_widget : public CGAL::Qt_widget {
public:

My_widget(QMainWindow* c) : CGAL::Qt_widget(c) {};
private:

//this event is called only when the user presses the mouse
void mousePressEvent(QMouseEvent *e)
{

Qt_widget::mousePressEvent(e);
dt.insert(Point(x_real(e->x()), y_real(e->y())));
redraw();

}
};

class My_window : public QMainWindow{
public:

My_window(int x, int y)
{

widget = new My_widget(this);
setCentralWidget(widget);
resize(x,y);
widget->set_window(0, x, 0, y);

//How to attach the standard toolbar
stoolbar = new CGAL::Qt_widget_standard_toolbar(widget, this,

"Standard toolbar");
widget->attach(&v);

}
private:

My_widget *widget;
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My_layer v;
CGAL::Qt_widget_standard_toolbar *stoolbar;

};

int main( int argc, char **argv )
{

QApplication app( argc, argv );
My_window W(400,400);
app.setMainWidget( &W );
W.show();
W.setCaption("Using the Standard Toolbar");
return app.exec();

}

This example is implemented in the fifth tutorial. You can look over the code to see how the code works.
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CGAL::Qt widget history

Definition

This class provides basic functionality to manipulate intervals ofQt widgetclass.Qt widgetknows about the
current visible area that is specified through an interval. The default one is (-1, 1, -1, 1). This class is mostly used
by theQt widget standardtoolbar to provide the backward and the forward navigation through the different
intervals.

#include<CGAL/IO/Qt widget history.h>

Inherits From

QObject

Creation

Qt widget history history( Qtwidget* parent, const char *name = 0);

parentis the parent widget that has to be aQt widgetandnameis the name of the history.
This will create a history object that can deal with theQt widgetvisualisation intervals.
Each time the visible area will change, it’s interval will be stored in the history list.

public slots:

void history.save() This saves the widget visible area in the history list.

void history.backward() This goes back in the list of saved intervals.

void history.forward() This goes forward in the list of saved intervals.

void history.clear() This will clear the entire history list.

signals:

void history.backwardAvaillable( bool)
void history.forwardAvaillable( bool)

This two signals are emited when there are available items in the
history list as regards to the current position in the list.
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CGAL::Qt help window

Definition

This class is a specialization of theQTextBrowserclass, that provides a rich text browser with hypertext navi-
gation. It has couple more functionalities as navigation support and printing.

#include<CGAL/IO/Qt help window.h>

Inherits From

QMainWindow

Creation

Qt help window hw( QString home, QString path, QWidget* parent = 0, const char *name=0);

home is the name of the file considered as home,path is the path to this file,parentis the
parent widget, andnameis the name of this help class.

public slots:

void hw.print() This prints the current displayed page to the printer device of your
choice.

Example

#include <CGAL/IO/Qt_help_window.h>
//...
QString home;
home = "help/index.html";
CGAL::Qt_help_window *help = new

CGAL::Qt_help_window(home, ".", 0, "help viewer");
help->resize(400, 400);
help->setCaption("Demo HowTo");
help->show();
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Kernel::CollinearAreOrderedAlongLine2,

221
Kernel::CollinearAreOrderedAlongLine3,

222
Kernel::CollinearAreStrictlyOrderedAlongLine

2, 223
Kernel::CollinearAreStrictlyOrderedAlongLine

3, 224
Kernel::CollinearHasOn2, 225
Kernel::Comparelexicographicallyd, 505
Kernel::CompareAngleWithXAxis2, 228
Kernel::CompareDistance2, 229
Kernel::CompareDistance3, 230
Kernel::CompareSlope2, 231
Kernel::CompareX2, 237
Kernel::CompareX3, 238
Kernel::CompareXAtY2, 232
Kernel::CompareXY2, 235
Kernel::CompareXY3, 236
Kernel::CompareXYZ3, 234
Kernel::CompareY2, 241
Kernel::CompareY3, 242
Kernel::CompareYAtX2, 239, 240
Kernel::CompareZ3, 243
Kernel::ComputeA2, 244
Kernel::ComputeArea2, 247
Kernel::ComputeArea3, 248
Kernel::ComputeB2, 245
Kernel::ComputeC2, 246
Kernel::ComputeScalarProduct2, 249
Kernel::ComputeScalarProduct3, 250
Kernel::ComputeSquaredArea3, 251
Kernel::ComputeSquaredDistance2, 252
Kernel::ComputeSquaredDistance3, 253
Kernel::ComputeSquaredLength2, 254
Kernel::ComputeSquaredLength3, 255
Kernel::ComputeSquaredRadius2, 256
Kernel::ComputeSquaredRadius3, 257
Kernel::ComputeVolume3, 258
Kernel::ComputeX2, 259
Kernel::ComputeXmax2, 263
Kernel::ComputeXmin2, 261
Kernel::ComputeY2, 260
Kernel::ComputeYAtX2, 265
Kernel::ComputeYmax2, 264
Kernel::ComputeYmin2, 262
Kernel::ConstructBaseVector3, 266
Kernel::ConstructBbox2, 267
Kernel::ConstructBbox3, 268
Kernel::ConstructBisector2, 269
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Kernel::ConstructBisector3, 270
Kernel::ConstructCartesianConstIterator2,

271
Kernel::ConstructCartesianConstIterator3,

272
Kernel::ConstructCartesianConstIteratord,

507
Kernel::ConstructCenter2, 273
Kernel::ConstructCenter3, 274
Kernel::ConstructCentroid2, 275
Kernel::ConstructCentroid3, 276
Kernel::ConstructCircle2, 277
Kernel::ConstructCircumcenter2, 278
Kernel::ConstructCircumcenter3, 279
Kernel::ConstructCrossProductVector3, 280
Kernel::ConstructDifferenceOfVectors2,

281
Kernel::ConstructDirection2, 282
Kernel::ConstructDirection3, 283
Kernel::ConstructIsoCuboid3, 284
Kernel::ConstructIsoRectangle2, 285
Kernel::ConstructLiftedPoint3, 286
Kernel::ConstructLine2, 287
Kernel::ConstructLine3, 288
Kernel::ConstructMaxVertex2, 289
Kernel::ConstructMaxVertex3, 290
Kernel::ConstructMidpoint2, 291
Kernel::ConstructMidpoint3, 292
Kernel::ConstructMinVertex2, 293
Kernel::ConstructMinVertex3, 294
Kernel::ConstructObject2, 295
Kernel::ConstructObject3, 296
Kernel::ConstructOppositeCircle2, 297
Kernel::ConstructOppositeDirection2, 298
Kernel::ConstructOppositeDirection3, 299
Kernel::ConstructOppositeLine2, 300
Kernel::ConstructOppositeLine3, 301
Kernel::ConstructOppositePlane3, 302
Kernel::ConstructOppositeRay2, 303
Kernel::ConstructOppositeRay3, 304
Kernel::ConstructOppositeSegment2, 305
Kernel::ConstructOppositeSegment3, 306
Kernel::ConstructOppositeSphere3, 307
Kernel::ConstructOppositeTriangle2, 308
Kernel::ConstructOppositeVector2, 309
Kernel::ConstructOppositeVector3, 310
Kernel::ConstructOrthogonalVector3, 311
Kernel::ConstructPerpendicularDirection2,

312
Kernel::ConstructPerpendicularLine2, 313
Kernel::ConstructPerpendicularLine3, 314
Kernel::ConstructPerpendicularPlane3, 315
Kernel::ConstructPerpendicularVector2, 316
Kernel::ConstructPlane3, 317

Kernel::ConstructPoint2, 321
Kernel::ConstructPoint3, 322
Kernel::ConstructPointOn2, 319
Kernel::ConstructPointOn3, 320
Kernel::ConstructProjectedPoint2, 323
Kernel::ConstructProjectedPoint3, 324
Kernel::ConstructProjectedXYPoint2, 325
Kernel::ConstructRay2, 326
Kernel::ConstructRay3, 327
Kernel::ConstructScaledVector2, 328
Kernel::ConstructScaledVector3, 329
Kernel::ConstructSegment2, 331
Kernel::ConstructSegment3, 332
Kernel::ConstructSphere3, 333
Kernel::ConstructSumOfVectors2, 330
Kernel::ConstructSupportingPlane3, 335
Kernel::ConstructTetrahedron3, 336
Kernel::ConstructTranslatedPoint2, 337
Kernel::ConstructTranslatedPoint3, 338
Kernel::ConstructTriangle2, 339
Kernel::ConstructTriangle3, 340
Kernel::ConstructVector2, 341
Kernel::ConstructVector3, 342
Kernel::ConstructVertex2, 343
Kernel::ConstructVertex3, 344
Kernel::Containedin affine hull d, 508
Kernel::Containedin linear hull d, 509
Kernel::Containedin simplex d, 510
Kernel::Coplanar3, 349
Kernel::CoplanarOrientation3, 347
Kernel::CoplanarSideOfBoundedCircle3,

348
Kernel::CounterclockwiseInBetween2, 350
Kernel::DoIntersect2, 353
Kernel::DoIntersect3, 354
Kernel::Equal2, 361
Kernel::Equal3, 362
Kernel::Equald, 511
Kernel::EqualX2, 356
Kernel::EqualX3, 357
Kernel::EqualXY3, 355
Kernel::EqualY2, 358
Kernel::EqualY3, 359
Kernel::EqualZ3, 360
Kernel::Hason positive side d, 512
Kernel::HasOn2, 373
Kernel::HasOn3, 374
Kernel::HasOnBoundary2, 363
Kernel::HasOnBoundary3, 364
Kernel::HasOnBoundedSide2, 365
Kernel::HasOnBoundedSide3, 366
Kernel::HasOnNegativeSide2, 367
Kernel::HasOnNegativeSide3, 368
Kernel::HasOnPositiveSide2, 369
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Kernel::HasOnPositiveSide3, 370
Kernel::HasOnUnboundedSide2, 371
Kernel::HasOnUnboundedSide3, 372
Kernel::Intersect2, 375
Kernel::Intersect3, 376
Kernel::Intersectd, 513
Kernel::IsDegenerate2, 377
Kernel::IsDegenerate3, 378
Kernel::IsHorizontal2, 380
Kernel::IsVertical2, 383
Kernel::LeftTurn2, 384
Kernel::Lesslexicographicallyd, 514
Kernel::Lessor equal lexicographicallyd,

515
Kernel::LessDistanceToPoint2, 385
Kernel::LessDistanceToPoint3, 386
Kernel::LessRotateCCW2, 387
Kernel::LessSignedDistanceToLine2, 388
Kernel::LessSignedDistanceToPlane3, 389
Kernel::LessX2, 393
Kernel::LessX3, 394
Kernel::LessXY2, 391
Kernel::LessXY3, 392
Kernel::LessXYZ3, 390
Kernel::LessY2, 396
Kernel::LessY3, 397
Kernel::LessYX2, 395
Kernel::LessZ3, 398
Kernel::Lift to paraboloidd, 516
Kernel::Linearbased, 518
Kernel::Linearrank d, 519
Kernel::Linearly independentd, 517
Kernel::Midpoint d, 520
Kernel::Orientation2, 403
Kernel::Orientation3, 404
Kernel::Orientationd, 521
Kernel::Orientedside d, 522
Kernel::OrientedSide2, 405
Kernel::OrientedSide3, 406
Kernel::Orthogonalvector d, 523
Kernel::Pointof sphered, 524
Kernel::Pointto vector d, 525
Kernel::Projectalong d axis d, 526
Kernel::Sideof boundedsphered, 527
Kernel::Sideof orientedsphered, 528
Kernel::SideOfBoundedCircle2, 416
Kernel::SideOfBoundedSphere3, 417
Kernel::SideOfOrientedCircle2, 418
Kernel::SideOfOrientedSphere3, 419
Kernel::Squareddistanced, 529
Kernel::Valueat d, 530
Kernel::Vectorto point d, 531
Matrix, 443
Max, 2566

Min, 2567
Modifier base, 2777
MonotoneMatrixSearchTraits,2325
PolygonIsValid,771
Project facet, 2673
Project next, 2677
Project next opposite, 2679
Project normal, 2675
Project oppositeprev, 2680
Project plane, 2676
Project point, 2674
Project prev, 2678
Project vertex, 2672
Projectionobject,2667
Random, 2757
Sgn, 2589
Sqrt, 2590
Square, 2591
To double, 2592
To interval, 2593
UniqueHashFunction,2784

∗
Aff transformation2, 62
Aff transformation3, 90
Aff transformationd, 476
Circulator, 2705
const, 441, 444, 2577
Handle,2729
int, 2577
Matrix, 444
Nef polyhedron3, 1037
Vector,441
Vector 2, 86, 87, 189
Vector 3, 117, 118, 189
Vector d, 453, 454

∗=
Nef polyhedron3, 1037
RingNumberType,2577
Vector,441
Vector d, 453

+
Bbox 2, 64
Bbox 3, 88
Circulator, 2706
const, 2577, 2580
differencetype, 2706
int, 2577
Line d, 459
Matrix, 444
Nef polyhedron3, 1037
Point 2, 77, 187
Point 3, 104, 187
Point d, 449
Ray d, 461
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Segmentd, 463
Sphered, 471
Vector,441
Vector 2, 86
Vector 3, 117
Vector d, 453

++
Circulator, 2705

+ =
Circulator, 2706
Nef polyhedron3, 1037
Point d, 449
RingNumberType,2577
Vector,441
Vector d, 453

−
Circulator, 2707
const, 2577
Direction 2, 68
Direction 3, 92
Direction d, 456
int, 2577
Matrix, 444
Nef polyhedron3, 1037
Point 2, 77, 188
Point 3, 104, 188
Point d, 449
Vector,441
Vector 2, 86
Vector 3, 117
Vector d, 454

−−
Circulator, 2706

−=
Circulator, 2706
Nef polyhedron3, 1037
Point d, 449
RingNumberType,2577
Vector,441
Vector d, 454

−>
Circulator, 2705
Handle,2729

/
const, 2530
int, 2530
Interval nt, 2545
Vector 2, 87
Vector 3, 118
Vector d, 453

/ =
FieldNumberType,2530
Vector,441
Vector d, 453

<
Circular arc point 2, 558
Compactcontainer, 2613
const, 2576
Direction 2, 67
In place list, 2604
int, 2576
Interval nt, 2546
Multiset, 2616
Nef polyhedron3, 1036
Point 2, 77
Point 3, 104
Quadruple, 2702
Triple, 2699

<<
Alpha shape2, 1609, 2848
Alpha shape3, 1638
Apolloniusgraph 2, 1719
Apolloniusgraph hierarchy 2, 1735
Apolloniussite 2, 1721
Arrangement2, 1235
Arrangementwith history 2, 1235
Bbox 2, 2818
Bbox 3, 2818
CGAL::Generalpolygon2, 951
CGAL::Generalpolygonwith holes2, 951
CGAL::Nef polyhedron3, 1032, 1053
CGAL::Polygonwith holes2, 951
CGAL::Polyhedron3, 789, 797, 832
Circle 2, 2847
Circular arc 2, 555
Circular arc point 2, 558
Class, 2786
Color, 2848
Conic 2, 2847
Constrainedtriangulation 2, 1391, 2848
Delaunaytriangulation 2, 2848
Event, 2487, 2493
Geomviewstream, 2819–2821
Interval skip list, 2032
Interval skip list interval, 2034
Iso rectangle2, 2847
Kd tree rectangle, 2075
Lazy exactnt, 2558
Level interval, 2035
Line 2, 2817, 2847
Line 3, 2817
Line arc 2, 556
LineWidth(const, 2848
Min annulusd, 2249
Min circle 2, 2197
Min ellipse 2, 2207, 2847
Min sphered, 2242
MP Float, 2568
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noFill, 2848
Numbertype checker, 2571
Optimisationcircle 2, 2847
Optimisationellipse 2, 2847
Plane separator, 2089
Point 2, 2816, 2847
Point 3, 2817
PointSize(const, 2848
PointStyle, 2848
Polygon2, 2847
Polyhedron3, 2818
Polytopedistanced, 2320
Quotient, 2573
Ray 2, 2817, 2847
Ray 3, 2817
Regular triangulation 2, 2848
Segment2, 2817, 2847
Segment3, 2817
SegmentDelaunaygraph 2, 1668
SegmentDelaunaygraph hierarchy 2, 1695
Sphere3, 2818
Tetrahedron3, 2817
Time, 2510
Triangle 2, 2817, 2847
Triangle 3, 2817
Triangulation 2, 1440, 2819, 2847
Triangulation 3, 1519, 2819
TriangulationDataStructure2::Face, 1475
TriangulationDataStructure2::Vertex, 1479
TriangulationDataStructure3, 1470, 1584
TriangulationDSCellBase3, 1591
TriangulationDSVertexBase3, 1593
TriangulationVertexBase2, 1427
TriangulationVertexBase3, 1547
Verboseostream, 2805
Voronoi diagram 2, 1756

<=
Circular arc point 2, 558
Compactcontainer, 2613
const, 2576
Direction 2, 67
int, 2576
Interval nt, 2546
Nef polyhedron3, 1036
Point 2, 77
Point 3, 104

=
Apolloniusgraph 2, 1714
Apolloniusgraph filtered traits 2, 1732
Apolloniusgraph hierarchy 2, 1733
Apolloniusgraph traits 2, 1731
ApolloniusGraphTraits2, 1730
Arrangement2, 1203
Arrangementwith history 2, 1319

ArrangementBasicTraits2, 1258
ArrangementDirectionalXMonotoneTraits2,

929
ArrangementLandmarkTraits2, 1259
ArrangementTraits2, 1263
ArrangementXMonotoneTraits2, 1262
Circulator, 2705
Compactcontainer, 2611
Constrainedtriangulation plus 2, 1395
DelaunayTriangulationTraits2, 1400
Fixed precisionnt, 2534
GeneralPolygon2, 924
GeneralPolygonSetTraits2, 931
GeneralPolygonWithHoles2, 926
HalfedgeDS,850
In place list, 2604
Largestemptyiso rectangle2, 2299
LargestEmptyIsoRectangleTraits2, 2301
Multiset, 2615
Object, 120
Plane separator, 2088
PolyhedronTraits3, 827
RegularTriangulationTraits2, 1409
SurfaceMeshTriangulation3, 1858
Taucsvector, 2000
Triangulation 2, 1431
Triangulation 3, 1506
Triangulation euclideantraits xy 3, 1446
TriangulationDataStructure2, 1464
TriangulationDataStructure3, 1574
TriangulationTraits2, 1425
UniqueHashFunction,2784
Vector,2003

==
AlgebraicKernelForCircles::const, 593
Arr consolidatedcurve data traits 2<Traits,

Data>:: Data container, 1290
Circle 2, 66
Circular arc point 2, 558
Circulator, 2705
Compactcontainer, 2613
const, 589, 2576
Direction 2, 67
Direction 3, 92
In place list, 2604
int, 2576
Interval,2033
Interval nt, 2546
Iso box d, 472
Iso cuboid 3, 95
Iso rectangle2, 69
Line 2, 72
Line 3, 97
Matrix, 444
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Multiset, 2616
Nef polyhedron3, 1036
Plane 3, 100
Point 2, 75
Point 3, 102
Point d, 450
Polygon2, 730
Quadruple, 2702
Random, 2758
Ray 2, 79
Ray 3, 105
Segment2, 81
Segment3, 107
Sphere3, 110
Spherepoint, 997
Tetrahedron3, 112
Triangle 2, 83
Triangle 3, 114
Triangulation 3, 1506
Triple, 2700
Vector 2, 85
Vector 3, 116

>
Circular arc point 2, 558
Compactcontainer, 2613
const, 2576
Direction 2, 67
int, 2576
Interval nt, 2546
Nef polyhedron3, 1036
Point 2, 77
Point 3, 104

>=
Circular arc point 2, 558
Compactcontainer, 2613
const, 2576
Direction 2, 67
int, 2576
Interval nt, 2546
Nef polyhedron3, 1036
Point 2, 77
Point 3, 104

>>
Apolloniusgraph 2, 1719
Apolloniusgraph hierarchy 2, 1735
Apolloniussite 2, 1721
Arrangement2, 1234
Arrangementwith history 2, 1234
CGAL::Generalpolygon2, 952
CGAL::Generalpolygonwith holes2, 952
CGAL::Nef polyhedron3, 1032, 1054
CGAL::Polygonwith holes2, 952
CGAL::Polyhedron3, 789, 798, 833
Circular arc 2, 555

Circular arc point 2, 558
Class, 2786, 2792, 2800
Geomviewstream, 2820
Lazy exactnt, 2558
Line arc 2, 556
Min annulusd, 2249
Min circle 2, 2197
Min ellipse 2, 2207
Min sphered, 2242
MP Float, 2568
Numbertype checker, 2571
Point 3, 2818
Polytopedistanced, 2320
Quotient, 2573
SegmentDelaunaygraph 2, 1668
SegmentDelaunaygraph hierarchy 2, 1695
Triangulation 2, 1440
Triangulation 3, 1519
TriangulationDataStructure2::Face, 1475
TriangulationDataStructure2::Vertex, 1479
TriangulationDataStructure3, 1469, 1584
TriangulationDSCellBase3, 1591
TriangulationDSVertexBase3, 1593
TriangulationVertexBase2, 1426
TriangulationVertexBase3, 1547
Voronoi diagram 2, 1756

[ ]
Arr polyline traits 2<SegmentTraits>

::Curve 2, 1269
Circulator, 2707
Direction d, 456
Hyperplaned, 466
Inverseindex, 2634
Iso cuboid 3, 95
Iso rectangle2, 70
Kinetic::ActiveObjectsTable,2478
Point 2, 76
Point 3, 103
Point d, 448
Polygon2, 730
Randomaccessadaptor, 2635
Randomaccessvalue adaptor, 2636
Segment2, 81
Segment3, 107
Segmentd, 463
Taucsvector, 2000
Tetrahedron3, 112
Triangle 2, 83
Triangle 3, 114
Unique hashmap, 2783
Vector,440, 2003
Vector 2, 86
Vector 3, 117
Vector d, 452
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ˆ
Nef polyhedron3, 1037

ˆ=
Nef polyhedron3, 1037

a
Line 2, 73
Plane 3, 100

ABORT, 8
Abs, 2522
abs, 2521
ABSOLUTEINDEXING, 818
access

Approximatemin ellipsoid d, 2267
Min annulusd, 2245
Min circle 2, 2194
Min ellipse 2, 2205
Min sphered, 2239
Min sphereof spheresd, 2253
Polytopedistanced, 2315
Width 3, 2307

accesscoordinatesbegin d object
Optimisationd traits 2, 2280
Optimisationd traits 3, 2282
Optimisationd traits d, 2284
OptimisationDTraits,2286

accessdimensiond object
Optimisationd traits 2, 2280
Optimisationd traits 3, 2282
Optimisationd traits d, 2284
OptimisationDTraits,2286

accesssite 2 object
AdaptationTraits2, 1769

achievedepsilon
Approximatemin ellipsoid d, 2267

activate
Qt widget layer, 2851

activated
Qt widget layer, 2852

activating
Qt widget layer, 2852

active points [123] table handle
Kinetic::SimulationTraits,2502

ACUTE, 123
AdaptableFunctor,2656–2657
Adaptationpolicy, 1751
adaptationpolicy

Voronoi diagram 2, 1753
Adaptationtraits, 1751
adaptationtraits

Voronoi diagram 2, 1753
AdaptationPolicy2, 1770–1771
AdaptationTraits2, 1768–1769
add coef

Matrix, 1954
Taucsmatrix, 1994

add face to border
HalfedgeDSdecorator, 867

add facet
Polyhedronincrementalbuilder 3, 820

add facet to border
Polyhedron3, 807

add hiddensite
ApolloniusGraphVertexBase2, 1725

add hole
ArrangementDcelFace,1245

add isolatedvertex
ArrangementDcelFace,1245

add to complex
SurfaceMeshComplex2InTriangulation3,

1849
add to history

Qt widget, 2842
add vertex

Polyhedronincrementalbuilder 3, 819
add vertexand facet to border

Polyhedron3, 807
add vertex to facet

Polyhedronincrementalbuilder 3, 819
Aff transformation2, 60–63
Aff transformation3, 89–91
Aff transformationd, 474–476, 2382
affine rank, 478
affinely independent, 477
after add hole

Arr observer, 1315
after add isolatedvertex

Arr observer, 1316
after assign

Arr observer, 1313
after attach

Arr observer, 1314
after clear

Arr observer, 1313
after createedge

Arr observer, 1314
after createvertex

Arr observer, 1314
after edgeflip

Kinetic::DelaunayTriangulationVisitor3,
2436

Kinetic::RegularTriangulationVisitor3,2453
after facet flip

Kinetic::DelaunayTriangulationVisitor3,
2436

Kinetic::RegularTriangulationVisitor3,2453
after flip
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Kinetic::DelaunayTriangulationVisitor2,
2435

after global change
Arr observer, 1313

after mergeedge
Arr observer, 1316

after mergeface
Arr observer, 1316

after mergehole
Arr observer, 1316

after modify edge
Arr observer, 1314

after modify vertex
Arr observer, 1314

after movehole
Arr observer, 1316

after moveisolatedvertex
Arr observer, 1317

after removeedge
Arr observer, 1317

after removehole
Arr observer, 1317

after removevertex
Arr observer, 1317

after split edge
Arr observer, 1315

after split face
Arr observer, 1315

after split hole
Arr observer, 1315

after swap
Kinetic::SortVisitor,2459

Algebraic kernel for circles 2 2, 588
AlgebraicKernelForCircles,586–587
AlgebraicKernelForCircles::CompareX,595
AlgebraicKernelForCircles::CompareXY,597
AlgebraicKernelForCircles::CompareY,596
AlgebraicKernelForCircles::ConstructPolynomial

1 2, 599
AlgebraicKernelForCircles::ConstructPolynomialForCircles

2 2, 600
AlgebraicKernelForCircles::Polynomial1 2, 591
AlgebraicKernelForCircles::PolynomialForCircles

2 2, 593
AlgebraicKernelForCircles::RootForCircles2 2,

589
AlgebraicKernelForCircles::SignAt,598
AlgebraicKernelForCircles::Solve,601
AlgebraicKernelForCircles::XCriticalPoints,602
AlgebraicKernelForCircles::YCriticalPoints,603
all furthest neighbors,2303
all cells begin

Triangulation 3, 1517
all cells end

Triangulation 3, 1517
All cells iterator, 1505
All Delaunayedgesiterator, 1770
all edgesbegin

Apolloniusgraph 2, 1715
DelaunayGraph2, 1766
SegmentDelaunaygraph 2, 1663
Triangulation 2, 1437
Triangulation 3, 1517

all edgesend
Apolloniusgraph 2, 1715
DelaunayGraph2, 1766
SegmentDelaunaygraph 2, 1663
Triangulation 2, 1438
Triangulation 3, 1517

All edgesiterator, 1430, 1505, 1662, 1714
all facesbegin

Apolloniusgraph 2, 1715
DelaunayGraph2, 1766
SegmentDelaunaygraph 2, 1664
Triangulation 2, 1438

all facesend
Apolloniusgraph 2, 1715
DelaunayGraph2, 1766
SegmentDelaunaygraph 2, 1664
Triangulation 2, 1438

All facesiterator, 1430, 1662, 1714
all facets

Convexhull d, 692
all facetsbegin

Triangulation 3, 1517
all facetsend

Triangulation 3, 1517
All facetsiterator, 1505
all furthestneighbors2, 2303–2304
all points

Convexhull d, 692
Delaunayd, 704

all simplices
Convexhull d, 692
Delaunayd, 703

all vertices
Convexhull d, 692
Delaunayd, 703

all verticesbegin
Apolloniusgraph 2, 1715
DelaunayGraph2, 1766
Regular triangulation 2, 1416
SegmentDelaunaygraph 2, 1663
Triangulation 2, 1437
Triangulation 3, 1516

all verticesend
Apolloniusgraph 2, 1715
DelaunayGraph2, 1766
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Regular triangulation 2, 1416
SegmentDelaunaygraph 2, 1663
Triangulation 2, 1437
Triangulation 3, 1516

All verticesiterator, 1430, 1505, 1662, 1714
AllFurthestNeighborsTraits2, 2305
alpha

Arr circle segmenttraits 2<Kernel>
::CoordNT, 1272

alpha begin
Alpha shape2, 1608
Alpha shape3, 1637

alpha end
Alpha shape2, 1608
Alpha shape3, 1637

alpha find
Alpha shape2, 1608
Alpha shape3, 1637

alpha lower bound
Alpha shape2, 1609
Alpha shape3, 1637

alpha max
Alpha status, 1641

alpha mid
Alpha status, 1641

alpha min
Alpha status, 1641

Alpha shape2, 1605–1610
Alpha shape3, 1633–1638
Alpha shapecell base3, 1639
alpha shapeedgesbegin

Alpha shape2, 1607
alpha shapeedgesend

Alpha shape2, 1607
Alpha shapeface base2, 1613
Alpha shapevertexbase2, 1617
Alpha shapevertexbase3, 1640
alpha shapeverticesbegin

Alpha shape2, 1607
alpha shapeverticesend

Alpha shape2, 1607
Alpha status, 1641–1642
alpha upper bound

Alpha shape2, 1609
Alpha shape3, 1637

AlphaShapeCell3, 1629–1630
AlphaShapeFace2, 1611–1612
AlphaShapeTraits2, 1614
AlphaShapeTraits3, 1631
AlphaShapeVertex2, 1616
AlphaShapeVertex3, 1632
ambientdimension

Min annulusd, 2245
Min sphered, 2239

Polytopedistanced, 2315
Angle, 123
angle, 135
angle 2 object

ConformingDelaunayTriangulationTraits2,
1802

annulus
smallest enclosing,2244
see alsosmallest enclosing sphere

antipode
Spherepoint, 997

Apolloniusgraph 2, 1713–1719
Apolloniusgraph adaptationtraits 2, 1772
Apolloniusgraph cachingdegeneracyremoval -

policy 2, 1781
Apolloniusgraph degeneracyremovalpolicy 2,

1777
Apolloniusgraph filtered traits 2, 1732
Apolloniusgraph hierarchy 2, 1733–1735
Apolloniusgraph hierarchy vertexbase2, 1738
Apolloniusgraph traits 2, 1731
Apolloniusgraph vertexbase2, 1726
Apolloniussite 2, 1721
ApolloniusGraphDataStructure2, 1722–1723
ApolloniusGraphHierarchyVertexBase2, 1736–

1737
ApolloniusGraphTraits2, 1727–1730
ApolloniusGraphVertexBase2, 1724–1725
ApolloniusSite2, 1720
approx

Lazy exactnt, 2557
approx convexpartition 2, 736, 740–742

postconditions,737, 765
traits class,745

default,769
approximate2 object

ArrangementLandmarkTraits2, 1260
approximatedivision, 2568
Approximatemin ellipsoid d, 2265–2273

creation,2267
implementation,2270
member functions,2267–2270

access,2267
miscellaneous,2270
predicates,2269
validity check,2270

requirements,2266
traits class

see also Approximatemin ellipsoid d
traits 2

see also Approximatemin ellipsoid d
traits 3

see also Approximatemin ellipsoid d
traits d
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types,2266
Approximatemin ellipsoid d traits 2, 2276
Approximatemin ellipsoid d traits 3, 2277
Approximatemin ellipsoid d traits d, 2278

traits class
requirements,2275

approximatesqrt, 2568
ApproximateMinEllipsoidd Traits d, 2274–2275
are cornersparameterized

Parameterizationpolyhedronadaptor 3,
1977

ParameterizationPatchableMesh3, 1963
are equal

Triangulation 3, 1510
TriangulationDataStructure3, 1576

are mergeable2 object
ArrangementXMonotoneTraits2, 1262

are orderedalong line, 136
are parallel 2 object

SegmentDelaunayGraphTraits2, 1686
are strictly orderedalong line, 137
are strictly orderedalong line 2 object

OptimalConvexPartitionTraits2, 760
are there incident constraints

Constrainedtriangulation 2, 1390
area, 138

Iso rectangle2, 70
Polygon2, 729
Triangle 2, 84

area 2, 715
Arity tag, 2658
Arity traits, 2659
Arr accessor, 1210–1215
Arr circle segmenttraits 2, 1271–1276
Arr circle segmenttraits 2<Kernel>::CoordNT,

1271–1272
Arr circle segmenttraits 2<Kernel>::Curve 2,

1273–1275
Arr circle segmenttraits 2<Kernel>::Point 2,

1272–1273
Arr circle segmenttraits 2<Kernel>::X -

monotonecurve 2, 1275–1276
Arr circular arc traits, 604
Arr circular line arc traits, 606
Arr conic traits 2, 1277–1282
Arr conic traits 2<RatKernel, AlgKer-

nel,NtTraits>:: X monotonecurve 2,
1282

Arr conic traits 2<RatKernel, AlgKer-
nel,NtTraits>::Curve 2, 1278–1281

Arr consolidatedcurve data traits 2, 1289–1291
Arr consolidatedcurve data traits 2<Traits,

Data>:: Data container, 1290–1291
Arr curve data traits 2, 1286–1288

Arr curve data traits 2<Tr,
XData,Mrg,CData,Cnv>::Curve 2,
1287

Arr curve data traits 2<Tr,
XData,Mrg,CData,Cnv>::X monotone-
curve 2, 1288

Arr dcel base, 1248–1249
Arr default dcel, 1250
Arr default overlay traits, 1232
Arr extendeddcel, 1252
Arr extendeddcel text formatter, 1302
Arr extendedface, 1255
Arr extendedhalfedge, 1254
Arr extendedvertex, 1253
Arr face base, 1248–1249
Arr face extendeddcel, 1251
Arr face extendedtext formatter, 1301
Arr face overlay traits, 1233
Arr halfedgebase<Curve>, 1248
Arr landmarkspoint location, 1310
Arr line arc traits, 605
Arr naive point location, 1307
Arr non cachingsegmentbasic traits 2, 1266
Arr non cachingsegmenttraits 2, 1267
Arr observer, 1312–1317
Arr polyline traits 2, 1268–1270
Arr polyline traits 2<SegmentTraits>::Curve 2,

1268–1270
Arr polyline traits 2<SegmentTraits>::X -

monotonecurve 2, 1270
Arr rational arc traits 2, 1283–1285
Arr rational arc traits 2<AlgKernel, NtTraits>

::Curve 2, 1283–1285
Arr segmenttraits 2, 1265
Arr text formatter, 1300
Arr trapezoidric point location, 1309
Arr vertexbase<Point>, 1248
Arr walk along line point location, 1308
Arr with history text formatter, 1327
arrangement

Generalpolygonset 2, 918
Arrangement2, 1201–1209
arrangementtype 2 object

SegmentDelaunayGraphTraits2, 1686
Arrangementwith history 2, 1318–1321
ArrangementBasicTraits2, 1256–1258
ArrangementDcel,1236–1238
ArrangementDcelFace,1244–1245
ArrangementDcelHalfedge,1241–1243
ArrangementDcelHole,1246
ArrangementDcelIsolatedVertex,1247
ArrangementDcelVertex,1239–1240
ArrangementDirectionalXMonotoneTraits2, 928–

929

2888



ArrangementInputFormatter,1292–1295
ArrangementLandmarkTraits2, 1259–1260
ArrangementOutputFormatter,1296–1299
ArrangementPointLocation2, 1303–1304
ArrangementTraits2, 1263–1264
ArrangementVerticalRayShoot2, 1305–1306
ArrangementXMonotoneTraits2, 1261–1262
ArrWithHistoryInputFormatter,1323–1324
ArrWithHistoryOutputFormatter,1325–1326
ASCII, 2785, 2798
aspectratio

Fair, 2058
Sliding fair, 2099
Splitter,2105

Assertbidirectional category, 2712
Assertcirculator, 2712
Assertcirculator or iterator, 2712
Assertforward category, 2712
Assertinput category, 2712
Assertiterator, 2712
Assertoutput category, 2712
Assertrandomaccesscategory, 2712
assertion flags

convex hull, 2D,613
convex hull, 3D,661
polygon,713
polygon partitioning,737

assign, 120
Arr extendedface, 1255
Arr extendedhalfedge, 1254
Arr extendedvertex, 1253
Arrangement2, 1203
Arrangementwith history 2, 1319
ArrangementDcel,1236
ArrangementDcelFace,1244
ArrangementDcelHalfedge,1241
ArrangementDcelVertex,1239
Compactcontainer, 2612

assign2 object
ApolloniusGraphTraits2, 1730
SegmentDelaunayGraphTraits2, 1686

associatedpoint
Convexhull d, 688
Delaunayd, 702

at
Kinetic::ActiveObjectsTable,2478

attach
Arr observer, 1313
ArrangementPointLocation2, 1304
ArrangementVerticalRayShoot2, 1306
Qt widget, 2844

axeslengthsbegin
Approximatemin ellipsoid d, 2268

axeslengthsend

Approximatemin ellipsoid d, 2269
axis direction cartesianbegin

Approximatemin ellipsoid d, 2269
axis direction cartesianend

Approximatemin ellipsoid d, 2269

b
Line 2, 73
Plane 3, 100

back
Arr consolidatedcurve data traits 2<Traits,

Data>:: Data container, 1290
In place list, 2604
Qt widget, 2842
Qt widget standardtoolbar, 2864

backgroundColor
Qt widget, 2844

backward
Qt widget history, 2867

backwardAvaillable
Qt widget history, 2867

BAD, 1811
Bare point, 1412, 1528, 1542
barycenter, 2342–2343
Barycentricmappingparameterizer3, 1934–

1935
Base, 1695
base1

Plane 3, 100
base2

Plane 3, 100
Basecurve 2, 1286, 1289
Basetraits 2, 1286, 1289
Basex monotonecurve 2, 1286, 1289
BasicMatrix,2327
bbox

Arr circle segmenttraits 2<Kernel>::X -
monotonecurve 2, 1276

Arr conic traits 2<RatKernel, AlgKer-
nel,NtTraits>::Curve 2, 1281

Arr polyline traits 2<SegmentTraits>
::Curve 2, 1269

Box d, 2175
Box with handled, 2180
Circle 2, 66
Circular arc point 2, 558
Iso cuboid 3, 96
Iso rectangle2, 70
Point 2, 76
Point 3, 103
Polygon2, 729
Segment2, 82
Segment3, 108
Sphere3, 111
Tetrahedron3, 113
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Triangle 2, 84
Triangle 3, 114
VectorField2, 2410

Bbox 2, 64
bbox 2, 716
Bbox 3, 88
beforeadd hole

Arr observer, 1315
beforeadd isolatedvertex

Arr observer, 1315
beforeassign

Arr observer, 1313
beforeattach

Arr observer, 1314
beforeclear

Arr observer, 1313
beforecreateedge

Arr observer, 1314
beforecreatevertex

Arr observer, 1314
beforedetach

Arr observer, 1314
beforeedgeflip

Kinetic::DelaunayTriangulationVisitor3,
2436

Kinetic::RegularTriangulationVisitor3,2453
before facet flip

Kinetic::DelaunayTriangulationVisitor3,
2436

Kinetic::RegularTriangulationVisitor3,2453
before flip

Kinetic::DelaunayTriangulationVisitor2,
2435

beforeglobal change
Arr observer, 1313

beforemergeedge
Arr observer, 1316

beforemergeface
Arr observer, 1316

beforemergehole
Arr observer, 1316

beforemodify edge
Arr observer, 1314

beforemodify vertex
Arr observer, 1314

beforemovehole
Arr observer, 1316

beforemoveisolatedvertex
Arr observer, 1317

before removeedge
Arr observer, 1317

before removehole
Arr observer, 1317

before removevertex

Arr observer, 1317
beforesplit edge

Arr observer, 1315
beforesplit face

Arr observer, 1315
beforesplit hole

Arr observer, 1315
beforeswap

Kinetic::SortVisitor,2459
begin

Arr consolidatedcurve data traits 2<Traits,
Data>:: Data container, 1290

Arr polyline traits 2<SegmentTraits>
::Curve 2, 1269

Compactcontainer, 2611
Container from circulator, 2726
In place list, 2604
Incrementalneighborsearch, 2066
Interval skip list, 2032
K neighborsearch, 2068
Kd tree, 2070
Kd tree node, 2073
Kinetic::Delaunaytriangulation recent -

edgesvisitor 2, 2434
Largestemptyiso rectangle2, 2299
Matrix, 444
Multiset, 2616
Orthogonal incrementalneighborsearch,

2085
Orthogonalk neighborsearch, 2087
SpatialTree,2103
Streamlines 2, 2408
Union find, 2781
Vector,440

begin facet
Polyhedronincrementalbuilder 3, 819

begin surface
Polyhedronincrementalbuilder 3, 819

beta
Arr circle segmenttraits 2<Kernel>

::CoordNT, 1272
Bidirectional circulator,2715
Bidirectional circulator base, 2722
Bidirectional circulator ptrbase, 2723
Bidirectional circulator tag, 2722
BINARY, 2785, 2798
Bind, 2652
bind 1, 2641
bind 2, 2642
bind 3, 2643
bind 4, 2644
bind 5, 2645
bisector, 139
border edgesbegin
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Polyhedron3, 809
border halfedgesbegin

HalfedgeDS,853
Polyhedron3, 809

border node
CatmullClark mask3, 1890
Loop mask3, 1892
PQQMask3, 1886
PTQMask3, 1887

BorderParameterizer3, 1936
bottomvertex

Polygon2, 729
bottomvertex2, 717

requirements,715, 717–720, 722, 723, 732
BOTTOMFRAME, 973
BOUNDARY, 1847
Boundary, 960, 992, 1035
boundary

Nef polyhedron2, 961
Nef polyhedron3, 1036
Nef polyhedronS2, 993

boundaryedgesbegin
SurfaceMeshComplex2InTriangulation3,

1850
boundaryedgesend

SurfaceMeshComplex2InTriangulation3,
1850

boundedface
Voronoi diagram 2, 1753

boundedfacesbegin
Voronoi diagram 2, 1754

boundedfacesend
Voronoi diagram 2, 1754

boundedhalfedge
Voronoi diagram 2, 1754

boundedhalfedgesbegin
Voronoi diagram 2, 1754

boundedhalfedgesend
Voronoi diagram 2, 1754

Boundedside, 123
boundedside

Circle 2, 66
Convexhull d, 690
Iso box d, 472
Iso cuboid 3, 95
Iso rectangle2, 70
Min annulusd, 2247
Min circle 2, 2195
Min ellipse 2, 2205
Min sphered, 2240
Polygon2, 729
Sphere3, 110
Sphered, 470
Tetrahedron3, 112

Triangle 2, 83
boundedside 2, 718
bounding volumes

approximate smallest enclosing ellipsoid,
2265

smallest enclosing annulus,2244
smallest enclosing circle,2193
smallest enclosing ellipse,2203
smallest enclosing sphere,2238
smallest enclosing sphere of spheres,2251

boundingbox, 2344
Kd tree, 2070
SpatialTree,2104

BOX, 2841
Box d, 2174–2176
Box d::dimension, 2175
box intersectionall pairs d, 2164–2165
box intersectiond, 2148, 2149, 2161–2163
box self intersectionall pairs d, 2169–2170
box self intersectiond, 2166–2168
Box traits d, 2177
Box with handled, 2178–2180
Box with handled::dimension, 2180
BoxIntersectionBoxd, 2171
BoxIntersectionBoxd::dimension, 2171
BoxIntersectionTraitsd, 2172–2173
BoxIntersectionTraitsd::dimension, 2172
BoxIntersectionTraitsd::id, 2172
BoxIntersectionTraitsd::max coord, 2172
BoxIntersectionTraitsd::min coord, 2172
bucketsize

Fair, 2058
Median of max spread, 2078
Median of rectangle, 2079
Midpoint of max spread, 2080
Midpoint of rectangle, 2081
Sliding fair, 2099
Sliding midpoint, 2101
Splitter,2105

bytes
HalfedgeDS,850
Polyhedron3, 802
Union find, 2780

bytesreserved
HalfedgeDS,850
Polyhedron3, 802

c
Line 2, 73
Plane 3, 100

cachednumberof components
SurfaceMeshVertexBase3, 1864

cachednumberof incident facets
SurfaceMeshVertexBase3, 1864
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capacity
Compactcontainer, 2612

capacityof faces
HalfedgeDS,850

capacityof facets
Polyhedron3, 802

capacityof halfedges
HalfedgeDS,850
Polyhedron3, 802

capacityof vertices
HalfedgeDS,850
Polyhedron3, 802

Cartesian, 41
cartesian

Aff transformation2, 62
Aff transformation3, 91
Kernel::Componentaccessord, 506
Point 2, 76
Point 3, 103
Point d, 448
Vector 2, 86
Vector 3, 117
Vector d, 452

cartesianbegin
ApproximateMinEllipsoidd Traits d, 2274
Point 2, 76
Point 3, 103
Point d, 448
Vector d, 453

Cartesianconst iterator, 2095
Cartesianconst iterator d, 2091, 2093, 2097
Cartesianconverter, 42
cartesianend

Point 2, 76
Point 3, 103
Point d, 448
Vector d, 453

cartesianto homogeneous, 43
Cast function object, 2671
catenate

Multiset, 2619
CatmullClark mask3, 1890–1891
CatmullClark subdivision, 1884
ccb

Face, 1762
Halfedge, 1217, 1759

Ccb halfedgecirculator, 1210, 1312
ccb halfedges

Voronoi diagram 2, 1755
ccw, 1597

Triangulation 2, 1439
Triangulation cw ccw 2, 1442
TriangulationDataStructure2, 1469
TriangulationDataStructure2::Face,1475

ccw permute
ConstrainedTriangulationFaceBase2, 1379
TriangulationDSFaceBase2, 1472

CELL, 1505, 1558
Cell, 1585–1586
Cell, 1504
cell

TriangulationDSVertexBase3, 1592
Vertex,1587

Cell circulator, 1505
Cell handle, 1505, 1585, 1587, 1589, 1592, 1847
cells begin

TriangulationDataStructure3, 1582
cells end

TriangulationDataStructure3, 1582
center

rectangular,2229
center

Circle 2, 65
Min annulusd, 2246
Min sphered, 2239
Sphere3, 110
Sphered, 470

centercartesianbegin
Approximatemin ellipsoid d, 2268
Min sphereof spheresd, 2253
Min sphereof spheresd traits 2, 2260
Min sphereof spheresd traits 3, 2262
Min sphereof spheresd traits d, 2264
MinSphereOfSpheresTraits,2258

centercartesianend
Approximatemin ellipsoid d, 2268
Min sphereof spheresd, 2253

centercoordinatesbegin
Min annulusd, 2247

centercoordinatesend
Min annulusd, 2247

centerof sphere, 479
centervertex

Halfedge, 1040
SFace, 1049

centroid, 140, 2345

CGAL CH CHECK EXPENSIVE, 613, 661

CGAL For all, 2728
CGAL For all backwards, 2728

CGAL HALFEDGEDSDEFAULT, 872

ch akl toussaint, 616–617
ch bykat, 618–619
ch e point, 622
ch eddy, 610, 620–621
ch grahamandrew, 610, 623–624
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ch grahamandrewscan, 611, 625–626
ch jarvis, 610, 627–628
ch jarvis march, 611, 629–630
ch melkman, 610, 631–632
ch n point, 635
ch ns point, 634
ch nswepoint, 633
ch s point, 636
ch w point, 638
ch we point, 637
checkintegrity and topological planarity

Nef polyhedronS2, 994
Topologicalexplorer, 969

checkparameterizepostconditions
Fixed border parameterizer3, 1949
LSCM parameterizer3, 1953

checkparameterizepreconditions
Fixed border parameterizer3, 1948
LSCM parameterizer3, 1952

checktag, 426
checkunconnectedvertices

Polyhedronincrementalbuilder 3, 820
ChullTraits, 2306, 2310
CIRCLE, 2841
Circle, 2013
circle

smallest enclosing,2193
see alsosmallest enclosing ellipse
see alsosmallest enclosing sphere
see alsosmallest enclosing sphere of spheres

circle, 2200
Min circle 2, 2195
SHalfedge, 1004, 1046
SHalfloop, 1005, 1047

Circle 2, 65–66, 2857
Circular arc 2, 548, 554–555
Circular arc point 2, 548, 558–559
Circular border arc length parameterizer3,

1937–1938
Circular border parameterizer3, 1939–1940
Circular border uniform parameterizer3, 1941–

1942
Circular kernel 2, 548
CircularKernel,545–547
CircularKernel::CircularArc2, 551
CircularKernel::CircularArcPoint2, 553
CircularKernel::CompareX2, 570
CircularKernel::CompareXY2, 572
CircularKernel::CompareY2, 571
CircularKernel::CompareYatX2, 573
CircularKernel::CompareYtoRight2, 574
CircularKernel::ConstructBbox2, 569
CircularKernel::ConstructCircle2, 561
CircularKernel::ConstructCircularArc2, 564

CircularKernel::ConstructCircularArcPoint2, 562
CircularKernel::ConstructCircularMaxVertex2,

566
CircularKernel::ConstructCircularMinVertex2,

565
CircularKernel::ConstructCircularSourceVertex2,

567
CircularKernel::ConstructCircularTargetVertex2,

568
CircularKernel::ConstructLine2, 560
CircularKernel::ConstructLineArc2, 563
CircularKernel::DoOverlap2, 580
CircularKernel::Equal2, 578
CircularKernel::GetEquation,585
CircularKernel::HasOn2, 579
CircularKernel::Intersect2, 576
CircularKernel::InXRange2, 581
CircularKernel::IsVertical2, 582
CircularKernel::IsXMonotone2, 583
CircularKernel::IsYMonotone2, 584
CircularKernel::LineArc2, 552
CircularKernel::MakeXMonotone2, 575
CircularKernel::Split2, 577
Circulator,2715–2717
Circulator, 2705–2707, 2726
Circulator base, 2722
circulator distance, 2713
Circulator from container, 2718–2719
Circulator from iterator, 2720–2721
circulator size, 2714
Circulator tag, 2722–2724
Circulator traits, 2725
circumcenter, 141

Triangulation 2, 1440
Classificationtype, 1605, 1633
classify

Alpha shape2, 1608
Alpha shape3, 1635, 1636

clear
AdaptationPolicy2, 1771
Alpha shape2, 1606
Alpha shape3, 1634
Apolloniusgraph 2, 1719
Apolloniusgraph hierarchy 2, 1735
Arr consolidatedcurve data traits 2<Traits,

Data>:: Data container, 1291
Arr polyline traits 2<SegmentTraits>

::Curve 2, 1270
Arrangement2, 1203
Arrangementwith history 2, 1320
Compactcontainer, 2613
Convexhull d, 690
Delaunayd, 702
DelaunayGraph2, 1767
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Generalpolygon2, 932
Generalpolygonset 2, 918
Geomviewstream, 2819
HalfedgeDS,852
Interval skip list, 2032
Kd tree, 2070
Kinetic::ActiveObjectsTable,2478
Largestemptyiso rectangle2, 2300
Min annulusd, 2248
Min circle 2, 2196
Min ellipse 2, 2206
Min sphered, 2240
Min sphereof spheresd, 2254
Multiset, 2617
Nef polyhedron2, 961
Nef polyhedron3, 1037
Nef polyhedronS2, 992
Polygon2, 728
Polyhedron3, 808
Polytopedistanced, 2317
Qt widget, 2842
Qt widget history, 2867
SegmentDelaunaygraph 2, 1668
SurfaceMeshTriangulation3, 1858
Triangulation 2, 1431
Triangulation 3, 1506
TriangulationDataStructure2, 1464
TriangulationDataStructure3, 1574
Union find, 2780
Unique hashmap, 2783
Voronoi diagram 2, 1757

clear hiddensitescontainer
ApolloniusGraphVertexBase2, 1725

clear history
Qt widget, 2842
Qt widget standardtoolbar, 2864

clear seeds
Delaunaymesher2, 1806

CLOCKWISE, 126
close tip

HalfedgeDSitemsdecorator, 882
closure

Nef polyhedron2, 961
Nef polyhedron3, 1036
Nef polyhedronS2, 993

code optimization,7
coefficient

Hyperplaned, 466
coefficientsbegin

Hyperplaned, 466
coefficientsend

Hyperplaned, 467
COLLINEAR, 127
collinear, 142

collinear are orderedalong line, 143
collinear are orderedalong line 2 object

OptimalConvexPartitionTraits2, 760
collinear are strictly orderedalong line, 144
collinear has on

Ray 2, 80
Segment2, 82

color
Qt widget, 2844

column
Matrix, 443

columnbegin
Matrix, 443

columndimension
Matrix, 443, 1954
Taucsmatrix, 1993

columnend
Matrix, 444

commonendpoint, 464
comp

tree interval traits, 2141
tree point traits, 2143

Compactcontainer, 2610–2613
Compactcontainerbase, 2608
Compactcontainer traits, 2609
Compare, 2524
compare, 2523, 2546
Comparedistance2, 2384
comparedistance2 object

DelaunayTriangulationTraits2, 1400
comparedistance3 object

DelaunayTriangulationTraits3, 1537
comparedistanceto point, 145
compareendpointsxy 2 object

ArrangementDirectionalXMonotoneTraits2,
929

comparelexicographically, 480
comparenon strictly

Sortedmatrix searchtraits adaptor, 2332
SortedMatrixSearchTraits,2333

comparepower distance2 object
RegularTriangulationTraits2, 1409

comparepower distance3 object
Regular triangulation euclideantraits 3,

1544
comparesigneddistanceto line, 146
comparesigneddistanceto plane, 147
compareslopes, 148
comparestrictly

Sortedmatrix searchtraits adaptor, 2332
SortedMatrixSearchTraits,2333

Compareto less, 2654
compareto less, 2646
compareweight 2 object
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ApolloniusGraphTraits2, 1730
comparex, 149–150

ExtendedKernelTraits2, 975
Comparex 2, 2385
comparex 2 object

ApolloniusGraphTraits2, 1730
ArrangementBasicTraits2, 1258
LargestEmptyIsoRectangleTraits2, 2302
PartitionTraits2, 766
PolygonTraits2, 725
SegmentDelaunayGraphTraits2, 1686
SnapRoundingTraits2, 1345
Triangulation euclideantraits xy 3, 1446
TriangulationTraits2, 1425

comparex at y, 153–154
comparex at y 2 object

YMonotonePartitionTraits2, 778
comparexy, 151

ExtendedKernelTraits2, 975
comparexy 2 object

ArrangementBasicTraits2, 1258
comparexyz, 152
comparexyz 3 object

TriangulationTraits3, 1535
comparey, 155–156

ExtendedKernelTraits2, 975
Comparey 2, 2385
comparey 2 object

ApolloniusGraphTraits2, 1730
LargestEmptyIsoRectangleTraits2, 2302
PartitionTraits2, 766
PolygonTraits2, 725
SegmentDelaunayGraphTraits2, 1686
SnapRoundingTraits2, 1345
Triangulation euclideantraits xy 3, 1446
TriangulationTraits2, 1425

comparey at x, 157–158
comparey at x 2 object

ArrangementBasicTraits2, 1258
comparey at x left 2 object

ArrangementBasicTraits2, 1258
comparey at x right 2 object

ArrangementBasicTraits2, 1258
compareyx, 159
comparez, 160
Comparisonresult, 124
complement, 939–940

Generalpolygonset 2, 919
Nef polyhedron2, 961
Nef polyhedron3, 1036
Nef polyhedronS2, 993
Spheresegment, 998

COMPLETE, 960, 992, 1035
Compose, 2653

compose, 2647–2648
Composeshared, 2655
composeshared, 2649
Computearea 2, 2384
computearea 2 object

PolygonTraits2, 725
computecritical squaredradius 3 object

Regular triangulation euclideantraits 3,
1544

computeedgelength
Circular border arc length parameterizer-

3, 1937
Circular border parameterizer3, 1940
Circular border uniform parameterizer3,

1941
Squareborder arc length parameterizer3,

1987
Squareborder parameterizer3, 1990
Squareborder uniform parameterizer3,

1991
computemin k gon

Extremalpolygonarea traits 2, 2293
Extremalpolygonperimetertraits 2, 2295
ExtremalPolygonTraits2, 2296

computeouter frame margin, 1098–1099
computepower product 3 object

Regular triangulation euclideantraits 3,
1544

computescalar product 3 object
ImplicitSurfaceTraits3, 1836

computesquareddistance2 object
AllFurthestNeighborsTraits2, 2305
ConformingDelaunayTriangulationTraits2,

1802
ConstrainedTriangulationTraits2, 1382

computesquareddistance3 object
ImplicitSurfaceTraits3, 1836

Computesquareddistanced, 2373, 2382
computesquareddistanced object

InterpolationTraits,2371
computesquaredradius 2 object

AlphaShapeTraits2, 1614
computesquaredradius 3 object

AlphaShapeTraits3, 1631
ImplicitSurfaceTraits3, 1836
WeightedAlphaShapeTraits3, 1643

computesquaredradius smallestorthogonal -
sphere3 object

Regular triangulation euclideantraits 3,
1544

computew ij
Barycentricmappingparameterizer3, 1935
Discreteauthalic parameterizer3, 1944
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Discreteconformalmap parameterizer3,
1946

Fixed border parameterizer3, 1949
Mean value coordinatesparameterizer3,

1957
concentric spheres

see alsoannulus
ConformingDelaunayTriangulationTraits2, 1801–

1802
Constcirculator from container<C>, 2718
Constonesetiterator, 2628
ConstrainedDelaunaytriangulation 2, 1383–

1387
Constrainedtriangulation 2, 1388–1392
Constrainedtriangulation face base2, 1393
Constrainedtriangulation plus 2, 1394–1398
ConstrainedDelaunayTriangulationTraits2, 1378
ConstrainedTriangulationFaceBase2, 1379–1380
ConstrainedTriangulationTraits2, 1381–1382
Constraint, 1389
constraintsbegin

Constrainedtriangulation plus 2, 1397
constraintsend

Constrainedtriangulation plus 2, 1397
constructApolloniussite 2 object

ApolloniusGraphTraits2, 1730
constructApolloniusvertex2 object

ApolloniusGraphTraits2, 1730
constructbisector2 object

DelaunayTriangulationTraits2, 1400
Constructcartesianconst iterator, 2095
ConstructCartesianconst iterator d, 2097
Constructcartesianconst iterator d, 2091, 2093
constructcenter3 object

ImplicitSurfaceTraits3, 1836
Constructcenterd, 2092, 2093
constructcircular arc 2 object

CircularKernel,547
constructcircumcenter2 object

DelaunayMeshTraits2, 1804
DelaunayTriangulationTraits2, 1400
TriangulationTraits2, 1425

constructcircumcenter3 object
DelaunayTriangulationTraits3, 1537

constructcurves2 object
GeneralPolygonSetTraits2, 931

constructdirection
ExtendedKernelTraits2, 975

constructdirection 2 object
DelaunayTriangulationTraits2, 1400

constructinitial points object
SurfaceMeshTraits3, 1854

constructinsert
Compactcontainer, 2612

Constructiso box d, 2091
constructiso rectangle2 aboveleft point 2

object
Rectangularp centerdefault traits 2, 2234
RectangularPCenterTraits2, 2237

constructiso rectangle2 aboveright point 2
object

Rectangularp centerdefault traits 2, 2234
RectangularPCenterTraits2, 2237

constructiso rectangle2 below left point 2
object

Rectangularp centerdefault traits 2, 2234
RectangularPCenterTraits2, 2237

constructiso rectangle2 below right point 2
object

Rectangularp centerdefault traits 2, 2234
RectangularPCenterTraits2, 2237

constructiso rectangle2 object
Rectangularp centerdefault traits 2, 2234
RectangularPCenterTraits2, 2236
SnapRoundingTraits2, 1345

constructline 2 object
ConstrainedTriangulationTraits2, 1381
YMonotonePartitionTraits2, 778

constructmax vertex2 object
ArrangementBasicTraits2, 1258

Constructmax vertexd, 2092, 2094, 2096, 2097
constructmidpoint 2 object

ConformingDelaunayTriangulationTraits2,
1802

constructmidpoint 3 object
ImplicitSurfaceTraits3, 1836

constructmin vertex2 object
ArrangementBasicTraits2, 1258

Constructmin vertexd, 2092, 2094, 2096, 2097
Constructnull matrix d, 2382
constructnull matrix d object

GradientFittingTraits,2381
constructobject 2 object

ApolloniusGraphTraits2, 1730
SegmentDelaunayGraphTraits2, 1686

constructobject 3 object
DelaunayTriangulationTraits3, 1537
RegularTriangulationTraits3, 1541

constructoffsetcontours
Polygonoffsetbuilder 2, 1095

constructopposite2 object
ArrangementDirectionalXMonotoneTraits2,

929
Constructoppositeplane 3, 828, 830
constructoppositeplane 3 object

Polyhedrontraits 3, 828
Polyhedrontraits with normals3, 830
PolyhedronTraits3, 827
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constructoppositepoint
ExtendedKernelTraits2, 974

Constructouter product d, 2382
constructouter product d object

GradientFittingTraits,2381
constructperpendicularline object

DelaunayTriangulationTraits3, 1537
RegularTriangulationTraits3, 1541

constructplane 3 object
DelaunayTriangulationTraits3, 1537
RegularTriangulationTraits3, 1541

constructpoint
ExtendedKernelTraits2, 973

constructpoint d object
Kernel d, 500
Optimisationd traits 2, 2280
Optimisationd traits 3, 2282
Optimisationd traits d, 2284
OptimisationDTraits,2286

constructpoint on 3 object
ImplicitSurfaceTraits3, 1836

constructpolygon2 object
GeneralPolygonSetTraits2, 931

constructradical axis 2 object
RegularTriangulationTraits2, 1409

Constructray 2, 2384
constructray 2 object

DelaunayTriangulationTraits2, 1400
OptimalConvexPartitionTraits2, 760

constructray 3 object
DelaunayTriangulationTraits3, 1537
RegularTriangulationTraits3, 1541

constructscaledvector 2 object
ConformingDelaunayTriangulationTraits2,

1802
constructscaledvector 3 object

ImplicitSurfaceTraits3, 1836
Constructscaledvector d, 2373, 2382
constructscaledvector d object

GradientFittingTraits,2381
InterpolationTraits,2371

Constructscaling matrix d, 2382
constructsegment

ExtendedKernelTraits2, 975
constructsegment2 object

OptimalConvexPartitionTraits2, 760
PolygonTraits2, 725
SnapRoundingTraits2, 1345
Triangulation euclideantraits xy 3, 1446
TriangulationTraits2, 1425

constructsegment3 object
ImplicitSurfaceTraits3, 1836
TriangulationTraits3, 1535

constructsite 2

SegmentDelaunayGraphSite2, 1669
constructskeleton

Straight skeletonbuilder 2, 1091
Constructsquaredradius d, 2092, 2094
constructstoragesite 2

SegmentDelaunayGraphStorageSite2, 1673,
1674

Constructsummatrix d, 2382
constructsummatrix d object

GradientFittingTraits,2381
constructsvd vertex2 object

SegmentDelaunayGraphTraits2, 1686
constructtetrahedron3 object

TriangulationTraits3, 1535
constructtranslatedpoint 2 object

ConformingDelaunayTriangulationTraits2,
1802

constructtranslatedpoint 3 object
ImplicitSurfaceTraits3, 1836

Constructtriangle 2, 2384
constructtriangle 2 object

Triangulation euclideantraits xy 3, 1446
TriangulationTraits2, 1425

constructtriangle 3 object
TriangulationTraits3, 1535

constructvector 2 object
ConformingDelaunayTriangulationTraits2,

1802
Kernel,40
Min quadrilateral default traits 2, 2224
MinQuadrilateralTraits2, 2227

constructvector 3 object
ImplicitSurfaceTraits3, 1836

Constructvector d, 2373, 2382
constructvector d object

GradientFittingTraits,2381
InterpolationTraits,2371

constructvertex2 object
Rectangularp centerdefault traits 2, 2234
RectangularPCenterTraits2, 2236
SnapRoundingTraits2, 1345

constructVoronoi point 2 object
AdaptationTraits2, 1769

Constructweightedcircumcenter2, 2385
constructweightedcircumcenter2 object

RegularTriangulationTraits2, 1409
constructweightedcircumcenter3 object

Regular triangulation euclideantraits 3,
1544

RegularTriangulationTraits3, 1541
constructx monotonecurve 2 object

ArrangementLandmarkTraits2, 1260
ConstructFunction,2484
Constructionkernel, 1691, 1693
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Constructiontraits methodtag, 1691, 1693
containedin affine hull, 481
containedin boundary

Nef polyhedron2, 962
Nef polyhedronS2, 994

containedin linear hull, 482
containedin simplex, 483
container

Polygon2, 730
Container from circulator, 2726–2727
contains

Delaunayd, 702
ExtendedKernelTraits2, 976
Fuzzyiso box, 2060
Fuzzysphere, 2062
FuzzyQueryItem,2059
Interval,2033
Kinetic::Delaunaytriangulation recent -

edgesvisitor 2, 2434
Nef polyhedron2, 962
Nef polyhedronS2, 994

containsinterval
Interval,2033

Content, 960, 992, 1035
Context, 1394
context

Constrainedtriangulation plus 2, 1397
Contextiterator, 1395
contextsbegin

Constrainedtriangulation plus 2, 1397
contextsend

Constrainedtriangulation plus 2, 1397
CONTINUE, 8
Convert, 1287
convert to Polyhedron

Nef polyhedron3, 1037
convex hull,609, 613, 661, 681, 683
convex hull, 2D,639–640

Akl-Toussaint algorithm,616–617
assertion flags,613
Bykat’s algorithm,610
Bykat algorithm,618–619
Eddy algorithm,620–621
gift-wrapping,627, 629
Graham-Andrew scan,623–626
Jarvis march,627, 629
Melkman algorithm,631–632
of polyline or polygon,610, 631–632
postcondition,612
quickhull,610, 621
traits class

default,647
requirements,641
see also Convexhull constructivetraits 2

see also Convexhull projectivexy traits 2
see also Convexhull projectivexz traits 2
see also Convexhull projectiveyz traits 2
see also Convexhull traits 2

convex hull, 3D,655–660, 664–668
assertion flags,661
dynamic,659
incremental,657, 667–668
quickhull,655, 664–666
static,655

convex hull, dD,681–682
convex polygon

function object,753
convexhull 2, 610, 639–640
convexhull 3, 655, 664–666

postcondition,656, 678
traits class

default,676
Convexhull constructivetraits, 611
Convexhull constructivetraits 2, 643
Convexhull d, 687–693

traits class
default,694

convexhull d to polyhedron3, 693
convexhull incremental3, 657, 667–668
Convexhull projectivexy traits 2, 611, 644
Convexhull projectivexz traits 2, 611, 645
Convexhull projectiveyz traits 2, 611, 646
Convexhull traits 2, 611, 647
Convexhull traits 3, 656
convexpartition is valid 2, 743–744

preconditions,743
traits class,745

default,743
ConvexHullPolyhedron3, 672–673
ConvexHullPolyhedronFacet3, 669
ConvexHullPolyhedronHalfedge3, 670
ConvexHullPolyhedronVertex3, 671
ConvexHullTraits2, 641–642

model,643–647
ConvexHullTraits3, 664, 674–675
ConvexHullTraitsd, 685–686, 688
convexity checking, 2D,612, 648–649
ConvexPartitionIsValidTraits2, 740, 743, 745,

756
model,769

COPLANAR, 128
coplanar, 161
coplanar orientation, 162
coplanar orientation 3 object

TriangulationTraits3, 1535
coplanar side of boundedcircle, 163
coplanar side of boundedcircle 3 object

DelaunayTriangulationTraits3, 1537
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copy n, 2623
copy parallelogramvertices2

Min quadrilateral default traits 2, 2224
MinQuadrilateralTraits2, 2227

copy rectanglevertices2
Min quadrilateral default traits 2, 2224
MinQuadrilateralTraits2, 2227

copy strip lines 2
Min quadrilateral default traits 2, 2224
MinQuadrilateralTraits2, 2227

copy tds
TriangulationDataStructure2, 1464
TriangulationDataStructure3, 1574

CORE::Expr, 2525
corner node

DooSabinmask3, 1893
DQQMask3, 1888

count
Multiset, 2617

count facet vertices
Parameterizationmeshpatch 3, 1970
Parameterizationpolyhedronadaptor 3,

1976
ParameterizationMesh3, 1960

count meshfacets
Parameterizationmeshpatch 3, 1970
Parameterizationpolyhedronadaptor 3,

1975
ParameterizationMesh3, 1960

count meshhalfedges
Parameterizationmeshpatch 3, 1970
Parameterizationpolyhedronadaptor 3,

1975
ParameterizationMesh3, 1960

count meshvertices
Parameterizationmeshpatch 3, 1969
Parameterizationpolyhedronadaptor 3,

1975
ParameterizationMesh3, 1959

COUNTERCLOCKWISE, 126
counterclockwisein between

Direction 2, 68
Counting iterator, 2629
createcell

TriangulationDataStructure3, 1581
createcells

Kinetic::DelaunayTriangulationVisitor3,
2436

Kinetic::RegularTriangulationVisitor3,2453
createcentervertex

HalfedgeDSdecorator, 869
Polyhedron3, 805

createedge
OverlayTraits,1231

create face
OverlayTraits,1231
TriangulationDataStructure2, 1468, 1469

create faces
Kinetic::DelaunayTriangulationVisitor2,

2435
create loop

HalfedgeDSdecorator, 865
createsegment

HalfedgeDSdecorator, 865
createvertex

Arr accessor, 1212
Kinetic::DelaunayTriangulationVisitor2,

2435
Kinetic::DelaunayTriangulationVisitor3,

2436
Kinetic::RegularTriangulationVisitor3,2453
Kinetic::SortVisitor,2459
OverlayTraits,1230, 1231
TriangulationDataStructure2, 1468
TriangulationDataStructure3, 1580

Creator 1, 2681
Creator 2, 2682
Creator 3, 2683
Creator 4, 2684
Creator 5, 2685
Creator uniform 2, 2686
Creator uniform 3, 2687
Creator uniform 4, 2688
Creator uniform 5, 2689
Creator uniform 6, 2690
Creator uniform 7, 2691
Creator uniform 8, 2692
Creator uniform 9, 2693
Creator uniform d, 2694
CROSS, 2841
crossproduct, 164
crossingsite

SegmentDelaunayGraphSite2, 1670
SegmentDelaunayGraphStorageSite2, 1675

ctp, 1395
current dimension

Convexhull d, 688
Delaunayd, 701

current eventnumber
Kinetic::Simulator,2508

current time
Kinetic::Simulator,2507

current time nt
Kinetic::Simulator,2507

curve
ArrangementDcelHalfedge,1242
Halfedge, 1217

Curve 2, 1319, 1323, 1325
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Curve data, 1287
curvesbegin

Arrangementwith history 2, 1320
GeneralPolygon2, 924

curvesend
Arrangementwith history 2, 1320
GeneralPolygon2, 924

customredraw
Qt widget, 2846

Customzoomlayer, 2863
cutting dimension

Plane separator, 2088
SpatialSeparator,2102

cutting value
Plane separator, 2088
SpatialSeparator,2102

cw, 1597
Triangulation 2, 1440
Triangulation cw ccw 2, 1442
TriangulationDataStructure2, 1469
TriangulationDataStructure2::Face,1475

cw permute
ConstrainedTriangulationFaceBase2, 1379
TriangulationDSFaceBase2, 1472

cyclic adj pred
SHalfedge, 1004, 1046
Topologicalexplorer, 967

cyclic adj succ
SHalfedge, 1004, 1046
Topologicalexplorer, 966

d
Plane 3, 100

d2 map, 705
d2 show, 693, 705
d3 surfacemap, 693
data

Arr curve data traits 2<Tr,
XData,Mrg,CData,Cnv>::Curve 2,
1287

Arr curve data traits 2<Tr,
XData,Mrg,CData,Cnv>::X monotone-
curve 2, 1288

Arr extendedface, 1255
Arr extendedhalfedge, 1254
Arr extendedvertex, 1253

Data access, 2370
Data structure, 1661, 1713
data structure

Apolloniusgraph 2, 1714
SegmentDelaunaygraph 2, 1663

Data type, 2370
dD Kernel

traits class
see also LinearalgebraCd

see also LinearalgebraHd
deactivate

Qt widget layer, 2852
deactivated

Qt widget layer, 2852
deactivating

Qt widget layer, 2852
DEFAULT, 962
default random, 2743
default value

Unique hashmap, 2783
defining contour edge

StraightSkeletonHalfedge2, 1079
defining contour halfedgesbegin

StraightSkeletonVertex2, 1077
defining matrix

Approximatemin ellipsoid d, 2268
defining scalar

Approximatemin ellipsoid d, 2268
defining vector

Approximatemin ellipsoid d, 2268
degeneracies

adding to input,2733
Min annulusd, 2244, 2248
Min circle 2, 2193, 2196
Min ellipse 2, 2203, 2206
Min sphered, 2240
Polytopedistanced, 2314, 2317

DEGENERATE, 128
degree

Triangulation 3, 1518
TriangulationDataStructure2, 1469
TriangulationDataStructure3, 1583
Vertex, 1216, 1760

Delaunay triangulation, dD,682, 700–706
Delaunayd, 682, 700–706
Delaunayedge, 1751, 1758, 1768, 1770
Delaunayedgecirculator, 1770
Delaunayface handle, 1751, 1760, 1768, 1770
Delaunaygeomtraits, 1751
Delaunaygraph, 1751
Delaunaymeshcriteria 2, 1808
Delaunaymeshface base2, 1809
Delaunaymeshsizecriteria 2, 1810
Delaunaymesher2, 1805–1807
Delaunaytriangulation 2, 1401–1405
Delaunaytriangulation 3, 1520–1526
Delaunaytriangulation adaptationtraits 2, 1773
Delaunaytriangulation cachingdegeneracy-

removalpolicy 2, 1782
Delaunaytriangulation degeneracyremoval -

policy 2, 1778
Delaunayvertexhandle, 1751, 1758, 1760, 1762,

1768, 1770
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Delaunayvoronoi kind, 700
DelaunayGraph2, 1764–1767
DelaunayLiftedTraitsd, 695–697, 701
DelaunayMeshFaceBase2, 1803
DelaunayMeshTraits2, 1804
DelaunayTraitsd, 698–699, 701
DelaunayTriangulationTraits2, 1399–1400
DelaunayTriangulationTraits3, 1536–1538
delegate

Polyhedron3, 810
deletecell

TriangulationDataStructure3, 1581
deletecells

TriangulationDataStructure3, 1581
deleteedge

ArrangementDcel,1237
deleteevent

Kinetic::Simulator,2507
deleteface

ArrangementDcel,1237
TriangulationDataStructure2, 1469

deletehole
ArrangementDcel,1237

deleteisolatedvertex
ArrangementDcel,1237

deletevertex
ArrangementDcel,1237
TriangulationDataStructure2, 1469
TriangulationDataStructure3, 1581

deletevertices
TriangulationDataStructure3, 1581

delta
Direction 2, 67
Direction 3, 92
Direction d, 456

deltasbegin
Direction d, 456

deltasend
Direction d, 456

denominator
Arr rational arc traits 2<AlgKernel, Nt-

Traits>::Curve 2, 1284
Gmpq, 2542
Quotient, 2573
Rational traits, 2575

Dereference, 2669
destroy

In place list, 2604
detach

Arr observer, 1313
ArrangementPointLocation2, 1304
ArrangementVerticalRayShoot2, 1306
Qt widget, 2844

determinant

LinearAlgebraTraitsd, 437, 438
difference, 941–942

Generalpolygonset 2, 920, 921
Nef polyhedron2, 961
Nef polyhedron3, 1037
Nef polyhedronS2, 993

differencetype, 1429, 1505, 2746, 2762–2770
dimension

Aff transformationd, 475
Apolloniusgraph 2, 1714
Approximatemin ellipsoid d, 2268
ApproximateMinEllipsoidd Traits d, 2274
Convexhull d, 688
Delaunayd, 701
DelaunayGraph2, 1765
Direction d, 456
Hyperplaned, 466
Kd tree rectangle, 2075
Kernel::Componentaccessord, 506
Line d, 459
Matrix, 443
Point 2, 76
Point 3, 103
Point d, 448
Ray d, 460
Segmentd, 462
SegmentDelaunaygraph 2, 1663
Sphered, 469
SurfaceMeshTriangulation3, 1858
Taucsvector, 2000
Triangulation 2, 1431
Triangulation 3, 1507
TriangulationDataStructure2, 1464
TriangulationDataStructure3, 1575
TriangulationDSFaceBase2, 1472
Vector,440, 2003
Vector 2, 86
Vector 3, 117
Vector d, 452

direction
ArrangementDcelHalfedge,1241
Halfedge, 1217
Line 2, 73
Line 3, 98
Line d, 459
Ray 2, 79
Ray 3, 105
Ray d, 461
Segment2, 81
Segment3, 107
Segmentd, 463
Vector 2, 86
Vector 3, 117
Vector d, 453
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Direction 2, 67–68
Direction 3, 92–93
Direction d, 455–457
direction of time

Kinetic::Simulator,2508
DISC, 2841
Discreteauthalic parameterizer3, 1943–1944
Discreteconformalmap parameterizer3, 1945–

1946
discriminant

Min sphereof spheresd, 2253
Distance, 1412
distance,432

squared,432
distance,19

of polytopes,2314
squared,19

Div, 2527
div, 2526, 2528
do curvesintersect, 1336
do intersect, 165, 484, 943–944

Generalpolygonset 2, 922
do overlap, 166

Interval nt, 2545
do paint

Qt widget, 2843
doessimplexintersectdual support3 object

Regular triangulation euclideantraits 3,
1544

DooSabinmask3, 1893
DooSabinsubdivision, 1884
doublecoefficients

Min ellipse 2 traits 2, 2210
down

ApolloniusGraphHierarchyVertexBase2,
1736

Halfedge, 1759
SegmentDelaunayGraphHierarchyVertexBase

2, 1696
TriangulationHierarchyVertexBase2, 1423
TriangulationHierarchyVertexBase3, 1549

DQQ, 1884
DQQMask3, 1888
draw

Qt widget layer, 2851
draw dual

Apolloniusgraph 2, 1718
Delaunaytriangulation 2, 1404
Delaunaytriangulation 3, 1525
Regular triangulation 2, 1416
Regular triangulation 3, 1533
SegmentDelaunaygraph 2, 1667

draw dual edge
Apolloniusgraph 2, 1718

SegmentDelaunaygraph 2, 1667
draw primal

Apolloniusgraph 2, 1718
draw primal edge

Apolloniusgraph 2, 1718
draw skeleton

SegmentDelaunaygraph 2, 1667
draw triangles

Geomviewstream, 2818
dual

Apolloniusgraph 2, 1718
Delaunaytriangulation 2, 1404
Delaunaytriangulation 3, 1525
Face, 1762
Halfedge, 1759
Regular triangulation 2, 1416
Regular triangulation 3, 1533
SurfaceMeshTriangulation3, 1858
Vertex, 1760
Voronoi diagram 2, 1753

dx
Direction 2, 67
Direction 3, 92

dy
Direction 2, 67
Direction 3, 92

Dynamicmatrix, 2323–2324
dz

Direction 3, 92

e0, 2695–2698
e1, 2695–2698
e2, 2696–2698
e3, 2697, 2698
e4, 2698
e5, 2698
ECI, 2859, 2861
EDGE, 1406, 1430, 1505, 1558
Edge, 1081, 1084, 1429, 1463, 1504, 1574, 1661,

1713, 1764, 1847, 1857
edge

Polygon2, 730
Edgecirculator, 1662, 1714
edgenode

CatmullClark mask3, 1890
Loop mask3, 1892
PQQMask3, 1886
PTQMask3, 1887

edgerejector object
AdaptationPolicy2, 1771

edgesbegin
Arrangement2, 1203
Polygon2, 728
Polyhedron3, 802
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SurfaceMeshComplex2InTriangulation3,
1850

TriangulationDataStructure2, 1465
TriangulationDataStructure3, 1582
Voronoi diagram 2, 1754

edgescirculator
Polygon2, 728

edgesclear
HalfedgeDS,852

edgesend
Arrangement2, 1203
Polygon2, 728
Polyhedron3, 802
SurfaceMeshComplex2InTriangulation3,

1850
TriangulationDataStructure2, 1466
TriangulationDataStructure3, 1582
Voronoi diagram 2, 1754

edgeserase
HalfedgeDS,851, 852

edgespop back
HalfedgeDS,851

edgespop front
HalfedgeDS,851

edgespushback
HalfedgeDS,851

EdgeTriple, 1081, 1084
ellipse

approximate smallest enclosing,2265
smallest enclosing,2203
see alsosmallest enclosing circle

ellipse, 2212
Min ellipse 2, 2205

EMPTY, 960, 992, 1035
empty

Compactcontainer, 2612
Delaunayd, 702
In place list, 2604
Kinetic::EventQueue,2485
Kinetic::RootStack,2500
Multiset, 2616
Polyhedron3, 802

Emptysetiterator, 2626
enclosingquery

Segmenttree d, 2133
Segmenttree k, 2135
Tree anchor, 2144

end
Arr consolidatedcurve data traits 2<Traits,

Data>:: Data container, 1290
Arr polyline traits 2<SegmentTraits>

::Curve 2, 1269
Compactcontainer, 2611
Container from circulator, 2726

In place list, 2604
Incrementalneighborsearch, 2066
Interval skip list, 2032
K neighborsearch, 2068
Kd tree, 2070
Kd tree node, 2073
Kinetic::Delaunaytriangulation recent -

edgesvisitor 2, 2434
Largestemptyiso rectangle2, 2299
Matrix, 444
Multiset, 2616
Orthogonal incrementalneighborsearch,

2085
Orthogonalk neighborsearch, 2087
SpatialTree,2103
Streamlines 2, 2408
Union find, 2781
Vector,440

end facet
Polyhedronincrementalbuilder 3, 819

end surface
Polyhedronincrementalbuilder 3, 820

end time
Kinetic::Simulator,2507

enter contour
Straight skeletonbuilder 2, 1091

enterEvent
Qt widget layer, 2851

enum, 818
enumcast, 167
EQUAL, 124
equal 2 object

ArrangementBasicTraits2, 1258
PolygonTraits2, 724
SegmentDelaunayGraphTraits2, 1686

equal as sets, 1001
equal range

Multiset, 2618
erase

Arr consolidatedcurve data traits 2<Traits,
Data>:: Data container, 1291

Compactcontainer, 2613
In place list, 2605
Kinetic::ActiveObjectsTable,2478
Kinetic::EventQueue,2485
Multiset, 2617
Polygon2, 728

erasecentervertex
HalfedgeDSdecorator, 869
Polyhedron3, 805

eraseconnectedcomponent
HalfedgeDSdecorator, 866
Polyhedron3, 808

eraseface
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HalfedgeDSdecorator, 866
erasefacet

Polyhedron3, 807
erasehole

ArrangementDcelFace,1245
eraseisolatedvertex

ArrangementDcelFace,1245
error

Polyhedronincrementalbuilder 3, 820
ERRORCANNOTSOLVELINEAR SYSTEM,

1981, 1983
Error code, 1981, 1983
ERROREMPTYMESH, 1981, 1983
ERRORINVALID BORDER, 1981, 1983
ERRORNO 1 TO 1 MAPPING, 1981, 1983
ERRORNO SURFACEMESH, 1981, 1983
ERRORNON TRIANGULARMESH, 1981, 1983
ERRORNOT ENOUGH MEMORY, 1981, 1983
ERRORWRONGPARAMETER, 1981, 1983
Euclideandistance, 2054–2055
Euclideandistancespherepoint, 2056–2057
Euclideanring tag, 2529
EuclideanRingNumberType,2528
Euler integrator 2, 2401
Event,2487
event

Kinetic::Simulator,2508
Qt widget layer, 2851

eventtime
Kinetic::Simulator,2508

eventsbegin
Kinetic::EventLogVisitor,2443

eventsend
Kinetic::EventLogVisitor,2443

exact
Filtered exact, 2532
Lazy exactnt, 2557

Exact circular kernel 2, 549
Exact kernel, 1691, 1693
Exact predicatesexactconstructionskernel, 57
Exact predicatesexactconstructionskernel -

with sqrt, 58
Exact predicatesinexactconstructionskernel, 59
Exact traits methodtag, 1691, 1693
EXCLUDED, 960, 992, 1035
EXIT, 8
EXIT WITH SUCCESS, 8
Explorer, 970–971
explorer

Nef polyhedron2, 963
extend

Box d, 2175
Box with handled, 2179

extended kernel, 2D

traits class
requirements,972

Extendedcartesian, 977
Extendedhomogeneous, 978
EXTENDEDINTERNAL, 2072
ExtendedKernelTraits2, 972–976

model,977–979
EXTERIOR, 1605, 1633
extract all evenrows

Dynamicmatrix, 2323
MonotoneMatrixSearchTraits,2325

extremalpolygon2, 2291
Extremalpolygonarea traits 2, 2292–2293
Extremalpolygonperimetertraits 2, 2294–2295
ExtremalPolygonTraits2, 2296–2297
extreme point,609, 613, 661, 681, 683
extreme points, 2D

between two points,629
in coordinate directions,611, 622, 633–638
right of line,625–626
traits class

default,647
requirements,641

FACE, 1430
Face, 822, 1218, 1429, 1662, 1713, 1762–1763
face

ApolloniusGraphVertexBase2, 1724
ArrangementDcelHalfedge,1242
ArrangementDcelHole,1246
ArrangementDcelIsolatedVertex,1247
Halfedge, 1217, 1758
HalfedgeDSHalfedge,858
SegmentDelaunayGraphVertexBase2, 1681
Topologicalexplorer, 967
TriangulationDataStructure2::Vertex,1478
Vertex, 1216

Face circulator, 1662, 1714
Face consthandle, 1296
face cycle

Topologicalexplorer, 968
Face handle, 1210, 1292, 1312, 1430, 1471, 1476,

1662, 1713
face handle

Level interval, 2035
face rejector object

AdaptationPolicy2, 1771
Face status, 1847
face status

SurfaceMeshComplex2InTriangulation3,
1849

facesbegin
Arrangement2, 1204
ArrangementDcel,1237
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HalfedgeDS,850
Topologicalexplorer, 967
TriangulationDataStructure2, 1465
Voronoi diagram 2, 1754

facesclear
HalfedgeDS,852

facesend
Arrangement2, 1204
ArrangementDcel,1237
HalfedgeDS,850
Topologicalexplorer, 967
TriangulationDataStructure2, 1465
Voronoi diagram 2, 1754

faceserase
HalfedgeDS,852
HalfedgeDSdecorator, 866

facespop back
HalfedgeDS,852
HalfedgeDSdecorator, 866

facespop front
HalfedgeDS,852
HalfedgeDSdecorator, 866

facespushback
HalfedgeDS,851
HalfedgeDSdecorator, 865

facessplice
HalfedgeDSlist, 886

FACET, 1406, 1505, 1558
Facet, 811–812, 1504, 1574, 1847, 1857
facet

ConvexHullPolyhedronHalfedge3, 670
Halfedge, 815
SHalfedge, 1046
SHalfloop, 1048

facet begin
ConvexHullPolyhedronFacet3, 669
ConvexHullPolyhedronHalfedge3, 670
Facet, 811, 812
Halfedge, 814

Facet circulator, 1505
facet cycle begin

Halffacet, 1043
facet cycle end

Halffacet, 1043
facet degree

Facet, 812
Halfedge, 815

Facet handle, 818
facet node

CatmullClark mask3, 1890
PQQMask3, 1886
Sqrt3 mask3, 1894
Sqrt3Mask3, 1889

facet verticesbegin

Parameterizationmeshpatch 3, 1970
Parameterizationpolyhedronadaptor 3,

1975, 1976
ParameterizationMesh3, 1960

facetsbegin
Convexhull d, 691
Polyhedron3, 802
SurfaceMeshComplex2InTriangulation3,

1850
TriangulationDataStructure3, 1582

facetsend
Convexhull d, 691
Polyhedron3, 802
SurfaceMeshComplex2InTriangulation3,

1850
TriangulationDataStructure3, 1582

facetsvisible from
Convexhull d, 690

Failure behaviour, 8
failure time

Kinetic::Certificate,2483
Fair, 2058
farin c1 interpolation, 2368
Field tag, 2531
FieldNumberType,2530
file input

Apolloniusgraph 2, 1719
Apolloniusgraph hierarchy 2, 1735
SegmentDelaunaygraph 2, 1668
Voronoi diagram 2, 1756

file output
Apolloniusgraph 2, 1719
Apolloniusgraph hierarchy 2, 1735
SegmentDelaunaygraph 2, 1668
Voronoi diagram 2, 1756

fill hole
HalfedgeDSdecorator, 866, 867
Polyhedron3, 807

fillColor
Qt widget, 2844

Filter iterator, 2632
Filtered exact, 2532–2533
Filtered extendedhomogeneous, 979
Filtered kernel, 44
Filtered kernel adaptor, 45
Filtered predicate, 46–47
Filtering kernel, 1691, 1693
Filtering traits methodtag, 1691, 1693
filtration

Alpha shape3, 1637
find

Arr consolidatedcurve data traits 2<Traits,
Data>:: Data container, 1290

Multiset, 2617
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Union find, 2781
find conflicts

Delaunaytriangulation 3, 1523, 1524
Regular triangulation 3, 1532
SurfaceMeshTriangulation3, 1858

find intervals
Interval skip list, 2032

find lower
Multiset, 2618

find optimal alpha
Alpha shape2, 1609
Alpha shape3, 1638

find prev
HalfedgeDSitemsdecorator, 882

find prev around vertex
HalfedgeDSitemsdecorator, 882

finite cells begin
Triangulation 3, 1516

finite cells end
Triangulation 3, 1516

Finite Delaunayedgesiterator, 1770
finite edgeinterior conflict 2 object

ApolloniusGraphTraits2, 1730
SegmentDelaunayGraphTraits2, 1686

finite edgesbegin
Apolloniusgraph 2, 1715
DelaunayGraph2, 1765
SegmentDelaunaygraph 2, 1663
SurfaceMeshTriangulation3, 1859
Triangulation 2, 1437
Triangulation 3, 1516

finite edgesend
Apolloniusgraph 2, 1715
DelaunayGraph2, 1765
SegmentDelaunaygraph 2, 1663
SurfaceMeshTriangulation3, 1859
Triangulation 2, 1437
Triangulation 3, 1516

finite facesbegin
Apolloniusgraph 2, 1715
DelaunayGraph2, 1765
SegmentDelaunaygraph 2, 1663
Triangulation 2, 1437

finite facesend
Apolloniusgraph 2, 1715
DelaunayGraph2, 1765
SegmentDelaunaygraph 2, 1663
Triangulation 2, 1437

finite facetsbegin
SurfaceMeshTriangulation3, 1859
Triangulation 3, 1516

finite facetsend
SurfaceMeshTriangulation3, 1859
Triangulation 3, 1516

finite vertex
Apolloniusgraph 2, 1715
DelaunayGraph2, 1765
SegmentDelaunaygraph 2, 1663
Triangulation 2, 1431

finite verticesbegin
Apolloniusgraph 2, 1715
DelaunayGraph2, 1765
Regular triangulation 2, 1416
SegmentDelaunaygraph 2, 1663
SurfaceMeshTriangulation3, 1859
Triangulation 2, 1437
Triangulation 3, 1516

finite verticesend
Apolloniusgraph 2, 1715
DelaunayGraph2, 1765
Regular triangulation 2, 1416
SegmentDelaunaygraph 2, 1663
SurfaceMeshTriangulation3, 1859
Triangulation 2, 1437
Triangulation 3, 1516

first, 2699, 2701
first out edge

Topologicalexplorer, 966
first pair closer than second

ExtendedKernelTraits2, 976
first type, 2699, 2701
Fixed border parameterizer3, 1947–1950
Fixed precisionnt, 2534–2536
flip

ConstrainedDelaunaytriangulation 2, 1386
Triangulation 2, 1433
Triangulation 3, 1513
TriangulationDataStructure2, 1466
TriangulationDataStructure3, 1577

flip edge
HalfedgeDSitemsdecorator, 883
Polyhedron3, 805

flip flippable
Triangulation 3, 1513
TriangulationDataStructure3, 1577

for compactcontainer
Compactcontainerbase, 2608
TriangulationDSCellBase3, 1591
TriangulationDSFaceBase2, 1473
TriangulationDSVertexBase2, 1477
TriangulationDSVertexBase3, 1593

forth
Qt widget, 2842

forward
Qt widget history, 2867
Qt widget standardtoolbar, 2864

Forwardcirculator,2715
Forward circulator base, 2722
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Forward circulator ptrbase, 2723
Forward circulator tag, 2722
forwardAvaillable

Qt widget history, 2867
fourth, 2701
fourth type, 2701
Fourtuple, 2697
FPU CW t, 2546
FPU get and set cw, 2547
FPU get cw, 2546
FPU set cw, 2546
Frederickson/Johnson matrix search,2328
front

Arr consolidatedcurve data traits 2<Traits,
Data>:: Data container, 1290

In place list, 2604
FT, 41, 48, 55, 56, 548, 726, 1605, 1853, 2054,

2056, 2058, 2060, 2062, 2067, 2069,
2072, 2074, 2076, 2084, 2086, 2091,
2093, 2097, 2099, 2106, 2373, 2382,
2384, 2403, 2407, 2409, 2761, 2854–
2857, 2859

Function,2491
function kernel object

Kinetic::Kernel,2494
Kinetic::SimulationTraits,2502
Kinetic::Simulator,2507

FURTHEST, 700
furthest

all neighbors,2303
Fuzzyiso box, 2060–2061
Fuzzysphere, 2062–2063
FuzzyQueryItem,2059

gamma
Arr circle segmenttraits 2<Kernel>

::CoordNT, 1272
Gcd, 2538
gcd, 2528, 2537
GENERAL, 1606, 1633
Generalpolygon2, 932, 935
Generalpolygonset 2, 917–923
Generalpolygonwith holes2, 935
GeneralDistance,2064
GeneralPolygon2, 924–925
GeneralPolygonSetTraits2, 930–931
GeneralPolygonWithHoles2, 926–927
generator

2D point,2733
3D point,2733
convex set,2752
segment,2736–2739
simple polygon,2754

generator classes, requirements,2750

Geomtraits, 1429, 1504, 1661, 1677, 1713, 1805,
2407

geomtraits
Apolloniusgraph 2, 1714
DelaunayGraph2, 1765
SegmentDelaunaygraph 2, 1662
SurfaceMeshTriangulation3, 1858
Triangulation 2, 1431
Triangulation 3, 1507

Geomviewstream, 2816–2822
get

Kinetic::EventQueue,2485
get a, 2312

Width default traits 3, 2310
get adaptedmesh

Parameterizationpolyhedronadaptor 3,
1974

Get address, 2670
get all build directions

Width 3, 2307
get allocator

Compactcontainer, 2612
HalfedgeDS,850
In place list, 2604
Polyhedron3, 802
Union find, 2780

get alpha
Alpha shape2, 1607
Alpha shape3, 1635
AlphaShapeCell3, 1629
AlphaShapeFace2, 1612

get alpha shapecells
Alpha shape3, 1636

get alpha shapeedges
Alpha shape3, 1636

get alpha shapefacets
Alpha shape3, 1636

get alpha shapevertices
Alpha shape3, 1637

get alpha status
AlphaShapeVertex3, 1632

get ascii mode
Geomviewstream, 2821

get b, 2312
Width default traits 3, 2310

get binary mode
Geomviewstream, 2821

get bits
Random, 2757

get bool
Random, 2757

get border
Parameterizationmeshpatch 3, 1970
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Parameterizationpolyhedronadaptor 3,
1975

ParameterizationMesh3, 1960
get border parameterizer

Fixed border parameterizer3, 1950
LSCM parameterizer3, 1953

get borders
Parameterizationmeshfeatureextractor,

1965
get boundaryof conflicts

ConstrainedDelaunaytriangulation 2, 1386
Delaunaytriangulation 2, 1403
Regular triangulation 2, 1415

get boundaryof conflicts and hiddenvertices
Regular triangulation 2, 1414

get boundingbox
Largestemptyiso rectangle2, 2299

get build direction
Width 3, 2307

get c, 2312
Width default traits 3, 2310

get coef
Matrix, 1954
Taucsmatrix, 1994

get conflicts
ConstrainedDelaunaytriangulation 2, 1386
Delaunaytriangulation 2, 1403
Regular triangulation 2, 1415

get conflicts and boundary
ConstrainedDelaunaytriangulation 2, 1385
Delaunaytriangulation 2, 1403
Regular triangulation 2, 1414

get conflicts and boundaryand hiddenvertices
Regular triangulation 2, 1413

get conflicts and hiddenvertices
Regular triangulation 2, 1414

get corners index
Parameterizationpolyhedronadaptor 3,

1977
ParameterizationPatchableMesh3, 1963

get corners tag
Parameterizationpolyhedronadaptor 3,

1977
ParameterizationPatchableMesh3, 1963

get cornersuv
Parameterizationpolyhedronadaptor 3,

1977
ParameterizationPatchableMesh3, 1963

get criteria
Delaunaymesher2, 1806

get d, 2313
Width default traits 3, 2310

get decoratedmesh
Parameterizationmeshpatch 3, 1969

get dimension
Regulargrid 2, 2403

get double
Random, 2757

get echo
Geomviewstream, 2821

get error message
Parameterizertraits 3, 1984

get face
HalfedgeDSitemsdecorator, 882

get face halfedge
HalfedgeDSitemsdecorator, 882

get facet status
AlphaShapeCell3, 1629

get facet surfacecenter
SurfaceMeshCellBase3, 1845

get field
VectorField2, 2410

get genus
Parameterizationmeshfeatureextractor,

1966
get halfedge

Parameterizationpolyhedronadaptor 3,
1974

get halfedgeseaming
Parameterizationpolyhedronadaptor 3,

1977
ParameterizationPatchableMesh3, 1963

get hiddenvertices
Regular triangulation 2, 1415

get hw, 2312
Width default traits 3, 2310

get hx, 2312
Width default traits 3, 2310

get hy, 2312
Width default traits 3, 2310

get hz, 2312
Width default traits 3, 2310

get in conflict flag
TriangulationDSCellBase3, 1591

get int
Random, 2757

get integration step
VectorField2, 2410

get intersectionpoints, 1334
get key

tree point traits, 2143
get largest emptyiso rectangle

Largestemptyiso rectangle2, 2299
get left

tree interval traits, 2141
tree point traits, 2143

get left bottomright top
Largestemptyiso rectangle2, 2299
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get left win
tree interval traits, 2141

get line width
Geomviewstream, 2820

get linear algebra traits
Fixed border parameterizer3, 1950
LSCM parameterizer3, 1953

get longestborder
Parameterizationmeshfeatureextractor,

1966
get mode, 2785, 2791

Alpha shape2, 1607
Alpha shape3, 1635

get nb borders
Parameterizationmeshfeatureextractor,

1965
get nb connexcomponents

Parameterizationmeshfeatureextractor,
1966

get new id
Geomviewstream, 2820

get nth alpha
Alpha shape2, 1607
Alpha shape3, 1635

get numberof optimal solutions
Width 3, 2307

get painter
Qt widget, 2846

get pixmap
Qt widget, 2846

get plane coefficients, 2313
Width default traits 3, 2310

get point coordinates, 2312
Width default traits 3, 2310

get prev
HalfedgeDSitemsdecorator, 882

get range
AlphaShapeVertex2, 1616

get ranges
AlphaShapeFace2, 1611

get raw
Geomviewstream, 2821

get relative precisionof to double
Lazy exactnt, 2557

get right
tree interval traits, 2141
tree point traits, 2143

get right win
tree interval traits, 2141

get saturation ratio
Streamlines 2, 2408

get separatingdistance
Streamlines 2, 2408

get size

Regulargrid 2, 2403
get spheremap

Nef polyhedron3, 1036
get squaredwidth

Width 3, 2307
get subcurves, 1335
get taucsmatrix

Taucsmatrix, 1994
get taucsvector

Taucsvector, 2000
get trace

Geomviewstream, 2821
get traits

Arrangement2, 1203
get vertex

HalfedgeDSitemsdecorator, 882
get vertexhalfedge

HalfedgeDSitemsdecorator, 882
get vertex index

Parameterizationmeshpatch 3, 1971
Parameterizationpolyhedronadaptor 3,

1976
ParameterizationMesh3, 1961

get vertexposition
Parameterizationmeshpatch 3, 1970
Parameterizationpolyhedronadaptor 3,

1976
ParameterizationMesh3, 1960

get vertex radius
Geomviewstream, 2820

get vertexseaming
Parameterizationpolyhedronadaptor 3,

1976
ParameterizationPatchableMesh3, 1962

get vertex tag
Parameterizationmeshpatch 3, 1971
Parameterizationpolyhedronadaptor 3,

1976
ParameterizationMesh3, 1961

get vertexuv
Parameterizationmeshpatch 3, 1970
Parameterizationpolyhedronadaptor 3,

1976
ParameterizationMesh3, 1960

get width coefficients
Width 3, 2307

get width planes
Width 3, 2307

get wired
Geomviewstream, 2820

Gmpq, 2541–2542
Gmpz, 2543
Gps circle segmenttraits 2, 937
Gps segmenttraits 2, 936
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Gps traits 2, 938
GradientFittingTraits,2378, 2380–2381

model,2382
Gray level image3, 1831
greeneapprox convexpartition 2, 736, 746–748

postconditions,737, 765
traits class,745

default,769

Halfedge, 813–815, 1040–1041, 1217, 1758–1759
halfedge

ArrangementDcelFace,1244
ArrangementDcelVertex,1239
ConvexHullPolyhedronFacet3, 669
Face, 1762
Facet, 811
HalfedgeDSFace,855
HalfedgeDSVertex,861
Topologicalexplorer, 967
Vertex, 817, 1760

halfedgearound vertexbegin
StraightSkeletonVertex2, 1077

Halfedgeconsthandle, 1296
halfedgedistance

Arr accessor, 1211
Halfedgehandle, 818, 1210, 1292, 1312
HalfedgeDS,847–854
HalfedgeDS::facehandle, 849
HalfedgeDS::halfedgehandle, 849
HalfedgeDS::vertexhandle, 849
HalfedgeDSconstdecorator, 863–864
HalfedgeDSdecorator, 865–871
HalfedgeDSdefault, 872–873
HalfedgeDSface base, 874–875
HalfedgeDSface min base, 876
HalfedgeDShalfedgebase, 877
HalfedgeDShalfedgemin base, 878
HalfedgeDSitems2, 879–880
HalfedgeDSitemsdecorator, 881–884
HalfedgeDSlist, 886–887
HalfedgeDSmin items, 885
HalfedgeDSvector, 888
HalfedgeDSvertexbase, 889–890
HalfedgeDSvertexmin base, 891
HalfedgeDSFace,855–856
HalfedgeDSHalfedge,857–858
HalfedgeDSItems,859–860
HalfedgeDSVertex,861–862
halfedgesbegin

Arrangement2, 1203
ArrangementDcel,1237
HalfedgeDS,850
Nef polyhedron3, 1036
Polyhedron3, 802

Topologicalexplorer, 967
Voronoi diagram 2, 1754

halfedgesend
Arrangement2, 1203
ArrangementDcel,1237
HalfedgeDS,850
Nef polyhedron3, 1036
Polyhedron3, 802
Topologicalexplorer, 967
Voronoi diagram 2, 1754

halfedgessplice
HalfedgeDSlist, 886

Halffacet, 1042–1043
Halffacet cycle iterator, 1050
halffacetsbegin

Nef polyhedron3, 1036
halffacetsend

Nef polyhedron3, 1036
Handle,2729
handle

Box with handled, 2180
Handle hash function, 2775
has audit time

Kinetic::Simulator,2507
has certificates

Kinetic::Delaunaytriangulation 3, 2428
has in relative interior

Spheresegment, 999
Has inserter, 1776–1784
has larger distanceto point, 168
has larger signeddistanceto line, 169
has larger signeddistanceto plane, 170
Has nearestsite 2, 1772–1775
has neigbor

TriangulationDSFaceBase2, 1472
has neighbor

Cell, 1585
TriangulationDataStructure2::Face,1474
TriangulationDSCellBase3, 1590
TriangulationDSFaceBase2, 1472

has on
Hyperplaned, 467
Line 2, 73
Line 3, 98
Line d, 459
Plane 3, 101
Ray 2, 80
Ray 3, 106
Ray d, 461
Segment2, 82
Segment3, 108
Segmentd, 463
Spherecircle, 1000
Spheresegment, 999
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Triangle 3, 114
has on boundary

Circle 2, 66
Hyperplaned, 467
Iso box d, 472
Iso cuboid 3, 95
Iso rectangle2, 70
Min annulusd, 2248
Min circle 2, 2195
Min ellipse 2, 2205
Min sphered, 2240
Polygon2, 729
Sphere3, 110
Sphered, 471
Tetrahedron3, 113
Triangle 2, 84

has on boundedside
Circle 2, 66
Iso box d, 472
Iso cuboid 3, 95
Iso rectangle2, 70
Min annulusd, 2247
Min circle 2, 2195
Min ellipse 2, 2205
Min sphered, 2240
Polygon2, 729
Sphere3, 110
Sphered, 471
Tetrahedron3, 113
Triangle 2, 84

has on boundedside 3 object
ImplicitSurfaceTraits3, 1836

has on negativeside
Circle 2, 66
Hyperplaned, 467
Line 2, 73
Plane 3, 101
Plane separator, 2088
Polygon2, 729
SpatialSeparator,2102
Sphere3, 110
Sphered, 470
Tetrahedron3, 113
Triangle 2, 84

has on positiveside
Circle 2, 66
Hyperplaned, 467
Line 2, 73
Plane 3, 101
Polygon2, 729
Sphere3, 110
Sphered, 470
Tetrahedron3, 113
Triangle 2, 84

has on unboundedside
Circle 2, 66
Iso box d, 472
Iso cuboid 3, 95
Iso rectangle2, 70
Min annulusd, 2248
Min circle 2, 2195
Min ellipse 2, 2206
Min sphered, 2240
Polygon2, 730
Sphere3, 110
Sphered, 471
Tetrahedron3, 113
Triangle 2, 84

has rational current time
Kinetic::Simulator,2507

has shalfloop
Nef polyhedronS2, 995

has smaller distanceto point, 171
has smaller signeddistanceto line, 172
has smaller signeddistanceto plane, 173
has source

Halfedge, 1759
has target

Halfedge, 1759
has vertex

Cell, 1585
Triangulation 3, 1509, 1510
TriangulationDataStructure2::Face,1474
TriangulationDataStructure3, 1576
TriangulationDSCellBase3, 1590
TriangulationDSFaceBase2, 1472

hash function
Unique hashmap, 2783

hiddenpoints begin
RegularTriangulationCellBase3, 1550

hiddenpoints end
RegularTriangulationCellBase3, 1550

hiddensitesbegin
Apolloniusgraph 2, 1716
ApolloniusGraphVertexBase2, 1724

hiddensitesend
Apolloniusgraph 2, 1716
ApolloniusGraphVertexBase2, 1725

hiddenverticesbegin
Regular triangulation 2, 1416

hiddenverticesend
Regular triangulation 2, 1416

hide point
RegularTriangulationCellBase3, 1551

high val
Kd tree node, 2073

hm
Aff transformation2, 62
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Aff transformation3, 91
hole

ArrangementDcelHalfedge,1242
Hole iterator, 1246
holesbegin

ArrangementDcelFace,1244
Face, 1218
GeneralPolygonWithHoles2, 926
Topologicalexplorer, 968

holesend
ArrangementDcelFace,1244
Face, 1218
GeneralPolygonWithHoles2, 926
Topologicalexplorer, 968

Homogeneous, 48
homogeneous

Aff transformation2, 62
Aff transformation3, 91
Kernel::Componentaccessord, 506
Point 2, 76
Point 3, 103
Point d, 448
Vector 2, 86
Vector 3, 117
Vector d, 452

homogeneousbegin
Point d, 449
Vector d, 453

Homogeneousconverter, 49
homogeneousend

Point d, 449
Vector d, 453

homogeneouslinear solver
LinearAlgebraTraitsd, 439

homogeneousto cartesian, 50
homogeneousto quotientcartesian, 51
hull points begin

Convexhull d, 692
hull points end

Convexhull d, 692
hull verticesbegin

Convexhull d, 692
hull verticesend

Convexhull d, 692
hw

Point 2, 76
Point 3, 103
Vector 2, 86
Vector 3, 116

hx
Point 2, 75
Point 3, 102
Vector 2, 85
Vector 3, 116

hy
Point 2, 75
Point 3, 102
Vector 2, 85
Vector 3, 116

Hyperplaned, 465–468
hyperplanesupporting

Convexhull d, 690
hz

Point 3, 103
Vector 3, 116

ID, 2174, 2179
id

Box d, 2175
Box with handled, 2180
BoxIntersectionBoxd, 2171
StraightSkeletonVertex2, 1076

Identity, 2668
Identity policy 2, 1776
Identity transformation, 132
IMPERATIVELYBAD, 1811
Implicit surface3, 1833
ImplicitFunction,1832
ImplicitSurfaceTraits3, 1834–1836
in

ArrangementInputFormatter,1292
In place list, 2603–2607
In place list base, 2602
in smallestorthogonalsphere3 object

Regular triangulation euclideantraits 3,
1544

incident cells
SurfaceMeshTriangulation3, 1859
Triangulation 3, 1517, 1518
TriangulationDataStructure3, 1582, 1583

incident constraints
Constrainedtriangulation 2, 1390

incident edges
Apolloniusgraph 2, 1716, 1717
DelaunayGraph2, 1766
SegmentDelaunaygraph 2, 1664, 1665
Triangulation 2, 1439
TriangulationDataStructure2, 1466

incident faces
Apolloniusgraph 2, 1716
DelaunayGraph2, 1766
SegmentDelaunaygraph 2, 1664, 1665
Triangulation 2, 1438, 1439
TriangulationDataStructure2, 1466

incident facets
SurfaceMeshComplex2InTriangulation3,

1850
Triangulation 3, 1517, 1518
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TriangulationDataStructure3, 1582, 1583
incident halfedges

Vertex, 1216, 1761
Voronoi diagram 2, 1755

incident sface
Halfedge, 1041
SHalfedge, 1004, 1046
SHalfloop, 1005, 1048
SVertex, 1002

incident vertices
Apolloniusgraph 2, 1716
DelaunayGraph2, 1766
SegmentDelaunaygraph 2, 1664, 1665
Triangulation 2, 1439
Triangulation 3, 1518
TriangulationDataStructure2, 1466
TriangulationDataStructure3, 1583

incident volume
Halffacet, 1043

INCLUDED, 960, 992, 1035
includesedge

Triangulation 2, 1432
incremental algorithm

Min circle 2, 2197
Min ellipse 2, 2208
Min sphered, 2242

Incrementalneighborsearch, 2065–2066
independentcolumns

LinearAlgebraTraitsd, 439
index

Cell, 1585
Convexhull d, 689
Delaunayd, 702
TriangulationDataStructure2::Face,1474
TriangulationDSCellBase3, 1590
TriangulationDSFaceBase2, 1472

index meshvertices
Parameterizationmeshpatch 3, 1969
Parameterizationpolyhedronadaptor 3,

1975
ParameterizationMesh3, 1959

index of vertex in oppositefacet
Convexhull d, 689

index of vertex in oppositesimplex
Convexhull d, 689
Delaunayd, 702

inducededgesbegin
Arrangementwith history 2, 1320

inducededgesend
Arrangementwith history 2, 1320

inf
Interval,2033
Interval nt, 2545

inf closed

Interval skip list interval, 2034
inf distance2 object

Rectangularp centerdefault traits 2, 2234
RectangularPCenterTraits2, 2236

infinite cell
Triangulation 3, 1507

infinite edgeinterior conflict 2 object
ApolloniusGraphTraits2, 1730
SegmentDelaunayGraphTraits2, 1686

infinite face
Apolloniusgraph 2, 1715
DelaunayGraph2, 1765
SegmentDelaunaygraph 2, 1663
Triangulation 2, 1431

infinite vertex
Apolloniusgraph 2, 1715
DelaunayGraph2, 1765
SegmentDelaunaygraph 2, 1663
Triangulation 2, 1431
Triangulation 3, 1507

Info, 1449, 1453, 1553, 1555
info

Parameterizationpolyhedronadaptor 3,
1974

Triangulation cell basewith info 3, 1553
Triangulation face basewith info 2, 1449
Triangulation vertexbasewith info 2, 1453
Triangulation vertexbasewith info 3, 1555

init, 2535
Box d, 2175
Box with handled, 2179
Delaunaymesher2, 1807
Extremalpolygonarea traits 2, 2292
Extremalpolygonperimetertraits 2, 2295
ExtremalPolygonTraits2, 2296
GeneralPolygon2, 924

init Delaunay
Triangulation conformer2, 1818

init Gabriel
Triangulation conformer2, 1818

initialize systemfrom meshborder
Fixed border parameterizer3, 1948
LSCM parameterizer3, 1952

inline, 7
inlining, 7
inner range intersects

Fuzzyiso box, 2060
Fuzzysphere, 2062
FuzzyQueryItem,2059

inner supportpoints begin
Min annulusd, 2246

inner supportpoints end
Min annulusd, 2246

input
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Min annulusd, 2249
Min circle 2, 2197
Min ellipse 2, 2207
Min sphered, 2242

input sitesbegin
SegmentDelaunaygraph 2, 1664

input sitesend
SegmentDelaunaygraph 2, 1664

insert
Apolloniusgraph 2, 1717
Apolloniusgraph hierarchy 2, 1734
Arr consolidatedcurve data traits 2<Traits,

Data>:: Data container, 1291
Compactcontainer, 2612
ConstrainedDelaunaytriangulation 2,

1384, 1385
Constrainedtriangulation 2, 1390
Constrainedtriangulation plus 2, 1396
Convexhull d, 690
Delaunayd, 702
Delaunaytriangulation 2, 1402
Delaunaytriangulation 3, 1521
Generalpolygonset 2, 918, 919
In place list, 2605
Interval skip list, 2031
Kd tree, 2070
Kinetic::EventQueue,2485
Largestemptyiso rectangle2, 2299
Min annulusd, 2248
Min circle 2, 2196
Min ellipse 2, 2206
Min sphered, 2241
Min sphereof spheresd, 2254
Multiset, 2616
Polygon2, 727, 728
Polytopedistanced, 2318
Regular triangulation 2, 1413
Regular triangulation 3, 1529
SegmentDelaunaygraph 2, 1665, 1666
Triangulation 2, 1433, 1434
Triangulation 3, 1513, 1514
Union find, 2781
Unique hashmap, 2783
Voronoi diagram 2, 1756

insert after
Multiset, 2617

insert at vertices
Arrangement2, 1205–1207

insert at verticesex
Arr accessor, 1212

insert before
Multiset, 2617

insert constraint
ConstrainedDelaunaytriangulation 2, 1385

Constrainedtriangulation 2, 1390, 1391
Constrainedtriangulation plus 2, 1396

insert curve, 1220
insert curves, 1221
insert degree2

ApolloniusGraphDataStructure2, 1722
Triangulation data structure2, 1480

insert dim up
TriangulationDataStructure2, 1467

insert first
Triangulation 2, 1434
TriangulationDataStructure2, 1466

insert from left vertex
Arrangement2, 1205, 1206

insert from right vertex
Arrangement2, 1205, 1206

insert from vertexex
Arr accessor, 1212

insert halfedge
HalfedgeDSitemsdecorator, 883

insert in cell
Triangulation 3, 1514
TriangulationDataStructure3, 1578

insert in edge
Triangulation 2, 1436
Triangulation 3, 1514
TriangulationDataStructure2, 1466
TriangulationDataStructure3, 1578

insert in face
Triangulation 2, 1436
TriangulationDataStructure2, 1466

insert in face interior
Arrangement2, 1204

insert in face interior ex
Arr accessor, 1212

insert in facet
Triangulation 3, 1514
TriangulationDataStructure3, 1578

insert in hole
SurfaceMeshTriangulation3, 1861
Triangulation 3, 1515
TriangulationDataStructure3, 1579

insert increasedimension
TriangulationDataStructure3, 1578

insert isolatedvertex
Arr accessor, 1213

Insert iterator, 2630
insert non intersectingcurve, 1224
insert non intersectingcurves, 1225
insert object

Kinetic::ActiveObjectsTable,2478
insert outsideaffine hull

Triangulation 2, 1436
Triangulation 3, 1515
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insert outsideconvexhull
Triangulation 2, 1436
Triangulation 3, 1514

insert p
Polytopedistanced, 2318, 2319

insert point, 1226
insert q

Polytopedistanced, 2318, 2319
insert second

Triangulation 2, 1436
TriangulationDataStructure2, 1466

insert tip
HalfedgeDSitemsdecorator, 882

insert x monotonecurve, 1222
insert x monotonecurves, 1223
inserter, 2630
inside out

HalfedgeDSdecorator, 870
Polyhedron3, 809

instantaneouskernel object
Kinetic::SimulationTraits,2502

integer grid point 2 object
SnapRoundingTraits2, 1345

Integrator2, 2402
INTERIOR, 1605, 1633
interior

Nef polyhedron2, 961
Nef polyhedron3, 1036
Nef polyhedronS2, 993

INTERNAL, 2072
Interpolation

regularneighborcoordinates2, 2376–2377
surfaceneighborcoordinates3, 2386–2389
surfaceneighbors3, 2390–2392

Interpolation gradient fitting traits 2, 2382
Interpolation traits 2, 2373
InterpolationTraits,2366, 2371–2372

model,2373, 2382
intersect2 object

ArrangementXMonotoneTraits2, 1262
ConstrainedTriangulationTraits2, 1381

intersect3 object
SurfaceMeshTraits3, 1854

intersection,432
intersection,19

all pairs,2164, 2169
iso-oriented boxes,2161, 2164, 2169
self-intersection,2166

intersection, 174–176, 485–486, 945–946, 949
ExtendedKernelTraits2, 975
Generalpolygonset 2, 919–921
Nef polyhedron2, 961
Nef polyhedron3, 1037
Nef polyhedronS2, 993

Intersectiontag, 1389, 1394
Intersectionstag, 1688–1690, 1692
Interval,2033
Interval, 2123, 2124, 2128, 2130, 2131, 2134,

2137, 2138
interval

Filtered exact, 2532
Lazy exactnt, 2557

Interval nt, 2544–2548
Interval nt advanced, 2546
Interval skip list, 2031–2032
Interval skip list interval, 2034
intervals

Real timer, 2778
Timer, 2779

invalidate c2t3 cache
SurfaceMeshVertexBase3, 1864

inverse
Aff transformation2, 62
Aff transformation3, 91
Aff transformationd, 475
LinearAlgebraTraitsd, 437

Inverseindex, 2634
inverseof transformeddistance

Euclideandistance, 2055
Euclideandistancespherepoint, 2057
GeneralDistance,2064
Manhattandistanceiso box point, 2076
OrthogonalDistance,2083
WeightedMinkowskidistance, 2107

is active
Qt widget layer, 2851

is anchor
Rangetree d, 2127
Segmenttree d, 2133
Tree anchor, 2144

is ascii, 2785, 2793
is bad

SurfaceMeshCriteria3, 1852
is bad object

MeshingCriteria2, 1814
is binary, 2785, 2794
is bisector

Halfedge, 1759
StraightSkeletonHalfedge2, 1079

is bivalent
Halfedge, 815
Vertex, 817

is border
ConvexHullPolyhedronHalfedge3, 670
Halfedge, 814
HalfedgeDSHalfedge,858

is border convex
BorderParameterizer3, 1936
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Circular border parameterizer3, 1940
Squareborder parameterizer3, 1990
Two verticesparameterizer3, 2002

is border edge
Halfedge, 814

is c2t3 cachevalid
SurfaceMeshVertexBase3, 1864

is ccw strongly convex2, 648
is cell

Triangulation 3, 1509
TriangulationDataStructure3, 1576

is circle
Min ellipse 2 traits 2, 2210

is circular
Arr circle segmenttraits 2<Kernel>

::Curve 2, 1274
Arr circle segmenttraits 2<Kernel>::X -

monotonecurve 2, 1276
is clockwiseoriented

Polygon2, 729
is closed

Polyhedron3, 803
is collinear oriented

Polygon2, 729
is conformingDelaunay

Triangulation conformer2, 1818
is conformingdone

Triangulation conformer2, 1818
is conformingGabriel

Triangulation conformer2, 1818
is constrained

Constrainedtriangulation 2, 1390
ConstrainedTriangulationFaceBase2, 1379

is contained
Interval skip list, 2032

is contour
StraightSkeletonVertex2, 1077

is convex
Polygon2, 729

Is convex2, 753, 757
is convex2, 719
is convex2 object

ConvexPartitionIsValidTraits2, 745
is counterclockwiseoriented

Polygon2, 729
is cw strongly convex2, 649
is defined

SegmentDelaunayGraphSite2, 1670
SegmentDelaunayGraphStorageSite2, 1674
Unique hashmap, 2783

is degenerate
Circle 2, 66
Direction d, 456
ExtendedKernelTraits2, 975

Iso box d, 472
Iso cuboid 3, 95
Iso rectangle2, 70
Line 2, 73
Line 3, 98
Min annulusd, 2248
Min circle 2, 2195
Min ellipse 2, 2206
Min sphered, 2240
Plane 3, 101
Polytopedistanced, 2317
Ray 2, 80
Ray 3, 106
Segment2, 82
Segment3, 108
Segmentd, 463
Sphere3, 110
Sphered, 470
Spheresegment, 999
Tetrahedron3, 112
Triangle 2, 83
Triangle 3, 114

is degenerateedge2 object
ApolloniusGraphTraits2, 1730

is dimensionjump
Convexhull d, 690

is edge
SurfaceMeshTriangulation3, 1860
Triangulation 2, 1432
Triangulation 3, 1509
TriangulationDataStructure2, 1465
TriangulationDataStructure3, 1575

is editing
Kinetic::ActiveObjectsTable,2478

is empty
Arrangement2, 1203
Generalpolygon2, 932
Generalpolygonset 2, 918
Min annulusd, 2248
Min circle 2, 2195
Min ellipse 2, 2206
Min sphered, 2240
Min sphereof spheresd, 2253
Nef polyhedron2, 961
Nef polyhedron3, 1036
Nef polyhedronS2, 993
Object, 120
Polygon2, 730

is emptyrange, 2730
is even

Aff transformation2, 62
Aff transformation3, 91

is face
Triangulation 2, 1432
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TriangulationDataStructure2, 1465
is facet

Triangulation 3, 1509
TriangulationDataStructure3, 1575, 1576

is facet on surface
SurfaceMeshCellBase3, 1844

is facet visited
SurfaceMeshCellBase3, 1844

is feasible
Sortedmatrix searchtraits adaptor, 2332
SortedMatrixSearchTraits,2333

is finite, 2534, 2573, 2577
Polytopedistanced, 2317

is flipable
ConstrainedDelaunaytriangulation 2, 1386

is frame edge
Explorer, 971

is full
Arr circle segmenttraits 2<Kernel>

::Curve 2, 1274
is full conic

Arr conic traits 2<RatKernel, AlgKer-
nel,NtTraits>::Curve 2, 1281

is full dimensional
Approximatemin ellipsoid d, 2269

is Gabriel
Alpha status, 1641
Delaunaytriangulation 3, 1524
Regular triangulation 3, 1532, 1533

is halfcircle
Spheresegment, 999

is halfedgeon ccb
Face, 1762

is hidden
RegularTriangulationVertexBase2, 1410

is hidden2 object
ApolloniusGraphTraits2, 1730

is horizontal
Line 2, 73
Ray 2, 80
Segment2, 82

is horizontal 2 object
YMonotonePartitionTraits2, 779

is in complex
SurfaceMeshComplex2InTriangulation3,

1849, 1850
is in domain

DelaunayMeshFaceBase2, 1803
VectorField2, 2410

is incident edge
Vertex, 1761

is incident face
Vertex, 1761

is infinite

Apolloniusgraph 2, 1717
DelaunayGraph2, 1766, 1767
SegmentDelaunaygraph 2, 1665
SurfaceMeshTriangulation3, 1860
Triangulation 2, 1431, 1432
Triangulation 3, 1508

is inner bisector
StraightSkeletonHalfedge2, 1079

is input
SegmentDelaunayGraphSite2, 1670
SegmentDelaunayGraphStorageSite2, 1674

is inside
Rangetree d, 2127
Segmenttree d, 2133
Tree anchor, 2144

is inside new face
Arr accessor, 1211

is isolated
ArrangementDcelVertex,1239
Halfedge, 1040
SVertex, 1002
Topologicalexplorer, 966
Vertex, 1216

is leaf
Kd tree node, 2073

is legal
Sphered, 470

is linear
Arr circle segmenttraits 2<Kernel>

::Curve 2, 1274
Arr circle segmenttraits 2<Kernel>::X -

monotonecurve 2, 1276
is long

Spheresegment, 999
is meshtriangular

Parameterizationmeshpatch 3, 1970
Parameterizationpolyhedronadaptor 3,

1975
ParameterizationMesh3, 1960

Is negative, 2553
is negative, 2549
is odd

Aff transformation2, 62
Aff transformation3, 91

is on chull
Alpha status, 1641

is on hole
ArrangementDcelHalfedge,1241

is on inner boundary
Arr accessor, 1212

is on outer boundary
Arr accessor, 1212

Is one, 2554
is one, 2550
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is one to one mapping
Barycentricmappingparameterizer3, 1935
Fixed border parameterizer3, 1950
LSCM parameterizer3, 1953
Mean value coordinatesparameterizer3,

1957
is perturbedincircle, 2535
is perturbedinsphere, 2535
is plane

Generalpolygonset 2, 918
Nef polyhedron2, 961

is point
Interval nt, 2545
SegmentDelaunayGraphSite2, 1670
SegmentDelaunayGraphStorageSite2, 1674

Is positive, 2555
is positive, 2551
is pretty, 2785, 2795
is pure bivalent

Polyhedron3, 803
is pure quad

Polyhedron3, 803
is pure triangle

Polyhedron3, 803
is pure trivalent

Polyhedron3, 803
is quad

Facet, 812
Halfedge, 815

is rational
Arr circle segmenttraits 2<Kernel>

::CoordNT, 1272
is ray

Halfedge, 1759
is refinementdone

Delaunaymesher2, 1807
is regular or boundaryfor vertices

SurfaceMeshComplex2InTriangulation3,
1850

is running
Real timer, 2778
Timer, 2779

is same
Interval nt, 2545

is segment
Halfedge, 1759
SegmentDelaunayGraphSite2, 1670
SegmentDelaunayGraphStorageSite2, 1674

is shalfedge
Halffacet cycle iterator, 1050
SFacecycle iterator, 1008, 1051

is shalfloop
Halffacet cycle iterator, 1050
SFacecycle iterator, 1008, 1051

is short
Spheresegment, 998

is simple
Nef polyhedron3, 1035
Polygon2, 729

is simple2, 720
is simplexof furthest

Delaunayd, 701
is simplexof nearest

Delaunayd, 701
is skeleton

StraightSkeletonVertex2, 1077
is solvable

LinearAlgebraTraitsd, 439
is space

Nef polyhedron3, 1036
is sphere

Nef polyhedronS2, 993
is standard

Explorer, 971
ExtendedKernelTraits2, 974

is strongly convex3, 656, 678
is svertex

SFacecycle iterator, 1008, 1051
is tetrahedron

Polyhedron3, 803
is triangle

Facet, 812
Halfedge, 815
Polyhedron3, 803

is trivalent
Halfedge, 815
Vertex, 817

is unbounded
Face, 1218, 1762
GeneralPolygonWithHoles2, 926
Halfedge, 1759

Is vacuouslyvalid, 754
is valid, 1219, 2534, 2573, 2577

AdaptationPolicy2, 1771
Apolloniusgraph 2, 1719
Apolloniusgraph hierarchy 2, 1735
ApolloniusGraphVertexBase2, 1725
Approximatemin ellipsoid d, 2270
Arr conic traits 2<RatKernel, AlgKer-

nel,NtTraits>::Curve 2, 1280
Arr rational arc traits 2<AlgKernel, Nt-

Traits>::Curve 2, 1284
Arrangement2, 1209
Cell, 1586
ConstrainedDelaunaytriangulation 2, 1386
Constrainedtriangulation 2, 1391
ConstrainedTriangulationFaceBase2, 1380
Convexhull d, 691
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Delaunaytriangulation 2, 1404
Delaunaytriangulation 3, 1525
DelaunayGraph2, 1767
Face, 1763
Generalpolygonset 2, 923
Halfedge, 1759
HalfedgeDSconstdecorator, 864
HalfedgeDSdecorator, 870
Key, 2493
Min annulusd, 2249
Min circle 2, 2196
Min ellipse 2, 2206
Min sphered, 2241
Min sphereof spheresd, 2254
Nef polyhedron3, 1035
Numbertype checker, 2570
Polyhedron3, 809
Polytopedistanced, 2319
Rangetree d, 2126
Regular triangulation 2, 1417
Regular triangulation 3, 1533
SegmentDelaunaygraph 2, 1668
Segmenttree d, 2133
SegmentDelaunayGraphVertexBase2, 1681
Tree anchor, 2144
Triangulation 2, 1440
Triangulation 3, 1519
TriangulationDataStructure2, 1469
TriangulationDataStructure2::Face,1475
TriangulationDataStructure2::Vertex,1478
TriangulationDataStructure3, 1584
TriangulationDSCellBase3, 1590
TriangulationDSFaceBase2, 1473
TriangulationDSVertexBase3, 1593
Vertex,1588
Vertex, 1761
Voronoi diagram 2, 1756

is valid 2 object
GeneralPolygonSetTraits2, 931

is valid object
Partition is valid traits 2, 767
PartitionIsValidTraits2, 764

is vertex
SurfaceMeshTriangulation3, 1860
Triangulation 3, 1508
TriangulationDataStructure2, 1465
TriangulationDataStructure3, 1575

is vertexon border
Parameterizationmeshpatch 3, 1971
Parameterizationpolyhedronadaptor 3,

1976
ParameterizationMesh3, 1961

is vertexon main border
Parameterizationmeshpatch 3, 1971

Parameterizationpolyhedronadaptor 3,
1976

ParameterizationMesh3, 1961
is vertexparameterized

Parameterizationmeshpatch 3, 1971
Parameterizationpolyhedronadaptor 3,

1976
ParameterizationMesh3, 1961

is vertical
Line 2, 73
Line arc 2, 556
Ray 2, 80
Segment2, 82

is vertical 2 object
ArrangementBasicTraits2, 1258

is x monotone
Arr conic traits 2<RatKernel, AlgKer-

nel,NtTraits>::Curve 2, 1281
Circular arc 2, 554

is y monotone
Arr conic traits 2<RatKernel, AlgKer-

nel,NtTraits>::Curve 2, 1281
Circular arc 2, 554

Is y monotone2, 755
is y monotone2, 749–751

preconditions,749
traits class,752

default,749
is y monotone2 object

YMonotonePartitionIsValidTraits2, 777
Is zero, 2556
is zero, 2552

Polytopedistanced, 2317
Vector,440
Vector d, 454

iso-oriented boxes
intersection,2161

Iso box d, 472–473, 2091, 2093, 2095
Iso cuboid 3, 94–96
Iso rectangle2, 69–71, 2298
isolatedvertex

ArrangementDcelVertex,1239
Isolatedvertex iterator, 1247
isolatedverticesbegin

ArrangementDcelFace,1244
Face, 1218
Topologicalexplorer, 968

isolatedverticesend
ArrangementDcelFace,1244
Face, 1218
Topologicalexplorer, 968

IsStronglyConvexTraits3, 679–680
Istreamiterator, 2796–2797
IsYMonotoneTraits2, 749, 752
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iterator, 2720
ArrangementDcelHole,1246
ArrangementDcelIsolatedVertex,1247

iterator category, 872, 886, 888, 2746, 2762–2770
iterator distance, 2731
Iterator tag, 2722

join, 947–948
Generalpolygonset 2, 920, 921
Nef polyhedron2, 961
Nef polyhedron3, 1037
Nef polyhedronS2, 993

join face
HalfedgeDSdecorator, 868

join facet
Polyhedron3, 804

Join input iterator 1, 2633
Join input iterator 2, 2736, 2738
join loop

HalfedgeDSdecorator, 870
Polyhedron3, 806

join vertex
HalfedgeDSdecorator, 868
Polyhedron3, 804

join vertices
SegmentDelaunayGraphDataStructure2,

1678
Triangulation data structure2, 1480

K neighborsearch, 2067–2068
Kd tree, 2069–2071
Kd tree node, 2072–2073
Kd tree rectangle, 2074–2075
Kernel,35–40
Kernel, 54, 1672, 1688, 1689, 1691, 1693
Kernel::Affine rank d, 502
Kernel::Affinely independentd, 501
Kernel::Angle2, 208
Kernel::Angle3, 209
Kernel::AreOrderedAlongLine2, 210
Kernel::AreOrderedAlongLine3, 211
Kernel::AreParallel2, 212
Kernel::AreParallel3, 213
Kernel::AreStrictlyOrderedAlongLine2, 214
Kernel::AreStrictlyOrderedAlongLine3, 215
Kernel::Assign2, 216
Kernel::Assign3, 217
Kernel::BoundedSide2, 218
Kernel::BoundedSide3, 219
Kernel::CartesianConstIterator2, 345
Kernel::CartesianConstIterator3, 346
Kernel::CartesianConstIteratord, 503
Kernel::Centerof sphered, 504
Kernel::Circle2, 220
Kernel::Collinear2, 226

Kernel::Collinear3, 227
Kernel::CollinearAreOrderedAlongLine2, 221
Kernel::CollinearAreOrderedAlongLine3, 222
Kernel::CollinearAreStrictlyOrderedAlongLine2,

223
Kernel::CollinearAreStrictlyOrderedAlongLine3,

224
Kernel::CollinearHasOn2, 225
Kernel::Comparelexicographicallyd, 505
Kernel::CompareAngleWithXAxis2, 228
Kernel::CompareDistance2, 229
Kernel::CompareDistance3, 230
Kernel::CompareSlope2, 231
Kernel::CompareX2, 237
Kernel::CompareX3, 238
Kernel::CompareXAtY2, 232–233
Kernel::CompareXY2, 235
Kernel::CompareXY3, 236
Kernel::CompareXYZ3, 234
Kernel::CompareY2, 241
Kernel::CompareY3, 242
Kernel::CompareYAtX2, 239–240
Kernel::CompareZ3, 243
Kernel::Componentaccessord, 506
Kernel::ComputeA2, 244
Kernel::ComputeArea2, 247
Kernel::ComputeArea3, 248
Kernel::ComputeB2, 245
Kernel::ComputeC2, 246
Kernel::ComputeScalarProduct2, 249
Kernel::ComputeScalarProduct3, 250
Kernel::ComputeSquaredArea3, 251
Kernel::ComputeSquaredDistance2, 252
Kernel::ComputeSquaredDistance3, 253
Kernel::ComputeSquaredLength2, 254
Kernel::ComputeSquaredLength3, 255
Kernel::ComputeSquaredRadius2, 256
Kernel::ComputeSquaredRadius3, 257
Kernel::ComputeVolume3, 258
Kernel::ComputeX2, 259
Kernel::ComputeXmax2, 263
Kernel::ComputeXmin2, 261
Kernel::ComputeY2, 260
Kernel::ComputeYAtX2, 265
Kernel::ComputeYmax2, 264
Kernel::ComputeYmin2, 262
Kernel::ConstructBaseVector3, 266
Kernel::ConstructBbox2, 267
Kernel::ConstructBbox3, 268
Kernel::ConstructBisector2, 269
Kernel::ConstructBisector3, 270
Kernel::ConstructCartesianConstIterator2, 271
Kernel::ConstructCartesianConstIterator3, 272
Kernel::ConstructCartesianConstIteratord, 507
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Kernel::ConstructCenter2, 273
Kernel::ConstructCenter3, 274
Kernel::ConstructCentroid2, 275
Kernel::ConstructCentroid3, 276
Kernel::ConstructCircle2, 277
Kernel::ConstructCircumcenter2, 278
Kernel::ConstructCircumcenter3, 279
Kernel::ConstructCrossProductVector3, 280
Kernel::ConstructDifferenceOfVectors2, 281
Kernel::ConstructDirection2, 282
Kernel::ConstructDirection3, 283
Kernel::ConstructIsoCuboid3, 284
Kernel::ConstructIsoRectangle2, 285
Kernel::ConstructLiftedPoint3, 286
Kernel::ConstructLine2, 287
Kernel::ConstructLine3, 288
Kernel::ConstructMaxVertex2, 289
Kernel::ConstructMaxVertex3, 290
Kernel::ConstructMidpoint2, 291
Kernel::ConstructMidpoint3, 292
Kernel::ConstructMinVertex2, 293
Kernel::ConstructMinVertex3, 294
Kernel::ConstructObject2, 295
Kernel::ConstructObject3, 296
Kernel::ConstructOppositeCircle2, 297
Kernel::ConstructOppositeDirection2, 298
Kernel::ConstructOppositeDirection3, 299
Kernel::ConstructOppositeLine2, 300
Kernel::ConstructOppositeLine3, 301
Kernel::ConstructOppositePlane3, 302
Kernel::ConstructOppositeRay2, 303
Kernel::ConstructOppositeRay3, 304
Kernel::ConstructOppositeSegment2, 305
Kernel::ConstructOppositeSegment3, 306
Kernel::ConstructOppositeSphere3, 307
Kernel::ConstructOppositeTriangle2, 308
Kernel::ConstructOppositeVector2, 309
Kernel::ConstructOppositeVector3, 310
Kernel::ConstructOrthogonalVector3, 311
Kernel::ConstructPerpendicularDirection2, 312
Kernel::ConstructPerpendicularLine2, 313
Kernel::ConstructPerpendicularLine3, 314
Kernel::ConstructPerpendicularPlane3, 315
Kernel::ConstructPerpendicularVector2, 316
Kernel::ConstructPlane3, 317–318
Kernel::ConstructPoint2, 321
Kernel::ConstructPoint3, 322
Kernel::ConstructPointOn2, 319
Kernel::ConstructPointOn3, 320
Kernel::ConstructProjectedPoint2, 323
Kernel::ConstructProjectedPoint3, 324
Kernel::ConstructProjectedXYPoint2, 325
Kernel::ConstructRay2, 326
Kernel::ConstructRay3, 327

Kernel::ConstructScaledVector2, 328
Kernel::ConstructScaledVector3, 329
Kernel::ConstructSegment2, 331
Kernel::ConstructSegment3, 332
Kernel::ConstructSphere3, 333–334
Kernel::ConstructSumOfVectors2, 330
Kernel::ConstructSupportingPlane3, 335
Kernel::ConstructTetrahedron3, 336
Kernel::ConstructTranslatedPoint2, 337
Kernel::ConstructTranslatedPoint3, 338
Kernel::ConstructTriangle2, 339
Kernel::ConstructTriangle3, 340
Kernel::ConstructVector2, 341
Kernel::ConstructVector3, 342
Kernel::ConstructVertex2, 343
Kernel::ConstructVertex3, 344
Kernel::Containedin affine hull d, 508
Kernel::Containedin linear hull d, 509
Kernel::Containedin simplex d, 510
Kernel::Coplanar3, 349
Kernel::CoplanarOrientation3, 347
Kernel::CoplanarSideOfBoundedCircle3, 348
Kernel::CounterclockwiseInBetween2, 350
Kernel::Direction2, 351
Kernel::Direction3, 352
Kernel::DoIntersect2, 353
Kernel::DoIntersect3, 354
Kernel::Equal2, 361
Kernel::Equal3, 362
Kernel::Equald, 511
Kernel::EqualX2, 356
Kernel::EqualX3, 357
Kernel::EqualXY3, 355
Kernel::EqualY2, 358
Kernel::EqualY3, 359
Kernel::EqualZ3, 360
Kernel::Hason positive side d, 512
Kernel::HasOn2, 373
Kernel::HasOn3, 374
Kernel::HasOnBoundary2, 363
Kernel::HasOnBoundary3, 364
Kernel::HasOnBoundedSide2, 365
Kernel::HasOnBoundedSide3, 366
Kernel::HasOnNegativeSide2, 367
Kernel::HasOnNegativeSide3, 368
Kernel::HasOnPositiveSide2, 369
Kernel::HasOnPositiveSide3, 370
Kernel::HasOnUnboundedSide2, 371
Kernel::HasOnUnboundedSide3, 372
Kernel::Intersect2, 375
Kernel::Intersect3, 376
Kernel::Intersectd, 513
Kernel::IsDegenerate2, 377
Kernel::IsDegenerate3, 378–379
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Kernel::IsHorizontal2, 380
Kernel::IsoCuboid3, 381
Kernel::IsoRectangle2, 382
Kernel::IsVertical2, 383
Kernel::LeftTurn2, 384
Kernel::Lesslexicographicallyd, 514
Kernel::Lessor equal lexicographicallyd, 515
Kernel::LessDistanceToPoint2, 385
Kernel::LessDistanceToPoint3, 386
Kernel::LessRotateCCW2, 387
Kernel::LessSignedDistanceToLine2, 388
Kernel::LessSignedDistanceToPlane3, 389
Kernel::LessX2, 393
Kernel::LessX3, 394
Kernel::LessXY2, 391
Kernel::LessXY3, 392
Kernel::LessXYZ3, 390
Kernel::LessY2, 396
Kernel::LessY3, 397
Kernel::LessYX2, 395
Kernel::LessZ3, 398
Kernel::Lift to paraboloidd, 516
Kernel::Line 2, 399
Kernel::Line 3, 400
Kernel::Linearbased, 518
Kernel::Linearrank d, 519
Kernel::Linearly independentd, 517
Kernel::Midpoint d, 520
Kernel::Object2, 401
Kernel::Object3, 402
Kernel::Orientation2, 403
Kernel::Orientation3, 404
Kernel::Orientationd, 521
Kernel::Orientedside d, 522
Kernel::OrientedSide2, 405
Kernel::OrientedSide3, 406
Kernel::Orthogonalvector d, 523
Kernel::Plane3, 407
Kernel::Point2, 408–409
Kernel::Point3, 410–411
Kernel::Pointof sphered, 524
Kernel::Pointto vector d, 525
Kernel::Projectalong d axis d, 526
Kernel::Ray2, 412
Kernel::Ray3, 413
Kernel::Segment2, 414
Kernel::Segment3, 415
Kernel::Sideof boundedsphered, 527
Kernel::Sideof orientedsphered, 528
Kernel::SideOfBoundedCircle2, 416
Kernel::SideOfBoundedSphere3, 417
Kernel::SideOfOrientedCircle2, 418
Kernel::SideOfOrientedSphere3, 419
Kernel::Sphere3, 420

Kernel::Squareddistanced, 529
Kernel::Tetrahedron3, 421
Kernel::Triangle2, 422
Kernel::Triangle3, 423
Kernel::Valueat d, 530
Kernel::Vector2, 424
Kernel::Vector3, 425
Kernel::Vectorto point d, 531
Kernel archetype, 52–53
Kernel d, 499–500
Kernel traits, 54
Key, 2493
Key, 2123, 2124, 2128, 2130, 2131, 2134, 2137,

2138
key comp

Multiset, 2616
tree point traits, 2143

Key type, 2370
keyPressEvent

Qt widget layer, 2851
keyReleaseEvent

Qt widget layer, 2851
Kinetic::Active objectslistener helper, 2476
Kinetic::Active objectsvector, 2479
Kinetic::ActiveObjectsTable,2477–2478
Kinetic::Cartesianinstantaneouskernel, 2480
Kinetic::Cartesiankinetic kernel, 2481–2482
Kinetic::Certificate,2483
Kinetic::Default simulator, 2503
Kinetic::Delaunaytriangulation 2, 2426–2427
Kinetic::Delaunaytriangulation 3, 2428–2429
Kinetic::Delaunaytriangulation cell base3,

2430
Kinetic::Delaunaytriangulation eventlog -

visitor 2, 2431
Kinetic::Delaunaytriangulation eventlog -

visitor 3, 2432
Kinetic::Delaunaytriangulation face base2,

2433
Kinetic::Delaunaytriangulation recentedges-

visitor 2, 2434
Kinetic::Delaunaytriangulation visitor base2,

2438
Kinetic::Delaunaytriangulation visitor base3,

2439
Kinetic::DelaunayTriangulationVisitor2,2435
Kinetic::DelaunayTriangulationVisitor3, 2436–

2437
Kinetic::Enclosingbox 2, 2440
Kinetic::Enclosingbox 3, 2441
Kinetic::Eraseevent, 2442
Kinetic::EventLogVisitor,2443
Kinetic::EventQueue,2485–2486
Kinetic::FunctionKernel,2488–2490
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Kinetic::Insert event, 2444
Kinetic::InstantaneousKernel,2492
Kinetic::Kernel,2494
Kinetic::Qt movingpoints 2, 2445
Kinetic::Qt triangulation 2, 2446
Kinetic::Qt widget 2, 2447
Kinetic::Regular triangulation 3, 2448
Kinetic::Regular triangulation cell base3, 2449
Kinetic::Regular triangulation eventlog visitor -

3, 2450
Kinetic::Regular triangulation instantaneous-

traits 3, 2451
Kinetic::Regular triangulation vertexbase3,

2452
Kinetic::Regular triangulation visitor base3,

2455
Kinetic::RegularTriangulationVisitor3,2453–2454
Kinetic::RootStack,2500
Kinetic::SimulationTraits,2501–2502
Kinetic::Simulator,2506–2509
Kinetic::Simulatorkds listener, 2504
Kinetic::Simulatorobjectslistener, 2505
Kinetic::Sort, 2457
Kinetic::Sort eventlog visitor, 2456
Kinetic::Sort visitor base, 2458
Kinetic::SortVisitor,2459
kinetic kernel object

Kinetic::SimulationTraits,2502

LARGER, 124
largest inscribed polygon,2287, 2289
Largestemptyiso rectangle2, 2298–2300
LargestEmptyIsoRectangleTraits2, 2301–2302
last out edge

Topologicalexplorer, 966
Lazy exactnt, 2557–2558
LEAF, 2072
leaveEvent

Qt widget layer, 2851
leda bigfloat, 2559
leda integer, 2560
leda rational, 2561
leda real, 2562
left

Arr circle segmenttraits 2<Kernel>::X -
monotonecurve 2, 1276

Arr conic traits 2<RatKernel, AlgKer-
nel,NtTraits>:: X monotonecurve 2,
1282

Arr rational arc traits 2<AlgKernel, Nt-
Traits>::Curve 2, 1285

Circular arc 2, 554
Halfedge, 1759
Line arc 2, 556

LEFT TURN, 127

left turn, 177
ExtendedKernelTraits2, 975

left turn 2 object
PartitionIsValidTraits2, 764
PartitionTraits2, 766

left vertex
Polygon2, 729

left vertex2, 721
requirements,721

LEFTFRAME, 973
lessx 2 object

LargestEmptyIsoRectangleTraits2, 2302
lessxy 2 object

AllFurthestNeighborsTraits2, 2305
Extremalpolygonarea traits 2, 2293
Extremalpolygonperimetertraits 2, 2295
ExtremalPolygonTraits2, 2297
PartitionIsValidTraits2, 764
PartitionTraits2, 766
PolygonTraits2, 725
RandomPolygonTraits2, 2760

lessy 2 object
LargestEmptyIsoRectangleTraits2, 2302

lessyx 2 object
IsYMonotoneTraits2, 752
PartitionTraits2, 766
PolygonTraits2, 725

Level interval, 2035
lexicographicallysmaller, 487
lexicographicallysmaller or equal, 488
lexicographicallyxy larger, 180
lexicographicallyxy larger or equal, 181
lexicographicallyxy smaller, 182
lexicographicallyxy smaller or equal, 183
lexicographicallyxyz smaller, 178
lexicographicallyxyz smaller or equal, 179
lift to paraboloid, 489
lifting map, dD,682
Line, 1412, 1520
Line 2, 72–74, 2384, 2856
Line 3, 97–98
Line arc 2, 548, 556–557
Line d, 458–459
line walk

Triangulation 2, 1438
linear program

Min annulusd, 2250
Linear algebraCd, 445
Linear algebraHd, 446
linear base, 491
linear interpolation, 2365
linear least squaresfitting 2, 2346
linear least squaresfitting 3, 2347–2348
linear rank, 492
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linear solver
LinearAlgebraTraitsd, 438
SparseLinearAlgebraTraitsd, 1986
Taucssolver traits, 1995
Taucssymmetricsolver traits, 1998

LinearAlgebraTraitsd, 437–439
model,445, 446

LinearKernel,550
linearly independent, 490
lineWidth

Qt widget, 2844
Listener, 2495–2497
LMWT, 962
locate, 1311

ArrangementPointLocation2, 1303
Delaunayd, 703
Generalpolygonset 2, 922
Nef polyhedron2, 962
Nef polyhedron3, 1036
Nef polyhedronS2, 994
SurfaceMeshTriangulation3, 1860
Triangulation 2, 1432
Triangulation 3, 1510
Voronoi diagram 2, 1756

locate around vertex
Arr accessor, 1211

Locate result, 1752
Locate type, 1406, 1430, 1505, 1558
Location mode, 962
lock

Qt widget, 2842
look recenter

Geomviewstream, 2819
lookup

Delaunayd, 703
Point set 2, 2014

Loop mask3, 1892
Loop subdivision, 1884
low val

Kd tree node, 2073
lower

Kd tree node, 2073
lower hull, 2D,650–651
lower bound

Multiset, 2618
lower hull points 2, 611, 650–651
LSCM parameterizer3, 1951–1953

m
Aff transformation2, 62
Aff transformation3, 91

makealpha shape
Alpha shape2, 1606
Alpha shape3, 1634

makeconformingDelaunay
Triangulation conformer2, 1817

makeconformingDelaunay2, 1812
makeconformingGabriel

Triangulation conformer2, 1817
makeconformingGabriel 2, 1813
makehole

HalfedgeDSdecorator, 866
Polyhedron3, 807
TriangulationDataStructure2, 1468

makeobject, 120
makeplane, 2313

Width default traits 3, 2311
makepoint, 2313

Width default traits 3, 2310
makequadruple, 2702
makerational

Rational traits, 2575
makeroot of 2, 2563, 2580
makeset

Union find, 2780
makesurfacemesh, 1822, 1837–1838
maketetrahedron

Polyhedron3, 802
maketree

Rangetree d, 2126
Rangetree k, 2128
Segmenttree d, 2133
Segmenttree k, 2134

maketriangle
Polyhedron3, 802

maketriple, 2700
makevector, 2313

Width default traits 3, 2311
makex monotone2 object

ArrangementTraits2, 1263
Manhattandistanceiso box point, 2076–2077
Manifold tag, 1839
Manifold with boundarytag, 1840
mark

Halfedge, 1040
Halffacet, 1043
SFace, 1007, 1049
SHalfedge, 1004, 1046
SHalfloop, 1005, 1047
SVertex, 1002
Topologicalexplorer, 968, 969
Vertex, 1039
Volume, 1044

Matrix, 442–444, 1954–1955
matrix

monotone,2321
searching,2321, 2328
sorted,2328
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matrix
Aff transformationd, 475

Max, 2566
max, 2564

Iso box d, 472
Iso cuboid 3, 95
Iso rectangle2, 70
Real timer, 2778
Segment2, 81
Segment3, 107
Segmentd, 463
Timer, 2779

max coord
Box d, 2175
Box with handled, 2180
BoxIntersectionBoxd, 2171
Iso cuboid 3, 95
Iso rectangle2, 70
Kd tree rectangle, 2074

max distanceto rectangle
Euclideandistance, 2054
Euclideandistancespherepoint, 2056
GeneralDistance,2064
Manhattandistanceiso box point, 2077
OrthogonalDistance,2082
WeightedMinkowskidistance, 2107

max size
Compactcontainer, 2612
In place list, 2604
Multiset, 2616

max span
Kd tree rectangle, 2074

max spancoord
Kd tree rectangle, 2074

max vertex, 184
maximumarea inscribedk gon 2, 2287–2288
maximumperimeterinscribedk gon 2, 2289–

2290
Mean value coordinatesparameterizer3, 1956–

1957
Median of max spread, 2078
Median of rectangle, 2079
Memorysizer, 2776
Merge, 1287
merge

Compactcontainer, 2613
In place list, 2606

merge2 object
ArrangementXMonotoneTraits2, 1262

mergeedge
Arrangement2, 1208
Arrangementwith history 2, 1321

Mesh2::Face badness, 1811
meshfacetsbegin

Parameterizationmeshpatch 3, 1970
Parameterizationpolyhedronadaptor 3,

1975
ParameterizationMesh3, 1960

meshfacetsend
Parameterizationmeshpatch 3, 1970
Parameterizationpolyhedronadaptor 3,

1975
ParameterizationMesh3, 1960

meshmain border verticesbegin
Parameterizationmeshpatch 3, 1969
Parameterizationpolyhedronadaptor 3,

1975
ParameterizationMesh3, 1959, 1960

meshmain border verticesend
Parameterizationmeshpatch 3, 1970
Parameterizationpolyhedronadaptor 3,

1975
ParameterizationMesh3, 1960

meshverticesbegin
Parameterizationmeshpatch 3, 1969
Parameterizationpolyhedronadaptor 3,

1974
ParameterizationMesh3, 1959

meshverticesend
Parameterizationmeshpatch 3, 1969
Parameterizationpolyhedronadaptor 3,

1975
ParameterizationMesh3, 1959

MeshingCriteria2, 1814–1815
Method tag, 1688, 1689, 1691, 1693
midpoint, 185, 493
Midpoint of max spread, 2080
Midpoint of rectangle, 2081
Min, 2567
min, 2565

Iso box d, 472
Iso cuboid 3, 95
Iso rectangle2, 70
Segment2, 81
Segment3, 107
Segmentd, 463

Min annulusd, 2244–2250
creation,2245
global functions,2249

input,2249
output,2249

implementation,2250
member functions,2245–2249

access,2245
miscellaneous,2249
modifiers,2248
predicates,2247
validity check,2249
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requirements,2244
traits class

requirements,2286
see also Optimisationd traits 2
see also Optimisationd traits 3
see also Optimisationd traits d

types,2244
Min circle 2, 2193–2198

creation,2194
example,2197
global functions,2197

input,2197
output,2197
window output,2197

implementation,2197
member functions,2194–2196

access,2194
miscellaneous,2196
modifiers,2196
predicates,2195
validity check,2196

requirements,2193
traits class

requirements,2200
see also Mincircle 2 traits 2

types,2193
Min circle 2 traits 2, 2199
min circulator

Circulator, 2707
min coord

Box d, 2175
Box with handled, 2180
BoxIntersectionBoxd, 2171
Iso cuboid 3, 95
Iso rectangle2, 70
Kd tree rectangle, 2074

min distanceto rectangle
Euclideandistance, 2054
Euclideandistancespherepoint, 2056
GeneralDistance,2064
Manhattandistanceiso box point, 2077
OrthogonalDistance,2082
WeightedMinkowskidistance, 2107

Min ellipse 2, 2203–2209
creation,2203
example,2208, 2270
global functions,2207

input,2207
output,2207
window output,2207

implementation,2208
member functions,2205–2207

access,2205
miscellaneous,2207

modifiers,2206
predicates,2205
validity check,2206

requirements,2203
traits class

requirements,2212
see also Minellipse 2 traits 2

types,2203
Min ellipse 2 traits 2, 2210–2211
min k

Extremalpolygonarea traits 2, 2292
Extremalpolygonperimetertraits 2, 2295
ExtremalPolygonTraits2, 2296

min max element, 2624–2625
min parallelogram2, 2217–2218
Min quadrilateral default traits 2, 2221–2224
min rectangle2, 2215–2216
Min sphered, 2238–2243

creation,2238
global functions,2242

input,2242
output,2242

implementation,2242
member functions,2239–2242

access,2239
miscellaneous,2241
modifiers,2240
predicates,2240
validity check,2241

requirements,2238
traits class

requirements,2286
see also Optimisationd traits 2
see also Optimisationd traits 3
see also Optimisationd traits d

types,2238
Min sphereof spheresd, 2251–2256

creation,2252
implementation,2255
member functions,2253–2254

access,2253
miscellaneous,2254
modifiers,2254
predicates,2253
validity check,2254

requirements,2251
types,2251

Min sphereof spheresd traits 2, 2259–2260
Min sphereof spheresd traits 3, 2261–2262
Min sphereof spheresd traits d, 2263–2264
min strip 2, 2219–2220
min vertex, 186
MinCircle2Traits,2200
MinEllipse2Traits,2212
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minimum enclosing
see alsosmallest enclosing

minimum spanning
see alsosmallest enclosing

minkowskisumwith pixel 2 object
SnapRoundingTraits2, 1345

MinQuadrilateralTraits2, 2225–2228
MinSphereOfSpheresTraits,2257–2258
mirror facet

SurfaceMeshTriangulation3, 1860
Triangulation 3, 1518
TriangulationDataStructure3, 1583

mirror index
Triangulation 3, 1518
TriangulationDataStructure2, 1466
TriangulationDataStructure3, 1583

mirror vertex
Triangulation 3, 1518
TriangulationDataStructure2, 1466
TriangulationDataStructure3, 1583

miscellaneous
Approximatemin ellipsoid d, 2270
Min annulusd, 2249
Min circle 2, 2196
Min ellipse 2, 2207
Min sphered, 2241
Min sphereof spheresd, 2254
Polytopedistanced, 2320

Mode, 1606, 1633, 2785, 2798
Modifier base, 2777
modifiers

Min annulusd, 2248
Min circle 2, 2196
Min ellipse 2, 2206
Min sphered, 2240
Min sphereof spheresd, 2254
Polytopedistanced, 2317

modify edge
Arrangement2, 1208

modify edgeex
Arr accessor, 1214

modify vertex
Arrangement2, 1207
Kinetic::DelaunayTriangulationVisitor2,

2435
Kinetic::DelaunayTriangulationVisitor3,

2436
Kinetic::RegularTriangulationVisitor3,2453
Kinetic::SortVisitor,2459

modify vertexex
Arr accessor, 1214

monotone matrix search,2321
monotonematrix search, 2321–2322
MonotoneMatrixSearchTraits,2325–2326

mouseDoubleClickEvent
Qt widget layer, 2851

mouseMoveEvent
Qt widget layer, 2851

mousePressEvent
Qt widget layer, 2851

mouseReleaseEvent
Qt widget layer, 2851

move-to-front heuristic
Min circle 2, 2197
Min ellipse 2, 2208
Min sphered, 2242

movecenter
Qt widget, 2842

movehole
Arr accessor, 1213

moveisolatedvertex
Arr accessor, 1213

movepoint
Delaunaytriangulation 3, 1521

MP Float, 2568–2569
mpq class, 2539
mpzclass, 2540
Multi listener, 2498
Multiset, 2614–2620

n1
Numbertype checker, 2570

n2
Numbertype checker, 2570

N stepadaptor, 2631
NAIVE, 962
natural neighborcoordinates2, 2374

Interpolation traits 2, 2374–2375
Navigation layer, 2862
NE

ExtendedKernelTraits2, 974
NEAREST, 700
nearestneighbor, 2017

Apolloniusgraph 2, 1717, 1718
Apolloniusgraph hierarchy 2, 1734
Delaunayd, 703
Point set 2, 2014
SegmentDelaunaygraph 2, 1666

nearestneighbors, 2018–2019
Point set 2, 2014

nearestpower vertex
Regular triangulation 2, 1415
Regular triangulation 3, 1531

nearestpower vertex in cell
Regular triangulation 3, 1532

nearestsite 2 object
AdaptationTraits2, 1769

nearestvertex
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Delaunaytriangulation 2, 1403
Delaunaytriangulation 3, 1523

nearestvertex in cell
Delaunaytriangulation 3, 1523

NECORNER, 973
Nef polyhedron, 2D

traits class
see also Extendedcartesian
see also Extendedhomogeneous
see also Filteredextendedhomogeneous

Nef polyhedron2, 960–964
Nef polyhedron3, 1033–1038
Nef polyhedronS2, 991–996
negate, 2650
NEGATIVE, 124
neighbor

all furthest,2303
neighbor

Cell, 1585
TriangulationDataStructure2::Face,1474
TriangulationDSCellBase3, 1590
TriangulationDSFaceBase2, 1472

new cgal object
Qt widget, 2846

new distance
Euclideandistance, 2055
OrthogonalDistance,2083
WeightedMinkowskidistance, 2107

new edge
ArrangementDcel,1237

new event
Kinetic::Simulator,2507

new face
ArrangementDcel,1237

new hole
ArrangementDcel,1237

new isolatedvertex
ArrangementDcel,1237

new notification
Listener, 2496

new object
Qt widget, 2844

new vertex
ArrangementDcel,1237

next
ArrangementDcelHalfedge,1241
ConvexHullPolyhedronHalfedge3, 670
Halfedge, 814, 1217, 1758
HalfedgeDSHalfedge,858
SHalfedge, 1046
Topologicalexplorer, 967

next around edge, 1597
next eventtime

Kinetic::Simulator,2507

next link, 2602
next on vertex

Halfedge, 814
next priority

Kinetic::EventQueue,2485
Nodehandle, 2072
Node type, 2072
non consthandle

Arrangement2, 1204
Non manifold tag, 1841
normalizeborder

HalfedgeDS,852
Polyhedron3, 808

normalizedborder is valid
HalfedgeDSconstdecorator, 864
HalfedgeDSdecorator, 870
Polyhedron3, 809

NOT BAD, 1811
NOT IN COMPLEX, 1847
notifier

Listener, 2496
notify after global change

Arr accessor, 1211
notify beforeglobal change

Arr accessor, 1211
NT, 1633, 2065, 2095
null event

Kinetic::Simulator,2507
NULL VECTOR, 129
Null vector, 129
Numbtype, 2013
numberof alphas

Alpha shape2, 1607
Alpha shape3, 1635

numberof cells
Triangulation 3, 1507
TriangulationDataStructure3, 1575

numberof columns
BasicMatrix,2327
Dynamicmatrix, 2323
MonotoneMatrixSearchTraits,2325

numberof connectedcomponents
Nef polyhedronS2, 994
Topologicalexplorer, 969
Voronoi diagram 2, 1753

numberof curves
Arrangementwith history 2, 1320

numberof edges
Arrangement2, 1203
Nef polyhedron3, 1036
Topologicalexplorer, 969
Triangulation 3, 1507
TriangulationDataStructure2, 1465
TriangulationDataStructure3, 1575
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numberof enclosingconstraints
Constrainedtriangulation plus 2, 1397

numberof face cycles
Topologicalexplorer, 969

numberof faces
Apolloniusgraph 2, 1715
Arrangement2, 1204
DelaunayGraph2, 1765
SegmentDelaunaygraph 2, 1663
Topologicalexplorer, 969
Triangulation 2, 1431
TriangulationDataStructure2, 1464
Voronoi diagram 2, 1753

numberof facets
Convexhull d, 691
Nef polyhedron3, 1036
SurfaceMeshComplex2InTriangulation3,

1849
Triangulation 3, 1507
TriangulationDataStructure3, 1575

numberof failures, 2546
numberof finite cells

Triangulation 3, 1507
numberof finite edges

Triangulation 3, 1507
numberof finite facets

Triangulation 3, 1507
numberof full dim faces

TriangulationDataStructure2, 1465
numberof halfedges

Arrangement2, 1203
Nef polyhedron3, 1035
Topologicalexplorer, 969
Voronoi diagram 2, 1753

numberof halffacets
Nef polyhedron3, 1036

numberof hiddensites
Apolloniusgraph 2, 1714
ApolloniusGraphVertexBase2, 1724

numberof hiddenvertices
Regular triangulation 2, 1416

numberof holes
ArrangementDcelFace,1244

numberof inducededges
Arrangementwith history 2, 1320

numberof inner supportpoints
Min annulusd, 2245

numberof input sites
SegmentDelaunaygraph 2, 1663

numberof isolatedvertices
Arrangement2, 1203
ArrangementDcelFace,1244

numberof originating curves
Arrangementwith history 2, 1320

numberof outer supportpoints
Min annulusd, 2246

numberof output sites
SegmentDelaunaygraph 2, 1663

numberof points
Approximatemin ellipsoid d, 2267
Min annulusd, 2245
Min circle 2, 2194
Min ellipse 2, 2205
Min sphered, 2239
Polytopedistanced, 2315

numberof points p
Polytopedistanced, 2315

numberof points q
Polytopedistanced, 2315

numberof polygonswith holes
Generalpolygonset 2, 918

numberof rows
BasicMatrix,2327
Dynamicmatrix, 2323
MonotoneMatrixSearchTraits,2325

numberof sedges
Nef polyhedronS2, 993

numberof sets
Union find, 2780

numberof sfacecycles
Nef polyhedronS2, 994

numberof sfaces
Nef polyhedronS2, 993

numberof shalfedges
Nef polyhedronS2, 993

numberof shalfloops
Nef polyhedronS2, 993

numberof simplices
Convexhull d, 691

numberof sloops
Nef polyhedronS2, 993

numberof solid components
Alpha shape2, 1609
Alpha shape3, 1638

numberof supportpoints
Min annulusd, 2245
Min circle 2, 2194
Min ellipse 2, 2205
Min sphered, 2239
Polytopedistanced, 2315

numberof supportpoints p
Polytopedistanced, 2316

numberof supportpoints q
Polytopedistanced, 2316

numberof svertices
Nef polyhedronS2, 993

numberof vertices
Apolloniusgraph 2, 1714
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Arrangement2, 1203
Convexhull d, 691
DelaunayGraph2, 1765
Nef polyhedron3, 1035
Regular triangulation 2, 1416
SegmentDelaunaygraph 2, 1663
Topologicalexplorer, 969
Triangulation 2, 1431
Triangulation 3, 1507
TriangulationDataStructure2, 1464
TriangulationDataStructure3, 1575
Voronoi diagram 2, 1753

numberof visible sites
Apolloniusgraph 2, 1714

numberof volumes
Nef polyhedron3, 1036

Numbertype checker, 2570–2571
Numbertype traits, 2572
numerator

Arr rational arc traits 2<AlgKernel, Nt-
Traits>::Curve 2, 1284

Gmpq, 2542
Quotient, 2573
Rational traits, 2575

NW
ExtendedKernelTraits2, 974

NWCORNER, 973

Object, 120–122, 1520
object cast, 120, 121
OBTUSE, 123
OFF to nef 3, 1031, 1052
OK, 1981, 1983
ON BOUNDARY, 123
ON BOUNDED SIDE, 123
ON NEGATIVESIDE, 125
ON ORIENTEDBOUNDARY, 125
ON POSITIVESIDE, 125
ON UNBOUNDEDSIDE, 123
Onesetiterator, 2627
operation

Extremalpolygonarea traits 2, 2293
Extremalpolygonperimetertraits 2, 2295
ExtremalPolygonTraits2, 2296

operator*, 189
operator+, 187
operator-, 188
operator<<, 832, 951, 1053, 2800
operator>>, 833, 952, 1054, 2792
opposite, 190

ArrangementDcelHalfedge,1241
Circle 2, 66
ConvexHullPolyhedronHalfedge3, 670
Direction d, 456

Halfedge, 814, 1758
HalfedgeDSHalfedge,858
Line 2, 73
Line 3, 98
Line d, 459
Plane 3, 100
Ray 2, 80
Ray 3, 106
Ray d, 461
Segment2, 82
Segment3, 108
Segmentd, 463
Sphere3, 110
Spherecircle, 1000
Sphered, 471
Spheresegment, 998
Triangle 2, 84

oppositefacet
Convexhull d, 689

oppositesimplex
Convexhull d, 689
Delaunayd, 702

optimal distances
distance of polytopes,2314
width of 3D point set,2306

optimal convexpartition 2, 736, 756–758
postconditions,737, 765
traits class,745, 759–760

default,769
OptimalConvexPartitionTraits2, 756, 759–760

model,769
Optimisationd traits 2, 2279–2280
Optimisationd traits 3, 2281–2282
Optimisationd traits d, 2283–2284
OptimisationDTraits,2285–2286
Orientation, 125
orientation, 192, 494

Arr circle segmenttraits 2<Kernel>
::Curve 2, 1274

Arr circle segmenttraits 2<Kernel>::X -
monotonecurve 2, 1276

Arr conic traits 2<RatKernel, AlgKer-
nel,NtTraits>::Curve 2, 1281

Circle 2, 66
ExtendedKernelTraits2, 975
Generalpolygon2, 932
Min circle 2 traits 2, 2199
MinCircle2Traits,2200
Polygon2, 729
Sphere3, 110
Sphered, 470
Tetrahedron3, 112
Triangle 2, 83

Orientation 2, 2385

2930



orientation 2, 722
orientation 2 object

AllFurthestNeighborsTraits2, 2305
ApolloniusGraphTraits2, 1730
Extremalpolygonarea traits 2, 2293
Extremalpolygonperimetertraits 2, 2295
ExtremalPolygonTraits2, 2297
PartitionIsValidTraits2, 764
PartitionTraits2, 766
PolygonTraits2, 725
RandomPolygonTraits2, 2760
SegmentDelaunayGraphTraits2, 1686
Triangulation euclideantraits xy 3, 1446
TriangulationTraits2, 1425

orientation 3 object
TriangulationTraits3, 1535

orientation d object
Kernel d, 500

orientationC2, 2535
orientationC3, 2536
Orientedside, 125
orientedside

Circle 2, 66
Generalpolygonset 2, 922, 923
Hyperplaned, 467
Line 2, 73
Plane 3, 101
Polygon2, 729
Sphere3, 110
Sphered, 470
Tetrahedron3, 112
Triangle 2, 83
Triangulation 2, 1433

orientedside 2, 723
orientedside 2 object

SegmentDelaunayGraphTraits2, 1686
orientedside of bisector test 2 object

ApolloniusGraphTraits2, 1730
SegmentDelaunayGraphTraits2, 1686

ORIGIN, 130–131
Origin, 130
origin

Randomconvexset traits 2, 2761
RandomConvexSetTraits2, 2759

originating curvesbegin
Arrangementwith history 2, 1320

originating curvesend
Arrangementwith history 2, 1320

orthogonaldirection
Hyperplaned, 467
Plane 3, 100

Orthogonal incrementalneighborsearch, 2084–
2085

Orthogonalk neighborsearch, 2086–2087

orthogonalpole
Spherecircle, 1000

orthogonal transform
Circle 2, 66
Sphere3, 111

orthogonalvector, 191
Hyperplaned, 467
Plane 3, 100

OrthogonalDistance,2082–2083
Ostreamiterator, 2799
out

ArrangementOutputFormatter,1297
out edges

Topologicalexplorer, 967
out sedge

Halfedge, 1041
SVertex, 1002

outer boundary
GeneralPolygonWithHoles2, 926

outer ccb
Face, 1218

outer range contains
Fuzzyiso box, 2060
Fuzzysphere, 2062
FuzzyQueryItem,2059

outer supportpoints begin
Min annulusd, 2246

outer supportpoints end
Min annulusd, 2246

output
Min annulusd, 2249
Min circle 2, 2197
Min ellipse 2, 2207
Min sphered, 2242
Polytopedistanced, 2320

output identifier
ExtendedKernelTraits2, 976

output sitesbegin
SegmentDelaunaygraph 2, 1664

output sitesend
SegmentDelaunaygraph 2, 1664

OUTSIDEAFFINE HULL, 1406, 1430, 1505,
1558

OUTSIDECONVEXHULL, 1406, 1430, 1505,
1558

overlay, 1229
OverlayTraits,1230–1231

parallel, 193, 459, 461, 464
parallelogram

smallest enclosing,2217
Parameterizationmeshfeatureextractor, 1965–

1966
Parameterizationmeshpatch 3, 1967–1971
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Parameterizationpolyhedronadaptor 3, 1972–
1978

ParameterizationMesh3, 1958–1961
ParameterizationPatchableMesh3, 1962–1964
parameterize, 1897, 1900, 1979–1980

Fixed border parameterizer3, 1948
LSCM parameterizer3, 1952
Parameterizertraits 3, 1984
ParameterizerTraits3, 1982

parameterizeborder
BorderParameterizer3, 1936
Circular border parameterizer3, 1939
Squareborder parameterizer3, 1990
Two verticesparameterizer3, 2002

Parameterizertraits 3, 1983–1985
ParameterizerTraits3, 1981–1982
partition,735, 737

valid, 737
partition is valid 2, 761–762

traits class,767–768
default,761

Partition is valid traits 2, 767–768
Partition traits 2, 769–770
PartitionIsValidTraits2, 761, 763–764

model,767
PartitionTraits2, 740, 759, 760, 765–766, 778

model,769
perpendicular

Line 2, 74
Vector 2, 86

perpendicularline
Plane 3, 100

perpendicularplane
Line 3, 98

perturb incircle, 2535
perturb insphere, 2535
perturb points 2, 2744
pickplane

Geomviewstream, 2819
PIXEL, 2841
Plane, 824, 1520
plane

ConvexHullPolyhedronFacet3, 669
Face,822
Facet, 811
HalfedgeDSface base, 874
Halffacet, 1043
Spherecircle, 1000

Plane 3, 99–101, 828, 830, 2306, 2310
Plane separator, 2088–2089
planesbegin

Polyhedron3, 803
planesend

Polyhedron3, 803

PLUS, 2841
Point, 824, 826, 1429, 1454, 1504, 1554, 2013
point, 1559

ApolloniusSite2, 1720
ArrangementDcelVertex,1239
ConvexHullPolyhedronVertex3, 671
Explorer, 971
Halfedge, 1040
HalfedgeDSvertexbase, 889
Line 2, 73
Line 3, 97
Line d, 459
Plane 3, 100
Ray 2, 79
Ray 3, 105
Ray d, 460
Segment2, 81
Segment3, 107
Segmentd, 463
SegmentDelaunayGraphSite2, 1670
SegmentDelaunayGraphStorageSite2, 1675
Sphered, 469
StraightSkeletonVertex2, 1076
SVertex, 1002
Topologicalexplorer, 968
TriangulationDataStructure2::Vertex,1478
TriangulationVertexBase2, 1426
TriangulationVertexBase3, 1547
Vertex,822, 1587
Vertex, 816, 1039, 1216, 1760
Weightedpoint, 1454

point, 2D
generator,2733

point, 3D
generator,2733

point set
3D width of,2306

Point 2, 75–78, 726, 1201, 1210, 1292, 1296,
1312, 1318, 1445, 1661, 1713, 1751,
2298, 2384, 2403, 2407, 2409, 2761,
2854–2857, 2859, 2861

Point 3, 102–104, 828, 830, 2306, 2310
point container

SegmentDelaunaygraph 2, 1663
Point d, 447–450, 2054, 2056, 2060, 2062, 2065,

2067, 2069, 2072, 2076, 2084, 2086,
2091, 2093, 2095, 2097, 2106, 2373,
2382

Point d iterator, 2072
Point handle, 1661, 1673
point is in

Arr accessor, 1211
point of facet

Convexhull d, 689
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point of simplex
Convexhull d, 689
Delaunayd, 702

Point set 2, 2013–2015
Point type, 973
Point with transformeddistance, 2065, 2067,

2084, 2086
pointer, 2746, 2762–2770

Compactcontainer traits, 2609
PointGenerator,2750
points

Arr polyline traits 2<SegmentTraits>
::Curve 2, 1269

points begin
Convexhull d, 692
Delaunayd, 704
Min annulusd, 2246
Min circle 2, 2194
Min ellipse 2, 2205
Min sphered, 2239
Polyhedron3, 802
Sphered, 469
Triangulation 2, 1437
Triangulation 3, 1517

points end
Convexhull d, 692
Delaunayd, 704
Min annulusd, 2246
Min circle 2, 2195
Min ellipse 2, 2205
Min sphered, 2239
Polyhedron3, 803
Sphered, 470
Triangulation 2, 1437
Triangulation 3, 1517

points on cubegrid 3, 2749
Points on segment2, 2738, 2746–2747
points on segment2, 2745
points on squaregrid 2, 2748
points p begin

Polytopedistanced, 2316
points p end

Polytopedistanced, 2316
points q begin

Polytopedistanced, 2316
points q end

Polytopedistanced, 2316
PointSetTraits,2016
pointSize

Qt widget, 2844
PointStyle, 2841
pointStyle

Qt widget, 2844
polygon

largest inscribed,2287, 2289
strongly convex,612, 648–649
valid, 754

polygon convex
see alsoconvex polygon

polygon partitioning,737
assertion flags,737
convex,736

approximately optimal,736, 740, 746
optimal,736, 756
valid, 743, 761

valid, 754, 761, 771
y-monotone,735, 749, 772

valid, 761, 775
polygon y-monotone

see alsoy-monotone polygon
Polygon2, 726–731, 936
polygonarea 2, 732
Polygonoffsetbuilder 2, 1095–1097
Polygonoffsetbuilder traits 2, 1094
Polygonset 2, 934
Polygonwith holes2, 933
PolygonIsValid,771

model,753–755
PolygonOffsetBuilderTraits2, 1084–1085
polygons

assertion flags,713
polygonswith holes

Generalpolygonset 2, 918
PolygonTraits2, 715–725, 732–734
polyhedron

strongly convex,678
see alsowidth of 3D point set

Polyhedron3, 799–810
Polyhedronincrementalbuilder 3, 818–821
Polyhedronitems3, 824–825
Polyhedronmin items3, 826
Polyhedrontraits 3, 828–829
Polyhedrontraits with normals3, 830–831
PolyhedronItems3, 822–823
PolyhedronTraits3, 827
Polynomial1 2, 592
Polynomial for circles 2 2, 594
polytope

distance of polytopes,2314
Polytopedistanced, 2314–2320

creation,2315
global functions,2320

output,2320
implementation,2320
member functions,2315–2320

access,2315
miscellaneous,2320
modifiers,2317
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predicates,2317
validity check,2319

requirements,2314
traits class

requirements,2286
see also Optimisationd traits 2
see also Optimisationd traits 3
see also Optimisationd traits d

types,2314
pop

Kinetic::RootStack,2500
pop back

In place list, 2605
pop failure time

Kinetic::Certificate,2483
pop front

In place list, 2605
POSITIVE, 124
post move

Kinetic::RegularTriangulationVisitor3,2454
post pop

Kinetic::RegularTriangulationVisitor3,2454
post push

Kinetic::RegularTriangulationVisitor3,2454
Power diagram,1533
power diagram,1361, 1416
power test

Regular triangulation 2, 1417
Power test 2, 2385
power test 2 object

RegularTriangulationTraits2, 1409
power test 3 object

Regular triangulation euclideantraits 3,
1544

RegularTriangulationTraits3, 1541
PQQ, 1883
PQQMask3, 1886
pre move

Kinetic::RegularTriangulationVisitor3,2454
pre pop

Kinetic::RegularTriangulationVisitor3,2454
pre push

Kinetic::RegularTriangulationVisitor3,2454
precision

Real timer, 2778
Timer, 2779

predecessor, 2621
predicates

Approximatemin ellipsoid d, 2269
Min annulusd, 2247
Min circle 2, 2195
Min ellipse 2, 2205
Min sphered, 2240
Min sphereof spheresd, 2253

Polytopedistanced, 2317
PRETTY, 2785, 2798
prev

ArrangementDcelHalfedge,1241
ConvexHullPolyhedronHalfedge3, 670
Halfedge, 814, 1217
HalfedgeDSHalfedge,858
SHalfedge, 1046

prev link, 2602
prev on vertex

Halfedge, 814
previous

Halfedge, 1758
Topologicalexplorer, 967

primary bisector
StraightSkeletonVertex2, 1076

print
Qt help window, 2868

print statistics
Convexhull d, 691
Nef polyhedronS2, 994
Topologicalexplorer, 969

print streamlines
Streamlines 2, 2408

print to ps
Qt widget, 2843

priority
Kinetic::EventQueue,2485

process
Event,2487

processnext
Kinetic::EventQueue,2486

project along d axis, 495
Project facet, 2673
Project next, 2677
Project next opposite, 2679
Project normal, 2675
Project oppositeprev, 2680
Project plane, 2676
Project point, 2674
Project prev, 2678
project triangle

LSCM parameterizer3, 1952
Project vertex, 2672
projection

Line 2, 73
Line 3, 97
Line d, 459
Plane 3, 100

Projectionobject,2667
propagatingflip

ConstrainedDelaunaytriangulation 2, 1387
PTQ, 1883
PTQMask3, 1887
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pushback
Arr polyline traits 2<SegmentTraits>

::Curve 2, 1269
ConstrainedDelaunaytriangulation 2,

1384, 1385
Constrainedtriangulation 2, 1390, 1391
Constrainedtriangulation plus 2, 1396
Delaunaytriangulation 2, 1402
In place list, 2605
Inverseindex, 2634
Largestemptyiso rectangle2, 2299
Polygon2, 728
Randomaccessadaptor, 2635
Regular triangulation 2, 1413
Triangulation 2, 1434
Union find, 2780
VertexContainer2, 1086

push front
In place list, 2605

Qt help window, 2868
Qt widget, 2841–2850
Qt widget get circle, 2857
Qt widget get iso rectangle, 2858
Qt widget get line, 2856
Qt widget get point, 2854
Qt widget get polygon, 2859–2860
Qt widget get segment, 2855
Qt widget get simplepolygon, 2861
Qt widget history, 2867
Qt widget layer, 2851–2853
Qt widget Nef 3, 1055–1056
Qt widget Nef S2, 1009–1010
Qt widget standardtoolbar, 2864–2866
quadratic program

Polytopedistanced, 2320
quadratic interpolation, 2369
Quadruple, 2701–2702
query circulator or iterator, 2732
Query item, 2054, 2065, 2067, 2076, 2084, 2086
quickhull, 2D,621
quickhull, 3D,655, 664–666
Quotient, 2573–2574
quotientcartesianto homogeneous, 194

r
Arr conic traits 2<RatKernel, AlgKer-

nel,NtTraits>::Curve 2, 1281
radius

Min sphereof spheresd, 2253
Min sphereof spheresd traits 2, 2260
Min sphereof spheresd traits 3, 2262
Min sphereof spheresd traits d, 2264
MinSphereOfSpheresTraits,2258

Random, 2757–2758

random convex set,2752
random perturbations,2733
random simple polygon,2754
Randomaccessadaptor, 2635
Randomaccesscirculator,2715
Randomaccesscirculator base, 2722
Randomaccesscirculator ptrbase, 2724
Randomaccesscirculator tag, 2722
Randomaccessvalue adaptor, 2636
randomcollinear points 2, 2751
randomconvexset

preconditions,2752
traits class,2761

default,2752
traits requirements,2759

randomconvexset 2, 2752–2753
Randomconvexset traits 2, 2761
Randompoints in cube3, 2762
Randompoints in disc 2, 2763
Randompoints in iso box d, 2770
Randompoints in sphere3, 2764
Randompoints in square2, 2765
Randompoints on circle 2, 2766
Randompoints on segment2, 2767
Randompoints on sphere3, 2768
Randompoints on square2, 2769
randompolygon2, 2754–2755

traits class
default,2754

traits requirements,2760
randomselection, 2756
RandomConvexSetTraits2, 2759

model,2761
randomization

Min circle 2, 2197
Min ellipse 2, 2208

RandomPolygonTraits2, 2760
range

PointGenerator,2750
Points on segment2, 2746

range search, 2020–2024
Delaunayd, 703
Point set 2, 2014, 2015

Rangesegmenttree traits set 2, 2123
Rangesegmenttree traits set 3, 2124
Rangetree d, 2125–2127
Rangetree k, 2128–2129
Rangetree traits map 2, 2130
Rangetree traits map 3, 2131
rangesChanged

Qt widget, 2846
RangeSegmentTreeTraitsk, 2121–2122
rank

LinearAlgebraTraitsd, 439

2935



rasterOp
Qt widget, 2845

rational rotation approximation, 195
Rational traits, 2575
raw cells begin

TriangulationDataStructure3, 1582
raw cells end

TriangulationDataStructure3, 1582
Ray, 1412, 1520
ray

Explorer, 971
Ray 2, 79–80, 2384
Ray 3, 105–106
Ray d, 460–461
ray shoot

Nef polyhedron2, 962
Nef polyhedronS2, 995

ray shootdown
ArrangementVerticalRayShoot2, 1306

ray shoot to boundary
Nef polyhedron2, 962
Nef polyhedronS2, 995

ray shootup
ArrangementVerticalRayShoot2, 1305

rbegin
Arr polyline traits 2<SegmentTraits>

::Curve 2, 1269
Compactcontainer, 2612
Multiset, 2616

read, 1234
read arrangementbegin

ArrangementInputFormatter,1293
read arrangementend

ArrangementInputFormatter,1293
read ccb halfedgesbegin

ArrangementInputFormatter,1295
read ccb halfedgesend

ArrangementInputFormatter,1295
read curve

ArrWithHistoryInputFormatter,1323
read curve begin

ArrWithHistoryInputFormatter,1323
read curve end

ArrWithHistoryInputFormatter,1323
read curvesbegin

ArrWithHistoryInputFormatter,1323
read curvesend

ArrWithHistoryInputFormatter,1323
read edgebegin

ArrangementInputFormatter,1294
read edgeend

ArrangementInputFormatter,1294
read edgesbegin

ArrangementInputFormatter,1293

read edgesend
ArrangementInputFormatter,1293

read face begin
ArrangementInputFormatter,1294

read face data
ArrangementInputFormatter,1295

read face end
ArrangementInputFormatter,1294

read facesbegin
ArrangementInputFormatter,1293

read facesend
ArrangementInputFormatter,1293

read halfedgeindex
ArrangementInputFormatter,1294

read halfegdedata
ArrangementInputFormatter,1294

read holesbegin
ArrangementInputFormatter,1294

read holesend
ArrangementInputFormatter,1294

read inducededgesbegin
ArrWithHistoryInputFormatter,1323

read inducededgesend
ArrWithHistoryInputFormatter,1323

read inner ccb begin
ArrangementInputFormatter,1294

read inner ccb end
ArrangementInputFormatter,1295

read isolatedverticesbegin
ArrangementInputFormatter,1295

read isolatedverticesend
ArrangementInputFormatter,1295

read outer ccb begin
ArrangementInputFormatter,1294

read outer ccb end
ArrangementInputFormatter,1294

read point
ArrangementInputFormatter,1293

read size
ArrangementInputFormatter,1293

read vertexbegin
ArrangementInputFormatter,1293

read vertexdata
ArrangementInputFormatter,1293

read vertexend
ArrangementInputFormatter,1293

read vertex index
ArrangementInputFormatter,1293

read verticesbegin
ArrangementInputFormatter,1293

read verticesend
ArrangementInputFormatter,1293

read x monotonecurve
ArrangementInputFormatter,1294
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Real timer, 2778
realizing point p

Polytopedistanced, 2316
realizing point p coordinatesbegin

Polytopedistanced, 2317
realizing point p coordinatesend

Polytopedistanced, 2317
realizing point q

Polytopedistanced, 2316
realizing point q coordinatesbegin

Polytopedistanced, 2317
realizing point q coordinatesend

Polytopedistanced, 2317
RECT, 2841
rectangle

smallest enclosing,2215
rectangular centers,2229
rectangularp center2, 2229–2231
Rectangularp centerdefault traits 2, 2232–2234
RectangularPCenterTraits2, 2235–2237
rectilinear centers,2229
redraw

Qt widget, 2843
redraw on back

Qt widget, 2846
redraw on front

Qt widget, 2846
Ref counted, 2499
reference, 2746, 2762–2770
refine Delaunaymesh2, 1816
refine mesh

Delaunaymesher2, 1806
Reflection, 132
REGULAR, 1605, 1633, 1847
Regulargrid 2, 2403–2404
regular neighborcoordinates2, 2376–2377
Regular triangulation 2, 1411–1417
Regular triangulation 3, 1528–1533
Regular triangulation adaptationtraits 2, 1774
Regular triangulation cachingdegeneracy-

removalpolicy 2, 1783
Regular triangulation cell base3, 1557
Regular triangulation degeneracyremoval -

policy 2, 1779
Regular triangulation euclideantraits 2, 1418
Regular triangulation euclideantraits 3, 1542–

1544
Regular triangulation face base2, 1420
Regular triangulation filtered traits 2, 1419
Regular triangulation filtered traits 3, 1545
Regular triangulation vertexbase2, 1421
regularization

Nef polyhedron2, 961
Nef polyhedron3, 1037

Nef polyhedronS2, 993
REGULARIZED, 1606, 1633
RegularTriangulationCellBase3, 1550–1551
RegularTriangulationFaceBase2, 1407
RegularTriangulationTraits2, 1408–1409

model,2384
RegularTriangulationTraits3, 1539–1541
RegularTriangulationVertexBase2, 1410
RELATIVEINDEXING, 818
relocateholes in new face

Arr accessor, 1214
relocate in new face

Arr accessor, 1213
relocate isolatedverticesin new face

Arr accessor, 1214
remove

Apolloniusgraph 2, 1717
Apolloniusgraph hierarchy 2, 1734
ConstrainedDelaunaytriangulation 2, 1385
Constrainedtriangulation 2, 1391
Delaunaytriangulation 2, 1402
Delaunaytriangulation 3, 1522
In place list, 2606
Interval skip list, 2031
Largestemptyiso rectangle2, 2300
Regular triangulation 2, 1413
Regular triangulation 3, 1530
Triangulation 2, 1434

removecells
Kinetic::DelaunayTriangulationVisitor3,

2436
Kinetic::RegularTriangulationVisitor3,2453

removeconstrainededge
Constrainedtriangulation 2, 1391

removeconstraint
ConstrainedDelaunaytriangulation 2, 1385
Constrainedtriangulation plus 2, 1396

removecurve, 1322
removedecreasedimension

TriangulationDataStructure3, 1580
removedegree2

ApolloniusGraphDataStructure2, 1723
Triangulation data structure2, 1480

removedegree3
Triangulation 2, 1436
TriangulationDataStructure2, 1467

removedim down
TriangulationDataStructure2, 1467

removeedge, 1227
Arrangement2, 1208
Arrangementwith history 2, 1321

removeedgeex
Arr accessor, 1215

removefaces
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Kinetic::DelaunayTriangulationVisitor2,
2435

removefirst
Triangulation 2, 1436
TriangulationDataStructure2, 1467

removefrom complex
SurfaceMeshComplex2InTriangulation3,

1849
removefrom maximaldimensionsimplex

TriangulationDataStructure3, 1580
removehalfedge

HalfedgeDSitemsdecorator, 883
removeincident constraints

ConstrainedDelaunaytriangulation 2, 1385
Constrainedtriangulation 2, 1391

removeisolatedvertex
Arrangement2, 1207

removesecond
Triangulation 2, 1436
TriangulationDataStructure2, 1467

removetip
HalfedgeDSitemsdecorator, 882

removeunconnectedvertices
Polyhedronincrementalbuilder 3, 820

removevertex, 1228
Kinetic::DelaunayTriangulationVisitor2,

2435
Kinetic::DelaunayTriangulationVisitor3,

2436
Kinetic::RegularTriangulationVisitor3,2453
Kinetic::SortVisitor,2459

rend
Arr polyline traits 2<SegmentTraits>

::Curve 2, 1269
Compactcontainer, 2612
Multiset, 2616

reorient
ConstrainedTriangulationFaceBase2, 1379
TriangulationDataStructure3, 1580
TriangulationDSFaceBase2, 1472

replace
Multiset, 2618

replacecolumn
Dynamicmatrix, 2323
MonotoneMatrixSearchTraits,2325

Representation, 2777
reserve

HalfedgeDS,850
Polyhedron3, 801
Randomaccessadaptor, 2635

reset
Real timer, 2778
Timer, 2779

residentsize

Memorysizer, 2776
restorestate

Random, 2758
result type, 46, 2784
reverse

In place list, 2606
reverseorientation

Generalpolygon2, 932
Polygon2, 728

RIGHT, 123
right

Arr circle segmenttraits 2<Kernel>::X -
monotonecurve 2, 1276

Arr conic traits 2<RatKernel, AlgKer-
nel,NtTraits>:: X monotonecurve 2,
1282

Arr rational arc traits 2<AlgKernel, Nt-
Traits>::Curve 2, 1285

Circular arc 2, 554
Halfedge, 1759
Line arc 2, 556

RIGHT TURN, 127
right turn, 196
right vertex

Polygon2, 729
right vertex2, 733

requirements,733
RIGHTFRAME, 973
Ring tag, 2579
RingNumberType,2576–2578
rollback

Polyhedronincrementalbuilder 3, 820
root

Kd tree, 2070
SpatialTree,2103

Root for circles 2 2, 590
Root of 2, 2582
Root of traits 2, 2581
RootOf 2, 2580
rotating caliper,2215, 2217, 2219
Rotation, 133
row

Matrix, 443
row begin

Matrix, 443
row dimension

Matrix, 443, 1954
Taucsmatrix, 1993

row end
Matrix, 443

RT, 41, 48, 55, 56, 548, 1559, 2306, 2310, 2858
Rungekutta integrator 2, 2405

s
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Arr conic traits 2<RatKernel, AlgKer-
nel,NtTraits>::Curve 2, 1281

s enterEvent
Qt widget, 2846

s event
Qt widget, 2846

s keyPressEvent
Qt widget, 2846

s keyReleaseEvent
Qt widget, 2846

s leaveEvent
Qt widget, 2846

s mouseDoubleClickEvent
Qt widget, 2846

s mouseMoveEvent
Qt widget, 2846

s mousePressEvent
Qt widget, 2846

s mouseReleaseEvent
Qt widget, 2846

s paintEvent
Qt widget, 2846

s resizeEvent
Qt widget, 2846

s wheelEvent
Qt widget, 2846

sameset
Union find, 2781

save
Qt widget history, 2867

savestate
Random, 2758

Scaling, 133
SE

ExtendedKernelTraits2, 974
search

Kd tree, 2070
Kd tree node, 2072
SpatialTree,2103

Searchtraits, 2097–2098
Searchtraits 2, 2091–2092
Searchtraits 3, 2093–2094
Searchtraits d, 2095–2096
searching

in monotone matrices,2321
in sorted matrices,2328

SearchTraits,2090
second, 2699, 2701
secondtype, 2699, 2701
SECORNER, 973
seedsbegin

Delaunaymesher2, 1806
seedsend

Delaunaymesher2, 1806

Segment, 1429, 1504, 2013
segment

SegmentDelaunayGraphSite2, 1670
Triangulation 2, 1440
Triangulation 3, 1508

Segment2, 2859, 2861
Segment2, 81–82, 726, 1445, 2384, 2855
Segment3, 107–108
Segmentd, 462–464
SegmentDelaunaygraph 2, 1661–1668
SegmentDelaunaygraph adaptationtraits 2,

1775
SegmentDelaunaygraph cachingdegeneracy-

removalpolicy 2, 1784
SegmentDelaunaygraph degeneracyremoval -

policy 2, 1780
SegmentDelaunaygraph filtered traits 2, 1690–

1691
SegmentDelaunaygraph filtered traits without

intersections2, 1692–1693
SegmentDelaunaygraph hierarchy 2, 1694–

1695
SegmentDelaunaygraph hierarchy vertexbase

2, 1697
SegmentDelaunaygraph site 2, 1672
SegmentDelaunaygraph storagesite 2, 1677
SegmentDelaunaygraph traits 2, 1688
SegmentDelaunaygraph traits without -

intersections2, 1689
SegmentDelaunaygraph vertexbase2, 1682
Segmenttree d, 2132–2133
Segmenttree k, 2134–2136
Segmenttree traits map 2, 2137
Segmenttree traits map 3, 2138
SegmentDelaunayGraphDataStructure2, 1678–

1679
SegmentDelaunayGraphHierarchyVertexBase2,

1696
SegmentDelaunayGraphSite2, 1669–1671
SegmentDelaunayGraphStorageSite2, 1673–1676
SegmentDelaunayGraphTraits2, 1683–1687
SegmentDelaunayGraphVertexBase2, 1680–1681
Segmentsin hierarchy tag, 1695
Self, 1201
self-intersection

iso-oriented boxes,2166
Separator, 2072
separator

Kd tree node, 2073
set

Kinetic::ActiveObjectsTable,2478
Kinetic::EventQueue,2485
Min annulusd, 2248
Min sphered, 2240
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Min sphereof spheresd, 2254
Polygon2, 727
Polytopedistanced, 2317

set alpha
Alpha shape2, 1606
Alpha shape3, 1635
AlphaShapeCell3, 1630
AlphaShapeFace2, 1612

set alpha max
Alpha status, 1641

set alpha mid
Alpha status, 1641

set alpha min
Alpha status, 1641

Setarity, 2660
set arity 0, 2661
set arity 1, 2662
set arity 2, 2663
set arity 3, 2664
set arity 4, 2665
set arity 5, 2666
set ascii mode, 2785, 2801

Geomviewstream, 2821
set bad faces

Delaunaymesher2, 1806
set bg color

Geomviewstream, 2819
set binary mode, 2785, 2802

Geomviewstream, 2821
set cell

TriangulationDSVertexBase3, 1593
Vertex,1587

set center
Qt widget, 2842

set coef
Matrix, 1954
Taucsmatrix, 1994

set constraint
ConstrainedTriangulationFaceBase2, 1379

set constraints
ConstrainedTriangulationFaceBase2, 1379

set corners index
Parameterizationpolyhedronadaptor 3,

1977
ParameterizationPatchableMesh3, 1963

set cornersparameterized
Parameterizationpolyhedronadaptor 3,

1977
ParameterizationPatchableMesh3, 1963

set corners tag
Parameterizationpolyhedronadaptor 3,

1977
ParameterizationPatchableMesh3, 1963

set cornersuv

Parameterizationpolyhedronadaptor 3,
1977

ParameterizationPatchableMesh3, 1963
set criteria

Delaunaymesher2, 1806
set current eventnumber

Kinetic::Simulator,2508
set current time

Kinetic::Simulator,2507
set curve

ArrangementDcelHalfedge,1242
set cutting dimension

Plane separator, 2088
SpatialSeparator,2102

set cutting value
Plane separator, 2088
SpatialSeparator,2102

set data
Arr curve data traits 2<Tr,

XData,Mrg,CData,Cnv>::Curve 2,
1287

Arr curve data traits 2<Tr,
XData,Mrg,CData,Cnv>::X monotone-
curve 2, 1288

Arr extendedface, 1255
Arr extendedhalfedge, 1254
Arr extendedvertex, 1253

set dimension
TriangulationDataStructure2, 1465
TriangulationDataStructure3, 1575

set direction
ArrangementDcelHalfedge,1242

set direction of time
Kinetic::Simulator,2508

set down
ApolloniusGraphHierarchyVertexBase2,

1736
SegmentDelaunayGraphHierarchyVertexBase

2, 1696
TriangulationHierarchyVertexBase2, 1423
TriangulationHierarchyVertexBase3, 1549

set echo
Geomviewstream, 2821

set edgecolor
Geomviewstream, 2819

set end priority
Kinetic::EventQueue,2486

set end time
Kinetic::Simulator,2507

set error behaviour, 8
set error handler, 10
set event

Kinetic::Simulator,2508
set face
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ApolloniusGraphVertexBase2, 1725
ArrangementDcelHalfedge,1242
ArrangementDcelHole,1246
ArrangementDcelIsolatedVertex,1247
HalfedgeDSitemsdecorator, 883
HalfedgeDSHalfedge,858
SegmentDelaunayGraphVertexBase2, 1681
TriangulationDataStructure2::Vertex,1478

set face color
Geomviewstream, 2819

set face halfedge
HalfedgeDSitemsdecorator, 883

set face in face loop
HalfedgeDSitemsdecorator, 883

set facet on surface
SurfaceMeshCellBase3, 1844

set facet status
AlphaShapeCell3, 1630

set facet surfacecenter
SurfaceMeshCellBase3, 1845

set facet visited
SurfaceMeshCellBase3, 1844

set halfedge
ArrangementDcelFace,1245
ArrangementDcelVertex,1239
Facet, 812
HalfedgeDSFace,855
HalfedgeDSVertex,861
Vertex, 817

set halfedgeseaming
Parameterizationpolyhedronadaptor 3,

1977
ParameterizationPatchableMesh3, 1963

set has certificates
Kinetic::Delaunaytriangulation 3, 2429

set hidden
RegularTriangulationVertexBase2, 1410

set hole
ArrangementDcelHalfedge,1242

set in
ArrangementInputFormatter,1292

set in conflict flag
TriangulationDSCellBase3, 1591

set in domain
DelaunayMeshFaceBase2, 1803

set infinite vertex
Triangulation 2, 1440

set is editing
Kinetic::ActiveObjectsTable,2478

set is Gabriel
Alpha status, 1641

set is on chull
Alpha status, 1641

set isolatedvertex

ArrangementDcelVertex,1239
set iterator

ArrangementDcelHole,1246
ArrangementDcelIsolatedVertex,1247

set line width
Geomviewstream, 2820

set lower bound
Kd tree rectangle, 2074

set meshuv from system
Fixed border parameterizer3, 1949
LSCM parameterizer3, 1953

set mode, 2785, 2803
Alpha shape2, 1607
Alpha shape3, 1635

set neighbor
Cell, 1586
TriangulationDataStructure2::Face,1475
TriangulationDSCellBase3, 1590
TriangulationDSFaceBase2, 1472

set neighbors
Cell, 1586
TriangulationDataStructure2::Face,1475
TriangulationDSCellBase3, 1590
TriangulationDSFaceBase2, 1472

set next
ArrangementDcelHalfedge,1242
HalfedgeDSHalfedge,858

set opposite
ArrangementDcelHalfedge,1242
HalfedgeDSHalfedge,858

set out
ArrangementOutputFormatter,1296

set p
Polytopedistanced, 2318

set point
ArrangementDcelVertex,1240
TriangulationDataStructure2::Vertex,1478
TriangulationVertexBase2, 1426
TriangulationVertexBase3, 1547
Vertex,1587

set pretty mode, 2785, 2804
set prev

ArrangementDcelHalfedge,1242
HalfedgeDSitemsdecorator, 883
HalfedgeDSHalfedge,858

set q
Polytopedistanced, 2318

set range
AlphaShapeVertex2, 1616

set ranges
AlphaShapeFace2, 1612

set raw
Geomviewstream, 2821

set relative precisionof to double
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Lazy exactnt, 2557
set saturation ratio

Streamlines 2, 2407
set seeds

Delaunaymesher2, 1806
set separatingdistance

Streamlines 2, 2407
set site

ApolloniusGraphVertexBase2, 1725
SegmentDelaunayGraphVertexBase2, 1681

set source
Arr conic traits 2<RatKernel, AlgKer-

nel,NtTraits>::Curve 2, 1281
set target

Arr conic traits 2<RatKernel, AlgKer-
nel,NtTraits>::Curve 2, 1281

set time
Kinetic::InstantaneousKernel,2492

set trace
Geomviewstream, 2821

set up
ApolloniusGraphHierarchyVertexBase2,

1736
SegmentDelaunayGraphHierarchyVertexBase

2, 1696
TriangulationHierarchyVertexBase2, 1423
TriangulationHierarchyVertexBase3, 1549

set upper bound
Kd tree rectangle, 2074

set vertex
ArrangementDcelHalfedge,1242
Cell, 1586
HalfedgeDSitemsdecorator, 883
HalfedgeDSHalfedge,858
TriangulationDataStructure2::Face,1475
TriangulationDSCellBase3, 1590
TriangulationDSFaceBase2, 1472

set vertexcolor
Geomviewstream, 2819

set vertexhalfedge
HalfedgeDSitemsdecorator, 883

set vertex in vertex loop
HalfedgeDSitemsdecorator, 883

set vertex index
Parameterizationmeshpatch 3, 1971
Parameterizationpolyhedronadaptor 3,

1976
ParameterizationMesh3, 1961

set vertexparameterized
Parameterizationmeshpatch 3, 1971
Parameterizationpolyhedronadaptor 3,

1976
ParameterizationMesh3, 1961

set vertex radius

Geomviewstream, 2820
set vertexseaming

Parameterizationpolyhedronadaptor 3,
1977

ParameterizationPatchableMesh3, 1962
set vertex tag

Parameterizationmeshpatch 3, 1971
Parameterizationpolyhedronadaptor 3,

1976
ParameterizationMesh3, 1961

set vertexuv
Parameterizationmeshpatch 3, 1970
Parameterizationpolyhedronadaptor 3,

1976
ParameterizationMesh3, 1961

set vertices
Cell, 1586
TriangulationDataStructure2::Face,1475
TriangulationDSCellBase3, 1590
TriangulationDSFaceBase2, 1472

set warning behaviour, 9
set warning handler, 10
set window

Qt widget, 2841
set wired

Geomviewstream, 2820
set x scale

Qt widget, 2841
set xy

Regulargrid 2, 2403
set y scale

Qt widget, 2841
setBackgroundColor

Qt widget, 2843
setColor

Qt widget, 2843
setFillColor

Qt widget, 2843
setFilled

Qt widget, 2843
setLineWidth

Qt widget, 2843
setPointSize

Qt widget, 2843
setPointStyle

Qt widget, 2844
setRasterOp

Qt widget, 2844
setupinner vertex relations

Fixed border parameterizer3, 1949
setuptriangle relations

LSCM parameterizer3, 1953
SFace, 1007, 1049
sfacecycle begin
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SFace, 1007, 1049
sfacecycle end

SFace, 1007, 1049
SFacecycle iterator, 1008, 1051
Sgn, 2589
SHalfedge, 1003–1004, 1045–1046
SHalfloop, 1005–1006, 1047–1048
shalfloop

Nef polyhedronS2, 995
shellsbegin

Volume, 1044
shellsend

Volume, 1044
shrink to quadratic size

Dynamicmatrix, 2324
MonotoneMatrixSearchTraits,2325

sibsonc1 interpolation, 2366–2367
sibsonc1 interpolation square, 2367
sibsongradient fitting, 2378–2379
sibsongradient fitting nn 2, 2378
sibsongradient fitting rn 2, 2379
side of boundedcircle, 197
side of boundedcircle 2 object

AlphaShapeTraits2, 1614
side of boundedorthogonalsphere3 object

Regular triangulation euclideantraits 3,
1544

side of boundedsphere, 198, 496
side of cell

Triangulation 3, 1511
side of circle

Delaunaytriangulation 3, 1522, 1523
side of edge

Triangulation 3, 1511, 1512
side of facet

Triangulation 3, 1511
side of orientedcircle, 199

Delaunaytriangulation 2, 1404
Triangulation 2, 1433

side of orientedcircle 2 object
DelaunayTriangulationTraits2, 1400
Triangulation euclideantraits xy 3, 1446
TriangulationTraits2, 1425

side of orientedcircleC2, 2536
side of orientedsphere, 200, 497
side of orientedsphere3 object

DelaunayTriangulationTraits3, 1537
side of orientedsphereC3, 2536
side of power circle

Regular triangulation 3, 1530, 1531
side of power segment

Regular triangulation 3, 1531
side of power sphere

Regular triangulation 3, 1530

side of sphere
Delaunaytriangulation 3, 1522

Sign, 124
sign, 2546, 2583
sign of determinant

LinearAlgebraTraitsd, 438
signedinf distance2 object

Rectangularp centerdefault traits 2, 2234
RectangularPCenterTraits2, 2236

Simplecartesian, 55
Simplehomogeneous, 56
simplestrational in interval, 2584
simplex

Convexhull d, 689
Delaunayd, 702

simplicesbegin
Convexhull d, 691
Delaunayd, 704

simplicesend
Convexhull d, 691
Delaunayd, 704

simulator handle
Kinetic::SimulationTraits,2502

SINGULAR, 1605, 1633, 1847
site

ApolloniusGraphVertexBase2, 1724
SegmentDelaunayGraphStorageSite2, 1675
SegmentDelaunayGraphVertexBase2, 1681
Vertex, 1761

Site 2, 1661, 1713, 1751
site inserter object

AdaptationPolicy2, 1771
sitesbegin

Apolloniusgraph 2, 1715
Voronoi diagram 2, 1755

sitesend
Apolloniusgraph 2, 1716
Voronoi diagram 2, 1755

Sixtuple, 2698
Size, 1201, 1292, 1296
size

Arr consolidatedcurve data traits 2<Traits,
Data>:: Data container, 1290

Arr polyline traits 2<SegmentTraits>
::Curve 2, 1269

Compactcontainer, 2612
Generalpolygon2, 932
In place list, 2604
Kd tree, 2070
Kd tree node, 2073
Multiset, 2616
Polygon2, 730
SpatialTree,2104
Union find, 2780
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VertexContainer2, 1086
sizeof border edges

HalfedgeDS,853
Polyhedron3, 808

sizeof border halfedges
HalfedgeDS,852
Polyhedron3, 808

sizeof faces
ArrangementDcel,1236
HalfedgeDS,850

sizeof facets
Polyhedron3, 802

sizeof halfedges
ArrangementDcel,1236
HalfedgeDS,850
Polyhedron3, 802

sizeof holes
ArrangementDcel,1236

sizeof isolatedvertices
ArrangementDcel,1237

sizeof vertices
ArrangementDcel,1236
HalfedgeDS,850
Polyhedron3, 802

size type, 1429, 1505, 1661, 1714, 1751, 1847,
2776

Sliding fair, 2099–2100
Sliding midpoint, 2101
SMALLER, 124
smallest enclosing

annulus,2244
circle,2193
ellipse,2203
parallelogram,2217
rectangle,2215
sphere,2238
sphere of spheres,2251
strip,2219

snap2 object
SnapRoundingTraits2, 1345

snaprounding 2, 1342–1343
Snaprounding traits 2, 1347
SnapRoundingTraits2, 1344–1346
snext

SHalfedge, 1004, 1046
sort

In place list, 2606
sorted matrix search,2328
sortedmatrix search, 2328–2330
Sortedmatrix searchtraits adaptor, 2331–2332
SortedMatrixSearchTraits,2333–2334
source

Arr circle segmenttraits 2<Kernel>
::Curve 2, 1274

Arr circle segmenttraits 2<Kernel>::X -
monotonecurve 2, 1275

Arr conic traits 2<RatKernel, AlgKer-
nel,NtTraits>::Curve 2, 1281

Arr rational arc traits 2<AlgKernel, Nt-
Traits>::Curve 2, 1285

Circular arc 2, 554
ExtendedKernelTraits2, 974
Halfedge, 1041, 1217, 1759
Line arc 2, 556
Points on segment2, 2746
Ray 2, 79
Ray 3, 105
Ray d, 460
Segment2, 81
Segment3, 107
Segmentd, 462
SegmentDelaunayGraphSite2, 1670
SHalfedge, 1004, 1046
Spheresegment, 998
Topologicalexplorer, 966

sourceof crossingsite
SegmentDelaunayGraphSite2, 1671
SegmentDelaunayGraphStorageSite2, 1675

sourceof supportingsite
SegmentDelaunayGraphSite2, 1671
SegmentDelaunayGraphStorageSite2, 1675

sourcesite
SegmentDelaunayGraphSite2, 1670
SegmentDelaunayGraphStorageSite2, 1675

SparseLinearAlgebraTraitsd, 1986
SpatialSeparator,2102
SpatialTree,2103–2104
sphere

smallest enclosing,2238
smallest enclosing sphere of spheres,2251
see alsosmallest enclosing annulus
see alsosmallest enclosing circle

Sphere3, 109–111
Spherecircle, 1000–1001
spherecircle

Spheresegment, 998
Sphered, 469–471, 2056, 2091, 2093, 2095
Spherepoint, 997
Spheresegment, 998–999
splice

In place list, 2605, 2606
split

Kd tree rectangle, 2075
Multiset, 2619

split 2 object
ArrangementXMonotoneTraits2, 1262

split edge
Arrangement2, 1208
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Arrangementwith history 2, 1321
Polyhedron3, 805

split edgeex
Arr accessor, 1214

split face
HalfedgeDSdecorator, 868

split facet
Polyhedron3, 804

split loop
HalfedgeDSdecorator, 870
Polyhedron3, 806

split vertex
HalfedgeDSdecorator, 868
Polyhedron3, 804
SegmentDelaunayGraphDataStructure2,

1679
Triangulation data structure2, 1480

Splitter,2105
sprev

SHalfedge, 1004, 1046
Sqrt, 2590
sqrt, 2545, 2574, 2585–2586
Sqrt3, 1884
Sqrt3 mask3, 1894
Sqrt3 subdivision, 1884
Sqrt3Mask3, 1889
Sqrt field tag, 2587
SqrtFieldNumberType,2586
Square, 2591
square, 2580, 2588
Squareborder arc length parameterizer3,

1987–1988
Squareborder parameterizer3, 1989–1990
Squareborder uniform parameterizer3, 1991–

1992
squaredarea

Triangle 3, 114
squareddistance, 201, 498

Polytopedistanced, 2316
squareddistancedenominator

Polytopedistanced, 2317
squareddistancenumerator

Polytopedistanced, 2317
squaredinner radius

Min annulusd, 2246
squaredinner radius numerator

Min annulusd, 2247
squaredlength

Segment2, 81
Segment3, 107
Segmentd, 463
Vector d, 453

squaredouter radius
Min annulusd, 2247

squaredouter radius numerator
Min annulusd, 2247

squaredradii denominator
Min annulusd, 2247

squaredradius, 202
Circle 2, 65
Min sphered, 2239
Sphere3, 110
Sphered, 470

STANDARD, 973
standardline

ExtendedKernelTraits2, 974
standardpoint

ExtendedKernelTraits2, 974
standardray

ExtendedKernelTraits2, 974
star hole

Triangulation 2, 1437
TriangulationDataStructure2, 1468

start
Real timer, 2778
Timer, 2779

stateChanged
Qt widget layer, 2851

static object
Kinetic::InstantaneousKernel,2492

statistics
Incrementalneighborsearch, 2066
K neighborsearch, 2068
Kd tree, 2071
Orthogonal incrementalneighborsearch,

2085
Orthogonalk neighborsearch, 2087

stepby stepconformingDelaunay
Triangulation conformer2, 1818

stepby stepconformingGabriel
Triangulation conformer2, 1818

stepby step refine mesh
Delaunaymesher2, 1807

stop
Real timer, 2778
Timer, 2779

storagesite
SegmentDelaunayGraphVertexBase2, 1681

Straight skeleton2, 1087
Straight skeletonbuilder 2, 1091–1093
Straight skeletonbuilder traits 2, 1090
Straight skeletonhalfedgebase2, 1089
Straight skeletonvertexbase2, 1088
StraightSkeleton2, 1075
StraightSkeletonBuilderTraits2, 1081–1083
StraightSkeletonHalfedge2, 1079–1080
StraightSkeletonVertex2, 1076–1078
Streamlines 2, 2407–2408
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StreamLinesTraits2, 2406
strictly orderedalong line

ExtendedKernelTraits2, 976
strictly orderedccw

ExtendedKernelTraits2, 976
strip

smallest enclosing,2219
strongly convex,609, 649, 655, 681

polygon,648–649
polyhedron,678

subconstraintsbegin
Constrainedtriangulation plus 2, 1397

subconstraintsend
Constrainedtriangulation plus 2, 1397

Subdivisionmethod3, 1883–1885
Sublayer,2139
successor, 2622
sup

Interval,2033
Interval nt, 2545

sup closed
Interval skip list interval, 2034

support set
Min annulusd, 2244, 2245
Min circle 2, 2193, 2194
Min ellipse 2, 2203–2205
Min sphered, 2239
Polytopedistanced, 2314, 2316

supportbegin
Min sphereof spheresd, 2253

supportend
Min sphereof spheresd, 2253

supportpoint
Min circle 2, 2195
Min ellipse 2, 2205

supportpoints begin
Min annulusd, 2246
Min circle 2, 2195
Min ellipse 2, 2205
Min sphered, 2239

supportpoints end
Min annulusd, 2246
Min circle 2, 2195
Min ellipse 2, 2205
Min sphered, 2239

supportpoints p begin
Polytopedistanced, 2316

supportpoints p end
Polytopedistanced, 2316

supportpoints q begin
Polytopedistanced, 2316

supportpoints q end
Polytopedistanced, 2316

supportingcircle

Arr circle segmenttraits 2<Kernel>
::Curve 2, 1274

Arr circle segmenttraits 2<Kernel>::X -
monotonecurve 2, 1276

Circular arc 2, 554
supportingline

Arr circle segmenttraits 2<Kernel>
::Curve 2, 1274

Arr circle segmenttraits 2<Kernel>::X -
monotonecurve 2, 1276

Line arc 2, 556
Ray 2, 79
Ray 3, 105
Ray d, 461
Segment2, 82
Segment3, 108
Segmentd, 463

supportingplane
Triangle 3, 114

supportingsite
SegmentDelaunayGraphSite2, 1670
SegmentDelaunayGraphStorageSite2, 1674,

1675
Supportsface plane, 824, 826
Supportsremoval, 872, 886, 888
Supportsvertexpoint, 824, 826
Surface3, 1842
Surfacemeshcell base3, 1843
Surfacemeshcomplex2 in triangulation 3, 1846
Surfacemeshdefault criteria 3, 1853
Surfacemeshtraits generator3, 1856
Surfacemeshvertexbase3, 1863
surfaceneighborcoordinates3, 2386, 2388

Voronoi intersection2 traits 3, 2386–2389
surfaceneighborcoordinatescertified 3, 2387,

2388
surfaceneighbors3, 2390–2392
surfaceneighborscertified 3, 2390, 2391
SurfaceMeshCellBase3, 1844–1845
SurfaceMeshComplex2InTriangulation3, 1847–

1851
SurfaceMeshCriteria3, 1852
SurfaceMeshTraits3, 1854–1855
SurfaceMeshTriangulation3, 1857–1862
SurfaceMeshVertexBase3, 1864–1865
SVertex, 1002
SW

ExtendedKernelTraits2, 974
Swap, 2651
swap

AdaptationPolicy2, 1771
Apolloniusgraph 2, 1719
Apolloniusgraph hierarchy 2, 1735
Compactcontainer, 2611
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Constrainedtriangulation plus 2, 1395
DelaunayGraph2, 1767
In place list, 2604
Multiset, 2616, 2618
SegmentDelaunaygraph 2, 1668
Triangulation 2, 1431
Triangulation 3, 1506
TriangulationDataStructure2, 1464
TriangulationDataStructure3, 1574
Voronoi diagram 2, 1757

swap1, 2637
swap2, 2638
swap3, 2639
swap4, 2640
swapcolumns

Matrix, 443
swaprows

Matrix, 443
SWCORNER, 973
symmetricdifference, 949–950

Generalpolygonset 2, 920, 921
Nef polyhedron2, 961
Nef polyhedron3, 1037
Nef polyhedronS2, 993

t
Arr conic traits 2<RatKernel, AlgKer-

nel,NtTraits>::Curve 2, 1281
Tag false, 426
Tag true, 426
target

Arr circle segmenttraits 2<Kernel>
::Curve 2, 1274

Arr circle segmenttraits 2<Kernel>::X -
monotonecurve 2, 1276

Arr conic traits 2<RatKernel, AlgKer-
nel,NtTraits>::Curve 2, 1281

Arr rational arc traits 2<AlgKernel, Nt-
Traits>::Curve 2, 1285

Circular arc 2, 554
ExtendedKernelTraits2, 974
Halfedge, 1041, 1217, 1759
Line arc 2, 556
Points on segment2, 2746
Segment2, 81
Segment3, 107
Segmentd, 462
SegmentDelaunayGraphSite2, 1670
SHalfedge, 1004, 1046
Spheresegment, 998
Topologicalexplorer, 966

target of crossingsite
SegmentDelaunayGraphSite2, 1671
SegmentDelaunayGraphStorageSite2, 1676

target of supportingsite

SegmentDelaunayGraphSite2, 1671
SegmentDelaunayGraphStorageSite2, 1675

target site
SegmentDelaunayGraphSite2, 1671
SegmentDelaunayGraphStorageSite2, 1675

Taucsmatrix, 1993–1994
Taucssolver traits, 1995–1996
Taucssymmetricmatrix, 1997
Taucssymmetricsolver traits, 1998–1999
Taucsvector, 2000
tds

Apolloniusgraph 2, 1714
DelaunayGraph2, 1765
SegmentDelaunaygraph 2, 1663
Triangulation 2, 1431
Triangulation 3, 1507

tds.file input, 1469
tds.file output, 1469
test facet

Polyhedronincrementalbuilder 3, 820
Tetrahedron, 1504
tetrahedron

Triangulation 3, 1507
Tetrahedron3, 112–113
third, 2699, 2701
third type, 2699, 2701
Threetuple, 2696
Time,2510
time

Kinetic::InstantaneousKernel,2492
Real timer, 2778
StraightSkeletonVertex2, 1076
Timer, 2779

Timer, 2779
to 2d

Plane 3, 101
to 3d

Plane 3, 101
To double, 2592
to double, 2510, 2535, 2545, 2571, 2573, 2577
To interval, 2593
to interval, 2510, 2571, 2577
to rational, 2594
to vector

Line 2, 73
Line 3, 98
Ray 2, 79
Ray 3, 105
Segment2, 81
Segment3, 107

toolbar
Qt widget standardtoolbar, 2864

top
Kinetic::RootStack,2500
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top vertex
Polygon2, 729

top vertex2, 734
requirements,734

TOPFRAME, 973
Topologicalexplorer, 965–969
Traits, 2298
traits

Approximatemin ellipsoid d, 2268
Generalpolygonset 2, 918
Kinetic::Sort, 2457
Largestemptyiso rectangle2, 2299
Min annulusd, 2249
Min circle 2, 2196
Min ellipse 2, 2207
Min sphered, 2241
Min sphereof spheresd, 2254
Polyhedron3, 803
Polytopedistanced, 2320

transform, 730
Aff transformation2, 62
Aff transformation3, 90
Direction 2, 68
Direction 3, 92
Direction d, 456
Hyperplaned, 467
Iso cuboid 3, 96
Iso rectangle2, 70
Line 2, 74
Line 3, 98
Line d, 459
Nef polyhedron3, 1037
Plane 3, 101
Point 2, 77
Point 3, 104
Point d, 449
Ray 2, 80
Ray 3, 106
Ray d, 461
Segment2, 82
Segment3, 108
Segmentd, 463
Tetrahedron3, 113
Triangle 2, 84
Triangle 3, 114
Vector 2, 86
Vector 3, 117
Vector d, 453

transformeddistance
Euclideandistance, 2054, 2055
Euclideandistancespherepoint, 2056, 2057
GeneralDistance,2064
Manhattandistanceiso box point, 2076
OrthogonalDistance,2082, 2083

WeightedMinkowskidistance, 2106, 2107
Translation, 134
transpose

LinearAlgebraTraitsd, 437
Tree, 2065, 2067, 2084, 2086
Tree anchor, 2144
tree interval traits, 2140–2141
tree point traits, 2142–2143
tree points

Kd tree node, 2073
Triangle, 1429, 1504
triangle

largest inscribed,2287, 2289
triangle

Triangulation 2, 1440
Triangulation 3, 1507

Triangle 2, 83–84, 1445, 2384
Triangle 3, 114–115
Triangular field 2, 2409
Triangulation, 1394
triangulation

Kinetic::Delaunaytriangulation 2, 2427
Kinetic::Delaunaytriangulation 3, 2428
SurfaceMeshComplex2InTriangulation3,

1849
Triangulation 2, 1428–1441
Triangulation 2<Traits, Tds>

Locate type, 1406
Triangulation 3, 1504–1519

Locate type, 1558
Triangulation cell base3, 1552
Triangulation cell basewith info 3, 1553
Triangulation conformer2, 1817–1819
Triangulation cw ccw 2, 1442–1443
Triangulation data structure, 1429, 1471, 1476,

1504, 1585, 1587, 1589, 1592, 1661,
1713

Triangulation data structure2, 1480–1481
Triangulation data structure3, 1594
Triangulation ds cell base3, 1595
Triangulation ds face base2, 1482
Triangulation ds vertexbase2, 1483
Triangulation ds vertexbase3, 1596
Triangulation euclideantraits 2, 1444
Triangulation euclideantraits xy 3, 1445–1447
Triangulation face base2, 1448
Triangulation face basewith info 2, 1449
Triangulation hierarchy 2, 1450
Triangulation hierarchy 3, 1527
Triangulation hierarchy vertexbase2, 1451
Triangulation hierarchy vertexbase3, 1556
Triangulation utils 3, 1597
Triangulation vertexbase2, 1452
Triangulation vertexbase3, 1554
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Triangulation vertexbasewith info 2, 1453
Triangulation vertexbasewith info 3, 1555
TriangulationCellBase3, 1546
TriangulationDataStructure2, 1463–1470
TriangulationDataStructure2::Face,1474–1475
TriangulationDataStructure2::Vertex,1478–1479
TriangulationDataStructure3, 1573–1584
TriangulationDSCellBase3, 1589–1591
TriangulationDSFaceBase2, 1471–1473
TriangulationDSVertexBase2, 1476–1477
TriangulationDSVertexBase3, 1592–1593
TriangulationFaceBase2, 1422
TriangulationHierarchyVertexBase2, 1423
TriangulationHierarchyVertexBase3, 1549
TriangulationTraits2, 1424–1425
TriangulationTraits3, 1534–1535
TriangulationVertexBase2, 1426–1427
TriangulationVertexBase3, 1547–1548
Triple, 2699–2700
twin

Halfedge, 1041, 1217, 1758
Halffacet, 1043
SHalfedge, 1004, 1046
SHalfloop, 1005, 1047
SVertex, 1002
Topologicalexplorer, 966

Two verticesparameterizer3, 2001–2002
Twotuple, 2695
type

ExtendedKernelTraits2, 974
Object, 120

u
Arr conic traits 2<RatKernel, AlgKer-

nel,NtTraits>::Curve 2, 1281
unboundedface

Arrangement2, 1204
Voronoi diagram 2, 1753

unboundedfacesbegin
Voronoi diagram 2, 1754

unboundedfacesend
Voronoi diagram 2, 1754

unboundedhalfedge
Voronoi diagram 2, 1754

unboundedhalfedgesbegin
Voronoi diagram 2, 1754

unboundedhalfedgesend
Voronoi diagram 2, 1754

unify sets
Union find, 2781

Union find, 2780–2781
unique

In place list, 2606
Unique hashmap, 2782–2783

UniqueHashFunction,2784
unit value, 2535
unlock

Qt widget, 2843
unperturb incircle, 2535
unperturb insphere, 2535
unsafecomparison, 2544
up

ApolloniusGraphHierarchyVertexBase2,
1736

Halfedge, 1759
SegmentDelaunayGraphHierarchyVertexBase

2, 1696
TriangulationHierarchyVertexBase2, 1423
TriangulationHierarchyVertexBase3, 1549

update
Streamlines 2, 2408

upper
Kd tree node, 2073

upper hull, 2D,652–653
upper bound, 2535

Multiset, 2618
upper hull points 2, 611, 652–653

v
Arr conic traits 2<RatKernel, AlgKer-

nel,NtTraits>::Curve 2, 1281
validity check

Approximatemin ellipsoid d, 2270
Min annulusd, 2249
Min circle 2, 2196
Min ellipse 2, 2206, 2270
Min sphered, 2241
Min sphereof spheresd, 2254
Polytopedistanced, 2319

Value, 2031, 2035, 2333
value

Filtered exact, 2532
value comp

Multiset, 2616
value type, 2544, 2695–2698, 2746, 2762–2770
Vector,440–441, 2003
vector

Direction 2, 68
Direction 3, 92
Direction d, 456
Segmentd, 463

Vector 2, 85–87, 2384, 2403, 2407, 2409
Vector 3, 116–118, 2306, 2310
Vector d, 451–454, 2373, 2382
VectorField2, 2410
Verboseostream, 2805
verify determinant

LinearAlgebraTraitsd, 438
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VERTEX, 1406, 1430, 1505, 1558
Vertex,1587–1588
Vertex, 816–817, 822, 1039, 1081, 1084, 1216,

1429, 1504, 1661, 1713, 1760–1761
vertex

ArrangementDcelHalfedge,1242
Cell, 1585
ConvexHullPolyhedronHalfedge3, 670
Halfedge, 815
HalfedgeDSHalfedge,858
Iso cuboid 3, 95
Iso rectangle2, 70
Polygon2, 730
Polyhedronincrementalbuilder 3, 820
Segment2, 81
Segment3, 107
Segmentd, 462
Tetrahedron3, 112
Triangle 2, 83
Triangle 3, 114
TriangulationDataStructure2::Face,1474
TriangulationDSCellBase3, 1590
TriangulationDSFaceBase2, 1472

vertexbegin
Halfedge, 814
Vertex, 817

Vertexcirculator, 1662, 1713
vertexconflict 2 object

ApolloniusGraphTraits2, 1730
SegmentDelaunayGraphTraits2, 1686

Vertexconsthandle, 1296
vertexdegree

Halfedge, 815
Vertex, 817

Vertexhandle, 818, 1210, 1292, 1312, 1430, 1471,
1476, 1504, 1585, 1587, 1589, 1592,
1662, 1713, 1847

Vertex list, 1407
vertex list

RegularTriangulationFaceBase2, 1407
vertexnode

CatmullClark mask3, 1890
Loop mask3, 1892
PQQMask3, 1886
PTQMask3, 1887
Sqrt3 mask3, 1894
Sqrt3Mask3, 1889

vertexof facet
Convexhull d, 689

vertexof simplex
Convexhull d, 688
Delaunayd, 702

vertex triple index
SurfaceMeshTriangulation3, 1860

VertexContainer2, 1086
verticesaround vertexbegin

Parameterizationmeshpatch 3, 1971
Parameterizationpolyhedronadaptor 3,

1976
ParameterizationMesh3, 1961

verticesbegin
Arrangement2, 1203
ArrangementDcel,1237
Convexhull d, 691
HalfedgeDS,850
Nef polyhedron3, 1036
Polygon2, 728
Polyhedron3, 802
SurfaceMeshComplex2InTriangulation3,

1850
Topologicalexplorer, 967
TriangulationDataStructure2, 1465
TriangulationDataStructure3, 1582
Voronoi diagram 2, 1755

verticescirculator
Polygon2, 728

verticesclear
HalfedgeDS,852

verticesend
Arrangement2, 1203
ArrangementDcel,1237
Convexhull d, 691
HalfedgeDS,850
Nef polyhedron3, 1036
Polygon2, 728
Polyhedron3, 802
SurfaceMeshComplex2InTriangulation3,

1850
Topologicalexplorer, 967
TriangulationDataStructure2, 1465
TriangulationDataStructure3, 1582
Voronoi diagram 2, 1755

verticeserase
HalfedgeDS,851
HalfedgeDSdecorator, 866

verticesin conflict
Delaunaytriangulation 3, 1524

verticesin constraintbegin
Constrainedtriangulation plus 2, 1397

verticesin constraintend
Constrainedtriangulation plus 2, 1398

verticespop back
HalfedgeDS,851
HalfedgeDSdecorator, 866

verticespop front
HalfedgeDS,851
HalfedgeDSdecorator, 866

verticespushback
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HalfedgeDS,850
HalfedgeDSdecorator, 865

verticessplice
HalfedgeDSlist, 886

VI, 2859
virtual size

Memorysizer, 2776
visible sitesbegin

Apolloniusgraph 2, 1716
visible sitesend

Apolloniusgraph 2, 1716
visit all facets

Convexhull d, 692
visit shell objects

Nef polyhedron3, 1037
visitor

Kinetic::Delaunaytriangulation 2, 2427
Kinetic::Delaunaytriangulation 3, 2429
Kinetic::Sort, 2457

Volume, 1044
volume, 203

Iso box d, 473
Iso cuboid 3, 96
SFace, 1049
Tetrahedron3, 113

volumesbegin
Nef polyhedron3, 1036

volumesend
Nef polyhedron3, 1036

Voronoi diagram,1360, 1404, 1525
Voronoi diagram 2, 1751–1757
Voronoi intersection2 traits 3, 2384

w
Arr conic traits 2<RatKernel, AlgKer-

nel,NtTraits>::Curve 2, 1281
weakequality, 459, 463, 468, 471
Weight, 1454, 2384
weight, 1559

ApolloniusSite2, 1720
Weightedpoint, 1454

Weighted Alpha Shapes 2,1602
Weightedalpha shapeeuclideantraits 2, 1615
Weightedalpha shapeeuclideantraits 3, 1644
Weightedalpha shapes2, 1605
Weightedalpha shapes3, 1633
weightedcircumcenter

Regular triangulation 2, 1416
WeightedMinkowskidistance, 2106–2107
Weightedpoint, 1412, 1454, 1528
Weightedpoint 3, 1542
WeightedAlphaShapeTraits3, 1643
WeightedPoint,1559
wheelEvent

Qt widget layer, 2851
widget, 2852
width

of 3D point set,2306
Width 3, 2306–2309

creation,2306
example,2308
implementation,2308
member functions,2307

access,2307
requirements,2306
traits class

requirements,2313
see also Widthdefault traits 3

types,2306
Width default traits 3, 2310–2311
WidthTraits 3, 2312–2313
window output

Min circle 2, 2197
Min ellipse 2, 2207

window query
Rangetree d, 2126
Rangetree k, 2129
Segmenttree d, 2133
Segmenttree k, 2135
Tree anchor, 2144

write, 1235
write arrangementbegin

ArrangementOutputFormatter,1297
write arrangementend

ArrangementOutputFormatter,1297
write ccb halfedgesbegin

ArrangementOutputFormatter,1299
write ccb halfedgesend

ArrangementOutputFormatter,1299
write curve

ArrWithHistoryOutputFormatter,1325
write curve begin

ArrWithHistoryOutputFormatter,1325
write curve end

ArrWithHistoryOutputFormatter,1325
write curvesbegin

ArrWithHistoryOutputFormatter,1325
write curvesend

ArrWithHistoryOutputFormatter,1325
write edgebegin

ArrangementOutputFormatter,1298
write edgeend

ArrangementOutputFormatter,1298
write edgesbegin

ArrangementOutputFormatter,1297
write edgesend

ArrangementOutputFormatter,1297
write eps

2951



Approximatemin ellipsoid d, 2270
write face begin

ArrangementOutputFormatter,1298
write face data

ArrangementOutputFormatter,1299
write face end

ArrangementOutputFormatter,1298
write facesbegin

ArrangementOutputFormatter,1297
write facesend

ArrangementOutputFormatter,1297
write halfedgeindex

ArrangementOutputFormatter,1298
write halfegdedata

ArrangementOutputFormatter,1298
write holesbegin

ArrangementOutputFormatter,1298
write holesend

ArrangementOutputFormatter,1299
write inducededgesbegin

ArrWithHistoryOutputFormatter,1325
write inducededgesend

ArrWithHistoryOutputFormatter,1325
write isolatedverticesbegin

ArrangementOutputFormatter,1299
write isolatedverticesend

ArrangementOutputFormatter,1299
write outer ccb begin

ArrangementOutputFormatter,1298
write outer ccb end

ArrangementOutputFormatter,1298
write point

ArrangementOutputFormatter,1298
write size

ArrangementOutputFormatter,1297
write vertexbegin

ArrangementOutputFormatter,1297
write vertexdata

ArrangementOutputFormatter,1298
write vertexend

ArrangementOutputFormatter,1297
write vertex index

ArrangementOutputFormatter,1298
write verticesbegin

ArrangementOutputFormatter,1297
write verticesend

ArrangementOutputFormatter,1297
write x monotonecurve

ArrangementOutputFormatter,1298

x
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