
Analysis of Binary Search Trees (BST) Algorithms

Goal: to derive{
E(Xn) := average # probes per succ search in n-node BST

E(Yn) := average # probes per unsucc search "

Sample Spaces:ΩXn =
{

(x1, x2, . . . , xn; k)
∣∣∣(x1, x2, . . . , xn) ∈ Sn

1 ≤ k ≤ n

}
, |ΩXn | = n!n

ΩYn =
{

(x1, x2, . . . , xn; y)
∣∣∣(x1, x2, . . . , xn) ∈ Sn

y = 0.5, 1.5, ..., n.5

}
, |ΩYn | = (n + 1)!

Sn = set of all permutations (relative order of keys) of {1, 2, . . . , n}
ΩYn =

{
(x1, x2, . . . , xn; y) | (x1, x2, . . . , xn; y) ∈ Sn+1

}
, by re-numbering

Random Variables:{
Xn

(
(x1, x2, . . . , xn; k)

)
:= # probes to succ search xk in T (x1, x2, . . . , xn)

Yn
(
(x1, x2, . . . , xn; y)

)
:= # probes to unsucc search y in "

T (x1, x2, . . . , xn) := BST formed by inserting keys x1, x2, . . . , xn consecutively

T (6, 3, 2, 1, 5, 4) =

6

3

2
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
∑

1≤k≤6

X6

(
(6, 3, 2, 1, 5, 4; k)

)
= (1 + 2 + 3 + 4 + 3 + 4) = 17 = 6 + I

(
T (6, 3, 2, 1, 5, 4)

)
∑

y=0.5,...,6.5
Y6

(
(6, 3, 2, 1, 5, 4; y)

)
= (4 + 4 + 3 + 4 + 4 + 3 + 1) = 23 = E

(
T (·)

)

I(T ) :=

∑
x: int node of T

path length(x) = 11

E(T ) :=
∑

y: ext node of T

path length(y) = 23 = I(T ) + 2 · 6

E(X6) =
1

6

[(
1 + E(Y0)

)
+
(
1 + E(Y1)

)
+ · · ·+

(
1 + E(Y4)

)
+
(
1 + E(Y5)

)]
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n 1 2 3

E(Xn) = 2n+1
n Hn − 3 1 3

2
17
9 · · ·

E(Yn) = 2Hn+1 − 2 1 5
3

13
6 · · ·

n = 1

{
E(X1) = 1

1 [1] = 1

E(Y1) = 1
2 [1 + 1] = 1

n = 2

(1, 2) (2, 1){
E(X2) = 1

2·2! [(1 + 2) + (1 + 2)] = 3
2

E(Y2) = 1
3·2! [(1 + 2 + 2) + (2 + 2 + 1)] = 5

3

n = 3

(1, 2, 3) (1, 3, 2) (2, 1, 3) (2, 3, 1) (3, 1, 2) (3, 2, 1){
E(X3) = 1

3·3! [(1 + 2 + 3) + (1 + 2 + 3) + (1 + 2 + 2) + (·) + (·) + (·)] = 17
9

E(Y3) = 1
4·3! [(1 + 2 + 3 + 3) + (1 + 3 + 3 + 2) + (2 + 2 + 2 + 2) + (·) + (·) + (·)] = 13
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Lemma 1. An n-node binary tree T has
(1) 2n edges,
(2) n + 1 external nodes (leaves),
(3) E(T ) = I(T ) + 2n.

Lemma 2. E(Xn) = 1 +
1

n

∑
1≤k≤n

E(Yk−1)

Theorem 3.{
E(Xn) = 2n+1

n Hn − 3 ≈ 2 lnn

E(Yn) = 2Hn+1 − 2 ≈ 2 lnn

Proof:

E(Xn) =
∑

w∈ΩXn

P (w)Xn(w) =
∑

(x1,...,xn)∈Sn

1≤k≤n

1
n!nXn(x1, . . . , xn; k)

= 1
n!n

∑
(x1,...,xn)∈Sn

∑
1≤k≤n

Xn(x1, . . . , xn; k)

= 1
n!n

∑
T

(
n + I(T )

)
= 1

n

[
n + 1

n!

∑
T

I(T )
]

(1)

E(Yn) = 1
(n+1)!

∑
(x1,...,xn)∈Sn

∑
y=0.5,...,n.5

Yn(x1, . . . , xn; y)

= 1
(n+1)!

∑
T

E(T )

= 1
(n+1)n!

∑
T

(
2n + I(T )

)
= 1

n+1

[
2n + 1

n!

∑
T

I(T )
]

(2)

(1) + (2) ⇒ (n + 1)E(Yn) = nE(Xn) + n

+ Lemma 2 ⇒

(n + 1)E(Yn) =
∑

1≤k≤n
E(Yk−1) + 2n

−
)

nE(Yn−1) =
∑

1≤k≤n−1

E(Yk−1) + 2(n− 1)

(n + 1)E(Yn) = (n + 1)E(Yn−1) + 2

⇒



E(Yn) = E(Yn−1) + 2
n+1

E(Yn−1) = E(Yn−2) + 2
n

...
E(Y2) = E(Y1) + 2

3
E(Y1) = 2

2

⇒

{
E(Yn) = 2Hn+1 − 2

E(Xn) = n+1
n E(Yn)− 1 = 2n+1

n Hn − 3 �
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Lemma 2. E(Xn) = 1 +
1

n

∑
1≤k≤n

E(Yk−1)

Proof:

E(Xn) =
1

n!n

∑
(x1,...,xn)

∑
1≤k≤n

Xn(x1, . . . , xn; k)

=
1

n!n

∑
(x1,...,xn)∈Sn

∑
1≤k≤n

(
1 + Yn(x1, . . . , xk−1; k)

)
= 1 +

1

n!n

∑
1≤k≤n

∑
(x1,...,xk)∈Sk

n · · · (k + 1)Yk−1(x1, . . . , xk−1;xk)

= 1 +
1

n

∑
1≤k≤n

[
1

k!

∑
(x1,...,xk)∈Sk

Yk−1(x1, . . . , xk−1;xk)

]
= 1 +

1

n

∑
1≤k≤n

E(Yk−1) �

Remark:{
Dynamic model : n! trees;

Static " : 1
n+1

(
2n
n

)
trees, (BST T (6, 3, 2, 1, 5, 4) ≡ T (6, 3, 5, 4, 2, 1))
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