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Analysis of Separate-chaining Hashing Algorithms

(#times executed)

unsucc succ Search(K) {
1 1 i = hash(X); j = FIRST[il;
Y+1 X while (1) { Insert (K) {
Y+1 X if (j <= 0) return(UNSUCC); = n=mn+1;
Yy X if (KEY[j] == K) return(SUCC); if (j < 0) FIRST[i] = n;
Y X-—1 i=j; j = NEXT[jl; else NEXT[i] = n;
} NEXT[n] = 0; KEY[n] = K;
} ki
— KEY NexT
SIE (8] =] +{e]/ 1[0 14
IR, = va 2 [ATo
12 3B (5
41-1 % )
s G slcTe
: $lElo
=’ (e o
711 8
n-s[ [ :
o
HTable(2,5,1,2,1,1,8) = hash table from inserting keys D, A, B, G,C, E, F

with hash values 2, 5, 1, 2, 1, 1, 8

% Z:‘&UZ&LZJJﬁ;M)::%U+1+1+2+2+3+U =

1<k<T 7
S Y (@S LZLLS ) = H(3+24040414040+1) = |
1<h<8

Sample Spaces:

B :{mh@rnﬂmkﬂlghhujmgm,lgkgn},KMJ:mM

Quen = {(]?,1, Ry oMy W] LS By oy hn<m, 1<h<m }, |y, | = mPt?

HTable(hy, ha, ..., h,) = hash table from inserting keys with hash values hy, ha, ..., hn




Random Variables: X, : Q

Xn((h.l., i w5 Pt k}) = # probes to  succ search k' key in HTable(hy,..., hy)
{ Y, ((.’11, ¢ sl h)) = # probes to unsuce search a key with hash value A in HTable(hy,...
(E(Xﬂ) = # probes per succ search in a random hash table with n keys
= Y P)Xn(w)= ! = Y Xp(ha,... by k)
w€ Dy, i L<hy s h <
E(Y,) = # probes per unsucc search 111? Aa_‘r:mdom hash table with n keys

=3 P(w)Yn(w):W%

Yo(hi,... by h)

'Theorem. |
n—1 —1)(m+n—>5
B(X,) =1+——; VAR(X,)= (7 — L 2 )
m ( 127?’11)
n nm —
(A) E(Y,) = E()= E, (€5, = length of the h*" chain)
m
n—1
E(lyasnx)) = 1+
m
1+ E o ]
E(Xn) _ ( ha.sh(h)) =] n u
2 2m
1
(B) E(Yn)=—57 > > Yalhy, .. has )
1<hy,...,hn<m 1<h<m
1
= Z "
1<hy,....hn<m
1
| m"n
e
_ n
T om
1
B(Xa) = = [ (1+B(%)) + (1+ B(¥)) + -+ (1 + E(Ya 1))

Il

n

142 > E(Yi)

T 1<k<n
1 kE—1
=14 = S
1<k<n
_1 n—1 -
2m

:h‘ﬂ)



(2,51 2,118,

1) ‘ L 8= 10m
C) Y=L +2Z:++ 2y, Z;i=0d.—) = <g5<n
( ) 1+ Za+ + L, j hj=h {0, q:l—l/m ( fji??) {lld)
m—1 1 yn
= Gy(z) =(g+p2)" = ( + —Z)
m m
E(Yn) = np — :'1
= m
n(m—1)
VAR(Y,) = n — =
(Yn) Pq m? (2,51, 2,4,1. 3; 5)
- . i, =1/m _
X|k=21+Zo++2y, Zy=1, Zj=0p=n, = {0 f;: 1/_ 1./m (1<j<k-1)
m—1 1 k=1
G_}(lk(z) = ( =+ —Z) 2z
ml m
Gx(2)= > —Gxpul2) (8.92)
1<k<n
B Z 1 m—l—l—z)k*l
= 1<k<n m
1 (m—l—l—z)ﬂ
_ £ m
noy m—1+4=z
m
_m_ =z [l— (m—lJrz)ﬂ}
nl-—z m
n—1
E(X,) = 1+
= (n— 1)(672??1n+ n—35)
VAR(X,) = — : ]
12m?
1
Lemma. E(X,)=1+ — Z E(Yy-1)
1<k<n
1
Proof: E(X,)= — Z Xn(h1,.. . ha; K)
1<hy,....,hn<m
1<k<n
1 1
== Z — Z Xl Bz o0l &)
1<k<n 1Lk joishn <
1 1 n—k
= = Z — Z (1 + Yi(hi, ..., hi_1; hk))m.
1<k<n 1<hy, o hp<m
1 1
=— Z —5 Z (1 + Yi(h1,. .., he—1; hk))
1<k<n 1<ky,...hi<m

1
14— E(Y;_
+ Z (Ye—1)

1<k<n



Analysis of Binary Search Trees (BST) Algorithms

Goal: to derive
E(X,) := average # probes per succ search in n-node BST
E(Y,) := average # probes per unsucc search "

Sample Spaces:
x S,
Qx, :{(ml,zz,...,zn;k)|( 1,x215k,szc:)€ "t Qx| =nln

Sp = set of all permutations (relative order of keys) of {1,2,...,n}
Oy, = {(ml,mg,...,zn;y) | (z1,T2,...,Z0;y) € Sn+1}: by re-numbering

Random Variables:

{Xn((:cl,;r:g, vome g il k)) := # probes to  succ search z, in T'(z1,z9,...,Zx,)

Yn((mg, Wiy e vy By y)) := ## probes to unsucc search y in "
T(x1,x9,...,2,) = BST formed by inserting keys x1, z3,. .., Zn consecutively
7(6,8,2,1,54) =

X6((6,3,2,1,5,4k)) =(1+2+3+4+3+4) =17=6+1(T(6,3,2,1,5,4))
1<k<6
Y Ys((6,3,2,1,5,45y)) =(4+4+3+4+4+3+1) =23= E(T())
y=0.5,...,6.5
I(T) = > pathlength(z) =11
x: int node of T'
E(T) = >~ pathlength(y) =23 = I(T) +2-6
y: ext node of T
1
E(Xe) = ¢ [(1+E(Y) + (1 +E(D) + -+ (1 + E(¥a)) + (1 +E(¥5))



n 1
E(Xp) =22, —3 | 1

Loler | nojos | b
ol | olq | w

E(Yn) =2H;11—2 1

=1

E(X1) =11 =

E(Y1) =3[1+1] =1

E(Xz) = g [(1+2)+(1+2)] = g

E(Yz) =gyl(l+2+2)+@2+2+1)] =3

(1,2,3) (1,3,2) (2,3,1) (3,1,2) (3,2,1)

E(X3) =gg[1+2+3)+@A+243)+1+2+2)+()+()+ ()] _ I
E(Ys) =g (l+24+3+3)+(1+34+3+2)+2+24+2+2)+()+()+()] =1




Lemma 1. An n-node binary tree T has
(1) 2n edges,
(2) n+ 1 external nodes (leaves),
(3) E(T) = I(T) + 2n.

1
L ] =1+- 9
emma 2. E(Xy) =1+~ > E(Yiq)
1<k<n
Theorem 3.
E(X,) =22tlH,-3 ~2hn
E(Yn,) =2Hp41—2 =2hn

Proof:
(E(Xn) = ¥ Pw)Xa(w)= X FXa(z,
wex, (#1,-sTn )ESR
, 1<k<n
=a" X > Xn(z1,..., %0 k)
(21,--1Zn)ES 1<k<n
= 3 1)
=%n+%;nﬂ}
E(Y,) = nil)! v >, Ya(z1,...,%n;9)
(z1,...,on ) €Sy ¥=0.5,...,n.5
= D) ;E(T)
o (20 + (D))
=—(2n+ 53 I(T
'rH-l[ n!; ( )j‘
1)+ (2) = (n+ DE(Y,) = nE(X,) +n

+ Lemma 2 =

4+ 1DE(Ya) = Y E(Ve1)+2n

=) nEYua)= > E(Yia)+2(n-1)
1<k<n-1

AN )

(n+1)E(Y,) = (n+ 1)E(Y,_1) +2

E(Y,) =E(Ya1)+ niﬂ

E(Yn_l) = ]E(Y _2) + %
=

E(Y:) =EM)+2

E(Y1) =32

. {JE(Yn) = 9Hpq —2



1
Lemma 2. E(X,)=1+ = Z E(Yk-1)

1<k<n
Proof:

E(Xn)zﬁ Y. ¥ Xilmneeszak)

(z1,0.yZn) 1€k<n

= % Z Z (1+Yn($1,...,zk,1;rk))

(-'51 ,---,mn)esn. 1<k<n

1
=il Z Z - - (B F 1)V a1y susBp i)

1 1
:1+E Z [F Z Yk—l(mla“'afﬂkl;mk):{

=1+= > E(Yi) 5

Remark:

{Dynamic model : n! trees;

Static n : =L (*") trees, (BST T(6,3,2,1,5,4) =T7(6,3,5,4,2,1))



